
ABSTRACT

XUE, TIANCHENG. Reduced Order Method (ROM) and Anderson Acceleration for
Iterative Schemes on Least Square Problems and Optimization, with Applications to
Neural Networks and Partial Differential Equations (PDEs) . (Under the direction of Dr.
Kazufumi Ito).

In this thesis, we propose an acceleration framework for a class of iterative methods
using the Reduced Order Method (ROM). Assuming that the underlying iterative scheme
generates a rich basis for the solution space, we construct the next iterate by minimizing
the equation error over the linear manifold spanned by this basis. The resulting optimal
linear combination yields a more accurate approximation of the solution and significantly
enhances convergence. The optimality condition is expressed as a fixed-point equation
in a Banach space, and the proposed ROM-accelerated scheme minimizes the sum of
residuals by updating the solution via optimal linear combinations of prior iterates. In
essence, the method can be seen as a history-based acceleration technique, akin to a
delayed or memory-enhanced iterative scheme. This approach effectively remedies semi-
ill-posed problems, enabling convergence where standard methods may fail, and also acts
as a stabilizing and regularizing mechanism for the original iteration.

Motivated by applications in numerical optimization, variational methods for PDEs,
and large-scale AI-driven optimization, we demonstrate the effectiveness of our approach
through theoretical analysis and numerical experiments.

Our analysis covers several settings, including variable-step formulations for fixed-
point iterations and Newton-like gradient methods. In particular, our approach aligns
closely with Anderson acceleration. For linear systems, we interpret Anderson’s method
the same as ROM. We focus on variable step-size gradient and quasi-Newton methods,
as well as fixed-point schemes enhanced by ROM. These combinations exhibit rapid
convergence, especially when the condition number of the matrix A is moderate. The
ROM-accelerated variable iteration proves to be nearly optimal, further stabilizing and
regularizing convergence. Additionally, we extend our method to a randomized, over-
lapping Kaczmarz-type scheme for large-scale ill-posed linear systems and analyze the



convergence behavior of ROM applied to operator equations. We also investigate An-
derson acceleration and its relation to ROM in the context of nonlinear least-squares
problems of the form |F (x)|2, formulated in function spaces. Our approach synthesizes
with Anderson acceleration, and we interpret Anderson’s method as an approximation
of nonlinear ROM. In this setting, the solution is approximated as a linear combination
of sequential iterates, and the ROM-based Gauss-Newton method is employed to min-
imize the equation error over the solution manifold. We further explore applications in
constrained convex optimization and discuss the role of ROM in improving conditioning.

We conduct numerical experiments in science and engineering that involve mathe-
matical models. We develop new scenario based tools and refine tools based on appli-
cations: a control problem and an indefinite PDE. We develop the Anderson map as
a continuation to find fixed points for a positive scalar parameterized Matrix Riccati
equation. The use of Anderson type map significantly increases the parameter for a fixed
point existence of the quadratic equation. We also demonstrate schemes of variable step
update with Anderson map as a matrix free method. We access the matrix by evalu-
ating matrix-vector products. We pay attention to specialized saddle point problems,
specifically linear steady state Stokes equation like problems. Our plot based on relative
residual suggests Anderson-type acceleration drives convergence efficiently. On a parallel
side, we also consider the Neural Network digit classification optimization problems. We
demonstrate the applicability of Anderson method for Deep Neural Network (DNN) and
Convolution Neural Network (CNN). Deep neural network with a fully connected layer
connecting each neuron applies a linear transformation to the input vector through a
weights matrix, shifted with a bias matrix. Convolution Neural network enriches data
architecture with data compression and filtered decomposition. We use backpropagation
to optimize necessary parameters to maximize prediction results. We develop Anderson-
type acceleration method for the stochastic descent method with batches and improve
the network permanence very much.
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Notation

Number Line:

• R: Real number;

• R+: Positive real number;

• Z: Integers;

• Z+: Positive integers;

• Z≥m: Integers with value greater than or equal to m ∈ Z.

Vector Space:

• Rn: Euclidean space of dimension n;

Inner Product Space:

• (u, v): Inner product of u ∈ V and v ∈ V in a vector space V , unless specified;

• | · |: Norm of a given vector, with 2-norm.

Function Space:

• F : Equation of interest;

• f : Functional for minimization;

• α: Step size and scalar;

• {an}: Sequence of real numbers;

• Ψ: Regularization function for an ill-posed problem;
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• ϕ: Activation function for a Neural Network.

Matrix Space:

• Rm×n: Real matrices with size m× n;

• A∗: Conjugate transpose of matrix A;

• A⊤: Transpose of matrix A.

• ⊙: Hadamard product between two matrices of same size.

• ⊗: Kronecker product between two matrices of arbitrary size.
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Chapter 1

Introduction

We introduce an acceleration scheme based on Reduced Order Methods (ROM). We
accelerate a given iterative scheme, a procedure to generate a sequence of improving
approximate solutions for a nonlinear least square problems of minimizing |F (x)|2, where
F (x) is an equation error in a Banach space X, and for an optimization problem of
minimizing f(x), where f is a merit function. Assume that the iterative scheme generates
a rich basis for the solution, we accelerate it by Reduced Order Method (ROM). We
express the next iterate based on the reduced order method, i.e. minimizing equation error
over the linear manifold spanned by the basis, and the problem is reduced to determine
the optimal weights. The optimal weights give the optimal prediction of solution and
accelerate the convergence. The ROM acceleration is very similar to the Anderson type
acceleration with Direct Inversion in the Iterative Subspace (DIIS). We discuss DIIS in
Section 2.4, and we compare ROM and Anderson type acceleration in 3.1.

1.1 Problem Formulation

We formulate two classes of problems: least squares problems and merit function based
optimization problems. In terms of least squares problems, we formulate a regularized
optimal transport problem and its special cases. For example, we provide a Neural Net-
work formulation based optimal transport problem. We formulate fixed point problem as
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a special case of least square problem to motivate a merit function based optimization
problem.

1.1.1 Least Square Problems

We formulate a regularized least square problem. Let (X, | · |X) be a Banach space,
let (Y, | · |Y ) be a Banach space, and let (Z, | · |Z) be a Banach space. Given a map
F : X → X as a residual function, Ψ : X → R+ as a regularization function, and γ ≥ 0
as its regularization constant, a regularized least square problem for F with regularization
Ψ is given as:

minimize |F (x)|2Y + γ Ψ(x) over x ∈ X. (1.1.1)

We solve by variable step update. Given xn ∈ X, the variable step update at xn in the
direction pn ∈ X with step size αn ∈ R is the iterate with the form:

xn+1 = xn + αnpn, (1.1.2)

where αn is the step-size at iteration n. For example, for residual function F : x ∈ X →
F (x) ∈ X, assuming γ = 0, we consider pn = F (xn); αn can be a fixed constant α. More
details of variable step update will be involved in Chapter 4.

Notice that, formulation (1.1.1) with iterative scheme (1.1.2) has encompassed many
applications. In order to illustrate this, we model an example from optimal transport,
with Deep Neural Network and Conventional Network optimization from application side.

Example 1.1.1. Optimal Transport Problem Given a transport map Tθ : Y → Z,
(g0, g1) ∈ Y ×Z, Θ as the set of internal variables for Tθ with θ ∈ Θ, and Ψ : Θ→ R+ as
the transport cost map. We minimize the transport cost. One can formulate a regularized
residual problem for the transport problem as:

minimize |Tθ(g0)− g1|2Z + Ψ(θ), (1.1.3)

over θ ∈ Θ, where Tθ is the transport map, and Ψ is the transport cost map. The
map Tθ can represent the tomography map, e.g. CT, EIT, forward scattering, with θ
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as corresponding medium. Other formulations of transport involve Monge-Ampere mass
transport Benamou and Brenier (2000) , the value transport, and mass transport from
PDE-based models.

1. (Neural Network Formulation) Let L ∈ Z≥2. For l ∈ {1, · · · , L}, given bl ∈ Rnl

and variable step size τl ∈ R, one can transport X0 ∈ Rn1 to Y ∈ RnL by the deep
learning network:

Xl = τlϕl(WlXl−1 + bl), X0 = A, Y = H(XL),

where θl = (Wl, bl) ∈ (Rnl×nl−1 ,Rnl) := Θl are unknown internal variables, ϕl :
Rnl−1 → Rnl is an activation function for (Wl, bl) that calculates the output of the
node based on its individual inputs and their weights, element-wisely applied to a
given vector in Rnl , and H is a classification map that connects input and output
by discrete dynamics. For example, ϕl can be a RELU function, namely

ϕl(x) = max(x, 0).

For the last step, H can be a softmax function

H(z) = 1∑nL
j=1 e

zj
(ez1 , · · · , eznL ).

Let θ = (θ1, · · · , θL) ∈ (Θ1×· · ·×ΘL) := Θ be internal variables,X = (X1, · · · , XN)
be the predicted outcome, T = (T1, · · · , TN) be the actual value for the prediction,
and a loss function be L : (θ,X, T )→ R. One formulates the transport problem as

minimize |L(θ,X, T )|2 + Ψ(Θ). (1.1.4)

For example, we can formulate the loss function as mean squared error with N as
total sample amount

L(θ,X, T ) = 1
2N

N∑
i=1

(Xi(θ1, · · · , θL)− Ti)2.

2. (Network Transformation) LetG = (V,E) be a directed acyclic graph, with V as the
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vertex set and E as the edge set for the graph G. Let i ̸= j so that (xi, xj) ∈ V ×V ,
and the matrix L = (Lij) be the transition matrix given by

Li,j =


1 (i < j) and(xi, xj) ∈ E

−1 (i > j) and(xi, xj) ∈ E

0 otherwise.

Now, with D a symmetric positive definite matrix with internal variable(s), set

A = L⊤DL.

For example, one can let Tθ = A, g1 = 0, and γ = 0 satisfy the form of (1.1.3).

1.1.2 Fixed Point Problem: F (x) = 0

We formulate merit function minimization as an extension of least square problem for
fixed point of another map. Suppose we want to find a fixed point for G : X → X.
We can consider minimizing |x − G(x)|2 over x ∈ X. Let F (x) = x − G(x), then we
have minimizing |F (x)|2. With f ′(x) = F (x), we have defined an equivalent problem for
finding a fixed point for G: min f(x). With J ≈ f ′′(xn) by BFGS, J−1 computed by the
Sherman-Morrison-Woodbury formula, and f ′ upgraded by Broyden method, we have:

xn+1 − xn = αJ−1f ′(xn).

We discuss Broyden update and BFGS update in Section 2.3.4.

In the next section, we bring highlights for each chapter of the thesis.

1.2 Objective and Outline

The thesis first aims to introduce various iterative methods to solve two certain classes
of optimization problems — least square problems, and merit function based optimiza-
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tion problems. Then, we aim to propose ROM with basis elements from a given iterative
scheme to accelerate algorithms by considering variable step size, Anderson-type accel-
eration, and Direct Inversion in the Iterative Subspace (DIIS) with a reduced order basis
generated from a given iterative scheme. We include numerical experiments to verify
that our method works well, with examples motivated from numerical optimization, vari-
ational methods for Partial Differential Equations (PDEs), and large scale optimization
problems from machine learning. In terms of convergence analysis, we will start from
Euclidean space and then generalize them in function space context.

1.2.1 Research Background

In Chapter 2, we will introduce how Anderson type acceleration will be performed. We
first make sure our problem a well-posed one. Then, we generate basis by generating
solution iteratively. We look at random search, Krylov subspace method, Gauss-Newton,
Damped Newton, gradient descent with its variants, and Kaczmarz method. In terms of
acceleration algorithms, we pay special attention to Anderson acceleration, which brings
us motives to study Reduced Order Method (ROM) in Chapter 3.

We update our result from ROM by Direct Inversion in the Iterative Subspace (DIIS)
Pulay (1980) as a linear combination from previous iterations with minimized total resid-
ual. Consider F : X → X with the goal of minimizing |F (x)|2 over x ∈ X. Given basis
vectors (x1, · · · , xm) ∈ X × · · · ×X, with ei = F (xi) for i ∈ {1, · · · ,m}, we have:

minimize |
m∑

i=1
ciei|2

subject to
∑

i

ci =1.
(1.2.1)

With Bij = (ei, ej), one formulate the Lagrangian associated to (1.2.1) as:

L(c, λ) = c⊤Bc− 2λ(
∑

i

ci − 1).

First we take partial derivatives of L with respect to c and λ. Then, we equate the result
to 0. Finally, we move the minus sign to λ. Without loss of generality, we can treat −λ
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as λ to get our DIIS system:

B11 · · · B1m 1

... . . . ... ...
Bm1 · · · Bmm 1

1 · · · 1 0




c1
...
cm

λ

 =


0
...
0
1

 . (1.2.2)

We update xm+1 with the linear combination of x1, · · · , xm from (1.2.1) with coefficients
c1, · · · , cm from the solution of (1.2.2) by

xm+1 =
m∑

i=1
cixi. (1.2.3)

1.2.2 Reduced Order Method and Anderson Type Acceleration

In Chapter 3, we introduce Reduced Order Method (ROM), a method to express new
solution generated by a sequence of monotonically decreasing solution basis. The method
is similar to Anderson method Walker and Ni (2011): We compare ROM with Anderson
type acceleration, both conceptually and numerically. We now give our definition of ROM.

Definition 1.2.1 (Reduced Order Method). Let F : X → X, and Ψ : X → R+. Given
a sequence {xk} ∈ X, ROM is to solve the following optimization problem:

minimize |F (
m∑

k=1
αk xk)|2 + Ψ(

m∑
k=1

αk xk), (1.2.4)

over α = (α1, · · · , αm) ∈ Rm, and set

xm+1 =
∑
k≤m

α∗
kxk, (1.2.5)

where α∗ is the optimizer for (1.2.4).

Similar to ROM, Anderson-type acceleration, especially useful in accelerating fixed
point iterates Walker and Ni (2011), generates solution from past iterate by considering
total error minimization.
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Definition 1.2.2 (Anderson Method for a Fixed Point x = G(x)). Anderson method,
for the fixed point x = G(x), is to minimize the total sum of residuals, i.e. given k ∈ Z≥1,
and let G : X → X be a map with fixed point, for each k ∈ {1, · · · , n}, let xk ∈ X be the
solution iterate of k-th iteration, let the residual F : X → X defined by F (x) = x−G(x),
and let rk = F (xk), then we solve

minimize |
∑
k≤n

αk rk|2

subject to
∑
k≤n

αk =1,
(1.2.6)

over α = (α1, · · · , αn) ∈ Rn, and set

xn+1 =
∑
k≤n

α∗
kxk, (1.2.7)

where α∗ is the optimizer for (1.2.6).

We compare ROM and Anderson:

• ROM is unconstrained optimization problem on α, while Anderson type accelera-
tion is a constrained optimization problem on α.

• Constrained ROM with linear function is the same as Anderson type acceleration.

• The update step of ROM only relies on x, while Anderson relies on G(x).

We also argue that they are related in Section 3.1. Anderson type method provides good
approximation for ROM optimization. Anderson solution can be used as a ROM solution,
if it provides enough descent.

1.2.3 Variable Step Update

We develop variable step update method in Chapter 4, even for the fixed point iterate. It
accelerates the convergence with monotonically decreasing residual norm. ROM will be
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more effective. For each iterate, we determine step size to make ROM work. For example,
Cauchy step defined by (1.2.9) may make things work.

More specifically, we develop schemes for a residual error function F : X → X. We
minimize |F (x)|2 over x ∈ X.

Definition 1.2.3 (Variable Residual Error Function Update). Given F : X → X and
x0 ∈ X, the variable residual error function update is an iterate with the form:

xn+1 = xn + αnF (xn), (1.2.8)

where αn is the variable step size.

We now introduce Cauchy step as a variable step size update.

Definition 1.2.4 (Cauchy Step). Let F : X → X. The Cauchy step αn at xn ∈ X along
direction pn ∈ X is defined as

α∗
n = min |F (xn + αpn)|, (1.2.9)

over α ∈ R.

We study variable step update in the ROM context. We determine Cauchy one-step
subspace update, and Cauchy multi-step subspace update, and their variants. We see the
residual monotonically decreases.

1.2.4 Convex Optimization

In Chapter 5, we study convex optimization and ROM acceleration. We see monotone
convergence with enough descent. We motivate our study by conjugate gradient method
on quadratic programming without constraints, and then apply it on a convex optimiza-
tion problem constrained over a convex set.

For the ROM step, given X as a nonempty convex set, we find α to minimize a convex
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function f : X → R, for a linear combination of a given basis:

minimize f(
∑

k

αkxk). (1.2.10)

Or, given a nonempty convex subset C of X, we consider:

minimize
∑

k

αkf(xk)

subject to
∑

k

αkxk ∈ C,
(1.2.11)

and let
xm+1 =

∑
k≤m

α∗
k xk.

As a consequence, we also see nonlinear conjugate residual method with ROM, and
proximal gradient algorithm with ROM will give faster convergence.

1.2.5 Convergence Analysis

In Chapter 6, we develop convergence analysis to accelerate fixed point problems. We
consider linear function and nonlinear function, and we generalize the analyses to function
space and mini-batch descent.

Theorem (min |F (x)|2) The sequence {xk} with {rk} = {F (xk)}, assuming generated
by ROM update (1.2.5) converges weakly to the pair (x∗, r∗). Under the coercivity, if
|r∗| = 0, then xk → x∗, the unique fixed point.

1.2.6 Applications in Scientific Computing

We conduct numerical experiments concerning models from science and engineering in
Chapter 7. We consider solving the steady state linear Stokes equations. Applying ROM
and its variants will make convergence happen a lot earlier than using the standard case
update. Motivated from Navier Stokes equation, we determine the maximal coefficients
for a Ricatti equation to be stable. The use of Anderson acceleration as a continuation
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method increases b so that upgrading differences will be small.

We formulate a Riccati equation. Given Q a symmetric positive definite n×n matrix,
and a small b > 0, we consider the equation

u̇ = −b u u+Q. (1.2.12)

Given u0 = 0 as a n× n matrix, we progressively maximize b and apply iterate

un+1 = −b un un +Q,

until |un+1 − un| is unable to meet below tolerance level.

We consider a saddle point system given by a specified (D,E), with D as a symmetric
positive definite matrix:

minimize 1
2(x,Dx)− (f, x)

subject to Ex =g.
(1.2.13)

We consider a divergence free case, i.e. the case when g = 0. With simplification on
necessary optimality conditions, we obtain Ax = b:

 D E⊤

E 0


︸ ︷︷ ︸

A

u
p


︸︷︷︸

x

=
f

0


︸︷︷︸

b

. (1.2.14)

1.2.7 Applications in Neural Network

In Chapter 8, we consider Neural Network (NN) optimization problems. We develop
Anderson-type acceleration method for the stochastic decent method and improves the
network permanence very much. For a given database with a training and a testing set,
we focus on incorporating ROM into optimization schemes (say stochastic gradient de-
scent) to maximize prediction accuracy. The use of Anderson acceleration gives early stop
of making prediction accuracy of 99% than the standard case. We consider it as a special
case of Transport problem, with a given pair of input and output. We demonstrate the
applicability of the method for Deep Neural Network (DNN) and Convolution Neural
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Network (CNN). DNN is a map with input into a fully connected part to output predic-
tion, with no convolution operations involved. CNN is a map with input by convolution
with filters into a fully connected part to output prediction.

We now discuss key steps in NN optimization:

• Backward propagation Rumelhart et al. (1986) computes its parameter updates.

• Universal Approximation Theorem Hornik et al. (1989): one obtains significantly
better results by training a neural network with given intrnal variables. that con-
cerns the convergence for a sequence of neural networks to the actual solution.

• Vectorization for target values for least square objective: it converts categorical
variables into a numerical format suitable for use in machine learning algorithms
that require numerical input;

• Mini-batch gradient descent: we update the network by sequentially optimizing the
internal variables, e.g. weight parameters and bias parameters. We can either keep
the sample ordering the same, or shuffle the entire sample before training.

For simplicity, we consider using the original MNIST database LeCun and Cortes
(2005) and its subsets for training and testing sets.

1.2.8 Conclusion and Future Work

We have developed algorithms and analysis on ROM. In addition, we have tested our
algorithms through applications. As for future work, we discuss model selection problems.
We intend to develop applications of general class of saddle point problems, and the neural
network design for computer tomography and inverse medium problems.
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Chapter 2

Research Background

We introduce necessary background materials regarding to our paper development. We
first look at problem of interest and its characterization. Then, we introduce concerned
algorithms, including iterative methods, optimization algorithms, and known accelerated
algorithms. When describing algorithms, for simplicity purposes, we use numerical ma-
trix, which can be generalized to operator settings.

2.1 Problem of Interest

We are interested in solving least square problem: let (X, | · |X) and (Y, | · |Y ) be two given
Banach spaces, a function F : X → Y , and a nonempty closed C ⊂ X, we solve

minimize |F (x)|Y

subject to x ∈ C,
(2.1.1)

over x ∈ X.

Example 2.1.1. A Well-posed Problem and an Ill-posed Problem The examples
below show a pair of a well-posed and an ill-posed problem.
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1. Let X = R, and let I : X → R be defined by: I(x) = x2 − 2. Solve:

minimize |I(x)|, (2.1.2)

over x ∈ X. Then
√

2 = argmin I(x), since
√

2 ∈ R. Thus, the problem (2.1.2) is
a well-posed problem, when X = R.

2. Let X = Q. We want to solve

minimize |I(x)|, (2.1.3)

over x ∈ X. Then, no solution exists for (2.1.2) since
√

2 ∈ R \Q. So, the problem
(2.1.2) is ill-posed, when X = Q. But one can pick ϵ > 0 (say 0.002225) for
regularization so that there exists 1.415 ∈ Q so that 1.4152 = 2 + ϵ so that the
problem become a well-posed one.

Example 2.1.2. Norm Approximation Boyd and Vandenberghe (2004) Let
A : X → Y , and b ∈ Y be given. One needs to find x ∈ X so that |b − Ax| ≈ 0.
Therefore, one has the following formulation:

minimize |Ax− b|, (2.1.4)

over x ∈ X. Interpretations from applications: Suppose x∗ is the desired result, then:

• Fitting: Find x∗ so that Ax∗ is close to b as possible.

• Estimation: x∗ gives the most plausible x when y = b for y = A(x).

Throughout the thesis, we assume that our problem of interest a well-posed one, i.e. the
given problem exists a unique stablized solution.
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2.2 Regularization

We extend the discussion of (2.1.3) in Banach spaces. Let (X, | · |X) and (Y, | · |Y ) be
Banach spaces, and let A : X → Y be an operator, with regularization Ψ. One can
formulate a Tikhonov functional as

Jα(x) = |A(x)− b|2 + αΨ(x). (2.2.1)

Example 2.2.1. Optimization with Regularization Given an operator A : X → Y ,
a vector b ∈ Y , and a scalar β > 0, we have 2 commonly used regularization method:

1. Non-negativity regularization:

Ψ(x) = |(−x)+|2.

2. Sparsity/LASSO (L1) regularization:

Ψ(x) = |x|21.

3. Tikhonov (L2) regularization:

Ψ(x) = |Px|22. (2.2.2)

e.g. P can be a derivative map.

4. Total Variation (TV) regularization:

Ψ(x) = |x|TV(Ω).

Ito and Jin (2014) gives a description about other possible candidates for the function
Ψ: With Ω as an open and bounded domain of X, we may have Ψ : X → R+ as
Ψ(u) = |u|BV(Ω), or Ψ(u) = |u|TV(Ω).
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2.3 Iterative Basis Generation

This section introduces iterative schemes to generate basis for ROM.

2.3.1 Random Search

We introduce Random Search, a derivative free optimization algorithm. Let f : Rn → R
be defined everywhere.

Algorithm 1 Random Search
Require: f , x0, stopping criteria, r
Ensure: z ∈ Rn met stopping criteria

1: x← x0.
2: S ← Bx0(r)
3: while Stopping Criteria not met do
4: Sample new points y ∈ S.
5: if f(y) < f(x) then
6: x← y.
7: end if
8: end while

One can treat Algorithm 1 as (1.1.2). Specifically, we note that for each y ∈ S, there
exists p ∈ S and α ∈ [−r, r] such that y = x0 + αp.

Statistically speaking, random search is optimal, i.e. looking for gold on a beach.
That is why we formulate, in ROM, since it generates a rich family of basis. For example,
picking random m points in a given range will give basis {x1, · · · , xm}.
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2.3.2 Krylov Subspace Method

First, we develop Newton-Krylov method Kelley (2003). Newton-Krylov methods are
numerical methods for solving non-linear problems using Krylov subspace linear solvers.
First, we generate Krylov subspace. Let d0 be given, we generate the directions (basis)
{dk} by t

DtF (dk) = dk+1,

where DtF is the difference approximation of F ′(x):

DtF (d) = F (x+ td)− F (x)
t

, t > 0.

Thus, we have

F (x+
∑

k

αk dk)− F (x) ∼ F ′(x)(
∑

k

αkdk) ∼
∑

k

αkDtF (dk),

and we consider
minimize |

∑
k≤n

αk dk+1 + F (x)|2, (2.3.1)

over α ∈ Rn. Notice (2.3.1) has an approximated form as in the form of ROM:

minimize |F (x+
∑

k

αkdk)|2, (2.3.2)

over α ∈ Rn, which suggests we have developed ROM for Newton-Krylov.

Next, we introduce Arnoldi iteration Arnoldi (1951) as a method to minimize |F (x)|2,
with F (x) = Ax−b. We generate basis for the m-th Krylov subspace Nocedal and Wright
(2006) as

Km(A, r0) = Span{r0, Ar0, · · · , Am−1r0}, (2.3.3)

then orthogonalize the space (2.3.3) by Gram-Schmidt.

We introduce GMRES Saad and Schultz (1986), also known as the Generalized Min-
imum RESidue, as a Krylov subspace method. GMRES finds an approximated solution
xn for a linear system Ax = b with A ∈ Rm×m and xn ∈ x0 +Km(A, r0), a Krylov m-th
subspace with minimum residual.
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2.3.3 Gauss Newton’s Method

We first introduce Newton’s method. Let F : X → Y , and suppose dF and d2F both
exist and are invertible, we solve

minimize |F (x)|, (2.3.4)

over x ∈ X, by iterating:

xn+1 = xn − (F ′′(xn))−1F ′(xn). (2.3.5)

Now, we introduce Gauss-Newton Nocedal and Wright (2006): Given x̄ ∈ X, we have:

minimize |F (x̄) + J(x̄)⊤(x− x̄)|, (2.3.6)

over x ∈ X. Now, given αn ∈ R, damped Newton’s method suggests:

xn+1 = xn − αn(F ′(xn))−1F (xn). (2.3.7)

Newton-Krylov iterate solves non-linear problems using Krylov subspace linear solvers.
It may be possible to solve nonlinear equation without computing Jacobian inverse.

2.3.4 Quasi-Newton Method

First, we look at a simple Quasi-Newton method. The difference between a Quasi-
Newtown and a Newton method will be that a quasi-Newton method will involve ap-
proximated results for derivative calculation than exact result from Newton’s method.
In particular, given f : R → R be differentiable and dF non-singular, first consider a
Newton iterate:

xk+1 = xk − (f ′(xk))−1f(xk).

When one considers a finite difference scheme, the derivative term f ′(xk), assuming exis-
tence and not equal to 0, will become f(xk)−f(xk−1)

xk−xk−1
. Replacing this into newton iteration
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will result in
xk+1 = xk −

xk − xk−1

f(xk)− f(xk−1)
f(xk).

Next, we discuss the case when f : Rm → Rm, with m ∈ Z≥1. Broyden’s method
Broyden (1965) generalizes a quasi-Newton method for finding roots in k variables. It is
the most successful secant-method for solving systems of nonlinear equations. First, we
see what a secant equation in the finite-difference approximation is for a function f with
Jacobian matrix J :

Jn(xn − xn−1) ≈ f(xn)− f(xn−1).

More compactly, one can write it as Jn∆xn ≈ ∆fn. Broyden, however, suggested to take
the solution to the secant equation to update Jn from Jn−1:

Jn = Jn−1 + ∆fn − Jn−1∆xn

|∆x|2 ∆x⊤
n .

With Shermon-Morrison-Woodbury Formula Sherman and Morrison (1949) Woodbury
(1950), we have:

J−1
n+1 = J−1

n + ∆xn+1 − J−1
n ∆fn+1

∆x⊤
n+1Jn∆fn+1

∆xn+1J
−1
n .

It does not guarantee that every generated direction from iteration will be a descent
direction, and store large amount of dataset. Having said that, when the initial iterate
is near the solution, Broyden’s method can perform very well. It is the simplest Quasi-
Newton method.

Next, we discuss LBFGS (Broyden-Fletcher-Goldfarb-Shanno with limited memory)
Broyden (1970) Fletcher (1970) Goldfarb (1970) Shanno (1970): It gives an approximation
to Hessian matrix by determining the descent direction by preconditioning the gradient
with curvature information. Given H0 = I, Then, for all n = 0, · · · ,m,

1. pn = −Hn∇f(xn), where ∇f(x) is determined by Broyden update from above.

2. αn = argmin f(xn + αnpn), sn = αnpn, and update xn+1 = xn + sn.

3. yn = ∇f(xn+1)−∇f(xn).
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4. BFGS Update: With ρn = 1
y⊤

n sn
, we have:

Hn+1 = (I − ρnsny
⊤
n )Hn(I − ρnyns

⊤
n ) + ρnsns

⊤
n . (2.3.8)

Similarly, for the Hessian inverse H−1
n iteration, we have:

H−1
n+1 = H−1

n + s⊤
n yn + y⊤

nH
−1
n yn

s⊤
n yn

s⊤
n sn −

H−1
n ynsn + snynH

−1
n

s⊤
n yn

. (2.3.9)

2.3.5 Gradient Descent and its Variants

We first introduce gradient descent as a specialized version of (1.1.2). Let f : X → R
be differentiable, and τ : X → Y . The idea for gradient descent is to take the steepest
direction for the function to decrease to its minimal value.

Algorithm 2 Gradient Descent
Require: ϵ, x0, f , τ .
Ensure: fmin.

1: function GD(f, x0, ϵ, τ)
2: x← x0.
3: while |∇f(x)| > ϵ do
4: τ ← τ(x)
5: x← x− τ∇f(x).
6: end while
7: end function

Note that the variable step size update

xn+1 = xn − τn∇f(xn)

can be treated as a forward gradient descent.
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Next, we study backward descent:

xn+1 = (I + αn∇f)−1xn, (2.3.10)

provided that (I+αn∇f)−1 is inexpensive to compute. Literatures similar to Parikh and
Boyd (2014) referred backward gradient (2.3.10) as proximal gradient method.

Now, consider the problem:

minimize g(x) + h(x), (2.3.11)

over x ∈ X, where g is convex, continuous, and differentiable with continuous Lipschitz
gradient, and h is convex, differentiable, and proper. The proximal method suggests that

xn+1 = proxγnh(I + γn∇g)xn,

where the proximal operator is defined by:

proxγnh(x) = (I + γn∇g)−1(x).

Similarly, one can develop Stochastic Proximal Gradient Descent, e.g. Nitanda (2014).

Remark 2.3.1. There are ways to do gradient descent without evaluating gradient vec-
tor. For example, Malitsky and Mishchenko (2020) introduces a method adaptive to the
local geometry, with convergence guarantees depending only on the smoothness in a neigh-
borhood of a solution.

A variant for Gradient Descent is the conjugate gradient (CG) method. We discuss CG
in Section 5.1, which uses the geometry of function to increase convergence smoothness.

Then, we consider large scale optimization, with ROM-like gradient method,

x = x− τ∇̃F (x).
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Stochastic gradient (mimi-batch) method Consider the optimization

minimize
∑

k

gk(x). (2.3.12)

Let Ii be a randomly selected overlapped sub-indices of I = ∪Ii. We solve

minimize
∑
k∈Ii

gk(x), (2.3.13)

over the block Ii, by the gradient method

xi+1 = xi −
∑
k∈Ii

βkg
′
k(xi),

where {βk} solves
minimize

∑
k∈Ii

gk(xi −
∑
k∈Ii

βkg
′
k(xi)), (2.3.14)

or
minimize |

∑
k∈Ii

βkg
′
k(xi)|2. (2.3.15)

If we select βk = β, then

minimize
∑
k∈Ii

gk(xi − β
∑
k∈Ii

g′
k(xi)). (2.3.16)

2.3.6 Nonlinear Kaczmarz Method

Kaczmarz method Strohmer and Vershynin (2009) helps to solve an overdetermined sys-
tem F (x) = 0, for F : X → Y . Now, we may take a random sub-indices sampling
j ∈ Iℓ ⊂ {1, · · · , dim(Y )}. Given xc ∈ X, then we perform

minimize
∑
I∈Iℓ

|Ji(x− xc) + Fi(xc)|2 + α (x, x), (2.3.17)

over x− xc ∈ D = Span{d1, · · · dm}, for each step, where

Jidj = Fi(xc + t dj)− Fi(xc)
t

.
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is a difference approximation of F ′dj. One can solve them in a sequential (or parallel
manner) to obtain sampling solutions xℓ, for 1 ≤ ℓ ≤ L by

xℓ = xℓ−1 + J∗
ℓ (J∗

ℓ Jℓ)−1Fℓ(xℓ−1)

and ensemble them to obtain the update

xL+1 =
L∑

ℓ=1
αℓxℓ.

2.4 Direct Iterative Inversion in the Iterative Sub-
space (DIIS)

We introduce DIIS as the method for updating solution through Anderson acceleration.
DIIS Pulay (1980) updates the current solution as a linear combination from previous
iterations. Consider the case of F (x) = b−Ax with the goal of minimizing |F (x)|2. Given
basis vectors (x1, · · · , xm) ∈ X × · · · ×X, with ei = b−Axi for i ∈ {1, · · · ,m}, we have:

minimize |
m∑

i=1
ciei|2

subject to
∑

i

ci =1.
(2.4.1)

With Bij = (ei, ej), one formulate the Lagrangian associated to (2.4.1) as:

L(c, λ) = c⊤Bc− 2λ(
∑

i

ci − 1).

Taking partial derivatives of L with respect to the coefficients and the multiplier and
equating to 0 leads to:


B11 · · · B1m −1

... . . . ... ...
Bm1 · · · Bmm −1

1 · · · 1 0




c1
...
cm

λ

 =


0
...
0
1

 . (2.4.2)
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Equating minus sign on λ and treating −λ as λ results in:

B11 · · · B1m 1

... . . . ... ...
Bm1 · · · Bmm 1

1 · · · 1 0




c1
...
cm

λ

 =


0
...
0
1

 . (2.4.3)

We update the variable from the coefficients of (2.4.3) by

xm+1 =
m∑

i=1
cixi. (2.4.4)

Remark 2.4.1. Given ϵ > 0, one can include a regularization sub-matrix ϵIm into the
(2.4.3) so that one solves


B11 + ϵ · · · B1m 1

... . . . ... ...
Bm1 · · · Bmm + ϵ 1

1 · · · 1 0




c1
...
cm

λ

 =


0
...
0
1

 , (2.4.5)

to update the variable coefficients for the desired system with c1, · · · , cm.

23



Chapter 3

Reduced Order Method

We develop Reduced Order Method (ROM), defined by Definition (1.2.1), from Section
1.2.2, and claim that ROM improves Anderson acceleration on efficiency and robust-
ness, and then give some theorems that ROM help accelerate, regularize, and stabilize
algorithms.

We consider ROM as a method to generate a sequence of solution by any iterative
methods. In chapter 2, we have considered Newton’s method in Section 2.3.3, kaczmaz’s
method in Section 2.3.6, Broyden update in Section 2.3.4 etc. The highlight is that we
use a batch of historical solution as basis to generate a new solution iterate.

We now discuss regularized ROM. Let X = Rn. ROM is applied to accelerate iterative
scheme procedure, for example, with γ ≥ 0,

minimize |F (x)|2 + γΨ(x), (3.0.1)

over x ∈ X.

• When γ = 0, it is the least square problem to solve F (x) = 0.

• When γ > 0, the term γΨ(x) regularizes the function F (x). For example, Ψ(x) =
|x|2.

Definition 3.0.1 (Reduced Order Method). Given F : X → X and {xk}m
k=1 ∈ X
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generated from an iterative scheme, ROM is to solve the following optimization problem:

minimize |F (
m∑

k=1
αk xk)|2 + γΨ(

m∑
k=1

αk xk), (3.0.2)

over coefficients α = (α1, · · · , αm) ∈ Rm, and we set

xm+1 =
m∑

k=1
α∗

kxk,

where α∗ = (α∗
1, · · · , α∗

m) is an optimizer of (3.0.2).

3.1 ROM and Anderson Type Acceleration Compar-
ison

In this section, we consider Anderson type acceleration for iterative scheme, including
fixed point iterate. We consider ROM as a merit function based method for Anderson.

ROM gives an expression for Anderson-type acceleration, thus we compare ROM and
Anderson-type acceleration. ROM justifies what Anderson does. Now, we assume the
constraint ∑

k≤m

αk = 1,

on ROM. Let {xk}m
k=1 ∈ X as basis generated by an iterative method. Let F : X → X

be a nonlinear function. Let rk = F (xk), and ᾱ = (ᾱ1, · · · , ᾱm) be a minimizer of

minimize |
m∑

k=1
αkrk|

subject to
m∑

k=1
αk =1.

(3.1.1)

Now, we set a base point for Anderson approximation to ROM as

x̄ =
m∑

k=1
ᾱkxk.
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Note that from Taylor polynomial expansion, we have:

F (
m∑

k=1
αkdk) ≈ F (x̄) + F ′(x̄)

m∑
k=1

(αk − ᾱk)xk + 2nd order. (3.1.2)

As a consequence, for x̄ =
∑

k

ᾱkxk, we have:

∑
k

αkrk =
∑

k

αk(F (xk)− F (x̄)) + F (x̄) (3.1.3)

∼
∑

k

αkF
′(x̄)(xk − x̄) + F (x̄) + 2nd order (3.1.4)

∼ F ′(x̄)(
∑

k

αkxk − x̄) + F (x̄) + 2nd order (3.1.5)

∼ F (
∑

k

αkxk) + 2nd order, (3.1.6)

and
2nd order ∼ 1

2
∑

k

αk(H(x̄)(xk − x̄), xk − x̄). (3.1.7)

Therefore, under the same constraint
∑

k

αk = 1, Anderson (3.1.1) step approximates

ROM step (3.0.2), assuming 2nd order term (3.1.7) being negligible, which resembles to
(2.3.1) for the Newton-Krylov method. That is,

F (
∑

k

(αk − ᾱk)xk) ∼
∑

k

J(x̄) (αk − ᾱk)xk + F (x̄) + 2nd order,

where
2nd order ∼ 1

2(H
∑

k

(αk − ᾱk)xk,
∑

(αk − ᾱk)xk),

and
F ′(x̄)xk ∼ Jxk = F (x̄+ txk)− F (x̄)

t
, t > 0.

In summary:

• Anderson solution can be used as a ROM solution, if it provides enough descent.
ROM gives a theoretical justification on practical implementation of Anderson.
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When F is nonlinear, the Anderson method approximates solution of ROM (3.0.2)
over α = (α1, · · · , αn) ∈ Rn, together with with x̄ = ∑

k ᾱkdk,

minimize |
∑

k

J(x̄)⊤ (αk − ᾱk)xk + F (x̄)| (3.1.8)

over α = (α1, · · · , αn).

• In addition, (3.1.8) is a reduced order (subspace) Gauss-Newton method based on
the basis {xk}. For the linear case it is equivalent to the Krylov subspace method
Saad and Schultz (1986). Thus, its performance depends on the conditioning of the
{rk}. If {rk} is nearly singular, the Anderson method is slowly convergent. If {rk}
is linearly dependent, then we have a finite step convergence.

• When F is linear, Anderson method (1.2.6) is the same as ROM. Given a linear
function F : X → X, then solving least square by ROM

minimize |F (
∑

k

αkxk)|,

subject to
∑

k

αk =1,
(3.1.9)

over α = (α1, · · · , αm) is equivalent to solving Anderson by

minimize |
∑

k

αkF (xk)|

subject to
∑

k

αk =1,
(3.1.10)

over α = (α1, · · · , αm). As a consequence, we may use Anderson and ROM inter-
changeably when solving a linear F with acceleration methods.

Proof. When F is a linear function, we have that

F (
∑

k

αkxk) =
∑

k

αkF (xk).

Properties of norm suggests that

|F (
∑

k

αkxk)| = |
∑

k

αkF (xk)|,
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which implies that solving least square by ROM is equivalent to solving least square
by Anderson.

Therefore, one can interchangeably use Anderson as ROM when F is a linear func-
tion.

3.2 Anderson and ROM Acceleration as Evolutional
Fixed point

In this section we develop the acceleration of Anderson type for the standard fixed point
iterate

xi+1 = G(xi).

With a ∈ dom(G) as a fixed point for g, we modify rk = G(xk) − xk by setting rk =
G(xk)−G(a) with the optimization problem:

minimize |
∑
k≤n

αkrk|2, (3.2.1)

together with the sequential update xn+1 defined by

xn+1 =
∑
k≤n

α∗
k xk. (3.2.2)

where α∗ is an optimizer of (3.2.1). It is different from the original form of the Anderson
update for fixed point iterate Walker and Ni (2011). The step (3.2.2) regularizes and
stabilizes the fixed point update, i.e. the derivative gets smaller when considering the
ROM update than the usual update. It works without assuming the contraction of fixed
point iterate.

Proposition 3.2.1 (Stability to a Fixed Point). Let G : X → X be a map with fixed
point(s). Given x0 ∈ X, with Banach iterate to generate (x1, · · · , xn) ∈ X × · · · × X.
By solving (3.2.1) with minimizer α∗ = (α∗

1, · · · , α∗
n) ∈ Rn, we have obtained a more

stabilized solution. Given a ∈ X as a fixed point for G, a ∈ Span{x1, · · · , xn}, and
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G(xn) ∈ Span{x1, · · · , xn}, we have:

|G(
∑
k≤n

α∗
kxk)− a|X ≤ |G(G(xn))− a|X .

Proof. Note that, with definition of α∗, for any α = (α1, · · · , αn) ∈ Rn, we have:

|
∑

k

α∗
krk| ≤ |

∑
k

αkrk|. (3.2.3)

Therefore, with (3.1.6), we get

|F (
∑

k

α∗
kxk)| ≤ |F (

∑
k

αkxk)|.

Apply the definition of F to get:

|G(
∑

k

α∗
kxk)− a| ≤ |G(

∑
k

αkxk)− a|.

Since g(xn) ∈ Span{x1, · · · , xn}, there exists α̃ = (α̃1, · · · , α̃n) ∈ Rn such that G(xn) =∑
k α̃kxk. Apply α̃ as α to get the desired result, i.e.

|G(
∑
k≤n

α∗
kxk)− a|X ≤ |G(G(xn))− a|X .

Corollary 3.2.1 (Stability to a Neighbourhood for a Fixed Point). Under the same

assumptions from the above theorem, suppose that we have ym =
n∑

k=1
αm

k xk such that

{ym} converges to a. Then, for all large enough m, we have

|G(
∑
k≤n

α∗
kxk)−G(ym)|X ≤ |G(G(xn))−G(ym)|X .

More studies of Anderson on fixed point convergence on non-contractive mapping
Pollock and Rebholz (2021), Xue (2022).

29



3.3 Variants of ROM

We develop ROM variants to see further opportunities to accelerate ROM.

3.3.1 Nested ROM

We perform the nested ROM, i.e. we progressively generate sample solution sequence
{zi} with 1 ≤ i ≤ m and m ∈ Z≥2, by the Anderson updates. It follows the reduced
order element method Ito and Ravindran (1998) with the iterates {xk} as basis, i.e. the
linear manifold spanned by {xk} captures the solution well by minimizing

ϕ(
∑
k≤n

αkxk) = |F (
∑
k≤n

αkxk)|2 + βΨ(
∑
k≤n

αkxk), (3.3.1)

where β ≥ 0 and Ψ is a regularization function.

We discuss Nested Anderson with an application on improving the fixed point algo-
rithm. Suppose that we want to find a fixed point for a given contractive map ϕ : Rn →
Rn. Define F (x) = x− ϕ(x). Let the Anderson method define a fixed point map ϕ by

ϕ(θ) = θ∗, (3.3.2)

where θ is the initial and θ∗ is the corresponding the m-step Anderson iterate. In general,
the Anderson map (3.3.2) has a much better contraction than ϕ. That is, we apply the
Anderson method for the fixed point problem for ϕ as a nested iterate.

ROM with m step can be nested as: let y1 = y be 2-step ROM solution be defined by

y =
2∑

k=1
α∗

kxk,

with α∗
k ∈ R as optimized weight for iterate xk. Then, based on the previous solutions,

we generate an additional r based on the initial condition y and use 3-step ROM to get
y2, so on. Then, after m times, we progressively obtain a sampled solution sequence {yi}.
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We obtain refine approximation by nested ROM update

z =
m∑

k=1
β∗

kyk,

where β∗ = (β∗
1 , · · · , β∗

m) ∈ Rm minimizes

|F (
m∑

k=1
β∗

kyk)|2.

Also, we do an additional refinement based on {zi}1≤i≤m, as a nested ROM. It notes
that this improves accuracy and the convergence very much and that they produce a
monotone descent approximation sequences for

minimize |F (x)|2. (3.3.3)

3.3.2 Sampled ROM

Sampled ROM is a similar method to Nested ROM but need to restart after each m-
step ROM. We repeat m-step ROM for sometime with update and we collect the update
together as a new basis for our new ROM. Mathematically speaking, Sampled ROM step
can be described as: let y1 = y be m-step ROM solution be defined by

y1 =
m∑

k=1
α∗

kxk,

with α∗
k ∈ R as optimized weight for iterate xk. Then, we restart ROM from y1 and

repeat the m-step ROM method with initial y to get y2, so on. Then, we progressively
obtain a sampled solution sequence {yi}. We obtain a refined approximation by nested
ROM update

z =
m∑

k=1
β∗

kyk,

where β∗ = (β∗
1 , · · · , β∗

m) ∈ Rm minimizes

|F (
m∑

k=1
βkyk)|2.
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3.3.3 Residual Based ROM

We develop Residual based ROM update. We first repeat an iterative scheme for m times
to get residual direction rk with (1 ≤ k ≤ m) and xn. For min |F (x)|2, we perform ROM
step:

minimize |F (xn +
∑
k≤m

αkrk)|2, (3.3.4)

over α, and let α∗ = (α∗
1, · · · , α∗

m) ∈ Rm be the optimal coefficient. We assume that rk

will get closer to 0. This has an advantage that it defines the prediction xn+1 starting from
the current iterate xn and uses the history of residual direction {rk}. The optimization
step corresponds to the case of nonlinear optimization (5.1.2): find α so as to

minimize f(xn +
∑
k≤m

αkrk)

subject to xn +
∑
k≤m

αkrk ∈ C.
(3.3.5)

3.3.4 ROM Extrapolation

Consider the least square problem of

minimize |F (x)|2, (3.3.6)

over x ∈ X. We introduce the ROM update

minimize |F (xm +
m−1∑
i=1

αiri)|2, (3.3.7)

or
minimize |F (

m∑
i=1

αixi)|2, (3.3.8)

over α, where the basis (xi, pi) is generated by a well-posed linear system Āx − b = 0
for the (Ā, b) instead of F (x) = 0, i.e. we generate basis functions by the alternative
nominal equation Āx− b = 0 for the original (ill-posed) problem of minimizing |F (x)|2,
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and update xk+1 from xk by

xk+1 = xk + αk pk, pk = b− Āxk.

One can generate the diverse free basis by minres and one can use ROM to find α to

minimize |F (
∑

k

αkxk)|2, (3.3.9)

or by the Galerkin projection

(F (
∑

k

αkxk), xj) = 0 for all xj.

3.3.5 ROM with Preconditioning

In this section we discuss the preconditioning of Ax− b = 0 by a pre-conditioner B, i.e.,

B−1(Ax− b) = 0,

where
B−1A = I +B−1(A−B), |B−1(A−B)| < 1.

We generate the basis {(xk, rk)} with an iterative method for solving Bx = b:

xk+1 = xk + αk pk, pk = b−Bxk.

We approximate B−1 by the polynomial approximation P defined by

B−1x ∼ Px = x+
m∑

k=1
α∗

k xk,

where α∗
k minimizes

|B(x+
∑

k

αk xk)− b|2.

Then, we use the variable fixed point for P (Ax− b) = 0 by

xn+1 = xn + β (P (Axn − b)).
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We apply ROM method to accelerate the convergence by minimizing

minimize |A(
m∑

k=1
βkxk)− b|2, (3.3.10)

over β = (β1, · · · , βm), and let β∗ = (β∗
1 , · · · , β∗

m) be its solution and update xm+1 by

xm+1 =
m∑

k=1
β∗

kxk.

3.3.6 Back-projection Method (Dual) A∗b

In the inverse scattering problems we use the the filtered back projection

A∗Pb

for the least square solution A∗(AA∗)−1b of minimizing |Ax− b|2, where

(AA∗)−1 = pseudo differential operator

and is very badly conditioned. We replace it by a properly chosen differential operator
P , e.g., (−∆)γ) We use the fixed point iterate of the form

xi+1 = xi − A∗P (Axi − b).

Note that
((I − A∗PA)x, x) ≤ (1− ω) |x|2,

for a properly chosen P . That is, the standard fixed point method converges. We apply
the ROM acceleration to improve the convergence.

We consider solving a better posed problem by ROM as an effective to solve the actual
problem.
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3.4 Applications

We list some possible applications in mind.

(1) (Damped Newton Update) We apply ROM on damped Newton update. We assume
the (damped) Newton updates ui (1 ≤ i ≤ m), with damped step size {αi} to generate
a basis by one parameter family:

ui+1 = ui − αiJ
∗
i (JiJ

∗
i )−1F (ui),

where Ji is an approximated Jacobian for F (ui). We consider the refinement (ROM) step

minimize |F (
∑
k≤m

βkuk)|2, (3.4.1)

over {βk} based on the current updates {uk}. This optimization over βk is performed by
Gauss-Newton (3.1.8). We update

um+1 =
m∑

k=1
β∗

k uk,

where {uk} is the history of solutions generated by the Newton’s iterate and followed by
the ROM optimization step. This guarantees the decent property of F .

In general, {un} is a sampling (sequentially generated) sequence of estimated solutions
and forms a reduced order linear solution manifold over which |F |2 is minimized. Also,
we include the reduced order elements {ũ} to the solution manifold as in Remark (3)
below.

As discussed in Section 3.1, the Anderson extrapolation solves approximately ROM
step.

(2) (Damped Fixed Point Problem) For the fixed point problem one considers we let {ui}
be fixed point solution to one parameter family {θi} of damped fixed points:

ui − θi g(ui) = 0, 0 < θi < 1,
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and ui is the corresponding damped basis for the damped fixed point problem.

(3) (Equations with Internal Variables) Also, we include the reduced order elements {ũ}
to the linear solution manifold as a Reduced order element method Ito and Ravindran
(1998). Let Fθ(x) = 0 be the parameter dependent equation and driven sampled pa-
rameters θ, and let x = (x1, · · · , xn) be the corresponding solution. Then look for α to
minimize

|Fθ(
∑

i

αixi)|2.

(4) (AR auto-regressive) We introduce the prediction method as the time-series of the

form
ui+1 =

∑
k≤i

βk uk,

where βk is determined by minimizing |yk − C(uk)|2, or, in general minimizing |F (uk)|2.
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Chapter 4

Variable Step Update

In this chapter, we focus on developing variable step method (1.1.2) to generate basis
solutions. For example, gradient method from Section 2.3.5 and Netwon’s method from
Section 2.3.3 are examples of variable step size update. The importance is variable step
ROM update make iteration converge when we consider basis element in the reduced
space is updated iteration by iteration from line search. It accelerates the convergence
and is monotonically decreasing step by step. For each iteration, we use the Cauchy step
(1.2.9) as the optimal step size. Similar to results in Chapter 3, we do variable step size
update from an unconstrained convex optimization context, even for the fixed point. The
acceleration method is one shot, meaning that every step is unique. During the process
of doing iteration, we want scaling, stabilizing, and sufficient decrement Goldfarb (1970)
Wolfe (1969).

Throughout the chapter, we assume that (X, | · |X) is a Banach space.

4.1 Variable Step Size Update

In this section, we study methods with use of Cauchy step. Let F : X → X, we minimize
|F (x)|2 over x ∈ X.

Definition 4.1.1 (Variable Residual Error Step Update). Given F and x0 ∈ X, the
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variable residual error step update is an iterate with the form:

xn+1 = xn + αnF (xn), (4.1.1)

where αn is the variable step-size.

Example 4.1.1. Variable Step Size Update We provide examples to give different
interpretations of making a variable step size update.

1. Let G : x ∈ X → G(x) ∈ X so that there exists x∗ ∈ X so that G(x∗) = x∗, and
let F : X → X be defined by:

F (x) = x−G(x). (4.1.2)

We interpret (4.1.2) as a fixed point iterate scheme.

2. Given a matrix A and vector b, both with comfortable dimensions, we consider
F : X → X defined by F (x) = b− Ax. With a given αn ∈ R, we have

xn+1 = xn + αn(b− Axn). (4.1.3)

We interpret (4.1.3) as a scheme to solve Ax = b iteratively.

3. When there exists a differentiable function g : X → X so that F (x) = ∇g(x), with
gn = F (xn), we interpret the scheme

xn+1 = xn + αngn. (4.1.4)

as the gradient descent iterate.

Next, We define “Cauchy step” Cauchy (1847).

Definition 4.1.2 (Cauchy Step). Let F : X → X. The Cauchy step αn ∈ R at xn ∈ X
along direction pn ∈ X is defined as

α∗
n = min |F (xn + αpn)|2,
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over α ∈ R.

We consider the use of Cauchy step into numerical algorithms as Cauchy’s method.

4.1.1 Cauchy’s Method

We derive Cauchy step formulas for least square problems and optimization problems.

Example 4.1.2. Consider a linear system F : x ∈ X → F (x) ∈ X defined by

F (x) = b− Ax,

with A ∈ Rn×n and b ∈ Rn. We aim to solve

minimize |F (x)|2, (4.1.5)

over x ∈ X. On the n-th iteration, set rn = b − Axn. In the context of (4.1.1), we have
the Cauchy Step on iteration n as:

αn = (rn, Arn)
(Arn, Arn) . (4.1.6)

Proof. Set G(α) = |b− A(xn + αndn)|22, evaluate dG
dαn

, and set dG
dαn

= 0 to get

(b− A(xn + αndn))⊤(Adn) = 0.

With re-arrangement, one gets

αn = (b− Axn, Adn)
(Adn, Adn) = (rn, Adn)

(Adn, Adn) .

In the context of (4.1.1), we have dn = rn, then we have:

αn = (rn, Arn)
(Arn, Arn) .
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We now calculate Cauchy step for nonlinear least square problems. Consider a nonlinear
map F : X → X, We wish to determine the optimal step size α that minimizes

|F (x+ α p)|2

over α ∈ R. This is a scalar minimization problem. Put

xn+1 = xn + αnpn,

we have αn is a step size that minimizes

|F (xn + αnpn)|2.

Since F (x+ αp)− F (x) ∼ αJp, where:

Jp = F (x+ tp)− F (x)
t

, t > 0.

Approximately, we are solving

minimize |F (x) + αJp|2, (4.1.7)

over α. Back into the context of ROM, we put rn = F (xn), p = pn. Using a similar
approach from Example 4.1.2, we have an approximated Cauchy step

αn = − (rn, Jpn)
(Jpn, Jpn) ,

where we update J on each new step.

Merit Function Optimization: For a badly conditioned positive and symmetric matrix A
with f : X → R, we consider

minimize f(x) = 1
2(x,Ax)− b⊤x, (4.1.8)

over x ∈ X. The necessary optimally condition is Ax− b = 0.
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Theorem 4.1.1. The Cauchy step for (4.1.8) is

αk = − g⊤
k gk

g⊤
k Agk

,

where rk = Axk − b, gk = rk, and pk = gk is the search direction for each iterate.

Proof. Let f : x ∈ Rn → f(x) ∈ R be defined as

f(x) = 1
2(x,Ax)− b⊤x.

For all d ∈ Rn and for all α ∈ R, we have:

f(x+ αd) = 1
2(x+ αd)⊤A(x+ αd)− b⊤(x+ αd).

After simplification, we get:

f(x+ αd) = 1
2(x⊤Ax+ 2αx⊤Ad+ α2d⊤Ad)− αb⊤d− b⊤d.

Solve ∂f
∂α

= 0 will lead to

αk = − g⊤
k gk

g⊤
k Agk

.

4.1.2 Variants to Cauchy Methods

We discuss methods related to Cauchy’s methods. For example, we can compute by
inexact line search. We now look at some examples of inexact line search method.

• In a quasi-Newton iteration,

xn+1 = xn + αnB
−1
n F (xn),

where Bn is some approximation of the Jacobian matrix F ′(xn), e.g. Broyden Up-
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date. We also consider the feedback form:

xn+1 = xn − αnGnF (xn),

where Gn is a feedback gain operator.

• Barzilai Borwein method by Barzilai and Borwein (1988) seeks to combine the
simplicity from Gradient and the computational speed from Newton. Therefore, it
provides an approximation to quasi-Newton. With yn−1 = gn − gn−1 and sn−1 =
xn − xn−1, we have Algorithm (3).

Algorithm 3 Barzilai-Borwein
Require: x0 ∈ Rn, f : Rn → R, ϵ
Ensure: x

1: for k = 0, · · · do
2: gk = ∇f(xk)
3: dk = −gk.
4: if |gk| > ϵ then
5: αk = argminα|F (xk + αdk)|2.
6: α

(I)
k = s⊤

k−1yk−1

y⊤
k−1yk−1

or α(II)
k = s⊤

k−1sk−1

s⊤
k−1yk−1

.
7: xk+1 = xk + αkdk.
8: else
9: Stop the algorithm and return x.

10: end if
11: end for

Remark 4.1.1. The conjugate gradient Cauchy step in Example 4.1.1 corresponds to
α

(II)
k in Barzilai-Borwein Algorithm (3); The variable fixed point Cauchy step in Theorem

4.1.2 corresponds to α(I)
k in Barzilai-Borwein Algorithm (3).
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Pre-conditioned Conjugate Gradient (PCG), given by

αk = (rk,zk)
(Apk,pk) , xk+1 = xk + αk pk,

rk+1 = rk − αk Apk, zk+1 = P−1rk+1,

βk = (zk+1,rk+1)
(zk,rk) , pk+1 = zk+1 − βkpk,

where P is the pre-conditioner and zk is the pre-conditioned residual, accelerates merit
function optimization convergence (4.1.8). If we start with x0 = 0, then xk minimizes
Paquette and Trogdon (2023)

xk = argmin{(x− y, A(x− y)) : y ∈ Span{b, Ab, · · · , Ak−1b}}. (4.1.9)

An alternative Cauchy Step to minimize |b−Ax|2 over x ∈ X: Let Ā be an approximated
matrix for A. Then, we set

αn = (rn, Ārn)
(Ārn, Ārn)

. (4.1.10)

We update xk by
xk+1 = xk + αkrk, rk = b− Axk.

After m updates, update xm+1 by solving (2.4.3) with update (2.4.4). We discuss more
details in Section 7.2.2.

4.1.3 Along with ROM

Finally, we develop the ROM method to accelerate the convergence for least square prob-
lems and merit function optimization case. For the least square problem optimization,
the procedure is very similar to the fixed step size case. We solve

minimize |F (
∑
k≤n

βkxk)|2, (4.1.11)

over β. Then, with β∗ as optimizer, one restarts the iterate with xn+1 as the initial for
a new iterate. ROM step is the post-conditioning and does accelerate the convergence
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and results in the monotone convergent algorithm. It converges very rapidly provided
that the condition number of A is not too large. Otherwise, we need to pre-condition the
problem.

But, one can improve the convergence of CG with ROM acceleration. Also, one can
use conjugate iterate without assuming A being positive definite and symmetric with a
modified step size αk, say Cauchy step with ROM acceleration. We repeat this for m
times, to generate (x1, · · · , xm) ∈ Rn × · · · × Rn. That is, with rk = b − Axk, ROM
minimizes

|
∑
k≤m

αkrk|,

compared with (4.1.9). With α∗ = (α∗
1, · · · , α∗

m) ∈ Rm as optimal solution, we let

xm+1 =
∑
k≤m

α∗
k xk.

4.2 Multi-Step Subspace Update

We generalize derivation of Cauchy step of with 1 directions from Section 4.1 into 2
directions. In order to motivate our discussions, we consider linear system F (x) = b−Ax,
and the case of (3.3.4) when m = 2: we solve

minimize |b− A(xn + α1r1 + α2r2)|, (4.2.1)

over (α1, α2) ∈ R2. We do the subspace update spanned by {r1, r2}:

xn+1 = xn + (αnr1 + βnr2). (4.2.2)

However, we may improve (4.2.2) by considering two arbitrary directions {rn, pn} for the
n-th iterate, i.e. For the linear system F (x) = Ax− b, given {rn, pn}, when trying to

minimize |A(xn + αnrn + βnpn)− b|2, (4.2.3)
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over (α, β) ∈ R2. By optimality condition, with rn = b − Axn, using the approach to
solve Example 4.1.2, we have:


αn

βn

 =


(Arn, Arn) (Arn, Apn)

(Apn, Arn) (Apn, Apn)


−1

(b− Axn, Arn)

(b− Axn, Apn)

 .

We do the subspace update spanned by {rn, pn}:

xn+1 = xn + (αnrn + βnpn). (4.2.4)

As an example, we do the subspace update spanned by {rn, Arn}:

xn+1 = xn + (αnrn + βnArn), (4.2.5)

where with rn = b− Axn, pn = Arn, we have

αn

βn

 =


(Arn, Arn) (Arn, Apn)

(Apn, Arn) (Apn, Apn)


−1

(rn, Arn)

(rn, Apn)

 . (4.2.6)

In order to improve the convergence, one considers the one-step conjugate direction up-
date for the search direction pn:

pn = rn −
(rn, pn−1)

(pn−1, pn−1)
pn−1 =⇒ (pn, pn−1) = 0. (4.2.7)

Similarly, as an alternative, for step size update, we have:

αn

βn

 =


(Ārn, Ārn) (Ārn, Āpn)

(Āpn, Ārn) (Āpn, Āpn)


−1

(rn, Ārn)

(rn, Āpn)

 . (4.2.8)

We replace A by an approximated matrix Ā in the matrix for inversion. For updating
directions, we consider directions rn, and Ārn, with rn = b− Axn.
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4.3 Applications

4.3.1 Regularization

As a first application, we derive Cauchy step for minimizing F with a regularization
function Ψ by sequentially generating {x1, · · · , xm} by (4.2.5) or (4.2.7) and use it as a
basis for the solution. That is, given β ≥ 0, we use the reduced order method (ROM) Ito
and Ravindran (1998):

minimize |F (
∑

k

γkxk)|2 + βΨ(
∑

k

γkxk), (4.3.1)

over γ = (γ1, · · · , γm) ∈ Rm, and set the extrapolation of {xk} by

xm+1 =
∑
k≤m

γ∗
kxk (4.3.2)

It also defines the stabilization regularization of iterates {xk} and we select an appropriate
Ψ to enhance such properties.

Specifically, we provide a scheme to evaluate a case for a linear function F : Rn → Rn

defined by F (x) = b − Ax iteratively. In order to motivate our discussions, we consider
linear system Ax = b and ψ(x) = |x|2. Then, we can cast the regularized least squares
problem

F (x) = |b− Ax|2 + β |x|2, β ≥ 0. (4.3.3)

We consider the iterative variable fixed point method

xn+1 = xn + αn (b− Axn), rn = b− Axn.

The step size αn minimizes

|A(xn + αnpn)− b|2 + β |xn + αnpn|2, pn = b− Axn,
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over αn ∈ R. If β ̸= 0, with similar approach to , we have the Cauchy step:

αn = r⊤
nApn − βx⊤

n pn

|Apn|2 + β|pn|2
,

and with F (x) = |b− Ax|2 + β|x|2, we have

F (xn+1) = F (xn)− (βx⊤pn − r⊤
nApn)2

|Apn|2 + β|pn|2
.

Similarly, regarding to (4.3.3), one can do the two directions {pn, qn} update by consid-
ering

xn+1 = xn + αnrn + βnpn.

The step size pair (αn, βn) ∈ R2 minimizes

|A(xn + αnprn + βnpn)− b|2 + β |xn + αnrn + βnpn|2.

Then, we have:

αn

βn

 =


(Arn, Arn) + β(rn, rn) (Arn, Apn) + β(pn, rn)

(Arn, Apn) + β(rn, pn) (Apn, Apn) + β(pn, pn)


−1

(b− Axn, Arn)

(b− Axn, Apn)

 .

4.3.2 Saddle Point Problem

We consider Saddle Point Problem as a special case of (4.3.3). Given a symmetric positive
definite matrix A, consider the constrained minimization problem:

minimize 1
2(x,Ax)− (a, x)

subject to Ex =b.
(4.3.4)

Given ϵ > 0, define penalty function associated from above as:

L(x) = 1
2(x,Ax)− (a, x) + 1

2ϵ |Ex− b|
2.
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Then, we have:
Axϵ + 1

ϵ
E⊤(Exϵ − b) = a.

With λϵ = Exϵ−b
ϵ

, it follows that the optimal pair (xϵ, λϵ) satisfies the regularized saddle-
point problem Aw = c, where

A =


A E∗

E −ϵI

 , w =


xϵ

λϵ

 , c =


a

b

 .

Example 4.3.1. Given a symmetric matrix D, if F (x) = 1
2(x,Dx)− (f, x) and E(x) =

Ex−g, then we formulate Lagrangian L(x, λ) = 1
2(x,Dx)− (f, x)+λ⊤(Ex−g) and take

derivative on x and λ to have a linear saddle point problem Au = b, where

A =


D E∗

E 0

 , u =


x

λ

 , b =


f

g

 .

In general, for a symmetric positive definite matrix D of size n× n and E of size m×m

of full rank, in terms of A of size 2(n+m)× 2(n+m) of the symmetric form:

A =


D E∗

E F

 , (4.3.5)

we have n positive and m negative eigenvalues. With x and b of appropriate size, and A

of the form 4.3.5, we refer the problem of solving Ax = b as a Saddle Point Problem.

In Section 7.2, we perform an example of Saddle Point problem of a specific class,
Stokes problem, with no-slip wall boundary condition, since its numerical discretizations
gives a saddle point problem form.
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Chapter 5

Convex Optimization

In this chapter, as further applications to ROM, we discuss convex optimization. We study
conjugate gradient method, conjugate residual method, and proximal gradient method.

5.1 Conjugate Gradient Method

In this section, we develop CG with ROM on a convex optimization problem. First, recall
that Hestenes and Stiefel Hestenes and Stiefel (1952) introduced Conjugate Gradient
(CG) to solve

minimize 1
2x

⊤Ax− b⊤x, (5.1.1)

over x ∈ Rm, for a symmetric positive definite matrix A ∈ Rm×m. The necessary and
sufficient optimality condition is Ax = b. It upgrades step size and search direction in
each iteration for both the current solution and residual.
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Algorithm 4 Conjugate Gradient Method
Require: x0, p0, A,x0, b

Ensure: x so that Ax = b.
function CG(x0, p0, x0, A, b)

r0 = −(Ax0 − b), p0 = r0;
for k = 0, · · · do

αk = r⊤
k rk

p⊤
k

Apk

xk+1 = xk + αkpk

rk+1 = rk − αkApk

βk+1 = r⊤
k+1rk+1

r⊤
k

rk

pk+1 = rk+1 + βkpk.
end for

end function

Next, we introduce Nonlinear Conjugate Gradient Method. Consider a convex minimiza-
tion problem for f : X → R:

minimize f(x), (5.1.2)

over x ∈ C, where C is a closed, nonempty, convex subset of X.

Repeat process below until convergence:

1. Update direction by
∆xn = −∇xf(xn);

2. Update variable step by, e.g. Fletcher-Reeves Fletcher and Reeves (1964):

βFR
n = ∆x⊤

n ∆xn

∆x⊤
n−1∆xn−1

; (5.1.3)

3. Update direction by
sn = ∆xn + βnsn−1;
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4. Calculate step size by
αn = argmin f(xn + αsn);

5. Update solution by
xn+1 = xn + αnsn.

On the 4th step for nonlinear CG, one can use the Preconditioned Conjugate Gradient
Method (pcg) in Section 4.1.2. In addition, on step 2, one can upgrade β by Polak–Ribiere
formula Polak and Ribiere (1969) since it provides sufficient descent, where

βPR
n = ∆x⊤

n (∆xn −∆xn−1)
∆x⊤

n−1∆xn−1
, (5.1.4)

instead of the Fletcher–Reeves formula (5.1.3).

In summary, the conjugate nonlinear convex optimization with Polak-Ribiere is as
follows:

1. Direction update:

δk+1 =

−∇f(xk)

−∇f(xk) + χkδk,
(5.1.5)

where χk satisfies the (5.1.4), where pj = ∇f(xj), and χj = max{0, χj}.

2. βk = argmin f(xk−1 + βkδk).

3. xk+1 = xk + βkδk.

For ROM step, we minimize a convex function f : X → R when we consider:

minimize f(
∑

k

αkxk) (5.1.6)

Or,
minimize

∑
k

αkf(xk)

subject to
∑

k

αkxk ∈ C,
(5.1.7)
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and let
xm+1 =

∑
k≤m

α∗
k xk.

5.2 Conjugate Residual Method

Next, we develop the Nonlinear Conjugate Residual method Hestenes and Stiefel (1952).
Consider the equality constrained optimization

minimize f(y)

subject to E(y) =0.
(5.2.1)

The necessary optimality system for x = (y, λ) is

F (y, λ) =


f ′(y) + E ′(y)∗λ

E(y)

 = 0.

Multiplication of vector by the Jacobian F ′ can be approximated by the difference of two
residual vectors by

F (xk + t y)− F (xk)
t

∼ Ay with t |y| ∼ 1.

Thus, we have the nonlinear version of the conjugate residual method:

Nonlinear Conjugate Residual method One can apply the conjugate residual method for

minimize |F (
∑

k

βk rk)|2. (5.2.2)

Let P−1 is the preconditioning of F .

• Calculate sk for approximating Ark by

sk = F (xk + t rk)− F (xk)
t

, t = 1
|rk|

.
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• Update the direction by

pk = P−1rk − βk pk−1, βk = (sk, rk)
(sk−1, rk−1)

.

• Calculate
qk = sk − βk qk−1.

• Update the solution by

xk+1 = xk + αk pk, αk = (sk, rk)
(qk, P−1qk) .

• Calculate the residual
rk+1 = F (xk+1).

ROM step gives you the convergence based on the criterion: α = (α1, · · · , αm) ∈ Rm

minimizes
|F (

∑
k≤m

αkxk)|2.

With optimizer α∗ = (α∗
1, · · · , α∗

m) ∈ Rm, we have:

xm+1 =
∑
k≤m

α∗
kxk.

5.3 Proximal Gradient Algorithm

We interpret Proximal Gradient Algorithm Parikh and Boyd (2014) as a fixed point
iteration. Suppose g : Rn → R is convex, and continuously differentiable, h : Rn → R
closed proper and convex. Let f : Rn → R be defined by f(x) = g(x) + h(x). We solve

minimize g(x) + h(x), (5.3.1)

over x ∈ X. Let x∗ be a solution to (5.3.1), then:

0 ∈ λ(∇g(x∗) + ∂h(x∗)).
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Then, we have:
0 ∈ λ(∇g(x∗) + ∂h(x∗))− x∗ + x∗.

Therefore,
(I + λ∇g)(x∗) ∈ (I + λ∂h)(x∗).

By the relation of prox and operator ∇f , we have:

x∗ = proxλkh(x∗ − λk∇g(x∗)).

Therefore, given x0 ∈ X, one has

xk+1 = xk − tkGk(xk),

where
Gk(x) = 1

t
[x− proxth(x− t∇g(x))],

and
proxth = (I + t∂h)−1.

ROM step update: we minimize

g(
∑
k≤m

αkxk) + h(
∑
k≤m

αkxk),

over α. With optimizer α∗ = (α∗
1, · · · , α∗

m) ∈ Rm, we have:

xm+1 =
∑
k≤m

α∗
kxk.
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Chapter 6

Convergence

We develop arguments about convergence acceleration for fixed point iterate.

6.1 Linear Function

We develop ROM convergence for a linear function. Let A ∈ Rn×n, let g : X → X be a
linear function defined by g(x) = b − Ax, and let the function F : x ∈ X → F (x) ∈ X
be defined by F (x) = x− g(x). Recall that Anderson is the same as ROM in Section 3.1
if the residual function F is linear. In particular, we have:

xm+1 − g(xm+1) =
∑
k≤m

α∗
krm = r∗

m+1. (6.1.1)

If the sequence {xn} is uniformly bounded, then by the continuity of g, the sequence
{g(xn)} is also uniformly bounded. Consequently, there exists a subsequence pair {(xnk

, rnk
)} ∈

X × X and (x∗, r∗) ∈ X × X so that (xnk
, rnk

) → (x∗, r∗), where rk = xk − g(xk), and
r∗ = x∗ − g(x∗).

For the linear case, it is equivalent to the Krylov subspace method. Thus, its perfor-
mance depends on the conditioning of the {rk}. If {rk} is nearly singular in finite step,
the Anderson method results in slow convergence rk → r∗. If {rk} is lineally dependent,
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then we may terminate algorithm in finite step.

For the case A is nearly singular, if condition number of A is too large, the ROM
method results in slow convergence rk → r∗, and r∗ is not necessarily equal to 0. For
singular A, Brown and Walker (1997) give conditions under which the GMRES iterates
converge safely to a least-squares solution or to the pseudoinverse solution.

If the matrix A is singular, by singular value decomposition, there exists U, S, V such
that A = USV ⊤. In particular, one can write V as V = V1 + V2, so that

|USV1| ≈ 0, min |USV2x− b| > 0.

Conclusion: If dim(X) is finite, and condition A is not too large, then Span{ri} stay
the same. Consequently, (xk, rk)→ (x∗, r∗).

6.2 Nonlinear Function

In this section, we bring a bound for {xk} and discuss how Anderson-type acceleration
can help ROM in practice. In order to bound the update {xk}, we perform the convex
optimization

minimize |F (
∑
k≤i

αkxk)|2

subject to αk ≥0,∑
k

αk =1.

(6.2.1)

Then, with xi+1 = ∑
k≤i αkxk and an arbitrary x̄ ∈ X, we have:

|xi+1 − x̄| ≤ αk max
k≤i
|xk − x̄| ≤ max

k≤i
|xk − x̄|,

which provides the uniform bound of {xk}.

We now show a different update scheme will provide better convergence result. Let

56



the update scheme be
xm+1 = α∗

mg(xm) +
∑
k<m

α∗
kxk.

Then, we have the the following estimate:

|xm+1 − x̄| = |α∗
mg(xm)− α∗

mx̄+
∑
k<m

α∗
kxk −

∑
k<m

α∗
kx̄|

≤ α∗
m|g(xm)− x̄|+

∑
k<m

α∗
k|xk − x̄|.

When {xk} descents, we have |g(xm) − x̄| ≤ |xk − x̄| for each k ∈ {1, · · · ,m}, then we
conclude that we have obtained a lower upper bound than the previous result.

If the Anderson solution that minimizes

minimize |
∑
k≤i

αkrk|2

subject to
∑
k≤i

αk =1.
(6.2.2)

is a decent solution to ROM (6.2.1), then accept the step. Otherwise, we apply a decent
(gradient) method to find a local minimum of (6.2.1) as in Section 6.3.

6.3 Sequential Method

In this section, we develop sequential method. In order to find a local minimizer of ROM,
we initialize α by

minimize |
∑

k

αkF (xk)|2, (6.3.1)

over α, and let
x̄ =

∑
k

ᾱkxk,

where ᾱ is the optimal solution to Anderson solution (6.3.1).

Then, we use the Gauss-Newton method in Section 2.3.3 at x̄ to solve ROM . We
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have one rank update with
dn = F (xn),

and we obtain the sequential update

xn+1 − x̄ = βn dn, (6.3.2)

where βn ∈ R minimizes
minimize |F (x̄) + βndn|2 (6.3.3)

and
xn+1 = x̄+ βn F (xn)

Here,
F ′(x̄)dn ∼ Jdn = F (x̄+ t dn)− F (x̄)

t
, t > 0.

Then, we use the Gauss-Newton to solve

minimize |βnJdn + F (x̄)|2, (6.3.4)

over βn, and we have an approximate solution

βn = −(F (x̄), Jdn)
(Jdn, Jdn) .

6.4 Strong Convergence under Coercivity

Coercivity assumption:

(x− y − (g(x)− g(y)), x− y) ≥ ω|x− y|2.

Let x∗ be optimal solution so that |x∗ − g(x∗)| ≤ |x− g(x)|, for all x ∈ X. Therefore,

((xn − g(xn))− (x∗ − g(x∗)), x− x∗) = (rn − r∗, x− x∗).
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By assumption, we have

(rn − r∗, xn − x∗) ≥ ω|xn − x∗|2.

Since rn → r∗, we have
|xn − x∗| → 0,

as n→∞.

Example 6.4.1. Operator Equation We consider the operator equation of the form:
Lx + f(x) = 0 where L is bounded invertible and f is Lipschitz on X. It Is formulated
as a fixed point problem

F (x) = x− L−1f(x) = 0,

and the variable fixed point
xn+1 = xn − αnF (xn).

Assume
(Lx− f(x)− (Ly − f(y)), x− y) ≥ ω |x− y|2.

Then, for some c > 0,
ω |xi − x∗| ≤ c |ri − r∗|.

For example,
L = −∆, f(u) = −∇ · (ϕ(|∇u|2)∇u),

where ϕ is convex. with X = H1
0 (Ω) Thus,

(Lu+ f(u)− (Lv + f(v)), u− v)L2 ≥ (L(u− v), u− v)L2 .

and thus,
|xn − x∗|X ≤ |rn − r∗|X∗ .
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Chapter 7

Applications in Scientific Computing

We test ROM/Anderson type method for solving equations motivated from science and
engineering. We incorporate Anderson type method to drive the system to a desired
state. We do so by solving a matrix Ricatti equation, and we gradually maximize the
positive coefficient to the quadratic term until no solution exists, or converges slowly.
We find that Anderson type contributes to greatly enhance the level of performance. On
the other side, most scientific computing can be modeled as a Saddle Point problem.
We focus on solving linear steady state Navier Stokes like equation, with homogeneous
boundary condition on the velocity component. We use finite difference scheme to have
a squared matrix A, with a velocity component and a pressure component, and vector
b. Our computation suggests that Anderson type method accelerates convergence very
much. In addition to Anderson type method, we refine Anderson type acceleration with
vector subspace method. For linear systems in general, we can select A and b as we want,
especially for large scale squared matrix A.

7.1 Nonlinear System for Matrix Riccati Equation

In this section, we demonstrate the use of Anderson map as a contraction continuation
function on a matrix Riccati equation. A matrix ricccati equation behaves like Navier
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Stokes equation. Specifically, we consider a matrix Riccati equation of the form

u̇ = −b u u+Q, (7.1.1)

where u is an unknown matrix of size n× n, Q is a symmetric positive matrix of n× n,
and b > 0 is the internal variable for the map. It is a nonlinear system of quadratic
equation and is parameter dependent with parameter b. Here, b > 0 is like 1/Re in the
Navier Stokes system of equations with quadratic nonlinearity, where Re denotes the
Reynolds number. So, there are many issues associated with it. For example, large b

significantly magnifies nonlinearity, which brings challenges to find the matrix equation
solution. Therefore, we are concerned about developing computational methods to solve
a matrix Riccati equation. We solve (7.1.1) by performing contraction composition on
F (u) = −b u u + Q and make sure F is contractive for large positive scalar b. We use
fixed point iterate for u. Start with small b, we assume that the map is contractive. We
see that large b stops contraction after contraction range. We use Anderson map with
Method of continuation to enlarge b. Anderson does better job with relatively large b,
while the standard case not work for large b. In summary, Anderson works for solving
parameter dependent nonlinear equations with enlarged b. Anderson did magic.

As a parallel side of experiment, we enlarge n of the matrix size u and shall see that
Anderson map still helps to enlarge b with method of continuation.

Example 7.1.1. Numerical Continuation on b. We show the effect of numerical
continuation on (7.1.1) through the composition of contractive maps by internal and
external update. We start with a small b > 0.

1. External update: We update external variable u with a given iterative scheme until
the mapping is shown contractive. If fails, we terminate the algorithm.

2. Internal update: We heuristically upgrade internal variable b as a backward update
and go back to the previous step.

We compare the value of b to see the effect of standard Banach iterate and the incor-
poration of Anderson type acceleration into Banach iterate. We first let n = 10, and
randomly generate a symmetric and positive definite (SPD) matrix Q. Then, we pick an
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initial b > 0 such that contraction can happen. We now describe sensitivity for the coef-
ficient b. For each given b ∈ R+ with different SPD Q (even of the same dimension), the
sensitivity range of b for convergence will be different. So, b is an important parameter
to tune beyond the contraction constant. We start with a b that is positive yet close to 0,
so that the fixed point iterate will converge, to make sure that b is able to grow up. We
move b forward so that external update works. Otherwise, we stop the entire algorithm.

We also generalize from the case of n = 10 to n = 200 to see that Anderson acceler-
ation methods work for the large scale Riccati equation in general.

We first discuss how the algorithm works when u is an arbitrary squared size. We
do initialization on a symmetric positive definite matrix Q first to generate the starting
iterate u.

1. We generate Q as follows:

(a) We make Q a symmetric matrix by Q = 1
2(Q+Q⊤).

(b) We compute the smallest eigenvalue of Q and add appropriate regularization
constant times identity to make sure Q is a positive definite matrix. We make
the minimum eigenvalue between 0 and 1.

2. Initialization: With u = 0, fix b ∈ R+ such that the algorithm may converge, say
b = 0.05. Now, we look at range of b for which Anderson works.

We now look at contraction mappings to update the external variable u. We first introduce
the Banach iterate. Fix ϵ > 0 as tolerance level, upgrade u until |uk+1 − uk| < ϵ. Let

uk+1 = −b uk uk +Q. (7.1.2)

One would perform (7.1.2) with a batch of size m to accelerate the convergence.

Now, we observe the use of Nested Anderson map, with step size m ≥ 2, from Section
3.3.1. We generate u1 and u2 with (7.1.2). For i = 1, 2, we store residual vectors ri =
−b ui ui + Q − ui and perform vectorization to transform ri from n × n matrix to a
n2 × 1 vector, and we store m of vectroized ri in matrix r as column vectors. With
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Bij = (ri, rj), we perform (2.4.3) to determine weight and upgrade iterate by (2.4.4) as
new basis elements. By taking a linear combination of past iterates, we update the current
iterate. We implement successive fixed point iterates with Anderson depth of 2, 3, 4 and
printed out |uk+1 − uk| at each iterate to monitor acceleration convergence. At last, we
solve for 4 mixing weights and form the final accelerated iterate as restart.

We list number of iterates with |uk+1−uk| for different algorithms taking to converge
on certain values of b by making Table 7.1 for standard Banach iterate with 3 steps, Table
7.2 for Nested Anderson with 4 step, and Table 7.3 for Nested 7-step Anderson. In each
table, we first fix a symmetric positive definite matrix Q of size 10×10, then we upgrade
b ∈ R and we report the first |uk+1 − uk| below the tolerance level on the indicated
iteration amount after the entire loop is finished. Anderson acceleration method works
not only for small matrix of size 10× 10 but also for the large scale Riccati equation in
general. We illustrate this by considering u as a matrix of 200× 200 unknowns to solve,
and acceleration methods works quite well, which shows the applicability of Anderson for
large scale problems for general pattern in practices. Table 7.4 shows that the Anderson
method still works with the method of continuation for a large scale nonlinear system of
equation when u is of size 200× 200.

We stop as long as |uk+1 − uk| fails to converge to 0. We observe that the original
fixed point iterate with large b (say 0.5) is never contractive. Employing Nested Anderson
map makes contraction lasts longer, and Anderson does not require fixed point map
contraction for the original function to hold. Therefore, we use the method of continuation
that Anderson map accelerates contraction.

b Iterate |uk+1 − uk|
0.05 2 1.4918× 10−10

0.1 11 8.7325× 10−7

Table 7.1: Contraction continuation with standard Banach Iterate with 3 steps (n = 10).

Remark 7.1.1. Each time with a different Q, all tables would differ. A general pattern
is that the larger b becomes, the more iterate it will take to get to the desired level of
convergence. We do regularization to guarantee the existence of weight coefficients, shown

63



b Iterate |uk+1 − uk|
0.05 3 4.6539× 10−7

0.1 3 1.1879× 10−7

0.5 6 2.0847× 10−7

1 6 6.9332× 10−7

1.5 8 8.9559× 10−7

Table 7.2: Contraction continuation with Nested 4 step Anderson acceleration (n = 10).

b Iterate |uk+1 − uk|
1 4 1.4598× 10−8

2 5 1.0643× 10−7

5 7 8.2790× 10−10

10 9 1.7867× 10−9

20 12 2.8622× 10−8

40 19 3.5862× 10−9

45 18 7.8087× 10−8

47.5 17 2.7625× 10−9

Table 7.3: Contraction continuation with Nested 7 step Anderson acceleration (n = 10).

in Section 2.4, if necessary.

Remark 7.1.2. Since it is possible that the algorithm will converge to the desired toler-
ance level before the last step of iterate, it is possible to have redundant steps. We ignore
the effects of redundant steps on the last iteration, whenever difference |uk+1 − uk| hits
below the reaches the stopping criteria in some stage.

We bring summary of the section with the following observations with unknown ma-
trix u of size 10× 10:

1. Observation 1: We use standard fixed point iterate: u̇ = −b u u+Q. Small b implies
a fixed point contraction will happen, and Anderson acceleration help accelerate
convergence fairly very much. For example, in the case when b = 0.1, the standard
case needs 9 more iterate than the Nested case.

2. Observation 2: Test of Anderson for b increment suggests that contraction can
happen beyond the contraction range for the original equation.
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b Iterate |uk+1 − uk|
0.05 5 1.4765× 10−8

0.075 3 4.2009× 10−7

0.1 4 2.6738× 10−7

0.125 4 2.2680× 10−8

0.15 4 3.0553× 10−7

0.20 4 9.1989× 10−7

0.25 4 4.0601× 10−7

0.30 9 4.2750× 10−7

Table 7.4: Contraction continuation with Nested 7 step Anderson acceleration (n = 200).

3. Observation 3: Given a large b, Anderson stop converging, therefore we adapt the
idea of continuation: we enlarge b sequentially, then we apply acceleration. As shown
in Table 7.2 and Table 7.3, Anderson shows contraction with continuation further.

At last, we refined matrix u of size 200× 200 unknowns for Riccati model and the same
observation from holds as shown in 7.4, which illustrates that Anderson map works for a
nonlinear system in general. Therefore, we have remedied contraction map with Anderson
to make contraction work work for nonlinear system.

In summary, Anderson and method of continuation work for nonlinear systems. We
may use a different method to remedy small contraction range of b when using the
standard fixed point method.

7.2 Saddle Point Problems

In this section, we focus on large scale semi ill-posed linear system of equations Ax = b,
specifically the Saddle Point Problem, with a given n ∈ Z+, and A ∈ Rn×n, and b ∈ Rn.
We solve it by Cauchy’s method and its variant, along with ROM, and Sampled ROM.
We report the relative residual for each algorithm. We specify Stokes-like systems as an
example for Saddle Point Problem.
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7.2.1 Saddle Point Problem 1

Example 7.2.1. Recall Example 4.3.1 in Section 4.3.2 in the case of Stokes system,
given D as a symmetric positive definite matrix, we consider the saddle point system
given by a specified (D,E) as a constrained minimization problem:

minimize 1
2(x,Dx)− (f, x)

subject to Ex =g.
(7.2.1)

We consider a divergence free case, i.e. the case when g = 0. With simplification on
necessary optimality condition, we obtain Ax = b:

 D E⊤

E 0


︸ ︷︷ ︸

A

u
p


︸︷︷︸

x

=
f

0


︸︷︷︸

b

. (7.2.2)

We consider homogeneous boundary condition for u. Let n ∈ Z+ be the dimension of for
2nd order central difference matrix Tn given by

Tn =



2 −1 0 · · · 0
−1 2 −1 · · · 0
0 −1 2 · · · 0
... ... ... . . . −1
0 0 0 −1 2


. (7.2.3)

We use the homogeneous boundary condition on (D,E). We first model D by:

D = In ⊗ Tn + Tn ⊗ In,

where In is the identity matrix, and Tn, defined by (7.2.3), is the central difference
approximation of −uxx with homogeneous boundary condition on u of size n2 × n2. We
do not consider the pressure constraint.D is a positive definite matrix with min(eig(D)) =
0.1620. Here D gives energy for minimization, and E gives the divergence free constraint
Ex = 0 for ux with homogeneous boundary condition on u.
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Now, we construct E by:

E = In ⊗ Cn + Cn ⊗ In,

where we set the first order central difference matrix Cn of size n2 × n2 by:

Cn =



0 1 0 · · · 0
−1 0 1 · · · 0
0 −1 0 . . . 0
... . . . . . . . . . 1
0 · · · 0 −1 0


. (7.2.4)

That is, given different condition with appropriately defined the corresponding (D,E).
For n = 10, we have the matrix A of size 2n2× 2n2 in (7.2.2). Since min(eig(A)) < 0 and
max(eig(A)) > 0, A is an indefinite matrix.

We discuss experiment setup. We set the regularization constant 10−30 and m = 15
as the amount of loop to go over. For ROM, we store m residual vectors into a residual
matrix, and perform Anderson acceleration; For Sampled ROM, we store m vectors into
a residual matrix to perform the first round of Anderson acceleration, and their resulting
performance m vectors into another residual vector to perform another round of Anderson
acceleration.

We plot relative residual for all iterate and we shall see that: ROM accelerates con-
vergence, when performing a one-direction update (c.f. Figure 7.1), or a two direction
update (c.f. Figure 7.2). As suggested from pictures, we see that further improvement
of ROM can be done through the Sampled ROM. In addition, the performance with a
two directions’ update as a multi step subspace update will significantly improve the
performance of a one direction update.

Remark 7.2.1. For general boundary condition (e.g. von-Nuemann condition), we adjust
D and E appropriately.
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Figure 7.1: Saddle Point Problem 1 (One direction update: r = b−Ax): comparison of
standard case, accelerated case, and sampled case.

Figure 7.2: Saddle Point Problem 1 (Two directions’ update: r = b−Ax, Ar): comparison
of standard case, accelerated case, and sampled case.
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Remark 7.2.2. We generalize Example 7.2.1 as follows:

minimize 1
2(u,Du)− (f, u) + 1

2(Dv, v)− (g, v)

subject to E1u+ E2v =h.
(7.2.5)

We use the homogeneous boundary condition and still consider the divergence free condi-
tion to hold by setting h = 0 to obtain E1u+ E2v = 0. Consequently, we have:

D 0 E⊤
1

0 D E⊤
2

E1 E2 0



u

v

λ

 =


f

g

0

 . (7.2.6)

With D and Cn same as in Example 7.2.1 and with E1 = Cn ⊗ In, E2 = In ⊗ Cn, our
experiment found that same conclusion from Example 7.2.1 still holds.

7.2.2 Saddle Point Problem 2

In this section, we use a variant of Cauchy step size update for solving Ax = b. We
generate an approximated matrix Ā for A. In one direction update, we use an alternative
step size (4.1.10) than Cauchy step (4.1.6) as a variable step size update. By using Ā, we
sacrifice optimality in each step in exchange for efficiency. Cauchy method (4.1.6) gives
optimal step size of the steepest descent, and (4.1.10) gives a cheaper surrogate that
approximates optimal step size of descent direction but allows for faster computation
with cost reduction. We iterate with Ā and residual from the original equation r = b−Ax
to compute variable step size update in (4.1.10), then correct with a ROM step that uses
a richer space of prior residuals to better approximate the true solution trajectory. For
example, in saddle-point systems (like Stokes or Navier–Stokes), solving with A is hard
due to null space or ill-conditioning.

We shall treat Ā as a preconditioner of A, but we make use of Ā as a preconditioner in
an unconventional way without inverting matrix Ā. We use Ā to approximate the action
of A in computing variable step size update, which improves computational efficiency in
place of exact information from A. In other words, we have applied a cheap surrogate
for A to implicitly modify the step size of a given search direction, which matches the
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goal of applying a preconditioner with cheaper replacement for A to modify the search
direction implicitly. We use Anderson to accelerate our proposed method.

In terms of two directions’ subspace update implementation, one considers (4.2.8) than
the Cauchy step (4.2.6). With exactly the same argument from one direction update, we
find that the same conclusion from 1 direction subspace update also hold for 2 directions
subspace update.

Example 7.2.2. Consider the saddle point problem

A =


D + δF E∗

E 0

 , (7.2.7)

with the same D, E as in Example 7.2.1. We set the perturbation δF on D by:

δF = 1⊤E,

where 1 is the matrix of all ones.

For Ā, we have:

Ā =


D E∗

E 0

 . (7.2.8)

Here, A is a low rank perturbation of Ā, it is easier to work with Ā to reduce compu-
tational cost. We shall see that the update with (4.1.10) and (4.2.8) are nearly optimal
due to low rank perturbation between A and Ā.

We plot relative residual and we shall see that: ROM speeds up the convergence, when
performing a one-direction update (c.f. Figure 7.3), or a two direction update (c.f. Figure
7.4). Further improvement can be done through the Sampled ROM. In addition, the
performance with a two directions’ update will boost the performance of a one direction
update.
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Figure 7.3: Saddle Point Problem 2 (One direction update r = b − Ax): comparison of
standard case, accelerated case, and sampled case.

Figure 7.4: Saddle Point Problem 2 (Two directions’ update r = b−Ax, Ār): comparison
of standard case, accelerated case, and sampled case.
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Chapter 8

Applications in Neural Network

In this chapter, we test Anderson type acceleration method for neural network optimiza-
tion, i.e. we build an input-output model through Deep Neural Network (DNN) and
Convolution Neural Network (CNN) by incorporating Anderson type acceleration.

Anderson Acceleration (AA), also called Anderson mixing, is a method for the accel-
eration of the convergence rate of fixed-point iterations. It works by combining the most
recent iterates and update steps in a fixed-point iteration to improve the convergence
properties of the sequence. AA is particularly effective in scenarios where the fixed-point
iteration might be slow or unstable, leading to faster convergence and improved solution
quality. The incorporation of Anderson acceleration works quite remarkably.

Neural network is named and motivated by neural networks mimic the human brain by
using interconnected nodes called neurons to process data and learn patterns. They create
connections and adjust the weights of those connections through a process called training,
which involves feeding the network large datasets. This training allows the network to
refine its weights to minimize errors between its predictions and actual values, similar to
how humans learn to recognize patterns.

We use Deep Neural Network (DNN) to formulate the forward path and we use
category (digit) classification accuracy level as the performance. It results in optimization
in the neural network. The stochastic (mini-batch) gradient decent method is applied as
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the learning method. Anderson type acceleration method optimizes the learning and
results in accurate weights in the network design to improve prediction accuracy.

We first formulate a Neural Network with a fullyconnected layer (DNN) as an input-
output model. We describe the general philosophy for input-output model based on a
Neural Network as a forward-backward path algorithm. We first model a forward path.
We design DNN map with internal variables (W, b) to connect from input to output.
Given (W, b) as weight-bias parameter pair for performing a transformation, we build a
neural network transformation ϕ of input vectors X0 ∈ Rd0×N to output data Y ∈ RdL×N

by the discrete time dynamics. For the k-th layer, we have:

Xk+1 = ϕk(WkXk + bk), X0 = A, Y = H(XL), (8.0.1)

where the label is Xk ∈ Rdk−1×N , ϕk is an activation function such as Relu : x →
max(0, x), N is the sample size, L is the number of the layers, and dk is dimension of
Xk for a fixed sample, in the k-th layer with a given sample. In addition, the weight
matrices Wk ∈ Rdk×dk−1 and the bias vectors bk ∈ Rdk×N are the internal variables to be
determined. Finally, H is the target constraint map. For example, one can let the target
constraint map H be the softmax function (8.0.2) that transforms XL to the predicted
probability distribution that gives prediction probability p = H(XL) of each label.

Next, we formulate ideas of a forward path for a convolution neural network. One
enriches input data by applying a given amount of filters of certain size to each sam-
ple. Convolution Neural Network (CNN) Fukushima (1969) LeCun et al. (1990) transfers
images from A→ B first by convolution and then B → Y , where B has much richer in-
formation than A, and B → Y is performed by a fully-connected layer. A fully-connected
layer is a single layer DNN. The data compression and filtered decomposition are the key
aspects of convolution operation to make a convolution neural network work. Recall from
DNN that we set (W, b) as design parameters. We can use the same idea in Convolution
Neural Network (CNN) with (W, b) as design parameters, with activation function as
RELU, and construct the least square criterion. We borrow statement from “one hot” to
make sure that we can do least square formulation. We can adapt it as a saddle point
problem, but due to large scale of the given matrix, we do optimization with mini batches.
We use standard descent in terms of batch. We repeat with non-overlapping mini-batches.
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It can be a randomly shuffled sample for each epoch, or in fixed order for each epoch.
Then, we apply epoch-wise iterate, and we observe slow convergence in general. Here,
we use Anderson method to accelerate convergence. Given general design with residual,
we use a sequence of design from a given amount of epochs (4 in our case) to form total
residual minimization over weights, and do Anderson update of the current solution with
optimal weight. We formulate basis with 4 epochs and restart. We show details of stochas-
tic gradient in Section 8.1 and show in Sections 8.2 and 8.3 that Anderson improves a
lot. For our experiments of DNN and CNN, we define the design parameters and cost
function. One can apply Anderson acceleration on an arbitrary given Neural Network
(like U-Net, Denet from before) by carefully identify the design parameters from Neural
Network and cost function.

We now introduce some generalization to design of a Neural Network formulation
for a forward path, beyond the DNN and CNN formulation. For example, on an image
segmentation task, U-Net Ronneberger et al. (2015) is for the segment transfer. A U-Net
has 2 parts: encoder part, and decoder part. The encoder part uses convolution layers
and maxpooling to minimize the training loss for mini-batch and compress image size to
increase channel and extract features from training data. Afterwards, the decoder part
uses the features extracted from the encoder part to restore the original picture. Other
model based network such as DEnet Tychsen-Smith and Petersson (2017), Voltera net
Marmarelis and Zhao (1997) and mass transportation can be formulated similar to DNN
as forward-path models, e.g. prediction. Applications of the neural network formulation
and Anderson type method to inverse medium and material design and optimal control
as the underline model is elliptic type. Model based method (PINN) uses the neural
network basis elements with the internal design variables to represent solutions and the
least squares method to equate the model equations. Thus, the optimization is carried
over the internal variables (W, b). For example, in Ito et al. (2021) we apply to solve the
Hamilton-Jacobi equation for the game theory we accurately compute the feedback law
via a neural network function.

After formulating a Neural network, we can optimize the design of internal variables
through the backward propagation by internal variables’ subspace update for an opti-
mization problem. In the case of category (digit) classification, first fix a sample. Let
Y be the actual probability distribution for each outcome to happen, with the actual
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outcome y. In general, the constraint map H depends on the cost criterion and defines
performance of the network. We now provide a least squares formulation:

L(y, xL) = 1
2N |H(xL)− Y |2, and H(z) = 1∑nL

j=1 e
zj

(ez1 , · · · , eznL ), (8.0.2)

where we vectorize the actual result y with “one-hot” to Y : We represent categorical data
as binary vectors Y where only one element in the vector is “hot” (set to 1), indicating
the presence of a specific category, and all other elements are “cold” (set to 0). This
technique is used to convert categorical variables into a numerical format suitable for
use in machine learning algorithms that require numerical input. Another common loss
function L to compare predicted output pk with the ground truth yk as binary masks
(pixel value is 1 when pixel contains object) is the categorical cross-entropy loss:

L(y, p) = −
nL∑

k=1
yk ⊙ ln(pk), (8.0.3)

where pk is the predicted probability of class k by a Neural Network, and yk is the true
probability of class k. In the case of single label, we call (8.0.3) as a binary cross-entropy
map.

We put the Neural Network formulation of input-output model into more generalized
context. First, one may put θ = (W, b) as the internal variables. We concern to optimize
the design for our internal variables when we train the Neural Network. Since our net-
work of concern has at least 1 layer layer and a sufficient number of neurons, Universal
Approximation Theorem Hornik et al. (1989) suggests that one can model DNN map as
a composition of a sequence of Neural Networks. In general, the model-based transport
map Tθ can formulate the least squares problem for the transport problem with given
input and output pair (g0, g1):

minimize |Tθ(g0)− g1|2 + Θ(θ), (8.0.4)

over θ, where Tθ is the transport map and Θ(θ) is the transport cost. The map represents
the tomographic map, e.g. Computer Tomography (CT), Electric Impedance Tomography
(EIT), Forward Scattering Tomography, and θ is the corresponding medium. On the other
hand, we have DNN modeling of the input-output map Tθ using pairs of input and output
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data (g0, g1). Also, the map can represent the Monge-Kontorovich mass transport and
the value and mass transport by PDE based model Benamou and Brenier (2000). Thus,
DNN is a particular case of the transportation problem as a model free method. That
is, the method and algorithms developed in the paper can be applied to the general case
(e.g. inverse medium problems).

We develop the Anderson type method that accelerates the learning of the neural
network and it uses the optimal assembling, bootstrapping and extrapolating by the op-
timal combination of the sequence of network designs. We minimize the weighted total
sum of the residuals corresponding to the sequence of designs over the weights. We gen-
erate the sequence of designs for randomly sorted epochs sequentially. We then apply the
Anderson type acceleration. It should decrease the merit function based on the reduced
order method (ROM), which defines the performance of the linear combination of the
sequence of designs (ROM). Like GMRES, we restart the algorithm with the Anderson
update to improve the performance.

We measure the performance by accuracy level as follows: We feed the input X with
trained internal variables to get Y . Given Y as prediction for an outcome, one outputs
the coordinate location that gives maximal probability as result, and compare it with the
original label. If the result matches, then we count. We report accuracy by dividing the
counting from the total amount of sample number.

For our test, we use the original MNIST (Modified National Institute of Standards
and Technology database) dataset by LeCun and Cortes (2005), which has a training set
of 60000 images, and a separate testing set of 10000 images. Served as a typically simple
and clean benchmark for evaluating algorithms, MNIST dataset is used for testing proof-
of-method. For example, for self testing, one can also use a subset of the training set (say
first 5000) for both a training and a testing set. We do this self testing in Section 8.2.
We may also do a self test by considering the whole training set. We do this self testing
in Section 8.3. One also can consider the whole MNIST training set as training set, and
the whole MNIST testing set as testing set. For actual testing, we test our algorithms
with this choice. We test a given standard algorithm and its incorporation with Anderson
acceleration as an improvement to the given standard algorithm.

In Section 8.1, we first discuss the subspace method as a parallel form of the stochastic
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gradient method and mini-batch descent method. We then extend the discussion by the
standard backpropagation with non-overlapping mini-batch descent and stochastic gradi-
ent decent method for the neural network. By extrapolating results, we discuss Anderson
type acceleration formulation. In Section 8.2, we consider using Anderson acceleration on
a fully connected network with mini-batch gradient descent; in Section 8.3, we consider
using Anderson acceleration on a convolution neural network, with the use of stochastic
gradient descent.

8.1 Algorithms of Interest

Throughout all discussions below, we call algorithms, regardless of layer design, with no
incorporated acceleration procedure (c.f. Definition 1.2.2) as a Standard Algorithm.
For a standard algorithm, with loss function formulated as least square problem, one first
makes each label as a distribution of class. Then, one condenses an image sample from
a high dimension to the dimension of label amount. Eventually, one picks the maximum
coordinate as the final predicted result. One counts the correct prediction amount to
be divided with total amount of testing sample as amount of accuracy. The backward
propagation works by propagating the error (difference between predicted and actual
output) backward through the network to update the parameters.

We first introduce mini batch descent in deterministic order and stochastic order,
as part of backpropagation. Our method is effective. However, we further improve the
prediction performance through Anderson acceleration.

8.1.1 Mini-batch Gradient Descent Method

We first describe a special form of stochastic gradient descent method – mini-batch
gradient descent method. We make training order every time the same. Consider the
optimization of the form

minimize
∑
k∈I

fk(x), (8.1.1)
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where I is the sample set with size N . Let Ii be a non-overlapped sub-indices of I = ∪Ii.
We solve

minimize
∑
k∈Ii

fk(x) (8.1.2)

over the block Ii by the subspace method

xi+1 = xi −
∑
k∈Ii

βkf
′
k(xi),

where {βk} minimizes ∑
k∈Ii

fk(xi −
∑
k∈Ii

βkf
′
k(xi))

in which xi is hold on Ii. Or,

minimize |
∑
k∈Ii

βkf
′
k(xi)|2

subject to
∑

k

βk =1.
(8.1.3)

If we select βk = β, then

minimize
∑
k∈Ii

fk(xi − β
∑
k∈Ii

f ′
k(xi)), (8.1.4)

where
1
m

∑
k∈Ii

f ′
k(xi)

is the average of gradients over mini-batch Ii.

Remark 8.1.1. One may use the average of ∑k∈I fk(x) as objective function.

8.1.2 Stochastic Gradient Descent (SGD) Method

Now, we generalize mini-batch gradient descent with a fixed sample order into a random
sample order. Stochastic gradient descent is important for the success of a NN optimiza-
tion. We shuffle the entire sample every time. Recall that the standard gradient method
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updates solution xi by

xi+1 = xi − α
N∑

k=1
∇fk(xi)

where α > 0 is the learning rate and ∇fk is the gradient. For example, given an input-
output sample pair (Xk, yk), we convert the index yk to a vector Yk to have:

fk = |ψ((W, b), Xk)− Yk|2 over a sample k,

where θ = (W, b) be the design parameters. In general, a sample size N is large and so is
the dimension m of design parameters θ.

We evaluate the gradient by the back projection (adjoint) method in Section 8.1.3.
We could, however, train parameters with lower cost by optimizing internal variables
with non-overlapping batches from the original sample. We use sequentially proceed on
batches by batches after the shuffling for the entire data. Consider the minimization of
the form

minimize
b∑

k=1
fk(x), (8.1.5)

over samples k ∈ {1, · · · , b}, where fk is the loss functions for sample k, until each sample
has been trained. Then, we say that the training has completed an epoch. After the end
of an epoch, we reshuffle the training set ready for use in the next epoch.

In summary, we have the Stochastic Gradient Descent Algorithm Goodfellow et al.
(2016):

8.1.3 Backpropagation Algorithm

We finally launch the Backpropagation Algorithm Rumelhart et al. (1986). It extends
the (8.0.1), also known as forward pass, with an additional step of internal variables
update, commonly referred as training. Given:

• Training data {(xi, yi)}m
i=1, with m as barch size;

• Fixed Learning rate η;
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Algorithm 5 Stochastic Gradient Descent (SGD)
Require: Dataset {(xi, yi)}N

i=1, learning rate η > 0, initial parameters θ0, number of
epochs T , loss function L, forward mapping f .

Ensure: Optimized parameters θ
1: Initialize θ ← θ0
2: for t = 1 · · ·T do
3: random permutation of the dataset
4: for (xi, yi) in each mini-batch do
5: Compute gradient g ← ∇θL(f(xi; θ), yi)
6: Update parameters θ ← θ − ηg
7: end for
8: end for

• Initialized Weights Wl and biases bl for layer l with l ∈ Z+ ∩ Z≤L and L as total
number of layers;

• Loss Function L used to train a Neural Network.

For each training example (x, y), perform the following steps:

1. Forward Pass: We implement (8.0.1) step-by-step.

x1 = x

For l = 2 to L : zl = Wlxl−1 + bl

xl = ϕl(zl).

2. Backward Pass: Using chain rule from calculus, we compute the gradient of the
loss function L over mini-batches with respect to each weight W and bias b to perform
gradient descent from Section 8.1.1 and Section 8.1.2:

δL = ∇xL
L(xL, y)⊙ ϕ′(zL)

For l = L− 1 to 2 : δl = (Wl+1)⊤δl+1 ⊙ ϕ′(zl),

where ⊙ denotes the Hadmard product of two matrices with the same dimension. That is,
given two matrices A = [aij] ∈ Rm×n and B = [bij] ∈ Rm×n, their Hadamard product
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(denoted by A⊙B) is defined as:

A⊙B = [aij · bij] ∈ Rm×n.

3. Parameters’ Update:

For l = 2 to L : Wl ← Wl − η δl(xl−1)⊤

bl ← bl − η δl.

8.1.4 Anderson Acceleration

By extrapolating internal variables from training, we introduce the incorporation of An-
derson acceleration into the training for a Neural Network. With a trained NN of epoch
i, we forward the testing data X to generate XL with output Pi = H(XL), and let
ri = Pi − Y with internal variables xi = {(Wj, bj)}L

j=1, with vectorized actual testing
label Y with prediction Pi for epoch i. We apply a sequence of epochs to obtain better
design of internal variables {(Wj, bj)}L

j=1. After m epochs, we do:

minimize |
m∑

i=1
αi ri|2

subject to
∑

i

αi =1,
(8.1.6)

over α. With α∗ is the optimal solution to (8.1.6), define the Anderson update

xm+1 =
m∑

i=1
α∗

ixi.

Note that, we increase accuracy by decreasing residual. We measure the level of accuracy
by counting the number of right prediction. More specifically, given P as prediction for
an outcome, one outputs the coordinate location that gives maximal probability as the
predicted result, and subtract it from the original label. If the result is a zero, we count the
prediction as an accurate prediction. We output the accuracy level by dividing accurate
prediction amount with the total amount of samples for prediction.
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8.2 A Fully Connected Neural Network

In this section, we consider a special type of fully connected layer called single-layer
neural network that applies a linear transformation, then an activation function, and
finally performs classification, with an activation function.

For a fully-connected neural network, the number of parameterizations (Wk, bk) can
be very large and expensive. In order to reduce the complicity without losing the perfor-
mance, we may constraint weight W by the sparsity and bandwidth by using ℓ0 sparsity
penalization to constrain the number of nonzero elements in W .

minimize |H(xL)− Y |2 + β|W |0. (8.2.1)

8.2.1 Algorithm Description

In this section, we provide description of the proposed algorithm for DNN. We keep the
ordering for all samples same each time. With L defined in (8.0.2), the algorithm consists
of the forward path and the backward projection as:

• Initialization of internal variables and input data scaling with division over maxi-
mum number in the training matrix.

• Forward path by DNN: We transport X0 to Y by

Xk+1 = ϕ(WkXk + bk), X0 = A, Y = H(XL).

with Relu ϕ : x→ max(0, x) and H is the softmax function defined in (8.0.2).

• Backward projection for the gradient with respect to W and b by

ΛL = Y − Ȳ ,Λk = ϕ′(Λk+1)

gWk = ϕ′(Λk), gbk = Λk.
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• Solution update by the gradient decent method

W+
k = Wk − α gWk, b+

k = bk − α gbk

by a sequence of mini-batches.

Remark 8.2.1. In our case, we take average with sample size N so that the gradient
descent step has become:

W+
k = Wk −

α

N
gWk, b+

k = bk −
α

N
gbk.

We perform testing by doing accuracy measurement by looking at the image of a
vector and see the difference between the predicted value and the actual value. If they are
the same, we count; we do not count otherwise. We report the number of accuracy after
finishing one epoch before moving onto the next epoch, and stop as long as accuracy gets
100%, or meet stop criterion. For example, we may stop when accuracy level gets above
99.8%, or epoch number gets 1000.

8.2.2 Algorithm Implementation

In this section, we discuss how we implement algorithms through Anderson accelera-
tion. So, the main focus is on neural network architecture, and initialization of internal
variables, residual storage for Anderson acceleration matrix.

We discuss dimensions settings as an essential part to the architecture of Neural
Network: For layer design, we let n0 = 28×28 = 784 be the image pixel size, let n1 = 128
be the hidden layer size, let n2 = 10 be classification layer size. Now, we discuss the
sample and mini batch amount: Let N = 5000 be sample size by picking the first 5000
from MNIST training set; Let m = 64 be the batch size. For the variable step update,
we fix the learning rate α = 0.01.

We now talk about data initialization: We regularize the input data by making it a
matrix with all entries in between 0 and 1. Since for all (i, j) we have maxi,j[Xij] = 255
and [Xij] ≥ 0, we let X0 = 1

255X0 be our initialization. Afterwards, we switch attention
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internal variables. We put weight parameters (W1,W2) as random matrices of comfortable
dimension, and set (b1, b2) as zeros matrices of comfortable dimension. For the discussion
of dimension set up, the beginning of Chapter 8 gives dimension for (W1,W2) and (b1, b2).
We use mini-batch gradient descent to train our Neural Network.

We discuss residual storage for self testing. For the k-th epoch from testing (same as
training), we use Rk(:) = Pk(:) − Y (:) with vectorization as residual to be collected for
Anderson acceleration, where Pk is the predicted probability distribution, and Y is the
true probability distribution for testing (same as training) epoch k. We apply Anderson
acceleration into our training and see that it improves prediction accuracy very much.

For self testing, we do restarted Anderson: We do Anderson acceleration after col-
lecting residual from 4 epochs, and then update parameters by minimizing total sum of
residuals before the restart. To accelerate, we repeat the entire process for m times. Af-
terwards, to accelerate further, one repeats the above process 4 times. In tables involving
self testing, we record 4×m as epoch number. We also perform this algorithm on CNN
in the next section.

8.2.3 Results

We run DNN with 1000 epochs and it achieves 99.64% accuracy.

Epoch Standard Anderson
4 57.94% 60.14%
8 60.74% 81.04%
20 86.52% 91.12%
40 87.00% 92.28%
100 91.28% 94.02%
500 97.86% 99.52%
1000 99.64% 99.46%

Table 8.1: DNN Self Test: Accuracy Comparison.

Summary: Table 8.1 explains the performance of Standard vs Anderson acceleration
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with self testing data with Anderson improves a lot. Anderson acceleration has robust
performance compared to the standard ones. We include more details here:

1. DNN converges slowly to the desirable accurate solution, e.g. in the standard case,
achieving accuracy level over 99% requires 1000 epochs.

2. Anderson acceleration method converges monotonically with faster convergence,
e.g. with 500 epochs, we achieve near 100% accuracy.

3. DNN can be applied to more general cases. For example, we perform Anderson
acceleration on CNN with the full training set as self test, as shown in Table 8.2.

In conclusion, Anderson acceleration works what we predicted, i.e. Anderson can be
used to accelerate DNN, as what we assumed, in general.

Remark 8.2.2. We use Anderson acceleration independent of the learning net, i.e. resid-
ual for each design parameters. We use it on a convolution neural network in Section 8.3.

Remark 8.2.3. When we consider taking mini-batch and learning from it to make pre-
dictions, Anderson accelerates inner loop convergence.

8.3 Convolution Neural Network (CNN)

In this section, we develop Anderson type acceleration on a CNN (convolution neural
network). CNN transfers image A = X0 to B with a reduced dimension by applying con-
volution and max-pooling operations. Then we connect B → Y by a single layer DNN.
The forward path and back projection is governed by convolution and adjoint convolu-
tion. In addition, we consider performing convolution operations and batchnormalization
in our neural network definitions. This simplifies the training process, but significantly
increases the complexity of NN structure. We condense with reduced order and make the
prediction distribution to distribution. We apply Anderson acceleration with the same
goal of increasing the testing accuracy than standard algorithms.

Now, we describe the convolution operations. First, we apply the zero-padding with
zeros around the border of image X. The convolution X+ ∈ Rn×n×c of X ∈ Rn×n with
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the weight W of size B = b× b is given by

X+
i,j,k =

∑
(i′,j′)∈B

Wi+i′,j+j′,k Xi′,j′ , (8.3.1)

where B is a window with size b× b for the k-th channel (filter) 1 ≤ k ≤ c. We may slide
indices (i, j) by slide size s so that results in a reduced size array X+. Otherwise, the
dimension n× n× c increases as filter size c results in large storage and increase cost.

We give more interpretation on convolution operation. First, the depth of the output
volume is a hyperparameter: it corresponds to the number of filters we use, and each layer
will have different input. For example, if the first Convolution Layer takes as input the
raw image, then different neurons along the depth dimension may activate in presence
of various oriented edges, or blobs of color. We will refer to a set of neurons that are
all looking at the same region of the input as a depth column (some people also prefer
the term fiber). Second, we must specify the stride with which we slide the filter. When
the stride is 1 then we move the filters one pixel at a time. When the stride is 2 (or
uncommonly 3 or more, though this is rare in practice) then the filters jump 2 pixels at
a time as we slide them around. This will produce smaller output volumes spatially.

Afterwards, we discuss Batch Normalization Ioffe and Szegedy (2015), a procedure
that accelerates and stabilizes training by reducing internal covariance shift. Let d be the
amount of pixel. Let B denote a mini-batch of size m, let xi = (x1

i , · · · , xd
i ), so that the

mean of batch B is µB = 1
m

∑m
i=1 xi, and σ2

B = 1
m

∑
i(xi − µB)2. For k ∈ {1, · · · , d}, and

a given ϵ > 0, we have:

x̂i = xk
i − µk

B√
(σk

B)2 + ϵ
. (8.3.2)

Then, one sets internal variables of a Neural Network as offset parameter β and scale
parameter γ so that yi = γx̂i + β. In terms of the target, instead of a vector with target
classes, we consider to use a vectorized target: binary classification with SVM, or multi-
class classification with softmax function as a distribution. A multi-class classification
generalizes binary classification when it has more than 2 classes of data for making
classification.
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8.3.1 Algorithm Description

In this subsection, we switch to our focus Convolution Neural Network (CNN)
LeCun et al. (1990). A purpose of applying a CNN architecture is to find patterns and
features in images to recognize objects, classes, and categories Goodfellow et al. (2016). It
requires a few components, which are input data, a filter and a feature map. In CNN, we
have the feature detector, also known as a kernel or a filter, to move across the receptive
fields of the image, checking if the feature is present. They are important for reducing
the dimensions to the desired ones.

1. Convolution Layer:

Given input feature map X ∈ RH×W and kernel K ∈ RkH×kW , the convolution
output at location (i, j) is:

Zi,j = (X ∗K)i,j =
kH−1∑
m=0

kW −1∑
n=0

Xi+m,j+n Km,n.

For multiple channels and filters:

Z
(l)
k = ϕ(l)

(
C∑

c=1
X(l−1)

c ∗K(l)
k,c + b

(l)
k

)
.

where, for each 1 ≤ l ≤ L:

• X(l−1)
c : input feature map from channel c at layer l − 1;

• K
(l)
k,c: kernel connecting input channel c to output channel k at layer l;

• b
(l)
k : bias for the k-th filter at layer l;

• ϕ(l): activation function [e.g., ReLU (Rectified Linear Unit)] at layer l.

2. Activation Function: Apply a commonly used activation function, say RELU House-
holder (1941):

ϕ(x) = max(0, x) (ReLU), (8.3.3)

3. Fully Connected Layer: After flattening the feature maps, for l ∈ Z+ ∩ Z≤L, we
have:

a(l) = ϕ(l)(W (l)a(l−1) + b(l)).
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Typically one uses softmax Bridle (1990a)Bridle (1990b) as the last activation func-
tion for classification tasks: Let j ∈ Z≥1 ∩ Z≤nL

, and i ∈ Z+ ∩ Z≤N , for the i-th
sample, let aj

i be the j-th coordinate,

ŷi = 1∑
j e

aj
i

(ea1
i , · · · , ea

nL
i ).

4. Loss Function: For classification with softmax from above:

L(y, ŷ) = 1
2N

∑
i

|yi − ŷi|2.

8.3.2 Algorithm Implementation

We describe variables in our convolution neural network:

• Convolution2dLayer: W1 : 3× 3× 1× 8; b1 : 1× 1× 8.

• Batchnormalization: After getting x̂ from (8.3.2), one sets the Offset parameter β
and the Scale parameter γ so that y = γx̂+β. Here γ : 1× 1× 8, and β : 1× 1× 8.

• FullyconnectedLayer: W2 : 10× 6272; b2 : 10× 1, where 6272 = 8× 784.

For self test and testing, we test all training set from the original MNIST. For testing,
we load the original MNIST dataset LeCun and Cortes (2005): a total training sample
as 60000, with testing sample 10000. We set 64 as size for each mini-batch with learning
rate α = 0.01. We do stochastic gradient descent to optimize internal variables.

We discuss residual storage for testing. For the k-th epoch from testing, we use Rk(:
) = Pk(:)− Y (:) as residual with vectorization to be collected for Anderson acceleration,
where Pk is the predicted probability distribution of epoch k, and Y is the true probability
distribution. We apply Anderson acceleration into our training and see that it improves
prediction accuracy very much.

For self testing and testing, we do restarted Anderson: We do Anderson acceleration
after collecting residual from 4 epochs, and then update parameters by minimizing total
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sum of residuals before the restart, we repeat the process m times. In both cases, we
record 4×m as epoch number.

8.3.3 Results

We compare accuarcy results from performing Anderson acceleration and not performing
Anderson Acceleration.

Epoch Standard Anderson
4 99.31% 99.41%
8 99.83% 99.83%

Table 8.2: CNN Self Test: Accuracy Comparison.

Epoch Standard Anderson
4 97.28% 97.69%
8 97.87% 98.02%

Table 8.3: CNN Test: Accuracy Comparison.

Tables 8.2 and 8.3 suggest that Anderson acceleration has better performance: The
improvement is remarkable after 2 times of applying Anderson acceleration. Since we re-
quire way less epochs to achieve accuracy, CNN will be better design for Neural Network.

We bring more observations to conclude the chapter. First we compare the perfor-
mance without the use of acceleration:

1. The use of CNN and DNN to train a Neural network exhibits the use of universal
approximation property.

2. CNN tables suggest that using a rich architecture on a Neural Network may provide
a more accurate prediction result, despite CNN requires a high storage demand
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has increased by the architecture of CNN, e.g. filter number amplifies the data
structures significantly, as we can see from the size of weight matrix for the fully
connected layer. DNN uses matrix as data, while CNN uses two dimension image
as data. Therefore, DNN does quite good which connect input to output, while cnn
transfers images to digit classification directly.

3. The performance is much better for CNN than DNN. Compared to DNN, CNN
converges with 100% with much fewer number of epochs.

4. CNN performs better in terms of accuracy in fewer epochs. DNN per epoch cheaper
than CNN. For self testing with all MNIST training samples (60000) as testing set
in standard case, operation time per epoch is less for DNN than CNN. DNN: 400
epochs finish in 206.29 seconds; CNN: 8 epochs finish in 178.773 seconds. Therefore,
in terms of speed, we have DNN: 0.516 second/epoch; CNN: 22.34 seconds/epoch.

5. Variants of design can be tried, one can, for example, redefine the Neural Network
by including a maxpooling layer. our test indicates that the simplest CNN works
quite well with respect to cost and CPU time.

Now, we bring aspects from the use of Anderson acceleration.

1. Anderson does good job in the convergence of DNN and CNN. We have used mini-
batch gradient (on a DNN) descent and stochastic gradient descent (on a CNN)
with Anderson acceleration, and Anderson makes things much improved.

2. The performance is much better for CNN than DNN; So, CNN achieves the level
of accuracy with much less CPU time.

3. Anderson performs very well and is much effective for DNN case. Because of richness
of CNN architecture improves Anderson less, but does improve.
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Chapter 9

Conclusion and Future Work

We give concluding remarks on the thesis and some relevant future work.

9.1 Conclusion

We have

• developed and investigated iterative schemes based on Reduced Order Method to
generate basis and accelerate algorithms.

• advanced analyses of Anderson type acceleration method based on the reduced
order merit function.

• modeled numerical algorithms on convex optimization problems with ROM.

• tested algorithms to use for applications, including steady state Navier Stokes, a
semi-ill posed linear system with specialized structure.

• tested the Anderson type acceleration for Neural Network optimization for deep
learning network, with very promising performance. We accelerated the stochastic
gradient method through Anderson acceleration.
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9.2 Possible Future Work

Further application of Anderson type acceleration for more general class of applications,
such as nonlinear system of saddle point problems, and numerical optimization including
control and inverse and optimal design problems. Specifically, the idea of DNN is quite
powerful and we extend to further applications with Anderson acceleration, e.g. inverse
medium problem, control problems, PINNs, and scientific computing in general.
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