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DAVID GEORGE KLEINBAUM. Estimation and Hypothesis Testing for
Generalized Multivariate Linear Models. (Under the direction
of NORMAN L. JOHNSON.)

This study investigates estimatioﬁ and testiﬁg problems for
multivariate linear models in which observations may be missing and/or
in which different design matrices correspond té differehﬁ response
variates. Two new models called the More General Linear Multivariate
(MGLM) model and the Gemeralized Growth Curve Multivariate (GGCM) model
are defined to deal with these situatioms.

For the MGLM model, the problem of obtaining best linear unbi-
ased estimates of estimable linear functions and sets of the unknown
treatment parameters is discussed. Also, unbiased and consistent es£i~
mates of the variance-covariance matrix are obtained. Another method
of estimation discussed is that of obtaining estimators which are best
asymptotically normal (BAN). Several such estimators are proposed for
the MGLM and GGCM models. '

For the problem of testing linear hypotheses in the MGLM and
GGCM models, a testing method for large samples is described which
uses a test criterion given in general form by Wald. The asymptotic
distribution of the test statistic is a central chi-square variable.

A BAN estimator of a linear set of the treatment parameters and consis-

_ tent estimators of the variance-covariance parameters are needed for

its computation.
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NOTATION AND ABBREVIATIONS

a(q x 1) is a (@ x 1) column vector, and a' 1is the corresponding

(1 x q) row vector.

A(p x q) = ((ai )) is a (p x q) matrix with aij as the element in the

3

i-th row and j-th column.

<A>ij = aij is the element in the i-th row and j~th column of the
- R :
matrix A.
A= ((Aij)) is a partitioned matrix in which Aij is the sub-matrix

in the i-th row and j-th columm.

R{A) is the rank of the matrix A.

v{a) is the vector space spanned by the rows of A.

A' is the transpose of A.

tr A is the trace of A.

A—l is the unique inverse of a square matrix A of full rank.

A” is any generalized inverse of the matrix A and is defined
by AATA = A.

chi(A) is the i-th largest characteristic root of A.

A8 B is the Kronecker Product of the matrix A and B defined

by A ® B = ((aijB)) where A = ((aij)) .

I is the identity matrix of order q.
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4= 0

N

For x = (xl,

Cov (x, y)

Var(x)
For Y(n x p) =

E(Y)

Var (Y)

vi

is the (p x q) matrix of zeros.
is the (p x 1) vector of zeros.

is the (n x 1) column vector of all unities.

is the square root of a symmetric matrix @ defined by

Q@ = C'AC where C is an orthogonal matrix and A is a

diagonal matrix such that Q = C'AZC.

sy xn)' and}[_‘-"(yl,---: }’m)' ’

is the (@?¥x m) matrix-With'Cov(xi, yj) in the i-th row

and j-th column;
is the (n x n) matrix Cov(x, Xx).
((yij))’ a matrix of random variables,

is the (n x p) matrix of expectations of the elements

of Y, i.e., E(Y) = ((Eyij));

is the (np x np) variance-covariance matrix of the
(np x 1) vector defined by putting the rows of Y

underneath each other in a long column vector.

means that the random variable x has a p-variate multi-
normal distribution with mean vector y and variance co-
variance matrix L.

means that the scalar random variable x 1is distributed
as a central chi-square variable with ¢ degrees of

freedom.
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X 7TX means that the random variable X converges in law .
to the random variable x.

L(x ) > F means X_ > X where x has distribution function F.

-n -n L = -

Xn ; A means that each element of the matrix Xn converges in
probability to the corresponding element of A.

p.d. means positive definite.

i.i.d. means independently and identically distributed.
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INTRODUCTION AND SUMMARY

The main purpose of this stuay is to investigate estimation
and testing problems for multivariate linear models which describe
experimental situations that cannot be analyzed under the standard
parametric multivariate general linear model (hereafter referred to as
the SM model).

Chapter One contains a discussion of the SM model and the
growth curve multivariate (GCM) model, which are the two linear models
that have been extensively dealt with in the literature and used in
applications. Situations which cannot be described by these models
are then discussed. These occur when there are missing data and when
different response variates have different design matrices. A new
model generalizing the SM model called the More General Linear Multi-
variate (MGLM) model is then proposed to incorporate the new situa-
tions. Special cases of the MGLM model which have beén dealt with
in the literature are described. In addition, the GCM model, which
is not a special case of the MGLM model, is generalized to allow for
gaps in the data.

Chapter Two considers the problem of BLUE estimation in the
MGLM model of estimable linear functions- and sets of the unknown treat-
;, v éﬁ)' and unbiased and coﬁsistent estima-

tion of the variance~covariance matrix £. 1In the discussion of BLUE

ment parameters § = (§



estimation, necessary and sufficient conditions are given for the
existence of a unique BLUE in termé of known linear functions (or sets)
of the data for the entire experiment, that is, functions which do not
depend on the unknown I. The method of proof simplifies and clarifies
considerably the work of Srivastava [60]l for some special cases of the
MGLM model. An unbiased and consistent estimate of I 'is then obtained
and used to determine an unbiased estimator of the variancé of any
linear function of the data.

Chapter Three deals with Best Asymptotically Normal (BAN)
estimation of estimable ligear sets H'g, BAN es;imators are usually
non-linear functions of the data. They have variances which in large
samples are the minimum that would be achieved by linear estimators if
L were known. Also, they are needed for computing the Wald Statistic
described in Chapter Four, which is used for testing linear hypotheses
in the MGLM and Generalized Growth Curve (GGCM) models. Section 3.2
considers the calculation for the MGLM and GGCM models of the informa-
tion matrix for £ and the asymptotic variance matrix of any estimable
set H'¢ where HM x w) is of full rank w. Use of the rules of matrix
differentiation (as described in the Appendix) Simplifigs considerably
these derivations. In the next two sections the literature is
reviewed for some important special cases of the MGLM model for which
BAN estimators have been obtained. One of these is a general multi-
variate model for missing observations called the General Incomplete
Multivariate (GIM) model. For a special case of the GIM model called
the Hierarchal Incomplete (HIM) model, in which the missing data have

a simple monotonic structure, maximum likelihood estimators are

l'I‘he numbers in square brackets refer to the bibliography.



obtained using a method of Anderson {7]. This reéult generalizes some
work of Bhargava [13]. A third special case of the MGLM model allows
different response variates to have different design matrices. This
model is called the Multi-Design Multivariate (MDM) model. The MDM
has been dealt with in the literature (e.g., [61], [72]) under the
title "Seemingly Unrelated Regressions." . In Section 3.5 a BAN esti-
mator for the MGLM model is then proposed which generalizes an esti-
mator obtained by Zellner [72] for the MDM model. Alternétive esti=-
mators may be obtained by a method of iteration suggested by Zellner
or by the method of scoring. Finally{ a'BAN estimator for the GGCM
model is obtained. o ‘

In Chapter Four a method is proposed for obtaining test
criteria for testing linear hypotheses for the MGLM model when the
underlying data are normally distributed. The test statistics obtained
are quadratic forms called Wald Statistics, and they are constructed
from BAN estimators of estimable sets H'¢ and consistent estimators
of the variance-covariance parameters. The asymptotic distribution of
the Wald Statistic under the null hypothesis is a central chi—square‘
variable. When applied to the special case of the SM model, the
method yields Hotelling's trace criterion. In additién, the testing
method is applied to growth cirve models. For the GCM model, a com-
petitor to Khatri's trace [31] which uses S, the sample covariance
matrix, is obtained. For the GGCl model, two competitors are proposed,
one being the Wald Statistic and the other, a generalization of
Khatri's trace.

In Chapter Five some practical examples are analyzed to illus-

trate the proposed BAN estimator and the corresponding Wald Statistic.
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Chapter Six contains recommendations for further research.

Some matrix results which 'are important for use in the main
text are given in the Appendix. Although some of these results are
new (in particular, those dealing with the differentiation of a matrix
with respect to another matrix), all are easily established from the
definitions of gene;alized inverses, Kronecker-delta products and

matrix differentiation. Proofs are therefore not given.



CHAPTER I

MULTIVARIATE LINEAR MODELS

1.1 The Standard Multivariate General Linear Model (SM)

Consider an experiment in which there are n individuals or
experimental units and on each individual p measurements are taken.
Each measurement is a univariate random variable which represents the
value of a particular characteristic (e.g., height, weight, blood
pressure) of interest or the same characteristic measured under dif-
ferent conditions. The different characteristics or conditions, as

the case may be, are frequently referred to as response variates. If

we label the p response variates as V , V , ..., Vp and denote the
1 2

measurement of the j-th variate Vj on the i-th individual by yij’

thean the results of the experiment may be described as:

Response
Individual Variate \' v e \
1 2 P
1 y y ... A
11 12 1p
2 . . .
yZl yzz YZP
n , Yn1 a2 - Yap
TABLE 1.1

DATA FOR A MULTIVARIATE EXPERIMEN

Oy



The data obtained from the whole experiment may thus be compactly sum- .
marized by the (n x p) matrix Y é((yij))' If we assume that the .

standard Multivariate General Linear Model (SM) describes the experi-

mental situation, then we can write
(1.1.1) E(Y) = A ¢
Var Y=1 8 I
n

where A is a (n x m) known design matrix of rank R(A) = r (K m < n)
£ is a (m x p) matrix of unknown parameters

and I = ((crs)) is a (p % p) positive definite (p.d.) matrix of

(usually) unknown parameters which represents the variance-covariance

matrix of any row of Y. X
It is clear from (1.1.1) that in the SM model, the measure- ‘ .

ments on different individuals are assumed to be uncorrelated whereas ]

the measurements of the p response variates on the same individual

may be correlated. The expectation of each measurement is assumed to

be a linear function of the unknown parameters of §. For testing

hypotheses and interval estimation in the SM model, it is usually

assumed that the rows of Y are each distributed according to the

multivariate normal distribution.
An alternative way to represent the SM model, which will

provide some insight for analysis of the generalized models discussed

later in the chapter, can be given if we look at the experiment

variate-wise, and this will be referred to as the variate-wise

representation of the model:

If we let Xs(n x 1) denote the s-th column of Y and is(m x 1) .



denote the s-th column of £, so that

Y = [11 Yy e sz and £ = [_E;_l §Q ces gp] s

then the SM model may be described as

(1.1.2) E(Xs) = Ags R Var(zs) = GssIn > 8=1,...,p

Cov =0c_1 when r¥s .
(XT’ zs) rs'n ?
Thus the variate-wise representation gives for each response variate,

the univariate model that would describe the experiment if only this

variate were observed.- These p separate univariate models are related

by the 2£§:ll covariances between the different variate pairs.

A third way to represent the SM model, which will be referred

to as the vector version, results from rewriting Y and £ as

y=1(yx ] ad &= §1~ , respectively.

>2 )

i_zp.i _.'E"P-

Then we have

(1.1.3) E(y) = D&

Var y = Q
where D=1 ®A and Q=101
p n



If @ is known, it is clear that the vector version is equivalent to

the univariate weighted least squares model.

1l1.1.1 Estimation in the S} Model

In the SM model, it is usually of interest to estimate linear
functions of the fo?m c'€d and linear sets of the form C ED where
c(m x 1), d(p x 1), C(g xm) and D(p x v) are known. Tpe estimates
are usually required to be linear functions or sets of the data and
the usual estimation criteria are unbiasedness (estimability) and
minimum variance. ﬁndeé_ﬁhe assumpgion of normali;y'on the rows of Y,
a maximum likelihood approach may yield such estimates. It is also of
interest to determine unbiased estimators of I and of the variances
of the estimators of c'fd and CgD.

If we write
(1.1.1.1) g' o= (g

where és is the s-th column of §, s=1,...,p and

we let

(=9
[}
~
[aW
.
Q.
~

(]
i
(oW
[¢]
[}
!
'_.l

o

where



Thus we can consider the more general problem of estimating h'g where
h is arbitrary and apply the results obtained to the special case

c'éd . Similarly, instead of CED we can consider the more general

problem of estimating H'E where H' = [Ci; c

1 H 1 :
» el ! Cp] is an

arbitrary matrix of known constants, and we can apply the results

obtained to the special case CED by letting

C;(gv x m) = és 8 C, s=1,...,p

where g;(l x v) .is the s-th row of D so that

H' = D' 8 Q_.
Now it is well known (e.g., Roy [49], Srivastava [60]) that

the conditions for estimability of h'g =

i g

c'e are that
L&
s=1

Eé e V(A) , s=1,...,p, where V(A) 1is the vector space spanned by the
rows of A. For the special case c¢'£d the conditions simplify to

c'e V(A) , without any requirement on d . Similarly the conditions for

estimability of H'E =
8

c'eg are that the rows of C' belong to V(A)
s*s s

" Mo

1
for each s. For the special case CED this simplifies to the condi-

tion that the rows of C belong to V(A), without any requirement on D.
Rao [41], using generalized inverses, and Roy [49], using the

reparameterization technique, have shown that the best linear unbiased

estimate (BLUE) of h'g =
s

c't  when it is estimable, is given by

o

1

the sum of the BLUE's for c'g obtained separately from the univariate



&

10

models E(zs) = Aés, Varzs = cssI" s=1,...,p. More specifically,

the BLUE for h'¢ is given by

o]

(1.1.1.2) -El E;(A'A)—A'zs

where (A'A) denotes any generalized inverse of A'A .

Alternatively we can write this BLUE as

P -1
] ] ]
(1.1.1.3) z ssI(AIAI) ALy
s=1 L
where
A= (AI: AD) and AI(n x r) 1is a basis for A
and
' = ] : 1 1 N
34 (c I EsD) and g 1s (1 xr).

The variance of this estimate is given by

L pp"-l
ril sil c'(A'A) ¢ 0. Of rzl szl EsI(AlAI) [ .

P -
For estimating an estimable linear set H'¢ =% C'¢ ,

Roy [49] suggests using the sum of the BLUE's for the linear sets c;gs
obtained separately from the univariate models E(zs) = Ags,

Var =g I s=1,...,p. The estimate is thus
s ss'n’ ? WP

-1

, - P
H 1 1] 1] 1] 1
Cl(A'A)A'y_ or sil Clr(Ajal) Ay

(1.1.1.4)

it 10

n
[a
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where C;I is a matrix of r columns obtained from

(. v ! ' -1
Cs [CsI ' CSD] , s=l,...,p.
The dispersion matrix of this estimate is given by

P P . P P ' ' -1
z E CS(A A) CrcrS or ) z csI(AIAI) CrIUrs .
r=1 s=1 r=% s=1

(Henceforth we will only use the generalized inverse description.)

p P -
Roy has shown that if I B;Xs is any competitor to I C'(A'A) A'y ,
s s
s=1 s=1
then
B P -
(1.1.1.5) (1) Var(sil Béxs) - Var(sil C;(A'A)AA'XS) is positive

semi-definite,
P YiATANT AL
i CS(A A) A'y )]

P
(ii) chmaX[Var( Zl B;Xs)] 2 chmax[Var(s )

s= H

C;(A'A)_A 'y )1

1

P P
(iii) tr[Var( ¢ Bézs)] > tr[Var( I
s=1 s=

P
(iv) | Var( ¢

P
Bly) | > | Var(-Z- C;(A'A)—A‘zs)l .
s=1 s=

1

In fact, a strict inequality like (1.1.1.5) (iii) or (iv) would hold
for all the symmetric functions of the characteristic roots such as
the trace and determinant functions. Thus (1.1.1.4) is a unique
solution in terms of the minimization of the trace and generalized
variance criteria, but it is not a unique solution, though it still
yields a minimum, in terms of the maximum root criterion.

If it is assumed for the SM model that the rows of Y are each
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normally distributed, then maximum likelihood estimators of functions '

-

of & may be considered. In this case we can write the likelihood

function for the SM model as

lnp - -1

2 | £ | “exp P%—tr I (Y - Ag)'"(Y - A®)].

(Y=

(1.1.1.6) ¢ = (21)

A solution to the maximum likelihood equations obtained from ¢ is then
given by

(A'A)A'Y

m
\

and

>

1

2 Y - AGA'A)A']Y.

™~
]

It then follows that unique maximum likelihood estimators (MLE's) of
estimable functions of £ of the form C €D and H'E¢ are given by

C %D and H'é, respectively, where_é_ is obtained by rolling out the "‘
columns of é. Also 5 is the unique MLE of ¥ and it is also a consis-

A

tent estimator of I, i.e., I Z. I is biased for I however, although

>
P
the bias can be corrected by replacing n by n - r. Note further that

the MLE's C £D) and H'g. are the same as the respective BLUE estimatoré

given above.

1.1.2 Testing Linear Hypotheses in the SM Model

The general linear hypothesis for the SM model is usually

given in the form

where C(g x m) is of full rank g < m, D(p x v) is of full rank v and .

CiD is estimable. A number of different test criteria have been
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proposed to test HO. Three of these--Wilks' Likelihood Ratio,

2
lotelling's Trace (To) and Roy's Largest Root--have been used in most

applications. The test criteria are defined as follows:

Let
- - _l —
Sy = D'Y'A(A'A)TC'[C(A'A)TC'] C(A'A) A'YWD,
Sp = D'Y'[I -~ A(A'A) A']YD,
and
A, = ch,(S s'l) i=1 P
i i‘°H°E /° 2o b

Then Wilks' Likelihood Ratio Criterion is given by

P
(1.1.2.1) A= I =1

2 p
(1.1.2.2) To =tr (5.7 )= I A, and

Roy's Largest Root Criterion is given by

-1

(1.1.2.3) chl(SHSE

) = Xl.

Some other proposed criteria are

-1 P A,
=
(1.1.2.4)  er(sylsp + 8,1 ) = 2 1—%—;7,
j=1 ]
"o 1+, | -1
(1.1.2.5) b ~—;—~1—
i=1 3
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both due to Pillai [37], and

Roy's Minimum Root Criterion:

-1

(1.1.2.6) chp(SHSE ) = Ap .

In most practical applications, the use of Wilks' A criterion

. , ; 1
has been restricted to large sample situations. It is well known

that -[n - r - %'(v ~ g+ 1)]logh is distributed as a chi-square
variate with gv degrees of freedom as the sample size n tends to
infinity. The above statistic can thus be used when the sample size is

2
large by comparing it with,the appropriate-percentage point of ng.

Various researchers, in particular Box [l4], have investigated closer
approximations to the distribution of A. A comprehensive treatment

of these results has been given by Anderson [8].

The distribution of Tg has recently been obtained by Siotani

[52] and Davis [18], although no tables have been published as yet.
Use of Ti has thus also been restricted to its large sample distribu-

. . 2 . . . 2
tion. It can be easily seen that n TO is distributed as ng as
n tends to infinity.
To use Roy's Largest Root Criterion, one can use the charts

of Heck {26]. Here however it is necessary to use

A
61= i—;fxz— instead of Al and to compute the parameters
s = min {g, v}, m = vl sl g.p-r-v-l
g) y 2 b 2

lRecently the exact distribution of A has been tabled by
Schatzoff [51] and Pillai {38], but use of their results is not wide-
spread at this time.
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The acceptance region is

6, £ x

1 a.s.m.0 is the upper 100ac percent-

a,s,m,n

age point obtained from the appropriate Heck chart.

Although none of the other test criteria is usually used,
Pillai's trace given in (1.1.2.4) has been tabled by Pillai [37].

At present, relatively little is known of the comparative
power of the three test criteria. Nevertheless, in a recent study by
Schatzoff [50], simulation techniques were used to compare the six test
criteria given aone wipbgregard to pqwer._ It was concluded that Wilks'
and Hotelling's criteria provide the best protection against a wide
spectrum of alternatives, although Roy's criterion is best for certain

restricted alternatives. Ito [29] has compared the power probabilities
of the Ti and A statistics for a simple class of alternatives and

has shown that when N - r = 100 or 200, the powers differ at most in
the second place and for N - r = =, the powers are identical for all

alternatives.

1.2 The Growth Curve Model (GCM)

Experimental techniques which observe and record responses of
an individual for a period of time, perhaps over a sequence of doses of

some drug, are generally discussed under the title of growth curve

experiments. Growth curve models have been studied extensively in the
literature by Rao [40], [42], [43], [&45], Khatri [31], Potthoff and
Roy [39], Allen and Grizzle [2], and others (e.g., [15], [22], [23]).
The model considered by all these authors may be given in general

Iorm as
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(1.2.1) E(Y) = AgP

Var (Y)

]
~
-4

z

where Y(n x q), A(n x m), £€(m x p), P(p x q), I(q x q) is p.d.,

]

R(A) = r(s m), R(P) P, and the rows of Y are independently normally

distributed. Implicit in the model is the .assumption. that each indi-

vidual's response can be described by a linear model of the form
(1.2.2) E(Xi) = P'gi where Xi(q x 1) 1is the observation vector

on the i-~th individual and B, 1is a vector of unknown parameters.

We call (1.2.2) the within individual model. It is also implicitly

assumed that the expected value of each individual's response comes

from the same family (e.g., it is a (p-1)-th degree polynomial).

1.2.1 Estimation in the GCM Model

As with the SM model, it is usually of interest to estimate for

the GCM model linear functions and sets of £ of the form

t _ 1 Ty o
h'g Ssis and H'¢

1 s

|
N mo
im0

c'e where £ is the s~th column of £
s=s s

s 1

and £ is the column vector defined in (1.1.1.1) by rolling out the
columns of £ into one long (mp x 1) vector. Of particular interest

is the estimation of £ itself (i.e., H'¢ when H = Imp)'

If it is assumed that R(A) = m (i.e., A is of full rank),

then it is easy to see that £ (i.e., £) 1itself is estimable and an

-

unbiased estimate of § can be given by

N -1 -1 -1 -1
(1.2.1.1) £ = (A'A) A'YG P'(PG P')
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where G(q x q) is any symmetric p.d. matrix either non-stochastic or
-1 '
independent of Y for which PG P' is of full rank (e.g., G = Iq
‘ -1 -
or G = L). The matrix G is frequently referred to as the weights

or the weight matrix. Use of G was first suggested by Potthoff and

~

Roy [39]. Provided G is non-stochastic, it is easy to see that £
can be put in the form F'y where F is non-stochastic and y is

defined by rolling out the columns of Y = [Xl Xq] into one long

A

vector. Thus, £ is a linear set in y . Since ¢ is estimable when

R(A) = m, it follows that h'€ and H'E are estimable for arbitrary

h and H, and unbiased estimators are given by h'¢ and H'E respec-

~

tively, where £ is defined by (1.2.1.1).

If A is not of full rank then & is not estimable. In this
case it is easy to see that if we want to estimate c'&d and
C €D and if we require our estimators to be of the form t'Yw and

T'YW where t, w,T and W are non-stochastic, then the estimability

conditions are that c¢' € V(A), d e V(P') for c¢'6d and that the

rows of C belong to V(A), the columns of D belong to V(P') for

P
C £D. More generally, if we consider arbitrary h'g = ¢ c¢'¢ and
I |
P
H'E = sgl C'ES and we require our estimators to be of the form

q q -
fly= 1 _g_izi and F'y = F]{Xi, respectively, where

Y = [Xl Zq] » then the estimability conditions become for h'f:

(1.2.1.2) E.; = E; LA, s=1,...,p,
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where L is arbitrary and Ré is the s-th row of P, and for H'f:
(1.2.1.3) C; = L;A, s=1l,...,p

where the i-th row of Ls is of the form Béii for arbitrary ii’ The
conditions given in (1.2.1.2) are more restrictive than just E; e V(A)

alone, the estimability requirement for the SM model, since the matrix
P is involved. Similarly, (1.2.1.3) is more restrictive than the

requirement that the rows of C; belong to V(A). These conditions are

obtained observing that if

P p :
F'y = Fizi is unbiased for I C'g
i=1 s=1

[}
txt
g
7~~~
©~1

e
[7)
(W
Jm

o

=

o

]

~

[1]

L2 +]

[}
~~
~~

by )
[0
H.

A

p g

q
]
then E[ ¢ Fixi] -
i=1 i=1 s=1

p q :

= r (L p_ . Fla
s=1 i=1 si i 3s
p 1

= I C'¢
s=1 s2s

so that
! q 1] 1
Cc' = (.Z psiFi) A=1'A
i=1

as in (1.2.1.3).
In Roy's paper [49] it is pointed out that if h't 1is estimable
with regard to functions of the form f'y, then

c'(A'a) A'x
l S -Ss

o

S
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-1
where x_  is the s-th column of X = YP'(PP') , is the BLUE of h'f in

terms of linear functions of the elements of X. This can be extended

to show that for any choice of G as in (1.2.1.1)

N ~o

- ¥
! 1 1
c'(A'A) A X

s=1

. . . -1 ~1 -1
where X is the s-th column of X‘ =YG P'(PG P') , is the BLUE of

h's in terms of linear functions of the elements of X . We would like
to choose G to obtain a BLUE of h'§ 1in terms of linear functions of

the elements of Y. We can do this by using Lagrange multipliers with

]

2 . .
respect to the estimability conditions (1.2.1.2); that is, we wish to

find £ to minimize Var(f'y) subject to the estimability conditions

!t = t t - 1 LI,
that ¢, = pLA, where f'y Eizi and L [f

1

t &0

)

i=1

Now

fif o

var(e'y) - Ly

o~
H o1 .0

1

so that we must consider the Lagrange expression

q q q
v= L o fifo L+ rileg A" T p_ £,
i=] j=1 V9 M g=1 i=1
Taking derivatives with respect to gj we get
Ny q P
;‘=2F c.. ~ AT p_.\, j=l,...,q
°L =1+ M s=1 SI7°
or
, = 2L'T - AMP
s

. . . ;
where L= o000 ]
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Now

i.e.,

i,e,,

where

Thus

and

where

Thus

%%T = 0 provided
2L'T = AAP
-1 -1

2A'L'sz P' = A'AAPI P

-1 -1
2A'L'P'(PZ P') = A'AA

-1 -1

2¢'(PT P') = A'AA,

t =
C [31 Choeee Ep]

S 1
L't = A(A'A) C'(PZ P")

-1 -1
L'

f'
—i

giCa'A) A",

-1

is the i-th row of I P'(PZ

i ot .0

q 1]
L £y, =

i=1 i=1

s=1

[ ad

element of [

W 10

s=1

4
il tamo

s=1

A(A'A)_C;(PZ P') PI

-1

-1
P')

EiC(A A) A 7

i=1

- %
c'(A'A) A'x
Zg X

-1

- q
1 t 1
clAM)TAC T o)y,

1

p -—
t 1 ]
i P sCg(A'A) Ay, where Pis

)

20

is the s-th



where
. ~ -1 -1 -1
X is the s-th column of YL P'(PL P') .

Thus the optimum choice of G 1is given by G = £ and we have the

following theorem:

THEOREM 1.2.1. For the GCM model, the BLUE of an estimable linear

p
function of the form h'g = ¢ is given by

1
[+
clE,

P - %
1] 1] 1
(1.2.1.4) sil ES(A A) A'x

-1 -1 -1
*
where x_  1s the s-th column of YI P'(PZ P') .
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Theorem 1.2.1 is unfortunate since I is usually unknown. This leads

us to consider estimates of £ which are not necessarily linear sets
of Y alone. In particular, the theorem suggests that we use for G
a good estimate of I based on the data or based on previous experi-
ments. In fact, it has been shown (e.g., Khatri [31], Rao [43],
Grizzle and Allen [2]) that if C £D 1is estimable and normality is
assumed on the rows of Y, then the maximum likelihood estimator of

C £¢D 1is given by C £D where

5 -1 -1 -1
(1.2.1.5) & = (A'A)"A'YS P'(pS P') ,

and 5 1is the sample covariance matrix obtained from the data and

defined by

(1.2.1.6) S =Y'[I - A(A'A) A"]Y.

-~

-

, , . . - 1
The maximum likelihood estimator of I is ¢ = oy S and

use of I instead of S in (1.2.1.5) clearly does not change é
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The dispersion matrix of C £D was derived by Rao [45] and

Williams [70)] and it is given by

-1 -1

n-m-1 _hepr p'y D

(1.2.1.7)  Var(C £D) = C (A'A) C'® _————F=

1.2.2 Testing Hypotheses in the GCM Model
As for the SM model, hypotheses of interest for the GCM model

are usually in the form

Ho: C¢D = 0

where C(g x m) is of fullyrank g and D(p'x v) 1is of full rank v and
CeD is estimable. In the analysis of Potthoff and Roy [39], Ho was

tested by transforming the GCM model (1.2.1) into the SM model by use

-1
of a weights matrix G where G 1is as described in the previous

section, and then using either Wilks', Hotelling's or Roy's criterion
as the test statistic. The transformed data matrix in this case is

given by

-1 -1 -1
(1.2.2.1) X=YG P'(PG P'")

and the hypothesis and error matrices are given by

-1

(1.2.2.2) s D'X'A(A'A) C'[C(A'A) C'] C(A'A)TA'XD

and

(1.2.2.3) s D'X'[I - A(A'A) A']XD .

Potthoff and Roy's approach did not allow G to be stochastic unless
it was independent of Y. Thus G could be chosen as an estimate of
kI where k 1is any constant, provided this estimate was obtained in-

dependently of the experiment under consideration. Choosing G-l = S-l
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where § 1is the sample covariance matrix based on the data in Y was

therefore not allowed. Khatri [31] used the method of maximum likeli-

-1
hood to obtain test criteria in which S is used as the weights.

Khatri's hypothesis and error matrices simplify to

-1
D'X'ACA'A) C'[CRC'] C(A'A) A'XD

(1.2.2.4) S

and

-1
D'[PS lP'] D

(1.2.2.5) SE

where X 1is defined by (1.2.2.1), S is defined by (1.2.1.6) and

-4

-1

lP')PS-l]Y' A(A'A) .

(1.2.2.6) R = (A'A)'+<A'A)'A'Y[s"l-s'1p'(Ps‘

Rao [43] criticized the use of G_l by Potthoff and Roy by pointing

out that not all of the information available in the sample Y would

be utilized unless G—1 is chosen to be the unknown Z—l. Using the
method of covariance adjustment Rao {42], [43] showed how the additional
information could be utilized by incorporating into the model (q - p)
covariables which give a column basis of the matrix

-1 -1
[T -P'(PP') P]. (Note that V([I - P'(PP') P]) is the within indi-

vidual error space.) Rao also pointed out in [45] that weighting did
not always produce shorter confidence intervals. Grizzie and Allen

[2] unified the previous approaches and described how the results could
be used on a computer in applications. Also they showed that Rao's
results using covariance adjustment were identical to those of Khatri,
and they described how to use stochastic weights other than S--l if it

was desired not to use all the vectors in the error space as covariables.
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1.3 Experimental Situations to Which the SM Model Does Not Apply

The SM model as defined by ¢1.1.1), (1.1.2) or (1.1.3) contains
two assumptions inherent to the experimental situation which are not
always met in practice. These are

(1) each response variate is measured on each experimental unit
(i.e., on each experimental unit is observed a p-variate vector)

(ii) the design matrix, A, is the same for each response variate
(e.g., the same blocking system is applicable to each variate).

In general, condition (i) will not hold whenever it is
physically impossible, uneconomical'or inadvisable to observe each
response variate on each e#perimental unit or, in othe£ words, when
there are missing observations, either by design or at random. Condi-
tion (ii) will not hold when different blocking systems are applicable
to different response variates and when some of the response variates
are insensitive to certain treatments. In addition, in a somewhat
different context, a relaxation of (ii) is required for models which
describe certain kinds of econometric problems which involve the esti-
mation of a set of different regression equations which are not inde-
pendent of each other (i.e., "seemingly unrelated regressions" as
described by Zellner [72], Telser [61], and others). |

Several examples of experiments in which (i) is not applicable
are described by Trawinski [63], Trawinski and Bargmann [64], and
Srivastava [57], [58]. 1In each of these, data is missing by
design. For example, if the process of taking measurements is time
consuming and the experimental material has a limited life or the
experiment has a fixed time limit, then the experimenter may have to

be content with measuring fewer than p response variates on each

‘ '
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experimental unit.

As a second example, a ps&chologist may wish to administer 20
different tests to a group of subjects, but realizes that giving any
subject more than, perhaps,four tests might result in a bias on later
tests obtained from practice on earlier tests.

Thirdly, the experimenter may not be equally interested in
the different response variates, and he might like to observe some
variates on a larger number of experimental units than on others. This
might be the case if there is a limited budget for the experiment and
the measurement of responses is so costly that the experimenter cannot
afford to measure each response variate on each experimental unit.

As a fourth example, suppose u experiments are conducted in
different localities involving the same set of treatments. At the i-th
locality, a subset of 9y out of p response variates is measured on each
experimental unit,.

Trawinski [63] describes an experiment in which there are 3600
individuals divided into two groups (boys and girls) of 1800 each, and
there are four response variates of interest labeled Vl’ V2, V3 and V4'
It is desired to administer three treatments (drugs, for example) on
each group in such a way that each individual is observed on only two
of the four variates, all variate pairs are observed, and an equal
number of observations are made on each variate pair. Such an experi-
ment requires choosing missing observations to provide a sort of
balance among the variate pairs observed. 1In this example, the 1800
in each group are divided randomly into 3 subgroups of 600 individuals,
each subgroup getting a different treatment. A given subgroup is

then divided randomly into 6 sub-subgroups of 100 individuals each.
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Individuals in a given sub-subgroup are observed for one of the 6

varia;e pairs (Vl, Vz), (Vl, V3), (Vl, V4),

(VZ’ v (VZ’ V4) and

3
(V3, V4). In this way, each variate pair is observed on the same

number of individuals in the entire experiment, 600, the same number
of individuals within each group, 300, and the same number of indi-

viduals for each treatment within each groub, 100. Note that the

variate design is a BIBD with v =4, b=6, k=2, r =3 aﬁd A= 1.
Other examples of variate designs are described by Trawin;ki.
Srivastava [57] gives a number of examples for which condition
(ii) is inapplicable. Forj;instance, consider an agricultural experi-
ment in which seven varieties or treatments are appiied to 28 experi-

mental units according to the following plan:

Column
Blocks I I1 III v Y VI VII
Row
Blocks
I 3 1 5 2 7 4 6
II 6 3 7 5 1 2 4
I1I 7 4 1 6 2 3 5
v 2 6 3 1 & s 7

TABLE 1.2
SRIVASTAVA'S EXAMPLE

Suppose that two response variates Vl and V2 are measured on each

experimental unit, but that the pattern of heterogeneity is such that
the 7 column blocks are a good block system for Vl and the 4 row
blocks are a good block system for V.. If we denote by 11(28 x 1)

“
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and y,(28 x 1) the vectors representing the data observed on Vl and
V2’ respectively, and let Y = [Xl XQ]’ then the expectation model for
the experiment is

E(Y) = [A) & § Ay8,]

where Al(28 x 14) 1is a design matrix for a BIB expefiment with

A2(28 x 11) 1is a design matrix for .a Randomized Blocks

experiment,

§1(14 x 1) = .gl
T ’
L~ J
52(11 x 1) = QZ
T ’

and

§1(7 x 1) denotes the column block effects,
QZ(A x 1) denotes the row block effects,
1(7 x 1) denotes the treatment effects.
For another example, consider a % fractional factorial experi-

5
ment without blocks from a 2 factorial. Denote the factors by A, B,
C, D, E and the eight treatment combinations used by (00000), (00101},
(10110), (1o0011), (01010), (O11l1ll), (11100), (1100l1). Suppose two re-

sponse variates Vl and V2 are observed on each experimental unit, but

is insensitive to levels of D and E, and V is insensitive

that V )

1

to levels of B and C. Suppose further that we are interested in
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estimating effects up to and including two~-factor interactions. Then

the expectation model for the experiment is described by-
= :
E() = [4; &) 1 458,]

where Y(8 x 2) is the data matrix

£ x 1) = (u, al, B, c, AlB, Alc, BO)',
£,(7 x 1) = (u,, A%, D, E, A%D, A2E, DE)',
-
a@xn={1 -1 -1 -1 1 1 1
1 -1 1 -1 -1 1 -1
sl -1 -1 1 1 -1 .-1
1 -1 1 -1 -1 1
1 1 -1 1 -1 1 =1
1 1 1 1 1 1
1 1 -1 -1 -1 -1 1
|11 1 -1 1 -1 -1
and
A8 x 7) = 1 -1 -1 -1 11 1] .
1 -1 1 -1 -1 1 -1
1 -1 -1 1 1 -1 -1
1 -1 1 -1 -1 1
1 1 1 -1 1 -1 -1
1 1 -1 -1 -1 -1 1
1 1 1 1 1 1 1
11 -1 1 -1 1 -1

Note that in this example Al # A2 .
Gourlay [24] and others have considered a model (See Table 1.4

below.) for an experimental design involving a complete set of 3 x 3

Latin Squares corresponding to the six possible orderings of three

treatments A, B and C. The two squares are replicated n times so that

each of the six groups consists of n individuals chosen at random from



Groups

1

2

Ordinal

Positions 1 2 3

a total of é6n

A B c
B c A
C A B
A c B
B A C
C B A
TABLE 1.3

GOURLAY 'S MODEL

individuals to whom the treatments are applied.

individual goes through a sequence (row) of three treatments.

29

Each

It is

assumed that the results for a given individual are correlated. Each

of the n

observations in any one of the eighteen cells is assumed to

have the following model:

where

E(

+ N

Yij(k)q) T 1(k) ij

2
Var (Y . =
Y5 0q
o if j#3% i=i', q=q',
COV(YlJ(k)q, Yi'J'(k')q') =
0 if i#i' aud/or q#q'
i=1, ..., 6 (groups)

G
L]

1, 2, 3 (ordinal positions)

A, B, C (treatments)
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q=1, ..., n (replications).

If the observations on each individual were not correlated, then the

usual univariate analysis of variance model of the form

E(y) = Af
Var(y) = o°I
ar(y) = o I,
where A is an (18n x 24) design matrix of zeros and ones,
é = (Q', lf,,ﬁ'),
Q = (le QZ)'Qi)"
= t

= t
and N (Nll, ey N6l’ le, ey N62’ le, vees N63)
would be appropriate. However, because the rows are correlated we
actually have a model of the form
E(y) = Ag

Var(y) = £ 8 Ién

2
here L = ag.. and 0., = ¢ for all j.
wne (( ij)) ij ]

By considering the ordinal positions as response variates Vl’ V2, and

V3, respectively, and by letting Xs(én x 1), s=1, 2, 3 denote the obser-
vations on Vs’ the model can also be expressed as

E[Xl S Iy ; X3] = [Al él : A2§2 E A3§3]’
Var(zl f Y5 ; 23) = I6n 8 I

where i = (QS, T ,le, st,
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and AS(6n x 10) 1is the design matrix corresponding to Vs’ s=1, 2, 3.

The three design matrices Al’ A2, and A3 will all be different,

although any one of these matrices can be obtained from any other by
column permutations.

Zellner [72] has pointed out that there are many econometric
situations which call for linear models iﬁ which different design
matrices correspond to different response variates. The usual problem
can be described as the estimation of a set of correlated regression
equations. The different response variates would correspond to the
different regression equdtions. Typical examples of such situations
include analysis of temporal cross-section data, time series regres-—
sion analysis of demands for a variety of goods, or a cross-section
budget study involving regressions for several commoditiesz. Another
application occurs when each regression equation refers to different
points in space, as in Barten and Koerts' analysis of voters' transi-

tions from party to party within various voting districts [10].

1.4 The More General Linear Multivariate Model (MGLM)

To deal with situations such as described in the previous
section and also with situations which involve both missing observations
and different design matrices corresponding tc different response vari-
ates, we now define a model which we call the More General Linear

Multivariate Model (MGLM). 'More" is used instead of "Most" in the

2With regard to the latter, a set of data may have been ob-
tained from a survey of household expenditures during some time period.
The regression equation used to explain outlays on some commodity may
generate residuals that are correlated with the residuals of another
regression equation that was used to explain expenditures on a different
commodity,
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model name because there are meaningful models such as growth curve
models which are not special cases of the MGLM model.
Let us assume that there are n experimental units and p

response variates V Vp in total. The n experimental units

l, v ey

S S

are divided into u disjoint sets of experimental units S g3 v S

1’
with nj units in Sj; On each unit in the set Sj’ we measure qj(Sp)

responses V \ v . (The remaining p - qj ‘response

g2 Vg s e Vo
jl j2 qu

variates are not measured in Sj.)

Then the MGLM model is given by

o
™y
e
-

I TR SO AL L T - 1)

(1.4.1) E(Yj) = [A,, &
ji "il j2 "j2 jq. “iq.

jl

Var(Y,) = I ® B.IB, ,
J nj J 1

j=l,...,u; 1 < q, £ p,l €2,, < &, < ...< &, <

and for each s, s=1,...,p there exists at least one pair (j, r) such

that £ =£ , i.e., 2, =s (so that the total set of unknown para-
—er <s jr '

meters is {£,, +.., ép’ LhH

Here Yj(nj x qj) is the matrix of observations for the j-th
set S.,
]
A,2 (n, x m, ) 1is the design matrix for variate Vl
J jr J jr jr
in the set S., and R(A, = a.
J ( Jljr) jr ?
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(m2 x 1) 1is the parameter vector for variate Vl
jr  jr ‘ jr

Y

d = h L = 2
- (gn mzjr mij'r whenever it 1ot)

Bj(p x qj) is the incidence matrix of rank R(B.,) = qj

for the j-th set of experimental units. It consists

of O's and 1's and is defined by B, = ((b(.) )) where
J J P
(1.4.2) b, = (1 if 2, = s, i.e., variate V is the r~th
(i jr s
sr
ordered variate measured in the j~th experi-
<
mental set Sj
T \_ 0 otherwise.
‘k And let us further assume that
(1.4.3) Yj and Y} are independent if j#j'
and
(1.4.4) the rows of Yj are also independent and distributed as a

qj—variate multinormal vector with variance~covariance

matrix B!IB,.
J 3]

The MGLM model can alternatively be described by its variate-

wise representation (as was done for the SM model in (1.1.2)), provided

the following definitions are made:

Let X s=1,...,p, be the vector of length Ns’ say,
corresponding to all observations on VS in the entire experiment.

Let DS(NS X ms), s=1l,...,p, be the design matrix corres-

)

ponding to x,, l.e., DS is determined by E(§S) = Ds;s‘
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Let Qrs(Nr x Ns), r < s denote the incidence matrix of 0O's ‘

-

and 1's defined by Qrs = ((q.. )}) where

M (rs)
(1.4.5) q.. = (1 if the i-th component of x_ and the j-th '
ij =r
(rs) :
J component of x_ are observed on the same

experimental unit

. 0 otherwise.

Then the variate-wise representation of the MGLM model is given by

(1.4.6) E(x)) =DE_

Var(is) = cssIN

s
Cov(_:gr, 5s) = OrsQrs’ re<s ‘
Cov(_}_c_r, is) = crsQ;r’ r > s, r,s=l,...,p. -
Note that if we let
kN [X”jl’ X”jz’ ’X”jqj] ’
u_ = the number of sets Si in which VS 1s measured,
St E i=l,...,us denote the different sets in which Vs is
si

measured where

sl

then X Ds’ and NS are given by



/ = i N = 7
(1.4.7) x (N x 1) s | D @, xm) {At s |,
sl sl
s A
s2 tsZS
zt S A
su - I s
s | ’ su
- L s J
Ys
and Ns = I nt
i=1 si

With the above definitions, we can also present the vector

version of the MGLM model (as was similarly obtained for the SM model

in (1.1.3)) as follows:

(1.4.8) E(x) = DE
Var(x) = Q
where
(1.4.9) x@x1) =[x ], 00w =D, 1, eex1y=[g -
0
% Py )
o .
5 d
| %p i P | =p |
QN X N) = oy oo ‘2 % %1 YUp |
1
912 Q12 22w, vt %2p Y
1 1
“1p %o “2p Y2p PP IVPJ
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1.4.1 Special Cases of the MDM, GIM, HM and Other Models

The special cases of the MGLM model to be described in this
section have all been dealt with to some dggree in thg literature. We
will defer a thorough discussion of this literature uﬂtil Chapters Two,
Three and Four, which consider estimation and testing hypotheses.

Srivastava [55), [57], [60], Zellner [72], Zellner and Huang
{74], Telser [61], and Kmenta and Gilbert [33] have considered the

special case of the MGLM model where u = 1, n, = n, qi = p, Yl =Y and

1

Bl = Ip. This reduces to a model given by

A E ]

- ! !
(L.4.1.1) B = (a5 T ag, | fag

Var(Yy) = In @ I.

Srivastava has called (1.4.1.1)‘the Multiple Design Multivariate Model

(MDM). It is clear from (l.4.1.1) that for the MDM model different
design matrices correspond to different response variates. The other

authors have referred to (l1.4.1.1) as seemingly unrelated regressions.

In the latter context the MDM model may be put into the following

variate-wise representation:
(1.4.1.2) E(Zs) = Asés’ Cov(zT, zs) = grsln y T¥ys=1,...,p,

where Y =[zl Ty ven XP]

Thus from (1.4.1.2) it can be seen that the MDM model describes a

situation where there are p regression equations involving different
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regression coefficients, so that they are seemingly unrelated, and yet
any two regressions are correlated according to the covariance structure

defined in L.

The vector version of the DM model is given by

(1.4.1.3) E(y) =D, Var(y) = 01

n
where
r T p . h
yepx 1) = [y, ], Dp x I m) = 4,
s=1 0]
2 A
. 0 .
zp A
_ - . P
and

L5 ]

Clearly D is of full rank R(D) =
s

m if and only if each of the As

W 1o

matrices is of full rank.
A second special case of the MGLM model is a general multi-
variate linear model for missing observations which is obtained when

A

i Aj, r=l,...,qj and when és is (m x 1), where m 1s indepen-
jr

dent of s. This model is then given by

1.4.1.4) E(Y,) = A.%B,
( ) (¥,) 3584
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= 1 s o
Var('gj) Inj ® BJ,ZBj , i=1l,...,u. ‘

Srivastava [57], [58], [60] has called (L.4.1.4) the General Incomplete

Multivariate Model (GIM), and we will henceforth refer to it by this .

name.
Trawinski [63] and Trawinski and Bargmann [64] have considered

s A, = A,

the special case of the GIM model where qj £q, n, = :

J

€3

j=l,...,u. Another special case of the GIM model which has been con-
sidered separately by Srivastava [57], [60] occurs when the missing

observations are structured so that qj = j,,u=p and

Bj(p x3) = [I,; ]' . We will refer to this latter model as

0, .
J J»P=]

the Hierarchal Incomplete Multivariate Model (HIM) .

It should be noted that if there are no missing observations - ‘ .
(i.e., the model is complete), then (l.4.1.4) reduces to the SM model

where the design matrix A of (1.1.1) is given by

A= [A ]

Thus for the GIM model it is clear that each of the u mutually

exclusive sets of experimental units (e.g., Sj) corresponds to a unique

y cesy V ) which are observed .
L, L,
jl iq

subset of response variates (e.g., V
J

together only on the given set of experimental units (Sj). The largest .
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value that u can take is 2P -1 , which will be obtained when the sets
of missing observations correspond to all possible combinations of the
p variates taken 1, 2, ... and p at a time.

The HIM model described above has been dealt with in a more
general context by Srivastava and Roy in [55]. By letting u = p,

. =3 for j=1,... £, =r for r=1,...,5j and B, = [I, | O,
qy =] 3=l,ecePs £4p sevesd j .[J e

in the MGLM model, we obtain:

Eo b vee T ALE]

(1.4.1.5)  E(Y)) = [A;8) | Ak,

j2
- T S [} 3=1
Var(Yj) In. 8 BjZBj,, 3=l D
J
It is clear that (1.4.1.5) incorporates both missing observations and
different design matrices for different response variates. Srivastava

has called this model simply the Hierarchal Multivariate (HM) model.

Obviously, when Ajr = Aj for r=1,...,j the HM becomes the HIM model.

Note that if we let
Us = the set of all experimental units on which response

variate Vs is measured

then for the HM model we have

Ul J U2 3 ...0 Up .

Thus the HM model deals with a situation in which response variates
can be graded monotonically in descending order of importance. 1In

addition, if Vr is more important than VS, i.e., r < s, then Vr is
observed on each experimental unit on which VS is observed. The

variate-wise representation in (l1.4,6) and the vector versions in
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(1.4.8) simplify considerably for the HM model since we have .

(1.4.1.6) X,

rlss 1 Ag = ’-Ass 1 >

Ie+1,s Astl,s

for r < s,

and

1.5 A Generalization of the Growth Curve Multivariate Model

Assume that there are m experimental units and q time points .

-

at which measurements are taken. The n experimental units are divided

into u disjoint sets of experimental units Sl’ SZ’ ceny Su where Sj
has n, wunits. For j=1,...,u let t,., ..., t. be the £q) time
i j=1,..., j1 3a, 9 (2q)

points at which observations are taken in Sj . Let Bj be the (q x qj)

incidence matrix specifying which of the q time pointé is observed in

Sj' Assume that each individual's response can be described by a

linear model of the form
1.5.1 E(y. = P!
(1.5.1) (23,) = 2,8

where Xjk(qj x 1) 1is the observation vector on the k-th individual
from S., P.(p x q,) has rank p for all j, where p s q., and 8, (p x 1) )
50 Byl <) P 3 P < By (P '

is a vector of unknown parameters. We call (1.5.1) the within



41

individual model. We assume that the expected value of each individual

in the total experiment is from the same family so that Pj = PBj

where P(p x q) is of rank p. The complete model expressing both the

within individual and across individual design is given by

1.5.2 E(Y.) = A,EPB,
( ) ( J) = Ji i
Var (Y, =1 ® B!'IB, , j=1,...,u.
(J) . 3785 3 u
J
where Y.(nj x qj) is the observation matrix for the j-th
set S,,
J

Aj(nj x m) 1is the design matrix for the j-th set Sj’

E(m x p) 1is the matrix of unknown parameters,
P(p x q) 1s a regression matrix of rank p,

Bj(q X qj) is the incidence matrix of O's and 1l's for Sj.

We will henceforth refer to model (1.5.2) as the Generalized Growth

Curve Multivariate Model (GGCM). We will return to the GGCM model in

Chapter Three when we discuss BAN estimation of estimable linear sets

of the treatment parameters.



CHAPTER 1II

BLUE ESTIMATION FOR THE MGLM MODEL

2.1 Introduction

This chapter considers BLUE estimation for the MGLM model

k2

defined in (1.4.1), (1.4.6) or (1.4.8) of linear functions and linear

sets of the treatment parameters 51, ey ép of the form
o= I ¢
(2.1.%) h'g o gsgs
and
lp!
(2.1.2) 6 =H'¢ sfl CSQS

We seek linear estimators of the form

- P
(2.1.3) 8 =f'x= 31 f'x
s=1
and
- P
(2.1.4) 8 = F'x = 1 Fégs ,
s=1
respectively, where
x (N_x 1), s=1,...,p is the observation vector for V
s s

alone as defined by (1.4.7),

x(N x 1) = (x4 xp ... _}g{))'

b
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f(N x 1) 1is non-stochastic and independent of the elements
of T
and
F(N x w) 1is non-stochastic and independent of the elements
of Z.

Srivastava [60] has considered BLUE estimation for the special
cases of the HIM, GIM and MDM models. The approéch described below
generalizes Srivastava's results to the MGLM model. The method of
proof simplifies Srivastava's work considerably. In addition, the
results obtained for linear functions_are.exteqded to linear sets §.
Furthermore, a consistent and unbiased estimate of the covariance
matrix is obtained and may be used to determine unbiased estimators of

var(é).

2.2 BLUE Estimation of Linear Functions h'g

Definition 2.2.1: (Srivastava [60]) For the MGLM model, a linear

function of the form h'g =

[ e o]

c'E is said to be piecewise estimable
g=] _5°S

if each component sum c¢'¢ has a BLUE 'x  under the univariate
=s2s B8

model for VS alone as given in (1.4.6):

E(zs) = Dsés , Var(§s) = cssINs .

(This is equivalent to requiring that gé € V(DS) for each s.)

Lemma 2.2.1, (Conditions for the estimability of E'E): For the MGLM

model, 2 = h'f is estimable if and only if it is piecewise estimable.
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Proof: The method of proof used by Srivastava [60] for the special
cases of the HIM, GIM and MDM models can be directly extended to the

MGLM model.

Theorem 2.2.1: If, for the MGLM model, the variance~covariance matrix

I = ((ors)) is known, then every estimable linear function 6 = h'g
has a unique BLUE given by

(2.2.1) 8 =h't =h' (D DD x

where D and Q@ are the design matrix and variance-covariance matrix
from the vector version definition of the MGLM model as given in

(1.4.8). The variance of this BLUE is given by

(2.2.2)  var(9) = h'(d'2ID)7h .

Proof: Clearly @ 4is known, symmetric and positive definite if I
is known, symmetric and positive definite. Thus (1.4.8) is equivalent
to the univariate weighted least squares regression model which yields
the BLUE of (2.2.1) and variance of (2.2.2).
g.e.d.

Because I 1is assumed unknown, Q2 must be unknown, too. Thus
if we restrict our estimators to be known linear functi;ns of x, then
we cannot use the é in (2.2.1) unless it is independent of Q.
Fortunately, when considering the SM model, the structure of D and
allows T to drop out of (2.2.1) so that this estimate becomes the sum

of the BLUE's for obtained separately for each s as given in

1
ik
(1.1.1.2). This is shown as follows using the notation of (1.1.1),

(1.1.2) and (1.1.3):
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1 1 =1\~ 1o—1l i t ) ' -1 - ' -1
h'(D'Q D) b'a X—E[(IpeA)(Z. @In)(Ip@A)] (IpeA)(z 8 I)y

-1 -1

8 A'A]l [z

h'[z ® A'ly

n'ze A1t e Ay

‘ﬁ'[Ip 8 (A'A) A'ly

P
sil g;(A'A) Afzs .
For the MGLM model.in general, I does not drop out of (2.2.1)
so that if we restrict estimators of 6 to be linear, we might have to
be satisfied with a é that does not achieve the minimum variance
(2.2.2). It is, therefore, of interest to determine when the minimum

variance is attained by a known linear function of X, that is, a linear

function which does not depend on the elements of I. Srivastava [60]
has obtained for the special cases of the HIM, GIM and MDM models

necessary and sufficient conditions for h'f¢ as defined in (2.1.1) to
have a BLUE of the form f'x where f is known. These are conditions
on the vector spaces spanned by the columns of the design matrices DS

corresponding to the different response variates. Srivastava showed
that if the BLUE is not a function of the elements of I, then it is

given by the sum of the BLUE's for Eéés obtained separately for each
§ from the univariate model given in (1.4.6) corresponding to VS
alone. This result is thus the same as that obtained for the SM model

except that in the latter the BLUE is always independent of I if h':

=
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is estimable whereas in the GIM and DM models other conditions aside
from estimability conditions must Be satisfied. These results of
Srivastava extend to the MGLM model. The proofs given by Srivastava
have been simplified considerably by this author by use of the

following lemma:

A P. ’ P A
Lemma 2.2.2: 6 = I g'x is a BLUE for 6 = I c'g

d'x satisfies

if and only if Cov(8, z) = 0 whenever =z
—s=s

n
oo

E(z) = 0. -

Proof: The reader is referred to Rao [41], page 257, for a proof of

this lemma.

It is important to note that if for the MGLM model 6 1is restricted to’
be a linear function of x which does not involve I, then any 6

satisfying Lemma 2.2.2 will be the same estimator given in (2.2.1) and

thus will have minimum variance for all functions of the data.

Theorem 2.2.2: Let 6 = h'é be an estimable linear function of g.
If the BLUE for 6 is not a function of the elements of L, then it is

given by

/ 1 ' et
(2.2.4) . Es<Dst) Dsﬁs

@D >
[
o0

s
i.e., the sum of the BLUE's of c'&s obtained separately for each s
from the univariate model for Vs alone.

Proof: Since the BLUE is independent of I, it must be given by the

BLUE obtained when I = I. This is clearly (2.2.4). ]
q.e.d.
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Lemma 2.2.3: If w(t x 1) and z(q x 1) are arbitrary random variables
and if a(t x 1) and B(q x 1) are arbitrary non-stochastic vectors,

then Cov(a'w, 8'2z) = a'Cov(w, z)8.

Proof: This is a well known result which can be proved by direct

computation.
4 - P ; P
Lemma 2.2.4: If for the MGLM model f'x = £ f'x and d'x = I d'x
- = =s~s - = ~s=s
s=1 s=1
are any two linear functions of x, then
S 1 1 p L p \i p 1
(2.2.5) Cov(f'x, d'x)=. § f'd O ¥ I £.Q. do + II éstrgrcrs
s=1 r < r > s
where QrS(Nr X Ns) is defined by (1.4.5).

Proof: From the variate-wise representation of the MGLM model as given

in (1.4.6), we know that Var(is) = OssINs s

Covix, ., x ) =0 _0Q

r<s and Cov(x , x =g ! r> s
rs‘rs’ (—T’ —s) Q ?

rs 'sr

Thus, using Lemma 2.2.3 where o = f , B =d , w = and z = X
- =’ = =5’ = x =
we get
Cov(f'x , d'x ) = £' Cov(x , x )d
—r—r’ —s-s =s
(f'd o, if r=s
=s=s ss
- 1 .
3 £rQrs-cisors’ if r<s
£'0' d o, if r>s.
\~r 'stT—s rs
i 3 i = = R = ' .. ! !
Using Lemma 2.2. 3 again where a lp 3, w (ﬁiﬁi’ Cee gpgp)
and z = (d{x,, ..., d'x )' we obtain

==’ ~pp
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P P
Cov(f'x, d'x) = Cov(r f'x, ¢ d'x)
- =) == ~s~s —5—s
s=1 =]
P 1%
= I L Cov(f'x , d'x)
~r=r’ —s-s
r=1l s=1
P 1% . p
= ¢ f'do +1Ir f'Q do_ + I d'Q fo .
—S5—s sS§ =r‘rs—s rs =s‘'sr~r rs
s=1 r<s r>s

Corollary 2.2.3: If 6 = h'€ has a BLUE of the form 6 = g'x where

g 1is known, then
. P ' 1 = 4 ' ' Sh'at [ -
(2.2.6) Var(s) = sil OSSES(DSDS) Es + Zifs Orsgs (DSDS)DSQrSDr(DrDr) 31_

where Qrs is defined by (1.4.5).
Proof: From Theorem 2.2.2 we know that 8 is given by

1 1

g X where E%

D>
"
[ el

¢'(D'D )D' . Clearly since
-s s s’ s

s=1

P P
Cov( L g'x, I g'x), wecan use (2.2.5) of Lemma 2.2.4 with
s=1 s=1 :

<l
[\V]
a1
<D >
"

8, = f = gs to obtain the result (2.2.6).
q.e.d.
We now prove a lemma which will enable us to give necessary
and sufficient conditions for 8 = h'€ to have a unique BLUE in terms

of known linear functions of X.

P
Lemma 2.2.5: Suppose 8 = h'g = I -Séés is piecewise estimable
s=1
' P ' 1 ' ' it .
and g'x = s:1 g X  » where g, = Es(Dst) D_ , is the unique BLUE of ¢,

[a¢ Mgl

Then Cov(g'x, d'x) = 0 whenever d'x = d'x satisfies

s=]1
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E(d'x) = 0 for all § if and only if

t -
(2f2'7) gTQrsgs 0, r < s
and
2 1 -
(2.2.8) QstrET =0, r>s

both hold whenever E(d'x) = 0 for all ¢ .

Proof: From Lemma 2.2.4 we know that

P
' T\ = ' ' '
Cov(g'x, d'x)= I gdo__+2L grQrsésors + I éstrgrors
s=1 r<s r>s
P
for any g and d . Furthermore, E(d'x) = I g; D& =0 if and only
s=1

if d'D =0 for each s, i.e., E(d'x) = 0 if and only if d' is ortho-
—35°s = = -s
' : | B 1 ' Tt
gonal to V(Ds) for each s. Now since gs Es(Dst) DS we must have
g; € V(D;) for each s. Therefore, we must have g orthogonal to gs,
i.e., g!d =0 for each s whenever E(d'x) = 0 and this is so regard-
less of whether Cov(g'x, d'x) = 0. Thus we need only show

Ir glo do .+ I dlQ

g o__ =0 whenever d'D_ = 0 for each s if
rs—s rs TS Sr-r rs =s's —

and only if each term in the summation is zero whenever ééDs = 0 for

each s.
Sufficiency follows trivially. As for necessity, we note first

that, by assumption, the result should be true regardless of the actual

values of I = ((ors)) provided I 1is positive definite. Now suppose
we fix s ¢ {1, ..., p} and choose gs to satisfy géDS = 0. Clearly
E(d'xs) = 0 so that by the assumption of necessity we must have
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Cov( Z .&tx s _f ) =20

s-1 p
i.e., £ Q + z d'Q g0, =20,
= ‘g't tS*-S ts £= s+l st™t ts
Let us now choose r ¢ {1, ..., p} such that r < s and;then choose &

so that its diagonal elements are all non-zero and its off diagonal
elements are all zero except for s = %%y which satisfies -
2 . ; , e .
sscrr - Osr 2 0. This I 1is positive definite and the above equation

reduces to Cov( Z Et X, d.x d' X ) = ErQrs—s rs = 0 . Thus for any r < s
t=1 -

we can find a I so that g;Q d =0 . Since the result must hold true
rs—s
regardless of I we therefore must always have g;Qrsgs =0, r<s

whenever g;DS = 0. Similarly, for fixed s we can show that

cl'er_g‘r =0, r >s always, whenever Q;Ds = 0 . By allowing s to

range from 1 to p we thus get the desired result, i.e., (2.2.7) and

(2.2.8) are satisfied.

qg.e.d.

Theorem 2.2.4. (Main Theorem of BLUE Estimation): For the MGLM mddel

let 6 = h'g =

H Mo

c'€  be piecewise estimable and let
L s

s
'"=¢'(D'D) D', s=1,...,p. Then necessary and sufficient conditions
R N P
P
for g'x = I g'x to be the unique BLUE for 8 in terms of known

linear functions of x are given by

o! e t
(2.2.9) “TQrs € V(Ds) » ¥ < s

and

(2.2.10) Bl QL eV ,r>s
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where Qrs(Nr x Ns), r < s 1is defined by (1.4.5).

P
Proof: From Lemma 2.2.2 and Theorem 2.2.2 we know that I g'x is

P
the unique BLUE for 6 if and only if Cov( Z gsx , L d'x)=0
s=1

whenever Q;Ds = 0 for each s. From Lemma 2.2.5 we know that
P
L

d'x ) = 0 whenever d'D = 0 for each s if and
—s—s —s s .

Cov( Z Esx ,
s=1

. ] = 1 = t ==
only if g Qr d 0, r < s and d erg O, r > s whenever d Ds 0
1 = 1 = . I3 -
for each s. Clearly ErQn d =0, r <.s wheneyer d Ds 0 is equi
t = o'n! = ’ 1 =
valent to (2.2.9) and d Q.8 =8.Q,d 0, r > s whenever d D =0

is equivalent to (2.2.10).
q.e.d.
An exémpié of a MGLM model which is not one of the special cases
considered by Srivastava and for which the conditions of Theorem 2.2.4
are satisfied is described as follows:

Let p=3, u=3, 9 = q, = 45 = 2

and consider the expectation model

E(Y, (12 x )] = [A; &, | A, &,]
_ )
EfY2(8 x 2)] = [A21 éi i A22 13]
Elv3® < 2] = [Ag) &y | A3y 24]
where
Atz 8 =i, 0 0 1, 0, 0 4,2 x6) =10, 1, 0 & 1, O,
9, i 9 9, L9 L% % L 9 9
9, 2 L, & 91 9 % L, % & i



A21(8X6)

A3l(8X6)

The matrices D

’ A22(8x6) =

0 1, 9 1, 9, 9, -1,

% % L, 9 i, 9 %

» N -

L, 09 9 9 L, 0., A5,(8%6) =1,

% L 9 9 9 1, 2,

1’ D2 and D3 are given by

Dy = 18q1] » DBy =[A,] 2Dy = |4y

421 Asy 437
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o le

e

A piecewise estimable linear function of the treatment parameters can

. = 1]
be given by © < éi +

Note that we can

After some

<

(3,

L)

| o= (2> oa -3’ 2!

+ |
£3

-3,

53 where

)]

_2, O, 3’ O) -2)

e (0, 0, 0, 0, 0, 0).

write

= a/D. where a

171 =1

= a'D

a,b, where a

= alD

230, where a

calculations we
= 1 1 nt' =
€;(P1Dy) By

= ' ' nt -
£7(PaDy) Dy

- ' i N =
= £3(P3Dy) Dy

1
A (

R
—~

O‘

9y40 71 1;

13 9y,

1
0,, 94

(e’

- ]
1L 9

0)

0'

)
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]
+—
o

12 12,8 ° Ql3(20 x 16) =10 0

Now Q,,(20 * 20) 12,8 12,8
1%,12 %,s | s O5,8
X =T ]
and Q23(l6 16) 03,8 08,8
1 %,8 Iz

Thus we have

t - 1., ' 1 t '
8, le ( 2 }4, 9_4, 9_4, 94’ 94)
' A' = v 3 0 t 1 1
8y Qp = Qs 7145 040 Oys 0p)
1 - v _ 3 1 '

8 Qj = Q4 -7 L 95 0,)
§ 1
1 = 1 ] 1 — = 1
8y Q3 = Q4 s 9 -5 L)
23 Q3 = 99
and g3 Q3 = 94 -

It is easy to see that ginz € V(Dé) , géQiz € V(Di) , gin3 € V(Dé)‘

and géQ23 € V(Dé) since we can write

gi Q, = £fDé where f' = %—(0, 1, 1, 0, 0,-1)

gé Qiz = thi where h' = %—(l, 1, 0, -1, 0, 0)
gi Q13 = éfDé where a' = - %-(0, 0; 1, 0, 0, 0)
g, Qy; = b'D} where b' = - 2 (0, 0, O, 0, 1, 0) .

Thus, for this example, the conditions of Theorem 2.2.4 are satisfied
and we may conclude that the BLUE of the chosen g 1is given by

' 1 ' : 1
g% * 32§2+ 83X3 where 8 » & and 8y are given above,

lIt: can be established later from Theorem 2.2.10 that for this
model every estimable function will have a BLUE which does not depend
on the elements of £.
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It should be noted here that if conditions (2.2.9) and €2.2.10)
are not satisfied for some (r,s) pair, then Theorem 2.2.4 tells us the
variance of g'x is not minimum in terms of known functions of x.
Theorem 2.2.4 does not contradict the well known result that the sum of
minimum variance unbiased estimators is the minimum variance unbiased

estimator of the sum of the expected values of each of the estimators.

Whereas ¢'(D'D ) D'x  is the BLUE for c'f_ based on only those obser-
=s's"s s=s =525

vations on Vs’ it is not necessarily the BLUE for c'e based on all

the observations in the entire experiment unlessuthe appropriate condi-
tions of Theorem 2.2.4 are satisfied. This might seem startling at
first, but we can see that this result makes intuitive sense if, for

example, in our experiment p=2, Vl represents height, V2 represents

weight, and there are missing observations on height. Assuming height
and weight are correlated, then those weight measurements corresponding
to missing heights would provide some additional information forAesti-
mating any estimable function of heights alone. Thus we might not be
surprised if some function of the height measurements alone is not as
good an estimate as a function of both heights and weights. Of course,
from Theorem 2.2.1 the actual BLUE for Eéés would be given by a linear
function involving I. It is thus clear that Theorem 2.2.1 together
with Theorem 2.2.4 suggests that linear estimation might not be as
worthwhile as nonlinear estimation involving estimates of I. This is
dealt with in the next chapter on BAN estimation.

Furthermore, note that it is incorrect to claim that the BLUE
of Eéés for the entire experiment can always be obtained by taking

tne wejzhted average of the BLUE's for c‘g obtained from each
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independent set (e.g., Sj) of experimental units. Clearly, for exam-

ple, if for zi(nj x 1) and 12(“j x 1), we have that y = (y; yJ)'

isfi = = = [ AR
satisfies E(y) Ags, Var(y) ossInl+n7’ A [Al : Al] , then the

BLUE of an estimable c¢'g is given by ¢'g where
=s<s =55

A

= (Al 1 At ' 1 g
Eg = (A1Ap + 88)) Ay, + (A1) + A4y) Ay

and not in general by c'is where

g
~ nl - n2 -
= — 1 ' - [} [}
Es oo, AAD Ay Yo (A8) Ay,
1 2 1 2

Thus one cannot claim that for the GIM model the BLUE for Eéés is

~ u Ei -

! = c' I A'A) A'Y. b,

Shs T &g .21 N (A545) A5¥5005)s
j= s

where we are using the notation given by (1.4.1.4) and Eij)s is defined

to be the s-th row of Bj' Similarly, it is incorrect to c¢laim that

-~

c'g is the BLUE for
=s=s
1 s=1

is the weighted average

# 1o
[ e Bg v

c¢'t , where c¢'g
s —s2s =g3s

estimate for each s.

Continuing with our theory, it is easy to see that Theorem 2.2.4
incorporates the results obtained by Srivastava [60] for the HIM, GIM
and MDM models separately. For the HIM and DM models the theorem

simplifies considerably:

Corollary 2.2.5. (Srivastava [60]): For the HIM model as given in

P
: / = LI - Ec"f : [ S— t t Nt
Section l.4.1, let & = h'S 521_828 be estimable and &g Es(DsD ) DS ,
P
s=l,...,p . Then necessary and sufficient conditions for g'x = I 3;55
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to be the unique BLUE for 6 are given by ‘

(2.2.11) € V(D;) , T#s

1]
g-r(s)
where

B'r(s) = | the (Ns x 1) vector given by the last Ns elements
of g T < s

the (Ns x 1) vector given by | N N . g_r]' s, T > 8 .

Proof: For the HIM model the matrix Qrs(Nr x NS), r < s, is given by

Qrs = [ONS!Nr-Ns INS] '. o Thus &;QTS = ‘g"l‘:(s) » F S S; and E%Q;r ) g.;'-(s),

r > s by direct computation and the result follows from Theorem 2.2.4.

q.e.d.
Corollary 2.2.6. (Srivastava [60]): For the MDM model as given in ‘
P
(1.4.1.1) let 6 = h'g = T c'¢ be estimable and let
=% o "SS

&é = g_é(A;As)-A; , 5=1,...,p. Then necessary and sufficient conditions
! p ] . .
for g'x = i B X, to be the unique BLUE for & are given by
P
(2.2.12) g_]‘: € /\V(A;), r=l,...,pP .
s=1

Proof: For the MDM model the matrix Qrs(n X n) = In , ¥ < s. Thus

!

B-;Qrs =g »r<s and g_]':Q;r = g{_ », * > 8 and the result follows
from Theorem 2.2.4. qg.e.d.

It is important to note that whereas Theorem 2.2.4 provides
necessary and sufficient conditions for a given estimable function h'g

to have a BLUE independent of the elements of I, we may want to find . '
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necessary and sufficient conditions for every estimable function h'E

to have a BLUE indépendent of the‘elements of L. The latter is a more
restrictive requirement than the former. Srivastava [60] has considered
this problem for the HIM, GIM and MDM models. His results extend
directly to the MGLM model. Before presenting them, we make the fol-

lowing definitions:

Definition 2.2.3. (Srivastava [60]): An orthogonal multi-response

design (OMD) is a design (i.e., model) in which every piecewise estima-

ble function 6 =h'g =
- -

n Mo

c't has a BLUE which does not depend on
1 ' X

the elements of L.

Definition 2.2.4: For the MGLM model, let Drs(Nrs X mr) r#s denote

the matrix consisting of those rows of Dr which correspond to those .
sets of experimental units in which both variates Vr and VS are
measured and let D:S((Nr- Nrs) x mr) be the matrix consisting of the

remaining rows.

The following theorems due to Srivastava [60], give necessary

and sufficient conditions for the MDM, HIM and GIM/models to be OMD:

Theorem 2.2.7. (Srivastava [60])): A necessary and sufficient condition

that a MDM design is OMD is that A A have identical column

10t

2
. i ! = ! = = AT
spaces; i.e., V(Al) V(AZ) e V(Ap) .

zwe note that these conditions are satisfied for the fractional
factorial design of Srivastava and the Latin Squares design of Gourlay
as described in Section 1.3. A design for which A'A_ = 0, r¥s, however,
. T s
will not be OMD.
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Theorem 2.2.8. (Srivastava [60]): A necessary and sufficient condition .

that a GIM design is OMD is R(Dr)‘= R(Drs) + R(D:s) » T#s , r,s=l,...,p. .

.

Corollary 2.2.9. «(Srivastava [60]): An HIM design is OMD if and only

: L SN H =
if R(Al ! A2 fele VAN R(Ai) .

i=1
Theorems 2.2.7 and 2.2.8 can be difectly extended to the MGLM
model using Srivastava's method of proof to obtain the following

theorem:

Theorem 2.2.10: Necessary and sufficient conditions for a MGLM design

to be OMD are Tl
= *
(2.2.13) R(Dr) R(Drs) + R(Drs)

and
(2.2.14) V(D;S) = V<D;r) ' ‘, v

r#s; r,s = l',...,p.3

2.3 BLUE Estimation of Linear Sets H'g

We now extend the results obtained for linear functions to

P
linear sets of the form 8§ =H':Z= I C;gs as given in (2.1.2). We

P
seek estimators of the form 8 =F'x = ¢ Fs'.i{—s as given in (2.1.4).
s=1

Definition 2.3.1: For the MGLM model a linear set of the form

P
6 = 5 18 sail to e a lecewlse estima e se 1 or eac S
H'g = T C't 1 id to be a pi i timable set if f h

eacn compeonent of C'f has a BLUE under the univariate model for VS

3Not:e that for the GIM model Drs = Dgp > r#s whereas for the .

MGLM model, in which different responsé variates have different design
matrices, we may have D # Do, o r#s.
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alone.

Lemma 2.3.1., (Conditions for the Estimability of H'€): H'E is estimable

if and only if it is a piecewise estimable set.

Proof: This is a direct extension of Lemma 2.3.1.

Definition 2.3.2: For the MGLM model, 8 = F'x will.be called a BLUE

set for § = H'E if F'x is known and unbiased for H'{ and if whenever

|
"

G'x 1is known and unbiased for H'{ we must have

-
]

Var(é) - Var(8) is non-negative definite.

It is well known fe.g., Rao [41]) that for any least squares
model of the form (1.4.8), the components of any BLUE set must be BLUE's
of their respective expected values. Furthermore, if 8 is a BLUE set

for 8§ and if é_ is any other known estimable set for 8§ we must have
ch [Var(g)l< chmax[Var(_e_)] ,

tr(Var(8)] < triVar(d)] ,
and
| Var(é) I < | Var(é) l.
Thus a BLUE set is a ''good" estimate in the sense of minimization of

the maximum root, the trace and the generalized variance.

Theorem 2.3.1: For the MGLM model,

p
let 8 = H'g= I Céés be estimable. If & is known then H'§ has a

unique BLUE set given by

L
This is equivalent to requiring that each of the rows of Cé

belong to V(Ds) for each s.
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(2.3.1) 8 =H'g = H'(D'Q—lD)_D's‘z_li ‘
whose variance-covariance matrix is given by
(2.3.2) Var(g) = H'(D'a " p)7H .

Proof: This follows directly from Theorem 2.2.1 since each component

of 8 1is the BLUE of its corresponding component of 8.

P
Theorem 2.3.2: For the MGLM model, let 8=H'E= I C't be estimable

and let G; = Cé(D;DS)'D; » 8=1,...,p. Then necessary and sufficient

G'x to be the unique BLUE set for § in
s=s _ -

Mo

conditions for G'x =

s=1

terms of known linear sets are given by:

1] 1]
(2.3.3) each row of GrQrs € V(Ds) s, ¥ < s and
] ] 1
(2.3.4) each row of Grer € V(DS) , r > 8 where
Qrs(Nr x Ns) » T < s 1is defined by (1.4.5).

Proof: From Theorem 2.2.4 for linear functions it is clear that each
component of G'x is a BLUE for its corresponding component of H'E if
and only if (2.3.3) and (2.3.4) both hold. But we kno& that G'x

is a BLUE set if and only if each component of G'x is a BLUE for its

expected value. q.e.d.

N o

Corollary 2.3.3: 1If an estimable set 8§ = H'f = Cégs has a unique

s=1

BLUE set 9 = G'x 1in terms of known linear sets, then

P — - -
Zo_C'(DD)YC+2¢zo C'(D'D) D'Q_ D (D'D ) C .
se] S8 8 88T s T rsrirr’ r'rss s s s

(2.3.5) Var(3) =
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where Qrs is given by (1.4.5).

Proof: This follows from direct calculation of Var(é) using

~ P
8 = I G'x as given in Theorem 2.3.2. q.e.d.
- s=s

It is obvious that § (i.e., H'¢ when H =1 is estimable if

"
and only if each Ds is of full rank, and in this case an unbiased esti-

~ A ~

. . = 1 Tyt
mator is given by & (51 cen gp) where
- -1
= ' ' =
(2.3.6) 38 (DSDS) Dx 5 s=1,...,p .

Each element of & is the BLUE of the corresponding element of és s
s=1l,...,p, based on the observations on VS alone.
We then have the following corollary:

Corollary 2.3.4: Suppose DS is of full rank for each s. Then

A

&= (&1 ... g;)' is a BLUE set for £ where £_, s=1,...,p is given by
(2.3.6) if and only if (2.3.3) and (2.3.4) hold where

-1 -
) D.
1 0
1 13
(DyD,) D,

T tat ;0=”l
G (G 1G] i .. Gp] (D;D

-1
D'D D!’
( P P) 2

2.4 Unbiased and Consistent Estimation of ¢

Lemma 2.4.1: Let zl and XQ be (n X 1) random vectors and let
Z{n x 2) = (zl, XZ) . Suppose that Var(Z) = In ® T where

(2 »2) = ((Yii)) is positive definite. Then for any non-stochastic
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matrix G(n x n) we have

E(ziczz) = Yqotr G + E(Xi) G E(XQ)

Proof: let y; = [y | » % =[¥y] s 6= (@)
yln. y2n-
Then
n n
E(y,6y,) = iil jil 844E(137p5)
n n ‘
= iil jil gij[COV(yli, yzj) + E(yli)E(yzj)]
n n n
= iil 8;iY12 T izl jil gijE(yli)E(yzj)

since Var(z) = In ® I' by assumption

letr G + E(zl) G E(XQ)

q.e.d.

Theorem 2.4.1: An unbiased estimator I = ((crs)) of £ for the MGLM

model is given by5

. I S - ' D =
(2.4.1) Oy NS R ) §_I_[IN Dr(DrDr) Dr]gt_r , E=l,...,p
r r r
and
- = _l_ ! - ! nt - ' TNt
(2.4.2) Ors u ETS[IN Drs(DrsDrs> Drs”IN Dsr(Dersr) Dsrlﬁsr
rs rs rs
r#s
where

~

5It is shown in Chapter Five that the I of Theorem 2.4.1 is
not necessarily positive definite. The implications of this on estima-

tion of § wusing I and on testing hypotheses about linear sets H'E are

discussed in Section 5.3 of Chapter Five.
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(2.4.3) Moo tr[INrs Drs(D;sDrs) Drs][INrs Dsr(D

D
Sr sr
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),

Nr(z 2) is the number of experimental units on which Vr

is observed,

Nrs(z 2) 1is the number of experimental units on which both

Vr and VS are observed together,

x (N_ x 1) 1is the vector of all observations on Vr ,

x 1) , r#s 1is the vector of observations on Vr

which correspond to experimental units on which both

Vr and ¥s are observed together,

Dr(Nr x mr) is the design matrix corresponding to X

and D (N x m_) 1is the design matrix corresponding to x ,
rs. rs r “~rs

Proof: For r#s , we have that if Z = (x_ , x__) then

—_— rs ~rs’ =sr

EQZpg) = (Dl Derbg) and

Var(Z_ ) =1 e I , where
rs rs

Letting G = [IN
rs

rs rs ST ST

we may.use Lemma 2.3.1 to obtain
1 = '
BlpsOiar) = opgipg T EGGICRR,,)

But

' = - t - v nt -
E(ix:s)clﬁ:(z{--sr) =@ ) [IN Drs(DrsDrs) Drs][IN Dsr(D

rs=r
rs rs

- ' N - 1 ot
Drs(D D_) DrS][INrS Dsr(D D ) DSr

I,

&

'D
srosr

Tt
) D

r]Dsr

6Note that in general x # x , D #0D but N = N , r#s.
~rs ST rs st

-sTr rs

-

-
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' - ' nt - ' nt
(Drs-g—r) [INI'S DI‘S(DI'SDI‘S) Drs] [DSI“g‘S Dsr(Dersr) DSIDSI‘ES]

1
N
O
Y
p g
1—1—
[

Drs(DrsDrs) Drs][Dsr-é-s Dsrés]

. . 1 -
by virtue of the properties of (Dersr)

= Q.

Thus we have that

1 1
0 = E(~—
rs E(u §rsG Esr)’ r#s
rs
i.e., E(ors) =0 > r#s.

~

It is clear that E(o ) = ¢ , since ¢ is the usual estimate of
rr rr rr

error obtained for the univariate model:

E(Er) = Dréf , Var(§T) = crrINr .

q.e.d.
It is important to note here that by requiring Nrs 2 2, r#¥s,
Theorem 2.4.1 restricts the use of the MGLM model to situations for
which every pair of response variates is observed together for at
least one set (Si) of experimental units and for at least two units in

total. This is clearly not a severe restriction, however.

Corollary 2.4.2: An alternative unbiased estimator of O r#s for

the MGLM model is given by

(2.4.4) s = s + kl{css - Gss} + kZ{Grr - crr}

o} . i i b,
where S and gs are given by (2.4.1), 0.s 1s given by (2.4.2),

- = 1 1 - 1 Nt
er TN - R(D ) E-rs[IN Drs(DrsDrs) Drslirs ?
rs rs rs
g = L x' [I, -D_ (' D )D' Jx
ss N - R(MD__) =sr'"N sr' sr sr’ “sri~sr °’
rs ST rs
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and k k are arbitrary constants.

1’ 2
Proof: 1t is obvious that E(ott) = h(ctt) = 0., for t=r,s.
Thus E(ors) = t(ors) +0+0
=g . q.e.d.

rs

Corollary 2.4.3: For the MGLM model, the £ defined by (2.4.1) and

(2.4.2) is a consistent estimator of I provided the following condi-

tions both hold:

N
(2.4.5) lim = exists and is non-zero, s=1,...,p
o O
and
(2.4.6) lim —== exists and is non-zero, r#s .
ne O

Proof: Using the assumption of normality on the data for the MGLM

~

model, it is clear that for each r, O, as given by (2.4.1) is the
usual pooled estimate of error based on the NS observations on Vs

alone which is known (e.g., Rao [41], Anderson [8]) to be consistent

for Ogg 28 Ns + o, (Clearly if NS + ® as n + ® according to condition

(2.4.5), then oss is consistent for css as n + o, Similarly for r#s ,

-~

o as given by (2.4.2) is the usual pooled estimate of covariance

based on the Nrs observations on Vr and VS together which is known

(e.g., Rao [41], Anderson [8]) to be consistent for o g as Nrs» o,

Clearly if Nrs* © as n > « according to condition (2.4.6), then 9 is

consistent for ors as n - o,
q.e.d.
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We now use the )E given in Theorem 2.4.1 to obtain an unbiased '
estimator of the variance of the BLUE of an estimable linear function
of the treatment parameters.
P
z

Corollary 2.4.4: For the MGLM model let 6 = h'g = c't  be esti-

s=1

mable and let g; =.gé(DéDs)_D; . Then an unbiased estimator of the

N P

variance of 8 = I g'x is given by
s=1
~ -~ p A . -~ '
(2.4.7) Var(e) = ¢ O B8 + 2 IZ crsngrng
s=1 r<s

where -

oss and oo are obtained from (2.4.1) and (2.4.2),
respectively, of Theorem 2.4.1 and Qrs s ¥ < s 1is given by (1.4.5). ~
Proof: This is obvious from Corollary 2.2.3 and Theorem 2.4.1. ‘ .

We now apply the results of Theorem 2.4.1 and its corollaries

to the special cases of the MDM, GIM and HIM models.

Corollary 2.4.5: For the MDM model, a consistent and unbiased estimate

of I 1is given by I = ((crs)) where

- ________]_'____l - 1A Yt =
(2.4.8) Ogs = T2 R(As) X_S[In AS(ASAS) AS]XS y $=1,...,p

i lv th At ta \"pt
(2.4.9) s * ;;;-XS[IR - AS(ASAS) AS][In - Ar(ArAr) Ar]zt , T#s
and

= _ Ta 3\ alt _ ta Yy At
urs tr[In AS(ASAS) AS][In Ar(ArAr) Ar]

Corollary 2.4.6: For the GIM model, a consistent and unbiased estimate

of Z 1is given by L = ((crs)) where .
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- 1

- e 1 - 1 Tt =
(2.4.10) e = T o R@T Xally = D@D DIx, b s=l,...,p
s s s
and
; = ——_1_'_—-_— 1 - ] - t 7
(2.4.11) s Nrs- R(prs) Ers[IN Drs(DrsDrs) Drs]ﬁsr » T¥s.

Corollary 2.4.7: For the HIM model a consistent and unbiased

~ ~ ~

estimate of I is given by L= ((ors)) where Ogg ° s=1,...,p 1is given

by (2.4.10) and

: —l—' - t nt [
(2.4.12) 9 s NS — R(Ds) §S[INs DS(DSDS) DS]Qrsg_r , T < S
.; o i
(2.4.13) ; I S— x'[I,. - D (D'D ) D']Q' x r>s .8
rs Nr - R(Dr) - Nr rrr r’ sr=s °’
7Note that D =D , r#s for the GIM model.
rs sr
8Note that 0. = g¢ for r#s and alsoc D__ =D_ , x = Q' x
rs ST rs s ’ Zrs rs=r

X = % forr < s



CHAPTER III

BAN ESTIMATION FOR THE MGLM AND GGCM MODELS

3.1 Introduction

We have seen in the previous chapter that for thevMGLM model
the unique BLUE of any estimable linear function or linear set of the
treatnent parametersAis given by a linear function (2;2.1) or linear
set (2.3.1), respectively, which involves the unknown parameters of
the variance matrix I. By restricting linear estimates to be known
functions which do not involve I we will obtain estimates whose
variances are not minimum unless certain additional conditions on the
model (given in Theorem 2.2.4 and Theorem 2.3.2) are satisfied. We
have also seen in the first chapter that for the GCM model the unique
BLUE of any estimable linear function of the treatment parameters is
given by a linear function (1.2.1.4) of the data which involves the
unknown variance matrix. These results naturally lead.hs to consider
nonlinear methods of estimation for the MGLM and GGCM models which
use estimates of I and which give variances that are, in large samples,
the minimum that could be achieved by linear estimators if I were
known.

In this chapter we consider for these models a method of esti-
mation which generally yields nonlinear estimators whose variances are
minimum in large samples. Estimators obtained by this method are

called Best Asymptotically Normal (BAN) estimators. BAN estimators and
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their limiting variances may sometimes, as with many linear models, be
determined without knowing the likelihood function for the data of the
experiment. In general, however, the latter is needed. Specifically,

we define a BAN estimator as follows:

Definition 3.1.1: An estimator gn(u x 1) .based on a sample of n
observations is said to be a BAN estimator for the parameter

8(u x 1) = (61, ceny eu)' provided

va

(3.1.1) ;gﬁJH'Bn

B, - 800 > Aye,, 1)
where

Fisher's Information Matrix

(3.1.2) B (u x u)

1 32 log ¢n
6 | n 3 87 ;
2

[
tr}

) is the true value of 9 ,
LN =z

¢n is the likelihood function for the sample,

and matrix differentiation is defined in the Appendix.

It is well known (e.g., Rao [41]) that in generai, if Bn is

. . i -1 . ,
positive definite, then E-Bn is the multiparameter Cramer-Raoc lower

bound for the variance of an unbiased estimate of 6, i.e.,

= TS

-1 , . . .
Var(gﬁ) - Bn is non-negative definite whenever gﬁ is any unbiased

estimate of 8. Furthermore, if B;l +Bt asa - , then

. 1 -1 . . - . .
Var(é;) - B is non~-negative definite. It is in this sense that

we consider a BAN estimator to have a minimum limiting variance
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%-B;l or % B-l .
It is also well knowﬁ (e.g., Cramer [17], Rao {41]) that when

the data for an experiment consists of independent and identically

distributed (i.i.d.) random variables, maximum likelihood estimators

(MLE's) are BAN provided the underlying density function satisfies

certain regularity conditions. In this case, if we let X,, ..., X
=1 =n

denote the data and p(x, 8) denote the density function where 8(u x 1)

is an unknown parameter, then

2
n
o p(x, 8
o0 = T p(x;, ) and -Bi(u xu) = E_ - '——2-.—“—’-=)—
SR S n % 382 6 =0 .

Now in many experiments (e.g., the SM and the MGLM models) the
original data are independent but not identically distributed. Never-
theless, it may often be shown for such experiments that the solutionm
to the MLE equations or any other statistic based on the data is BAN
merely be calculating its limiting distribution. This can be done for
many simply structured statistics and for iterative estimators based
initially on BAN estimators. For the SM model, for example, it is well
known that by transforming the original data of (1.1.1) to X = Y - Ag,
we obtain i.i.d. data. Thus the MLE of £ is BAN. Furthermore, irre-
spective of this, the solution of the original untransformed maximum

likelihood equations for § when estimable is given by

-1
(A'A) A'Y, which is clearly normally distributed (if the rows of Y

are normal), BLUE and therefore BAN. For the MGLM model it is clear
from Theorem 2.3.1 that if Q@ is known, then the MLE of an estimable
set 8 = H'Z 1is given by the weighted least squares estimate (using the

vector version notation)

-~
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(3.1.3) e =H'e=0'(D D) D k.

This is clearly normally distributed, since X is assumed normal, and

efficient (i.e., minimum variance). If Q@ is unknown but can be

~

estimated consistently by @, it is also clear that the restricted MLE

of 8§ obtained by replacing @ by @ in (3.1.3) is asymptotically

efficient and normal, since @ ; Q. 1If, furthermore, 2 is unknown and

~

is estimated by Q(E), where I is the solution to the MLE equations for
I, then the restricted MLE of § wusing Q(%) is asymptotically normal
and efficient since Q(E) is consistent from general MLE theory.

In this chapter, %e describe for the MGLM and GGCM models a
number of different methods for obtaining BAN estiﬁators which use
different consistent estimators of @ in (3.1.3). Whereas it is clear
from above that all these estimators are  asymptotically equivalent,
their small sample properties are different and ought to be considered
whenever we are not completely sure that the sample size is large. We
will later describe a computer study which has dealt with such small
sample comparisons. We begin this chapter by deriving the limiting
variance matrix for BAN estimators of estimable sets § and H'§. This
matrix must be obtained for the calculation of the Wald Statistic
described in Chapter Four and used for testing hypotheses. The limiting
variance matrix solution is fairly obvious when using the vector versiom
notation. Nevertheless, it is of considerable practical utility because
of the unwieldy size of Q@ to express this result in terms of the
original notation (involving much smaller matrices) given in (1.4.1).
This can be done with some effort using a number of valuable matrix

differentiation rules. We then describe several BAN estimators for %
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(when estimable) which have been proposed in the literature for the
GIM and MDM models. In addition, we give an extension of some results
of Bhargava [13] using a method of Anderson [8] to obtain solutions to
the MLE equations for § in the HIM model. A BAN estimator for H'E
for the MGLM model is then proposed and two methods of iteration which
use this estimator initially are described.  Finally, we consider BAN

estimation of H'f for the GGCM model.

3.2 Derivation of the Asymptotic Variance Matrix -
of a BAN Estimator for the MGLM Model

Recalling the notation of (1.4.1) to (1.4.8) defining the MGLM

model, we can write its likelihood function ¢n in two different ways:
(3.2.1)  log ¢_ = - 3 N log 21 - T log|e|~ + (x - D&)'a™ (x - DE)

where N, D, @ and § are defined from the vector-version model

(1.4.8), or

n.q.
__J__l.log 21 -

1 2 j

]

h~me
NL‘.':J

(3.2.2) log ¢n

[ e B

log |BfZB.l
1 i

-1
tr[BjZBj] [Yj - E(Yj)] [Yj - E(Yj)]

|
N
N~

j=1

using the notation of (1.4.1), where

ECY.) = [A, & VAL E L ... 1AL £
L, 20 0 Bye. 5 ' . .
J P51 Iy iq; “iq

To obtain the information matrix for £ as given in (3.1.4) we will

use four of the matrix differentiation rules described inthe Appendix.

These are:

(3.2.3) 5% (y = AR)'T(y - Ap) = =2A'T(y - Au),
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(3.2.4) £3_= B',
(3.2.5) 3% tr ULP'P = -28'py Iy ,
where U = M'TM and P = X - BAM , )
and
(3.2.6) ﬁAABf B' 8 A' .

Now using (3.2.3) on (3.2.1) we obtain

dlog ¢n

= P
(3.2.7) —5r =D (- pe).

We then use (3.2.4) on (3.2.7) to obtain

321og ¢ 3 log ¢
n 9 n
(3:2.8) =g [“'52—‘“]

= -p'a™lp

Thus the information matrix for £ in the MGLM model is given by

(3.2.9) B _=Xpelp
n,{ n

where @ 1is the true variance-covariance matrix. The asymptotic

variance matrix for £ in the MGLM model is then given by

g7t - (D'Q'ln)'l

(3.2.10) n, g

=T

provided D is of full rank and & 1is positive definite. In terms of
the notation used in the original definition of the MGLM model as given

in (1.4.1), the information matrix Bn £ is not easy to present. We

can, nevertheless, obtain Bn £ in the original notation using the
,—

likelihood function in (3.2.2) for the nicer cases of the GIM and MDM
models and then inferring from the information matrices so obtained the
information matrix for I in the MGLM model.

The likelihood function for the GIM model is given by:
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u  n.q. u n,
(3.2.11)  log ¢ =-1I —i—L1og 2r - £ —1 10g[B!zB, |
nooLy 2 ‘ =] 2 I3
j j
1 ¢ -1
-5 I «tr[B!EB,] "[Y, - A_£B,]'[Y. - A,ZB,
5 i [J J] [ 3 JE J] [ 3 JE J] ,

where £ = (éi &y «e- §p).

Using (3.2.5) on (3.2.11) we obtain

dlog ¢n u -1
——— = T A'(Y - A.£B.)(B'LB. B!
g =1 J( 3 J)( 3 J) b
J
u -1 u -1
3.2.12 = [ A!Y(B!IB,) B! - ¢ A'A EB,(B'rB.) B!
¢ ) i J(J 3 i JJEJ(J J) 3
j=1 . 3=1
We then use (3.2.6) on (3.2.12) to obtain
(3.2.13) 8210g ¢n u -1
e =~ I [B.(B!ZB.) B' ® AlA ]
3t j=1 33737 73 7 78T

Thus the information matrix for £ for the GIM model is given by

-1
B.(BIB, B! 8 AlA,
[ J( J J) J J J]

3

u
(3.2.14) Bn,é‘GIM) = E

j=1

The likelihood function for the MDM model can be given by

(3.2.15) log ¢n=-§R log 21 - % longl - %-trz-l[Y—E(Y)]’[Y—E(Y)]

where E(Y) = [A PAE D Ly AL

151 1A%y PoALSS

etting Y = . it is easy to see that the (r,s)-th element o
L i Y [zl Xp] it i h he ( )-th el f

[Y - E(CY)]'[Y - E(Y)] 4is given by (Xr - Aréf)'(xs - ASQS) so that

-1 P P rs
trl T[Y - E(Y)]'[Y - E(Y)] = ¢ I (zr - Arér)'(xs - Asés) ,
r=1 s=1

where Z-l = ((ors)) . Now using (3.2.3) on (3.2.15) we obtain



dlog ¢n 1 3 [p P
—_— = - == z b
aét 2 oét r=1 s=1

(3.2.16)

D R 3 _ . _
= 2[ 20 At(Xt Atét) 2

L]
[ s R o]

ts,, _ _
AEMCIERNEY

s=1

Using (3.2.4) on (3.2.16) we obtain

(3.2.17)

ag{agw
so that

2
(3.2.18) - 3—%%%—1 -

2
_ 9%log ¢ _ otwA'A ,

w t

rs,,
((c"°A1A )
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RCAEYNRICREER]

P
ts

L o Aé(zs - Asés)]

s=1

s#t

Thus the information matrix for £ in the MDM model is given by

(3.2.19) n,E

B, 0OM) = = ((67°AlA))

From (3.2.14) and (3.2.19) the information matrix for the MGLM

model can be easily inferred.

theorem:

Theorem 3.2.1:

defined by (3.1.4)

M x M) matrix:

(3.2.20) Bn =

where

D and D

rs

u is the number of sets Sj

are given by

is given by the

in which V
r

The result is given in the following

For the MGLM model the information matrix for § as

the vector-version of the MGLM model,

and Vs are
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observed tcgether, .
trsi is the index of the i~th set St in which both Vr and N
rsi .
Vs are observed together where *
< < ses < t <
1= Crsl trsZ rsu b
rs
At c is the design matrix for V% in set SL
rsi rsi’
rs -1 ‘
and . is the element of [Bé ZBt ] which corresponds to
rsi rsi rsi

the variate pair (Vr, VS)

E

rs ST

It is important to note that %, =0, and that if variates
rsi rsi
Vr and VS, r# s are not measured together in the entire experiment, <
then we must replace ' : ‘ :
u
rs o
I g Al A
t t r t S

by O(mr x ms) in (3.2.20).

Corollary 3.2.2: For the MGLM model, the limiting variance matrix of

any BAN estimator of § is given by

1 urs -1

1 .- - 1=l N - rs '
(3.2.21) - Bn,E ('a D) = ((.Z o) .At .rAt .s))
= i=1 rsi "rsi rsi

provided D is of full rank.

If we wish to consider instead of §{ any estimable set H'E, it
is not necessary to assume that D 1is of full rank to obtain a unique
limiting variance matrix. We first need to extend the definition of a .

BAN estimator to functions of unknown parameters:



cos gw(i))' is a (w x 1)

Definition 3.2.1: Suppose g(8) = (gl(g),
a y!
e.]., ] ‘u)

vector function of an unknown parameter 8(u x 1) = (
given by (3.1.2) and define

Let Bn 5 be the information matrix for 8§
o
3 g, (9)

b= == = (35
o 1

A (u x w) by
3 g (8)
= ))
Then an estimator gjﬁn) based on a sample of n observations is said
provided

to be a BAN estimator for g(6)

1

(3.2.22) X(/a cn2 [g_@_w) - 3(%)1)»_!0“,(9&], 1)

is the true value of 8§ ,

where 8
%
Ao =41
B =6 ,
- -0
- 1 .- . . . . .
and Cn AO Bn,QOAo is symmetric, positive definite and of

full rank w .
Rao [41], page 265, has shown that if gﬁg;) is any unbiased estimator

of g(8), then Var(ﬁfgs)) - %-Cn is non-negative definite. It is in

this sense, then, that we consider a BAN estimator gﬁgn) to have mini-

mum variance.
Now consider for the MGLM model an estimable linear set H'§

is of full rank w. Clearly, if we let g(§) = H'E ,

where H'(w x M)
denote any generalized inverse of

If we let B
n,§

Q Q)
e o

then 4 = =H .
(where we assume £ to be the true parameter), then using

B T

1%
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Theorem A.1.1l. (iii) of the Appendix we have

= A'R™ = U'R : . Py,
Cn A Bn,gé H Bn,gﬁ is unique,symmetric, positive

definite and of full rank. Thus we have the following theorem:

Theorem 3.2.3: For the MGLM model, the asymptotic variance matrix of

any BAN estimator of.an estimable linear set H'E,

where HMx w) is of full rank w, is given by

C = H'(D'Q"ln)'ﬂ.

(3.2.23) a

3

Note that %'Cn is thé saﬁe as the vafiance matrix oﬁ’the unique BLUE
set (2.2.1) for H'¢ when Q@ is known.

We turn now to the GGCM model defined by (1.5.2), and we derive
the information matrix for £ and the asymptotic variance matrix for

H'¢ where H(mp x w). The likelihood function for the GGCM model is

given by
u n,q, u n,
(3.2.24)  log ¢ = =% log 2 - £ =L log |B!zB,]|
n L 2 . 2 J ]
j=1 =1
1 U -1
- = I tr[B!IB, Y, - AEPB.]'[Y.- A£PB,
I
Using (3.2.5) on (3.2.24) we obtain
3 log ¢n u -1
(3.2.25) ——— = I A!(Y - Ag¢PB,)(B!IB,) B'P'
3¢ jap J 370035 ]
Then using (3.2.6) on (3.2.25) we obtain
3°log . u -1
3.2.26 —_— = - PB,(B!IB, BIP' © AlA,
¢ ) 3¢ jil 5(ByIBy) By A
32log ¢n 3210g ¢n
and since =77 = i from Theorem A.2.1. (x) of the Appendix

Q
J
)

(N
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we thus obtain the following theorem:

Theorem 3.2.4: For the GGCM model, the information matrix for § is

given by the (mp x mp) matrix:

-1
[PB,(B!SB.) B!P' ® A'A
I j

(3.2.27) B = 3 j]

n,§

=l
[/ e I =

j=1

|m

Using Definition 3.2.1 for the BAN estimator of any transformation of

we then obtain the following corollary:

Corollary 3.2.5: For the GGCM model, the limiting variance matrix of

any BAN estimator of an estimable linear set H'E, where H(mp x w) is
of full rank w, is giveh by

-1

u
(3.2.28) Lo - H'[ £ PB,.(B'IB,) B'P'® A'A.] H .
n - 3373 3 373

3.3 Estimation for the GIM Model--A Review
of the Literature with Some Extensions

In this section we review some methods proposed in the litera-
ture for estimating the parameters § and I of the GIM model defined
in (1.4.1.4) of Chapter One. For convenience we repeat the definition
of the model:

(3.3.1) E(Yj) = AjEBj

- ! 3 =
Var(Yj) Inj 9 BJ.ZBj s J=lyeea,u

where the rows of Yj(nj X qj) are normally distributed,

£(m x p) [gi Ey voe gp] is unknown,

Z(p x p) ((crs)) is unknown and positive definite,

A.(n, X m is known
J( ; ) ,

Bj(p x qj) is the incidence matrix of O's and 1's for the
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j-th set (Sj) of experimental units,

q, < p, j=l,...,u ,
u
and n= ¢ n,

It is assumed throughout the discussion that;R(Aj) =m, i.e.,

Aj is of full rank for each j, so that £ is estimable.

As described in Chapter One, the GIM model is the general multi-

variate linear model for missing observations. The problem of missing

observations in multivariate experiments has been discussed often in

4

-

the literature. 1In a récént paper by-Afifi and"Elashoff (3], the liter-
ature is quite thoroughly reviewed and a complete bibliography through
1966 is given. Subsequent papers have been written by Afifi and
Elashoff [4], [5], [6] and Hocking and Smith [28]. Most of the earlier
papers (e.g., Wilks [69], Yates [71], Bartlett [11], Tocher [62],

Buck [16] and Dear [19]) and the recent papers of Afifi and Elashoff
consider randomly occurring missing observationms. Except for Wilks,
all these authors considered the regression of a preferred response
variate on the rest of the variates and did not assume normality on

the data. In some early papers by Lord [34], Edgett [21], Nicholson
[36], Anderson (7] and more recently by Bhargava [13], Trawinski and
Bargmann [63], Hocking and Smith [28], and Srivastava [581, [60]
attention has focused on the problem of missing observations which
follow some pattern. In all of these papers except those of Srivas-
tava, who considers BLUE estimation only, and Trawinski and Bargmann,

whose paper assumes Ai = A for all i, the very special case of

A; =Ll and § = £'(1 x p) is considered. We will discuss below the
i
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papers by Anderson [7] and Hocking and Smith [28], whose approaches
were general enough to include m#ny models discussed in other papers
(e.g., Lord, Edgett, Nicholson). Anderson's method will be extended
to the HIM model to obtain maximum likelihood estimators of £ and I.
Hocking and Smith's method can be used for the general missing obser-
vations model of (3.3.1), although it seems to be computationally

unfeasible except for simply structured situations.

3.3.1 Anderson's Method

Anderson [7] has described a method for obtaining the MLE's of
g =¢'"(px 1) and £ whén Aj =1 " The usual method for obtaining
MLE's of given parameters involvestolving the likélihood equations
for the model. Using the likelihood function given in (3.2.11) and

the rules of matrix differentiation as given in the Appendix, we obtain

the following likelihood equations from

: ;2 =0 and 2 §§5‘9'= 0, respectively, for the GIM model:
u -1
' _ ' v o
iil Aj(Y; - AEB)(BiTB)) B! =0
u 1 -1
1 L. 1 _ t _
11 [n;B;(ByEB;) By - By (ByIBy) (Y;-A;8B;)"(Y;-A,EB,)
-1

1 1 —_
(BiZBi) Bi] =0 .

It is clear that these equations canno: be solved directly for the
MLE's é and £ and that a solution by iteration techniques using a
computer, similar to that used for estimating factor loadings in the
factor analysis model, would require a costly and laborious procedure.
To avoid this difficulty, Anderson has given an alternative method for

obtaining solutions to the maximum likelihood equations.
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To use Anderson's method it is first necessary to be able to .

partition the p response variates V oy Vp into, say, k(< p) .

l)

W W so that the likelihood

mutually exclusive groups W 93 tees Wy

l,

function ¢ for the entire experiment can be written as

k-
LA FCRN

where ¢i(Oi) is the likelihood function for the data observed on
the variates in Wi conditioned on the data observed on the variates
in Wl, W2, ceey Wi—l together, and @i denotes the unknown (condi-

tional) parameters of the i~th conditional likelihood. If the para- s

meters @l, “aey @k form a mutually independent set:,1 then ¢ can be ‘

~ ol

maximized by finding Oi which maximize ¢i(@i)‘ separately for each

~ ~

i. The maximum likelihood solutions § = [§1, cees ép] and I
are then found, usually recursively, using the identities which relate

@ 0] to § and .

10 v O
Anderson's method, unfortunately, does not apply to the GIM

model in general. It works only for special cases in which the Bi are

fairly simply structured. Such models are characterized by not having
any pair of variates for which the experimental units common to both is

a non-empty proper subset of each of the sets of experimental units of

lThis will be the case provided none of the original parameters
s c’,p appear in Gl, eesy O both conditionally and uncondition- .

il,... S K

ally, and provided the total number of parameters in @l’ ey @k equals

the total number in 4 and Z.
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the variates separately. For example, we would have an unacceptable

was

2

model if V., was the only variate observed in the j-th set and V3

the only variate observed in the k-th set, and yet both V2 and V3 were

observed together in the 2-th set. If however, V2 and V3 were ob-

served separately in different sets but were not observed togetﬁer in
any set, then the model would still be acceptable. Some examples of

acceptable structures include:

a) The HIM model, where
= = Vo= 3 =
u=ps By = Lo By = Mo g * Opogn,g-1] > 352500000,
k=p) wj = {vj}, j=l,""p'
b) Edgett's model, where
= = = = = ' =
p=3, u=2, q; = 3, q, = 2, B, = I, B} [1 0 o] ,
0 1 0
k=2, Wl = {Vl, Vz}, w2 = {V3}.
c) Lord's model, where
= = = = ' = ! =
p=3, u=2, 9 2, 4, 2, Bl 1 0 0}, B2 1 0 0f,
0 1 0 0 0 1
k=3, Wl = {Vl}, W2 = {Vz}, W3 = {V3}.
a) p=5, u=3, q; = 3, q, = 3, a5 = 2,
Bi ={1 0 0 O O0f, Bé =11 0 0 0 0f, Bé ={1 0 0 0 0f,
0 1 0 0 O 01 0 0 O 0 01 0 O
0 0 01 O 0 0 0 0 1

k=5, wl = {Vl}, Wz = {VZ}, W3 = {Vé}’ W4 = {VS}, W5 = {VB}.

Some unacceptable structures include:
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e) p=3, u=3, q; =3, q, = 2, q, = 2, .
= | - LI -
1= I3 B [1 0 0], By=f1 0 0] '
010 0 01

£) p=2, u=3, 9 = 2, 9, = 1, Q3 = 1,

B = 1,, B} = [1 o], B} = [0 1]

B

We can present these examples diagramatically as follows:2
a) Vl V2 V3 b) Vl V2 V3
v v «
) v 2 V3 A SO /A £
P
e) v, v, vy e) v v,

TABLE 3.1
EXAMPLES OF GIM SITUATIONS

2A vertical line in the diagrams represents the experimental
units observed on the response variate above the line. Any group of re- .
sponse variates is observed together on the same experimental unit if a .
horizontal line can be drawn which intersects each of the vertical lines
corresponding to each response variate in the group.
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In his paper, Anderson did not give explicit results except for
the HIM model when p=2 and for ﬁdgett's and Lord's model . Bhargava
[13], however, did obtain explicit, though recursive, solutions for
the HIM model with general p and Ai = ln.’ £ = Qf(l x p). We now

i

extend Bhargava's results to the HIM model:

3.3.2 Derivation of MLE's for the HIM Model

Noting that B.(p x j) = [I. ' O, 1" , j=1,...,p in the HIM
8 g3 =010 0y o 1 ] 2P

model, it is easy to see that Nr > NS if r < s, where

n, . Letting x. (N x 1) and D.(N x m) denote the obser-
j =5''s : s s .

=
]
1 o

j=s

vation vector and design matrix, respectively, for response VS alone,

s=l,...,p, we have
}_{s(NS x 1) = Yoo and DS(Ns X m) = As ,
zs+l,s As+1
zp A
L S - ~ p .
where

Yj(nj x j) = [zjl sz . zjj] y 3=1,...,u
and
Aj(nj xm) , j=l,...,u 1is the design matrix for the j-th
set of experimental units.
We also define the following additional notation:
For s=1,...,p, let

= ]
Zs(s x §) BSZBS ,

E(S)(m X g) = SBS ’
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and for s=2,...,p, let
- = 1
g_s((s l) x l) (Gsl’ 82) H Os,s_l) b
e | = 1
(Ss((S Lox 1) = Zs--l-‘zs (és'l’ ’ s's—l) ’
g =g - O'Z_l g
ss*12...(s-1) ss —s s-l—-s ’
CHCENEE-E SRR
and Xs(Ns * (s=1)) = Xsl XsZ zs,s-l
L1 Iz ot Lpus-l
Lemma 3.3.2.1: For s=2,...,p we have
25 I LSRN Es—lAJIONS(D§§s + ngs’ oss'lz...(s-l)INS) )
Proof: Clearly, the distribution of x | Kyy ssey X is the same
— == ' =1 =s-1

. , _ <
as that of Xg | Xs since the first Nr Ns rows of X, T s, are
independent of X by assumption. Now
Z = [X_ | gs] is a (Ns x s) random matrix whose rows
are each s-variate normal and
!
E(Z = [EX
(2] = [Ex_ |

Eis] = [Dsg(s-l) 5 Dsgs] = Dsg(s)

Var[Z2 ] = I, ® L .
s s

Since LI = z

we can use for each row of ZS a well known theorem (e.g., Rao [41],
page 441) which gives the conditional distribution of any subset of
components of a multinormal vector. Noting that the rows of Zs are

independent, we then obtain
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] _ -1 T §
X t XShJA%S(DSQS + (Xs Psg(s—l))zs-lgs’ (css gszs—lgs)l ;)'

S
Since D& + (X_-D¢ )32l s =Da +X é and
s5=s s s (s=1)""s-1==s s—s s—s
-1
- ! = s s .
Ogs Eszs—lgs Oss-lZ...(s—l) by definition, we have the desired
result. q.e.d.

We can now write the likelihood function ¢ for our model as
$ =018, 070050 895 0ppup) 050y S Toniia L (pe1))

where ¢,(£., 0,,) 1is the’density function for
1%=1 11

N

n Pifae Oy 20 0508 8gs Tgaign (st ) B8 the density

function for A& (Ds_o_gS + X 8 Oss'lZ...(s—l)INs)

s=2,...,p. Usin
< s=s’ > ’ sP 23

Anderson's approach, ¢ will be maximized by maximizing ¢S separately

for each s. Clearly, the estimators of gi and cll are

-1 -1
: = ! = -1-'— ! - ! i
gi (DlDl) Dl§1 and 91 Nl §J(I Dl(DlDl) Dl)il , since ¢l(£l, cll)

is the likelihood function for univariate ANOVA.3 Also

¢S(gs, gs, css-lz...(s—l)> is the likelihood function for univariate

covariate ANOVA and thus we can obtain estimators of L és and

UssolZ...(s-l) as follows:

a | = { x 1D, ! xsnl[Ds DX 1'x
5
1 ! ' ' ' -1 1 '
and Gss-lZ...(s—l)= ﬁgis(INs—[Ds;Xs]{[Ds’Xs] [Dslxs]} [Ds:xs] )Es

Now

3a.. , . . .
Since £ 1is assumed tc be estimable, the design matrices Ds

>

must be of full rank for each s.



[D 1 x]

Assuming [Ds ; Xs] i

probability 1 when D

] .
(3.3.2.1) [p'D p'x 7t oD )Yt 4 lpr 1 L pgl
s's s's s : _
S — e
X'D X'x - £ ipe ; gL
s s s's
where -
-1
- 1 '
(3.3.2.2) F (DSDS) DSXS
-1 -1
= 2! - w! ' ' = v! - 1 1
(3.3.23) E sts XSDS(DSDS) szs XS[I DS(DSDS) DS]Xs
def .
= sts—l '
Now
t -1 =1, = ' -1 1 ' =l =1 o, ' -1
(D) "+ FETF D)™+ N, (DD DX T " XD (DID)
-1
- ~1 LI L_ =1 ' [
EF Ns Zs—leDs(Dst)
-1 l ~-1
and E N Zs—l
s
Thus ) -1 . -1 - -1
- 1 1 = 1 ] ot v t
95 - (Dst) Ds—}fs+ Ns(Dst) szszs-lsts(Dst) Dsﬁs
-1
- L__ ' ~ ! :"l !
N (DSDS) DsXsLs—le-}is
-1 ) -1 -1
= ! ' - D e o FUrT t '
(Dst) Dsés NS (Ds s> Ds‘\s‘s-—lxstI Ds(Dst) Dslis

88

"DV xX] =[p'D D'X
s ¢ 8 : S 8 S s

X'D

X'x
s s s's

s of full rank, which will be the case with

s is of full rank, we can write (Rao [41]):
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and letting

_ def 1 ' ~1
= X oyt - t '
(3.3.2.4) gs Ns Xs[I DS(DSDS) DS]§s ,
A -1 . -
we can write o = (D'D ) D'(x - X I g )
-s s s s '—s s s-l1—s
Also,
- 1 ~-1 -1 1 -1
= - = t 1 t - <7t
és Ns Zs-leDs(Dst) Dszs + NS Zs-lxsis
-1
_;'_~—l\' - 1] t
- Ns Zs-l‘{s[I Ds(Dst) Ds]§s
~_1 ~
h Zs—lg-s K

Now using the identity relationship e, = és - 5(5-1)§s we obtain a

recursive formula for gs, the MLE of gs, given by

~ ~

és R + E(s-—l)-és where g(s—l) = [51 e és—l]

Thus to obtain 55, s=2,...,p Wwe calculate ¢ and § and then use the
=s =s

A

previous values obtained for éi’ cees és in the recursive formula.

-1

Using (3.3.2.1) through (3.3.2.4) we also have that

-1 -1 -1
- - L LI t 1 _l__ ' vy -1 N ' t
Oss-l;’...(s-l) Ns 2<-s[I Ds(Dst) Ds+ Ns Ds(Dst) DsXsZs—lxs{I Ds(Dst) Ds}
-1
1 =1 oy _ 1 1
Ng XTgm1XID (D) Doilxg
1 -1
= = ! - 1 !
NS Es[I Ds(Dst) Ds]zs
12 -1 - -1
I ! - ' IR R -1 - ' t
(Ns ES[I “s(Dst) Ds]hszs—l)‘s[I Ds(Dst) Ds]zs
1 -1 ;=1 ~

= «-—~“ X '
N -5
s

[I-DS(D;DS) Dé]
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~ - ] . -1
=g -o'Zlc,wherec =l—x'[I-—D(D'D) D'lx . .
ss =S s~1—s ss Ns—s s s's s'—s
We then obtain MLE's crs’ r < s and css’ s=2,...,p recursively, )
where G_.s r < s 1is the r-th element of ¢ = ¢ 8 N
rs =s s-1—s
and ; = ; - ;'g-l ;
ss ss*12...(s~1) =s"s-1—s . ;

and where Zs—l is the previously calculated maximum likelihood estimate

A ~ o

- 1
of Zs-l . Here it is necessary to compute o (Gsl’ .o cs,s—l)
using I and § before computing o . Thus we have the following
s-1 =~s ss
theorem:

Theorem 3.3.2.1: The maximum likelihood estimators of £ = [f,__1 N gp]

and L = ((crs)) for the HIM model with full rank design matrices DS

. ’
A

are given by

-1 -1
¢ = ! ' , = l—- ! - ) ]
£17 Py Dyxps oy Ny z I -0 (@D Dilx
Bg =95 F Sy for s=2,...,p,
O™ +g'tt s for s=2
S8 SS'lZ ...(S‘l) —S s—l-—s b4 ,Qc',p,
and G_.» ¥ < s = the r~th element of ¢ = ¢ 8
rs ~s s-1—s
where E(s—l) = [él . gfrll ,

PN

g =1z 9 and I
s

are recursively calculated
=s s-1-s

-1

maximum likelihood estimators of g(s-l)’ Zs—lés and Zs-l’ respectively,

. -1

e

25 (Dst) Ds(zss xszs—lgs) i . -
-5
=3 s-1%s °
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Xs i Ls1 Ls2 e zs,s—l ’

. .
.
.

I L2 ot Lo s-1

-1
e =1 - t 1
Zs-—l NS XS[I Ds(Dst) Ds]Xs >
~ l -1
= = x! - 1 1
s Ns Xs[I Ds(Dst) DS]ES ’

~ ~ ~ -~ -~

= - \]
Ogs+12...(s-1) - %ss ~ Lels-1%s °
~ l ‘l
= —— ' - 1 . =
ss N x [I--D (D)D) D Jx_ , for s=2,...,p
P
and N = £ n,,
s . i
i=s
2 =[2s] » Dg = | A4 , for s=1,...,p.
s+1
Tps ;
LA
1%

3.3.3 Hocking and Smith's Approach

A second approach for obtaining BAN estimatoréiof g and I
for the GIM model was developed by Hocking and Smith [28]. Their
general methodology applies to any GIM situation for which Bj = Ip for
some j, although it may be modified in case no set of experimental units
is complete (i.e., without missing observations). For the special
case of the HIM model Hocking and Smith have shown that their approach

yields the maximum likelihood solutions obtained by Anderson's method.

They have not established this for the general GIM model, however, but
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they have shown that their estimators of £ and I are consistent and .
asymptotically efficient;i,e., théy are BAN if we assume normality.
The estimation technique can be briefly summarized as follows:
(1) Initial estimates of the parameters are obtained from
that group of observations with no missing observagions (e.g. group j=1).
(ii) These initial estimators are modified by adjoining
optimally the information in all the remaining groups in a sequential
manner by the addition of linear combinations of zero exééctations.
By "optimally" it is meant that at each stage in the estimation proce-
dure, the newly defined- egstimators will be consistent and asymptotically
efficient when only the partial data used‘in making the new estimate is
considered.

A severe drawback to Hocking and Smith's method,at least from a
practical point of view, is the extremely cumbersome notation which ' .- ’
would be required to write out for the general model the formulae for
calculating the estimators at each stage. Thus a general computer
program for obtaining the estimators will not only be costly to write,
but might also be difficult for thé applied statistician to use. 1In -
any case, such a computer program has not been developed as yet, and
use of Hocking and Smith's results at the present must be restricted to
simply structured models and to small u (e.g., u=2 or 3).

Because of the notational difficulties for the general model,
Hocking and Smith were obliged in presenting their method to consider

the Nested Multivariate (NM) model defined by

3.3.3.1 E(Y,) = 0, Var (Y.) = 1 ® B!ZB, , j=1,...
( ) ( J) ar ( J) - JZ j 03 yu

3 :
where B, =1, B, =[I ' 0 1", §=2,...,u .
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and qj > q if § <k .

(Note that when qj = p~-j+l we have the HIM model variance structure.)

We will not describe the estimator I obtained for I here, since the
reader can refer to Hocking and Smith's paper. We will, however, de-
scribe how their method can be extended for the nested situation when
the expectation structure is given by

3.3.3.2 E(Y.,) = A.EB., j=1,...,u

( ) (J) JEJJ,
where Aj is of full rank for each j and Bj is defined by (3.3.1).
We first write &= [& ~.4 & ] as & = (&°& ... £')' . The initial

-1 - =1 =2 -p —_—

estimator & (1) is then obtained by rolling out the columns of

E¥= (AiAl)-lA'Y into one long (mp X 1) vector. Additional data are

171

then adjoined in stages so that the j-stage estimatorlg (j) 1is given

by:
(3.3.3.3) & (j) =& (3-1) + Wi Ej , J=2,...,u
- = % 1
where W.(mq, * 1) = £ j-1) - .&F ,
e Hmay < 1) = | &) (G-1) - &
> . g%
EQ (i-1) j22
e . %
£ (j-1) - .&
-Oqj J—qj_
% % % -1
& : = ‘A '
e & 1iqa] (Aja) ALY,
S (3-1) = Ei (j-L) is the previously obtained (j-1)-
stage estimator of 3 ,
5 j-1
2, (3-1)
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@. mqg. X m =Y,
J( 9y p) j

£=8 (G-1), =12 (j-1)
where ¢ (j-1) is the (j-1)-th stage estimator of I, and
‘i‘j(mqj x mp) is a matrix function of the elements of I

and § which is determined so that each of the mp diagonal elements

of the (mp x mp) variance matrix

Vs Var(f (j-1) + w'g_j)

]

are minimum variances.

Clearly we can write V(j) as

Vigy = VarE (-1 + ¥I[ESY 4 2F,]

where E.(mgq, x mq,) = Var ~. and
J( ay qJ) (gJ)

FJ.(mqj x mp) = Cov(gj, & (G-1)».

Thus the optimum value of Wj is given by the solution to ijj = —Fj,

i.e.,

3.3.3.4 Yy, = -E,F
( ) i i
Therefore, we can directly calculate Wj and then substitute g_(j—l)

and I (j-1) to obtain Qj, provided we can calculate Ej and Fj . It

is clear that as the number of sets Sj of experimental units increases,

Ej and Fj will be increasingly difficult to compute. Thus even with
the nice structure of the nested model, explicit formulae for the
estimators of £ and I would be very messy indeed. It is understand-

able that Hocking and Smith did not present such formulae even for [

in their paper. So, despite the theoretical soundness of their
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approach, their method is not presently suitable for practical use in
general GIM situations.

A simple example when p=2, £ = £'(1 x 2) and A.j = ln which

illustrates their method is presented in [53].

3.4 BAN Estimation for the MDM Model--
A Literature Review

In this section, we discuss several BAN estimators for

g = (gi ‘e §%)' which have been proposed for the MDM model. For con-

venience we repeat definitions (1.4.1.1), (1.4.1.2) and (1.4.1.3) for

the model:
(3.4.1) E() = [Al§1 ! A2§2 cee A E]
Var(Y) = In ® L

(3.4.2) E(Xs) = Asés , Cov(zr, zs) =0

(3.4.3) E(y) = D§ , Var(y) = L 8 I

where (ms x 1) is unknown, s=l1,...,p

&
Z(p x p) is unknown

As(n X ms) is known, s=1,...,p

Xs(n x 1) 1is the s-th column of Y, s=1,...,p

y(op x 1) = (xi Xé ce z;)'
P - -
and D(np x ¥ mS) = Al
s=1 A 0
2
0
A
. P

It is assumed throughout this section that AS is of full rank ™ for
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each s, so that § is estimable.

Four BAN estimators for § have been proposed and discussed in

the literature and recently [33] have been compared by ionte Carlo
methods. Two of these estimators are due to Zellner [72], [73], who

was the first to deal with this subject. They are called Zellner's-two

stage Aitken estimator (ZEF) and Zellner's iterative Aitken estimator
g

(IZEF). A third estimator is given by Telser [61] and called Telser's

iterative estimator (TIE). The last estimator is the maximum likelihood

estimator (MLE) which has béen obtained ‘by Kmenta. and Gilbert [33]
using the assumption that the rows of Y come from a multivariate normal
population. o
(i) ZEF. To derive the ZEF estimator, one needs to use the
vector version of the model given in (3.4.3). We have already estab- ’ '

lished in Theorem 2.3.1 that if I were known, the BLUE of § would be

given by

, -1 -1 -1
w 1 1
g =[D'(CeI)DID(I6L)y.

Since £ 1is assumed unknown, Zellner proposed replacing £ by its con-

sistent estimator T = ((Ors)) defined by
- 1 ' -1 -1

= - t ! - ' '
(3.4.7) s = n-% zr[In Ar(ArAr) Ar][In As(AsAs) As]zs
where 2 1is the number of independent variables in each regression,
which is thus assumed to be the same for each regression. (If this
assumption 1is relaxed, it would be possible to use instead of % either
0 or

- -1 :

? = - ' ! - t Al
‘rs tr[In Ar(ArAr) Ar] [In As(AsAs) As] - .

The ZLF can therefore be written
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£ = [D'(i‘l 1 )D}lD'(i—l 8 I)
é. n nz

or
(3.4.8) (e Totlara, o*2ara c;lpA'A"_1 S g oSy
a = 171 172 e 1%p 1 0 5
. ~12,,, "22., “2p ., . P or2g
£ oMM oTTAJA, ... 0 AJA Ay T 0%y
- s=1
£ oTPA'A o%Pata ... GPParta Al g oPS
L =p L p 1 p 2 P P- - P ga1 >y
°=1 “rs
where LT = (e,

Kakwani [30] has shown'tﬁat the ZEF is'unbiased even in small samples.

Also, the asymptotic variance-covariance matrix of § is given by

-1 -1
srre—l - .11, Ip, v, 7
M'[t 8 In]D) o} AlAl e o] AlAp

o1Pa'a ... oPPara
L pl P pA

which is the limiting variance matrix already obtained for the MDM

model. Thus § 1is asymptotically efficient and since I 1is consistent
for I, the ZEF is BAN.
(ii) IZEF. Zellner's ZEF can be used for calculating a

new set of residuals leading to a new estimate of Q = I 8 In , which in

turn can be used for obtaining new estimates of £ and so on. Thus if

~ A

& 1is the ZEF as given in (3.4.8), we would define 9(7) as

-

%y = (X - DE)(y - D)

and use as our first iterative estimate of g ,

-1 .

(2) = | l:-l vp-l
I_D u(Z)D] D .a(z)‘\i .

S
=2
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Continuing in this way we would have for the (k-1)-th iteration:

(k-1 ~(k-1),,
By = (- e g - 2B,
and
_l "_]_
D] D'Q k)z_.

= (k)

The process would continue until the estimator of £ converges and the
final estimator would be the IZEF.

(iii) TIE. Letting u =y, - Asés , s=1,...,p Telser

showed that

P
(3.4.9) u = z a v + zs , s=1, s P
r=1
r#s
oSt
where Euv =0 for r¥#s and a 2 - e
st EE

The main idea of the TIE is to substitute for u, 1in each equation

I = Asés + ug the right hand side of (3.4.9). Then estimates of gs

as well as of a,, are obtained beginning with s=1 and proceeding to
s=p and then repeating the cycle until the estimates oféS converge.

(iv) MLE. Under normality assumptions on the rows of Y,

the likelihood function for the !MDM is given by
Jop .o
‘ an2 2 1 -1 '
9 = (2m)* |z]|° expi- Str(Z 7 8 I)(y - DE)(y - DE)'}

~ ~

The maximum likelihood estimators £ and I were obtained by Kmenta an
and Gilbert [33] using computer iteration techniques to solve the fol-

lowing equations:
- - -1 -
c=mcEtenn ot e ny

T o= [El 8y een E_p]'[g_l Yy oo Ep]

1
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where g =y, - Asis y 5=1,...,p .

3.4.1 Comparison of the Estimators by Monte Carlo Methods

Kmenta and Gilbert's study was organized around four experiments,
each containing a number of different models. The experiments were
distinguished from one another by the values of the gxplanatory varia-
bles, that is, the independent variables corresponding to the columns
of the AS matrices. The models within each experiment were charac-
terized by having the same explanatory variables and were distinguished
by the structures of the variance matrix £. Only design matrices of
full rank (i.e., regresgidn matrices) were used in»tﬁe study. For
every experiment and every model considered, the computer rums con-
sisted of 100 samples of sizes 10, 20 and 100. The iterative process
used in calculating the TIE, IZEF and MLE estimators was stopped when
there was no change in the ninth decimal place. All calculations were
carried out in double precision.

The most striking result obtained from the study was that the
TIE, IZEF and MLE estimates were identical in every sample. Thus these
three methods appear to be different ways of obtaining the same solu;
tion. In comparing the ZEF with the MLE, the IZEF an& the TIE, the
results were somewhat mixed. When the correlation between explanatory
variables was low and the correlation between disturbances (i.e.,

o) =g Jo_ o , r#s) was high, the MLE had smaller variances than
rs rs’ ‘rr ss

I EF. w i = - were autoregres-
the ZEF Also, when the disturbances u Yo Asés g

sive and correlated across equations, the MLE had smaller variances
regardless of the correlation between explanatory variables. In all

otner models, regardless of sample size, the ZEF estimator had variances
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smaller than or equal to the variances-of the MLE estimator. Thus,
overall, the results favor the ZEf over the other estimators with regard
to efficiency in small samples. 1In addition, since the MLE, TIE and
IZEF methods are considerably more time consuming than the procedure of
calculating the ZEF, Kmenta and Gilbert recommended the latter. Further-
more, the ZEF is always unbiased, whereas the MLE, TIE and IZEF esti-

mators may not be unbiased.

3.5 A BAN Estimator for the MGLM Model

The method used to obtain the ZEF estimator for the MDM
model can be easily extended to the MGLM model.. This is described in

the following theorem:

Theorem 3.5.1: For the MGLM model, a BAN estimator which is unbiased

for any estimable set § = H'{ is given by
(3.5.1) 8 = H'E = B'(D'e 10y p'a 1k

2. s X
where x, D and @ are given by (1.4.8) and @ is obtained from Q

by substituting the elements of ¢ = ((ors)) given in Theorem 2.4.1
for the corresponding elements of § = ((crs)).
Proof: We have already seen that the estimator g: defined by

8% = H'g* = H'(D'Q'JD)"D'Q'lx
g, g X

is BAN for 6 . Of course, we cannot use g; in practice, since Q@ is

~

unknown. But since [ 3 L from Corollary 2.4.3, we must have

gz -8 E 0 . Thus, using a well known result by Cramer {L7], page

254, we can conclude that 8  and Q; have the same asymptotic distri-

bution; that is, 2, 1is BAN for ¢
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Unbiasedness follows from the argument of Kakwani [30], who
showed for the MDM model that é .is symmetrically distributed about §
whenever y - D follows a continuous symmetric probability law.

q.e.d.

It is important to note here that although (3.5.1) gives a BAN
estimator, we are not claiming that it is the "best" BAN estimator in
the sense of having a variance matrix which approaches the limiting
variance matrix (3.2.23) at the fastest rate as the samﬁle size in-
creases. We shall describe below a method of iteration using (3.5.1)
which will give another BAN estimator -for the MGLM model. A computer
study similar to the one made by Kmenta and Gilbert [33] for the MDM
model would be needed to compare these different BAN estimators in
small samples, although it can be said that the results for the MDM
model indicate that the estimator (3.5.1) would compare favorably with
iterative-type estimators.4 In any case, it is clear that for large
samples, (3.5.1) has minimum variance. We also show in the next

chapter that (3.5.1) may be used in large sample tests of hypotheses

for the MGLM model.

3.5.1 Special Cases

It is easily seen that if § itself is estimable and we consider

the special case of the MDM model, then for H = IM , (3.5.1) gives us

Zellner's ZEF estimator. If we consider the SM model and we recall in

Section 2.2 of Chapter Two that I, and therefore %, drops out of

41t should also be pointed out that although Kmenta and
Gilbert's study compared the small sample variances of different esti-
mators, it did not directly compare the different estimators as to the
rate at which they approached their limiting variances. A recent paper
by Bahadur [9] discusses the concept of the rate at which an estimator
approaches its limiting variance.
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(D'Q_'II'D)“D'Q_l , we see that (3.5.1) gives us the usual MLE and BLUE

for the SM model.

write (3.5.1) in terms of the original data matrices Yj by considering

the original definition of the model:
E(Y.) = A.EB,
( J) . JE J
Var(Y.) = I_ 8 B!IB, =
(¥;) = I ®B/IB, , i

Letting Y.(n, % q.) = .
ng Yylny x q,) = [y,

n,q ¢ 1) = (i, oyl ..oyl o)
Lymyay 2 D = gy vy, - quj)

1,...

SU.

. zjqj], we can define

Clearly

E(y. ) = A.&b, , where b, is the r~th column of B,
Jr J —Jr —Jr J
- 1 : t
= [Ajg_l : Ajéz ' ! Ajé'p]hjr
= [b! 8 A, .
[—jr b 1£
Th E(y.) =[b!, © A, = (B! 8 A))¢.
ue (1) = by @ 451 &= (By 8 apE
b! © A,
—J4q. J
Also

Var(y.) = B!rtB, 8 I
(zﬂ) J 3 nj

If we now define

y(N x 1) = (E& Zé vee z&)'
we have
(3.5.1.1) E(y) =Dg , Var(y) = @
where
(3.5.1.2) D x mp) = [B! ® &,
B' @9 A

As for the GIM model, we will now show that we can

-
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and

(3.5.1.3) & x ™) = [(BjiB) ® L,

1
(BuZBu) e In

o

Thus if § = H'Y 1is estimable, we can write the BAN estimator (3.5.1)

as

Je
!

v (00D Da Tty
' ;‘ -1 _u - ~ =1
(Bj 9 Ai)((BjZBj) ® Inj}(Bj 8 Aj)] jil (Bj 8 Aj){(BjZBj) 8 Inj}zj
~ =1 _u ~ =1
. Bj(szBj) Bj 8 AjAj] ji [Bj(szBj) 8 Aj]zj

il
o
e

1
Hence we have the following corollary to Theorem 3.5.1:

Corollary 3.5.1.1: For the GIM model a BAN estimator for an estimable

linear set § = H'E is given by

-1

-1 a .
B.(B!ZB,) © Ally,
[ J( J J) J]Xﬂ

A u
B,(BIZB,) B!® A!A,] ¢
1 33 3 3 J 3 3=

A vA__. !
(3.5.1.4) 8 =H'g=H [j

L e B =

1

where I 1is defined in Theorem 2.4.1, and zj is formed by putting the

columns of Yj underneath each other.

3.5.2 Iterative Techniques

We now describe two iterative methods which use the estimator
(3.5.1) to cbtain alternative BAN estimators. The first is analogous
to that used for the IZEF estimator described in Section 3.4. It uses

(3.53.1) to calculate a new set of residuals leading to a new estimate
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of 7. This estimate in turn is used for obtaining new estimates of £

and so on. Thus for § = H'Y as given in (3.5.1) we would define

- ~

and use as our first iterative estimate of §:

~

82)

-1
(2)

-1

= ! 1o o
H'(D'Q5)D) D'2 5 x

Continuing in this manner we would have for the (k-1)-th iteration

N - !A(k) = 1 |A-l - 'A‘l
(3.5.2.1) 8, = H'E H' (D' 1yD) D' jyx
where E}(k) = [i _‘ D:g_(k_l)] [_}E - D_é_(k-l)] r o )

This process would continue until the estimator of § converges.

An alternative procedure, which should yield the same result

as the above, uses the well-known (e.g., Rao {[41]) method of scoring..

In order to use this method, it is necessary to calculate Bn G the
’

information matrix defined in (3.1.2) for the p(p-1)/2 independent

parameters in I = ((Urs))’ where

= 1
g (Oll’ G195 9pps Tp3s SPEY 033, ey Glp’ GZp’ ooy cpp)

We thus need the following result:

Theorem 3.5.2.1: For the MGLM model, the (r,s)-th element of

o log 9

——s—g—— is given by
31 1 v Lo
(3.5.2.2) _a_gii= -7 8. L [n.@.(B!ZB.) B!>
rs j=1 J 33 J rs
-1 -1 -
-{B,(B'tB,) P'P, (B'IB, B!> ]
<J( h| J) h| J( b J) 37 s



where

and
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érs = (2, r#s

1, r=s
P, =Y, - E(Y.).
J J ( J)

Also, the element of B corresponding to © and © is
n,g rs Wz

given by the formula

1 b az :>
(3.5.2.3) 4. =96 I n <<ﬁ (B} 2B, ) BJ 5o B, (B,IB, ) B
= J—l rs
where 1 if (m,n) = (w,z) or (z,w)
0 otherwise.
R . )
Proof: (3.5.2.2) is obtained using (viii) and (xii) of Thevrem A.2.1

in the Appendix.

Letting R&j)r(l X qj) denote the r-th row of Bj we can write

(3.5.2.2) as

d log ¢
3 g
rs

1 u ' -1 -1 -1
= - 5-5 z [nJ bisye (BjZBj) E{j)s (J)r(B ZB ) PJP (B ZB ) b

e} bisysl -

Differentiating again with respect to Tz using (i) and (ii) of

Theorem

3%log 9
30 30
rs wZ

Low

A.2.1 gives
u -1 -1
1 D
=7 I 8. [n, (BjZB.) B, B, (B!IB,) b,
250 2oyr jdo, 31171 —(d)s
-1 -1 -1
- BIIB,) B B,(B!IB,) P!P (B!IB,) b,
by)e B3y By 5o wz 5 ByBy) P3Py (B3EB9) gy
-1 -1 L. -1
-b}., (B!ZB) P!P_(B/IB,) B! B.(B!ZB.) b,.
B(y)r (3780 ByP5(B57B5) B 9o 5357850 2y

E[Pij] = E[(Yj - E(Yj)) (Yj - E(Yj))]
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Thus

leog ) u \ -1 _ -1

2l 3 sl 3 O nybisy, (BJZB)) B) 51— B, (BIIB,) b,

rs wz j=1 7N 33 39 371 h|
s -1 -1

= —;;ars ! n, (B (B/TB) B! aiz B.(B!TB,) B! >

j=1 3 N33T oo, 317373 37

q.e.d.

Using the results of Theorem 3.5.2.1, we can proceed with the

method of scoring for the MGLM model as follows:

Let 0 be the estimate of ¢ which uses the £ of Theorem 2.4.1. The

first iterative estimator. of g is then given by

,.\ =g +B L D08 %
=(2) = Tm,0 dg ~ -
g=9, §£=¢§
From 9(2) we define
Q =Q ~ ~
(2) o =g
=  =(2)
which we use to obtain the first iterative estimator of 6 = H'Q At
the (k-1)~-th iteration we thus have
o DO e |
R FEE F {
= (k-1 = =
Q = Q -
(k) c =g
= =(k)

-

o}
Note also that

| —=— B, == by, by + by, . .
éJ 3g_ J> v 2 Sz (3wt Wzv T Pywv D(gyze) vhere ®(5)ed

is the (c¢,d)~th element of Bj
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‘ = pre (k)

given by (3.5.2.1).

Since Kmenta and Gilbert's study yields identical IZEF, TIE and
MLE estimators, it would be expected that generalized versions of their
estimators for the MGLM model would yield identical results. We thus
do not suggest the use of a method analagous to the TIE method nor one

which solves the likelihood equations directly, since both methods are

difficult to use on the computer.

3.6 BAN Estimation for the GGCM Model

Recalling Section 1.5 of Chapter One, the GGCM model is given

by

E(Y,) = A.EPB,
( J) JE J

Var(Y.,) = I ® B!IB, , j=l,...,u
J n, J 3
3
where

Y, is (n, *x q, A, ‘is n, Xxm is (m x
3 ( j qJ) > Ay ( ; ), & ( P>
L is (q x q) , Bj(q x qj) is the incidence matrix for the
j=-th set Sj of experimental units
and P(p x q) 1is a regression matrix of full rank p .

We have obtained for the GGCM model in Corollary 3.2.4 of this
chapter the limiting variance matrix of any BAN estimator of an esti-

mable linear set H'§ , where £ = (éi’ cee, éé)' and H(mp x w) 1is of

full rank w. The limiting variance matrix is given in (3.2.28) as

-1
C_ = nH'[ PB. (B'IB.) B'P' 8 A'A.] H .
n j s I T RO i3

e

1
[

To obtain an estimator which is both unbiased and BAN for £ we can

use a method similar to that used for the GIM model in Section 3.5.1.
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We first give an unbiased and consistent estimator of I: 6 .
Lemma 3.6.1: For the GGCM model, an unbiased and consistent estimator ,

of Z(q x q) 1is given by ¢ = ((crs)), where

- 1

- 1 - ' !
(3.6.1) s T N__ - R(D_) Ers[I Drs(DrsDrs) Drs]-}-ssr
rs rs
r;s=l,...,q
where Nrs(z 2) 1is the number of experimental units in which

both Vr and Vs are observed,

x (N x 1) .is the observation vector on V corres-
=rs ' rs B . - r

ponding to those experimental units on which both Vr

<

and Vs are observed, :

and Drs(Nrs x m) 1is the design matrix, consisting of a row of . .

A. matrices, corresponding to x .7
3 =rs

Proof: Using Lemma 2.4.1 of Chapter Two with G= I - D (D' D ) D'
— rs> rs rs’ “rs

and noting that E(x' )GE(x ) = 0, it is easily seen that
=rs =sr

- tr G _
E(Grs) "N _ - RO )%s " s
rs rs

Consistency follows from the fact that O g is the usual pooled esti-

~

. . . . . rs
mate of covariance which is consistent for crs provided llm-—;—

n-->-«

exists and is non-zero for all r,s. q.e.d.

- bAs for the MGLM model, it is shown by example in Chapter Five
that £ 1is not necessarily positive definite, although it does have a
positive definite limict.

7 o
Note that when r=s, N = N , X = x , and D = D corres~
ss s’ =ss s 3s s

pond to all those experimental units on which VS is observed.
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Theorem 3.6.1: For the GGCM model an unbiased BAN estimator of an
estimable linear set § = H'] is given by
~1 u -1

PB,(B'ZB.) B'P' @ A'A.]7 T [PB.(B'TB.) 8 A'
1 J(J_ J) ] JJ]j=l[ J(J J) J]Xj

e

~
(3.6.2) Qn H [j

where y.(n,q, x 1) 1is formed by putting the columns of Y, underneath
zﬁ J ] J

each other and I = ((crs)) is defined by (3.6.1).

qu

= ' i =
Xj (le ij ves quj) . Now if we let PBj [Ejl EjZ e quj] ,

then cd

Proof: Letti Y, = . im e V. , We can write
Proof ng Yy = (¥, ¥y, Yig |

B5p) = Aj0Ry,

[} ] ]
T R 1 B L)
=[R'r 8 AJ]E » =1, )qJ
Th E(v.) = [p!, 8 A, = (B!P' @ A,
°s (20 = [y © &5 &= (B &
2o, 4
b
Al v ) = B!IB, 81
S0 ar(zj) 5By nj

If we now define y(N x 1) = (Xi.lé ce z&)' , then clearly

E(y) = Dg , Var(y) = Q
where

= 1 !
D(N x mp) BlP 8 Al

B'P' 8 A
u u

and
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la) \ = v 1
SN x N) (BlZBl) e Inl . .

1
(BuZBu)@ Inu-J ‘ s

Recalling the proof of Theorem 3.5.1 for the MGLM model it is obvious

that

-~

(3.6.3) 8 =u'g=u' @ DDAy

A

is an unbiased BAN estimator of 6, where Q@ 1is obtained from Q by

replacing Z by I. Now by direct computation we obtain

@'y ety

u ~ =1 - u ~ =1
= [ 2 (PB, @ A){(B'rB,) I } (B.P' ® A L (PB, 8 A! B,fB,) 8 I
['=1 ( j J) ( 3 J) n ( j j)] '=1( f j)[( j j) n.]x_jh
3 b J J
u . =1 _u ~ -1 ) 'l.
=[ I PB.(B!ZB.) B!'P' 8 A'A, Z [PB.(B!ZB,) o Ally. ' '
[j=1 J( ] J) b h| J] j=1 ! J( ] J) J]ZU *
so that 8 is given by (3.6.2).
q.e.d.

Alternative estimators to (3.6.2) can be obtained by iterative
techniques which are directly analogous to those given in Section 3.5.2

for the MGLM model.



CHAPTER IV

TESTING LINEAR HYPOTHESES FOR THE MGLM
AND GGCM MODELS

4.1 Introduction

In this chapter, a methéd is proposed for testing linear
hypotheses in the MGLM éﬁd GGCM modeis when the undeflying data is
normally distributed. The test statistics are quadratic forms called
Wald Statistics, and they are constructed from BAN estimators of linear
functions of the treatment parameters and consistent estimators of the
variance parameters. The asymptotic distribution of a Wald Statistic
is a central chi~-square variable. Thus when the sample size is large,
the test criteria yield chi-square tests. Even for small sample sizes
the test criterion may have desirable properties, since it can be
regarded as a generalization of Hotelling's trace for the SM model.
Nevertheless, to use the Wald Statistic in small sampies, it is neces-
sary to obtain its exact distribution. This has not yet been done and

appears difficult,

4.2 Review of the Literature

A number of different approaches have been used in the liter-
ature to obtain tests of hypotheses for the MDM, HM and GIM models. The
tests obtained are generally impractical with regard to computation and

require more assumptions on the hypothesis and design matrices than the
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usual estimability requirement. For example, the necessary and suffi- .
cient conditions given by Srivast;va in [57] for reparameterizing the
MDM model to the SM model are that the vector spaces spanned by the
columns of the different design matrices are the same. In {587,
Srivastava restricts the GIM modell to be what he calls a "strongly
regular' design. In [57], he proves to be not strongly regular a par-
ticular example of the kind of design likely to be considered in prac-
tice. In [58], however, he works through a GIM model whiﬁh is strongly
regular and specifies the general computational methed for reparameteri-
zation. Nevertheless, the class of strongly rggular designs needs to
be better described in terms of GIM models likely to be used in practice.

This problem seems formidable since the computations needed for vali-

.
<

dating the strongly regular property are quite complex. Furthermore,

the reparameterized form of the model has a I matrix which is restricted '_ '

by I P .

13 | < A,, £ 1 where Aij may be less than 1 for some i#j and

1]

pij is the correlation between variates Vi and Vj . The problem of

testing a hypothesis in a SM model with the above type of restriction
on I remains to be solved and is likely to require a laborious
computer procedure.

In [64], Trawinski and Bargmann summarize the main results of
Trawinski's thesis [63] in which is obtained a likelihood ratio test

for the special case of the GIM model in which u=p, nj Z n, qj = q and

Aj = A, j=1l,...,p. The maximum likelihood equations for their model

require for solution an iterative technique based on the Newton-Raphson

-

lSrivast:ava's model in [58] allows '::-j to be (mj x 1) and Aj .

to be (nj x mj), whereas we have assumed that mj = m for all j.
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method. However, their method camnot be directly generalized when
not all the Aj matrices are the same. In a demonstration of their

method for a particular set of data, the initial estimate ZO of L

used in the iteration yielded an estimate of £ which was comparable to
the final estimate obtained after several iterations. 20 is a pooled

. , . ) o . . .
estimate, in which the (r,s)-th element o .o 1s obtained by averaging
estimates of 9 s from all experimental units in which both Vr and VS

are measured together.

In [59], Srivastava has suggested ‘several different union-
intersection type tests for the HM model, one of which was obtained in
the earlier paper [55] and which involves a generalization of Roy's
step~down procedure [47]. The testing procedure involves making a se-
quence of independent F tests and rejecting the hypothesis if any of'the
F tests are rejected. Srivastava points out, however, that such a
procedure may only be used when the response variates can be ordered as
in the case of the HM model.

The Wald Statistic proposed below was first suggested by Wald
[66] and has been used by Allen [l] in connection with nonlinear multi~

variate models, and by Bhapkar {12] and others [25] for problems with

) ' ~
ZO 1s the same as the I of Corollary 2.4.6. Thus cis is
given by
o =i %' [1. -D (@' D D' x
rs N_ - R(A) =rs''N rs' rs rs rs°=sr
rs rs

where D (N xm) = [A' ... A"]" and x (N x 1) 1is the data vector

rs 'rs ~rs' rs

for Vr corresponding to all experimental units on which both Vr and

VS are observed togetner.
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categorical data. Allen showed that the likelihood ratio criterion and
the Wald criterion for his nonlinear model are asymptotically equiva-
lent. For small samples, however, the Wald Statistic was not a good
approximation to a chi-square variable. Nevertheless, this may have
been due to the use of a linear approximation of the test criterion,

which is not necessary for the linear MGLM model.

4.3 The Wald Statistic

In Section 3.2 of the previous chapter we have defined a BAN

estimator gﬁgn) for g(8) by requiring
1

. 5 ‘
LR (2@ )= 88D ~ (0, 1)
where Qo is the true value of § (u x 1) ,

g(8) 1is a continuous (w x 1) vector function of 6 with

continuous partial derivatives,

= At : . s .
Cn Aan’e AO is symmetric, positive definite,
o]
g(8)
A=3:.._ ,
o 9 8
8 =86
- o
2
1 d9¢log ¢n
B . =E |- ———"
n,o g8 n 3
-0 o =
H =0
- o
and ¢n is the likelihood function for a sample of size n .

Now if gﬁgﬂ) is BAN for g(8), then it is well known, e.g., Cramer [17],

that
- ] - 2
(4.3.1) nlg(8) - g8 )] ¢, [a) - g(@o)lf X

Furthermore, if 8 =+ 9 , we can claim, e.g., using [17], that
-n p —o
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- Anl -
- ' - -

4.3.2)  alg@) - &) €T lgl) - 86 )] 7 x

where C is obtained from C by substituting 8 for 8 .
n n - —o

Now suppose we want to test the hypothesis

Ho : gﬂgo) =0 . . | -

Wald [66] suggested using the statistic

(4.3.3)  W_=n[g®)]' ¢ (g6 )]

which is asymptotically xé when Ho is true, i.e., we would reject Ho
whenever Wn exceeded the (1-a)-th percentage point‘of xi , Wwhere a

is a chosen level of significance. We call the statistic wn the Wald
Statistic, and we will use it to obtain test criteria for the MGLM and
GGCM models. We note here that Wald suggested using wn when the data
in the sample were i.i.d. and when én was the MLE of §. It is clear
from the above, however, that the asymptotic distribution of Wn will

remain chi-square when gﬂgn) is any BAN estimator for g(8), although

the closeness of the approximation of Wn to xi in small samples may

vary with different BAN estimators. For the i.i.d. situation using
MLE's, Wald showed that a test using Wn had a number of desirable

asymptotic properties; namely, it had asymptotically best average

power, asymptotically best constant power, and was asymptotically most

stringent. It still remains to be shown that these properties can be
carried over to Wn formed from independent but not i.i.d. data using

-

arbitrary BAN estimators.

4.4 Testing Linear Hypotheses in the MGLM Model

We wish to test the hypothesis



where H'Z is

&= (&

cen ép

HGLM model.
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H : H'¢ =0

o
estimable, HM x w) 1is of full rank w(s< M) and

')' 1is the vector of unknown treatment parameters in the

Since we have already obtained the asymptotic variance

matrix of any BAN estimator for H'§ im (3.2.23) of Chapter Three, we

can form the corresponding Wald Statistic. Also, it is easily seen that

if g(&)

Theoren

= H'§

4.4,

3 g(&)

then A = —3—27—-= H . Thus we have the following theorem:

l: Fcr the MGLM model, let H'¢ be estimable where H(M x w)

s
is of full rank w. Then under

we have

(4.4.1)

that

W

-1

L @D T E) g

is asymptotically distributed as a central chi-square variable with w

degrees of freedom, where

and

Do

-~

z

Q

H

= Q | "
=1

is any positive definite consistent estimator of I,
and D are defined by the vector version (1.4.8),

'¢ 1is any BAN estimator of H'f .

In particular we may use H'¢ as given in Theorem 3.5.1 of Chapter

Three and

31f z

as given in Theorem 2.4.1 of Chapter Two.3’4

is not positive definite, however, then its use will lead

to negative values of W_, thus giving spurious results. In Chapter
Five it is shown that the I of Theorem 2.4.1 is not always positive
definite.

QD'Q—l

D may be replaced by its equivalent form in terms of the

°riginal design matrices and I as given in Theorem 3.2.1 of Chapter

Three.

‘ ‘



117

To test the hypothesis HO : H'E = 0 we may thus reject
2

0 2 Xy l-a and accept otherwise. When -the sample size is small
3

H if W
o
W an be used as a test statistic ovided its exact distributi

L, ¢an se tat provided i ac stri on

can be obtained. The following corcllary indicates that Wn might have

desirable test properties even when n is small.

Corollary 4.4.2: The Wald Statistic obtained for the SM model is

equivalent to Hotelling's Trace Criterion (Ti) when testing Ho : CED =20
where C(g x m) and D(p x v) are of full rank g and v, respectively.

Proof: Using the notation of Section 1.1 we have that

e

2 -1
TO = tr SHSE , where
~ - —l ~
Sy = (CgD) '{C(A'A) C'] (czD) ,
Sg = D'Y'[I - A(A'A) A']YD
and £=[8, ... 8] = (A"A)A'Y .

- =P
The Wald Statistic for testing CED = 0 (i.e., [D' ®CJ]f = 0) is
clearly given by

-1

1o a'a) (@ e )" (@ 8 0)e]

Wo=[(D' e C)é]'[(D' ) C)ci‘

where g [ éé)'

L}
Vam
U

’—l

L= %-Y'[I -~ A(A'A) A')Y

-1 1

and z 2] ;-A'A is the information matrix for § .

Now using the properties of Kronecker Product multiplication and gen-

eralized inverses, we have that
A - B -1 A
Wo=[(" 8 C)gl'[(d e C)Ioe (a'A) XD 8 C)] [(D' 8 C)E]
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. . -1 .
= [(D' ® C)E]'[D'ID ® C(A'A) C'] [(D' ® C)&]

-1

1y (CA'A) C') JI(D' ® c)éj

= al(®' ® C)Z]"[s]

-1
= g ' -1 t At - ’
=nfced) | ' [sg” e (ca'a)ych ] [ced,

cid, cid,

where gj is the j-th column of D

-1 .
1 (ced)

v .. ~
=n I sgl(cid)'[c(ata)Tc!

1 j=1

oM<

i
ij 1

where
°E

is the (i,j)-th element of S;

. e
n tr(CgD) '[C(A'A) C'] (ch)s;l

2 . 1
=nT .
o
It is easily seen that even for the MGLM model, Wh can be
written as a trace statistic:

. -1 . .
W= er (B'(0'Q"1D) TH) (H'g)(H'E)!

so that we may consider wn to be a generalization of Hotelling's Ti .

Since Tg has been shown in the computer studies of Schatzoff [50] to

providé good protection for a wide spectrum of alternative hypotheses,

we might suspect that Wn will have this property, too. Nevertheless,

work still needs to be done here and a study similar to that of

Schatzoff might be used to compare different tests for the MGCLM model.
We note in addition that if we consider the hypothesis

H : C 3D =0 for the GIM model, then we obtain the following corollary:
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Corollary 4.4.3: For the GIM model, the Wald Statistic for testing the

hypothesié HO : CED = 0, where CZD 1is estimable and C(g x m) ,

D(p x v) are of full rank g and v, respectively, is given by

. (4.4.2)
- u ~ =1 . - -1 ,
W = [(D'"®8C)g]'[(D' 8 C){ £ B,(B!'ZB.) B! 8 A'A,}(D ® C") (D' 8 C)¢]
n - j=1 J°J 3 J J ] =
where (D' 8 C)g = Cgéi- >
ngv
Qj(p x 1) 1is the j-th column of D ,
(D' 8 C)f 1is any BAN estimator of (D' 8 g
and Z 1s any consistent positive definite estimator of I.

4.5 Testing Linear Hypétheses in the GGCM Model

For the GGCM model, we wish to test the hypothesis H0 : H'E = 0
where H'g_ is estimable, H(mp x w) is of full rank w(< mp) and

g = (gi, ...,.éé)' is the vector of unknown treatment parameters.

Since we have already obtained the asymptotic variance matrix of any

BAN estimator of H'£ 1in Theorem 3.2.4 of Chapter Three, we can form

the corresponding Wald Statistic. We thus have the following theorem:

Theorem 4.5.1: For the GGCM model, let H'E be estimable where

H(mp x w) is of full rank w. Then under HO : H'¢ = 0, we have

that

. . -1 -1 .
4.5.1) W= (H'S)'[H' PB.(B'ZB.) B!'P' @ A'A.} H] (W'
(4.5.1) W= (H'2)'[H'{ 5(Bj7B) B ja17H) @'e)

]

[ o

1

e
is asymptotically distributed as x; , where
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~

Z 1is any consistent positive definite estimator of §

and H'¢ is any BAN estimator of H'f .

~

In particular, we may use I as given in Lemma 3.6.15 and H'g_ as
given in Theorem 3.6.1 of Chapter Three.
When restricted to the GCM model and the hypothesis CEZD = O,

we obtain the following corollary:

Corollary 4.5.2: For the GCM model, let CEZD be estimable where
C(g xm) and D(p x v) are of full rank g and v, respectively. Then

the Wald Statistic is given by

I

— ) ‘-.l
(4.5.2) Wn = n tr SHSE
. -1 .
where SH = (CgD)'[Cc(A'A) C'] (ceD) ,
-1 -1
S, =D'(PSP') D ,
E
. - L
g = (A'A) A'YS "P'(PS P") s
and S =Y'[I - A(A'A) A']Y .

Proof: We have already seen in Chapter One that CED is BAN for

~

CiD and %-SE = L 1is consistent for I. Thus the Wald Statistic (4.5.1)

becomes

R -1 -
W= [(D' 8 C)Z]'[(D' 8 C)(PL P’ 8 A'A)T(D @ C)] [(D' ® c)g]

n

. . -1 -1 .
[(D" 8 C)E]'[(D' ® C){(Pz"lP‘) ® (A'A) }D 8 C")] [(D' 8 C)E]

. . -1 -1 .
[(D' ® C);]'[D'(Pz'lp') D ® C(aA'A) C'] [(D' ® C)E]

/]

) -1 A
Al 0 OZ]'[s;" 8 (Ca'mTC) 110" 8 O)E]

52 . ..
L must be positive definite, however.
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- -1 S
= - 1 1] t r
n |Cid, [sg @ (c(a'aych)™] fezd,
Ctd Cced
b —v.4 — —Vd
where gj is the j-th column of D
v v 15 - ‘ _ -1 .
=n r © sil(ced.)[ca'a)Tc'] (ced.)
. E —i =i
i=1 j=1
ij . -1
where St is the (i,j)-th element of SE

. -1 .
= n tr (CgD)'[C(A'A)C'] (ch)s;l

-1

=n tr SHSE

q.e.d.
Note that SE is the same as that obtained by Khatri in (1.2.2.5) but
that S differs from Khatri's (1.2.2.4) in that

H

- S, H: TS U | -
R = (A'A) 7+ (a'a) a'y(sTT- s7leresTle) psThivtacaa)

is now replaced by (A'A) . Clearly Khatri's trace and %—Wn are

asymptotically equivalent since they have the same asymptotic distrif
bution. Also both of these statistics use the information in S, the
sample covariance matrix. It is not obvious, however, which of these
statistics is better in small samples, either as an approximation of a
chi-square variable or with regard to protection against alternative
hypotheses. A study similar to that of Schatzoff [50] would perhaps be
needed to compare the two with regard to the latter.

Use of Khatri's trace for the GCM model clearly suggests an
analogous competitor to (4.5.1) for the GGCM model. We can arrive at

such a competitor bv using the method of covariance adjustment. Since
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we have assumed that Pj = PBj is of rank p for each j=1,...,u , we
can thus find matrices Fj((qj - p) x qj) of full rank 4 - P for each
j such that

4.5.3 P.F! = 0(p x (q. - y §=l,..0,u .
( ) 355 (p (qJ P)), ] u

-1
Note that we can choose Fj to be a column basis for I - Pg(PjPﬁ) Pj
: B

We can now consider the following competitor to (4.5.1):

“ u ~ =1 -1 ‘w
(4.5.4) W* = (H'E)'[H'C T PB,.(B'IB,) B'P' ® Q,) H] (H'E)
n = j=1 4 1 371 3 =
where
. i -1 4
4.5.5 . = A'A. - A'Y F'(F.Y'Y,F!) F.Y'A, j=1,... .
( ) QJ j IS S B J( 37373 J) 0 2 R e

To complete the analogy, we would like to show that Qj is independent

of the choice of Fj in the sense that Qj has a generalized inverse

R.j = Q; which is analogous to R. We first state without proof an

important result due to Khatri:

Lemma 4.5.1. (Khatri [31]): Suppose P(p x q) has full rank p(< q)
and PF' = 0 where F((q - p) x q) is of full rank. Then if S(q x q)
is any positive definite matrix, we must have

1 -1

1 L prse) F .

(4.5.6) s7l- s7leresTieY) ps”
We can now use Khatri's lemma to prove the following result:

Lemma 4.5.2: Let P and F be defined as in Lemma 4.5.1. Let Y(n x q)

be of full rank q and let S(q x q) = Y'[In - A(A'A) A']Y . Then a

generalized inverse of
-1
Q = A'A - A'YF'"(FY'YF') FY'a

is given by
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-1
(4.5.7) R = (A'A) + (A'A)—A'Y[S—l— S—lP'(PS-lP') PS—l]Y'A(A'A)-

where (A'A)  is any generalized inverse of A'A . Furthermore, if A

is of full rank m, then (4.5.7) gives a unique inverse of Q .

Proof: Let U= A'A, V=A'"YF', W=FY'YF' . Then, using Lemma 4.5.1,
we have R = U + U'V(FSF‘Flv'U'. Clearly using Theorem A.l.1 (ii) of
the Appendix | |

(4.5.8) UUV = (A'A)(A'A) A'YF' = A'YF' = V

always. Also

(4.5.9) v lrsF' = v - wiviuTy

since FSF' = FY'[I - A(A'A) A']YF'=W - V'U V .

- - - -1
(U - VW lV'][U + U V(FSF') V'U ]

(]

Furthermore QR
-— -l -—
V'U JV(FSF') V'U

-1
V'U V](FSF") V'U

wo - wlvi T [uuT - vt

W - VWY 4+ [V - vt

using (4.5.8)

1 1

Uu” - VW CV'UT 4+ VW CV'U" using (4.5.9)

= UU

Thus QRQ = UU [U - vw'lv']

WU - U)Wty

U - vw oty

=Q
so that R is a generalized inverse of Q.
Now suppose A is of full rank, so that A'A is of full rank

-1
and (A'A) = (A'A) , the unique inverse of A'A . Then following the
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above proof it is clear that QR =.UU— =1=10UU = RQ, so that (4.5.7)

will be the unique inverse of Q .
q.e.d.

Using Lemma 4.5.2 we obtain the following theorem:

Theorem 4.5.3: For the CGCM model let Pj = PBj ,

S, = Y![I - A (A'A.)"A!]Y. , and define F, to satisfy (4.5.3). Then
3 7 YyM0, - Ay(A4A0) AfIY, , and define Fi to y ( ) €

a generalized inverse of Qj as defined in (4.5.5) is given by

1

J J

Thus a competitor to (4.-5.1) for testing H'€ = 0 1is given by (4.5.4).

- - -1 -1 = B | -
R, = (AJA)) + (AJA,) AlY.[S,” - S P!'(P.S."P!) P,S. ]Y'A, (A'A.)” .
(4544 (Ayhy) A4S, 3 g5 B0 BySy7] 4y A4y



CHAPTER V

PRACTICAL EXAMPLES

5.1 Introduction

In this. chapter, four examples of MGLM and GGCM models are
presented to illustrate the kinds of results obtained when using the
BAN estimators proposed in Theorems 3.5.1 and 3.6.i of Chapter.Three
and the Wald tests of linear hypotheses described in Theorems 4.4.1 and
4.5.1 of Chapter Four. The four models used arev(l) HIM (p=3),

(2) MDM (p=2), (3) MDM (p=4) and (4) GGCM (p=7). The daté for the
first three of these models were generated using a normal random number
generator. Thus the BAN estimators obtained for these models could be
compared with the true values of the parameters since the latter
(usually unknown) were known. Also, the results of tests of hypotheses
could be compared with the actual truth or falsity of the hypotheses

in question. Furthermore, the procedure used to generate the data
enabled an experiment with a fixed set of underlying parameters {gj £}
to be repeated to give additional data sets and thus provide some
indication of the way in which the estimates and test statistics vary
from sample to sample. It was also possible to vary I while keeping
the model and the true £ fixed to see how different covariance struc-

tures affected the estimates and test statistics.
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The data for the fourth modei were obtained by deleting obser-
vations from growth curve (GCM) data given in Allen and Grizzle's paper
(2]. Thus although the unknown parameters in this case remain unknown,
the BAN estimators and test results obtained could be compared with the
results of Allen and Grizzle for the complete (i.e., without missing
observations) data.

The numerical calculations for all the examples wer;'made with
the assistance of a GE-265 Time-Sharing Call-a-Computer (CAC). It is
important to note that .the.CAC system does not allow calculations to be
done in double precision. Thus it is possible that some of the results
obtained were not as accurate as could be achieved from a computer such
as the 360 which does allow double precision.

5.2 Example 1: An HIM Modell

The model used for Example 1 is given by

E(Y,) = AZB,
(¥, £8,

Var(Yj) =1 2] szBj sy j=1,2,3

15

where A(15x2)=[1 1 1 1 1 1 1 1 1 1 1 1 -1 1 17}

=7 -6 -5-4-3-2-1 01 2 3 &4 5 6 7

and Bi(3 x3) =1, B,(3x2)-= 1 o], B,(3x 1) =[17 .
0 1 0
0 0 0

The parameters £ and I wused in the simulation are

lThis model, except for different Bj 's, was used by Trawinski

in her thesis [63].

. ‘



£(2 x 3) = [10 15 20| and 5(3 x 3) = [14 6 -4

32 1] 6 3 0
-4 0 32
The (15 x 3) data matrices Yl, Y2 and Y3 were obtained by deleting

the appropriate observations from the complete data matrix

-

Y*(45 x 3) = Y;

*
Y2

%
'_.Y3
where Yj = Af + Ej » j=1,2,3 and the rows of Ej are distributed as

N3(g, L) . Four sample data sets were generated.

The estimators of I as given in Corollary 2.4.7 of Chapter Two
are given in Table 5.1. Also given in Table 5.1 are the estimators of I
obtained from the complete data.

The BAN estimators é_ as given in Corollary 3.5.1.1 of Chapter
Three are given in Table 5.2 together with the corresponding estimators
for the complete data (which are BLUE as well as BAN). Also pro?ided
is (é - 5)'(&_- &), the squared distance of é. from §.

Four tests of hypotheses of the form H'§ = 0 were performed
for each of the four samples using the Wald Statistic described in Chap-

ter Four. The hypotheses tested are as follows:

H 1-1) H'(2 x 6) = [3 0-2 0 0 0
4 0 0 0 -3 0
or H' = D' ® C
where C (1 x2)y=(, 0) and D(3 x 2) = |3 =2 0!



£(I)

£(I1)

£(I1I)

(V) =

Since H'§ = (0, -20)"'" # (0, 0)' , the test statistic should reject this

10.868
3.917

| -6.738

(15.035
7.481

-11.309

[ 10.516
3.813

_ 0.588

[ 7.391

3.696

2.041

hypothesis.

H 1-2)

or

HIM

Data
.917 -6.738 |
.784  -2.348 $(I)
.348  30.120 |
481 -11.319 |
.360 -3.729 $(II)
.729  34.213
.813  0.588
.955 7 1.483 | I(III)
(483 21.484 |
696  2.041 ]
.281  3.043 $(IV)
.043  22.481
TABLE 5.1
14
ESTIMATES OF L = | 6
-4

]

6
3
0

128

Complete Data

[10.915
4.176

(-7.798

6.002

| -2.873

10.454

| -0.889

™ 7.518

3.308

-0.326

-4
0
32

FOR SAMPLES I-IV OF EXAMPLE 1

[14.962

4.801

4.176
2.112

-1.099

6.002
2.711

0.261

4.801
2.655

1.398

3.308
1.930

1.760

-7.798 |
-1.099

39.336 |

-2.873
0.261

29.790

-0.889]
1.398

26.398
-t

-0.326 ]

1.760

24.665
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€| &I  E(D £(II)  &(II) | £(II1) E(III) | E(IV)  E(IV)
10 | 10.122 10.12 | 10.080 10.08 9.250 9.25 9.885 9.885
3| 3.000 2.999]| 3.086 3.086 | 2.807 2.807 | 2.871 2.870
15 | 14.928 14.99 | 14.915 15.09 | 14.607 14.78 | 14.741 14.85
2 | 1.997 1.986 | 2.048 2.036 | 1.945 1.934 | 1.912  1.909
20 | 19.404 18.84 | 20.447 19.13 | 18,512 19.38 | 16.688 18.87
1| 0.736 0.977 | 1.290 1.105 | 1.195 1.110 | 0.899 0.780
p?2 | 0.47  1.45 0.26  0.02 2.59  0.55 | 11.02  1.29
" TABLE 5.22 ,
ESTIMATES OF £ FOR SAMPLES I-IV OF EXAMPLE 1
where C (1 x2)=(1, 0) and D(3 x 2) = 3 =2 0
4 0 =2

Since H'E = (0, 0)' , the test statistic should not reject the

hypot

H 1-3

Qr

where

hesis.

)

corresponding estimate

& denotes the

Hl

H'(4 x 6)

C (2 x2)

= (1
0
1
0
C
=1

2

0 -1 0 0
1 0 -1 0
0 0 0 -1
1 0 0 0
and D(3 x 2)

]
[ —

BAN estimate for the HIM data and g‘denotes the

for the complete data. Also, D?= (g5-I)'(Z-%) ,

where 7 is replaced by g_for the complete data.
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This is equivalent to testing éi = §2 = 53 where Es is the s-th
column of §. The test statistic should reject the hypothesis.

H 1-4) H'(4x6)=[3 0 -2 0 o o].

0 2 0 -3 0 0

4 0 0 0 -2 0

0 2 0 0 0 -6

This hypothesis .matrix cannot be expressed as H' = D' 8 C . Since

H'e = (0, 0, 0, 0)', the test statistic should not reject the hypothesis.

The Wald Statistics obtained for each sample and each hypothesis
are presented in Table 5.3. The values obtained were compared with
percentage points of a chi-square random variable with the appropriate
degrees of freedom and were deemed significant if they exceeded the 95th
percentage point. Incorrect test results are circled. For the complgte
data sets, test statistics were also calculated.3’4 |

Tables 5.2 and 5.3 show that the estimators é_and test statis~
tics compare well with the true £ and the truth or falsity of the
hypotheses, respectively. Furthermore, these results compare favor—
ably with those for the complete data. Those cases in which thé HIM

data estimate is better than the complete data estimate may be attri-

buted to sampling variability. The estimators of £ in Table 5.1 for

3This was done using program MVGLM*, a library CAC program which
could not handle hypothesis H 1-4 since it was not of the form C ED=0.
Furthermore, only likelihood ratio statistics were provided for H 1-1
and H 1-2 . For H 1-3 both likelihood ratio and T% statistics were
given. Thus the test results for the complete model could not be com-
pared numerically with those of the HIM model except for H 1-3 , and
they are therefore described only with regard to whether the hypothesis
was rejected,.

4For each of the complete data samples, hypotheses H 1-1 and
H 1-3 were rejected with .0l significance and hypothesis H 1-2 was
not rejected.
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Sample I II ITI Iv D.F..

Hypothesis

H 1-1 21.59%* 33. 2% 23.97%% 13.11%% 2

H 1-2 0.26 0.66 2.94 2

H 1-3 359.62%%  902.71%% 374 . 57%% 754 . 4 1% 4

H 1-4 0.93 0.10 5.72 . 9.06 4
TABLE 5.3°

WALD STATISTICS FOR EXAMPLE 1

the HIM data are not very good, but since the estimators for the com-
plete data are not accurate either, it is possible-that these results
can be attributed to sampling variability and too small a sample size.
The results also indicate that the estimators é_ are fairly accurate
despite small differences in E, although it should be remembered that
only four simulations were made. Clearly E(IV) was the worst of the

estimators of ¥ and was considerably poorer than £(I) and £(II). Yet

£(IV) was inaccurate only in its estimate of 16.688 for 20.

6
5.3 Example 2: An MDM Model with p=2

The model used for Example 2 is given by
!
BOO = [4157 1 48]

Var(Yy) = 130 QI

> denotes .05 significance but not .0l significance.
** denotes .0l significance. A circle denotes a test result that leads
to an incorrect conclusion about the given hypothesis. D.F. denotes
degrees of freedom.

6This model was used by Kmenta and Gilbert in their study [33].



where A,B80x3)=[1 1
1 1
1 1
1 3
1 3
1 3
1 0
1 0
1 0
1 9
1 9
1 9
1 1
1 1
1 1
1 6
1 6
1 6
1 3
1 3

11 3
1 8

1 8

1 8

1 6

1 6

1 6

1 7

1 7
17
and the rows of Y(30 x 2)

4,(30 x 3) = [

0
0
0
1
1
1
1
1
1
1
1
1
0
0
0
1
1
1
0
0
0
1
1
1
0
0
0
0
0
O_l

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

1

10
10
10
14
14
14

1132

1
1
1
0
0
0
0
0
0
0
0
0
0
0
0
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

are each normally distributed.

The parameter § = (§i Eé)' is given by

£ x 1) =

Five sample data sets were simulated.

8

Z

Sample IV used

z

and Sample V used

:

6

1

0.

1

5

10

O"
2
S

6

J

and £,(3 x 1) = [-10]

6
3

Samples I-III used
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I= 20 -18
~-18 29
The estimators E of I as given in Corollary 2.4.5 of Chapter
Two are presented in Table 5.4 and the BAN estimators é_ of £ as
given by (3.4.8) of Chapter Three are presented in Table 5.5.
Four tests of hypoﬁheses of the form H'€ = Q were performed

for each of the five samples using the Wald Statistic described in Chap-

ter Four. The hypotheses tested are as follows:

H 1-1) H'(3x6)= {1 0 0 -1 0 O

This hypothesis is equivalent to testing éi = 52 . The test statistic

should reject the hypothesis.

Sample z z
M1 0.6 [ 0.708 0.474 ]
1
| 0.6 1 | 0.474 . 0.851 _
M1 0.6 [ 0.853 0.368 ]
II :
| 0.6 1 | 0.368 0.599 |
1 0.6] 7 1.105  0.370°
III
| 0.6 1| | 0.370 0.873 |
5 5 ] i 3.434 4.982 ]
v
5 10 | | 4.982 10.827 |
20 -18 ] 21.834 -21.799 ]
v i
-18 29 | -21.799 29.107 |
TABLE 5.4

ESTIMATES OF I FOR EXAMPLE 2
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g £(D) £an) £(IIT) £(Iv) ey @
10 10.528 10.328 10.053 10.466 8.371
2 1.956 1.944 1.930 1.885 ©'1.909
-5 -5.276 -5.164 -4.794 -4.637 -3.847
-10 -10.298 -9.701 ~10.393 -9.430 -10.133
6 6.036 . 5.996 5.995 5.993 6.062
3 3.360 2.721 3.444 2.399 5.108
p? 0.59 0.32 0.37 0.94 4.03
L TABLE 5.5 _
BAN ESTIMATES OF £ FOR EXAMPLE 2
H 2-2) H'(2 x 6) = [1 o 0 1 o o7. L
0 3 0 0 -1 0 'l)

<

Since H'E = (0, 0)' for this hypothesis, the test statistic should

not reject the hypothesis.

H 2-3) H'2x6)= {0 5 2 0 0o 0]
0 0 0 0 1 =2
Here again H'¢ = (0, 0)' so the test statistic should not reject this

hypothesis.

H 2-4) H'(2 x 6) = 0O 5 2 0 0 o
0O 0 0 01.2 -2 |
Since for this hypothesis H'e = (0, 1.2)" # (0, 0)' , the test statistic
should reject the hypothesis.
The Wald Statistics obtained for all samples and for all hypothe-

§€s are presented in Table 5.6. . "

Examination of Table 5.5 shows that

Jor s

was very good for



135

‘ Sample I II ITI v v D.F.

Hypothesis

H 2-1 8433.98%* £672.53%* 4429.45%% 2114,31%*% 507.68*%*% 3

- H 2-2 1.63 2.35 2.77 2.63 1.64 2
H 2-3 2.63 2.64 1.75 0.48 2.62 2
TABLE 5.6

WALD STATISTICS FOR EXAMPLE 2

Samples I-III, a little worse for Sample IV (where IZI = 25), and not

very good for Sample V (where |Z| = 256). These results may indicate

that the estimates é will decrease in accuracy as |Z| increases.

The results given in Table 5.6 provide good test performance

.4 . except for the fourth hypothesis, for which four of the five samples

did not give significance. It is not obvious why the results for the

fourth hypothesis were poor since, when comparing H'é_ for this hypothe-

sis in all five samples, H'éfII) does not have greateét distance from

the origin. In fact Hfé (1IV) and H‘é_(V) have larger distances from

the origin and yet the test statistic was not significant for these

samples. The estimate of the information matrix clearly plays an im-

portant role here also.

5.3 Example 3: An MDM Model7 with p=4

The model used for Example 3 is defined by

DALES L ALE. D AE]

B = [a5) 1§ A% 1 A5 | A%,

Var(Y) = 120 Q0 Z

7This model was also used by Kmenta and Gilbert [33].



The parameter £ = (gigégjgi)' used in the simulation is given

where
4,(20 x 3) = (1 1111 1 1 1
1 1 3 3 00 9 9
0001 1 11 1 1
4,(20 x 3) = 1 1 1 11 1 1 1
0 01010 8 8 0 O
1 1 0 0 0 0 0 0
A5(20 x 3) = A
4,(20x3)=f1 11111 1 1
2 2 6 6 0 018 18
001 1 1 1 1 1
and the rows of Y(20 x 4)
by

§1(3 x 1) = §3(3 x 1) = [10| and §2(3 x 1) = gﬁ(3 x 1) = [-10]

Five data sets were simulated.

r= 1. 0.64
0.64 1.

0.64 0.64

_0.64  0.64

and Samples IV and V used

t=[3 3 -4
3 6 -3

-4 =3 14

| 3 6 -14

2

-5

1111111111
1 1 6 6 3 3 8 8 6 6
0 01 1 0 0 1100
111 11 111 11
1616 0 0 0O 0 4 4 10 10
0 01 1 1 1 11 1 1
1111 11 1.1 11
2 21212 6 616 16 12 12
0 01 1 001100

are each normally distributed.

Samples I-III used

0.64

0.64

0.64

—

3

6

-14

21 |

0.64
0.64

0.64

136

O N+

6

3

The estimators I for Samples I-III are presented in Table 5.7

1© =,

. .
l [}

-



[0.534

0.416

(1)
0.381

10.236
[1.164

- 0.747
I(I1) ’

0.601

 0.738

0.570

£(III)

0.490

0.366

1.

0.

0.

ESTIMATES OF I FOR SAMPLES I-III OF EXAMPLE 3

~

0.414

64

64

. 64

- 1.300
0.449
0.361
0.747
1.076
0.476
0.577
0.414
0.713
0.406

0.386

0.64
1.
0.64

0.64

TABLE 5.7

and the estimators £, in Table 5.8.

Nine tests of hypotheses of the form H'E =

0.64

0.64

0.64

0.381
0.449
0.810
0.120
0.601
0.476
0.654
0.537
0.490
0.406
0.908

0.416

0.64
0.64

0.64

137

.236
.361
120
.610 |
.738
.577
.537
.853 ]
.366
.386

.416

.610 |

0 were performed

for each sample (including Samples IV and V, which will be dealt with

later) using the Wald Statistic.

H 3-1) H'(3 x 12) =

1 0 0 0 0 0-1
01 00 00 O0-1 00200

00 10000O0-100 0]

0 0 0 0 O

The hypotheses tested are as follows:
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£ é(I) _é_(II) | _é_(m) | .
10 . 9.692 9.823 9.615

2  2.160 2.000 1.967

-5 -5.723 -4.784 ~4.346 )
-10 -10.700 -9.695 -9.907

6 - 6.028 5.975 6.016

3 3.367 2.509 - 2.56§

10 10.325 9.951 10.152

2 1.989 1.948 1.944

-5 -5.863 4,612 ~4.563
-10 ~9.800 ~10.762 ~9.912

6 6.040 5.992 5.963 ,

3 1.865 4.253 3.479

| @ .
p? 3.02 2.92 1.22
TABLE 5.8

BAN ESTIMATES OF ¢ FOR SAMPLES I-III OF EXAMPLE 3

This hypothesis is equivalent to testing Ei = 53 . The test statistic

should not reject the hypothesis.
H 3-2) H'(3 > 12) = 6 001 00 0 0 0-1 00
0 0001 00 0 0 0-1 0
.0 0 0 0 001 0 0 0 0 O0-1

This is equivalent to testing &

5, =&, . The test statistic should not
—.2 .44, ) Priuhuiholl

reject the hypothesis.



H 3-3) H'(6 x 12) = [1

0

This is equivélent to testing

R

tic should not reject the hypothesis.

H 3-4) H'(9 x 12) =

OC)l—‘OOOOO)—‘1

This is equivalent to testing

should reject the hypothesis,

H 3-5) H'(3 x 12) = |1

Here H'E = (0, 0, 0)' so that

hypothesis.

H 3-6) H'(2 x 12) = [é

0

0 0 0 0 O
1 0.0 0 O
0 1 0 0 O
0 01 0 0O
0 0 0 1 0
0 0 0 0 1
0 0-1 0 O
1 0 0-1 0
0 1 0 0-1
£ =Ey =&y =

0 0 0 0 O

0O 01 0 O

0 0 0 0 1

Lm

I
[
o

O O O O O O o o
o O O O O O ©o

-1 0

0 0

0 O
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-1 0 0 O
0-1 0 O

0 0-1 0O

0 0 0 -1]

Thé test statis-

Mo o

m o o o
ll'OOOO-

PLOOOOO

o O O O o o
o O O O o
o O O o

o O O

-

The test statistic

00 0 0].
0-1 0 0

0 0 0-1

the test statistic should not reject the

1 0 6 0-1 0 0 0 0 0 O

6 0 0 0 1

0 O

0 0 0 -1

Here H'f = (-1,0)' so that the test statistic should reject the

hypothesis.
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H 3-7) H'(2x12) = [1L 0 0 0 0 0-1 0 0 O O O

01 00 0-1L 0 0 0 0 0O

Here H'f = (0, -1)' so that the test statistic should reject the
hypothesis.

"H 3-8) H'(2x12) = |1 0 0 0 0 0-1 0 0 O O O

0 00001 0000 10 -1
Since H'E = (0, 0)', the test statistic should not reject the hypothesis.

H 3-9) H'(4 x12) = [1 0 0 0 0 0-1 0 0 0 0 O]
01 0000 O0-10020 0

6 01 00 0 O O-1 000

01 0 000 0 O0O0OTUO0CU OO

. -

Here H'g = (0, 0, 0, 2)' so that the test statistic should reject the
hypothesis. | |

The Wald Statistics obtained for Samples I-III are presented in
Table 5.9.

The estimators of £ given in Table 5.8 are fairiy accurate with
the noticable exception of the estimate of the last parameter fér éﬂl)
and éﬂII). éﬁIII) seems to be superior to the other two estimates. The
accuracy of the test results of Table 5.9 appears to be correlated with
the squared distance of é from § given in Table 5.8 since the number
of circles in the latter table decreases as the distance increases. The
results for Sample I were particularly poor as four of the nine test
statistics gave wrong answers.

Estimators of £ for Samples IV and V are presented in Table 5.10

and estimators of § are presented in Table 5.11. Upon taking determi-

nants it was shown that the estimators of © based on Corollary 2.4.5

'
~

1

3

. )
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Sample I II_ III D.F.

Hypothesis )
H 3-1 0.89 5.12 3
H 3-2 5.84 7.28 4.21 3
H 3-3 9.32 9.38 6
H 3-4 9369.06%%  17208.71%%  13905.51%x 9
H3-5 7.38 6.92 3
H 3-6 6.46% 41.84%% 34, 58%% 2
H 3-7 10. 63%% 8.16%x 2
H 3-8 @ 5.65 2
B 3-9 2077. 675 1721.18%%  19781.61%+ 4

TABLE 5.9
WALD STATISTICS FOR SAMPLES I-III OF EXAMPLE 3

of Chapter Two were not positive definite (since the determinants were
negative). Although this does not seem to noticeably affect the accu-
racy of the BAN estimator é;, it is clear that lack of positive definite-
ness could (and did) result in negative Wald Statistics. Thus for the
purpose of testing hypotheses it is necessary to adju§t the estimator

Z to be positive definite. Noting that the estimator is given by

E = ((;rs)) where

-1 -1
S Y , ) ' ' )
rs TN yolI - AAA) ALTII - A (AJA) Ally , r,s=1,...,p
_l -1
= - ! ! - At '
Hrs tr[In AS (ASAS) As] [In Ar (nrAr) Ar]

and Yo is the s-th column of the data matrix Y , it is clear that

replacing Koo for each (r,s) pair by some constant would vield an



Sample IV
[ 3 3 -4
3 6 -3
L
-4 -3 14
| 3 6 -14
lz] =36
3,030 1.651 -3.190
. 1.651 4.806  1.548
: -3.190  1.548 13.054
| 0.256  1.331 -7.789
|£] = -25.06
[ 2.576  1.285 -2.712
. 1.285 4.085 1.204
: -2.712  1.204 11.096
| 0.216 1.036 -6.576
|Z| = 50.23
Z*

ESTIMATES OF I FOR SAMPLES IV AND V OF EXAMPLE 3

8In this table, £
I is the adjusted estimator which uses n = 20 instead of

is the adjusted estimator which uses n - 3 = 17 instead of Mg

~

3] [ 3

6 3
~14 4
21| 3
0.256] [1
1.331] | 1
-7.789| |-3
10.549] | 3
0.216] [ 1
1.036] | 1
-6.576| |-2
8.967| | 2
1

1

-3

K

TABLE 5.108

.372

.735

142

.175

.166
.350
.671

. 677

.372
.589
<142

.150

1.735 -3

4.733 -2,
-2.214 16.
6.372 -15.
lz| = -1.25

1.350 -2.

4.023 -1

=1.723 13.
4.962 -12.

|z] = 0.54

1.589 -3,
4,733 =2.
-2.027 16.

5.838 -~15.

|*|= 0.46

142

214
088

327

671

.723

675

941

142
027
088

225

3.

2.

4.

-12.

18

is the estimator obtained from Corollary
rs’ and £*

142

.372
.327

727

.468

.150|
.838
.225

727

175 |

677

962 |

941

2.4.5,
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® 3 £(IV) £(1v) £ 24 £ (V)
) 10 10.849 10.876 10.191 10.179 10.179

. 2 1.954 1.943 2.083 2.082 2.082

) -5 -5.092 -5.042 -5.342 ~5.310 -5.310

-10 -9.872 -9.729 ~9.641 -9.585 -9.585

6 6.040 6.039 6.026 6.030 6.030

3 3.296 3.060 2.634 2.505 . 2.505

10 10.048 10.030 8.748 8.978 8.978

2 2.091 2.092 2.010 1.952 1.952

-5 -6.032 -6.010 -3.787 -3.733 -3.733

-10 -10.661 ~10.593 -8.314 -8.538 -8.538

6 5.938 5.924 5.905 5.934 5.934

Py 3 4.549 4.638 1.784 1.762 1.762
. 0% 4.51 4.86 7.93 6.93 6.93

TABLE 5.11° .

BAN ESTIMATES OF & FOR SAMPLES IV AND V OF EXAMPLE 3

estimate of £ which was positive definite (since the estimate could

then be written as XX' for some matrix X). To keep the adjusted esti-
mate consistent (although it would clearly be biased) the obvious
replacement for Mg would be n (in this case 20). Another possibility
would be n-2 where 2 was some positive constant between 0 and n .
Table 5.10 contains for Samples IV and V adjusted estimators of I using

n instead of Hog and for Sample V alone an adjusted estimator using

?;(IV)agd £(V) are the BAN estimates using I(IV) and L(V),
respectively. :(IV) and £(V) are the BAN estimates using Z(IV) and Z(V),
respectively. 5?(V) is the BAN estimate using ¥ ).
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n-3. (The value £ = 3 was chosen because Heg = 17 for each s.) The
corresponding adjusted BAN estimators g and £* were also calculated
and presented in Table 5.11 with no noticeable change in accuracy from
the original estimators é,

It should be noted here that neither Corollary 2.4.5 for the
MDM model nor its parent Theorem 2.4.1 for the MGLM model claims that
the estimator i will be positive definite. They do claiﬁ instead that
this estimator will be positive definite in the limit (sihce z is
assumed positive definite); that is, as the sample size n is increased,
the estimator will evéntu%lly (in probability) be positive definite.
Since the n chosen for Example 3 is 20, which is relatively small, it
should not be surprising that positive definiteness was not obtained.
Nevertheless, the problém remains in general to determine a method of
adjustment of E whenever it does not turn out positive definite.
Probably the most practical procedure is the use of scoring as described
in Section 3.5.2 of Chapter Three to calculate succesive estimators of
I wuntil a positive definite 5 is obtained. Another poésibility is
the use of Hocking and Smith's procedure [28], although it remains to
be shown that their estimator of & is positive definite.

Wald Statistics were calculated for Samples IV and V and
hypotheses H 3-1 through H 3-9. These are presented in Table 5.12 for
both the original and the first adjusted estimators.lo Negative Wald

Statistics were circled in addition to those leading to incorrect test

conclusions.

O . . ; . p
The second adjusted estimator was not used since £(v) and
$*(V) were equal.
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Sample IV v v \ D.F.
(original) (adjusted) (original) (adjusted)

Hypothesis
H 3-1 0.77 0.85 1.47 1.72 3
H 3-2 1.28 3.63 0.80 3
H 3-3 3.16 5.77 @ 5.54 6
H3-4  [C19090.99)  7158.68% 7040.84%% 9
H 3-5 1.59 1.93 1.61 0.58 3
H 3-6 9.15%  (-106.05 2
H 3-8 1.65 . 1.66 - 0.78 0.53 2
H 3-9 | 1387.317"* 2888.85%* 4

TABLE 5.12

WALD STATISTICS FOR SAMPLES IV AND V OF EXAMPLE 3

5.5 Example 4: A GGCM Model

The model used in Example 4 was obtained by deleting some data

from a growth curve (GCM) experiment described by Allen and Grizzle [2].

Their model is given by

E(Y) = AZP
Var(Y) = I, 6 ¢
h A(L2 x 4) = [1 0 0 0. |
where = 1L 9, 9 9
%0 L0 Y90 Yo
9 9% i3 Y
9% 9 95 I
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P4 x7) =1 1 1 1 1 1 1

1 1 1 0 -1 -1 =1

£(4 x 4) 1is a matrix of unknown treatment parameters
and Z(7 x 7) 1is the unknown éovériance mat;ix.'

The GGCM model formed from this data was obtained by deleting
for a given individual the measurements on either the lasﬁ three vari-
ates, the last variate or no variates. The model thus hadla hierarchal
pattern of missing observations and was given by

E(Y.,) = A.EPB,
( J) Jg J

= ! i=
Var(Yj) In 8 BJ.ZBj » j=1,2,3

J
where n, = 14, n, = 12, n3 = 10
=T = 1 i
B (7 x7) =1,, B,(7x6) 0;7 . By(7 x &) 05 4
I 1, |
Y, (14 x 7) = T4.0 4.0 4.1 3.6 3.6 3.8 3.1]
4.2 4.4 4.6 4.9 5.3 5.6 4.9
3.7 3.9 3.9 4.8 5.2 5.4 4.2
3.4 3.4 3.5 3.1 3.1 3.7 3.3
3.0 3.2 3.0 3.0 3.1 3.2 3.1
3.8 3.9 4.0 3.9 3.5 3.5 3.4
4.2 4.0 4.2 4.1 4.2 4.0 4.0
4.1 4.2 4.3 4.3 4.2 4.0 4.2
3.1 3.3 3.2 3.1 3.2 3.1 3.1
3.5 3.9 5.8 5.4 4.9 5.3 5.6
3.4 3.4 3.5 3.3 3.4 3.2 3.4
4.0 4.6 4.8 4.9 5.4 5.6 4.8
4.1 4.1 3.7 4.0 4.1 4.6 4.7
3.5 3.6 3.6 4.2 4.8 4.9 5.0
Qe <) = 13 0, 0y 0
O Ly 9 O
% 9 0 1]




147

23601/40/4/42/.—.7
55533/44/4 53/43

099014228028
55533/4/45/43/43

0 O+ 0 Q.A.o,cunu_/ o f 1 A.1‘7,1¢nv7,nvoanv/ r —
. 1) 3t ) @ . o o 3 o
A.RJRJQ,Q.A.A.A.A.Q.Q,QJ o] o] o ~j R.A.A.?,QJQJA.QJQ,QJ ol ol (@] |
~WY oo R.RVAV7_7_7_/ 0 & O‘bAU.Q.Qﬂd
. . (34} (3] (341 (3] o o~ (98] o
A.R.A.Q.?.A.Q.A.A.?.?.L. ol ol A ol G,A.R,QJQJQ.A.A.Q.QJ oO| o| il o
7,5,4n4quJRVR,A.§,6.D §,3_b.JAUv/oJA.9,b
. (2] o o oy . . . o) o~ (3¢) o
A.R.A.QJQ.A.Q.?,A.Q.Q.A. o] ~ o] oj N N R R R of | ol ol
3/4613/...3/40529 3222177033
. . . 2] 1) (3] Gt . . ) o o0 o
A.A.A.Q«1,A.2,3.4AJ.JAJ_ hu_ o}l ol O__ .A.S SAJﬂJqJ:JqJA.A. Fl_ ol ol Or
u n n ]
-~ P 7~ Pam
f¥e) <t ~ ~
X X X X
o~ o~ O (@]
— — — —
~/ -/ ~ ~s
o~ o~ ™ (2]
> < > <

As defined in (3.6.1) of Chapter Three, a consistent unbiased

where

is given by L = ((Grs))

estimator of I

1

b

r

rs

) D

D

1

rsS rs

(D

rs

(I -D

X

N - R(Drs) ~rs

rs

rs



In this case

14

26
26
26
26
26
26

(N ) = |14 14
14 26
14 26
14 26
14 26
14 26
14 26
Dls = Al for s=1,.
Drs = FAl for r=2,3
%2 ]
7 .
and Drs = rAl for r=4,5,6,7
A2
|43 ]

Also, of course, D =D
. ’ rs. sr

A

The estimator I

g = .1577
<1545
.2130
.1993
L1735
.1698
.1892

l(DOOC)OOO

This compares fairly well with the estimator obtained by Allen and

for all

calculated

0.1545
0.1785
0.2078
0.
0
0
0

2108

.1966
.2187
.2300

0
0
0
C.
0
0
0

r,s.

from the GGCM

.2130
.2078
.4162
3674
.2778
.2983
.3416

14
26
26
36
36

36.

36

s=r,.

and s=r,...

O O O O O o o

14
26
26
36
36
36
36

.1993
.2108
.3674
.4407
.3690
.2871
.2583

14
26
26
36
36

36

36

da

O O O O o o o

Grizzle [2] for the complete data, which is given by

14
26
26
36

36

36

36

ta is

.1735
.1966
.2778
.3690
4337
.3734
.3178

given by

o O O O o o o

.1698
.2187
.2983
.2871
3734
.5235
L4607

© O O O O ©o o
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-

.1892
.2300
.3416
.2583
.3178
.4607
.5131
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o}

L= [0.2261 0.1721 0.1724 0.2054 0.1705 0.1958 0.1817]
0.1721 0.1696 \0.1840, 0.1919 0.1628 0.1700 0.1644
0.1724 0.1840 0.3917 0.3473 0.2370 0.1876 0.2194
0.2054 0.1919 0.3473 0.4407 0.3689 0.2870 0.2582
0.1705 0.1628 0.2370 0.3683% 0.4337 0.3733 0.3178
0.1958 0.1700 0.1876 0.2870 0.3733 0.5235 0.4606
[0.1817 0.1644 0.2194 .0.2582 0.3178 0.4606 0.5131]

Whereas it is clear that I must be positive definite by definition, it
was found that |£l = -3,35 % lO“9 which implies that i "is not positive
definite. Thus as in the previous example, use of E for calculating
Wald Statistics might le%d to negativg_values. For purposes of compa-
rison, therefore, it was decided to use g as an adjusted estimator.

BAN estimators of £ were obtained using the formula given in
(3.6.2) of Chapter Three. The estimators obtained using both E and I
are presented in Table 5.13 along with the two estimators obtained by
Allen and Grizzle using the complete data. These estimators are given
in the form PP'&.

Six tests of hypotheses of the form C £ = 0 (or H'¢ = 0O where
H' = I4 9 C and § 1is obtained from § in the usual way) were performed
using the Wald test of hypotheses. The hypotheses usgd and the Wald
Statistics obtained are described in Table 5.14. Negative values are
circled. Since Allen and Grizzle did not present any test results in
their paper, no ccmparisons were made. As described earlier, the

negative values in the table are the result of £ 's not being positive

definite.

5.6 Conclusions

It is not possible because of the limited scope of this computer

study to make any definite statements with regard to the general
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Source PP'g

32.62 3.61 -6.40 ~0.67

R 24.90 -0.97 -1.01 0.09

z

(GGCM Data) 28.09 5.74 -5.97 0.01
27.29 2.54 -0.70 -0.05
33.00 3.69 -4.89 -0.98

. 25.11 -0.83 -0.69 . 0.04

z

(GGCM Data) 28.36 5.00 -4 .24 -0.31

~27.08 - 2.00 -1.69 0.07

32.57 4.48 -3.63 -0.98
24,87 -0.56 -0.78 0.11

Un-weighted

(Complete Data) 29.05 3.49 -4.54 0.23
27.58 1.72 -1.79 0.16
32.70 4.14 -4.,68 ~1.14

Weighted 25.07 -0.69 -1.00 - 0.11

by &

(Complete Data) 28.59 4.10 ~-2.90 -0.48
27.12 1.91 -1.55 0.04

TABLE 5.13

ESTIMATES OF PP'¢ FOR EXAMPLE 4

reliability of the BAN estimators and the Wald test of linear hypotheses.
Nevertheless, for all four examples the BAN estimators of £ appeared

to be fairly accurate and when the estimator of I was positive defi-
nite, the Wald test also seemed on the whole reliable. If the BAN

estimator of H'] was poor, however, the test results were not likely



151

Hypothesis Wald Wald

Number Descri tionll c . Statistic Statistic D.F.
P Matrix Using & Using L

H 4-1 g =g, (1 0 0-1) 21.96%% 4

H 4-2 g = &y (L 0-1 0) 36.94%* 14.50%% 4

H 4-3 £, = ¢ (L-1 0 0) 23.19%* 33.26%% 4

H 4-4 [ (0 1-1 0 42.62%% o 17.36%* 4

H 4=5 & = & (0 1 0 -1) 5.27 4

H 46 £, =g, (0 0 1 -1) 5.65 4

TABLE 5.14

TEST OF HYPOTHESES USING WALD STATISTICS
FOR EXAMPLE 4

to be lead to correct conclusions, although this does not completely
explain the reason for bad results (as was seen with hypothesis H 2-4
of Example 2). If the estimator of £ was not positive definite, the
BAN estimators of § still appeared accurate, but the reliability of
tests using Wald St#tistics was obviously spurious. It/is clearly
important therefore to plan one's experiment with a large enough n to
insure that E is positive definite, but until further studies are made
it is not clear what n to pick. Thus it is also important to deter-
mine a method for adjusting % to make it positive definite if in fact
it is not. This can be easily done for the MDM model. In general, the

most practical procedure would probably be the use of the method of

scoring until a positive definite estimator is obtained.

llAs usual, gs is the s-th column of Z.



CHAPTER VI

.

RECOMMENDATIONS FOR FURTHER RESEARCH

From the discussion in the preceding chapters, it is evident
that a number of important problems requiring both theoretical and com-
putational research still “remain to be studied. -

In Chapter Two we have obtained for the MGLM model necessary
and sufficient conditions for the unknown variance matrix I to drop out
of the BLUE estimate H'(DQ-lD)_D'Q_l§ for H'E . Furthermore, it is
easily seen when the conditions hold that H'(D'D)-D'E. is the MLE of
H'S since the likelihood equations for & will then have a solution
independent of the MLE for £. These conditions are restrictions on the
design matrices that can be used in the experiment. A study which
describes more precisely the type of designs that can be used wiil be
extremely helpful to the experimenter in planning an experiment to which
the MGLM model applies.

In Chapter Three we have obtained for the MGLM model a BAN esti-
mator H'é for H'¢ where £ = (D'ﬁnlD)-D'é-li and @ 1is an estimate of

-

{i using a consistent unbiased estimate § of r. We have also described

an IZEF-type iterative procedure for obtaining additional BAN estimators.

It is easily seen that at each iteration the likelihood equation for g
is satisfied by £. A theoretical proof that the limiting estimator

obtained by the iteration technique is indeed the MLE for H's would
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corroborate the computational results of Kmenta and Gilbert [33] for
the MDM model and would allow for direct computation of the MLE using
the IZEF approach. Also, a study similar to that of Kmenta and Gilbert
for the MGLM and GGCM models would be helpful in comparing different
BAN estimators with regard to their smalllsample variances.

We have deécribed in Chapter Three Hocking aﬁd Smith's approach
[28] for obtaining asymptotically efficient estimators of £ and I for
the GIM model. At present because of notational and compﬁtational
difficulties use of their results must be restricted to simply struc-
tured models and to small u (e.g., u=2-or.3). "Although this author is
somewhat skeptical as to the possibility of writing a general program
for large u and arbitrary structure for the GIM model, it is neverthe-
recommended here that an attempt be made to explore the possibility of
such a program,

In Chapter Four the Wald Statistic has been proposed for testing
linear hypotheses of the form H'{ = 0 for the MGLM and GGCM models.
A computer study similar to that of Schatzoff [50] is recommended for
comparing Wald Statistics using different BAN estimators with regard to
small sample power considerations. In particular a comparison of the
proposed estimators for the GCM and GGCM models would be of interest.
In addition, a computer study similar to that of Kmenta and Gilbert [33]
would be desirable for determining the rate of convergence to a chi-
square variable of any Wald Statistic.

It has been shown in Chapter Four that the Wald Statistic for
the MGLM model is a generalization of Hotelling's Tg . It would be

desirable to obtain the exact distribution of the Wald Statistic which
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uses the BAN estimator or the proposed MLE given in Chapter Three, for .
we would then have an exact test f&r the MGLM model. The exact distri-
bution appears to be quite complex, however.
It cén be easily seen that when consi&ering the GCM model, the ,
Wald Statistic determined after covariance adjustment is the same as
Khatri's trace described in Chapter One and at the end of Chapter Four.
In particular, the BAN estimator of CfD obtained from the conditional
model is independent of the choice of error matrix F andﬂconsequently
its conditional and unconditional distributions are the same. If it
can be shown for the GGCM model that the conditional BAN estimator for

H'¢ 1is independent of the choice of the F, matrices defined in (4.5.3),

3
then with some difficulty it can be established that the Wald Statistic
determined after covariance adjustment is the same as the generalization
of Khatri's trace given in (4.5.4). ’ : . .
Another approach to testing hypotheses for the MGLM model might
possibly use the concept of sufficiency. It is therefore recommended
that such an approach be explored and compared to the Wald Statistic
method.
In Chapter Five it has been shown that the estimators E given
in Theorem 2.4.1 and Lemma 3.6.1 may not be positive definite. It is
therefore necessary to determine an alternative estimator to E which
will always be positive definite and consistent for I. The most
practical approach here appears to be the method of scoring as described
in Section 3.5.2 of Chapter Three, but this needs to be demonstrated.

Another possibility is the use of the method proposed by Hocking and

Smith [28].
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APPENDIX

We present below (without proof) a number of important matrix
results used in the main text dealing with generalized inverses, matrix
derivatives and Kronecker products. TheseAtopics hav; been treated by
a number of authors, notably Rao [41], [44], [46], Dwyer [20] and

Anderson [8].

A.1 Generalized Inverses

Definition A.1.1: A~ is a generalized inverse of A if and only if

AATA = A,

Theorem A.1l.1l: Given A(p x q), TI(p x p) and C(v xq ) such that

R(C) = v, C=L'A for some L(p x v) and ' is symmetric and

positive definite, then

(i) A(A'A) A" and Ip - A(A'A) A' are uniquely determined, symmetric
idempotent, R(A[A'A] A') = R(A)J and R(Ip - A[A;A]_A') =p - R&A).

(ii) (A'TA)(A'TA) A' = A'

(iii) C(A'TA) €' 1is unique and positive definite .

(iv)  C(A'TA) (A'TA)(A'TA) C' = C(A'TA) C'

(v) S=7Y'[I - A(A'A) A']Y 1is of full rank with probability one
if Y 4is a matrix random vériable whose rows are normally

distributed and E(Y) = Ay for some matrix p .

A.2 Matrix Differentiation

Definition A.2.1: Let 3 denote partial differentiation. Let

A(p x q) = ((aij)), B(r % s) =((bij)) = [b) ... b]] and o be any scalar
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function. Then

where

and

Theorem A.2.1: The following is a list of matrix differentiation rules:

da d o | JA aéij
3B (r x s) = ((ab.,)) » 34 (p x q@) = (( e ))
1]
o4 (rq x ps) = [A' | A! ! 3 A'] whenr > 1or s> 1
3B P 1 8200 e By
aai.
A (PXrQ)g((—_ii)) s 8= 1,...,s ’
2 . ab
—-gl
3%q, 9 .90
- 5213 .
3A3B B '3A .

(1)
(i1)
(iii)
(§V)

v)

(vi)

(vii)

(viii)

5 33 " 94
3q (AB) = A=+ T B
2871 -1 3B -1

da da )
3BE _ o,

op

%— (v - AW 'T(y - Ap) = - 2A'T(y - Ay) whenever ' 1is symmetric.

The (i,j)~th element of —é-gffi where ' is symmetric is given

ar

1 = . g
by éij<<§ﬁ:>ij where Gij {'2, i#j

1, i=j
. . a 1 -l . N .
The (i,j)-th element of 3T X ' ’x where T' is symmetric is

given by 5,,<}F—lxx'F—3>.. where &.. is defined in (v).
ij == ij ij

3 tr U—lP' 1
u

P = - 2B'PU "M' where U = M'TM 1is of full rank,

3
P=X-BMM and ' is symmetric.

The (i,j)-th element of 3% 1n ;U! where U = M'TM  is of full

rank and I' is symmetric is given by

‘ v
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N

§,. MU—lM‘/.. where 6., .is defined in (v).
ij ij ij

(ix) %;AuB = B' 8 A' where the elements of yu are mutually inde-

pendent (e.g., u 1is not symmetric).

. 320‘_ 2q - - ' tyt
(x) 352 " 352 where u = [Ei’ ceey Ep] and y = <Ei’ e E?)

whenever & is of the form o = tr P-l(BuM)‘(BuM)V, where ' 1is
symmetric and B and M are arbitrary.

1 1

2 - -
(x1) %:7 tr U P'P =2 MU "M' 8@ B'B where U = M'TM is of full rank,
P=X-BuM and ' is symmetric.
atrue'e

ST is given by

(xii) The (i,j)-th element of
—Gij<%U-lP'PU—lM;>2j where I', U, M and P are as in (xi) and

§.. 1is defined in (v).
ij

A.3 Kronecker Products

Definition A.3.1: A ® B = ((aij)) is the Kronecker product of the

matrices A = ((aij)) and B.

Theorem A.3.1: The following are some results involving ©:

(1) (A ®B)+ (A8 C) A8 (B+C).

(A +D) 8 B.

(i1) (A ®B) + (D8 B)

(iii) (A ® BY(C ® D) = (AC © BD) if the products AC and BD are

defined.
(iv) (A®@B) =A 8B
(v) AZB and (B' 8 A)f where & = [éi e §p] and

2= (3]s <+ éé)' consist of the same set of elements.



