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SUMMARY
SOME INCOMPLETE AND BOUNDEDLY COMPLETE FAMLIES OF DISTRIBUTIONS

Let P be a family of distributions on a measurable space such that (+)
I uy dpP = c; » i=1, ... ,k, for all P e P, and which is sufficiently
rich; for example, P consists of all distributions dominated by a o-finite
measure and satisfying () . It is known that when conditions (1) are not
present, no nontrivial symmetric unbiased estimator of zero (s.u.e.z.) based
on a random sample of any size n exists. Here it is shown that (I) if
g(xl, .ee ,xn) is a s.u.e.z. then there exist symmetric functions
hi(xl’ ce ,xn_l) , 1i=1, ... ,k , such that
k n
g(xys vov X)) = .X .Z {ui (xj) - ci} hy (x5 .. Xyaps Kyaps oo X)) 3
i=] j=1
and (II) if every nontrivial linear combination of Ups eee sty is unbounded

then no bounded nontrivial s.u.e.z. exists. Applications to

unbiased estimation and similar tests are discussed.



SOME INCOMPLETE AND BOUNDEDLY
COMPLETE FAMILIES OF DISTRIBUTIONS®

by Wassily Hoeffding
University of North Carolina at Chepel Hill

[Abbreviated title: Incomplete and boundedly complete families.]

1. Introduction and Statement of Results. Let A be a o-field of subsets of

a set X, and let P be a family of distributions (probability measures) P

on (X,A) which satisfy the conditions

(1.1) I u, dP = Cy » i=1, ... ,k,

where k 1is a positive integer, Ups vee Uy aTe given A-measurable functions,

and ¢ - »C are given real numbers. Let A(n) be the o-field of subsets

1 -
of X® generated by the (cylinder) sets in A" , and let P(n) = {p": P e P}
denote the family of the n-fold product measures P" on (Xn, A(n)) .

A family Q of distributions on (Xn, A(n)) will be said to be complete

relative to the permutation group if the condition that the A(n)-measurable

symmetric real-valued function g satisfies J gdQd =0 forall Qe Q
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implies g(xl, ces ,xn) =0 a.e. (@ . Here g is called symmetric if it
is invariant under all permutations of its arguments. The family @ will be
said to be boundedly complete relative to the permutation group if the same

conclusion hqlds under the additional condition that g is bounded.

Informally, Q is [boundedly] complete relative to the permutation group if

there is no nontrivial [bounded] symmetric unbiased estimator of zero. (This
definition relates to the well-known notion of a [boundedly] complete family
[5] as follows. Let T be a maximal invariant under the permutation group
and let Q? = {QT: Q € 2} be the family of distributions of T induced by
the distributions in Q@ . Then @ is [boundedly] complete relative to the
permutation group iff the family Q? is [boundedly] complete.)

It is well known (Halmos 1946, Fraser 1953) that if the conditions (1.1)
are absent and P is sufficiently rich then P(n) is complete relative to
the permutation group. This is not true in the presence of conditions (1.1)
(unless the uy and c; are such that the conditions impose no restriction).

Indeed, if h ,hk are any A(n'l)-measurable symmetric functions such

1, s
that I Ihi|dl’n'1 <o, i=1, ... ,k, for all P e P, then the function g
defined by

k n
(1.2) g(xl, ven ,xn) = izl jzl {ui(xj) - ci} hi(xl, cee ’xj-l’ Xjup0 oo ,xn)

is a symmetric unbiased estimator of zero.
In this paper two theorems (each in two versions) are proved. The first
theorem shows that if P is sufficiently rich then a symmetric unbiased

estimator of zero is necessarily of the form (1.2). The second theorem shows
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that although P(n) is not complete relative to the permutation group it is
boundedly complete if all nontrivial linear combinations of Ups «or ,u  are
unbounded.

To state the theorems, we introduce the following notation. If A con-
tains the one-point sets, let PO be the family of all distributions P con-
centrated on finite subsets of X which satisfy conditions (1.1). If u is
a o-finite measure on (X,A) , let Po(u) be the family of all distributions
absolutely continuous with respect to u whose densities dP/du are simple
functions (finite linear combinations of indicator functions of sets in A )

and which satisfy conditions (1.1).

Theorem 1A: Let A contain the one-point sets and let P be a convex family

of distributions on (X,A) which satisfy conditions (1.1), such that PO c P,
If g is a symmetric A(n)-measurable function such that J g aP" = 0 for all
P ¢ P then there exist k symmetric A(n°1)-measurab1e functions hl’ cos ,hk
which are Pn'l-integrable for all P e P, such that (1.2) is satisfied for all

n
(xl, . ,xn) e X° .

Theorem 2A. 1If the conditions of Theorem 1A are satisfied and if g is

bounded while every nontrivial linear combination of Ups eoe 5l is unbounded

then g(xl, coe ,xn) = 0 for all (xl, cos ,xn) e X0,

The following analogs of the two theorems hold for dominated families of

distributions.
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We shall say that a A-measurable function u is P-unbounded if for every

real number ¢ there is a P in P such that P(Ju(x)| > c¢) =0 .

Theorem 1B. Let P be a conyex family of distributions absolutely continuous
with respect to a o-finite measure u on (X,A) which satisfy conditions

(1.1), such that Po(u) cP. If g iS a symmetric A(n)-measurable function
such that [ g dP® = 0 for all P ¢ P then there exist k symmetric A(n-l)-
measurable functions hl’ eee ,hk which are Pn-l-integrable for all Pe P,

such that (1.2) holds a.e. (P™y .

Theorem 2B. If the conditions of Theorem 1B are satisfied and if g is
bounded while every nontrivial linear combination of Ups oee sy is P-

unbounded then g(xl, ves ,xn) =0 a.e. (P(n)) .

Remark 1. The assumption that the family P is convex is used only to prove
that there are versions of the functions hi that are integrable. Note that
the families PO’ Po(u) , and the family of all P which are absolutely con-

tinuous with respect to u and satisfy conditions (1.1), are convex.

Remark 2. Theorems 1B and 2B remain true if Po(u) is defined as the family
of all distributions absolutely continuous with respect to u whose densities
are finite linear combinations of indicator functions of sets in a ring which

generates the o-field A ; compare Fraser (1953).

Remark 3. If the assumptions of Theorems 1A or 1B are satisfied but conditions

(1.1) are absent then the family P(n) is complete relative to the permutation



-5-

group. Here the assumption that P is convex is not needed. This is essen-

tially known (as noted above) and is easily seen from the proofs.

The theorems are proved in Sections 3 - 6. Section 2 contains lemmas

that are used in the proofs.

This section is concluded with three examples of applications of Theorems

1 and 2.

Example 1. Let Xys --- sX, be independent real-valued random variables with
common probability demsity p = dP/dx and suppose that the first k moments,
Ixip(x)dx =c; . i=1, ...,k , are known. Nothing else is assumed. Let
p(P) = Pm{(xl, .o ,Xm) € A} be the probability of some event involving

Xl, ene ,Xm , where m < n . It is reasonable to require that an estimator @
of ¢(P) satisfy 0 < @ £ 1. It is easy to see that a symmetric unbiased
estimator, $O » with this property exists. Theorem 2B implies that it is
unique. (Note that the moment conditions may restrict the range of Y(P) to a
proper subset S of [0,1] , via Chebyshev-type inequalities. Typically, the

values of ¢b are not confined to S . 1In such a case the use of an unbiased

estimator can not be recommended.)

Example 2. Let Xl, cen ,Xn be independent real-valued random variables with
common distribution P whose variance is known. Consider testing the hypothe-
sis I X dP= 0 against the alternatives f xdP >0 . For every n21,
every o € (0,1) , and every € > 0 there exists a strictly unbiased test of

size a against the alternatives [ x dP 2 ¢ . (In Hoeffding (1956), p. 112,
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a test is exhibited which (after a suitable change in notation) is strictly
unbiased against I x dP = ¢ ., This test can be shown to be strictly unbiased
against J x dP 2 ¢ .) Theorem 2 implies that against the alternatives

I x dP > 0 no nontrivial unbiased test exists. (One first shows that every

unbiased test is similar; see [5]. We may assume that the test is symmetric.

By Theorem 2 the only symmetric similar test of size o is trivial.)

Example 3. Let the assumptions of Theorem 1 (A or B) be satisfied. If y(P)
admits an unbiased estimator, then the difference of any two symmetric unbiased
estimators is given by (1.2). We discuss only the simplest case, n =1 .

Let y(P) = I w dP . Then any unbiased estimator t(x) is given by
k
t(x) = w(x) + kzl hi{ui[x) - ci} s

where hl’ cee ,hk are arbitrary constants. Suppose that w, Ups eee Uy
have finite second moments. Then
k k k

varp(t) = var,(w) + 2 igl h;C, (P) + izl jzl hithij(P)
where Ci(P) = covp(w,ui) and Dij(P) = covp(ui,uj) . It is straightforward
to minimize varp(t) with respect to hl’ cen ,hk . Let Q be a distribution
in P such that the matrix (Dij(Q)) is nonsingular, and let (Dij(Q)) be
its inverse. Then the unbiased estimator which has minimum variance when the
distribution is Q is t(x) with hi = Zj Dij(Q)Cj(Q) s and its variance at

P=Q is varg(w - zrpd (@€, (¢ @ -
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2. Lemmas. The following lemmas will be used in the proofs of the theorems.

Lemma 1: (Halmos). A homogeneous polynomial on R" which is zero on a non-

degenerate n-dimensional interval, is identically zero on R" .

The proof is by induction on n , just as Halmos' proof in [2] for the

case where the n-dimensional interval is the positive orthant.

Lemma 2: 1If aij(i =1, ... ,m; j =1, ... ,n) are real numbers, there exists

an index h (1 < h s m) such that the inequalities

(2.1)

HT~158

(ahj -aij)pjzo, i=1, ... ,m,

j=1

are satisfied in a nondegenerate n-dimensional sub-interval of

{(pl, es sP): Py >0, ... P, > 0} .

Proof: The inequality (2.1) with i = h is trivially true for all

Pys ++ P, - If two rows in the matrix A = (aij) are equal, the correspon-
ding two inequalities in (2.1) are equivalent. We may therefore assume that
A has no equal rows. Under this assumption it will be shown that there exist
an index h and strictly positive numbers Pys ++e 5Py such that the

inequalities (2.1) with i # h are strict:

(2.2) (ahj - aij)pj >0, i=1, ... ,(h -1, h+1, ... ,m.

U e =]

j=1
This implies, by continuity, that the same is true in a neighborhood of the

point (pl, ces ,pn) » and the lemma will be proved.
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Let A have no equal rows. Then there exist an integer v, 1<t =<m;

integers m(1), ... ,m(r) such that
m=mn(0) 2m1) >m(2) >... >mx) =1;

and columns Cl’ .o ,Cr of the matrix A such that column C1 has exactly
m(l) maximal elements (the specified elements in column C1 ) and, for
g=1, ... ,+ -1, the m(g) elements in column Cg+1 which are in the same
rows as the m(g) specified elements in column Cg contain exactly m(g + 1)
maximal elements (the specified elements in column Cg+1 ).

We may assume that Cg is the g-th column of the matrix A and that the
specified m(g) elements in column ‘Cé are the first m(g) elements of thet

column, for g=1, ... ,r . Then

a = ,,. =2 a. i=m(g) +1, ... ,m(g-1),

1,g m(g),g ~ %i,g
for g=1, ... ,r . Hence if i = m(g) +1, ... ,m(g-1); g=1, ... ,r,
then
n n
(2.5) jzl (@),5 - 23,5095 = ng (g5 - 23505 »
where alg - aig >0 . Thus if Pryy? *++ P, are any fixed positive numbers

and, heving defined pj for j2g+ 1, we take pg > 0 so large that the
right side of (2.3) is strictly positive, with g=r, r-1, ... ,1 , then

the inequalities (2.2) are satisfied with h =1 .

We denote by u the column vector with k components Uy eee 50 o
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Lemma 3A: If, for (x;, ... ,X) e ) S
k n
(2.4) glx;, ... ,x) = izl jgl VLT PRV HPTIE STCPINPRNE % I
where each hi is symmetric in its n - 1 arguments, and if Zys eee 52y
k points in X such that the Kk x k matrix
(2.5) U= (uz), ... ,u(z)
is nonsingular, then, for (xl, . ,xn) e X0 .
n-1 n-m-1
(2.6) glxy, vee 5x) = 1 (-1 Toom (K10 we oXg)
m=0

where

k k
(2.7) Tn,m(xl’ e SX ) = zm,n-l . Y ... _ ) g(xj s oeee 0% 5 Zg o e

11=1 . lﬁ-m=1 1 m 1
cenp Z. v, (X ) el VS x. ) ,
n-m 1 Imel n-m JIn
(2.8) vix) = Ut ue
[}

and zm,n-m denotes summation over those permutations jl, . ,jn of the
integers 1, ... ,n for which j1 < ... < jm and jm+1 < ... < jn .

Remark: Note that representation (2.6) of g(xl, ce

the functions hl’ ... ,h, which appear in (2.4).

k

Proof: From (2.4) and (2.8) we have

n
z Vo (X )€ (Xq5 oee
1 j=1 b R R R |

0 ~15

(2.9) g(xl, ces ,xn) =

i

’xj-l’ xj+1, .e

,xn) does not involve

.« X))

are
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where

_nuT
(2.10) f(xl, cen ’xn-l) = U h(xl, cen ’xn-l) .
(The superscript T stands for transpose.) By (2.8),

(2.11) Vi(zi) =1, vi(zj) =0, i=3j.

Hence, for 1 < i, £k, r=1, ... n-m;n-m=1, 2, ... ,n,

(2.12) g(xl, vee 3X s Zz s wes 3Zs )

m "1, im
id
= Vo (X E (Xys ooe 35X 75 Xiqs oo 5Xn 25 5 ooe 524 )
i=1 j=1 A RO S | j-1° 7j+1 m "i, ii-m
# £, (Xyy oes sX. 5 Zs s ooe 5%z ) F
i, 1 m’ "1, ln-m
+ f, (Xqs oo X5 Zs 5 ose 33 ) .
1n-m 1 n g ln-m-l

In particular, with m=n -1,

fil(xl’ ves ’xn-l) = g(xl, coe 3Xp qo zil)

lz{ nil
- V-(X.)f. (X 9 e ’XO- 5 X. 3 e ,x ~1°? Z,. ) -
i=1 j=1 it il j-1° Tj+1 n-1* i

Inserted in (2.9) this gives

g(xl’ "o ,xn) = Tn’n—l (xl, oo ,X ) - R

where



-11-

k k
R, = } )) ) v, (x, Jv, (x; ME, (X , o0 ,x, , 2. ) +
ogmam ™52 T Ty T T Jn-2” iy
+ £, (x. , 2X: 5 2. )}
2 N Jn-2 1
In general, by induction on m ,
= m-1 m
(2.13) g(xl, ces ,xn) = Tn,n-l - Tn,n-2 + ...+ (-1) Tn,n—m + (-1) Rm ,

where Tn,r = Tn,r(xl’ o ,xn) , and Rm differs from T only in that

n,n-m-1

gl... ;2 , ... ;2. ) is replaced by fi (... 525 5 ene 5%y J o+ ...

o Tme1 1 2 In+1
.+ fi Goee 52, 5, oo N ) . In particular, by (2.12) with m = 0 , we
m+1 | m
have Rn_1 = Tn,O , and (2.6) follows from (2.13).

Lemma 3B: Let v be a finite measure on the measurable space (X,A) , let g
be a A"-measurable function such that j Ig[dvn < ® , and let Ups oen 50y be
A-measurable functions such that I luildv <o, i=1, ... ,k. If there
exist symmetric An'l—measurable functions hl’ ‘e ,hk such that

g(xl, cos ,xn) can be represented in the form (2.4) for all

(xl, ce ,xn) e X, and if B . ’Bk are k sets in A such that the

1’

k x k¥ matrix

(2.14) Uv = [ I udv, ..., j u dv}
B1 Bk

is nonsingular, then, for all (xl, ces ,xn) e X0 .

n-1 :
(2.15)  g(xy, +.. ,x) = ] -1 (V)

X ees X
o n,m ( 1°* ) n) ’
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v) . . . . .
where Tn,m (xl, oot ,xn) is defined like Tn n (xl, cee ,xn) in (2.7) but

5

with g(xj 5 ove sXs 3 Zi s ene 52

i ) replaced by
1 In 1 n-m

(2.16) [B dv(yl) ces jB dv(yn_m)g(le, ces ,xjm, Yis oo ’yn-m)

i i
1 n-m

and v(x) = (vl(x), ces ,vk(x))T teplaced by
2.17) v () = it .

The same is true with the phrase "for all (xl, ce ,xn) e XMn replaced

by " a.e. v(n) " in the two places where it occurs.

The proof of Lemma 3B closely parallels that of Lemma 3A. The only dif-
ference is that any substitution, in a function £(... sXs 5 vee) 5 of zj for
Xy in the proof of Lemma 3A is replaced by integration over Bj with respect
to dv(xi) .

Incidentally, Lemma 3B contains Lemma 3A.

The functions hl’ con ,hk in representation (2.4) of g are not, in
general, uniquely determined by the functions g, Ups cee U o For example,

if hl(x,y) , hz(x,y) satisfy (2.4) with k=2, n=3, so do

Hy (%) = h; (6Gy) + wy)u,(x) + wx)u,(y) ,

Hy(x,y) = hy(x,y) - w(y)u;(x) - w(x)u, (y) ,

where w(x) is arbitrary. The following lemma records, for future reference,

a certain version of the functions hl’ ces ,hk .
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Lemma 4: Suppose there exist symmetric functions hl’ ces ,hk such that g

has the representation (2.4). Under the conditions of Lemma 3A, hl’ e ,hk

can be so chosen that each hi(xl’ cee ’xn-l) is a finite linear combination

of terms of the form

)

(2.18) g(X; 5 wuee 3X: 5 Z. 5 vee 42 Yu, (x. ) ... u (x.
: Jl Jm 1 1n-m r1 Jm+1 rn-m-l Jn-1

where the subscripts jl’ cen ’jn-l are all different. Under the conditions
of Lemma 3B, each hi(xl’ - ,xn_l) can be chosen as a finite linear combi-

nation of terms of the form

(2.19) IB dv(yl) vee JB dv(gn_m)g(le, ces ,xjm, Yy oee ’yn-m)
e | n-m
u, (x: ) ... u x. ),
1 Jmel Th-m-1 In-1
where jl’ ces ’jn-l are all different.

Proof: Under the conditions of Lemma 3A, g(xy5 ... ,x.) has the representa-

tion (2.6), where T_ _(x,, ... ,x_ ) is defined in (2.7) and each v.(x) is
n,m1 n i

a linear combination of ul(x), cee ,uk(x) . Hence g(xl, voe ,xn) can be

written as a linear combination of terms, each of which, for some i and some

j » is of the form ui(xj) times a product of the form (2.18) which does not

involve xj . This fact and the symmetry of g(xl, vee ,xn) imply the asser-

tion of the lemma. Under the conditions of Lemma 3B the proof is analogous.
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3. Proof of Theorem 1A. We may and shall assume that conditions (1.1) are

satisfied with CL = eee =€ = 0 . Thus PO is the family of all distribu-

tions P concentrated on finite subsets of X which satisfy the conditions,
(3.1) I u, dP=0, i=1, ... ,k,

and P 1is a convex family of distributions P on (X,A) which satisfy (3.1),
such that P > PO . Let g be a symmetric A"-measurable function such that
[ g dP" = 0 for all Pe P. We must show that there exist symmetric An-1

measurable functions hl’ cee ,hk such that
(3.2) f Iy a P <o, 121, ...k, if PeP

and, for all (xl, vee 23X ) € & .

o

n .
z ui(xj)hi(xl, . ’xj-l’ xj+1, ‘e ,xn) .

(3.3) g(xy5 «v. ,x) =
1 n 1 j=1

i

H o~y

Since PO c P, we have that if N is a positive integer, Xys eee oXy

are points in X , and Pys -+ sPy arTe nonnegative numbers such that:

(3.4) Py * ee. v py = 1,
(3.5) ui(xl)p1 + ...+ ui(xN)pN =0, i=1, ... ,k,
then
Do)
(3.6) ceo g{x, , «vv X, )P:s .. p: =0.
i=1 i=1 N il n
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It will be convenient to identify points in Rk with the corresponding
T . 2y
column vectors, U = (ul, ‘e ,uk) . We write u(x) for (ul(x), e uk(x))
and 0 for (0, ... ,0)T .
Let

U={ux): xe X} .

Conditions (3.4) and (3.5) show that the origin 0 is in the convex hull of
u.

First assume that 0 is in the interior of the convex hull of U . Then
there exist k + 1 points Yir eee Va1 in X such that 0 is in the
interio;‘of the polytope whose vertices are u(yl), vee ,u(yk+1) . Thus there

are strictly positive numbers 11, vee ,Ak+1 such that

(3.7) Ay + .00+ A

u(yl)A1 L u(ykﬂ)xk+1 =0.
The solution of this non-singular system of k + 1 equations for Al, cee ’Ak+1
is
(3.8) Ah = dh/(d1 + ..+ dk+1) », h=1, ... ,k+1,

where dh is the determinant

.

1
(3.9) dh - u(Yl)’ e ’u(yh-l), 0, U(Yh+1), e 9u(}’k+1)

(The unspecified élements of the determinant do not affect its value.) Since

Ah >0 for all h , the dh are all of the same sign. We may and shall
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assume that

(3.10) d >0, h=1, ... ,k+1.

For 1 <h#3i<k+1 define Di h(u) as the determinant obtained from

dh in (3.9) when u(yi) is replaced by u . Thus if i <h then

1

R T Sl TC20 PO TGP TRTIR'T 00 PR c A N R'TC AP FORRRTCA

We note that

(3.12) Di,h(u) = -Dh’i(u) s

(3.13) Di,h(u(yi)) = dy, Di’h(u(yh)) =-d,, Di,h(u.(yg)) =0 if g=#i,h.

Now let xl, ces 53X

n be any n points in X and let Zys oo 52y be

any k of the k + 1 points Yo cee o¥pa1 ¢ OCccasionally we shall use the

alternative notation

(xn+1, e ’xn+k) = (zl, .o ,zk) .

Suppose that there are n + k nonnegative numbers Pys +or sPpax such that

Py * oo *Ppp = 1 and
(3.14) u(xl)p1 + ...+ u(xn+1)pn+1 + ... 0+ u(xn+k)pn+k =0.

Then, by (3.4) - (3.6) with N=n + k ,

n+k n+k

(3.15) Y oo ] g(xj e Xy )pj e Py = 0.
j]_:l jn‘l 1 n 1 n
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Note that the restriction Pp ¥ oo ¥ pn+k =1 is irrelevant since
equations (3.14) and (3.15) are not changed if all pj are multiplied with
the same positive constant. Only the assumption that the pj are nonnegative
is needed for (3.14) to imply (3.15).

For Pys ++ 5Py held fixed, consider (3.14) as a system of k equations
for p

n+1’ * o0 }] n+k .
U= (u(zl), ves ,u(zk)) is non-singular, and the solution of system (3.14) is

Condition (3.10) implies that the matrix

n
(3.16) Poai = _jZI vi(xj)pj , i=1, ... ,k,

where v(x) = U tu@x) .
(h)

n+i
where h=1, ... ,k+ 1 . Then, in the notation of (3.9) and (3.11),

Write p for p when (zl, v ,zk) = (yl""’yh-l’yh+1""’yk+1)

n+i

r

D 3 (u(xj))pj , i=1, ... ,h-1,

II.MS
=}

J
6 4

o~

.

J=1
Since dh >0 for all h , the condition p

Dh,i+1(u(xj))pj , i=h, ...,k

(h) . .
n+i 2 0 ’ 1= 19 s o e ,k I 15

equivalent to

n
(3.18) 321 Dh’i(u(xj))pj 20, i=1, ... ,h-1,h+1, ... k+1,

We now show that for every point (xl, coo ,xn) in X" there is an

integer h (1 < h <k + 1) such that (3.18) is satisfied in a nondegenerate

n-dimensional sub-interval of {(pl, ces P)i Py >0, ool 5py 2 0} . It is

kn

enough to show that for every point (ul, ere ,un) in R there is an h
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such that the conditions
n
(3.19) jZ1 Dh,i(uj)pj 20, i=1, ... ,h -1, h+1, ... ,k+1,
are satisfied in such an interval.

For every point U in Rk there are real numbers bl(u), ‘e ,bk+1(u)

such that
k+1

U= jz bj(u) u(yj) .
By (3.11) and (3.13)
k+1
D s (W) = 5§1 bj(u)Dh’i(u(yj)) = by (U)d, - b, (W4, .

Therefore conditions (3.19) are equivalent to

n
le {bh(uj)/dh - bi(uj)/di}pj 20, i=1, ... ,k+1.

(For i = h this inequality is trivially satisfied.) The assertion in the
preceeding paragraph now follows from Lemma 2 with m =k + 1 and

aij = bi(uj)/di .

The foregoing shows that the set ™ can be covered with

k + 1 measurable subsets El’ cos ’Bk+1 such that if (xl, oo ,xn) € Eh

then inequalities (3.18) are satisfied in a nondegenerate sub-interval I of

{(pl, cen ,pn): p; > 0, ..o »P, > 0} .
Let (xl, ces ,xn) be a point in X" . Then (xl, ces ,xn) € Eh for
some h (which will be held fixed in what follows). Let

(zg5 «v- 32)) = (Yys ooe 5Yp_10 Yhape oo Yiep) Then, for (p;, ... ,p,) €I

the values Ppe1® *** *Ppek defined in (3.16) are non-negative. We shall

insert these values in the left side of (3.15). The resulting homogeneous
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polynomial in Pys +++ 5Py is zero on I and hence, by Lemma 1, is identically
zero.

The sum in (3.15) may be written as

n+k n+k
(3.20) . z e Z g(xj s ces ,xj )pj ves pj =
31=1 3n=1 1 n -1 n mao,mlzo, ves ,mkzo
k m,

n! % g m M i
—— .o 8(Xy 5 wee 5X: 5 ZiTy wee 5Zy JPs eee D I p.L: s
m!mll...mkl j=1 § =1 iy Jg” 71 k iq Jp j=1 Pt

m

where 2z~ stands for the vector with m equal components 2z . Identity

(3.20) can be proved by induction on k .,

On inserting the expressions (3.16) for Pne1? ot Phax in (3.20) we
obtain
n+k n+k : n n
(3.21) Y o... . ¥ {C TP )pj e Py = Y ... ) a5 3
31=1 Jn=1 1 m -1 n Jl=1 Jn=1 1 n
P e P
h In
where
(3.22) a. . o= ) (-1)“"“_!__.12_‘____1_
J1°+*In mZO,m120,...,mk20: MMy 3o oMy
WMy +. . I =0
m+, . .+m,
my My k i
gX. 5 coe 4X. Z37s eee 52y ) I it vi(x. ) .
N1 In i=l-Tsm*,,.+m, .+1 Iy
i-1
Let a§1""’jn denote the symmetric average of the values a“(jl""’jn)

over the n! permutations “ﬁﬁjl,...;jn) of the integers j1 s eee ’jn . The
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condition that the homogeneous polynomial in Pys +++ 5P, OR the right of

(3.21) is identically zero is equivalent to the condition thet the coefficients

a¥ . are all zero. We can write
A FERES
1 n-m
* = - -
(3.23) 3y .. a (-1 Spm(X1s ee o)
m=0
where
(3.24) S _(x,, «oo ,Xx) = Z
mL? n MM, 5000,
mlzo,...,meO M e 7k
my+.. . +m =n-m
m m X mé. oy
glx, , .0 X, Zp7s eee 2y ) I I vi(x. )
I Im i=l r=m+...+m, .+1 Iy
i-1
and Z denotes the sum over those permutations jl’ ces ’jn of

MMy 5o en My
the integers 1, ... ,n which satisfy

j j < ... <3

'Y eee < Ime Ips1 <. < Jm+ml’ ’Jm+...+mk_1+1

The condition af = 0 is equivalent to
3

.

n-1
n-m-1
(3.25) g(xy, ev bX ) = mZO (-1) (X1 <r 0%y -

For m=0,1, ... ,n -1, each term in the sum in (3.24) is, for some
i and some j , the product of Vi(xj) and a factor not involving xj .
Moreover, Sn,m(xl’ cos ,xn) is symmetric in Xp5 eee X - These facts
imply that the right side of (3.25) can be written in the form
k n
izl jzl Vi(xj)fi(xl’ v ’xjél’ xj+1, ces ,xn) ,

where the functions fl’ cee ’fk are symmetric. Expressing the v, in terms
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of Ups vee 5y, WE obtain a representation of g(xl, coe ,xn) in the form
(3.3) with symmetric functions hl’ . ’hk .

We now show that the functions hl’ ce ,hk can be so chosen that they
satisfy the integrability condition (3.2). Let P0 be the distribution which
assigns probabilities Al, ve ’Ak+1 to the respective points Yys +ee 5Ypa1 *
as defined in (3.7) to (3.9). Let Bi denote the set which consists of the
single point Yy o for i=1, ... ,k . Since the A. are strictly positive,

the matrix [ j ud Po, eee s J ud PO] is non-singular. The conditions
B B o

of Lemma 3B with v = PO are satisfied. By Lemma 4, the functions
hl’ oo ,hk in (3.3) can be so chosen that each hi(xl’ cos ’xn-l) is a
linear combination of terms of the form
d P.(t ves [ d P (t X. vee 53X ty, oo »t
[B olt)) . L T )

i i
1 n-m

u, (x; ) ...u ( ) .

1 Iml Th-m-1 xjn-l
Let P be a distribution in P . The u, are P-integrable by assumption.

Hence to show that the hi are Pn'l-integrable it is sufficient to show that

(3.26) I g 4} ™™ < w

. Rl

for m=0,1, ... ,n-1 and all Pe P.
By (3.7) the distribution PO is in PO and hence in P . If P is

in P, sois Q= %(PO + P) , due to the convexity of P . Hence

I lg] d Q" <« . But I lg] dQ® can be written as a linear combination with

positive coefficients of the integrals in (3.26),. Thus (3.26) is true. This
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completes the proof under the assumption that the origin 0 is in the interior
of the convex hull of U .

Now suppose that the origin is a boundary point of the convex hull of U .
Then there are real numbers bl’ cae ,bk , not all zero, such that
blul(x) + L., * bkuk(x) =0 for all x € X . Therefore one of the conditions
(3.1) is implied by the others. In this way the problem can be reduced to one
of these two: (I) a problem of the same structure, with k replaced by k' ,
1 < k' <k, such that the origin of k'-space is in the interior of the convex
hull of the set corresponding to U ; (II) the same kind of problem but with
no restrictions (3.1) present. In case (I), the conclusion of the theorem
follows from the first part of the proof. In case II, equality (3.6) with
N = n and arbitrary (xl, ves ,xn) e X" holds for all positive Pys =+ 5Py s
so that, by Lemma 1, g(xl, ve ,xn) =0 , (This is, essentially, Halmos'

Lemma 2 in [2].) Theorem 1A is proved.
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4, Proof of Theorem 2A. Let the conditions of Theorem 1A be satisfied, and

suppose that g is bounded while every nontrivial linear combination of
Ups eee U is unbounded. We must show that g(xl, ve ,xn) = 0 for all
(xl, cen ,xn) e X0,

We again assume that Cp = eee = ¢ = 0 . Since every nontrivial linear
combination of Ups wee U is unbounded, there exist Kk points Zys eee 52y
in X such that the k x k matrix (u(zl), ces ,u(zk)) is nonsingular.
Hence, by Theorem 1A and Lemma 3A, we have for all (xl, .o ,xn) e X8

n-1 1
(4.1) g(xl, - ,xn) = mZO (-1 Tn,m(xl’ cee X3 g ,

where (we now exhibit.the dependence of Tn on g)

s

@4.2) T, (g, eeeux ) =L

g(x. eve 3Xs 5 Zs oo 3Z. v, (x. ) ... v, (x. ) .
Jl, ’ Im 11’ n-m 11 Im+1 n-m °n

Here each of v Vi is a nontrivial linear combination of Ups vee sUy

1t
and hence is unbounded.

The theorem will be proved by induction on k and, for each k , by
induction on n .

For n=1 and k arbitrary we have, by Theorem lA,
gx) = hlul(x) + ... 0+ hkuk(x) , where hl’ v ,hk are constants. The right

side is bounded only if h1 = ... 0= hk = 0 , so that the theorem is true in

this case.
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Now let k=1 . By (4.2),

(4.3 Tn,m(xl’ ces sX3 g) = Zm,n-m g(le, cee 3X: 5 2y eee 5Z)

v(x. ) oooovix. ),
m+l In

where z =z, , and v =v, is unbounded. There is a sequence {yN} in X

such that
|v(yN)| > 40 gs N+ o,

Divide both sides of (4.3) by v(xn) , set Sh = Yy and let N+ o , The
terms on the right of (4.3) with jm =n , divided by v(xn) = v(yN) s converge
to zero, and we obtain
lim T _(x,, ... ,X Yas 2)/v(y,) = Z _ E(X: 5 vos 3Xu 5 Zy vee 5Z)

Now oM 1 n-1° °N N m,n-1-m 3 ig
v(xj ) oo vix, )

m+l Jn—l

gy,

n-l m(xl’ s Xy 1’

where gcl)(xl, = g(xl, cee 9X 15 z) , for m=90, ... ,n -2,

* ’xn-l)

For m=n - 1, the limit is gcl)(xl, e ,xn_l) . Thus if we set X, = ¥y

in (4.1), divide by v(yN) and let N -+ o , we obtain

(g0 oo s gy,

n

n-2
g(l)(xl’ ton ,Xn_l) = 2 ('l)n_m- n 1 m
m=0

It follows'by.induction onyrn that the theorem is true for k =1 .
Now let k = 2 , and suppose that the theorem is true with k replaced

by k-1,
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Since vy is unbounded, there is a sequence {yN} in X such that
lvk(yN)I > as N+ . There is a subsequence {yy,} of {y} such that
vl(YN.)/vk(yN,) tends to a limit A\ » =S A . Repeating this argument,
we see that there is a sequence {yN} in X such that lvk(yN)l + ® and
vi(yN)/vk(yN) -> Ai », i=1, ... ,k, as N+ o , ywhere -« < Ai < o for
i=1, ... ,k-1. Suppose that 11, .o ’Ak-l are not all finite, say
Al == for i=1, ... ,r; |A;l <= for i2r+1. Then
Vi) /v, (y) > 0, hence lvr(yN)l += and v, (y)/v, (yy) + A} with Al =0
or 1, for i 2r . Also, there is a subsequence {yN,} of {yN} such that
vi(yN,)/vr(yN,)e-Ai s With -o < Ai <o, for isr-~-1. It now follows by
induction that there is an index j , 1 < j <k , and a sequence {yN} in X
such that Ivj(yN)[ > o and vi(yN)/vj(yN) +2; . i=1, ... 5k, where

Al, - ,Ak are all finite. We may assume that j = k , so that

4.4 ;iz Ivk(yN)l = o, éig vi(yN)/Vk(yN) = Ai’ lkil <w, i=1, ... ,k-1,

Divide both sides of (4.2) by vk(xn) , set X =Yy and let N + .
After this operation the right side of (4.2) is modified as follows. Each
term with ji =n for some i <m is replaced by zero. In each of the
remaining terms the factor vy (xn) is replaced by Ai « On rearranging

g g
terms and taking account of the symmetry of g , we obtain

- : - o (1)
§i2 To,mqe oo Xy Yy 8/ = Ty g pxps oo g3 877)

where

€ §
(4.6) gl (xp, .. ox g) = 121 Ay B(Xps eee X g5 2)
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If in (4.1) we divide by v(xn) , set X, =¥y and let N »+ « , the
W, .

limit of the left side is 0 , and since Tn-l,ﬁ-icxl’ oo 5X 1508
1 .
= g( )(xl, »e» X, 4) , we obtain

n-2

(1) _ _qyR-m-2 .
4.7 g (X5 een X)) = mZO (-1) Toam(ye ooe 5X g3

gcl)) .

It follows in the same way that if we define g(l), g(z) ces ,g(n-l) by

H

(4.6) and
k
(s+1) . (s)
(4.8) g7 (g, eee oxp o g) = izl METT(Rys e SX o s 29)
S=1, ’n-z 3
then
4.9y g9 x_) = sil DS r (x x_; g™ %))
. g 1° **c s 0 s,m 12 o 2 %gs g

for s=n-1,n-2, ... ,1 . In particular,

K
e" Ve =1y o g™ = ] M Vv .

i=1
Hence
(4.10) g™ D(x)=0,a11 xex.
We now show that g(n"5+1)(x1, ves 3X . 4) = 0 for all
(xy5 +.. X 1) € x5-1 implies g(n-s)(xl, ves ,xs) = 0 for all

(xl, .o ,xs) e X5 s §$=2, ... ,n . Suppose that

(n-s+1) - s-1
(4.11) g (xl, eee X 1) =0 for (xl, - ’xs-l) € X .

S-



By (4.8)

g(n—s+1)(xl

¥ (n-s)
A AR .Z A, g (Xgs vee sXg_ 1o Z3)

s 401 1
Hence, as Ak =1,
k-1
(n-s) _ (n-s)
(4.12) g (xl, TREPS T zk) = -121 Ai g (xl, vee 5Xg 15 zi) .
By (4.9), g(n's)(xl, ..+ »Xg) 1is a sum involving the terms
(4.13) T. (x x; g%y =7 § § *
* s,m>1® "t 20g? g T im,s-m . &
11=1 i =1
S-m
g(n's)(xj , X s 24 s b2 ) evs (xo ) v (%)
1 m 1 s-m 1 Im+1 s-m °s
with m= 0, 1, . 48 -1
Let
(4.14) wi(x) = vi(x) - Aivk(x) , i=1, ... ,k-1,
and let T;,m(xl’ cee aXp3 g) be defined as Tn,m(xl’ PP - g) ; but with

k , v1(°), ves ,vk(o) replaced by k -1, w1(~), ces ,wk_l(v) . If we

eliminate Zy from the right side of (4.13) by using (4.12), we obtain

. . _(n-s)
(4.15) Ts,m(xl’ cee 9X3 = T, m(*ps -+ X3 8 )

for m=0,1, ... ,s - 1 . Note that any nontrivial linear combination of
Wis one sWp g is unbounded. It now follows from (4.9), (4.15) and the induc-
tion hypothesis that g(n's)(xl, - ,xs) = 0 for all (xl, coe 5X) dn XS .

n
Thus g(xl, e ,xn) = 0 for all (xl, cee ,xn) e X .
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5. Proof of Theorem 1B. We again assume that Cp = oo = = 0. Let p

be a o-finite measure on the measurable space (X,A) , let P be a convex
family of distributions which are absolutely continuous with respect to u and
satisfy conditions (3.1), and let Po(u) cP. Let g be a symmetric A(n)-
measurable real-valued function such that I g aP" =0 forall Pe P . We
must show that there exist k symmetric A(n-l)-measurable real-valued func-

tions hl’ vea ,hk such that
(5.1) I |n, | ap 1w, 1=21,... ,k,if PeP
and

(n)
ui(xj)hi(xl’ e X5 45 xj+1, ces ,xn) a.e. (PY7) .

k
(5.2) g(xl, ces ,xn) = .z j

i=1
Let AO be the class of all sets A in A such that
k
(5.3) u(A) + J I luy| du <=,
i=1 A
Let N be a positive integer, Al’ ces ,AN be sets in AO , and 815 vev L8y

be nonnegative numbers such that

N
(5.4) Y a. u(a) =1,
j=1 ] J
N
(5.5) 2 aj [ ui du=0 s i= 1, esw ,k .
j=1 A
N
Then p(x) = aiIA (x) , where IA denotes the indicator function of the
=1 %Yy

set A , is the probability density with respect to u of a distribution in

Po(u) and therefore in P . Hence conditions (5.4) and (5.5) imply



ERRATA SHEET

The following paragraph was omitted from page 29. It should follow the
third displayed equation and precede the paragraph which begins: 'Let
A, ... ,A_ beany n sets ... ".
1 n
We first assume that @ is in the interior of the convex hull of U(u) .
Then there exist k + 1 sets Bl’ e 'Bk+1 in AO of positive p-measure

such that 0 is an inner point of the polytype whose vertices are

l ,udy/u(B) , 3 =1, ... ,k+1.
B, ]
]
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(5.6) “es a. ...a., G{A, , ... ,A. ) =0,

j1= jn=1 N In 11 In

where

(5.7 GA, ... A = I g du"
Alx...XAn

(The existence of the integrals in (5.6) is guaranteed by the assumption that

J g d P" exists for P ¢ P J)

Conditions (5.4) and (5.5) also imply that the origin 0 of R is in
the convex hull of the set
U = {Ji u du/ufA): A e AO' u(a) > 0} .
Let Al, v ’An be any n sets in AO and let An+1’ ves ’An+k be
any k of the sets Bl’ vae ’Bk+1 . Then if a1y see 8o,y are nonnegative

numbers such that conditions (5.4), (5.5) with N = n + k are satisfied,
condition (5.6) with N = n + k is satisfied.
We now use the argument in the proof of Theorem 1A, with pj,.)(, xj, u(xj)

and g(xl, cee ,xn) replaced by aj, AO’ Aj, I udy and G(Al, ces ,An)

A,
J

respectively, to infer that there exist symmetric real-valued functions
n-1 n
Hl’ .er ’Hk on AO such that, for any (Al, ces ,An) € AO .
k n

i_=1 jzl [A u’i du Hi(Al, .« oy ,Aj-l’ Aj+1’ R ’An)
j

[ I udu, ..., I u du]
v B, B

k

is nonsingular. By Lemma 3A, with X replaced by AO . we have for

(5.8) G(A}, -.. LA)

The matrix

(5.9) U
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n
(Al’ ces ’Ah) € AO

n:l n-m-1
e oA = 1 (D) Tom A

(5:10)  G(A,, n.m Ay A
m=0
where, with V.(A) = I v, du , Vv(x) = U_1 u x) ,
i A i u
k k
(5.11) T, (A, ... LAY = Zm,n_m . To... . Yoo C .
i =1 i =1 - ‘
1 n-m
GQA; , Ay Bi s »B )Vi (Aj ) \J A, )
1 Im 1 n-m "1 “m+l n-m °n
Hence if we define, for (xl, ,xn) e XU,
k k
(5.12) ty (xg, ... LX) = Xm,n_m . 21 L Z=1
177 7 Tnem
g(x, eeo 5X. , B. , ... ,B. yv. (x ) .. V. (x. )
Jl’ ’ Jm’ | ’ Tn-m 1 jm+1 n-m In ’
(5.13) g(xl, cee 3 X Al’ ’An-m) = IA du(xm+1) cee JA gu(xn)
1 n-m '
g(xy5 X X))
then
n-l n-m-1 n
(5.14) L: {g(xl, cee oX) - m-z-o (-1) oy e ,xn)}dp = 0

_ . n
for all sets C = Al X ... X An in AO .

Let w(xl, cen ,xn) denote the integrand in (5.14). The integral
J{C) = } w dun is zero for C ¢ Ag . Let B be a set in AO . By a stan-
C
dard argument, J(E n Bn) = 0 for all E in the o-field Aﬁn) and hence

w(xl, ces ,xn) =0 a.e. (un) on B".
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Now let P be a distribution in P, let p be a version of dP/du ,

and let Be = {x: p(x) > €} . Then

k k
w > [ a+ 3 [uil)p du z € I a1+ ] luil)du .
Be i=1 B i=1

Thus Be € AO for all e > 0 . Hence w(xl, vee ,xn) =0 a.e. (un) on

U€>0B: » a set’of Pl.measure onej, that-ts < St
n-l n-m-1
(5.15) g(xl, “x ,xn) = 2 (-1 tn,m (xl, .o ,xn)

m=0
a.e. (Pn) , for all P e P . It is easily seen (compare the proof of Theorem

1A) that the sum in (5.15) can be written in the form (5.2) where each function

h, is symmetric and A1) _peasurable.

We now show that the functions hi can be so chosen that the integrability

condition (5.1) is satisfied. With Bl’ ‘o ,Bk+1 as above, there exist
k+1

strictly positive numbers A,, ... ;A such that ) A, =1 and
1 k+1 j=1 j

k+1
AL J u dp/u(B,) =0 .
j=1 J Bj J

Let P0 be the distribution whose density with respect to u is
k+1
po(x) = jzl Ay Tp, (/u(By) -
Then P0 is in Po(u) and hence in P . Since the matrix Uu in (5.9) is

nonsingular and the Aj are strictly positive, the matrix

Upo =( JB ud PO, ven s JB ud Po}
1 k
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ié also nonsingular. The conditions of Lemma 3B with v = PO are satisfied,
except that the representation (2.4) of g(xl, .o ,xn) holds a.e. (P(n)) .
Hence (2.15), with v = Po , holds a.e. (P(n)) . By Lemma 4, each

hi(xl’ eee ’xn-l) can be chosen as a finite linear combination of terms of

n-1

the form (2.19) with v = PO . The P° “-integrability of these functions

follows in the same way as in the proof of Theorem 1A, making use of the con-
vexity of P .
Now suppose that the origin 0 is a boundary point of the convex hull

of U (u) . Then there are real numbers bl’ cee ’bk , not all zero, such that

k : k

) b, I u, dy = 0 for all A e A , and therefore ) b, f u; dP = 0 for
j=1 *Ja ? 0 =1 1

all P e P . Thus one of the conditions J u; dP=0, i=1, ... ,k,
follows from the others. The rest of the proof is similar to that for Theorem

1A,
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6. Proof of Theorem 2B. Let the conditions of Theorem 1B be satisfied, and

suppose that g is bounded while every nontrivial linear combination of
Ups eoe sy is P-unbounded. We must show that g(xl, v ,xn) =0 a.e.
(p(n)) .

 We again assume that Cl = eee =€ = 0.

First it will be shown that there exists a measure v on (X,A) which

is (i) equivalent to the family P , (ii) finite, and (iii) satisfies
I lui[ dv<o, i=1, ... ,k.

Since the family P is dominated by a o-finite measure, it contains a
countable equivalent subset (Halmos and Savage (1949), Lemma 7). Let the
sequence Pl, Pz, ... of distributions in P be equivalent to P (so that
Pj(A) = 0 for all j dimplies P(A) = 0 for all P in P). Let

k . o
- -1

., = ldp,, b, =270 +d, v = b, P, . The numbers b,

J 121 Ilull i’ 3 ( P jzl J i J
are strictly positive and ) bj is finite. Hence v is a finite measure

o o0 R
equivalent to P . Also, ) J luildv = ) b.d. < ) 27) < =, so that v
i=1 j=1 13 =1

satisfies conditions (i), (ii), (iii).

Since v is equivalent to P , we have that if u is a nontrivial
linear combination of u;, ... ,u then v{lu(x)l >c) # 0 for all real c .

Let A+ denote the class of sets A in A such that v(A) 2 0 . For

Ace A+ define the set functions U;, ... Uy by

Ui(A) = [ 1, ... ,k .

u, dv/v(A) , 1
A

Then every nontrivial linear combination of Ul’ cos ’Uk is unbounded on A+ .
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Hence there exist k set Bl’ coe ,Bk in A+ such that the matrix

U = ( [ udv, ..., [ u gv]
v B, B B

k
is nonsingular.
By Theorem 1B, the conditions of Lemma 3B (last paragraph) are satisfied.
( I lg| dv® 1is finite since g is bounded.) Hence the representation (2.15)
of g(xl, . ,xn) holds a.e. (Q(n)) . Let Al’ ees ,An be n sets in A, .

Integrating both sides of (2.15) over the product set A1 X ... X An in JAE

with respect to o , we obtain

6.1) G (A A) = nil S Lt L7 A)
- 1, > 8 0 , n n,m 1’ ¢ s , n
m=0
where
+ n n
G (Al’ . ,An) = J g dv /.H v(Aj) s
A1><...XAn j=1
t k ko ¢
Tom@ps oov A = oop : 21 Z=1 G (Ajl, . ,Ajm, Bll, ’Bin-m)
1 n-m
v;r A ) .. v;f_ ()
1 m+l n-m °n

V;(A) = v(Bi) JA vy dv/v(A) , Vv(x) = U;l ulx) .

The representation (6.1) of the set function GT(AI, ces ,An) is strictly
analogous to the representation (4.1) of g(xl, ene ,xn) .. Since g is
bounded, Gf is bounded on Aﬁ , and the Vz(A) are unbounded on A+ . Thus

the proof of Theorem 2A implies that GT(Al, ‘e ’An) =0 on A? . Therefore



<t
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! g av® =0
C

for all cylinder sets C ='A1 x ... xA_ in A" . Hence g(xl, ceo ,xr) =0

a.e.

[1]

[2]

(3]

[4]

(5]

n
(vn) , and thus a.e. (P(n)) .
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