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Generalized Flory equations of state for copolymers modeled
as square-well chain fluids

Harpreet S. Gulati and Carol K. Hall
Department of Chemical Engineering, Box 7905, North Carolina State University,
Raleigh, North Carolina 27695-7905

~Received 3 July, 1997; accepted 27 January 1998!

The Generalized Flory–Dimer~GFD! equation of state has been extended to fluids containing
copolymers modeled as heteronuclear chains of freely-jointed tangent spheres that interact via a
site–site square-well potential. Compressibility factors are obtained for block, alternating and
random copolymer fluids. The GFD theory for square-well copolymers requires expressions for the
insertion factors of SW monomers in SW monomer mixtures, SW dimers in SW dimer mixtures,
and SW heteronuclear dumbbells in SW heteronuclear dumbbell fluids. These insertion factors are
obtained using recently-derived perturbation-theory-based equations of state. The effects of
variations in composition, segment size ratios, and well-depth ratios on the compressibility factor
are studied. The predictions of the Generalized Flory–Dimer theory are compared to compressibility
factors obtained from discontinuous canonical molecular dynamics simulation. The Generalized
Flory–Dimer theory accurately predicts the compressibility factors of square-well copolymer fluids
for a variety of cases including those in which the size ratio and well-depth ratio of the two
components are different. ©1998 American Institute of Physics.@S0021-9606~98!50617-4#
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I. INTRODUCTION

Fluids containing chain-like molecules, e.g. polyme
and alkanes, have been of intense theoretical and techno
cal interest for the past few decades. Several accurate t
ries have been proposed to predict the properties of ho
nuclear chain-like fluids such as polymers and norm
alkanes.1–5 Recent efforts, however, have focussed on
development of equations of state for heteronuclear ch
like fluids, e.g. copolymers.6–9 Copolymers offer chemists
the opportunity to tailor new materials with desirable fe
tures because their properties can be manipulated not on
varying the chemical structure of the individual compone
but also by altering the arrangement of the monomeric s
cies along the chain. For example, the arrangement of
monomeric species in a block copolymer molecule~diblock,
triblock, or multiblock! strongly affects the type of micro
scopic phase segregation observed, and hence influenc
mechanical properties.10 Despite the enormous technologic
importance of copolymer fluids and of blends containing
polymers, our understanding of the molecular basis for th
thermophysical behavior is far from complete. Scientists a
engineers attempting to predict the thermodynamic prop
ties of copolymeric fluids ~e.g. the miscibility of a
copolymer–homopolymer blend! still rely on the
Flory–Huggins11,12 theory, a theory developed almost half
century ago.

In this laboratory, we are conducting a theoretical stu
aimed at understanding the molecular underpinnings of
macroscopic thermodynamic behavior of copolymeric flui
As a first step we recently developed new Generalized F
~GF! and Generalized Flory-Dimer~GFD! equations of state
which accurately predict the compressibility factor of c
polymers modeled as hard heteronuclear chain fluids.8 How-
7470021-9606/98/108(17)/7478/15/$15.00
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ever, in order to develop a theory that will be suitable f
practical applications we need to incorporate attractive in
actions into our model. The simplest form of attractive inte
action is the site–site square-well~SW! potential. In this pa-
per we extend the Generalized Flory–Dimer formalism
copolymers modeled as heteronuclear chains whose
ments interact via the site–site square-well potential. We
tain equations of states for three types of copolymer flui
~1! block copolymers,~2! alternating copolymers, and~3!
random copolymers. In order to test the accuracy of the G
equation of state in predicting the compressibility factors
square-well copolymer fluids, we also perform extensive d
continuous canonical molecular dynamics~DCMD! simula-
tions and compare the resulting compressibility factors
GFD theoretical predictions.

The approach used by Yethiraj and Hall13 to derive GFD
equations of state for homonuclear square-well chains is
tended to square-well heteronuclear chains. Using a com
nation of geometric and mean field arguments, Yethiraj a
Hall showed that the GFD approach for homonuclear h
chains could be extended to homonuclear square-well ch
by replacing the hard-monomer and hard-dimer insertion f
tors that appear in the homonuclear hard-chain insertion
tor expression by square-well monomer and square-w
dimer insertion factors. We use similar arguments to expr
the insertion factors of square-well block, alternating, a
random copolymers in terms of the insertion factors for S
monomer mixtures, SW dimer mixtures, and SW hete
nuclear dumbbell fluids obtained using second-order per
bation theory.14

Discontinuous canonical molecular dynamics simulat
is an adaptation of Anderson’s canonical ensemble molec
dynamics technique15 to the case in which the potential i
8 © 1998 American Institute of Physics
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discontinuous. The essential feature of Anderson’s metho
the introduction of stochastic energy fluctuations into
NVE ensemble such that the trajectory average of any p
erty is equal to its NVT ensemble average. These stocha
energy fluctuations are introduced via periodic interaction
the system particles with imaginary constant–tempera
heat bath particles. Using the DCMD technique, we ha
measured compressibility factors for square-well block,
ternating, and random copolymers over a range of densi
temperatures, compositions, segment size ratios, and w
depth ratios.

A comparison of the GFD equation of state for squa
well copolymers with DCMD simulation results reveals th
GFD accurately predicts the compressibility factor of squa
well block, alternating, and random copolymers, sligh
overestimating it at very low densities and slightly under
timating it at very high densities. These trends are consis
with the trends observed in the GFD theory’s predictions
homonuclear hard-chain and homonuclear square-well c
compressibility factors. We also study the effect of comp
sition on the compressibility factor of block copolymers. T
GFD theory is found to accurately predict the compressi
ity factor of block copolymers over the range of compo
tions studied.

The remainder of this paper is organized as follows:
Section II we briefly describe the molecular model and
computer simulation method used to study square-well
eronuclear chains. In Section III we review the Generaliz
Flory Dimer approaches for fluids containing homonucle
hard chains, homonuclear square-well chains, and het
nuclear hard chains. Section IV describes the General
Flory–Dimer theory for square-well block, alternating, a
random copolymer fluids. In Section V we discuss the ac
racy of the GFD theory in predicting the compressibility fa
tors of square-well copolymer fluids by comparing theore
cal predictions to DCMD simulation results.

II. MOLECULAR MODEL AND SIMULATION METHOD

In this section we describe the molecular model used
the simulation method employed to study copolymer flui
Copolymer molecules are modeled as a pearl necklace c
of n freely-jointed tangent square-well spheres of differe
hard-core sizes and/or different square-well depths.
site–site potential energy between segmentsi and j , inter-
acting via a square-well potential is given by

ui j ~r !5`, 0,r<s i j ,

52e i j , s i j ,r<l i j s i j , ~1!

50, r .l i j s i j ,

where s i j 5(s i1s j )/2 is the center-to-center distance b
tween segmentsi and j , l i j is the square-well width, ande i j

is the cross interaction energy between segmentsi and j ,
taken to be

e i j 5Ae ie j . ~2!
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In order to be consistent with previously available theoreti
work on square-well fluids, we assume a square-well wi
of l i j 5l51.5 throughout this work.

Figure 1 shows the three types of copolymer sequen
block, alternating and random, that are investigated in
paper. We restrict our analysis to copolymer chains co
posed of two types of segments,a andb, although our for-
malism is equally applicable to heteronuclear fluids co
posed of more than two types of segments. The blo
copolymer chains consist of blocks ofna segments of com-
ponenta followed by nb segments of componentb; the al-
ternating copolymer chains consist of alternating segment
componentsa andb, and the random copolymer chains co
sist of random sequences of componentsa and componentb.
This simple ‘‘heteronuclear square-well chain’’ model qua
tatively incorporates four of the most essential features
copolymer architecture:~1! steep repulsion between chain
segments at short distances,~2! short-range attractions be
tween segments,~3! connectivity of segments along a chai
and ~4! chain topology or arrangement of various comp
nents along the chain.

In order to study these square-well chain models
computer simulation, we use the discontinuous molecu
dynamics16 ~DMD! simulation technique. DMD on fluids
containing tangent square-well spheres is implemented u
the bead-string algorithm introduced by Rapaport17,18 and
later modified by Bellemans.19 In the Rapaport algorithm
chain connectivity is maintained by linking adjacent sphe
along a chain with short invisible strings. This effective
decouples the motion of bonded spheres along the ch
allowing them to move independently along linear trajec
ries between core collisions and bond stretches. Square-
interactions are accommodated in the DMD algorithm

FIG. 1. Three types of heteronuclear square-well chain molecules stud
~a! block copolymer,~b! alternating copolymer, and~c! random copolymer.
 license or copyright; see http://jcp.aip.org/jcp/copyright.jsp
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7480 J. Chem. Phys., Vol. 108, No. 17, 1 May 1998 H. S. Gulati and C. K. Hall
introducing ‘‘well-capture,’’ ‘‘well-bounce,’’ and ‘‘well-
dissociation’’ collisions which occur whenever a sphere
ters or leaves the square-well of any other sphere.

For square-well fluids in a constant temperature syst
we use discontinuous canonical molecular dynam
~DCMD!,14,15,20,21an adaptation of the standard DMD tec
nique for the canonical ensemble. The DCMD technique
based on Anderson’s stochastic collision method15 and in-
volves stochastic interaction of the system particles w
imaginary constant-temperature heat bath particles. We
sume that the system is immersed in an imaginary const
temperature heat bath containing imaginary ‘‘ghost’’ p
ticles. The ghost particles stabilize the system temperatur
colliding with the system particles, as a result of which t
particle velocities get reassigned according to a Maxwe
Boltzmann distribution about the required temperature. D
tails of the discontinuous canonical molecular dynam
~DCMD! method have been described in previo
publications.14,21

The DCMD simulations are performed at volume fra
tions h ranging from 0.09 to 0.45 whereh
5p(Nis i

3/(6V) with Ni equal to the number of segments
speciesi , andV equal to the volume of the primary simula
tion cell. The compressibility factors are obtained for a wi
range of block, alternating, and random copolymer flu
with diameter ratios,sb /sa51 and 2 and well-depth ratios
eb /ea , ranging from 0.5 to 1.5. The compressibility factor
calculated using an equation derived from the virial theor
of Clausius,22

Z5
Ns

Nt
2

1

3NtkTte
(

colls
mir ij•Dvi, ~3!

whereNs is the total number of segments in the system a
Nt is the total number of molecules in the system. Herer ij
5r i2r j, wherer i and r j are the position vectors of the co
liding particlesi and j . The quantitymiDvi is the collisional
impulse experienced by particlei and is a measure of th
force exerted by particlej on particlei . The collisional virial
is summed over all intermolecular and intramolecular c
collisions, bond stretches, and square-well collisions occ
ring during the elapsed simulation timete . Since ghost col-
lisions involve only one system particle, they do not contr
ute to the collisional virial.

III. REVIEWING THE GENERALIZED FLORY–DIMER
THEORY

The basis for the Generalized Flory approaches is
so-called osmotic equation of state which relates the pres
of an n-mer chain fluid to the chain insertion factor,pn(h),

P~h,n!

kT
5

h

vn
@12 ln pn~h!#1

1

vn
E

0

h
ln pn~h8!dh8, ~4!

whereP(h,n), is the pressure of a fluid containingn-mers at
volume fractionh and temperatureT, andvn is the volume
of the chain. The insertion factor is defined as

pn~h!5^e2U/kT&, ~5!
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whereU is the potential energy experienced by a test ch
of lengthn when inserted into a sea of chains~also of length
n). For hard chains, exp(2U/kT) takes on the values of 0 an
1, leading to the interpretation ofpn(h) as the chain inser-
tion probability. The compressibility factor Z
[P(h,n)vn /hkT can be expressed in terms of the cha
insertion probability as

Z5@12 ln pn~h!#1
1

h E
0

h
ln pn~h8!dh8, ~6!

Since Eq.~6! is thermodynamically exact, the problem o
obtaining an accurate equation of state for a given type
chain fluid reduces to the problem of developing an accu
estimate for its insertion factor. Given the complex nature
the structure of a chain fluid and the vast number of poss
conformations that a chain may adopt, the chain insert
factor is a difficult quantity to calculate analytically. Th
Generalized Flory–Dimer23 theory provides a simple metho
for estimating the chain insertion factor in terms of the
sertion factors for monomer and dimer fluids. Below, w
briefly describe the GFD approach for hard homonucl
chains, hard heteronuclear chains, and square-well ho
nuclear chains.

A. Generalized Flory Dimer theory for hard
homonuclear chain fluids

The GFD theory’s estimate for the probability of inse
ing a hard homonuclear chain into a hard homonuclear ch
fluid is

pn
hs~h!5p1

hs~h!F p2
hs~h!

p1
hs~h!

G @ve~n!2ve~1!#/@ve~2!2ve~1!#

, ~7!

wherep1
hs(h) is the probability of inserting a hard monome

into a hardn-mer fluid,p2
hs(h) is the probability of inserting

a hard dimer into a hardn-mer fluid, andve(n) is the volume
excluded by ann-mer to a monomer. Equation~7! can be
understood by imagining that the test chain is inserted i
the chain fluid one segment at a time. The first termp1

hs(h)
in Eq. ~7! is the probability of inserting the first segment in
the chain fluid. The second term in Eq.~7! is the product of
the conditional probabilities,

pk
hs~h!

pk21
hs ~h!

5F p2
hs~h!

p1
hs~h!

G @ve~k!2ve~k21!#/@ve~2!2ve~1!#

, ~8!

of inserting thekth segment (k52, . . . ,n) given that k
21 segments have already been inserted,p2

hs(h)/p1
hs(h) is

the conditional probability of inserting the second bead n
to the first bead, and the exponent in Eq.~8! corrects for the
difference between the size of the hole required to place
kth bead next to thek21st bead and the size of the ho
required to place the second bead next to the first segm

Using mean-field arguments, the probabilities,p1
hs(h)

and p2
hs(h), of inserting monomers and dimers into a cha

fluid are approximated by the corresponding probabilities
inserting a monomer into a monomer fluid and a dimer int
dimer fluid. When Eq.~7! is inserted into the osmotic equa
tion of state, the resulting compressibility factor of a ha
n-mer fluid is
 license or copyright; see http://jcp.aip.org/jcp/copyright.jsp
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Zn
hs~h!5~Yn11!Z2

hs~h!2YnZ1
hs~h!, ~9!

whereZ2
hs(h) and Z1

hs(h) are the compressibility factors o
hard dimer and hard monomer fluids, and

Yn5
ve~n!2ve~2!

ve~2!2ve~1!
. ~10!

The monomer and dimer compressibility factors can be
tained from the Carnahan–Starling24 and Tildesley–Street25

equations of state, respectively. The excluded volume o
n-mer can be approximated by a linear function of ch
length as26

ve~n!'ve~3!1~n23!@ve~3!2ve~2!#, ~11!

for 2<n<8 and

ve~n!'ve~1!@10.09410.6374~n215!#, ~12!

for n.8.27

B. Generalized Flory–Dimer theory for homonuclear
square-well chain fluids

The Generalized Flory–Dimer theory has also been
tended to fluids containing homonuclear square-well chai5

Using a combination of geometric and mean field argume
Yethiraj and Hall5 were able to show that the GFD factor fo
inserting a square-well chain into a square-well chain flu
pn

sw(h), can be expressed in terms of the factors for insert
a square-well monomer into a square-well monomer flu
p1

sw(h), and a square-well dimer into a square-well dim
fluid, p2

sw(h)

pn
sw~h!5p1

sw~h!F p2
sw~h!

p1
sw~h!

G @ve~n!2ve~1!#/@ve~2!2ve~1!#

. ~13!

Thus we see that the Generalized Flory–Dimer approxim
tion for the homonuclear hard chain insertion factor@Eq. ~7!#
is also applicable to homonuclear square-well chains if
replace the hard-monomer and hard dimer insertion fac
by the square-well monomer and square-well dimer inser
factors.

By substituting the above estimate for the square-w
chain insertion factor into the osmotic equation of state@Eq.
~6!# we obtain the Generalized Flory–Dimer expression
the compressibility factor of a fluid containing square-w
homonuclear chains,

Zn
sw~h!5~Yn11!Z2

sw~h!2YnZ1
sw~h!, ~14!

whereZ2
sw(h) andZ1

sw(h) are the compressibility factors o
square-well dimer and square-well monomer fluids, andYn

is the excluded volume ratio as defined in Eq.~10!. The
square-well monomer28 and dimer13 compressibility factors
can be obtained from perturbation theory or by using
RISM theory with mean-spherical approximation closure.

C. Generalized Flory–Dimer theory for hard
heteronuclear hard chains

The GFD approach has recently been extended to h
heteronuclear chain fluids.8 The probability of inserting a
copolymer chain into a copolymer fluid is again calculat
Downloaded 22 Feb 2008 to 152.1.209.194. Redistribution subject to AIP
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by imagining that the test chain is inserted one segment
time; the insertion probability of the chain is the product
the probabilities of inserting each of the segments. In t
section we review the Generalized Flory–Dimer theories
block, alternating, and random hard copolymer fluids.

1. Hard block copolymer chain fluids

Consider ann-mer diblock copolymer fluid with each
chain composed ofna segments of componenta followed by
nb segments of componentb (n5na1nb). The probability
of inserting a test block copolymer chain into the block c
polymer fluid is the product of the probabilities of insertin
each of its blocks. The GFD arguments described in S
III A can be used to express the insertion probability of ea
block separately in terms of the probabilities of inserti
monomers into monomer mixtures and dimers into dim
mixtures. The connectivity of the two blocks is incorporat
by focusing on the two inner segments~the last segment on
block a and the first segment on blockb) connecting the two
blocks. The probability of inserting the first segment
block b next to the last segment on blocka is approximated
by the conditional probability of inserting the second se
ment of a heteronuclear dumbbell, given that the first s
ment has already been inserted. The resulting GFD exp
sion for the probability of inserting a hard block copolym
chain into hard block copolymer fluid is

pn
block~h!hs

GFD5F p2
a~h!hs

p1
a~h!hs

G ~Yna

a
11!mix

3p2
ab~h!hs

3F p2
b~h!hs

p1
b~h!hs

G ~Ynb

b
11!mix

, ~15!

wherep1
a(h)hs is the probability of inserting a hard-monome

of componenta into the hypothetical hard-monomer mixtur
formed by breaking all bonds of the block copolymer flui
p2

a(h)hs is the probability of inserting a hard-dimer of com
ponenta into the hypothetical hard-dimer mixture formed b
breaking every other bond along the block copolymer cha
and p2

ab(h)hs is the probability of inserting a hard
heteronuclear dumbbell into a hard heteronuclear dumb
fluid.

The mixture excluded volume ratio, (Yna

a )mix , is defined

to be the occupation fraction average of the individual co
ponent excluded volume ratios,

~Yna

a !mix5fa~Yna

a !a1fb~Yna

a !b , ~16!

wherefa is the occupation fraction,ha /h, of componenta
and (Yna

a )a and (Yna

a )b are calculated in a manner similar t

Eq. ~10!,

~Yna

a !a5S ve
a~na!2ve

a~2!

ve
a~2!2ve

a~1!
D

a

~17!

and
 license or copyright; see http://jcp.aip.org/jcp/copyright.jsp
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~Yna

a !b5S ve
a~na!2ve

a~2!

ve
a~2!2ve

a~1!
D

b

, ~18!

where (ve
a(na))a and (ve

a(na))b are the volumes excluded b
a chain ofna segments of componenta to a monomer of
componenta and to a monomer of componentb, respec-
tively. The expressions for excluded volumes (ve

a(na))a and
(ve

a(na))b are presented in Appendix A.
Substituting Eq.~15! into the osmotic equation of stat

@Eq. ~6!# we obtain the GFD expression for the compressib
ity factor of block copolymer hard-chain fluids,

Zn
block~h!hs

GFD5~Yna

a 11!mix~z2,hs
a 2z1,hs

a !1z2,hs
ab

1~Ynb

b 11!mix~z2,hs
b 2z1,hs

b !, ~19!

where thez i ,hs
a are obtained by substituting thepi

a(h)hs

~probabilities of inserting ani -mer of speciesa into ani -mer
mixture! into the osmotic equation of state,

z i ,hs
a 5@12 ln pi

a~h!hs#1
1

hE0

h
ln pi

a~h8!hsdh8, ~20!

with similar expressions forz i ,hs
b andz2,hs

ab . The expressions
for z i ,hs for monomers, dimers and heteronuclear dumbb
can be obtained using the scaled particle theory29,30 and are
shown in Appendix B.

2. Hard alternating copolymer chain fluids

We now consider a hard chain composed of alterna
segments of componenta and b. The Generalized Flory–
Dimer estimate for the probability of inserting an alternati
copolymer ofn segments into an alternating copolymer flu
is obtained using a combination of conditional probabil
and mean field arguments. The probability of inserting
alternating copolymer is again taken to be the product of
insertion probabilities of each of its segments. The proba
ity of inserting each segment is calculated in terms of
conditional probability of inserting the second segment of
alternating dumbbell next to the first and an excluded volu
argument. The resulting GFD expression for the insert
probability of an alternating copolymer is given by

pn
alter~h!hs

GFD5p2
ab~h!hsF p2

ba~h!hs

p1
b~h!hs

G ~Wn
a
!mixF p2

ab~h!hs

p1
a~h!hs

G ~Wn
b
!mix

,

~21!

where the mixture excluded volume ratios (Wn
a)mix and

(Wn
b)mix are defined as the occupation fraction averages,

~Wn
a!mix5fa~Wn

a!a1fb~Wn
a!b , ~22!

with a similar expression for (Wn
b)mix . The individual com-

ponent excluded volume arguments,Wn’s, are defined as

~Wn
i !k5S n

2
21D S ve

i j i ~3!2ve
i j ~2!

ve
ji ~2!2ve

j ~1!
D

ku iÞ j

, ~23!
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where (ve
i j i (3))k and (ve

ji (2))k are the volumes excluded b
an i j i alternating trimer and aj i dumbbell to a segment o
componentk. The expressions for these excluded volum
are given in Appendix A.

The resulting GFD expression for the compressibil
factor of an alternating copolymer chain fluid is

Zn
alter~h!hs

GFD5z2,hs
ab 1~Wn

a!mix~z2,hs
ab 2z1,hs

b !

1~Wn
b!mix~z2,hs

ab 2z1,hs
a !, ~24!

where z2,hs
ab is obtained by substitutingp2

ab(h)hs ~the prob-
ability for inserting anab dumbbell into a dumbbell fluid!
into the osmotic equation of state@Eq. ~6!#. The analytical
expressions forz1,hs

i andz2,hs
ab are given in Appendix B.

3. Hard random copolymer chain fluids

The extension of the Generalized Flory–Dimer theory
random copolymer chain fluids requires a combination of
block and alternating copolymer GFD approaches descri
earlier and mathematical probability arguments to appro
mate the average structure of the random copolymer.
GFD expression for the insertion probability of a rando
copolymer is

pn
rand~h!hs

GFD5~p1
a~h!hs!

xa~p1
b~h!hs!

xbS p2
a~h!hs

p1
a~h!hs

D ~W Naa

a
!mix

3S p2
b~h!hs

p1
b~h!hs

D ~W Nbb

b
!mixS p2

ab~h!hs

p1
a~h!hs

D ~W Nab

b
!mix

3S p2
ba~h!hs

p1
b~h!hs

D ~W Nba

a
!mix

, ~25!

wherexi is the mole fraction of componenti . The exponents
(W Nji

i )mix are defined as

~W Nji

i !mix5~n21!xixjS v̄e
l j i ~3!2 v̄e

l j ~2!

ve
ji ~2!2ve

j ~1!
D

mix

, ~26!

where the factor (n21)xixj accounts for the average numb
of i j pairs in a random copolymer chain. The excluded v
ume ratio in Eq.~26! is defined as

S v̄e
l j i ~3!2 v̄e

l j ~2!

ve
ji ~2!2ve

j ~1!
D

mix

5faS v̄e
l j i ~3!2 v̄e

l j ~2!

ve
ji ~2!2ve

j ~1!
D

a

1fbS v̄e
l j i ~3!2 v̄e

l j ~2!

ve
ji ~2!2ve

j ~1!
D

b

, ~27!

where the term (v̄e
l j i (3)2 v̄e

l j (2))a is the volume required to
insert a segment of componenti next to a dimer of the form
l j averaged over all possible values ofl ~consistent with the
random copolymer’s composition! in a fluid containing
monomers of typea ~as indicated by the subscript!,

~ v̄e
l j i ~3!2 v̄e

l j ~2!!a5xa~ve
a ji~3!2ve

a j~2!!a

1xb~ve
b ji~3!2ve

b j~2!!a . ~28!
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The exponents (W Nji

i )mix require the expressions for ex

cluded volumes of trimersaab, bab, aba, andbba. These
are presented in Appendix A.

The compressibility factor is again calculated by sub
tuting the insertion probability expression into the osmo
equation of state to obtain

Zn
rand~h!hs

GFD5xaz1,hs
a 1xbz1,hs

b 1~W Naa

a !mix~z2,hs
a 2z1,hs

a !

1~W Nbb

b !mix~z2,hs
b 2z1,hs

b !

1~W Nab

b !mix~z2,hs
ab 2z1,hs

a !

1~W Nba

a !mix~z2,hs
ba 2z1,hs

b !. ~29!

The analytical expressions forz1,hs
i and z2,hs

i are shown in
Appendix B.

IV. EXTENSION OF GENERALIZED FLORY–DIMER
THEORY TO SQUARE-WELL COPOLYMERS

In this section we describe the extension of the Gene
ized Flory–Dimer theory to heteronuclear square-well ch
molecules. We use the approach introduced by Yethiraj
Hall13 to extend the GFD theory for homonuclear ha
chains to homonuclear square-well chains. As stated in
III B, Yethiraj and Hall have shown that the GFD approx
mation for the homonuclear hard chain insertion factor
applicable to square-well chains if we replace the ha
monomer and hard-dimer insertion factors by the square-
monomer and square-well dimer insertion factors. Follow
the same arguments, the GFD approximation for the het
nuclear hard-chain insertion factor is applicable to the h
eronuclear square-well chain insertion factor if we repla
the hard-monomer mixture, hard-dimer mixture, and ha
heteronuclear dumbbell insertion factors by the correspo
ing square-well monomer-mixture, square-well dimer m
ture, and square-well heteronuclear dumbbell insert
factors. Below we show the expressions for compressib
factors of square-well copolymers resulting from the abo
substitution.

A. Square-well block copolymers

The insertion factor for a square-well block copolym
chain can be obtained from Eq.~15! by replacing these hard
monomer mixture, hard-dimer mixture, and har
heteronuclear dumbbell insertion probabilities by the cor
sponding square-well monomer mixture, square-well dim
mixture, and square-well heteronuclear dumbbell insert
factors. The resulting expression for the insertion factor o
square-well block copolymer chain in a square-well blo
copolymer fluid is

pn
block~h!sw

GFD

5F p2
a~h!sw

p1
a~h!sw

G ~Yna

a
11!mix

p2
ab~h!swF p2

b~h!sw

p2
b~h!sw

G ~Ynb

b
11!mix

,

~30!

wherep1
i (h)sw is the insertion factor for a SW monomer o

speciesi in the hypothetical SW monomer mixture forme
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by breaking all of the bonds of the square-well block copo
mer fluid, p2

i (h)sw is the insertion factor for a SW dimer o
speciesi in the hypothetical SW dimer mixture formed b
breaking every other bond along the block copolymer cha
andp2

ab(h)sw is the insertion factor for a square-well heter
nuclear dumbbell in a square-well heteronuclear dumb
fluid at the same density as the copolymer fluid. The
cluded volume arguments (Yna

a )mix and (Ynb

b )mix are the

same excluded volume arguments used to determine the
sertion factor for hard block copolymer chains and can
calculated as shown in Eqs.~16!, ~17!, and~18!.

The GFD expression for the compressibility factor of
square-well block copolymer fluid is obtained by substituti
Eq. ~30! into the osmotic equation of state@Eq. ~6!# to obtain

Zn
block~h!sw

GFD5~Yna

a 11!mix~z2,sw
a 2z1,sw

a !

1z2,sw
ab 1~Ynb

b 11!mix~z2,sw
b 2z1,sw

b !, ~31!

where thez i
a’s are defined as

z i ,sw
a 5@12 ln pi

a~h!sw#1
1

hE0

h
ln pi

a~h8!swdh8, ~32!

with a similar expression forz i ,sw
b andz2,sw

ab . The expressions
for z i ,sw for monomers, dimers, and heteronuclear dumbb
can be obtained from second-order perturbation theory14 as
shown in Appendix B.

B. Square-well alternating copolymers

The insertion factor for a square-well alternating copo
mer chain can be obtained from Eq.~21! by replacing the
hard-monomer mixture and hard-heteronuclear dumbbell
sertion factors by the corresponding square-well monom
mixture and square-well heteronuclear dumbbell insert
factors. The resulting expression for the insertion factor o
square-well alternating copolymer chain in a square-well
ternating copolymer fluid is

pn
alter~h!sw

GFD

5p2
ab~h!swF p2

ba~h!sw

p1
b~h!sw

G ~Wn
a
!mixF p2

ab~h!sw

p1
a~h!sw

G ~Wn
b
!mix

, ~33!

wherep1
i (h)sw is the insertion factor for a SW monomer o

speciesi in the hypothetical SW monomer mixture forme
by breaking all of the bonds of the square-well alternat
copolymer fluid andp2

ab(h)sw is the insertion factor for a
square-well heteronuclear dumbbell in a square-well hete
nuclear dumbbell fluid at the same density as the copoly
fluid. The excluded volume arguments (Wn

a)mix and (Wn
b)mix

are the same excluded volume arguments used to deter
the hard alternating copolymer insertion factor and can
calculated as shown in Eqs.~22! and~23!. The GFD expres-
sion for the compressibility factor of a square-well altern
ing copolymer fluid is obtained by substituting Eq.~33! into
the osmotic equation of state@Eq. ~6!# to obtain

Zn
alter~h!sw

GFD5z2,sw
ab 1~Wn

a!mix~z2,sw
ba 2z1,sw

b !

1~Wn
b!mix~z2,sw

ab 2z1,sw
a !. ~34!
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The expressions forz i ,sw for monomers and heteronucle
dumbbells can be obtained using second-order perturba
theory14 as are shown in Appendix B.

C. Square-well random copolymers

The insertion factor for square-well random copolym
chains can be obtained from Eq.~25! by replacing the hard-
monomer mixture, hard-dimer mixture, and har
heteronuclear dumbbell insertion factors by the correspo
ing square-well monomer mixture, square-well dim
mixture, and square-well heteronuclear dumbbell insert
factors. The resulting expression for the insertion factor o
square-well random copolymer chain in a square-well r
dom copolymer fluid is

pn
rand~h!sw

GFD5~p1
a~h!sw!xa~p1

b~h!sw!xbS p2
a~h!sw

p1
a~h!sw

D ~W Naa

a
!mix

3S p2
b~h!sw

p1
b~h!sw

D ~W Nbb

b
!mixS p2

ab~h!sw

p1
a~h!sw

D ~W Nab

b
!mix

3S p2
ba~h!sw

p1
b~h!sw

D ~W Nba

a
!mix

. ~35!

The excluded volume arguments (W Naa

a )mix , (W Nbb

b )mix ,

(W Nab

b )mix , and (W Nba

a )mix are the same as the exclude

volume arguments used to determine the hard random
polymer insertion factor and can be calculated as show
Eq. ~26!. The GFD expression for the compressibility fact
of a square-well random copolymer fluid is obtained by s
stituting Eq.~35! into the osmotic equation of state@Eq. ~6!#
to obtain

Zn
rand~h!sw

GFD5xaz1,sw
a 1xbz1,sw

b 1~W Naa

a !mix~z2,sw
a

2z1,sw
a !1~W Nbb

b !mix~z2,sw
b 2z1,sw

b !

1~W Nab

b !mix~z2,sw
ab 2z1,sw

a !

1~W Nba

a !mix~z2,sw
ba 2z1,sw

b !. ~36!

The expressions forz1,sw
i andz2,sw

i are shown in Appendix B.

V. COMPARISONS OF GENERALIZED FLORY DIMER
THEORY TO MOLECULAR DYNAMICS
SIMULATION RESULTS

In this section we compare the GFD predictions for t
compressibility factors of square-well copolymers with t
results of our DCMD simulations. We report compressibil
factor for square-well block, alternating, and random copo
mer fluids for a range of densities, compositions, segm
size ratios, and square-well depth ratios. The duration of
simulation runs ranges from 10 million collisions for sho
chain lengths at low densities to 30 million collisions f
longer chain lengths at high densities. The error bars on
compressibility factors calculated in these simulations rep
sent6 standard deviations as determined from three or m
independent runs.
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In order to test our DCMD simulation method, we beg
by comparing the DCMD compressibility factors for hom
nuclear square-well chains with previously available M
data and with the predictions of various theories for hom
nuclear square-well chain fluids. Figure 2 shows the co
pressibility factor of 16-mer and 32-mer homonucle
square-well chains atT* 53 as a function of packing frac
tion. The open circles represent the results of MC simulat
by Yethiraj and Hall,5 the open triangles are the results
MC simulation by Tavareset al.,31 and the filled circles are
our DCMD simulation results. The solid lines in Fig. 2 a
the predictions of the GFD theory by Yethiraj and Hal5

dotted lines are the predictions of the TPT-D theory
Tavareset al.,31 and the dashed lines are the predictions
PHSCT theory by Hino and Prausnitz.32 The MC simulation
results of Yethirajet al. and Tavareset al. are in excellent
agreement with our DCMD simulation results for both cha
lengths over the entire range of densities studied. The TP
theory of Tavares et al. and the GFD theory of Yethiraj a
Hall accurately predict the compressibility factors for bo
chain lengths and the entire range of densities studied.
PHSCT theory of Hino and Prausnitz underpredicts the co
pressibility factor, especially at low densities.

A. Square-well block copolymers

Having established the accuracy of our discontinuous
nonical molecular dynamics technique in predicting the co
pressibility factors of fluids composed of homonuclear m
ecules, we compare the predictions of GFD theory
square-well block copolymer fluids with the DCMD simula
tion results. Table I summarizes the simulation results a
GFD predictions for all square-well block copolymer fluid
considered. Figures 3–5 compare the GFD predictions w
DCMD simulation results for the compressibility factors as
function ofh for square-well block copolymers composed
chains of lengthn54, 8, and 16 atT* 53.0 and composition
xa50.5. In Fig. 3 the two segments of the two compone

FIG. 2. Comparison of the predictions of GFD theory for homonucle
square-well chains with the results of our DCMD simulation and previo
MC simulation by Yethiraj and Hall5 and Tavareset al.31 Results are shown
for 16-mer and 32-mer fluids atT* 53.
 license or copyright; see http://jcp.aip.org/jcp/copyright.jsp
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TABLE I. DCMD simulation values of compressibility factors for square-well block copolymers. The valu
parentheses represents one standard deviation in the last two significant digits.

T*
sb

sa

eb

ea
xa h

4-mer 8-mer 16-mer

Z~MD! Z~GFD! Z~MD! Z~GFD! Z~MD! Z~GFD!

3 1 0.5 0.5 0.09 1.348~02! 1.349 1.536~09! 1.556 1.908~28! 1.970
0.18 2.137~04! 2.006 2.852~14! 2.575 4.190~32! 3.715
0.27 4.092~08! 3.781 6.275~18! 5.721 10.616~36! 9.603
0.36 9.282~11! 8.541 15.844~22! 14.841 28.851~76! 27.441
0.45 22.216~22! 20.097 40.762~38! 37.777 77.566~96! 73.137

3 1 1.5 0.5 0.09 0.825~03! 0.897 0.687~07! 0.687 0.489~42! 0.268
0.18 0.958~03! 0.787 0.816~16! 0.095 0.510~29! –1.288
0.27 1.866~11! 1.570 2.120~26! 1.102 2.563~38! 0.166
0.36 5.760~09! 5.449 8.869~28! 8.258 14.972~10! 13.876
0.45 18.455~18! 16.749 33.011~04! 30.446 62.169~99! 57.840

3 2 1 0.5 0.09 1.010~06! 1.073 1.006~21! 1.016 1.003~54! 0.903
0.18 1.291~11! 1.212 1.367~24! 0.974 1.489~40! 0.500
0.27 2.269~11! 2.105 2.888~10! 2.302 4.022~93! 2.154
0.36 5.649~17! 5.399 8.750~39! 8.411 14.814~85! 14.435
0.45 15.274~18! 14.332 26.896~73! 25.992 50.031~56! 49.302

3 2 0.5 0.5 0.09 1.370~04! 1.363 1.563~04! 1.576 1.961~18! 2.000
0.18 2.125~03! 1.997 2.787~10! 2.577 4.081~27! 3.735
0.27 3.845~15! 3.529 5.725~23! 5.290 9.499~39! 8.810
0.36 7.997~16! 7.389 13.300~32! 12.669 23.994~79! 23.224
0.45 17.847~15! 16.487 32.093~26! 30.732 60.519~91! 59.210
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of the block copolymer are of the same size (sb /sa51)
while the relative well-depth iseb /ea50.5. In Fig. 4
sb /sa52, while the well-depths of the two components a
equal (eb /ea51.0). In Fig. 5 the hard-core sizes and t
well-depths of the two components are both differe
sb /sa52, eb /ea50.5. As is evident from the figures, th
GFD theory accurately predicts the compressibility factors
square-well block copolymers except at very low and v
high densities.

The GFD theory is found to slightly overestimate t
compressibility factor of square-well block copolymers
low densities and slightly underestimate the compressib

FIG. 3. Square-well block-copolymer compressibility factor vs pack
fraction for 4-mers, 8-mers, and 16-mers atT* 53 wheresb/sa51.0, xa

50.5, andeb /ea50.5.
b 2008 to 152.1.209.194. Redistribution subject to AIP
:

f
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t
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factor at high densities. These trends are consistent with
trends observed in the GFD predictions for homonuclear
heteronuclear hard chains and are inherent deficiencies in
GFD approach. The error at low densities arises from the
of the mean field approximation which assumes that
structure of a copolymer fluid is essentially the same as
structure of the reference monomer and dimer mixtur
While this approximation works well at intermediate to hig
densities, the approximation is less successful at very
densities where the structure of the chain fluid is relativ
patchy. We also observe in Fig. 4 that GFD slightly und
predicts the compressibility factor in the low to intermedia

FIG. 4. Square-well block-copolymer compressibility factor vs packi
fraction for 4-mers, 8-mers, and 16-mers atT* 53.0 wheresb /sa52.0,
xa50.5, andeb /ea51.0.
 license or copyright; see http://jcp.aip.org/jcp/copyright.jsp
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density region. The perturbation theory used to calculate
insertion factors of square-well monomer mixtures a
square-well dimer mixtures is not very accurate at these d
sities since these states may be very close to or in the
phase region. Additionally, the simulation data in these ca
is also suspect as the periodic boundaries and the DC
simulation technique used do not allow for phase separat

Next we study how the compressibility factor of squa
well block copolymers varies with temperature and com
sition. Figure 6 shows the compressibility factor of a 16-m
square-well block copolymer fluid atT* 51.5, 2, and 3
wheresb /sa52, eb /ea50.5, andxa50.5. The GFD theory
accurately predicts the compressibility factor for all tempe
tures at high densities. However, the accuracy of the G
predictions deteriorates at lower densities with decreas
temperatures. This error can again be traced to the inacc
cies in the perturbation theory for the reference fluids and

FIG. 5. Square-well block-copolymer compressibility factor vs pack
fraction for 4-mers, 8-mers, and 16-mers atT* 53.0 wheresb /sa52.0,
xa50.5, andeb /ea50.5.

FIG. 6. Compressibility factor vs packing fraction for a 16-mer square-w
block copolymer atT* 51.5, 2.0, and 3.0 wheresb /sa52.0 andeb /ea

50.5.
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uncertainty in the simulation data. Figure 6 also shows
predictions of the GFD theory for the 16-mer hard~athermal!
block copolymer which corresponds toT* 5`. The com-
pressibility factors of the square-well block copolymers a
ymptotically approach that of a hard-block copolymer w
increasing density and increasing temperature. Figur
shows the effect of composition on the compressibility fac
of a 16-mer square-well block copolymer fluid atsb /sa

52.0, eb /ea51.0, T* 53, andh50.36. The GFD theory
accurately predicts the compressibility factor of the squa
well block copolymer fluid at compositionsxa,0.75. The
accuracy of the GFD theory begins to deteriorate at com
sitionsxa.0.75 when the sizes of segments of the two co
ponents differ substantially. The source of this error is b
geometrical and compositional in origin. In Eq.~15!, the in-
sertion factor for the two segments connecting the block w
approximated by the insertion factor of a heteronucl
dumbbell in a heteronuclear dumbbell fluid. This approxim
tion gives excellent results for block copolymer fluids whe
the composition is similar or close to the composition o
heteronuclear dumbbell fluid (xa50.5). However, when the
composition of the component with larger beads is sm
this approximation does not work well.

B. Square-well alternating copolymers

Figures 8 and 9 compare the GFD predictions to DCM
simulation results for the compressibility factors as a fun
tion of h for square-well alternating copolymers compos
of chains of 4, 8, and 16 segments at reduced tempera
T* 53. In Fig. 8 the two components have the same h
core diameters (sb /sa51) while the relative well-depth is
eb /ea50.5. In Fig. 9 the ratio of the hard-core diameters
the two components issb /sa52 and the relative well-depth
is eb /ea50.5. The predictions of the GFD theory agree w
with DCMD simulation results at intermediate densities f
all cases. The trends observed in GFD theory for hard al
nating copolymer fluids are once again present in G
theory for square-well alternating copolymer fluids: a slig
overestimation of the compressibility factor at very low de

ll

FIG. 7. Compressibility factor vs compositionxa for a 16-mer square-well
block-copolymer atsb /sa52, eb /ea51.0, T* 53.0, andh50.36.
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sities and a slight underestimation of the compressibility f
tor at high densities. Table II summarizes the simulation
sults and GFD predictions for all square-well alternati
copolymer fluids considered.

C. Square-well random copolymers

Figures 10 and 11 compare the GFD predictions
DCMD simulation results for the compressibility factors as
function ofh for square-well random copolymers compos
of chains of 8 and 16 segments at reduced tempera
T* 53. In Fig. 10 the two components have the same h
core diameters (sb /sa51) while the relative well-depth is
eb /ea50.5. In Fig. 11 the ratio of the hard-core diameters
the two component issb /sa52 and the relative well-depth
is eb /ea50.5. The GFD theory accurately predicts the co
pressibility factor of square-well random copolymer flui
over a range of densities and chain lengths. It may be no
that the compressibility factors for 4-mer random copo

FIG. 8. Square-well alternating-copolymer compressibility factor vs pack
fraction for 4-mers, 8-mers, and 16-mers atT* 53.0 wheresb /sa51.0 and
eb /ea50.5.

FIG. 9. Square-well alternating-copolymer compressibility factor vs pack
fraction for 4-mers, 8-mers, and 16-mers atT* 53.0 wheresb /sa52.0 and
eb /ea50.5.
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mers are not calculated as these chains are too short to
the mathematical probability arguments used to calculate
number ofaa, bb, andab pairs on a chain. Along similar
lines, the predictions of the GFD theory become more ac
rate with increasing chain length due to a decrease in
relative error introduced by the probabilistic arguments u
to calculate the number of each type of pairs. Table III sho
the DCMD simulation results and GFD predictions for a
square-well random copolymer fluids considered.

VI. CONCLUSIONS

In this work we have extended the Generalized Flor
Dimer theory to copolymer fluids modeled as heteronucl
tangent square-well chain fluids. Expressions for the co
pressibility factors of square-well block copolymers, squa
well alternating copolymers, and square-well random
polymers have been presented. We have also condu
discontinuous canonical molecular dynamic simulations a
report compressibility factor data for square-well block,
ternating, and random copolymers containing 4, 8, and
segments. The Generalized Flory–Dimer theory for copo
mer fluids uses expressions for the insertion factors
square-well monomer mixtures, square-well dimer mixtur
and square-well heteronuclear dumbbells as building bloc
These are obtained from the recently-derived perturbat
theory-based equations of state for square-well mono
mixtures, square-well dimer mixtures, and square-well h
eronuclear dumbbells fluids.

The GFD theory accurately predicts the compressibi
factor for all three types of square-well copolymer fluids
intermediate densities. The GFD theory slightly overes
mates the compressibility factor at low densities and sligh
underestimates the compressibility factor at high densit
These trends are consistent with the behavior of the G
theory for hard chain copolymer fluids and reflect the lim
tations of the mean field arguments in the GFD theory. T
GFD theory is also less accurate at low temperatures. T
error at low temperature can partly be attributed to the in
curacy in the perturbation theory at these state points.
have also studied the effect of temperature and compos
on the compressibility factor for block copolymer fluids. Th
GFD theory accurately predicts the compressibility factor
a range of temperatures and compositions except at very
temperatures or when the composition of the compon
with smaller beads is very large.
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TABLE II. DCMD simulation values of compressibility factors for square-well alternating copolymers.
value in parentheses represents one standard deviation in the last two significant digits.

T*
sb

sa

eb

ea
h

4-mer 8-mer 16-mer

Z~MD! Z~GFD! Z~MD! Z~GFD! Z~MD! Z~GFD!

3 1 0.5 0.09 1.351~04! 1.382 1.563~11! 1.615 1.920~18! 2.080
0.18 2.131~12! 2.099 2.844~25! 2.744 4.224~30! 4.036
0.27 4.094~17! 4.014 6.263~18! 6.045 10.519~49! 10.109
0.36 9.280~11! 9.173 15.803~29! 15.521 28.881~61! 28.217
0.45 22.210~25! 21.781 40.588~63! 39.417 77.495~74! 74.689

3 1 1.5 0.09 0.835~07! 0.913 0.702~08! 0.777 0.474~32! 0.504
0.18 0.967~08! 0.829 0.805 0.354~37! 0.524~49! –0.596
0.27 1.860~14! 1.658 2.095 1.457~54! 2.560~35! 1.054
0.36 5.758~34! 5.804 8.855 8.780~38! 14.993~74! 14.733
0.45 18.461~28! 18.050 32.965~42! 31.706 62.016~95! 59.019

3 2 1 0.09 1.018~10! 1.112 1.019~05! 1.145 1.033~25! 1.210
0.18 1.301~15! 1.305 1.458~19! 1.294 1.710~42! 1.270
0.27 2.380~18! 2.291 3.149~39! 2.786 4.659~69! 3.776
0.36 5.876~23! 5.855 9.420~58! 9.078 16.460~80! 15.524
0.45 15.631~45! 15.557 27.918~93! 27.081 52.490~89! 50.128

3 2 0.5 0.09 1.392~14! 1.417 1.627~12! 1.689 2.068~09! 2.232
0.18 2.185~25! 2.134 2.976~19! 2.849 4.479~49! 4.278
0.27 3.967~19! 3.821 6.112~34! 5.753 10.574~82! 9.617
0.36 8.202~39! 8.036 14.006~55! 13.418 25.547~44! 24.184
0.45 18.138~32! 17.967 33.071~72! 32.036 62.747~99! 60.174
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APPENDIX A: EXCLUDED VOLUME EXPRESSIONS
FOR HETERONUCLEAR CHAINS

Here we briefly present the expressions used to calcu
the various excluded volumes that appear in the GFD th
ries for hard and square-well block, alternating, and rand
copolymers.

The GFD equation of state for block copolymer flui
requires knowledge of the volume excluded by a chain~or a
block! to a monomer. When the diameter of the chain s
ment, sa , is greater than or equal to the diameter of t
monomer,sb , the excluded volume of a chain is a line

FIG. 10. Square-well random-copolymer compressibility factor vs pack
fraction for 8-mers and 16-mers atT* 53.0 wheresb /sa51.0, eb /ea

50.5, andxa50.5.
b 2008 to 152.1.209.194. Redistribution subject to AIP
te
o-
m

-

function of the chain length,na , and is accurately fit by the
expression

~ve
a~na!!b5~ve

a~3!!b1~na23!@~ve
a~3!!b2~ve

a~2!!b#,
~A1!

where (ve
a(2))b and (ve

a(3))b are the volumes excluded by
dimer and a trimer of componenta to a monomer of com-
ponentb. The dimer excluded volume is given by

~ve
a~2!!b5

psa
3

6 F216S sb

sa
D14.5S sb

sa
D 2

1S sb

sa
D 3G .

~A2!

The trimer excluded volume is empirically calculated to b

g
FIG. 11. Square-well random-copolymer compressibility factor vs pack
fraction for 8-mers and 16-mers atsb /sa52.0, eb /ea50.5, andxa50.5.
 license or copyright; see http://jcp.aip.org/jcp/copyright.jsp
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~ve
a~3!!b5sa

3F1.5714.75S sb

sa
D12.99S sb

sa
D 2

10.52S sb

sa
D 3G .
~A3!

When the diameter of the chain segment is smaller than
diameter of the monomer (sa,sb), the excluded volume
between the chain and monomer is accurately fit by the
pression

~ve
a~na!!b5sa

3F1.67S sb

sa
D 2.543

12.594naS sb

sa
D 1.241

20.00041na
2 S sb

sa
D 3.165G . ~A4!

The GFD equation of state for alternating copolymer fl
ids requires knowledge of the volume excluded by altern
ing trimers. The volume excluded by anaba trimer to a
monomer of componenta is conveniently fit by the expres
sion

~ve
aba~3!!a5sa

3F7.1310.3387S sb

sa
D11.841S sb

sa
D 2

10.507S sb

sa
D 3G , ~A5!

for 0.4,sb /sa,2.5. The volume excluded by anaba tri-
mer to a monomer of componentb is fit by the expression

~ve
aba~3!!b5sa

3F0.91113.956S sb

sa
D10.93S sb

sa
D 2

14.026S sb

sa
D 3G . ~A6!

The volume excluded by a trimer of typebab can also be
calculated from the above two expressions by interchang
the indices.

The GFD equation of state for a random copolymer
quires knowledge of the volumes excluded by the trim
aaa, aba, and abb. While the expressions for the vo
umes excluded by trimersaaa andaba are given in Eqs.

TABLE III. DCMD simulation values of compressibility factors for squar
well random copolymers. The value in parentheses represents one sta
deviation in the last two significant digits.

T*
sb

sa

eb

ea
xa h

8-mer 16-mer

Z~MD! Z~GFD! Z~MD! Z~GFD!

3 1 0.5 0.5 0.09 1.567~15! 1.575 1.942~14! 2.014
0.18 2.853~10! 2.612 4.283~07! 3.825
0.27 6.339~13! 5.658 10.637~42! 9.622
0.36 15.940~31! 14.333 28.984~72! 26.953
0.45 40.851~36! 36.047 77.906~35! 71.283

3 2 0.5 0.5 0.09 1.606~37! 1.677 2.051~17! 2.171
0.18 2.885~42! 2.857 4.316~24! 4.177
0.27 5.948~53! 5.856 9.906~13! 9.623
0.36 13.740~91! 13.705 24.994~53! 24.586
0.45 32.650~87! 32.600 62.265~89! 61.501
Downloaded 22 Feb 2008 to 152.1.209.194. Redistribution subject to AIP
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~A3!, ~A5! and~A6!, the volume excluded by a heteronucle
trimer abb to monomers of componentsa and b can be
fitted by the following expressions:

~ve
abb~3!!a5sa

3F3.8611.64S sb

sa
D13.28S sb

sa
D 2

11.038S sb

sa
D 3G ~A7!

and

~ve
abb~3!!b5sa

3F21.02517.53S sb

sa
D25.475S sb

sa
D 2

18.77S sb

sa
D 3G . ~A8!

It may be noted that the fits given in Eqs.~A5! through~A8!
differ slightly from their counterparts in Ref. 8. The new fi
were obtained by regressing the trimer volume vs diame
ratio data over a larger range of diameter ratios.

APPENDIX B: SQUARE-WELL INSERTION FACTORS
FROM PERTURBATION THEORY

In this appendix, we briefly describe the perturbatio
theory-based calculation of the insertion factors for each s
cies in a square-well monomer mixture,p1

i (h)sw, in a
square-well dimer mixture,p2

i (h)sw, and in a square-wel
heteronuclear dumbbell fluid,p2

ab(h)sw. We also present the
related ‘‘zeta’’ expressions,z1,sw

i , z2,sw
i , and z2,sw

ab . The
reader is referred to Ref. 14 for details of the theory’s de
vation. In order to keep the notation general~and to be con-
sistent with the notation used in Ref. 14! we use the subscrip
n to denote the mixture ofn-mers. The reader should bear
mind, however, that thisn is limited to n51 andn52, and
should not be confused with the copolymer chain length
ferred to in the main body of this paper.

The insertion factorpn
i (h) of speciesi in ann-mer mix-

ture is related to its corrected excess chemical potential b33

mn
i* ~h![mn

i ex
~h!2mn

i ex
~0!52kT ln pn

i ~h!, ~B1!

where the corrected excess chemical potential is define
the difference between the excess chemical potential of
species at the density of interest and the excess chem
potential of the species at zero density. The corrected ex
chemical potential can be calculated from knowledge of
total excess Helmholtz free energy of the mixture

mn
i* ~h!5F]~NAn

ex~h!!

]Ni
G

T,V

, ~B2!

whereN is the number of molecules in the system, andNi is
the number of molecules of speciesi . Here, we briefly re-
view the perturbation theory approach to calculating the
cess Helmholtz free energy of square-well mixtures and
rive expressions for thezn

i .
In the perturbation approach, the free energy of a squ

well n-mer mixture is expressed as an expansion in the
verse temperature around the free energy of the refere

ard
 license or copyright; see http://jcp.aip.org/jcp/copyright.jsp
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hard-sphere mixture. The second-order perturbation the
expansion for the Helmholtz free energy is of the form

An,sw
ex

NkT
5

An,hs
~0!

NkT
1S 1

kTDAn,sw
~1!

NkT
1S 1

kTD 2 An,sw
~2!

NkT
, ~B3!

whereAn,hs
(0) is the excess Helmholtz free energy of the r

erence hardn-mer mixture, andAn,sw
(1) andAn,sw

(2) are the first-
and second-order perturbation contributions to the Helmh
free energy of the square-well mixture.

The excess Helmholtz free energy of the reference h
n-mer mixture can be calculated from knowledge of its co
pressibility factor using

An,hs
~0! ~h!

NkT
5E

0

h Zhs
n 21

h
dh. ~B4!

The compressibility factor for the reference hardn-mer mix-
ture, Zhs

n , is obtained using the scaled particle theory eq
tion of state29,30

Zhs
n 5

1

12h
1

3ah

~12h!2
1

3a2h22a2h3

~12h!3
, ~B5!

wherea5 r̄ s/3b is the geometric factor andr̄ , s andb are
the mean radius of curvature, surface area, and volume
spectively, of the reference hardn-mer mixture defined as

b5(
i

m

xibi , s5(
i

m

xisi , r̄ 5(
i

m

xi r i , ~B6!

wherexi is the mole fraction of componenti and m is the
number of components in the mixture. Table IV lists t
geometric coefficients for a monomer, homonuclear dim
and a heteronuclear dumbbell. It may be noted that the
pression for the radius of curvature of a heteronuclear du
bell is different from the corresponding expression presen
in Ref. 8, which was erroneous.

The first-order perturbation contribution to the Helm
holtz free energy is given by14,34,35

An,sw
~1!

NkT
522prn2@s3eI 0#mix , ~B7!

TABLE IV. Geometric parameters for convex bodies.

Convex body
Volume

b
Surface area

s
Radius of

curvature (r )

Monomer ps3

6
ps2 s/2

Homonuclear dimer ps3

3
2ps2 3s/4

Heteronuclear dimer p(s1
31s2

3)

6

p(s1
21s2

2) 3
8(s11s2)1

(s22s1)2

8(s21s1)
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wherer is the number density,n is the number of segment
per molecule (n51 for a monomer mixture andn52 for a
dimer mixture or a dumbbell fluid!, and

@s3eI 0#mix5(
i

m

(
j

m

xixjs i j
3 e i j I 0

i j , ~B8!

wheres i j 5(s i1s j )/2 is the mean diameter of the monom
segments of componentsi and j , e i j is defined according to
the combining rule in Eq.~2!, and

I 0
i j 5E

1

l

g0
i j ~x!x2dx, ~B9!

is the integral overx(5r /s i j ) of the scaled site–site radia
distribution functiong0

i j of a molecule of componentj about
the molecule of componenti . It has recently been shown14

that even for ann-mer mixture where the two componen
have segments of different size,I 0

i j can be approximated by
I 0

n , the integral of the radial distribution function of ann-mer
fluid in which all segments are the same size. For exam
I 0

i j for a dimer-mixture, where the segment sizes of the t
components differ, can be approximated byI 0

2, the integral
of the radial distribution function of a pure dimer fluid at th
same density. The integralI 0

n is fitted to a seventh-orde
polynomial inh of the form

I 0
n5 (

k50

7

ckh
k. ~B10!

Table V show the coefficientsck for n51 ~monomer fluids!
andn52 ~dimer and dumbbell fluids!.

The second-order perturbation contribution to the Hel
holtz free energy is calculated using the local compressib
approximation of Barker and Henderson35 and is given by

An,sw
~2!

NkT
52prn2@s3e2# mix

]r

]p0

]~hI 0
n!

]h
, ~B11!

where

@s3e2#mix5(
i

m

(
j

m

xixjs i j
3 e i j

2 ~B12!

TABLE V. Coefficients for the polynomial expansion of the integralI 0
i

5(kck
i hk.

ck Monomer fluid Dimer fluid

c0 0.716297 0.5052058
c1 1.108746 1.054739
c2 0.059607 1.821172
c3 0.054981 21.462742
c4 29.550753 218.976502
c5 25.31761 62.173311
c6 253.28665 2108.21679
c7 43.11756 75.093454
 license or copyright; see http://jcp.aip.org/jcp/copyright.jsp
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andp05rkTZ0 is the pressure of the reference hard syst
which is obtained using scaled particle theory.

The insertion factor for a speciesi in a n-mer mixture is
obtained by inserting the excess Helmholtz free energy fr
Eqs.~B3!, ~B4!, ~B7!, and~B11!, into Eq.~B2!. According to
Eq. ~B1! the natural logarithm of the insertion factor can
expressed in the form

ln pn,sw
i 5 ln pn,hs

i ,~0!1S 1

kTD ln pn
i ,~1!1S 1

kTD 2

ln pn
i ,~2! ,

~B13!

where pn,hs
i ,(0) is the insertion factor for the reference ha

system, andpn
i ,(1) and pn

i ,(2) are the first- and second-orde
contributions. Substituting the above general form
ln pn,sw

i into the definition forzn
i @Eq. ~20!# and carrying out

the integration, we obtain the final expression for thezn,sw
i

which can be expressed in the form

zn,sw
i 5zn,hs

i ,~0!1S 1

kTD zn,sw
i ,~1!1S 1

kTD 2

zn,sw
i ,~2! , ~B14!

wherezn,hs
i ,(0) is the hard-sphere contribution tozn,sw

i andzn,sw
i ,(1)

and zn,sw
i ,(2) are the first- and second-order contributions. T

expression forzn,hs
i ,(0) has been derived by Gulati and Hal8

and is expressed as

zn,hs
i ,~0!52~11Wi1Yi13Zi !ln~12h!/h

1$2@Yi13Zi1Wi #1h@2Xi /21~5/2!Yi

1~15/2!Zi13Wi #2h2@Xi /21~5/2!Yi

1~11/2!Zi13Wi #1h3Wi%~12h!23,

where

Xi52S1i2S4i , Yi52S1i2S2i1
5

2
S4i ,

~B15!

Zi5S2i2S1i2S3i2
3

2
S4i1S5i , Wi52S4i ,

and
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m

r

e

S1i5
r̄ is1si r̄ 1bi

b
, ~B16!

S2i5F1

6
r i

2s21
1

3
cssi1bi r̄ sG Y b2, ~B17!

S3i5
1

3

bics2

b3
, ~B18!

S4i5@b~r i
2s212cssi !22cs2bi #/~9b3!, ~B19!

S5i5cs2bi /~9b3!, ~B20!

c5( xir i
2. ~B21!

The coefficientsb, s, and r̄ for a mixture that appear in Eqs
~B16!–~B20! are defined in Eq.~B6!.

The first-order perturbation term forz is given by

zn
i ,~1!5212ns i

3 @s3e#mix

@s3#mix
2 Fh2

]I 0
n

]h
2

1

hE0

h
h2

]I 0
n

]h
dhG

2
24n

@s3#mix
S xis i

3e i1(
j Þ i

xjs i j
3 e i j D

3FhI 0
n2

1

hE0

h
hI 0

ndhG , ~B22!

where

@s3e#mix5(
i

(
j

xixjs i j
3 e i j , @s3#mix5(

i
xis i

3.

~B23!

The integrals can be evaluated easily due to the simple p
nomial form of I 0

n shown in Eq.~B10!, yielding

E
0

h
hI 0

ndh5 (
k50

7

ck

hk12

k12
,

~B24!

E
0

h
h2

]I 0
n

]h
dh5 (

k51

7
k

k12
ckh

k12.

The coefficientsck are listed in Table V.
The second-order perturbation contribution tozn

i is given
by
zn
i ,~2!526ns i

3 @s3e2#mix

@s3#mix
2 Fh2~12h!4

F1~h!

]2~hI 0
n!

]h2
2

1

hE0

hh2~12h!4

F1~h!

]2~hI 0
n!

]h2
dh2

h2~12h!3F2~h!

F1
2~h!

]~hI 0
n!

]h
2

1

h

3E
0

hh2~12h!3F2~h!

F1
2~h!

]~hI 0
n!

]h
dhG2

12n

@s3#mix
2 S xis i

3e i
21(

j Þ i
xjs i j

3 e i j
2 D Fh~12h!4

F1~h!

]~hI 0
n!

]h

2
1

hE0

hh~12h!4

F1~h!

]~hI 0
n!

]h
dhG , ~B25!
 license or copyright; see http://jcp.aip.org/jcp/copyright.jsp



,

s.

7492 J. Chem. Phys., Vol. 108, No. 17, 1 May 1998 H. S. Gulati and C. K. Hall
where

F1~h!5~12h!216ah~12h!2a2h2~924h1h2!
~B26!

and

F2~h!5~12h!216a~12h2!

2a2h~1823h14h22h3!. ~B27!
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