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1. Summary and introduction. This paper deals with a class of permutationally
distribution-free aligned rank order tests for interactions in factorial experi-
ments replicated in complete blocks. The asymptotic power-efficiencies of the
proposed tests with respect to the classical analysis of variance test are also
studied.

Nonparametric analysis of variance tests, available in the literature,
mostly relate to one way or two way (without interaction) layouts. Though the
approach of Lehmann (1964) (see also Puri and Sen (1966)) can be adapted to con-
struct tests for interactions in factorial experiments, the necessity of avoiding
incompatibility of the unadjusted estimates as well as of estimating some functional
of the parent distribution ( appearing in the expression for the dispersion matrix
of the estimators) makes such tests only asymptotically distribution-free and
somewhat tedious to apply. In the present paper, the theory of aligned rank order
tests based on Chernoff-Savage (1958) type of statistics, developed in Sen (1966b),
is further extended to provide suitable tests for interactions in factorial layouts
with equal number of observations per cell. Under certain permutational invariance
arguments the nonparametric structure of the proposed tests is established. These
tests are also free from the other two difficulties mentioned earlier. Further,
using a generalization of Chernoff-Savage (1958) theorem on the asymptotic normality
of rank order statistics to aligned observations, the asymptotic power-efficiencies
of the proposed tests (along with certain bounds are studied.

2. Preliminary notions. We shall consider in detail only the case of replicated
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two factor experiments with one observation per call and indicate briefly the theory

* Work supported by the National Institute of Health, Public Health Service, Grant
GM-12868.



for the case of several factors and/or observations per cell. The chance variable
Yijk associated with the yield of the plot placed in the ith replicate and receiv-
ing the combination of the jth variety (or level of the first factor) and the k-th

treatment (or level of the second factor), is expressed, in accordance with the

usual fixed-effects model, as

(2.1) Yijk =n, + vj + T + Mk + Uijk’ i=1,...,n; =1,...,p; k=1,...,q,

where BiseosBy stand for the replication-effects, vl

,...,Vp for the variety-effects,

T

1,...,Tq for the treatment-effects, nll""’npq for the variety x treatment inter-

actions, and Uijk's are the residual error components. In (2.1), we may put

P q q P
(2.2) sv,=0, » 1,=0, £ q.=0, 1,...,p, and T 7,=0, k=1,...,q.
13 el B e 38 =1 3K

U, ), i=l,...,n are independent and identically dis-

It is assumed that (Uill""’ ipq

tributed stochastic vectors having a common continuous (joint) cumulative distribu-

tion function (cdf) F(x ,qu) which is symmetric in its pq arguments; this

117" "

includes the conventional assumption of independence and identity of distributions

of all the npq error components as a particular case. We want to test

. = = oP¥d
(2.3) Ho. 2 (njk) 9, y

against the set of alternatives that T is non-null. By means of the following
intra-block transformations, we eliminate the nuisance parameters vj's and Tk’S.

Let us consider the p X q matrices

(2.4) Y = (Yijk), U, = (U

'R ), 2, =(Z,,.) and E, = (Eijk)’ i=1,...,n,

ijk”’? w~i ijk ~i

where we define



1 1
2.5 Z.= (I -=41 )Y (L -=4%% i=1 ;
(2.5) ~i (~p P‘“P“szl(”q q'"q~q)’ A
(2.6) E o= (I -fgu v -Lgu), i=1,...,n,
~i  ~p  p~pepNlYq qegRq

It being the identity matrix of order t and‘gt the (row) t-vector having all the t

elements equal to unity, t > 1. Then from (2.1) through (2.6), we obtain that

(2.7) Z,=T+E, i=l,...,n.

~N

In the sequel, we shall work with the nuisance parameter-free model (2.7). Also,
we will only consider the case when p, q > 3. If either of them is less than 3,

the situation simplifies as follows. Suppose ¢=2, p > 2, then from (2.1) and (2.2)

we have njl = -njz = nj (say), #&1,...,p; thus (2.3) reduces to Hg: q1=...=qp = 0.
Again from (2.5) and (2.6), we have

(2.8) Zijl = -Zij2 = Zij (say), ®5 41 = ey = e (say) for all i=1,...,n.

Tt follows from lemma 3.1 [to be proved in section 3] that (eil""’eip) are
symmetric dependent or interchangeable random variables for all i=1,...,n. Con-

sequently, based on the set of observations {Zij’ =1,...,p; i=1,...,n}, the problem
of testing HO in (2.3) reduces to that of testing the interchangeability of

(z ""Zip) (for all i=1,...,n), against shift alternatives. As such, the results

il’
of Sen (1966b) will directly apply, and the details are omitted. If p=g=2, we have

My = g T TMpp T Mgy = 7 (say), and

(2.9) Z = —2112 = —2121 = Zi (say), i=1,...,n,

ill

and it is also easily seen that the distribution of Zi is symmetric about 7. So

the problem of testing HO in (2.3) reduces to that of testing the symmetry (about zero)



of the distribution of Zi; this is the well known one sample location problem, and

hence, is not discussed.

3. The basic permutation principle. We define Hi and Ei (i=1,...,n) as in (2.4)
PUP NSNS NS NSNS N NP I e ) S Nl )
and (2.6), and let F*(E) be the joint cdf of Ei for i=1,...,n. Let j = (jl,...,jp)
~

be any permutation of (1l,...,p) and ﬂ) the set of all possible (p!) permutations,

so that j ¢ J. Also let

~

3.1 I (3)=(5,.),
(3.1 ~p(£) ( 1Jk)1,k=l,...,p’

where o is the usual Kronecker delta. Now for any j € J, I (j) is non-singular
rs ~ ~ =~D A
and has a unique reciprocal Ep(if) (say), which also belongs to the set
{Ep(g): je g}. Further, it is easily seen that if Ep(gl) and }p(gz) be defined
as in (3.1) for e 3, Jp € g, then Ep(ﬂl)gp(JZ) also belongs to [Ep(g): i € 3}'
Thus the set {Ip(j): j € J) forms a finite group of elementary transformations.
L] ~ ~ ~N

It can also be verified that

1
- =L if I (I _(j*)=1.

1
3.2 T (D@ -=21 )I (j*) =1
(3.2) LD, - 5 ik L0 = ] ;

p

Similarly, let k = (kl""’kq) be any permutation of (l,...,q); the set of all

possible (q!) permutations is denoted by E. A second group of elementary trans-
formation matrices is then defined by

3.3 I (k): k e K} where I (k) = (B, . .
( ) {~q(~) ~ ~} ¢ nq(~) ( 1k£)1,ﬂ=1,...,q

Let us then define a finite group 1;1 of transformations {gi(j,k): jeJ, ke K}
~ N ~N ~

by

E; (38 = & (LRE
(3.4)

Ep(i)giza(&)’ 1 e J, k e K, for i=l,...,n.

~nN N ~



Finally, the group of all the (p!q!)n transformations in (3.4) is denoted by gfﬁ

i.e.,

(3.5) §g=(§fl,...,ﬁ>.

As before, we denote the cdf's of Hi and Ei by F and F¥*, respectively. Let now
Gf be the class of all pq-variate continuous cdf's for which the pq variates are

interchangeable. By definition (in section 2), F ¢ J .

LEMMA 3.1 If Fe &, F* is @g-invariant,
[

PROOF. On defining Hi’ Ep(i) and Eq(h) as in (2.4), (3.1) and (3.3), we let

(3.6) U (k) = L(DY LG, el kek

~nToo~Nn

Since F ¢ 3?, it remains invariant under row (or column) permutations. Hence,

g.(j,g) has the same cdf F for all j e J, k ¢ K. Now, from (2.6), (3.2) and (3.4),

1 A POV A ¥

we obtain that

B (30 = L (DB
1 1
=T (H)(I - — 41 U.(T - =121 )I'(k
D@, - 5 AL g - gARPE W
(3.7) 1 1
= T I -=421v )I i%) T U.I(K)I (k&I -~ — 41 Ir(k
OBV RCOEREN SR COTC L FITM) IS
=1 - Ltouyu Goa - Lo
~p PMPrP vl NN a( q ~q~vq

Thus, the invariance of the cdf of U.

1(j,k) (under ?;) implies the invariance of
N~

the cdf Ei(j,k) under g;. Hence the lemma.
~ NN
Let now Zi be the npg-dimensional (Euclidean) space of the sample point
* = . * , .
gn (El,...,gn). Then the finite group (%Fn) of transformations in (3.4) and

(3.5) maps the sample space onto itself, and under HO in (2.3), the distribution



of NZ)';’? is a."t';-invariant. Thus, proceeding as in Hoeffding (1952, pp. 169-170), we

may prove the existence of similar size a (0 < a < 1) tests for H_  in (2.3), valid

for all F e & . These tests are essentially conditional tests based on the considera-
tion of equiprobable all possible row and column permutations of the matrices

%1""’%n' Such a conditional test is termed a permutation test. In this paper,

we shall study permutation tests based on a celebrated class of rank order statistics

due to Chernoff and Savage (1958).

4. Formulation of the rank order tests. Let c(u) be 1, % or 0 according as u is
Mmmwmﬂ

>, = or < 0, and let

n p q
(4.1) R..,. =1+ £ = 2 c(Z

: ), i=1,...,0; =1,...,p; k=1,...,q;
2 2 b P A 2 ) B > B B
L3k r=1 s=1 t=1 ~

-Z
ijk rst
by virtue of the assumed continuity of F, ties among zijk's may be ignored, in
probability. We define a sequence of real numbers’§N = (SNl"' S.), Where

-2 SN

(4.2) Sy = I/ (WD), 1 <a <N

the function JN is defined as in Chernoff and Savage (1958) and is assumed to

satisfy the regularity conditions of theorem 1 of Chernoff and Savage (1958).

Let
1 0
(4.3) To= (T¢ . ); T, .. == £ 8 for =1,...,p, k¥l,...,q
N N, jk N,jk n i=1 NRijk
Also, let
(4.4) T = (I - Sg )T (L -lz'&,)—(l‘k.),
AN Ap  pepepANPq g~ qTq N, jk



s L P L, d L, P d
4.5 Sk =8 -5 L5 +L s s
MR MRy Pogm1 MRy 9= MRy P4og=1 ke MRigk

for i=1,...,n; 3=1,...,p, k=1,...,q. Then, from (4.3), (4.4) and (4.5), we obtain

1 X
(4.6) Tﬁ.. = H'.Z S , F=l,...,p, k=1,...,q.

We denote by G%V the permutational (conditional) probability measure induced by

the (p!q!)n equally likely transformations in @:, defined by (3.4) and (3.5).

Then, by simple arguments it follows that

_ oPxq
(4.7) BRI Py =2
Also, let
(4.8) 2(P) ; NERERCRE
. 5 = ——Q ¥ I T (S%
N n(p-D(q-1) ., =1kl Ry gk ’

and let (® stand for the symbol for Kronecker product of two square matrices.

by routine computations, we obtain that

? - ;I'.. [ 2
4 ® T - T4 )T

g =

(4.9) nE(D@® IR = G -

Then

Thus considering the generalized inverse of the pq x pq matrix in (4.9) and employ-

ing it to construct a quadratic form in the elements of T%, we derive the following

~N?

test statistic

P q
(4.10) &N = [n/oz(@N)] £z {Tf jk}z,
=1 k=1



which is analogous to the classical parametric test based on the variance ratio
criterion [cf. Scheffée (1959)].

For small values of n, p and q, the exact permutation distribution of &LN
can be obtained by considering the (p.'q.')n (conditionally) equally likely row and

column permutations of the matrices Eél) =(S ), i=1,...,n. This procedure

NR; jk
becomes prohibitively laborious for large values of n, p or q. For this reason,

we consider the following large sample approach.
Let us denote the marginal cdf of zijk by Ffij(x) and the joint cdf of

(zijk,zij,k,) by Ffjk;j'k,](x,y) for all j,j'™=1,...,p; k,k*=1,...,q. Let then

. 1 P q "
(4.11) H(x) = Ea _]21 k—?lF[ k] (x);

_ 1 q p o
(4.12) H o(x,y) = oD kil j';j=1 [jk;j'k](X’Y)’

- 1 P d * .
(4.13) H01(X;Y) = pq(q-1) Jil kfi!=1F[ jk;jk*](x’Y)’
(4.14) H.(x,y) 1 z 5 (%,7)

. X,y) = R ¢ 5 IR
11 p(p-1)q(q-1) #3=1 k=1 [k;itkt]

lim J (u): 0 <u <1, and define

We denote by J(u) = N N

1
82 = [ JZ(u)du -
0
(4.15)
o{ {o JLH()JITH(y) Al H, o (x, ) + Hy (5, y) - By (x9)].

Then, proceeding as in the proof of theorem 4.2 of Puri and Sen (1966) and

omitting the details, we obtain the following theorem.



THEOREM 4.1 Under the conditions of theorem 1 of Chernoff and Savage (1958),

[02(63N) - 2] converges in probability to zero.

Now, if we assume that

(4.16) P([J[H(ij)]—J[H(Zj,k)]-J[H(ij')]+J[H(Zj'k')H = Constant} < 1,

for at least one pair of j#j* and k#k', then as in theorem 4.1 of Sen (1966b), it
can be shown that 2, defined by (4.15), is strictly positive. (4.16) will be
termed, in the sequel, as the non-degeneracy condition of the cdf F*¥. The main

theorem of this section is the following.

THEOREM 4.2 Under the conditions of theorem 1 of Chernoff and Savage (1958), the

permutation distribution of ‘EN converges to a chi-square distribution with

(p-1)(q-1) degrees of freedom (d.f.).

PROOF. By virtue of (4.7), (4.9) and (4.10), it suffices to show that for any non-

1 P q

= = 1o .
null A (ajk), Yn n jil kilajkT§’jk converges in law (under 6%9 to a normal

distribution as n—>w. Now, using (4.4), (4.5), (4.6) and the first two conditions

of theorem 1 of Chernoff and Savage (1958), we write

L n P 4 Ri'k
(4.17) Y =n? 5 Y +o(l);Y = I T af J(N—+{—), i=1,...,n,
i=1 P =1 k=1 7

where aﬁk's are linear functions of ajk's and they satisfy the constraints that
q P
> a%* =o0, j=1,...,p and & a*k = o, k=1,...,q. We note that under tﬂ?

k=1 ¥ =1 1 nt

can have only p!q! (conditionally) equally likely values obtained by permuting the
i = R 4

rows and columns qf the matrix ﬁi (Rijk)j=1,...,p, =1, ..., and Ynl’ Y

are all stochastically independent (under d%p. Thus, it readily follows that

E(Yn'IG%Q = o, and
i
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2 , 63 ) P k ( )2 1 2 fl.lli
E(Y2, = 5 I (a% v f T T J¥( ) -
nil ONT oy ey K (-D(a-1 Y oy 0y M1
(4.18)
a p R, P 49 R, p g9 R,
1 k 1 1
Ly (s ot -2 s (s oY+ = (z z ad)®
P =1 3=1 1 5=1 k=1 Pd  4=1 k=1
Thus, by routine analysis, it follows as in theorem 4.1 that
10 2 2 LA 2
z %*
(4.19) i E(Yni](pN) > 3 0z (ajk) > 0,
i=1 =1 k=1

where 82 is defined by (4.15) and is positive by (4.16). Further, using the

growth condition of theorem 1 of Chernoff and Savage (1958), it follows that

=Ry

n
X E(lYni|2+6| GDN) < o , for some & > 0.
i=1

(4.20)

Consequently, using the Berry-Esseen theorem (cf. [ 4 , p. 288]), the asymptotic
normality of Yn follows from (4.19) and (4.20). Hence the theorem.
By virtue of theorem 4.2, an asymptotically size o(0 < o < 1) test for the

hypothesis of no interaction may be proposed as follows. If

2 . .
> X(p—l)(q—l),a 2 reject HO in (23),

(4.21) &N

2
< X(p—l)(q—l),a B accept Ho’

where Xi @ is the upper 100a?% point of a chi-square distribution having t d.f.
b4

5. Asymptotic efficiency of the test based on Z%T It can be easily shown that
DA A P AN Nt NPl N NP\ P N et e NS NI NPt S NS

the test in (4.19) is consistent for any non-null 2 = (njk). For the study of
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the asymptotic efficiency of the test based on S%V we shall therefore consider

the following sequence of Pitman-alternatives, specified by
1
. = = 2 =
(5.1) He: T=Te=N=2n5 A (xjk),

where %jk's are real and finite and they satisfy

q
=0, k*1,...,q; T A,
=1 3K

P
(5.2) A 0 for i=1,...,p.

=1 3"

-1
Thus, under {HN}, the cdf of Ei (defined by (2.5),) is specified by F¥(x - N 23),
(where X is a p x q matrix), and F*(§) is invariant under the row or column per-
-1
. , . , _ 7 N3 . _
mutations of x. Thus, the univariate marginal cdf Ffjk](x) (of ijk xjk) is indepen
dent of (j,k) and is denoted by H(x) [ef. (4.11)]. Similarly, the bivariate
marginal cdf Ffjk,jk'](x’Y) will be independent of (j,k#k') and is denoted by
‘< . - s . .
HOl(x,y) [cf. (4.13)], Fijk,j'k](x’y) will be independent of (ij',k) and is denoted
by Hlo(x,y) [cf. (4.12)], and F[jk;j'k'](x’y) will be independent of (j#j',k#k')
and is denoted by Hll(x,y) [cf. (4.14)].
1
Now, for arbitary F*(ﬁ), the asymptotic normality of NZ(ENng) (where

[ee]

Ry = (pN,jk)’ uN,jk = f J[H(x)]dF?jk](x), #1,...,p, k1,...,q) can be proved
-00

along the same line as in the proof of theorem 5.1 of Sen (1966a) (with direct-
extension to the matrix case). We shall specifically consider the case when (HN}

holds. For this, we define

[

(5.3) B(H) = [ < JIH()]dH(),

-00

1

1
(5.4) A2 = [ J2(u)du - [ [ J(u)du]?,
0 0
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1

(5.5) P35 = Klz-[ / fJ[H(X)]J[H(y)]dHiJ.(X,y) - {/ J(u)du}?],
0

-0 =00

for (i, j) = (0,1), (1,0) and (1,1), where Hij's are defined earlier. Then, by the

same technique as in theorem 5.1 of Sen (1%6a), we obtain that under {HN},

(5.6) nPE (T ) = [(pa) BH)] A + o(1)
_ 1, 1, e
(5.7) n E(TE@ Tk = (T, - S8 ) @, g L1 A (L-p gmpg oy )to(D),

where B(H), AZ, pij's are defined in (5.3), (5.4) and (5.5). Again, using (4.15),

theorem 4.1 and some routine computations, it follows that under {HN} in (5.1)

P
2 2 - -
(5.8) 2(R) — 42(1-p ;0,0 1)-
1
(5.6), (5.7), (5.8) and the asymptotic normality of n? Eh ik lead to the following
2
theorem,

THEOREM 5.1 If (i) [HN] in (5.1) holds, (ii) the conditions of theorem 1 of

Chernoff and Savage (1958) hold and (iii) the conditions of lemma 7.2 of Puri (1964)

hold, SLN’ defined by (4.10), has asymptotically a non-central chi-square distri-

bution with (p-1)(g-1) d.f. and the non-centrality parameter

1P
5.9 % = 15 jil kilx?k][Bz(H)/Ae(l'plo'poﬁpll)]'

Referring back to the model in (2.1), let oi be the variance of Uijk and
Py be the correlation between any two Uijkls belonging to the same block. Let
be the classical analysis of variance ratio test statistic

F(p-1)(q-1), (n-1) (pq-1)

for testing Ho in (2.3) when the parent cdf is assumed to be normal. Then, it can
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be shown that under {HN] in (5.1), QN = (p-1)(q-1) F(p-l)(q-l),(n-l)(pq—l) has
asymptotically a non-central chi-square distribution with (p-1)(q-1) d.f. and the

non-centrality parameter

P q
1
(5.10) A== T £ N 1/0c2(1-p ).
QTP gog g KU T

Let now gi be the variance of eijk’ defined by (2.6). Then, after some simplifi-

cations, we obtain from (2.6) that
2 = - - 2(1 -~
(5.11) o2 = [(p-1(g-1)/palo (1-p ).

Consequently, from theorem 5.1, (5.10) and (5.11), we arrive at the following.

THEOREM 5.2 When the conditions of theorem 5.1 hold, the asymptotic relative

efficiency (A.R.E.) of the Sqq-test with respect to the classical analysis of

variance test is given by

= P9
(5.12) ({8}, (@) = G-DI(a-1)(1-p;g-pgrPry) [ozs2emya?]

We note that oi is the variance of the cdf H, and hence the second factor on the
right hand side of (5.12) resembles the usual efficiency factor for the well-known
Chernoff-Savage (1958) type of test statistics. Also, it follows from lemmas 4.4

and 4.5 of Sen (1966b) that

(5.13) P10 2“1/ (p-1), pp; 2 -1/(q-1),

where the equality sign holds iff J = H_1 (apart from an additive constant). Thus,

from (5.12) and (5.13), we obtain that
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1
1
- oq [1-(p-1)(q-1)p11]}

(5.14) > 2B2(H) /AZ]} .
(&) () = 7 [oeB @/A%]

This leads to the following corollary.

COROLLARY 5.2.1 A sufficient condition for e({gh}’{QN} to be at least as large
as [giBZ(H)/A2] is that P11< 1/(p-1)(q-1).

We shall now consider two special SLN—statistics, namely, the Normal Scores
and Wilcoxon scores statistics. In the first case, JN(N%T), defined by (4.2), is
the expected value of the a-th smallest observation of a sample of size N from a
standard normal distribution, for a~1,...,N. In this case, it is well-known
[cf. Chernoff and Savage (1958)] that oZBz(H)/Az is greater than or equal to 1,
where the equality sign holds only when H is also normal. Thus, the minimum

A.R.E. of the normal scores test with respect to the classical analysis of variance
1

1
test is equal to 1/{1 - — [1-(p-1)(q-D)p,. 1} >
AR 11 2_(%+ %)

> 4. On the other hand,

for the class of parent cdf's for which Pyp S 1/(p-1)(q-1), the normal scores test

will be at least as efficient as the QN-test. In particular, if H(x) is normal,

I 1/(p-1)(q-1) and 02B2(H)/A2 = 1, so that the normal scores test and the

Q. -test become asymptotically power equivalent. For Wilcoxon scores, J (—ELO =
N 7 "NTN+1
ﬁ%i : 1 <a <N In this case, [oiBz(H)/Ag] is known to be greater than or equal

to 0.864 for all H. Consequently, the A.R.E. of the Wilcoxon scores test with

respect to the QN-test is bounded below by

1
(5.15) 0.864/{1 - v [1-(p-1)(q—1)p11]} > 0.432 .
For normal F, it is known that

6 . -1, -1 R NS R | _6 ., -1 1
(5.10) 0y = = Sin = GrpTgy)s eoy T Sin T Gry)r e T 7 S Go@n
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and hence from (5.12), we obtain that for normal distributions the A.R.E. of the

Wilcoxon-scores test with respect to the QN-test is given by

3pq
(5.17) 7 i T

6 , - . =1 -1
T(p-1)(q-1)[1 +’E'{Sln §z5:17-+ Sin E?E:TT + Sin

1
2(p-1)(q-1) i

The following table illustrates the numerical values of (5.17).

q 2 3 4 5 6 7 8 9 10 15 20 oo
2 1.955) .966 | .965| .963 | .962 | .961 | .960 ] .960 | .959 | .958 | .957} .955
3 L9751 .974 | .972 | .971} .961 | .970 | .970 | .969 | .968 | .968{ .966
4 .972 1 .971} .970| .970 [ .969 | .969 [ .968 | .967 [ .966 | .965
5 .970 ) .969 | .968 | .968 | .967 | .967 | .966 | .965] .963
6 .969 | .967 | .966 | .966 | .966 | .964 | .964 ] .962
7 .966 | .966 | .965 | .965 | .964 | .963 | .961
8 .965 | .964 | .964 | .963 | .962 .960
9 .964 | .964 ] .962 | .962] .960

10 .963 1 .962 | .961| .959

15 .961 | .960 .958

20 .959 1 .957
o .955

Thus, the efficiency is bounded below by 3/W and may be as high as 0.974.

If we have more than one observation per cell, we may still work with the
aligned observations obtained by making adjustments for row, column and grand means.
The permutation argument is essentially the same (with p and q replaced by pr and
qr, respectively, r being the number of observations per cell). For more than two
factors, summing over a subset of factors, we may arrive at the desired nuisance
parameter-free model and proceed as in this paper. For brevity, the details are

omitted.
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