ABSTRACT

AGOR, JOSEPH KAPENA. Feature Selection and Score Development Methods with Health Care
Applications. (Under the direction of Osman Y. Ozaltin).

The applications of data driven models in the operations research industry have flourished over the
past 30 years. Due to the advancement of data housing technologies, larger data sets are being accu-
mulated. While this is an excellent resource for researchers, problems appear in the identification
what is “important” in these extensive data frames. Even after the extraction of those critical features
and the solving of data driven models, the issue of representing the output in an interpretable
fashion for decision makers arises. This dissertation presents frameworks and methodologies to
address (a) the problem of feature selection in prediction models and (b) the development of scoring
systems to assist decision makers in health care.

We begin by presenting a framework used in the development of a score to capture physician
workload in an effort balance workload among provider teams when triaging patients into a hospital.
An optimization model is implemented to develop the score and a simulation is built to validate the
use of the score. Our results demonstrate that if the proposed score were to be used to determine
which hospital unit to assign an incoming patient to, then workload would not only be better
balanced amongst provider teams, but would decrease overall. While this score is unique in that it
provides a representation of information from the physicians point of view, many of the current
scores used in medical practice are severity of illness scoring systems representing information
from a patient’s point of view. Therefore, the remainder of the dissertation is centered around the
study of these types of scoring systems.

In the development of severity of illness scores used to track patient acuity, the value of missing
information has not been throughly addressed. Therefore, we study the value of missing information
in machine learning models used to predict patient outcomes. Furthermore, we quantify this value
in the use of severity of illness scoring systems. Our results indicate that there is clinical value in
the knowledge that information is missing and along with appropriate imputation, this knowledge
improves predictive power.

When prediction models are used to construct severity of illness scores, the features are assumed
to already be known. However, the selection of which features should contribute to the score is
not extensively explored. We propose a bilevel programming approach to feature selection for
prediction models. Due to the computational complexities associated with bilevel programs, we
develop a tailored genetic algorithm as a solution approach. We implement this model in three



separate case studies demonstrating that the bilevel approach will identify those features which are

most important for use in the prediction.

The current state of the art in the development of data driven scoring systems, specifically those
in health care, is to take weights that are generated by statistical learning models such as logistic
regression and round them to obtain integer point values for the scores. However, this is could
potentially eliminate important variables and reduce calibration by shifting scores to extremes. It
is also well known in the optimization community that rounding to get integer solutions usually
leads to sub-optimality. Therefore, we propose a mixed integer programming framework for the
development of severity of illness scores. To validate the use of our proposed method, we apply the
framework to construct a score that can be used to track the acuity of patients who are susceptible
to sepsis and compare it to some of the current scores in the literature. We find that our model

produces an interpretable and accurate score compared to others in the current literature.

This work contributes to the fields of operations research in health care and machine learning. We
demonstrate how optimization models, specifically bilevel and mixed integer programming models,
can be used to develop data driven solution tools. While most of this work is applied in a health care
setting, we believe that the frameworks and models presented in this dissertation are applicable
in many other domains that utilize large data sets to learn features and build prediction models.
Furthermore, if problems require the results of models to be presented in a concise way (e.g. as a

singular score), then one could use the methods developed in this dissertation to do so.
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CHAPTER

INTRODUCTION

1.1 Motivation

Data driven solutions have become a successful problem solving methodology in the operations
research industry. However, two major challenges that are consistently met are (1) determining
which features of the data are important to solving problems and (2) using those features to provide
interpretable results for management to use in the decision making process. In this dissertation,
we address these issues through the use of optimization models, specifically bilevel optimization
models. In this chapter, we introduce the problems that are addressed in this dissertation. We then
give the outline of this proposal at the end of the chapter.

1.2 Statistical and machine learning models for classification, feature

selection and score development

1.2.1 Classification

There has been much development machine learning and classification via mathematical optimiza-

tion models over the past 30 years. Kotsiantis et al. [125] give a review of supervised classification



algorithms such as logic based algorithms, perceptron-based techniques, statistical learning algo-
rithms, and support vector machines. They go on to discuss experimental results in the literature
along with how to select appropriate classifiers. More recently, Shabanzadeh and Yusof[182] describe
a new heuristic algorithm (Biogeography-Bsed Optimization - BBO) for unsupervised data classifi-
cation. They test BBO on medical datasets and compare the performance to recent unsupervised

data classification algorithms, which gives some perspective on the efficiency of BBO.

Classification in supervised learning may sometimes be referred to as “discriminant analysis" and
there has been much work in both theory and application in this area. Initially, Freed and Glover
proposed the use of linear and goal programming as alternative approaches to the discriminant
analysis problem [70, 72]. In [71], they address some difficulties, such as placement of the origin, in
these classification models, specifically in linear programming models and propose a normalization
procedure to handle this issue. They state in [71] that normalization through the introduction of
linear constraints can remedy issues, such as placement of the origin, and they prove the stability of
the optimal solution for a specific type of normalization. As computational power began to flourish,
integer and mixed-integer models in classfication problems did as well [81-83, 194, 207, 222, 226].
Optimization based classification methods can be used in a wide variety of applications spanning
across many fields of research including medical and disease prediction [1, 14, 50, 132, 133, 136,
144, 146, 179, 199], sentiment classification [161, 204, 228], and natural language processing and
text classification [98, 111, 161, 224], to name a few. For a comprehensive review of the literature on
multicriteria classification, discriminant analysis and applications, the reader is referred too [132,
149, 232].

1.2.2 Feature selection

Classification models assign data points to predefined groups based on their features [133]. These
models are typically built through cross validation to prevent overfitting. The simplest cross val-
idation, namely the holdout method, partitions the data into two sets: the training set and the
validation set. The classification model is built based on the training set, and then applied to the
data points in the validation set. The model features are selected to achieve adequate out-of-sample
classification performance on the validation set. There are two main approaches to feature selection.
If feature selection is done independent of the learning algorithm that is used to construct the
classifier, the technique is said to follow a filter approach [93, 163, 170]. Otherwise, it is said to follow
a wrapper approach [124]. While the filter approach is generally computationally more efficient
than the wrapper approach, its major drawback is that an optimal selection of features may not be
independent of the inductive and representational biases of the learning algorithm. The wrapper
approach, on the other hand involves the computational overhead of evaluating each candidate



feature set by executing the learning algorithm.

1.2.3 Score development

Early prediction of disease progression is an on-going challenge in health care. Patient acuity and
disease progression are frequently captured through the use of severity of illness scoring systems
such as Acute Physiology and Chronic Health Evaluation (APACHE) classification system [2, 122],
Sequential Organ Failure Assessment Score (SOFA) [213], Mortality in Emergency Department Scores
(MEDS) [185], and Predisposition, Infection, Response, Organ dysfunction (PIRO) scoring system [35,
44, 102]. The development of these scores is mainly accomplished by combining medical expertise
with statistical analysis of Electronic Health Record (EHR) data [35, 44, 102, 117, 122, 142, 185, 213].
However, missing information is ubiquitous in EHR data, and if not handled properly, this may
lead to bias in the computation and interpretation of severity of illness scoring systems [31, 195].
There are established methods for handling missing EHR data such as neglecting patient records
with missing values (complete case analysis), eliminating all variables with missing values from
the analysis, or value imputation [51, 131, 176, 209]. Imputation methods have been shown to
result in less biased conclusions [51, 61, 65, 108, 119, 155, 171]. Harel and Zhou [96] reviewed key
ideas that form the basis of value imputation. Masconi et al. [148] presented a systematic review
on the reporting of missing data and imputation methods in clinical studies. They highlighted the
inexperience of investigators in their disregard of the effect of missing data and found that 62.5% of
the selected studies did not even mention how missing data were handled. We quantify the value of
missing information in severity of illness score development.

1.3 Bilevel optimization

Bilevel programs [46, 54, 152] model the hierarchical relationship between two autonomous decision
makers: the leader and the follower. Each decision maker controls a distinct set of variables and
the decisions are made hierarchically: the upper-level decisions are made first by the leader, after
which the lower-level decisions are made by the follower. The follower’s decisions in return affect
the leader’s performance. In the context of feature selection, the upper-level problem selects model
features to maximize the out-of-sample classification performance on the validation set, while
the parameters of the selected features are learned by the lower-level problem using the training
dataset.

A general bilevel program can be formally stated as follows:



max F(x,y*) subjectto y*eargmax{f(x,y)|g(x,y)<0, yeY} (1.1)
y

xeX

where variables are divided into two distinct classes, namely the leader’s (upper-level) variables
x e XCR™x7Z™ and the follower’s (lower-level) variables y € Y C R% xZ%. Functions F : XxY — R!
and f : X x Y — R! are the leader’s and the follower’s objective functions, respectively. Furthermore,
g : X xY — R" corresponds to the follower’s constraints that are impacted by the leader’s decisions.
In problem (1.1), it is assumed that the follower breaks ties between multiple optimal solutions in

favor of the leader.

Bilevel optimization models have been considered in hazardous material transportation [92], net-
work design [145], revenue management [40], traffic planning [151], energy [10] and computational
biology [30, 166] to name a few. A broad class of problems which can be recast as a bilevel pro-
grams is the network interdiction problems [87, 107, 186, 223]. For surveys on bilevel programming
methodology and applications the reader is referred to [9, 46, 54, 152].

Any linear mixed 0-1 programming problem can be reduced to a bilevel linear program (BLP) [6].
Therefore, BLPs, and so BPs in general are strongly N P-hard [95]. Furthermore, Vicente et al. [210]
showed that even checkinglocal optimality of BPs is N P-hard. Jeroslow [110] proves that algorithmic
approaches to solving multi-level programs will require at least exponential time with p > 3 players
leading to the result that value questions for bilevel programs are N P-hard. Due to the computational
complexities associated with bilevel programs, we develop a genetic algorithm as a solution approach

to the proposed bilevel models.

1.4 Dissertation OQutline

The rest of this dissertation is organized as follows. In Chapter 2, we present the use of a linear
programming model to develop a score to that captures physician workload to assist in the routing
of patients admitted to an internal medicine department. A simulation is model is constructed to
validate the effectiveness of the developed score. In Chapter 3, we quantify the value of missing
information for use in the development of a scoring system to track severity in patients suscep-
tible to sepsis. In Chapter 4, we develop a bilevel model for feature selection, propose a tailored
genetic algorithm as a solution approach, and implement this model on three distinct case studies.
Chapter 5 proposes a mixed integer framework for severity of illness score development with an
implementation of this framework for the development of a score that can be used for those patient
susceptible to sepsis. Finally, Chapter 6 concludes this dissertation by providing a summary of

insights resulting from each chapter and the overall contributions. Furthermore, we discuss planned



future work that will be continued to further refine this research.



CHAPTER

2

SCORE TO CAPTURE PHYSICIAN TEAM
WORKLOAD

The work reported in this chapter was accomplished over a summer internship at Mayo Clinic
in Rochester, MN. This was a collaborative effort amongst myself, the Hospital Internal Medicine
Department at Mayo Clinic and another PhD student in the North Carolina State University College
of Design, Kendall McKenzie. The high-level translation of patient flow within the simulation, survey
results and outcomes of interest that were tracked was a collaborative effort amongst the group.
The contributions of this dissertation include the development and execution of the optimization
model proposed in Section 2.3 and the construction of the simulation using the software STMI0
discussed in Section 2.4. These contributions delivered the results seen in Section 2.5 and facilitated
the discussion of Section 2.6.

2.1 Introduction

Since 1990, the health care literature has seen a substantial increase in publications regarding
the workload experienced by health care professionals. Research has shown that the amount of
workload placed on nurses directly affects patient outcomes (e.g. survival or death) [63], as well as



nurse satisfaction and resilience in the workplace [90]. In order to prevent negative consequences
associated with high workload, methods must be created to manage workload. Necessarily, the
initial steps in developing a method for managing workload are, first, to define workload and, then,
to quantify it. However, a review of the health care literature pertaining to workload shows that the

medical community has not reached a consensus on the definition and quantification of workload.

There has been a substantial amount of research conducted on nurse workload and staffing. Since
nurses are shift-based employees with a limited scope of tasks, this is a natural application area
for those researching workload. Nursing workload has been defined in many ways, often by first
determining a set of important factors that affect it. For example, Myny et al. [62] performed a cross-
sectional study to identify the factors, outside of patient acuity, that contribute to nurse workload,
including high numbers of work interruptions, high patient turnover rate, and high numbers of
mandatory government registrations. A plethora of approaches exist for quantification of nurse
workload. Kwiecien et al. [128] reviewed tools used for quantifying nurse workload in the ICU and
classified them into five groups, which included patient classification, the Therapeutic Intervention
Scoring System-28 (TISS-28), the Nine Equivalents of Nurse Manpower Use Score (NEMS), the
Nursing Activities Score (NAS), and experimental methods.

Physicians workload has also been defined and quantified in the literature, usually pertaining to
either (i) ED/ICU physicians or (ii) primary care providers / general practitioners. Gedmintas et
al. [7] employed the Australian Triage Scale to develop a tool for managing staffing requirements and
understanding resource use in the ED. Levin et al. [135] also tracked ED physician workload using a
human factors approach that included time-motion task analysis and load index. Doerr et al. [60]
used electronic health records and time studies to measure the time and complexity involved in the
workload tasks of primary care physicians between their patient visits. While this research can serve
as a foundation for defining and quantifying the workload of hospital providers, it is not a direct
representation of the daily tasks and decisions experienced in an internal medicine environment.

Over the past few decades, the problem of balancing workload equitably among healthcare providers
has been steadily gaining attention. However, few recommendations exists that are tailored to
hospital workload. Researchers have primarily focused on developing methods for (i) determining
staffing needs based on workload requirements and (ii) distributing workload equitably across

providers at key decision points.

Many studies in engineering and management disciplines look at workload for the purpose of
staffing. Bard and Purnomo [11], for example, developed a methodology for nurse scheduling that
has the ability to dynamically adjust hospital-wide staffing recommendations based on supply and
demand considerations. Additionally, Thorwarth et al. [201] created a simulation model to represent

the dynamic workload experienced by ED providers for use by health care workload management



personnel. Punnakitikashem et al. [164] took a stochastic integer programming approach to solve
nurse staffing and assignment problems. The objective of the stochastic program was to minimize
both excess nurse workload and staffing costs. Other methods for balancing workload in health
care settings focus on key decision points, such as admission decisions and patient allocation
decisions. Tseytlin [205] developed a queueing model for the process of routing patients from the
ED to internal wards. The author searched for routing policies that resulted in fairness and good
operational performance. Hulshof et al. [105] used approximate dynamic programming to create a
robust framework for allocating new patient admissions to health care resources. The literature is
saturated with nurse-focused publications, but is lacking in specifics about physicians, especially as

it pertains to hospitalists because this is a relatively new role for physicians.

2.2 Feature selection through surveys

At the Mayo Clinic in Rochester, MN, patients arrive daily needing general inpatient care by Hospital
Internal Medicine (HIM) providers. When a patient arrives, he or she is immediately assigned to a
care team, which consists of one doctor, one nurse practitioner or physician’s assistant, and one
clinical administrative assistant. This care team will be responsible for servicing all the needs of this
patient until he or she is discharged from the hospital. However, the decision-making process for
determining which patients get assigned to which care teams is sub-optimal. In fact, it often results
in ill-will between care teams and decreased employee satisfaction. Currently, an incoming patient
is assigned to whichever care team has the fewest number of patients in their charge, but this leaves
ample room for imbalanced workloads between care teams, since the care team with “the fewest
number of patients" does not necessarily equate to the care team with the lightest existing workload.
The goal of our research is to create a workload score for each care team that is more accurately
representative of the amount of work the team is being tasked with. By assigning incoming patients
to whichever team has the lowest workload score, we can then be assured that the patient workload

will be more equitably balanced among HIM care teams at the Mayo Clinic.

In order to identify the broad categories that contribute most to provider team workload, the HIM
department conducted a Delphi survey among the Mayo Clinic providers prior to the analysis
reported in this dissertation. Beginning in March of 2015, focus group sessions were held to create
an exhaustive list of categories that providers perceived as affecting their workload. Throughout
April and May of 2015, more than 900 categories were reviewed and condensed into a set of recurring
themes. Nine broad categories were identified: patient churn (i.e. patient admissions and discharges
and their associated work), lack of autonomy, work interruptions (e.g. pages, switching tasks, phone

calls), non-clinical responsibilities (e.g. documentation), uncertainty about when the work day
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The four highlighted categories were selected for inclusion in the workload score

Figure 2.1 Nine Factors Contributing to Provider Workload

would end, complexity of patients, work inefficiency (e.g. poor communication between depart-
ments, awaiting patient arrivals), changing team members, and geographic location of patients.
These categories are shown in Figure 2.1.

To assess the relative impact of category on provider workload, Mayo Clinic physicians created an
online survey and disseminated it to Mayo Clinic providers in December of 2015. The survey asked
providers to rank the nine categories in the order in which they contributed to workload (i.e. rank
each of the categories from 1 to 9, where 1 identifies the category that contributes most heavily to
workload and 9 identifies the category that contributes least to workload). A total of 59 providers
responded to the survey and the results of those surveys were provided to us by the HIM department
upon our arrival in May 2016. The distribution of ranks given to each category is shown in Figure 2.2.
The mean rankings of each category (in decreasing order of contribution to workload) were 3.34
for patient churn, 4.27 for work interruptions, 4.37 for work inefficiency, 4.64 for uncertainty about
the end of work day, 4.69 for patient complexity, 5.37 for geographical location of patients, 5.76 for

changing team members, 6.39 for lack of autonomy, and 6.39 for non-clinical responsibilities.

It was decided that the four categories with the lowest mean rankings (indicating highest average
contribution to workload) should be incorporated into the workload score. These were patient
churn, work interruptions, work inefficiency, and uncertainty about the end of work day. After
further discussion with Mayo Clinic providers and data experts, however, the fourth category (i.e.
uncertainty about end of work day) was determined to be too difficult to quantify in a score. Thus, we

replaced that category with the patient complexity, which could be easily quantified using diagnosis
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Figure 2.2 Distribution of rankings of nine categories contributing to provider workload

codes and was next in the ordered list of average rankings.

In order to develop a score to represent workload, the four primary categories were broken down
into ten quantifiable factors (see Table 2.1) that would be reasonable to pull from the Mayo Clinic
data systems. The ten factors included were number of admissions, number of discharges, number
of patients in current census, number of low-complexity (level 1) patients, number of moderate-
complexity (level 2) patients, number of high-complexity (level 3) patients, number of patients
with families in town, number of behavioral patients, number of admissions confirmed by not yet
physically arrived for care, and number of patient registrations in the ED in the last hour. All factors
have the ability to be updated either daily or in real-time.

Table 2.1 Ten quantifiable factors used to represent the primary four categories of provider workload

Patient Churn Patient Complexity Work Interruptions Work Inefficiency
# admissions # Level 1 Patients # patients with family in town  # admissions assigned & not arrived
# discharges # Level 2 Patients # behavioral patients # ED registrations
# patients (census) # Level 3 Patients

All factors have the ability to be updated either daily or in real-time

To create a workload score using the ten factors in Table 1, we needed to assign appropriate weights
to each factor. To accomplish this, Kendall McKenzie, a PhD student in the College of Design at North
Carolina State University, designed and analyzed a secondary survey for the HIM providers using a

choice-based conjoint analysis design. The survey was constructed using XLSTAT software, which
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Figure 2.3 Example of comparison question presented in choice-based survey

used a D-optimal design to optimize the statistical significance produced by the survey results. In
the survey, providers were presented with 15 comparison questions formatted as shown in Figure 2.3.
The providers were asked to compare two potential scenarios, each with different levels (i.e. high,
medium, low) of the four categories selected for inclusion in the workload score: patient churn,
work interruptions, patient complexity, and work inefficiency. There were 19 respondents to our
survey, and conjoint analysis was used to elicit relative utilities for each level of the four categories.

Next, we generated 1000 possible combinations of the ten workload factors in our score, using expert
opinion to inform the allowable values for each factor. The values of all factors that represented a
given broad category were given equal weight and added together, producing a single number to
represent each of the four categories. Based on expert opinion, we defined ranges of values that
constituted high, average, and low levels of each category, allowing us to condense each of the
1000 generated ten-factor combinations into a corresponding representation comprised of only
the broad categories. We then attached a utility to each of the 1000 combinations by weighting its
categories by their associated utility values and summing them. These steps resulted in a list of 1000
possible situations (i.e. ten-factor combinations), each with an associated utility value representing
the workload that the situation might imply. Situations with higher utility values were considered
to have heavier workloads, and those with lower utility values were considered to have lighter
workloads. We ordered the 1000 combinations from heaviest to lightest workload, many of which
had identical total utilities due to the limited number of four-category permutations. Combinations
with identical utilities were placed into groups, resulting in 34 groups of situations. These groups
served as input to our optimization model (Section 2.3), which attempted to minimize the number
of deviations from these ordered groups.
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2.3 Optimization model to develop the workload score

A linear optimization model was created to find the optimal weights for each of the ten factors
included in the workload score. Essentially, the optimization model aimed to (i) minimize the
number of situations that deviated from the ordered grouping obtained from the conjoint analysis
results and (ii) keep the total of the factor weights in each broad category as close as possible to
the relative category rankings from the Delphi survey results. The optimization model was trained
using 1000 generated observations (i.e. ten-factor combinations). Each observation consisted of
ten factors and was assigned a utility score based on the conjoint analysis results. Observations
with identical utilities were grouped, and the groups were ranked in order from heaviest workload

(highest utility) to lightest workload (lowest utility).

Let {C;}!, be a sequence of sets, e.g. categories that contribute to provider workload, where this
sequence is in order of importance (i.e. set C; has less utility than set C; for each i < j). Let G be the
number of groups of situations determined from the conjoint analysis (see section 3.1). Suppose
that the groups are ordered from highest workload situations to lowest (the ten-factor combination
in group i represents a higher workload situation than that of group j, for each i > j). We define the
vectors , w € R2:/Cil as the input observation vector and decision variable vector, respectively. The
elements in  and w represent the numerical observations and weights on the elements within the
sets {C;};_,, respectively. We also define the decision variable e;; to represent the error in workload
score deviation when comparing observation i € Gy to observation j € Gy, for k=1,...,G —1.
Given an observation vector € R%ilCil, our goal is find weights for the Z?:l |C;| factors that result
in a workload score calculation that accurately reflects the workload being experienced at the time
when this observation is taken. We define our workload score, denoted S, as a weighted linear
combination of these factors, S = w’x, such that S provides a numerical representation of workload
at the time that observation « is taken. The linear program used to determine the weight vector w

is as follows:

Min GZ_IZ Z e;j (2.1a)
k=1

i€Gy jE€Gk41
s.t. w':cl-+el~j2w’:nj i€G,jeGr,k=1,...,G—1 (2.1b)
Z wy < Z wy i=1,...,n—1 (2.1c)
keC; keCiyq
w>1, e>0 2.1d)

The objective function (2.1a) attempts to minimize the total error (i.e. deviation) from the results of
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both the Delphi survey and the conjoint analysis. The constraints in (2.1b) ensures that the score
preserves the order of the groups generated from the conjoint analysis survey. The constraints
in (2.1c) ensure that the sum of the weights of the elements within each broad category (e.g. patient
churn, patient complexity, work interruptions, and work inefficiency) are in order with respect to
their average rankings from the Delphi survey. For instance, the sum of the weights of the elements
within the work inefficiency category should be at least as high the sum of the weights of the
elements in the patient complexity category, since the average rankings produced in the Delphi
survey identified work inefficiency as contributing more to workload than patient complexity. The
value w’z; is the workload score associated with observation i. The error term e;; is added to
constraint (2.1b) since preserving the ordered grouping may be infeasible (i.e. there may not exist a
weight vector w such that all these constraints are satisfied).

We run an instance of model (2.1) in the context of our problem, where there are four categories in
the sequence of categories, namely, patient churn (C;), patient complexity (C,), work interruptions
(G3), and indirect work (C,). The number of elements in C;, C,, C;, and C, are three, three, two
and two, respectively, yielding w,x € R!°. The optimal weight vector w found after running the
optimization model is shown in Table 2.2. To test how these weights performed, a second set of 1000
ten-factor combinations was created for use in validation. Using the same procedure as described
in Section 2.2, we again assigned utility values to each of these observations and placed them in an
ordered grouping. The performance measure used to evaluate the weight vector was the percentage
of observations that were misplaced, i.e. did not fall into the ordered grouping correctly once the
workload score was calculated. Thus, using the weights in Table 2.2, we output workload scores for
the 1000 ten-factor combinations in the training set, as well as the 1000 ten-factor combinations
in the validation set. We counted the number of observations that were not in their correct group
locations and found that approximately 18.1% and 18.7% of the observations were misplaced in the
training and validation sets, respectively. Our conclusion was that this score accurately captures the
work being experienced within a medical service and that we could take this score to the next phase
of verification through simulation.

2.4 Simulation model validation

A simulation model was builtin SIMIO 8 to represent the movement of patients and their associated
workloads throughout the Mayo Clinic’s HIM department. We modeled 11 provider teams (i.e. Med
services), including services 1-4 (teams of multiple medical residents), services 5-9 and 11 (regular
provider teams consisting of an MD, nurse practitioner or physician’s assistant, and clinical assistant),
and service 14 (a single provider who focuses more on doing rounds with existing patients than
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Table 2.2 Optimal weights for each workload score factor

Factor Weight  Factor Variable Factor Description Category
1.0 wy # patients (census)
3.5 w, # admissions Patient Churn
2.5 ws # discharges
1.0 Wy # Level 1 Patients (low-complexity)
2.0 ws # Level 2 Patients (moderate-complexity)  Patient Complexity
35 We # Level 3 Patients (high-complexity)
2.5 w, # patients with family in town Work
4.0 Wy # behavioral patients Interruptions
1.0 Wy # admissions assigned but not yet arrived Indirect
5.5 Wy # Ed registrations in last hour Work

The weighted linear combination of these factors produces a resulting workload score

admitting new patients). The providers on each team were modeled as resources that needed to
be seized to complete work. While the simulation model was primarily built by myself, during
the simulation construction process, there was collaboration when translating the problem into
elements that could be represented in the model. This required interdisciplinary discussions and

understanding, facilitated by Kendall McKenzie with her background in Design.

Patients arrive to the system from six distinct sources, each with different distributions for diagnosis
complexity and admission processing time. Three entity types were used to represent high, moderate,
and low patient complexity (defined by diagnosis codes). The amount of daily work generated by
each patient was different for each complexity level. Other patient attributes assigned upon creation

included source location, transfer patient flags, arrival day and time, discharge day and time, etc.

Upon arrival, patients are sent to a decision node that represents the Medical Officer of the Day
(MOD), who determines the provider team, or service, to which each patient will be assigned. After
assignment to a service, a delay occurs (based on arrival source) to represent the amount of time
usually required for the patient to physically arrive at the Mayo Clinic HIM department. After this
delay, the patient entity is considered to be under the care of its assigned provider team until it is
either transferred to a different provider team or discharged entirely from the hospital. Each service
is modeled as a sub-model in the simulation, where the providers are modeled as workers that can
be seized by jobs created by patients each day. A daily check within the simulation determines when
each patient is scheduled to exit the sub-model (according to historical data). Work is produced
on each day that a patient remains in the sub-model. Jobs (e.g. rounds, family visits, paperwork,
etc.) are created at the start of each day, and the provider resources within the sub-model work
to complete these jobs. A large portion of the work created deals with patient admissions and
discharges. Figure 2.4 shows a high-level visualization of the simulation model. A sample sub-model
flow diagram is displayed in Figure 2.5.

14
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Each Med service is a sub-model that seizes resources (i.e. MD, physician’s assistant, clinical assistant) who act as servers for
generated tasks, such as admission work, rounds, paperwork, etc. Utilization of these resources is tracked.

Figure 2.4 High-level flow diagram of simulation model

The simulation model samples from historical data in some cases, and it makes select assumptions
in others. For example, patient arrival and discharge locations, arrival and discharge times, and
patient complexity were matched to historical data. Distributions for provider job processing times,
the number of behavioral patients, and the number of patients with families in town were developed
from expert opinion. Using the historical data, we were able to first simulate the historical assignment
locations of patients and track the resulting resource utilization. We were then able to re-run the
model using our workload score to make patient assignment decisions and compare the resulting

resource utilization with that of historical assignment policy.

2.5 Results from simulation model

The simulation was run using data from January 1, 2013 through December 31, 2015. Since we did
not have data prior to this time period, the model was run with a one-year warm-up period to allow
the total patient census across all HIM services to stabilize (shown in Figure 2.6). After a one-year
warm-up period, we began collecting data for calculating results. Figure 2.6 shows a steady increase
in the total patient census throughout the entire three-year period, and this result was confirmed
by HIM providers, displaying further evidence for the need to balance high workloads effectively

across provider teams.

The experts at the Mayo Clinic evaluating the workload score were interested in comparing sim-

ulation output relating to a specific metric: the proportion of days per month that each service
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Outlined modules identify the entrance and exit points for the sub-model. All patients are assigned to a provider team by
the MOD, thus entering the sub-model. Patients exit the sub-model by either (i) being transferred to another Med service
sub-model (i.e. changing provider teams) or (ii) being discharged entirely from the HIM department.

Figure 2.5 Flow diagram of a single provider team (i.e. Med service) sub-model
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After a one-year warm-up period, the census continued to increase steadily. This result was confirmed by HIM providers,
displaying further evidence for the need to balance high workloads effectively across provider teams.

Figure 2.6 Simulated total patient census in HIM department over three years
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Maximum utilization defined by Mayo Clinic experts. Provider teams in services 1-4 were considered to have reached
maximum utilization on any day that either (i) their census hit 12 or (ii) all of their admissions slots were used. Provider
teams in services 5-9 and 11 were considered to have reached maximum utilization on any day that their census hit 14.

Figure 2.7 Proportion of month each Med service reached maximum utilization

spent any amount of time working at maximum utilization. The term maximum utilization was
defined differently across provider teams. Provider teams in HIM services 1-4 were considered to
have reached maximum utilization on any day that either (i) their census hit 12 or (ii) all of their
admission slots were used. Provider teams in HIM services 5-9 and 11 were considered to have
reached maximum utilization on any day that their census hit 14. The provider team in HIM service

14 was considered to have reached maximum utilization on any day that its census hit 12.

Figure 2.7 shows the proportion of time per month that each provider team reached its maximum
utilization (on average) in the simulation. Using the proposed workload score to make patient
assignment decisions resulted in a 12.1% decrease (on average) in the proportion of time per month
provider teams spent at or above maximum utilization. The proportions in Figure 2.7 are calculated
by averaging the monthly maximum utilization proportions across the entire 24-month observation
period.

Mayo Clinic management was interested in understanding the difference in utilization between

non-resident provider teams (HIM services 5-9, 11, and 14) and resident provider teams (HIM
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Census level was at least 14 patients for Med services 5 (dashed line) and 7 (solid line) when comparing historical triage
(darker color) and triage by simulated workload score (lighter color).

Figure 2.8 Proportion of month Med services 5 and 7 reached maximum utilization

services 1-4). Figures 2.8 and 2.9 provide comparisons of the simulated results for these two groups
under historical triage assignments and triage assignments using our proposed workload score.
Figure 2.8 shows the proportions of days in the month that two non-resident services (i.e. Med 5 and
Med 7) reached a census level greater than 14. There is improvement when patients are triaged using
the proposed workload score with respect to time spent at maximum utilization, along with the
more desired outcome of more equitably-balanced workload between the two services throughout
the displayed time window. Figure 2.9 shows distribution of the proportions of time spent at max
utilization throughout the months of data collection pertaining to the resident services, which must
follow strict rules that prevent them from taking on too much work, and shows the proportion of
days per month that each service did not reach maximum utilization. It is clear that the proportion
of time that the resident services are not fully utilized decreases when patients are triaged using the
proposed workload score. This is an improvement that HIM providers are looking to achieve, since
there is no risk of overworking the resident teams. Again, Figure 2.9 also shows improvement in the
balance of workload across the resident services when the proposed workload score is used to make

assignment decisions instead of the current census.
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Lines represent maximum utilization levels under historical triage, and bars show maximum utilization levels under triage
by our workload score.

Figure 2.9 Proportion of days per month that resident services 1-4 reached maximum utilization
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2.6 Discussion

Through the use of a combination of methodologies (i.e. Delphi survey, conjoint analysis, optimiza-
tion), we were able to create a workload score that proved successful in our simulation model. The
measure that the Mayo Clinic found most informative for workload comparison was an interesting
one: the percentage of days each month that a care team reached maximum utilization. Our simula-
tion yielded a 12.1% decrease (averaged across all teams) in this metric when the proposed workload
score was used to determine the provider team that should receive each incoming patient, instead of
simply assigning incoming patients to the team with the fewest patients currently in their care. The
results also show a significant decrease in the variation between team workloads when our workload
score is used for patient assignment decisions. Furthermore, the provider teams staffed by medical
residents showed a reduction in time spent being under-utilized, which is an improvement that
Mayo Clinic HIM management was hoping to achieve. This confirms that the proposed workload
score has the potential to balance workload more equitably across provider teams. Not only did we
achieve a more equitable workload between HIM care teams, but we were also able to provide the
Mayo Clinic operations team with a workload score calculation that more accurately represents
employees’ perceptions of their own workloads. The score can be implemented by pulling only ten
numbers from the hospital data systems. In the future, we hope to implement this score within the
Mayo Clinic and test its performance. Our next steps are to refine the score with provider input and

implement this workload score as a triaging tool within the Mayo Clinic system for a beta test.
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CHAPTER

3

THE VALUE OF MISSING INFORMATION
IN SEVERITY OF ILLNESS SCORE
DEVELOPMENT

3.1 Introduction

Many of the models used to develop severity of illness scoring systems do not specifically consider
which clinical variables are missing but assume that missing data occur at random [28, 195]. However,
for clinical decision making, it is critical to know if information (vital or lab) has been measured or is
missing. In this work, we quantify the impact of missing and imputed variables on the performance
of various prediction models used in the development of sepsis-related severity of illness scoring
systems with the ultimate goal of incorporating this information into scoring systems used in
real-time clinical practice.

The handling of missing data (or lack thereof) in the development of clinical scores to track patient
disease progression has been rarely addressed in the literature. Howell et al. [102] developed the PIRO
score for sepsis staging based on clinical variables in the Predisposition, Infection, Response and
Organ dysfunction categories. They stated as a limitation that missing data may have biased their
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results. Afessa et al. [2] investigated the impact of missing values in the APACHE III score on patients
in the intensive care units (ICU) and found that the risk of death was strongly associated with the
number and type of missing variables. Keegan et al. [116] reviewed intensive care severity of illness
scoring systems for adults. They suggested that missing data may compromise the performance of
the prognostic models used in the development of these scores.

Many of the severity scores developed for critical care patients impute values for the missing variables
from their normal ranges [2, 130, 185]. While we take a similar approach and assume normal values
for the missing variables, we also incorporate indicators to inform the model about which variables
are missing. Knol et al. [123] discussed that using indicators for missing variables in an etiological
context can lead to biased results. Our analysis, however, differs from their work in that we assess
the predictive power of severity of illness scoring systems using dynamically recorded data derived
from the EHR. Moreover, Knol et al. [123] imputed zero for missing variables, whereas we impute

values from their normal ranges.

The objective of this study is to investigate the hypothesis that using information about which
variables are missing along with appropriate imputation improves the performance of severity
of illness scoring systems used to predict critical patient outcomes. To achieve this objective, we
quantify the value of knowing which information is missing based on prediction performance
in models that use all variables as predictors compared to those that utilize summary variables
as predictors. We consider five different machine learning models including logistic regression,
random forests, stepwise regression, support vector machines, and the least absolute shrinkage and
selection operator (LASSO) methods.

This study focuses on the value of missing information in sepsis-related severity of illness scoring
systems. Specifically, we consider a score developed in the PIRO framework to predict mortality in
sepsis patients [102]. While the results are specific to this sepsis-related score, the same analysis can
be generalized to identify the value of missing information in the development of severity of illness
scores for other diseases.

3.2 Methods

3.2.1 Design and setting
We utilize EHR data from Christiana Care Health System (CCHS) as part of a collaborative National

Science Foundation grant with North Carolina State University (NCSU) and the Mayo Clinic entitled
S.E.PS.1.S.: Sepsis Early Prediction Support Implementation System. The Institutional Review Boards
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at CCHS, Mayo, and NCSU approved the study.

CCHS is a not-for-profit healthcare system comprised of two hospitals with over 53,000 hospital
admissions per year and 1,100 hospital beds. The dataset includes longitudinal EHR data for adult
patients (age > 18 years) hospitalized between July 2013 and December 2015 corresponding to
119,968 unique patients and 210,289 visits. The analysis is performed at the visit level, i.e., we
consider each visit as a unique case from which observations are generated. Observations refer
to routinely collected data elements such as vital signs, lab values and clinical assessments that
are associated with sepsis diagnosis and response. The care locations in the dataset include the

emergency department (ED), non-intensive care units and intensive care units (ICUs).

We aim to evaluate the importance of knowing which information is missing for sepsis-related
severity of illness scoring system development. Sepsis, infection plus systemic manifestations of
infection, is the leading cause of in-hospital mortality. About 700,000 people die annually in the US
hospitals and 16% of them are diagnosed with sepsis (including a high prevalence of severe sepsis
with major complications) [188]. In addition to being deadly, sepsis is the most expensive condition
associated with in-hospital stay, resulting in a 75% longer stay than any other condition [94]. In 2011,
the total burden of sepsis to the United States (US) healthcare system is estimated to be $20.3 billion,
most of which is paid by Medicare and Medicaid [203]. This accounted for 5.2% of the total aggregate
costs for hospitalizations in the US resulting as the single most expensive treated condition in that
year [203].

We focus our analysis on the PIRO score developed by Howel et. al. [102] because it is specifically
designed for sepsis and our dataset includes variables related to sepsis diagnosis and treatment.
Table 3.1 presents the variables and calculation of the PIRO score.

3.2.2 Sampling case and control populations

We consider the prediction of two primary patient outcomes: in-hospital mortality and first transfer
to the ICU. For each outcome, we start with the total population of 210,289 visits and identify a
subset of those that had suspected infection. We define a visit as being suspected of infection if the
patient was administered an anti-infective (antibiotic, antiviral, or antifungal) or if a positive PCR
Fast Flu Culture test result was reported at some point throughout the hospitalization. From the
suspected infection population, we exclude those visits that were related to pregnancy. We then
split this refined set of visits into case and control groups. Figure 3.1 displays the criteria used to
isolate case and control populations for each outcome of interest. Throughout the remainder of the
paper, we refer to the first transfer to ICU and in-hospital mortality outcomes as “ICU transfer" and

“mortality”, respectively.
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Table 3.1 PIRO score components*

Category Variable Points Max Possible Score
<65 0
Age 65-80 1
>80 2
. . COPD 1
(P)redisposition Liver Disease 2 9
Nursing Home Resident 2
Malignancy Witl.lout Metastases 1
With Metastases 2
Pneumonia 4
(Dnfection Skin/Soft Tissue Infection 0 4
Any Other Infection 2
Respiratory Rate>20 3
(R)esponse Bands>5% 1 6
Heart Rate>120 2
BUN>20 2
Respiratory Failure/Hypoxemia 3
Lactate>4.0 3
(0O)rgan Dysfunction <70 4 16
Systolic Blood Pressure 70-90 2
>90 0
Platelet Count>150K 2

COPD: Chronic Obstructive Pulmonary Disease

Bands: Bandemia (refers to an excess of immature white blood cells released by the bone marrow into the
blood

BUN: Blood Urea Nitrogen (measures amount of urea nitrogen in the blood)

Hypoxemia: Pulse oximetry 90% on room air or 95% while breathing supplemental oxygen of 4 L/min [102]
*Developed by Howell et. al. [102]

Approximately 24.7% of the patients were directly admitted to ICU. Since we generate observations
five hours prior to the event (see Figure 3.2), patients who entered ICU on admission do not have
sufficient information for inclusion in the study (only one row of data at time zero). Therefore, we
exclude a visit from the ICU transfer case group if the first transfer to ICU occurred within five
hours of arrival. Moreover, in order to capture visits that truly did not require transfer to ICU, we
exclude a visit from the ICU transfer control group if the patient died in the hospital. From a clinical
perspective, a transfer to ICU should have occurred for those visits that ended with in-hospital
mortality. For the mortality control group, we exclude those visits which resulted in a discharge
to hospice. While these visits did not actually end with an in-hospital death, placing them in the
mortality control group would introduce bias as they do not represent the population of patients
who survived their hospitalization and were discharged as healthy. From the control group of each
outcome, we randomly sample six times the number in the respective case group (uniformly over
the entire control group). In order to ensure that the sampled control group is not statistically

different than the original control group (i.e., it accurately represents the entire control group)
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Figure 3.1 Selection criteria for case and control populations for each outcome of interest

with respect to age, race, and medical histories, we perform two-sided t-tests. Appendix Tables A.1
and A.2 give the results of these tests. We conclude that the sampled control groups statistically
represent their corresponding control populations with respect to age, race and medical history. The
final populations consist of 47,005 and 10,031 visits for the ICU transfer and mortality outcomes,

respectively (Figure 3.2).

3.2.3 Observation generation

We define an observation as an array of real numbers representing each variable of the PIRO score.
It has been shown that time periods of more than 4 hours can have a significant effect on mortality
when responding to deteriorating patients [39, 100]. Hence, we choose five hours prior to the event as
the observation time point for the case group of each outcome. For the control groups, we generate
observations when the max PIRO score was observed during the visit to capture the most acute
condition of the patient. If there are multiple times at which this happened, we take the earliest one.

Figure 3.3 shows the time points at which observations are generated in the case and control groups.

The actual value of each variable is recorded in observations. In the PIRO score, age, for instance, is
broken into three intervals. We do not use these intervals, and directly consider the age of the patient.
We identify the Predisposition variables "COPD", ”Liver Disease", and "Malignancy" along with
the Infection variable "Pneumonia” through ICD9 diagnosis codes. The ICD9 codes related to the
Predisposition category represent if there was any historical diagnosis of the condition at any point
prior to the visit. The ICD9 codes used for identifying "Pneumonia" represent if the patient was
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Figure 3.2 Generation of case and control groups for the ICU transfer and mortality outcomes
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Note that “Event" refers to either one of the outcomes of interest: ICU transfer or mortality

Figure 3.3 The observation time for (a) the case group and (b) the control group

diagnosed with pneumonia at some point during the visit. We were unable to distinguish between
”skin/soft tissue infection" and ”any other infection" in our data. However, we designate all visits in
our analysis as being suspected of infection (Section 3.2.2). Therefore, we assume that not having a

diagnosis of "Pneumonia” implies having "any other infection".

3.2.4 Missing variables

An additional row is generated in the EHR data with a corresponding time stamp whenever new
information is gathered. This new row may not have a value for every variable of the PIRO score.
In these instances, we use the latest available value [45]. If there is no such prior value, then we
consider that variable as missing. That is, our definition of a missing variable is equivalent to having
no measured value from the time of admission until the time at which the observation is generated.

The missing data mechanism is classified in three cases: (1) Missing Completely at Random (MCAR),
(2) Missing at Random (MAR) and (3) Missing Not at Random (MNAR) [13]. These cases have been
defined as follows [39, 45, 229]:

1. MCAR: The probability that a data point is missing does not depend on the value of that data

point and any of the other variables. This is the desirable scenario for missing data
2. MAR: The probability that a data point is missing only depends on observed variables.

3. MNAR: The probability that a data point is missing depends on unobserved information, such

as the value of the observation itself.

We utilize the R package BalyorEdPsych [12] and perform Little’s test [138] to evaluate if the missing
elements in our dataset is MCAR. We define a binary missing indicator for each variable of the
PIRO score. This indicator equals to one when the corresponding variable is missing, and zero
otherwise. We generate correlation coefficients between these missing indicators and observed
variables (Figure A.1 in Appendix A). It is not possible to prove that missing data is MAR or MNAR
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without collecting additional information on unobserved variables [13]. Additional information on

missing variables is not available in this study because the data were collected retrospectively.

3.2.5 Value imputation

We employ two methods to impute missing variables: (1) Multiple imputation by chained equations
(MICE) [32] and (2) normal range imputation. Multiple imputation has been shown to be effective
in the analysis of longitudinal data with missing values[12, 32, 45, 48, 138]. We implement MICE
through the R package mice [32]. Similar to other multiple imputation procedures, MICE assumes
that missing data is MAR, and thus generates imputations based on the observed variables.

We investigate how the knowledge of missing information can impact the prediction performance
of severity of illness scoring systems in a clinical setting. Therefore, we also employ a second impu-
tation method by sampling values uniformly from their pre-defined normal ranges. We choose this
imputation method to reflect clinical practice. If a vital or lab value is missing (not measured) up
until a point in time during a patient’s hospital stay, it is probable that the patient has not shown
symptoms to prompt the measurement. Therefore, a physician would assume (appropriately or in-
appropriately) that this missing value is within a nonthreatening normal range. Many of the severity
scores developed for critical care patients impute missing variables from their normal ranges [2, 48,
185]. The normal ranges used for respiratory rate, bands, heart rate, BUN, lactate, systolic blood
pressure, and platelet count are: 12-20 bpm, 1-5%, 60-100 bpm, 7-20 mg/dL, 0-2 mmol/L, 90-120
mmHg, 150-450K per microliter, respectively. Hypoxia is a binary variable and the normal condition
is when hypoxia is not present (i.e., it is equal to zero). These normal ranges for vital signs were
determined using widely accepted values. We consulted our institutional laboratories to determine

normal ranges for laboratory tests.

3.2.6 Experimental design

We first sample the population of visits as described in Section 3.2.3. Then, for each visit, we generate
observations where there exist variables that have no value (are missing). Given these observations,
we impute values for missing variables using the two methods described in Section 3.2.5 to create
two complete sets of observations that have no missing data points. We repeat the imputation
process 100 times generating 100 distinct complete observation sets. The difference across the
100 complete observation sets is the imputation values. For a given complete observation set, we
generate four different observation vectors for each visit as shown in Table 3.2. Appendix Table A.3

presents an example of how these observation vectors are generated from a visit. For a given compete
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observation set, we construct 20 distinct prediction models as described in Section 3.2.7 (5 models
for each of the 4 observation vectors). For each prediction model, observation vector and imputation
method combination, there will be 100 AUC values associated with the generated 100 complete
observation sets (Figure 3.4). For example, there will be one hundred AUCs for the logistic regression
model when the observations used to train the model include individual variables of the PIRO score
with no missing indicators and the MICE procedure is used for imputation. We run paired t-tests to
test if the mean difference between AUCs generated from observations with and without missing
indicators are different.

Table 3.2 Four different observation vectors generated for each visit

Individual Variables of the Four Variables Summarizing

PIRO Score BLR,0 Components
W1th01.1t Missing Observation Vector 1 Observation Vector 3
Indicators
With Missi . .
lth. 1ssing Observation Vector 2 Observation Vector 4
Indicators

Note: Missing indicators refer to binary variables corresponding to whether or not
a variable is missing and being imputed. PIRO: Predisposition, Infection, Response,
Organ dysfunction scoring framework

3.2.7 Prediction models

Five different machine learning models for prediction are utilized: logistic regression [59], random
forest [137], step-wise multiple regression [109], support vector machines (SVM) [133, 225], and
the LASSO method [73, 202]. A main assumption of these models is that the predictor variables
are independent of each other. Therefore, we calculate the correlation matrix, and exclude highly
correlated variables from the model. We study two types of correlation: (1) correlation among
variables and (2) correlation among missing indicators. While two variables may not be highly
correlated (e.g. BUN and platelet count), their corresponding missing indicators could still be
correlated due to measurement and documentation workflows (e.g., when BUN is not measured,
platelet count is also not measured as they are commonly tested and documented together). The

observations after removing correlated variables and indicators are used to generate the results.
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Figure 3.4 Summary of the experiment design.
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3.3 Results

3.3.1 Correlation analysis results

There is no significant correlation found among the variables of the PIRO score. However, there is
significant multi-collinearity present among the missing indicators. With respect to the mortality
outcome, while the values of platelet and bands are not strongly correlated, there is strong positive
correlation between their corresponding missing indicators (correlation coefficient ~ 0.9939). The
missing indicator for BUN is highly correlated with the indicators for bands (correlation coefficient
~ 0.9088) and platelet (correlation coefficient ~ 0.9028). Based on these findings, for the models
predicting mortality, missing indicators for BUN and platelet count are removed from the observa-
tion vectors. Regarding the ICU transfer outcome, missing indicators for heart rate and respiratory
rate are highly correlated (correlation coefficient ~ 0.9472). The missing indicators for platelet and
bands are highly correlated as well (correlation coefficient ~ 0.9941). Therefore, for the ICU transfer
outcome, missing indicators for heart rate and platelet count are removed from the observation

vectors.

3.3.2 Missing data mechanism

Little’s test [138] indicates that the missing variables in the observations (see Section 3.2.4) are not
MCAR (p < 0.001). The magnitude of correlation between each missing indicator and any other
observed variable is less than 0.5 (Figure A.1). This indicates that propensity of a missing data field
is not strongly correlated with observed variables. We assume that the missing data mechanism is
MAR for the MICE method. This assumption has been argued to be reasonable for longitudinal EHR
data [196]. Departures from the MAR assumption may involve the MNAR mechanism under which
the probability of any missingness pattern depends on data fields that are not observed under that
pattern. Different forms of such dependence could represent the observed data equally well. Thus,
arecurrent theme in the case of MNAR missing data is the need to make untestable identifiability
assumptions based on domain knowledge [108, 209]. The normal range imputation motivated by
clinical practice makes such an assumption. In particular, given a missing data field, we identify
its value by assuming a uniform distribution within a normal range determined by clinicians. This
method fits under the pattern mixture modelling approach, which is frequently used in the literature
to handle MNAR missing data [61].
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3.3.3 Distribution of the PIRO score

Figure 3.5 displays the distribution of the PIRO score for the ICU transfer and mortality outcomes.
Observe that the PIRO score cannot differentiate between the case and the control groups of the
ICU transfer outcome. Nevertheless, it captures acuity of patients who die in the hospital more
accurately than those who are transferred to the ICU. This result is indicated by the significant
difference in the mean PIRO scores between the case and control groups of the mortality outcome
compared to the insignificant difference in the mean PIRO scores between the case and control
groups of the ICU transfer outcome. The same result is further evidenced by the similarities of
the PIRO score distributions in case and control groups of the ICU transfer outcome as shown in
Figure 3.5a. Observe that the PIRO score distributions in the case and control groups of the mortality

outcome are quite different with different centers and skewness as shown in Figure 3.5b.

3.3.4 Distribution of missing elements

Figure 3.6 shows the frequency of missing variables in the Response and Organ dysfunction cate-
gories of the PIRO score for the two outcomes of interest. This figure indicates that there is generally
more missing information in the ICU transfer observations than in the mortality observations.
This abundance of missing information could contribute to the result that the PIRO score cannot

differentiate between the case and the control groups of the ICU transfer outcome (Figure 3.5a).

3.3.5 Prediction model performance comparison

Our results are centered around two main sub-analyses comparing the models that have missing
indicators to those that do not for each outcome. Sub-analysis 1 studies this comparison when all
variables of the PIRO score are used as predictors, while sub-analysis 2 studies this comparison
when the summary variables for the B, I, R, and O categories are used as predictors. We plot the
receiver operator curve (ROC) and compare the area under the receiver operator curve (AUC) as a
performance measure (Figure 3.7 and Tables 3.3, 3.4, 3.5 & 3.6). Tables 3.3 & 3.4 reports the AUC
results and the relative gain in AUC when moving from models that do not include missing indicators
to models that do when imputation of missing values is done via the MICE procedure. Tables 3.5
& 3.6 reports the same AUC results when imputed values are sampled from the pre-defined normal
range. DeLong’s algorithm [52, 198] is used to test the hypothesis that the AUC values of the models
without missing indicators are different than the AUC values of the models with indicators. This
algorithm uses theory developed for generalized U -statistics to compare two or more ROC curves
and the resulting test statistic has a chi-square distribution asymptotically.
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Figure 3.5 PIRO score distribution for the (a) ICU transfer and (b) mortality at the time observations are
sampled
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Figure 3.6 Comparison of what is missing between ICU transfer and mortality outcomes

Due to the high prevalence of missing lactate measurements (Figure 3.6), we postulate that the
missingness of lactate has a large impact on the results presented in Tables 3.3- 3.6. Therefore, we
run a second set of experiments where only a missing indicator variable for lactate is used. We
give the results of these experiments in Tables 3.7- 3.10. We observe that when the only addition to
the model was a missing lactate indicator the relative AUC gain is less than when having missing
indicators for all variables. However, we still observe that the relative AUC gain is larger when using

summary category variables as predictors (Sub Analysis 2).

Figure 3.7 displays the ROCs of the logistic regression model for the two outcomes with and without
missing indicators. These curves demonstrate that the models with indicators (solid lines) outper-
form the models without indicators (dotted lines). Moreover, the models with all variables of the
PIRO score and missing indicators perform best. These results suggest that the value of missing
information with respect to AUC is highest for the models with summary variables. They also in-
dicate that the value of missing information can depend on the prediction model. In the random
forest model where all variables of the PIRO score are used as predictors, the value of introducing
missing indicators seems negligible (Appendix Figure A.2). Whereas in the logistic regression model
(Figure 3.7), the value of missing information is much greater in both models (with all variables

as predictors and with summary variables as predictors). The results for the remaining prediction

34



Table 3.3 Mean AUC results for models related to ICU transfer outcome when imputation is performed by
MICE

Sub Analysis 1
Without Missing With Missing Relative Gain in
Indicators Indicators AUC p-value
Logistic Regression 0.77 0.80 4.6% <0.001
Random Forest 0.85 0.87 2.9% <0.001
Stepwise Regression 0.77 0.80 4.6% <0.001
SVM 0.72 0.78 8.7% <0.001
LASSO 0.77 0.80 4.7% <0.001
Average 0.77 0.81 5.1%
Sub Analysis 2
Without Missing With Missing Relative Gain in
Indicators Indicators AUC p-value
Logistic Regression 0.63 0.71 13.4% <0.001
Random Forest 0.56 0.65 16.5% <0.001
Stepwise Regression 0.63 0.71 13.3% <0.001
SVM 0.51 0.63 24.6% <0.001
LASSO 0.63 0.71 13.4% <0.001
Average 0.59 0.69 16.2%

Note: Relative gain in the area under the receiver operator curve (AUC) is computed by taking the
difference in AUC between the models with and without indicators and dividing the result by the
AUC from the model without indicators. All p-values calculated using De-Long’s algorithm [52]
SVM: Support Vector Machine, LASSO: Least Absolute Shrinkage and Selection Operator

Sub Analysis 1 Models: Refers to models that use all PIRO variables as predictors

Sub Analysis 2 Models: Refers to models that use B I, R, and O category scores as predictor variables
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Table 3.4 Mean AUC results for models related to mortality outcome when imputation is performed by
MICE

Sub Analysis 1
Without Missing With Missing Relative Gain in
Indicators Indicators AUC p-value
Logistic Regression 0.77 0.80 4.6% <0.001
Random Forest 0.85 0.87 2.9% <0.001
Stepwise Regression 0.77 0.80 4.6% <0.001
SVM 0.72 0.78 8.7% <0.001
LASSO 0.77 0.80 4.7% <0.001
Average 0.77 0.81 5.1%
Sub Analysis 2
Without Missing With Missing Relative Gain in
Indicators Indicators AUC p-value
Logistic Regression 0.72 0.85 18.6% <0.001
Random Forest 0.64 0.76 18.9% <0.001
Stepwise Regression 0.72 0.85 18.2% <0.001
SVM 0.61 0.78 27.7% <0.001
LASSO 0.72 0.85 18.5% <0.001
Average 0.68 0.81 19.1%

Note: Relative gain in the area under the receiver operator curve (AUC) is computed by taking the
difference in AUC between the models with and without indicators and dividing the result by the
AUC from the model without indicators. All p-values calculated using De-Long’s algorithm [52]
SVM: Support Vector Machine, LASSO: Least Absolute Shrinkage and Selection Operator

Sub Analysis 1 Models: Refers to models that use all PIRO variables as predictors

Sub Analysis 2 Models: Refers to models that use B I, R, and O category scores as predictor variables
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Table 3.5 Mean AUC results for models related to ICU transfer outcome when imputed values sampled
from a pre-defined normal range

Sub Analysis 1
Without Missing With Missing Relative Gain in
Indicators Indicators AUC p-value
Logistic Regression 0.69 0.77 10.3% <0.001
Random Forest 0.83 0.85 2.8% <0.001
Stepwise Regression 0.69 0.76 10.6% <0.001
SVM 0.66 0.74 12.4% <0.001
LASSO 0.69 0.77 10.3% <0.001
Average 0.71 0.78 9.3%
Sub Analysis 2
Without Missing With Missing Relative Gain in
Indicators Indicators AUC p-value
Logistic Regression 0.63 0.72 13.5% <0.001
Random Forest 0.57 0.65 14.2% <0.001
Stepwise Regression 0.63 0.72 13.4% <0.001
SVM 0.50 0.61 22.0% <0.001
LASSO 0.63 0.72 13.7% <0.001
Average 0.59 0.68 15.4%

Note: Relative gain in the area under the receiver operator curve (AUC) is computed by taking the
difference in AUC between the models with and without indicators and dividing the result by the
AUC from the model without indicators. All p-values calculated using De-Long’s algorithm [52]
SVM: Support Vector Machine, LASSO: Least Absolute Shrinkage and Selection Operator

Sub Analysis 1 Models: Refers to models that use all PIRO variables as predictors

Sub Analysis 2 Models: Refers to models that use B I, R, and O category scores as predictor variables
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Table 3.6 Mean AUC results for models related to mortality outcome when imputed values sampled from a
pre-defined normal range

Sub Analysis 1
Without Missing With Missing Relative Gain in
Indicators Indicators AUC p-value
Logistic Regression 0.89 0.92 3.3% <0.001
Random Forest 0.92 0.94 1.6% <0.001
Stepwise Regression 0.90 0.92 3.0% <0.001
SVM 0.90 0.94 3.9% <0.001
LASSO 0.89 0.92 3.2% <0.001
Average 0.90 0.93 3.0%
Sub Analysis 2
Without Missing With Missing Relative Gain in
Indicators Indicators AUC p-value
Logistic Regression 0.75 0.88 17.0% <0.001
Random Forest 0.71 0.82 15.3% <0.001
Stepwise Regression 0.75 0.87 16.6% <0.001
SVM 0.70 0.82 18.5% <0.001
LASSO 0.75 0.88 17.0% <0.001
Average 0.73 0.85 16.9%

Note: Relative gain in the area under the receiver operator curve (AUC) is computed by taking the
difference in AUC between the models with and without indicators and dividing the result by the
AUC from the model without indicators. All p-values calculated using De-Long’s algorithm [52]
SVM: Support Vector Machine, LASSO: Least Absolute Shrinkage and Selection Operator

Sub Analysis 1 Models: Refers to models that use all PIRO variables as predictors

Sub Analysis 2 Models: Refers to models that use B I, R, and O category scores as predictor variables

38



Table 3.7 Mean AUC results for models related to ICU transfer outcome when imputation is performed by
MICE and only a missing indicator for lactate is used

Sub Analysis 1
Without Missing With Missing Relative Gain in
Indicators Indicators AUC p-value
Logistic Regression 0.77 0.78 0.9% <0.001
Random Forest 0.85 0.85 0.6% <0.001
Stepwise Regression 0.77 0.78 0.9% <0.001
SVM 0.72 0.74 2.7% <0.001
LASSO 0.77 0.78 0.9% <0.001
Average 0.77 0.78 1.2%
Sub Analysis 2
Without Missing With Missing Relative Gain in
Indicators Indicators AUC p-value
Logistic Regression 0.63 0.65 4.0% <0.001
Random Forest 0.56 0.60 6.1% <0.001
Stepwise Regression 0.63 0.65 4.1% <0.001
SVM 0.51 0.51 0.0% 1
LASSO 0.63 0.65 3.9% <0.001
Average 0.59 0.61 3.6%

Note: Relative gain in the area under the receiver operator curve (AUC) is computed by taking the
difference in AUC between the models with and without indicators and dividing the result by the
AUC from the model without indicators. All p-values calculated using De-Long’s algorithm [52]
SVM: Support Vector Machine, LASSO: Least Absolute Shrinkage and Selection Operator

Sub Analysis 1 Models: Refers to models that use all PIRO variables as predictors

Sub Analysis 2 Models: Refers to models that use B I, R, and O category scores as predictor variables
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Table 3.8 Mean AUC results for models related to mortality outcome when imputation is performed by
MICE and only a missing indicator for lactate is used

Sub Analysis 1
Without Missing With Missing Relative Gain in
Indicators Indicators AUC p-value
Logistic Regression 0.88 0.91 3.7% <0.001
Random Forest 0.92 0.93 1.9% <0.001
Stepwise Regression 0.88 0.91 3.3% <0.001
SVM 0.90 0.93 4.0% <0.001
LASSO 0.88 0.91 3.7% <0.001
Average 0.89 0.92 3.3%
Sub Analysis 2
Without Missing With Missing Relative Gain in
Indicators Indicators AUC p-value
Logistic Regression 0.72 0.83 14.3% <0.001
Random Forest 0.64 0.75 16.2% <0.001
Stepwise Regression 0.72 0.83 14.8% <0.001
SVM 0.61 0.78 27.7% <0.001
LASSO 0.72 0.83 14.9% <0.001
Average 0.68 0.80 17.7%

Note: Relative gain in the area under the receiver operator curve (AUC) is computed by taking the
difference in AUC between the models with and without indicators and dividing the result by the
AUC from the model without indicators. All p-values calculated using De-Long’s algorithm [52]
SVM: Support Vector Machine, LASSO: Least Absolute Shrinkage and Selection Operator

Sub Analysis 1 Models: Refers to models that use all PIRO variables as predictors

Sub Analysis 2 Models: Refers to models that use B I, R, and O category scores as predictor variables
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Table 3.9 Mean AUC results for models related to ICU transfer outcome when imputed values sampled
from a pre-defined normal range and only a missing indicator for lactate is used

Sub Analysis 1
Without Missing With Missing Relative Gain in
Indicators Indicators AUC p-value
Logistic Regression 0.69 0.69 0.0% 1
Random Forest 0.83 0.83 0.0% 1
Stepwise Regression 0.69 0.69 0.0% 1
SVM 0.66 0.68 2.5% <0.001
LASSO 0.69 0.69 0.0% 1
Average 0.71 0.72 0.6%
Sub Analysis 2
Without Missing With Missing Relative Gain in
Indicators Indicators AUC p-value
Logistic Regression 0.63 0.66 4.2% <0.001
Random Forest 0.57 0.59 3.4% <0.001
Stepwise Regression 0.63 0.66 4.1% <0.001
SVM 0.50 0.55 10.2% <0.001
LASSO 0.63 0.66 4.2% <0.001
Average 0.59 0.62 5.2%

Note: Relative gain in the area under the receiver operator curve (AUC) is computed by taking the
difference in AUC between the models with and without indicators and dividing the result by the
AUC from the model without indicators. All p-values calculated using De-Long’s algorithm [52]
SVM: Support Vector Machine, LASSO: Least Absolute Shrinkage and Selection Operator

Sub Analysis 1 Models: Refers to models that use all PIRO variables as predictors

Sub Analysis 2 Models: Refers to models that use B I, R, and O category scores as predictor variables
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Table 3.10 Mean AUC results for models related to mortality outcome when imputed values sampled from
a pre-defined normal range and only a missing indicator for lactate is used

Sub Analysis 1
Without Missing With Missing Relative Gain in
Indicators Indicators AUC p-value
Logistic Regression 0.89 0.91 1.6% <0.001
Random Forest 0.92 0.93 0.6% <0.001
Stepwise Regression 0.90 0.91 1.3% <0.001
SVM 0.90 0.92 2.3% <0.001
LASSO 0.89 0.91 1.5% <0.001
Average 0.90 0.92 1.5%
Sub Analysis 2
Without Missing With Missing Relative Gain in
Indicators Indicators AUC p-value
Logistic Regression 0.75 0.83 11.6% <0.001
Random Forest 0.71 0.77 8.6% <0.001
Stepwise Regression 0.75 0.83 11.6% <0.001
SVM 0.70 0.78 11.4% <0.001
LASSO 0.75 0.83 11.6% <0.001
Average 0.73 0.81 10.9%

Note: Relative gain in the area under the receiver operator curve (AUC) is computed by taking the
difference in AUC between the models with and without indicators and dividing the result by the
AUC from the model without indicators. All p-values calculated using De-Long’s algorithm [52]
SVM: Support Vector Machine, LASSO: Least Absolute Shrinkage and Selection Operator

Sub Analysis 1 Models: Refers to models that use all PIRO variables as predictors

Sub Analysis 2 Models: Refers to models that use B I, R, and O category scores as predictor variables
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Figure 3.7 Receiver Operator Curves created by logistic regression models for the (a) ICU transfer and (b)
mortality outcomes

models are shown in Appendix Figures A.3 — A.5.

3.4 Discussion and conclusions

Our results show that models that use information about which clinical variables are missing
can perform better than models that do not take that information into account because there is

important clinical information in the fact that certain variables are missing.

Classical techniques related to handling missing data, such as deletion, substitution or imputa-
tion [28], deal with the “problem side" of missing data: finding the hidden value behind the missing
data to make a better informed conclusion. In this paper, we present evidence on the “opportunity
side" of missing data: the fact that data is not missing at random adds information that can be
used to better predict an outcome of interest. While approaches have been developed for handling
missing data using Bayesian network modeling [146], ours is one of the first to quantify the value of
incorporating knowledge of missing information. Our findings are in line with our previous attempts
to incorporate information about missing data in the health care setting, when data is not missing

at random, but associated with certain clinical insight about the patient’s risk.

Our findings indicate that the main missing variable in our dataset is lactate i.e., knowing whether
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lactate has been measured is most valuable for predicting mortality and ICU transfer. From a clinical
standpoint, this is not surprising, as it is a laboratory test that is usually ordered when there is
suspicion of tissue hypoxia or ischemia. This means that a missing blood lactate level indicates
that the patient was considered low risk by the clinicians. This adds information about the patient’s
risk, even if the direction of that relationship is unclear. As clinicians, we would like to think that if
clinicians considered the patient as low risk, it means the patient is low risk, but that is probably
dependent on the clinical expertise. The next three most common missing variables are BUN, bands
and platelets. They are missing in almost the same number of visits, which is expected since they
are generally ordered together as part of a blood test. It is uncommon for a patient to not have a
blood test in the first 24 hours after admission, so those test results are likely missing only at time
points before a blood test is performed, generally in the first couple of hours after admission. This
can also add important information: in some cases, a blood test may be delayed if the patient needs

to be stabilized urgently. Also, the laboratory test may be ordered as “stat" in more severe patients.

In reviewing the results in Tables 3.3- 3.6, the more complex MICE procedure seems to result in better
prediction performance compared to normal range imputation without missingness indicators.
The normal range imputation, however, performs at the same level as MICE procedure after adding
indicators. While we cannot make any assumptions whether the MICE procedure is capturing
the same information that is captured by missingness indicators, this suggests that adding these
indicators in effect creates a transformed variable that captures some information between the

clinician’s decision to measure that variable and the patient’s risk.

As shown in Figure 3.5 the PIRO score performs better for the prediction of mortality than for the
prediction of the ICU transfer. This is not surprising since the PIRO score was developed for the
prediction of mortality in ICU patients. However, this result may also be influenced by differing ICU
admission criteria between the institutions where the model was developed and our institution.
The prevalence of missing data prior to the first transfer to ICU (Figure 3.6) may be another factor
contributing to lower performance of the prediction models for this outcome.

As shown in Tables 3.5 & 3.6, models in which all variables of the PIRO score are used separately,
allowing for multiple degrees of freedom in the model, perform much better than similar models
using variables summarizing the B I, R and O components. This is not uncommon with low-bias
modeling methods like random forest and LASSO. While all of the models improve their performance
by adding missing indicators, the relative gain is larger in the models that include the summary

variables as opposed to all individual variables.

Our study has several strengths and some limitations. First, we do not separate our dataset into
training and validation sets. This is a small limitation since we are interested in the informational

value of missing data, and are not interested in the absolute performance of the models developed.
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As we have described elsewhere, to evaluate the models for implementation, different metrics other
than AUC can also be used [172]. We use a large dataset from multiple hospitals within a hospital sys-
tem, which we would expect to have relatively heterogeneous clinical practices and documentation
patterns. Additionally, our results are robust. The improvement in the model accuracy when adding
the missing indicators is consistent across all of the modeling methods used, both in low-bias (ran-
dom forest) and low-variance model types (logistic regression with and without stepwise selection
of variables, or LASSO). The results are similarly robust for both the prediction of mortality and the
ICU transfer outcomes. However, our results are limited by the fact that this is a single institution.
Our dataset might not be representative of other hospitals or hospital systems and the attributes of
their corresponding EHR. Future studies are needed to assess the degree to which the informational
value of missing data is institution-specific. Finally, our findings are specific to one disease. The
results will need to be replicated for other conditions and outcomes, and using different variables

and missingness indicators.

We present evidence that the performance of models predicting mortality and ICU transfer for
patients in the sepsis spectrum can be improved by incorporating information about which data
elements are missing. Accurate predictions of such adverse outcomes could enable early interven-
tion. It has been shown in the literature that early intervention can result in reduced mortality rate
when responding to deteriorating patients [39, 229]. Therefore, it seems reasonable to expect that
improving the predictive performance of models through inclusion of missing information would
result in improved quality of care. While our results are specific to a sepsis-related severity of illness
score, the same analysis can be generalized for other diseases. Our findings support the recommen-
dation to explore the incorporation of missing variables, along with appropriate imputation, in the

development of predictive models that use EHR data.
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CHAPTER

4

BILEVEL MODELS FOR FEATURE
SELECTION

4.1 Introduction

As discussed in chapter 1, the two main approaches to feature selection are the filter and wrapper
methods. We focus on the wrapper approach in this chapter. A typical feature selection method with
the wrapper approach would define a grid over candidate features, and then perform cross validation
for each grid point [154]. This method, however, would suffer from combinatorial explosion of grid
points in high dimensions. Problems with many features arise frequently in real life applications [19,
91]. For those problems, greedy strategies such as stepwise regression, backward elimination, filter

methods, or genetic algorithms are used [103, 189].

We propose a bilevel programming approach to feature selection for classification models. In the
literature, Kunapuli et al. [127] proposed a bilevel programming approach to classification model
selection based on T'-fold cross validation. They utilized a support-vector machine (SVM) model in
the lower level as the follower’s problem. Their upper-level problem chose lower and upper bounds
on the parameters of the lower-level SVM model to minimize T-fold average misclassification

error. Kunapuli et al. [127] reformulated this bilevel problem as a mathematical program with
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equilibrium constraints (MPEC). They described a grid search procedure and solved a relaxed
nonlinear programming reformulation of the MPEC using off-the-shelf nonlinear programming
solvers. Our work is different from Kunapuli et al. [127] as we explicitly control the number of model
features selected in the upper-level using binary variables. Kunapuli et al. [127] has only continuous
variables in the upper-level problem. Furthermore, in addition to SVM, we implement a Lasso-
based logistic regression model in the lower level. Finally, we develop a genetic algorithm solution

approach and compare the performance to a derivative-free optimization method.

We implement the proposed bilevel feature selection approach in three different case studies where
we classify influenza strains based on antigenic variety [136], distinguish between good and bad
quality colposcopy images [69], and identify splice junction sites in genetic sequences [150]. Our
results indicate that the proposed bilevel framework can be used to achieve similar, if not stronger,
classification performance using fewer model features. There has been some investigation into
solving general bilevel programs using metaheuristics in the literature [34, 77,99, 217, 221]. how-
ever, any metaheuristic approach needs to be carefully designed for the specific problem under
investigation to be able to produce good solutions efficiently. The main algorithmic contribution
of our paper is to show that a tailored genetic algorithm can be used to solve the feature selection

problem for complex machine learning methods such as SVM and Lasso-based logistic regression.

4.2 Machine learning models and the proposed bilevel model

We briefly describe the Lasso-based logistic regression and support vector machine models. We

then present our bilevel feature selection model and outline the proposed genetic algorithm.

4.2.1 The Lasso-based logistic regression

The least absolute shrinkage and selection operator (Lasso) method performs both feature selection
and regularization when building regression models [73, 97, 202]. In basic linear regression, a set
of input observations are provided (x;, y;) for i = 1,..., m and a best-fit hyperplane y = ny + '@
is generated by finding parameters (7, 77) such that the sum of the squared deviations from the
hyperplane is minimized. In the Lasso-based linear regression, the same objective is optimized
subject to an £, -constraint ||7r||,, <, where { is a given regularization parameter [202]. The model
is solved as an unconstrained optimization problem by appending a penalty term, i.e., Al|7||;,, to

the least-squares error in the objective function, where A > 0 is a given Lagrangian parameter [97].

The response variables are continuous in regression models. For classification models with binary

47



response variables (e.g., Y =0 or Y =1), a logistic regression can be built in the Lasso framework. In

particular, consider the following logistic regression model:

1
1

PrY =0|X =2)=

Pr(Y=1|X=x)=

In the Lasso-based logistic regression, hyper-parameters (7*, 7)) are estimated by maximizing the

penalized log likelihood [73]:

(%, 7)€ argmax { Zl 0)logp(@;)+1(y; = 1)log(1— p(z))— Allmlle, } (4.1)
(m,mg)eR" xR

where p(x;) = Pr(Y = 0|X = x;) for i € Q. Furthermore, the indicator function 1(-) is such that

1(true) = 1 and 1(false) = 0. After the optimal parameters (7%, 77j) are found by solving (4.1),

classification happens as follows:

i) > Y=0
plx;)<n < Y=1

where 7 is a given threshold.

There has been much discussion of Lasso-based classification models in the literature with respect
to applications and solution approaches. Ghosh and Chinnaiyan [79] combined classification and
variable selection in the analysis of microarray data through a Lasso framework. Ma et al. [141]
proposed a supervised group Lasso approach to cluster gene expression data for predictive models.
They tested their models on two cancer and two lymphoma datasets to identify which gene clusters
yield stronger diagnostic predictive power. Vincent and Hansen [215] proposed a sparse group lasso
algorithm to be used on high dimensional, multi-class classification problems. Friedman et al. [73]
developed a cyclic coordinate descent algorithm which they implemented in the R package glmnet
to solve problem (4.1). They approximated the log-likelihood portion of the objective using Taylors

expansion and utilized coordinate descent to solve problem (4.1) with this approximation in place.

4.2.2 Support vector machines
The support vector machine (SVM) is a classification model that produces hyperplanes to separate

different classes of data. The SVMs apply regression methodology in a feature space H, where the

observation space X is mapped to the feature space through a kernel function ®: X — H [115, 173].
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In binary classification, the SVM takes observation vectors ; € R” and corresponding response
variables y; € {—1,1} for i = 1...m as inputs, and returns the parameters (7, 7y) € R” x R which
form a separating hyperplane ®(x)' 7 + 7y = 0. The £,-norm soft margin problem for computing the

SVM classifier is given by:
A
min =|l7||5 + j 4.2a
meRn,E€RT, mpeR 2 el ; Si ( )

subjectto y; ((I)(mi)Terno)Zp—éji fori=1...m (4.2b)

The objective function (4.2a) minimizes the deviation from the hyperplane ®(x)' 7 + 7y = 0 with £
being an error vector. This model has soft margins because errors are allowed in constraints (4.2b).
The regularization parameter A > 0 and the threshold parameter p > 0 are specified by the user.

Karatazoglou and Meyer [115] gave the framework for the development of the R package €1071
m

to solve model (4.2). They showed that the solution can be written as @ = > a;y;®(x;) where
i=1
coefficients a; are found by solving a quadratic programming problem.

4.2.3 Bilevel feature selection

The parameters of features in classification models (4.1) and (4.2) are learned based on a training
dataset. The out-of-sample performance should be assessed by applying the classifier to a validation
dataset. Model features are selected to prevent overfitting. We propose a bilevel approach to feature
selection for classification models. This approach selects model features to maximize the out-of-

sample classification performance on the validation set.

Let 2 be the dataset. Moreover, let Q1 C €2 be the training set and Qy = Q\ Q1 be the validation
set in the holdout cross validation procedure. We further partition Q2 into {Q%,Q%} and Qy into
{QY, Q\l,}, where Q’TC and Q{‘, represents the set of observations from class k € {0, 1} in the training and
validation sets, respectively. Let the upper-level binary variable u; be equal to 1 if feature j=1,...,n
is selected for the classification model, and 0 otherwise. The bilevel feature selection model with

the Lasso-based logistic regression in the lower level is given by:

m&n Z 1(p(:c,-)<n)+z l(p(mi)Zn) (4.3a)
i€y i,
s.t. Z uj<p (4.3b)
j=1
uje{O,l} forj=1,...,n (4.3¢)
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(7v,7m0)€M(w)

Q1|
(7, mg) € argmax { ZI(J/iZO)IOgP(iBi)-F l(J/i:1)108(1—P($i))—l||ﬂ'||11}-

The lower-level feasible region is given by I(u) = {(w, 7)) €R" x R | — Mu < w < Mu}, where the
big-M is an arbitrarily large positive constant. The definition of II(u) ensures that only the features
selected in the upper level, i.e., u; =1, are included in the Lasso-based logistic regression model
optimized over the training set in the lower level. The upper-level objective function (4.3a) minimizes
the number of misclassified observations in the validation set 2y. In other words, it maximizes the
out-of-sample classification performance. Constraint (4.3b) restricts the model to select at most

features out of n candidate features.

Next, we present another bilevel feature selection model where the lower-level problem is an SVM
with a linear kernel function, i.e., ®(x) = x.

min > 1(m*a}+ 75z —p)+ D 1(n"a}+ 5 < p) (4.42)
ieqd Q)
n
st u;<p (4.4b)
j=1
uje{O,l} forj=1,...,n (4.4¢c)
1
(m*, w5, €€ argmin E||7r||§ + Z Y (4.4d)
(WvﬂOvﬁ)EX(u) iEQT

where X (u)= {(w,ﬂo,ﬁ)eR" x R x leﬂ | yilw'x;+mg)=2p—E; VieQr, —~Mu<m< Mu}. In both
bilevel models (4.3) and (4.4), the upper-level decisions (i.e., selection of features u) are influenced by
the lower-level decision variables (i.e., w and 7y weights) and vice-versa. In a single-level approach
features will be selected based on the training data without any consideration of the out-of-sample
performance in the validation data. However, in the proposed bilevel feature selection approach

the out-of-sample performance is explicitly considered in the upper-level problem.

4.3 Proposed genetic algorithm solution approach

We discuss the computational complexities associated with bilevel programs. We then propose
a genetic algorithm as a solution approach. We conclude this section with a discussion on the
mesh-adaptive direct search algorithm [5] which is used as a benchmark for the performance of our
genetic algorithm.
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4.3.1 Complexity of bilevel programs

Bilevel programs (BPs) are strongly N P-hard, even in their simplest form with only continuous
variables in both levels [95]. For BPs consisting of mixed-integer variables in the upper and lower
levels, Moore and Bard [156] proposed a branch-and-bound algorithm and DeNegre [56] improved
this algorithm using cutting planes. Lozano and Smith [140] studied binary mixed integer programs
(BMIPs) with integer upper-level variables and proposed an exact algorithm based on value func-
tion reformulation. Wang and Xu [218] presented an exact algorithm for the bilevel integer linear
programming problem. Their algorithm uses a multiway disjunction cut to remove bilevel infeasible
solutions from the search space. Vicente et al. [210] used penalty functions to reformulate BMIPs
into bilinear programs. Audet et al. [6], Dempe [53] and Wen and Yang [220] proposed solution
approaches for specific classes of BMIPs where either the leader’s or the follower’s variables are all
continuous. Dempe and Richter [55], Ozaltin et al. [160] and Brotcorne et al. [27] considered the
bilevel knapsack problem, an extension of the classical knapsack problem to the bilevel framework.
Detailed surveys on bilevel programming solution techniques were presented in [9, 54, 153]. Solu-
tion approaches for BPs with nonlinear objective functions were discussed in [20, 64, 67, 113, 175,
211]. Outside of the exact solution methods, there has been investigation into solving BPs through
metaheuristics [34, 77, 99, 217, 221]. Due to computational complexities associated with solving
bilevel programs and the size of our instances, we implement a genetic algorithm to solve bilevel
models (4.3) and (4.4).

4.3.2 Genetic algorithm

A genetic algorithm (GA) is an evolutionary metaheuristic that generates candidate solutions from
known competitive solutions. It represents solutions as “chromosomes"”, and just as in the natural
evolution process, new generations of solutions are created through mutation and crossover [159,
183, 227]. In GAs, a fitness value needs to be defined to characterize the strongest chromosomes
that will be used when creating the next generation of candidate solutions. We define the fitness
value F for chromosome (upper-level solution) u as the total number of mis-classifications in the

validation set, i.e., the upper-level objective function value.

We present a high-level description of the proposed GA in Table 4.1, and provide the implementation
details in Appendix B.2. In Step 0, we initialize the algorithm by storing P,;;j»y number of feasible
chromosomes in set S, which denotes the current population. We randomly choose 3 features to
generate each chromosome u € {0, 1}" in the initial population and calculate their fitness values.
Selecting critical features for certain observation types may be enforced at this step. For a given

chromosome u, let v,, € R® denote the performance vector of agreement, specificity and sensitivity
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Table 4.1 Genetic algorithm for solving the bilevel feature selection problem.

Step 0: Given 3, L, and w, generate P,,;;j» chromosomes and store them in set S.
Set probability of crossover and mutation, P, and P,,, respectively.
Set the iteration counter k — 1, and let G, be the maximum number of iterations.

Step 1:  If k = Gy, report the strongest solutions in S and stop. Otherwise, go to Step 2.

Step 2: Reduce S viatournament selection.Perform crossover andmutation operations
to generate new feasible chromosomes.

Step 3: Evaluate the fitness values of the new chromosomes and store them in S.
Update k — k+1 and go to Step 1.

in the training and validation sets. We say « is non-dominated if 5 € S such that Uj = 1, component-
wise. Furthermore, let L € R® be the desired performance vector. We define the weighted deviation
from the desired level of performance as W,, = w’ min{0,v,, — L}, where w € R® is a set of weights

specified by the user.

In Step 1, we identify all non-dominated chromosomes in S and store them in set N, representing
the set of “strongest” chromosomes at the end of a given iteration. If the maximum number of
generations has been reached, we terminate and return the solutions in Np. Otherwise, we proceed
to Step 2 where the population S is reduced via tournament selection so that chromosomes
that have relatively low fitness values are removed. We then perform crossover and mutation on
the reduced population to generate new feasible chromosomes. Finally, in Step 3, we evaluate the
fitness values of the new chromosomes, store them in S, update the generation counter and repeat
the whole process starting from Step 1. We implement and test the performance of the proposed GA

in three separate case studies in our computational experiments.

4.3.3 Mesh-adaptive direct search

As a comparison to our genetic algorithm, we solve bilevel models (4.3) and (4.4) also by using
mesh-adaptive direct search (MADS), a derivative-free optimization method, as implemented in
open-source software NOMAD [5]. The MADS algorithm can be utilized to optimize functions that
have no exploitable properties (e.g., derivatives) or are difficult to evaluate. Starting from an initial
solution, this algorithm iteratively tries to improve the current best solution by generating trial
points on a mesh, which is a discretization of the variable space. Each iteration is composed of two

main steps: the search and poll steps.

The search step evaluates a number of trial mesh points. If an improved mesh point is found, then

the next iteration is initiated with the new incumbent solution using a larger mesh size. Whenever
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(Evaluation Routine Used in NOMAD Implementatioh

Selected Fit model coefficients Use coefficients to Upper-
Model by solving the lower- evaluate the upper- level
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MADS algorithm
updates the mesh and <
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Figure 4.1 Solving the bilevel feature selection problem using the MADS algorithm implementation in
NOMAD

the search step fails to generate an improved mesh point, then the poll step is invoked. The poll
step explores the variable space near the current incumbent solution. If the poll step also fails to
improve the current best solution, then the mesh size and poll size parameters are reduced in order
to increase the search resolution. The MADS algorithm stops after a given number of iterations
or when the mesh size reaches a precision limit. We refer the reader Le Digabel (2011) for more
information about the MADS algorithm and the open-source software package NOMAD [129].

To use the MADS algorithm implementation in NOMAD, we create a routine to evaluate the upper-
level objective function value for a given set of selected features. This routine calls the statistical
software package R to fit coefficients for the selected features by solving the LASSO (4.1) or SVM (4.2)
model using the training data in the lower-level. It then utilizes these coefficients to compute the
upper-level objective function (4.3a) or (4.4a) based on the validation data. Figure 4.1 presents a
flow-chart of our implementation to solve the bilevel feature selection problem using the MADS
algorithm. We now discuss the implementation of the methods discussed on three distinct case

studies beginning with the classification of antigenic variants in the influenza virus.
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4.4 Case study: antigenic variants in influenza viruses

Seasonal influenza epidemics impact 5-15% of the world’s population, resulting in 3-5 million
cases of severe illnesses and up to 500,000 deaths annually [36]. The first line of defense is the
influenza vaccine that contains A/H1N1, A/H3N2 and B virus strains [37]. Influenza A virus is of
particular importance, as accumulated point mutations (antigenic drifts) in its hemagglutinin (HA)
surface protein can generate immunologically different strains, i.e., antigenic variants, which require
frequent updates in the annual influenza vaccine composition [158]. Modeling the antigenic distance
between influenza strains can provide a rapid indication of the current flu vaccine’s effectiveness
against a recently emerged strain, and also facilitates the study of the virus’ evolution in response to
antibody pressure. In current practice, hemagglutinin inhibition (HI) assays are used to identify
antigenic variants of influenza A strains. However, this assay does not identify the amino acid
positions on the HA surface protein. The evolution of influenza virus integrates multiple antigenic
properties with different molecular functions and this coupled dynamics can be captured through

genetic models [3].

The goal of this case study is to build a binary classification model to categorize influenza virus
strain pairs as antigenically different or similar using genetic data. Lee and Chen [134] studied the
correlation between the number of amino acid mutations and antigenic variety (or distance). Liao
et al. [136] explored the use of scoring methods, such as the construction of similarity classes and
substitution matrices, to quantify scores for amino acid mutations. Based on these scoring methods,
they employed iterative filtering, multiple and logistic regression and support vector machines to
identify the antigenic difference between the two influenza virus strains. In these machine learning
models, the pairwise comparison of amino acid sequences of strains are considered as independent
variables and the antigenic distance between each strain pair is considered as dependent variable.
The immunodominant positions or amino acid substitutions that can potentially lead to antigenic

variety, i.e., positively associated with antigenic distance, are identified through feature selection.

4.4.1 Data and bioinformatics model

The HA surface protein of the influenza A virus induces antibody response. It consists of three
identical subunits. Each subunit has two chains, HA1 and HA2, which are 329 and 175 amino acid
residues long, respectively. The HA1 chain is used for studying antigenic variety because it mutates
more frequently than the HA2 chain [134, 193]. Hence, by “sequence” of an influenza A strain, we
refer to the amino acid sequence of its HA1 chain. Pairwise sequence alignment methods are used

for assessing genetic difference. These methods compare the amino acid positions in a pair of
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Table 4.2 Sample alignment vectors using two different groupings.

Sequence of strain 1

GM1 alignment vector

A B
Sequence of strain2 -+ F B
0 0
1 0

oc|lo|Oo|lO

D
\Y
1
1

oclo|l—H|
o|lo|Z| ™

GM2 alignment vector

sequences, and produce a vector denoting differences at each position. The simplest alignment
method assigns zero or one to each position in the sequence based on whether two amino acids at
that position are the same or not. More advanced alignment methods incorporate polarity, charge
and structure of amino acids by grouping them into similarity classes [66]. These alignment methods
assign zero to a position if the amino acids at that position are in the same similarity class, or one
otherwise. We employ six different groupings introduced by Liao et al. [136]. The similarity classes
in each grouping are given in Appendix Table B.1. Table 4.2 illustrates an example for the alignment

of two sequences using alignment methods GM1 and GM2.

Let x; € {0,1}" (n = 329) be the alignment vector of strain pair i generated by comparing the
sequences of strains s and ¢. This vector will be used to explain the antigenic distance between
strains s and ¢, which is denoted as g,,. The value of g, is calculated by [121]:

g0 = (VT oar) - (4.5)

In (4.5), ¢z is the minimum antiserum concentration, raised against influenza strain s, that com-
pletely inhibits the agglutination of strain ¢ in the HI assay. Smith et al. [193] categorized strains s
and ¢ as antigenic variants if g, > 4, and as similar strains if g, < 4. Accordingly, we set the response
variable y; = 1if g,y > 4, and y; = 0 otherwise. We compile an HI assay data set containing 45 HA1
amino acid sequences of A/H3N2 viruses isolated between 1971 and 2002 from Lee and Chen [134].
Among these, 181 pairwise antigenic distances are computed and placed in the training set. We
include 96 pairwise antigenic distances of 19 viruses isolated from 1999 to 2004 in the validation set.

4.4.2 Genetic algorithm implementation

We use the notation in Table 4.3 when describing the details of our GA implementation for the
influenza virus classification case study. The upper-level feature selection variable u; =1 if amino
acid position j =1...329 is selected for the classification model, and u; = 0 otherwise. Let P,(j) be

the proportion of observations (i.e., strain pairs) in Q\’j U Q’TC where there is a “1" at position j of the
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Table 4.3 Notation used in the influenza virus classification case study.

a: min number of critical positions selected for each strain pair on average
B : max number of features that can be selected
n: number of positions in the amino acid sequence of a strain (n = 329)
Qy: strain pairs in the validation set
antigenically different strain pairs in the validation set (antigenic distance > 4)
Q% :  antigenically similar strain pairs in the validation set (antigenic distance < 4)
Qr: strain pairs in the training set

Qr: antigenically different strain pairs in the training set (antigenic distance > 4)
Q% : antigenically similar strain pairs in the training set (antigenic distance < 4)

Q: setofall strain pairs (2 =Q2yU Q)
x; . alignment vector of strain pair i €, x; € {0,1}"
¥;+ 1lifstrains in pair i are antigenically different and 0 otherwise for i € Q2

alignment vector, for k =1 (antigenically different strain pairs) and k =2 (antigenically similar stain

. oy . « ey " . . . . P 1 1 =
pairs). We define position j as “critical” for antigenically different strain pair i € Q;, U if

a. x;; =1, le, thereis amutation at position j in the alignment vector of strain pair i, and P,(j) >
P,(j), i.e., there are proportionally more mutations at this position in the set of antigenically

different strain pairs than in the set of similar ones,

b. x;;=0,i.e. thereis no mutation at position j in the alignment vector of strain pair 7, and P;(j) <
P,(j), i.e., there are proportionally less mutations at this position in the set of antigenically

different strain pairs than in the set of similar ones.

The critical positions for pairs of similar strains are defined in the same fashion as presented in

Table 4.4. Let parameter d; ; be equal to 1 if position j is critical for strain pair 7, and 0 otherwise. In

Table 4.4 Definition of critical positions in the amino acid sequence. d;; = 1 means critical position, d;; =0
means not critical position

| P )>P2(]) | P1(])<P2(]) | Pl(]) By(j)

di; | xij= =0 | x =0 | x x;j=0
ieQLuOL 1 1 0 0
ieQuad | o 1 1 0 0 0

our GA implementation, we require that on average a > 0 critical positions are selected for each strain

pair in the dataset (i.e. satisfy the constraint > u”d; > ¢|Q2). In the computational experiments, we
ieQ
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seta = 1, and allowed for the selection of at most # = 40 positions in the upper-level constraints (4.3b)
and (4.4b). Furthermore, we set the initial population size Py, =200. When calculating the fitness
value of a given chromosome, we set the weight vector as w =[0.15,0.15,0.15,0.25,0.15,0.15], and
used the SVM results from Liao et al. [136] as the desired performance L € R®. We set the parameters
of the genetic algorithm through preliminary computational experiments. One of the most critical
parameters is 3, i.e., maximum number of features that can be selected in the upper level. We
present sensitivity analysis results on this parameter in Appendix Tables B.9 - B.11. Individual steps

of our GA implementation are provided in Appendix B.2.

4.4.3 Results and discussion

We build a single-level Lasso model (4.1) using the training set. We then build another Lasso model
using the proposed bilevel framework (4.3) which incorporates both the training and validation sets.
The R package glmnet is called when the Lasso model (4.1) needs to be solved. Liao et al. [136] con-
structed a single-level SVM model (4.2) utilizing the same training set that we have. We build an SVM
model using the proposed bilevel feature selection framework (4.4). We also solve each of the bilevel
models using NOMAD (Section 4.3.3). The results obtained when pairwise strain comparisons are
made via alignment method GM1 are displayed in Table 4.5. In the process of producing these results,
the R package €1071 is called when the SVM model (4.2) needs to be solved. Meta-parameters of
the SVM and Lasso-based logistic regression models are automatically chosen by the corresponding
R packages. Results from using other alignment methods described in Section 4.4.1 are given in
Appendix Tables B.3-B.8.

As seen in Table 4.5, bilevel models are able to achieve better performance with the use of fewer
features than their single-level counterparts. Comparing the results generated by solving the bilevel
models using our proposed genetic algorithm to the results reported in Liao et al. [136], we observe
that approximately 70% of the performance indicators are improved. In addition to SVM, Liao et
al. [136] also used iterative filtering, multiple regression and logistic regression to build classification
models. The number of positions selected by Liao et al. [136] ranges from 9 to 44, and they identified
14 and 16 amino acid positions as sufficient for detecting antigenic variety. This is comparable to
the results of our bilevel models that select 14 positions when alignment method GM6 is imple-
mented, see Appendix Table B.7. We now discuss our second case study in the classification of digital

colposcopy images.
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Table 4.5 Results for influenza A virus classification*

Training Set Validation Set
Grouping #Features | Agreement Sensitivity Specificity | Agreement Sensitivity Specificity
SVM 35 93.4 96.0 87.5 80.2 94.7 76.6
LASSO 52 93.9 96.8 87.5 74.0 100.0 67.5
NOMAD SVM** 35 92.8 96.8 83.9 79.2 94.7 75.3
NOMAD LASSO** 38 93.9 96.8 87.5 75.0 100.0 68.8
GA SVM** 14 92.3 94.4 87.5 82.3 94.7 79.2
GA LASSO** 19 93.4 96.0 87.5 87.5 94.7 85.7

* The alignment method GM1 is used. Agreement, sensitivity and specificity are in percentages. SVM models are
solved using R package e1071 [115]. LASSO models are solved using R package glmnet [73].
**Results from the corresponding bilevel models.

4.5 Case study: digital colposcopy quality classification

Cervical cancer is a significant cause of mortality, with approximately one half million diagnosed
cases per year and a quarter million of these cases resulting in death globally[18]. Amain preventative
measure to cervical cancer is screening for precancerous lesions using digital colposcopy [18]. This
procedure involves viewing images of the cervix, i.e., cervigrams, under three different modalities:
green filter, Hinselmann and Schiller. Opaque images may imply cervical lesions [18], therefore it is
important to choose good quality images, i.e., those that assist physicians in making more accurate
diagnosis [69]. In this case study, we apply the proposed bilevel framework to select features of a

cervigram that determine its image quality.

4.5.1 Data

A dataset is downloaded from the University of California, Irvine Machine Learning Repository [58]
containing approximately 100 cervigrams per viewing modality. There are 50 continuous predictor

variables in the data encompassing the following features [69]:

1. Image area (cervix, external orifice and vaginal walls) and occluding objects (speculum and

other artifacts)
2. Area of each region occluded by artifacts or by specular reflections
3. The maximum area difference between the four cervix quadrants
4. Goodness of fit of the cervix to a geometric model

5. Distance between image center and the cervix centroid/external orifice
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6. Mean and standard deviation from each RGB (Red, Green, Blue) and HSV (Hue, Saturation,

Value) channel in the cervix area and in the entire image

The response variable is whether or not the image constituted good or bad quality. For each obser-
vation (cervigram), six expert opinions are compiled and a consensus is drawn among the six on the
caliber of each image. We considered this consensus to be the underlying truth of the image quality
with the goal of identifying which features contributed most to this quality.

In our experiments, we predict the quality of the Hinselmann modality images. We do not include
the data from the Schiller and green filter images. The modality is not considered in the feature
space and therefore, we want to remove any bias that each specific modality may introduce into
the response of the six experts. There are 97 observations in this data set from which 64 and 33 are
placed into training and validation sets, respectively. Of the 64 observations in the training set, 54
are good quality images and 10 are bad quality. Of the 33 observations in validation set, 28 are good

quality and 5 are bad quality images.

4.5.2 Results and Discussion

We compare our proposed bilevel model to their single level counter parts. We also compare our
genetic algorithm solution to the solution generated by NOMAD. Table 4.6 displays the number of
features selected (that have non-zero weight) as well as agreement, sensitivity, and specificity in
the training and validation sets. We set the parameter 8 = 20 to generate the bilevel results seen in
Table 4.6. The remaining parameters used for our genetic algorithm are the same as in the influenza
A virus classification case study in Section 4.4.2. As seen in Table 4.6, although the performance in
the training set remains unchanged when moving from single-level models to the bilevel models (in
fact, there is a slight decrease in the performance of SVM models), the performance in the validation
set increases. Also, irrespective of the solution approach, the bilevel models select fewer features
than the corresponding single-level models.

An important characteristic of this data is that the ratio of positive to negative outcomes is large as
opposed to the data used in the previous case study. Specifically, there are 82 good quality images
(positive outcomes) and 15 bad quality images (negative outcomes). Although, this might create a
bias toward positive outcomes and decrease out-of-sample specificity of the single-level models,
observe that, in the context of the holdout cross validation, the proposed bilevel framework optimizes
the out-of-sample performance using a minimal number of features. Therefore, we conclude that
the proposed bilevel framework is robust with respect to the ratio of positive to negative outcomes
in the data.
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Table 4.6 Results for the quality assessment of digital colposcopy images*

Training Set Validation Set
Grouping #Features | Agreement Sensitivity Specificity | Agreement Sensitivity Specificity
SVM 50 96.9 98.1 80 66.7 71.4 40.0
LASSO 30 100.0 100.0 100.0 69.7 75.0 40.0
NOMAD SVM** 19 85.9 98.1 20.0 90.9 96.4 60.0
NOMAD LASSO** 20 100.0 100.0 100.0 87.9 92.9 60.0
GA SVM** 17 95.3 98.1 80.0 93.9 96.4 80.0
GA LASSO** 18 100.0 100.0 100.0 84.8 85.7 80.0

*Agreement, sensitivity and specificity are in percentages.
*All SVM models solved using R package e1071 [115]. All LASSO models solved using R package glmnet [73].
**Results from the corresponding bilevel models.

4.6 Case study: splice junction recognition

Genes are composed of alternated segments of exons and introns. Exons correspond to regions
that are translated into proteins, and introns to regions that do not code for proteins. The process
of protein coding from a gene is called gene expression. There are two phases of gene expression:
transcription and translation. In the transcription phase, a mRNA (messenger Ribonucleic Acid) is
synthesized from a DNA (Deoxyribonucleic Acid). The protein coding is performed in the translation
phase using the mRNA sequence as a model. In this phase introns are spliced out from the mRNA.
Splice junctions are the boundary points on the gene where splicing occurs. The mutation/deletion
of junction sites in mRNA may lead to the production of abnormal proteins and many different types
of diseases stem from these anomalies including breast and ovarian cancer [74], dementia [106],
and some types of epilepsy [162]. For a more detailed description of splice junctions, the reader is
referred to [49, 150, 180]. The splice junction recognition problem pertains to the identification of

exon-intron (EI) and intron-exon (IE) sites on a genetic sequence [86, 150].

4.6.1 Data

We sample 1,535 DNA gene sequences downloaded from the University of California, Irvine Machine
Learning Repository consisting of 767 EI sites and 768 IE sites [58]. Each sequence contains 60
nucleotides (features) represented by a set of letters. Since features are characters, the packages we
use to solve the SVM and LASSO problems do not accept them as input. Therefore, we represent
each of the characters using a binary encoding. Characters used for nucleotides and their binary
representations are given in Table 4.7. Since we use three dimensional binary vectors to represent
the nucleotides, our observations become a vector of length 180 (60 x 3). We give an example of this

binary encoding in Table 4.8.
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Table 4.7 Binary representation of nucleotides used when generating the observation vectors

Character | Nucleotide Binary Representation
A Adenine [0,0,0]
G Guanine [1,0,0]
C Cytosine [0,1,0]
T Thymine [0,0,1]
D AorGorT [1,1,0]
N AorGorCorT [1,0,1]
S CorG [0,1,1]
R AorG [1,1,1]

Table 4.8 Example binary representation of a gene sequence.

Position |120 21 | 22 | 23 |24-—60
Gene sequence | e | R | D | T |
Binary representation | | 1 1 1 | 1 1 O | 0 1 |

Due to binary encoding of nucleotides, the solution to each of the models may have non-zero
weights for each of the 180 elements in the observation vector. If any of the three elements that make
up the binary encoding of a nucleotide have non-zero weight in the solution generated by the SVM
or LASSO, then we say that nucleotide (or position on the gene sequence) is selected. Otherwise, if
all three elements in the binary vector have zero weight, we say that nucleotide is not selected. We
partition the 1,535 sampled sequences into training and validation sets containing 845 (537 EI sites
and 308 IE sites) and 690 (230 EI sites and 460 IE sites) sequences, respectively.

4.6.2 Results and Discussion

As in the previous case studies, we compare the proposed bilevel models to their single level counter
parts and our genetic algorithm solution to the solution generated by NOMAD. Table 4.9 displays
the number of features selected (that have non-zero weight) as well as agreement, sensitivity, and
specificity for the training and validation sets. We set the parameter 3 =20 to generate the genetic
algorithm bilevel results seen in Table 4.6. The remaining parameters of genetic algorithm are the
same as in Section 4.4.2.

AsseeninTable 4.9, the single level models perform well in classifying this data. In fact, with respect to
the training set performance, both single level models slightly dominate their corresponding bilevel
models when solved by both the NOMAD and the proposed genetic algorithm. Furthermore, observe
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that the single level LASSO model outperforms the bilevel LASSO model with respect to agreement
and specificity in the validation set. Although the performance seems to remain the same on average,
an important point to note is the number of features (positions in the gene sequence) selected in
each model. The bilevel models, irrelevant of the solution approach, use significantly fewer features.
This strengthens our claim that, in the context of holdout cross validation, the proposed bilevel
framework optimizes the out-of-sample classification while identifying the minimal set of features
required to do so.

In the splice junction recognition problem, genes can also be identified as having neither an EI nor
an IE site. Actually, these types of observations are also available in our data. A limitation to this
specific case study is that we exclude these observations, because we focus our findings on those
models that involve binary classification.

Table 4.9 Results for splice junction recognition*

Training Set Validation Set
Grouping # Features | Agreement Sensitivity Specificity | Agreement Sensitivity Specificity
SVM 60 100.0 100.0 100.0 94.3 93.0 95.0
LASSO 50 100.0 100.0 100.0 95.5 93.5 96.5
NOMAD SVM** 17 98.0 98.7 96.8 94.9 95.7 94.6
NOMAD LASSO** 17 97.2 98.1 95.5 94.9 94.8 95.0
GA SVM** 20 99.8 100.0 99.4 97.4 97.8 97.2
GA LASSO** 19 100.0 100.0 100.0 94.5 97.0 93.3

*Agreement, sensitivity and specificity are in percentages.
*All SVM models solved using R package e1071 [115]. All LASSO models solved using R package glmnet [73].
**Results from the corresponding bilevel models.

4.7 Summary

We propose a bilevel approach to feature selection for classification models. The upper-level problem
selects model features to maximize the classification performance on the validation set, while the
parameters of the selected features are learned by the lower-level problem based on the training
set. We consider holdout cross validation for out-of-sample performance evaluation, however the
proposed bilevel framework can be extended easily to consider a more general cross validation with
multiple folds.

We implement a tailored genetic algorithm to solve bilevel models (4.3) and (4.4) and compared
this solution approach to a derivative-free optimization solver NOMAD. Currently, the exact solu-
tion approaches for bilevel programs do not scale well for the size of the instances that we need
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to solve. However, bilevel models (4.3) and (4.4) have only binary variables in the upper level.
Zhang and Ozaltin [231] have recently developed a value function approach for such bilevel pro-
grams and reported promising computational results with large instances up to 200 variables. Future

research will investigate exact solution approaches to large-scale bilevel feature selection problems.

We present three different case studies where the proposed bilevel framework is applied for feature
selection. In particular, we consider the classification influenza strains based on antigenic variety,
the assessment of good and bad quality digital colposcopy images, and the identification of splice
junction sites in genetic sequences. The computational results show that the proposed bilevel feature
selection approach can improve the classification performance in terms of agreement, sensitivity

and specificity with fewer selected features.
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CHAPTER

5

MIXED INTEGER OPTIMIZATION
FRAMEWORK FOR SEVERITY OF ILLNESS
SCORING SYSTEMS

In this chapter, we propose a new mixed integer programming framework for the learning of inter-
pretable severity of illness scoring systems from data. We apply the proposed framework to develop
a score that can be used to track the acuity of patients who are susceptible to sepsis. Section 5.1
gives a brief introduction and review of the literature for the problem. We present the frame work
and solution methodology in Section 5.2. Section 5.3 displays our results and we give a discussion
of these results in Section 5.4.

5.1 Introduction

5.1.1 Background

Scoring systems are widely used across multiple application domains to assist decision makers in

quickly measuring the state of a system [208]. In medicine, these severity of illness scoring systems are
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used to assess a patients risk for a particular outcome. These scores can be used in an online fashion
for tracking patient acuity during a hospital stay like the Acute Physiology and Chronic Health
Evaluation (APACHE) classification system [2, 122], Sequential Organ Failure Assessment Score
(SOFA) [213], Mortality in Emergency Department Scores (MEDS) [185], Multiple Organ Dysfunction
Score (MODS) [147] and Predisposition, Infection, Response, Organ dysfunction (PIRO) scoring
system [35, 44, 102]. They can also be used to guide diagnostic protocols to assess the risk of a
patient developing certain conditions [120, 187, 230] or having adverse events given a particular
condition [76, 80, 89, 143, 191, 200]. These scores are traditionally calculated by adding or subtracting
small numbers that are a function of a patients personal information or medical status (patient
demographics, historical diagnosis, comorbid conditions, vital and lab readings, etc.). These risk
scores are highly favored in many applications due to the ease of implementation (i.e. decision
makers need only to add a few numbers together to gauge the state of a patient or system). Despite
the diversity of medical conditions, most of the scores focus on predicting the likelihood of a critical
patient outcome, e.g., 10-year mortality or 30-day readmission. Vincent and Moreno [214] provide a

review of those more general severity of illness scoring systems and their applications.

5.1.2 Sepsis score development

Sepsis, infection plus systemic manifestations of infection, is the leading cause of in-hospital mortal-
ity [139]. About 700,000 people die annually in the US hospitals and 16% of them are diagnosed with
sepsis (including a high prevalence of severe sepsis with major complications) [188]. In addition to
being deadly, sepsis is the most expensive condition associated with in-hospital stay, resulting in
a 75% longer stay than any other condition [94]. In 2011, the total burden of sepsis to the United
States (US) healthcare system is estimated to be $20.3 billion, most of which is paid by Medicare
and Medicaid [203]. This accounted for 5.2% of the total aggregate costs for hospitalizations in the
US resulting as the single most expensive treated condition in that year [203]. The monitoring of
sepsis using clinical criteria for infection and organ dysfunction has been made possible through
the emergence and use of electronic health records (EHRs) [167]. These clinical criteria relate to
the observed physiology of a patient and they can often precede clinical deterioration for those
susceptible to sepsis. This has prompted the development of early warning systems, many in the
form of scores, that allow for the earlier identification of this physiological deterioration [47].

The construction of these severity of illness scores is accomplished by combining medical expertise
with statistical learning from EHR data [35, 44, 102, 117, 122, 142, 185, 213]. The general process for
the development of many of these scores is as follows [17, 35, 43, 68, 102, 122, 147, 184]:

1. Identify candidate predictor variables
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2. Use statistical tests (y2, Fisher’s exact test, etc.) to determine the significance level each

predictor has with respect to predicting an outcome of interest
3. Select predictor variables to be used in a logistic regression model [101] based on significance

4. Apply a transformation to the regression-coefficients (e.g. multiplying by an arbitrary constant)

and round this transformed value to the nearest integer to get the point value for that variable

A main disadvantage of this structure for developing scores is in step 4. First, it is well known in
the optimization community that the rounding of relaxed solutions for integer programs will more
than often lead to sub-optimal or infeasible solutions. Next, many times the resulting coefficients
from statistical learning models (e.g. logistic regression) are small and rounding could eliminate
important variables. Finally, when transformations are applied in an effort to keep those variables
that have small coefficients in the score, this reduces the calibration resulting in extreme weights
and scores. Some scores apply additional methodologies in this process such as combined variable
weighting [122] and bootstrapping to prevent overfitting [68, 184]. Cardoso et al. [35] developed a
score using the PIRO framework. Alongside using a logistic regression model, they utilized a decision
tree to define cut-offs for the component scores. There are a few scores that do not implement
statistical methodologies in the development phase and are constructed only through medical
expertise [174, 213]. The Sequential Organ Failure Assessment Score (SOFA) [213] is one of these
scores and is one of the most used in the assessment of sepsis acuity to-date [33, 112, 142, 165, 190,
214]. There are some scores that are created by combining other scores (variables and point values)
such as the Sepsis in Obstetrics Score (SOS) [4] which utilizes predictors of the APACHE, REMS and
SIRS scoring systems. It's unclear how the point values for these types of scores are determined.
Calle et al. [33] provides a systematic review of severity scores in patients with suspected infection
in the emergency department in an effort to determine the accuracy of severity of illness scores in
predicting mortality in these patients. They conclude that the reviewed literature did not provide
enough information to assess the accuracy of the prognostic models in patients with suspected
infection admitted to the ED or hospital ward.

5.1.3 Mixed integer programming for score development

Although most of the aforementioned scores have been validated as well calibrated and accurate in
the prediction of adverse outcomes, we believe that there is an opportunity for integer optimization
to be used in the construction of stronger scoring systems, specifically in the sepsis spectrum.
Allowing for the point values on each of the predictors to be integer combines interpretability (ease
for practitioners to assess score performance) and implementation (use in hospital practice). Ustun
and Rudin [208] propose a new machine learning approach to the development of risk scores. They
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formulate the problem as a mixed integer nonlinear program and propose a new lattice cutting
plane algorithm as a solution method. They apply their framework in different application settings
(criminal justice, medicine and finance) concluding that their models yield strong calibration and
high prediction performance while avoiding some of the pitfalls that can arise from the use of
heuristic methods (e.g. rounding to obtain integer point values). Risk estimate outputs are another
advantage to using the framework proposed by Ustun and Rudin. Given a score, they estimate a
predicted risk through the use of a logistic link function [101].

5.2 The mixed integer framework

In this section, we propose the use of a mixed-integer programming model in the construction of an
interpretable scoring system that can be used to assess the risk an individual has for a set of outcomes.
While similar to that of the work done by Ustun and Rudin [208], we utilize a different mapping from
score to estimated risk (as opposed to a logistic link function). We also build the framework with a
progressive sepsis trajectory in mind. The model proposed by Ustun and Rudin was constructed
for binary outcome prediction. However, it is well accepted that the sepsis disease moves along
the spectrum of infection, inflammation, organ dysfunction, and septic shock characterized by low
blood pressure [24, 181, 190, 206]. Therefore, our framework produces risk estimates for multiple
classes of a disease (e.g., stages of sepsis). This is done by allowing the risk estimate to be a decision
variable in the model itself as opposed to a logit model that can only account for binary outcomes.
We implement a hybrid heurstic solution approach combining the Alternate Direction of Multipliers

Method and coordinate decent, described in Section 5.2.2.

5.2.1 The model

We define the parameters and variables of our model in Tables 5.1 and 5.2, respectively. An observa-
tion i is a feature and response vector pair (x;,y;). Key contributions that we make with this model

are the following:
1. Incorporation of a risk decision variable that is directly optimized ()

2. Ability to provide risk estimates for multiple classes (e.g. considering many adverse outcomes

or stages in a disease)

3. Freedom to apply operational constraints
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¢ Clinical context: If systolic blood pressure is < 90 for two consecutive measurements,
then patient is in septic shock

* Group features: If African American male with history of diabetes, add two points

* Adjustment in class prediction: The risk score should predict septic shock with X%
confidence

Table 5.1 Parameters for Mixed Integer Score Development Model

N;: #ofnon-zero features in observation i
K : #ofclasses
P: Max point value for any feature in the final score
y: Regularization coefficient used to balance sparsity and model accuracy
S: #ofscoreintervals
l;: Lower bound of score interval s
ug :  Upper bound of score interval s
Q: Setof observations = {(z,y) e RV*K}
QT :  Set of observations that will be used for model construction
QV: Setof observations held for validation = 2\ Q'

L 1 if observation i € Qis in class k
y; . Response vector of observation i = y;; =

0 otherwise
x;: Feature vector of observation i => x; € R for each i €Q

Table 5.2 Variables for Mixed Integer Score Development Model

A : vector of point values for each of the attributes = A€ {0,1,...P}
gsk © probability that an observation with score s isin class k for k=1,...,K
Let Q be the matrix representation of these variables

_ {1 if observation i has score s (i.e. N'x; €[l u,))
is

. Vie
0 otherwise
Let Z be the matrix representation of these variables.

1 N

max o D>, D Viktisdok =1 2] 6.1

2Z.Q [ S-S it j=1

St0< > zi(Vik—dse) Vs,k (5.1b)
i
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Iz;s <XNax; <ugzis+N;P(1—2z;5) VieQl Vs (5.1¢)

quk =1 Vs (5.1d)
k

> ze=1 vieq' (5.1e)

Gsk =0 Vs, k (5.19)

Ae{0,1,...P} (5.1g)

z;s€{0,1} VieQl Vs (5.1h)

The objective function (5.1a) balances maximizing the average probability of correct classification
and sparsity. Constraint (5.1b) states that the probability of an observation being in class k given
that it is in score interval s (i.e. g5;) does not exceed the proportion of class k observations that end
up in score interval s, i.e., g < %, Vs, k. Constraint (5.1c) ensures that the variable z; ; takes
on the appropriate value. Constraint (5.1d) states that for each score s, the sum of the probabilities
of being in class k sum to 1 (make up an appropriate probability vector). Constraint (5.1e) ensures
that each observation is placed in a single score interval. Constraints (5.1f) — (5.1h) are the variable
restrictions. Objective function (5.1a) is non-linear in the variables z; ; and g, ;. We linearize this by

defining variable w; s . = z; ;g; ;. for i € Q2 and Vs, k. Then, we rewrite model (5.1) as follows:

N
g ﬁ ZZ Z Vik Wi k —7’276 (5.2a)
Z,Q, - —

s ieQr j
st.wisr<zis VieQl Vs k (5.2b)
Wi sk <dsi YieQ', Vs (5.2¢)
Wi sk = qs,k+zi,s_1 (5.2d)
2 Wi sk < Z ZisYik VS k (5.2e)
7 7
wisp€10,1] VieQ!, Vs, k (5.2f)

(5.1¢) — (5.1h)

For any given i € Q', s € {1,...,S} and k € {1,...,K}, any tuple (w; s, Zi 5, Gs,i) satisfying con-
straints (5.2b)- (5.2d) also satisfy w; ; x = z; sq; x, and vice-versa. Using this transformation, we can
rearrange terms in objective (5.1a) and constraint (5.1b) to obtain (5.2a) and (5.2€). Therefore, an
optimal solution (A*, Z*, Q*, w*) to model (5.2) implies that the solution (A*, Z*, Q*) is optimal for
model (5.1). We have now transformed problem (5.1) into a mixed integer linear program. There

has been much work done in the formulation and solving of integer programs (IP), mixed integer
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linear programs (MILP) and mixed integer nonlinear programs (MINLP). Chen et al. [42], Junger et
al. [114] and Kumar et al. [126] give an overview of the theoretical, algorithmic, and software devel-
opment in integer programming that has taken place over the last 50 years. Vielma [212] surveys the
more recent advancements in MILP formulation techniques that can result in stronger and smaller
formulations. The reader is referred to [23, 25, 29, 88, 197] for comprehensive reviews on methods
in solving MINLPs. Heuristic methods have become a favorable choice as a solution approach in

many applications that require the solving of large-scale mixed integer programs [21, 78, 84, 85].

One of main challenges in solving model (5.2) is that the number of binary variables (z;;) increases
at a rate that is proportional to the size of our training observation set QT. This implies that the
computational complexity in solving model (5.2) is exponential in the size of the training set Q.
Solving model (5.2) with less observations would still yield a score that could be used in practice
(i.e. a set of variables A would still be an output irrelevant of the size of the set of observations
used for training). Hence, we can partition the training set Q' into smaller subsets that could still
be used to yield a score. With this partitioning idea in mind, we decide to employ the Alternate
Direction Method of Multipliers (ADMM) as a solution approach to our proposed score development
framework (5.2). The particular application of the ADMM algorithm that we are interested in is the
consensus problems [16, 26]. These problems began as an exploration of parallel and distributed
computing [16] and variants of this problem have been used in many different application set-
tings (stochastic resource allocation [219], parameter estimation in wireless sensor networks [177],
quadratically constrained quadratic programming [104], big data optimization [168], and stochastic
mixed-integer programming [22], to name a few). The application of the consensus problem to our
work is discussed in detail in Section 5.2.3. First, we give some of the background of the general
ADMM method.

5.2.2 The alternate direction method of multipliers

Applied optimization has been overwhelmed with the concept of “Big Data". At any time around
the globe, large volumes of data are generated by today’s ubiquitous communication, imaging, and
mobile devices such as cell phones, surveillance cameras and drones, medical and e-commerce
platforms, as well as social networking sites [192]. Incorporating these large data sets into the solution
process has made it difficult for operations researchers and engineers to solve application focused
optimization models. Those “off-the-shelf" techniques and technologies that we use to analyze these
models cannot work efficiently and satisfactorily anymore [41]. Therefore, there has been recent
advances in convex optimization methods for data driven optimization and big data problems [38,
192]. The alternating direction method of multipliers (ADMM) is one such method that utilizes

dual decomposition and augmented Lagrangian methods for constrained optimization [26]. The
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original idea was first proposed in 1976 by Gabay et al. [75] where they develop a dual method
that decouples a nonlinear variational problem. The concept of these dual decent methods were
studied throughout the 1980s [15, 16, 169] and many of the theoretical results were established by
the 1990s. Boyd et al. [26] gives a review of this method as well as other precursors to the ADMM
algorithm. They survey some of the key literature surrounding this algorithm while also discussing
a wide variety of applications that it has been used in. Under certain assumptions such as strong
convexity, Deng and Yin [57] show the global linear convergence of the ADMM algorithm. For other
applications of the ADMM algorithm, the reader is referred to [8, 157, 178, 216].

5.2.3 An ADMM algorithm to solve the score development problem

As discussed in section 5.2.1, we will focus on a specific application of the ADMM algorithm, the
consensus problem. The main idea of the consensus problem is to separate the original optimization
problem, which we will refer to from now on as the global problem, into smaller sub-problemsthat are
easier to solve (i.e., smaller in size). Each sub-problem consists of a set of local variables equivalent
to those variables of the global problem and includes a constraint that states all local variables
defined within each sub-problem should agree [26]. First, we give the sub-problem parameters
and variables in Tables 5.3 and 5.4, respectively. Then we take the first term in objective (5.2a) and

rewrite it as sum of sub-problem specific objective terms.

R
DD Vikwie=) f1 where  f=3> > > yiwi (5.3)
k =1 %

s ieqQt r s jeqt

Table 5.3 ADMM Algorithm Sub-Problem Parameters

R: #subsetsof QT
R
QF: 1" subsetof Q' for r=1...R suchthat | Q] =Q" and Q; NQ} =0 foreach i # j

r=1

Constraints (5.4b)- (5.4k) represents the constraint set for sub-problem r (r =1...R) and we the
define set A" = {(A\", Z,Q",w") | (A", Z,Q",w") satisfy (5.4b) - (5.4k)} as the feasible region sub-

problem r.

~

A=¢ QT=Q (5.4a)
wisk<zis VieQl Vs k (5.4b)
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Table 5.4 ADMM Algorithm Sub-Problem Variables

A" :  solution vector of point values when training done using observations from set Qf
4, : probability that an observation in Qf with score s isin class k for k=1,..., K
Let Q" be the matrix representation of these variables
¢: Global consensus variable for integer point values
dsk: Global consensus variable representing probability that an observation in Q'
with score s isinclass k for k=1,..., K
Let Q be the matrix representation of these variables

Wisk<d., VieQl, Vsk (5.4¢)

Wisk=d)  +2is—1 YieQ], Vs, k (5.4d)

Z Wi,s k S Z ZisYik VS, k (5.4€)

ieqf ieqt

lizis <\ Yx; < uszis +nP(1—z;) Vieql, Vs (5.4f)

Dlal=1 Vs (5.4g)
k

D zig=1 Vieq] (5.4h)
5

4., =0 Vs, k (5.4i)

A e{0,1,...P} (5.4j)

zis€{0,1} VieQl, Vs (5.4k)

Constraint (5.4a) ensures that the local variables to each sub-problem agree. This allows us to rewrite

problem (5.2) equivalently as model (5.5).

2 r_ r _ A
{(ar,zr, Q’w’ JeAr}E_| {Zf Z J st. A'=¢ and Q" =Q, VI‘} (5.5)

We can derive the augmented Lagrangian function [26] for problem (5.5) as

Lo 6,6Q)=> (1o LN 6@ Q)L [N @ ~Q]f) 68

r=1

where p > 0 is a penalty parameter, o" and ¢" are the Lagrangian multipliers for sub-problem r for

constraints A" = ¢ and Q" = Q, respectively. The symbol “(-,-)" represents the inner product of two
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(a) ADMM Algorithm for the Consensus Problem (b) coordinateDecent Procedure

Figure 5.1 High-level process for the (a) ADMM consensus problem algorithm and (b)
coordinateDecent procedure for polishing sub-problem solutions

vectors. To simplify notation, we let Q" — Q be a vector in RSX defined as follows
Qr _Q = [qlrl - qllr qlrz - ﬁlZ) ceey qHK - ﬁlK? (XX} qsrl - qSlr qsl:z - 6?52) ceey qer - C?SK]T (5.7)

Letting v be the iteration counter, we give the ADMM algorithm (5.8) for our consensus problem (5.5).
Figure 5.1(a) displays a high-level visual representation of this ADMM algorithm.

()‘1r1+1’ v+1) argIPaX{fr_<[a;!¢z]’[AT_Cer_Qv]>_(p/2)||[)\T_Cy»Qr_Qy]||§} (5-83)

R
Cyi1 = argmin {quz => (e, Q= (P2 IN,, — cns)} (5.8b)

CG{O, ’P}N r=1
A~ R -~
Q41 = argmin {ZIIQU+1 QII%} (5.8¢)
Qelo1psx (=1
al=al+p(A L —Cp) (5.8d)
b1 =P, P ( v41 _QV+1) (5.8¢)

When deciding upon the size of the sub-problems (i.e., the size of the sets 1), there is a trade-off that
needs to be considered between how difficult it is to solve problem (5.8a) and how many iterations

it will take to find a consensus. The smaller the subsets Qf, the quicker it is to solve problem (5.8a).
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However, this would create more sub-problems making it more difficult to obtain a consensus
(i.e. it would take more iterations to terminate). We also note that the sub-problems (5.8a) are
quadratic integer programming problems with both binary and pure integer variables. Therefore,
the subsets defining these sub-problems will need to be relatively small in order to solve them
with a commercial software. In an effort to avoid many sub-problems, we have decided to relax
problem (5.8) by allowing the binary variables z; to be continuous in the interval [0, 1] allowing the
size of the subsets Qf to be much larger. Given an integer solution to problem (5.8), we can find a
corresponding (Z, Q) that is feasible for the global problem (5.2).

For any given sub-problem solution A", we can evaluate the performance of this solution on the
entire training set to get the global problem objective value. First, we calculate the score for all
observations in the training set Q' (i.e. we can calculate z] foreachie QTand s=1...5). Then, we
solve the following linear programming problem:

max DD vzl duk (5.9a)
k

s ieqQT
SO 2l (Vi —dsk) Vs, k (5.9b)
i
quk =1 Vs (5.9¢)
k
q=0 Vs (5.9d)

The objective function value of problem (5.9) minus y > j(/l; )? will give you the objective function
value of problem (5.1) for the solution A”. This process of finding an optimal probability matrix Q
given a solution A we call gSolve and we present the details of this process in Algorithm 2 given in
Appendix C.

In an effort to find stronger integer solutions using the solution found by solving (5.8a), we implement
a coordinate decent algorithm similar to what has been done by Ustun and Rudin [208]. For a given
dimension of A, the algorithm fixes the other dimensions and attempts to find a feasible integer
value along that dimension that improves the objective. This is repeated across all dimensions and
the strongest updated solution found, if any, is returned. We call this procedure coordinateDecent
and give it’s details in Algorithm 4 in Appendix C. Figure 5.1(b) gives the visual representation for
the coordinateDecent procedure. We define three different termination criteria for our ADMM
algorithm: (1) Finding a consensus, (2) No change in the target consensus, or (3) Maximum number of
iteration reached. The details of these termination criteria can be seen in Algorithm 1 in Appendix C.
Table 5.5 displays the high-level procedure of our proposed tailored ADMM algorithm used to solve
the score development problem (5.2) and Figure 5.2 gives the corresponding visual representation.
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Figure 5.2 Tailored ADMM algorithm with coordinate decent to solve the score development problem (5.1)

We present the full detailed ADMM with coordinate decent procedure in Algorithm 1 in Appendix C.

5.3 Results

5.3.1 Experimental design

For the observation set 2 that would be used to develop our illness scores via model (5.1), we utilized
the same observations that were generated for Chapter 3 of this dissertation. Recall that we had two
main outcomes of interest (Figure 3.1): (1) First time to ICU transfer and (2) In-hospital mortality.
For each of these outcomes, we identified case and control populations (Figure 3.2) from which we
generate observation vectors (Figure 3.3). Unlike Chapter 3, we create binary observation vectors
representing each of the variables within the categories of the PIRO score as described in Table 3.1.
For example, if a patient was 67 years old, the value for variable one in the observations vectors
used in Chapter 3 was 67. However, in the following experiments, we create three binary variables
representing which age category a patient lies in. Therefore, for a 67 year old patient, the first three
variables would be “[0, 1,0]" representing that the patient lies in the age category 65-80. We used
normal range imputation as was done in Section 3.2.5 of Chapter 3. We did not include the missing

indicators to identify when values were imputed.

As we have described in Section 5.1, there have been many scores developed to track the acuity of
those patients susceptible to sepsis [33, 102, 112, 142, 165, 190, 213, 214]. We also have discussed

75



Table 5.5 Alternate Direction Method of Multipliers with Coordinate Decent Algorithm

. . ; I . R
Step 0:  Given training set T and subset size M, partition QT into subsets {Q!'} "
Create mutually exclusive score intervals {[/;, u S]}f:1 of length L
Set iteration counter v « 0 and maximum number of iterations maxIt

Step 1:  Generate initial solutions {(\}, Q{,}I::l using warmStart (Appendix C)
R
r

Initialize step sizes {o }le and {¢;},'_, and consensus variables ¢, and Q,

Step 2: If v =maxIt OR consensus found OR no change in consensus variables, TERMINATE.
Otherwise, go to Step 3.

R
Step 3:  Solve each sub-problem to obtain sequence of solutions {Atrmp}r—l

R
Apply coordinateDecent (Appendix C) procedure on {)\’ }r_l to get {)\;H}I::l

tmp

Step4  Use solutions {\ +1}f:1 to obtain optimal {Q’) +1}f:1 via qSolve procedure
Evaluate objective (5.1a) for each solution updating best solution if appropriate

Step 5: Update step sizes and consensus variables {agﬂ}f:l, {(l);H}f:l, Cprpand Q4 ;
v — v +1and go to Step 2.

another optimization based approach to the development of risk scores [208]. We compare the
performance of our score in predicting the outcomes of interest against scores and frameworks in
the current literature. Namely, we develop a risk score utilizing the model riskS1im developed by
Ustun and Rudin [208]. They provide python code for implementation of their solution methodology
and the parameters used in their package are given in Appendix C. As we are using the same variables
and cut-off values provided by Howell et al. [102], we also compare our developed score to their
already published PIRO score given in Table 3.1. The performance metric that we use to compare is

the average probability of correct classification.

An ideal severity of illness scoring system would not only provide a score but also an associated
probability that an adverse outcome (e.g., mortality) will occur in the near future (risk). Using
retrospective data, we have ground truth on the outcome related to each observation (visit). Using
this truth, we calculate the average probability of correct classification for a specific method, denoted

by Pethod, @s the average probability that an observation is classified as having the correct outcome.

Average probability of correct classification for ADMM algorithm score

One of the variables of the solution is the probability that a particular visit will end up with a certain
outcome (recall that the variable g, represents the probability that a patient will be in class k, given
that they are in score interval s). Denoting our solution method as the ADMM" method, we can

calculate Pypypv as
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> qsk - 1{Observation i in score interval s and class k}

P =2 5.10
ADMM Total # of Observations ( )

Alongside the score created by solving our model (5.2) via our ADMM algorithm, we also utilized
Cplex version 12.8 to solve this model. We specified twice the termination time of the ADMM
algorithm as the stopping criteria for Cplex. The corresponding average probability of correct

classification, denoted as Pcpex, Was calculated using equation (5.10).

Average probability of correct classification for riskS1im score
The output of the framework riskS1imis an intercept/point vector pair, (8, A). Given an observation
vector of a patient at any given point in time x, the probability that the outcome of interest will occur

within the specified time window (five hours in our case) will be given as P(Outcome) = m.

We calculate the riskS1im average probability of correct classification Py; gx5115 @S

> P(Outcome)- 1{Outcome} + (1 — P(Outcome)) - 1{No outcome}

b 5.11
riskSlim Total # of Observations 10

Average probability of correct classification for scored developed by Howell et al. [102]

For the already developed score by Howell et al. [102] (Table 3.1), there was no associated risk
provided by their model. Recall, however, that we can find an optimal probability matrix @ given a
solution A using the gSolve procedure (Algorithm 2 in Appendix C). We implement this procedure

using the point values A provided by Howell et al. [102] and use equation (5.10) to calculate Pygyel-

5.3.2 Score results

For the set of mortality outcome observations (see Section 3.2.2), we partition the 10,031 obser-
vations (Q) into 6,687 observations that would be used for training the score (Q') and 3,344 that
would be used for validation (2V). The training and validation set are partitioned in such a way
so as to keep the original ratio of case to control the same each set (a 1 to 6 ratio was for case to
control. See Section 3.2.2). Figure 5.3 displays the probability of correct classification across the
methods for both the training and validation sets. The values for the interval length (length of

[l5,u,]), regularization parameter y, and penalty parameter p that were used to produce these

1 —
» 100xlength of the interval —

and calculated risks for each of the developed scores.

results were 1

ﬁ and 0.5, respectively. Tables 5.6- 5.9 display the point values
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Table 5.6 Score obtained by solving riskS1im model (R, =5)

Nursing Home Resident 1 point
History of Malignancy w/out Metastasis | 1 point
Bands > 5% 2 point
BUN > 20 2 points
Lactate > 4 3 points
SCORE 0 1 2 3 4 5 6 >7
RISK | 1.8% 4.7% 11.9% 26.9% 50.0% 73.1% 88.1% >95%

Table 5.7 PIRO score developed by Howell et. al. 2011

Age <65 0 points
Age €[65,80] 1 point
Age > 80 2 points
History of COPD 1 point
History of Liver Disease 2 points
Nursing Home Resident 2 points
History of Malignancy w/out Metastasis | 1 point
History of Malignancy w Metastasis 2 points
Pneumonia 4 points
Skin/Soft Tissue Infection 0 points
Any Other Infection 2 points
Respiratory Rate > 20 3 points
Bands > 5% 1 point
Heart Rate > 120 2 points
BUN > 20 2 points
Respiratory Failure/Hypoxemia > 120 3 points
Lactate > 4 3 points
Systolic Blood Pressure < 70 4 points
Systolic Blood Pressure € (70, 90] 2 points
Systolic Blood Pressure > 90 0 points
Platelet Count > 150K 2 points
SCORE | [0,3] [4,7] [8,11] [12,15] [16,19] [20,23] [24,27]
RISK* | 3.4% 8.1% 17.6% 33.0% 40.7% 53.8% >50.0%

*Risk calculated by taking the point values and calculating a Z' to solve problem (5.9)
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Table 5.8 Score obtained by solving model (5.2) using ADMM with sub-problem set size of 200

RISK*

Nursing Home Resident 2 points
History of Malignancy w/out Metastasis | 2 points
Respiratory Rate > 20 1 point
Bands > 5% 2 points
BUN > 20 3 points
Lactate >4 4 points
Systolic Blood Pressure < 70 3 points
Systolic Blood Pressure € [70, 90] 2 points
SCORE | [0,1] [2,3] [4,5] [6,7] [8,9] [10,11] >12

1.8% 3.2% 13.6% 31.7% 62.6%

83.0% >90%

*Parameters used in solving (5.2) to obtain risk of death: y=1/140 & p =0.5

Table 5.9 Score obtained by solving model (5.2) using ADMM with sub-problem set size of 300

Age <65

Age €[65,80]

Age >80

History of COPD

History of Liver Disease
Nursing Home Resident

History of Malignancy w/out Metastasis
Hypoximea

Bands > 5%

Heart Rate > 120

BUN > 20

Lactate > 4

Systolic Blood Pressure < 70
Systolic Blood Pressure € [70, 90]

1 point
2 points
4 points

1 point

1 point

1 point

1 point

1 point
3 points
1 points
4 points
5 points
3 points
2 points

SCORE
RISK*

0,11 [23] [45] [67] [89] [10,11] [12,13] [14,15] [16,17] >18
0.0% 1.4% 4.3% 10.3% 18.2% 305% 51.7% 76.8% 81.3% >90%

*Parameters used in solving (5.2) to obtain risk of death: y=1/,40 & p =0.5

The parameters y and p used in our ADMM algorithm (5.8) were defined through preliminary

experiments. We run a sensitivity analysis on these parameters. We allowed y and p to take on

the values from the sets {10,/9, /100, "/ 1000} and {0.1,0.5,1,5, 10}, respectively and look at every

combination of these possible values. Figures 5.4 and 5.5 display the results of the sensitivity analysis

when 7 is fixed at !/,y and when p is fixed at 0.5, respectively. The remaining results from the

sensitivity analysis are given in Appendix C (Figures C.1- C.7).
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e 95% CI Lowerbound = 95% CI Upperbound

® 84.37%

* 82.40%
= 51.82%
® 81.24%
* 77.10%
riskSlim Howell ADMM (partition size 200) ADMM (partition size 300)

Method

(a) Training set
® 95% CI Lowerbound  * 95% CI Upperbound

& 83.55%

82.67%

® 81.78%
* 81.09%

® 79.43%
® 76.10%
riskSlim Howell ADMM (partition size 200) ADMM (partition size 300)

Method
(b) Validation set

Figure 5.3 Average probability of correct classification for the mortality outcome in the (a) training set and
(b) validation set
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® 95% CI Lowerbound  *® 95% CI Upperbound

® 82.97% * 82.94%

® 82.76% ® 82.76% @ 82.76%

3900 ~83.37% __

—-82-1+9% —§2-19% ® 82.19%
® 81.82% ® 81.80%

® 81.61% ® 81.61% ® 81.61%
0.1 0.5 1 5 10

p Value

(a) Training set

® 95% CI Lowerbound  * 95% CI Upperbound

® 81.98% © 82.15%
—ev ® 81.83% ® 81.83% ® 81.83%
4.-8“""0&\
3T I5% —R(:9904 C=80-990; ® 80.99%
. ® 80.47%
® 80.27% ® 80.14% ® 80.14% ® 80.14%
0.1 0.5 1 5 10
p Value
(b) Validation set

Figure 5.4 Sensitivity of probability of correct classification when y =1/, and p € {0.1,0.5,1,5,10} in the
(a) training set and (b) validation set
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® 95% CI Lowerbound * 95% CI Upperbound
° 82.76% ¢ 8294% ° 82.76%
: =0 82.19%
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@ 81.30%
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® 80.14%
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y Value
(a) Training set
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* 81.98% © 82.15% * 81.96%
=813 300~
® 80.95% =0 81.12%
® 80.47%
T0% ® 80.29% ’ ® 80.27%
® 79.25%
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v Value
(b) Validation set
Figure 5.5 Sensitivity of average probability of correct classificationwhenp = 0.5andy <

{10,"/10, /100> "/ 1000} in the (a) training set and (b) validation set
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For the riskS1im method, there is an arbitrary parameter that was specified, Ry,.x. This parameter
specifies the number of features that are allowed to be in the final score (R,,x =5 is used for the
output of the results seen in Figure 5.3). Figure 5.6 displays how the metric P,;551in changes
alongside how many features are selected for the score as Ry, is varied from 5 to 15.

H Average Probability of Correct Classification (Training Set) = Average Probability of Correct Classification (Validation Set)

83.79%

83.05% 83.10%
84% 82.90% 82.90% 82.90% 82.90% 82.90% 82.90% 82.90% 82.90%
.10%
1.93%
I I 1.66% 1.66% 1.66% 1.66% 1.66% 1.66% 1.66% 1.66%
5 7 8 9 10 11 12

6 13 14 15
R_max
(a) Average probability of correct classification
12
10
9 9
8 8 8 8
7
6
| I I
5 6 7 8 9 10 11 12 13 14 15
R _max

(b) Number of features selected

Figure 5.6 Sensitivity of (a) P,;sxs1in and (b) the number of features selected as a function of the
riskSlim parameter R,ax

5.4 Discussion

In this chapter, we have provided a new mixed-integer optimization framework for the development
of interpretable severity of illness scoring systems. We have applied this framework to develop a
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score that can be used to track acuity of patients in the sepsis trajectory. The main contributions of
this framework are listed below:

1. Ability to incorporate multiple classes/stages
Traditionally, severity of illness scores have been developed using prediction models that are
focused on binary classification [102, 122, 184, 213]. Even in the optimization based risk score
framework riskS1im [208], the derived risks are developed in a binary fashion. Since many
diseases, such as sepsis, progress through stages, a strength of our proposed framework is that
it has the ability to generate risks for multiple classes/stages of a disease.

2. New derivation of risk from scores outside of logit/logistic regression function
As previously stated, many severity of illness scoring systems utilize logit/logistic regressions
as a way to come up with weights associated with each of the predictor variables [17, 35, 43,
68, 102, 122, 147, 184]. We incorporate these risks directly into the model through the use of

decision variables.

3. Ability to incorporate clinical context in the form of constraints into the model
Clinical context and knowledge is extremely important in the deciphering of a patient’s health
status. Although retrospective EHR data has been a powerful tool in the analysis of health
systems, it’s much more challenging to utilize this data in the personalized medicine realm
due to the difficulty of incorporating clinical context into our models. A mathematical pro-
gramming framework is attractive because these clinical considerations can be taken into

account via constraints of the model.

4. New application area for the ADMM algorithm
As discussed in Section 5.2.2, the ADMM algorithm has been used and validated in many
application areas. To our best knowledge, this is the first work that has used this methodology
in the development of severity of illness scoring systems.

5.4.1 Score and performance comparison insights

Looking at the average probability of correct classification results displayed in Figure 5.3, we see
that the score developed by the proposed model solved via the ADMM method does outperform
the original PIRO score developed by Howell et al. [102]. This figure also indicates that the score
developed by riskS1im performs only slightly better than that of the score that is constructed
by our proposed ADMM algorithm by a small margin. However, we believe that since our ADMM
algorithm is not terminating at the optimal solution whereas the riskS1im solution is, that our

solution has the potential to exceed the performance of riskS1im. These results demonstrate that
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the use of the proposed model to produce a severity of illness score can achieve a high probability

of correctly placing patients into their appropriate class.

As stated in Section 5.3.2, the parameters y and p in problem (5.8a) are arbitrarily defined so
we run a sensitivity analysis the average probability of correct classification when we vary these
parameters. The results of this analysis seen in Figure 5.4 indicate that the average probability of
correct classification is not sensitive to the parameter p (penalty parameter for deviation from
consensus). However, Figure 5.5 indicates that performance is slightly more impacted by the change
of v (sparsity parameter). This is explained by the fact that the parameter y limits the magnitude
and number of features that are allowed to be selected, whereas the parameter p does not have any
effect on the magnitude of the integer point values. Our conclusions are that the sparsity parameter
y would need to be selected carefully in this model and future research could potentially explore

the optimal selectiion of this parameter.

5.4.2 Limitations

One limitation of our results is that the features used in all models were restricted to those identified
by Howell et al. [102]. Although these features have been identified for prediction in sepsis specifically,
we believe that more features should be incorporated into the modeling process. However, because
the number of general integer variables A’s increase linearly within the number of features, this
implies that the problem complexity grows exponentially with the introduction of more features.
Secondly, we do not provide any convergence guarantees for the ADMM algorithm. As stated in
Section 5.2.2, convexity is a requirement for linear convergence of the ADMM algorithm [57]. Future
work will refine the proposed ADMM algorithm to obtain convergence guarantees in non-convex

cases, specifically for the propsed score development problem (5.2).
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CHAPTER

6

CONCLUSIONS AND FUTURE WORK

6.1 Dissertation summary and contributions

We have transitioned to a world where many aspects of life are driven by the analysis of data.
Electronic Health Record (EHR) systems have provided operations researchers, computer scientists,
mathematicians, and engineers large amounts of data for research related to improving the efficiency
and effectiveness of health systems. Learning from these data sets can drive significant science and
engineering advances along with improvements in quality of life. However, big data comes with
new challenges. Slavakis et al. [192] discuss many of these challenges such as storage, corrupted
and inaccurate data, and online processing to keep up with the continuously generated data, to
name a few. This dissertation presents frameworks and methodologies to address (a) the problem
of feature selection and (b) the use of data in the development of interpretable scoring systems to
assist decision makers in health care. This work contributes to the fields of Operations Research in
health care and Machine Learning. We demonstrate how optimization models, specifically bilevel
and mixed integer programming models, can be used to develop data driven support tools. While
most of this work is applied in a health care setting, we believe that the frameworks and models
presented in this dissertation are applicable in many other domains that utilize large data sets to

learn features, build prediction models, and develop support tools for decision makers.

In Chapter 2, a framework for the construction of a score that can accurately represent workload
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amongst teams of health care providers is proposed. This was accomplished collaboratively with the
Hospital Internal Medicine (HIM) Department at Mayo Clinic in Rochester, MN and with another
PhD student in the North Carolina State University College of Design, Kendall McKenzie. Together,
we applied this framework to develop a score to assist in the triaging of patients into the HIM
department at Mayo Clinic, Rochester, MN in an effort to balance workload amongst their provider
teams. The HIM department executed the Delphi survey method to isolate factors contributing
to the score and provided these results upon our arrival in May 2016. Kendall McKenzie designed
the secondary survey through choice-based conjoint analysis that would provide inputs to the
optimization model. The main contributions being claimed in this dissertation is the proposed
optimization model for score development of Section 2.3 and the developed simulation model of
Section 2.4. The results indicate a significant decrease in the variation between team workloads
when our workload score is used for patient assignment decisions. Furthermore, the provider teams
staffed by medical residents showed a reduction in time spent being under-utilized, which is an
improvement that Mayo Clinic HIM management was hoping to achieve. This confirms that the
proposed workload score has the potential to balance workload more equitably across provider
teams. Not only did we achieve a more equitable workload among HIM care teams, but we were
also able to provide the Mayo Clinic operations team with a workload score calculation that more
accurately represents employees’ perceptions of their own workloads. The score can be implemented
by pulling only ten numbers from the hospital data systems. In the future, we hope to implement

this score within the Mayo Clinic and test its performance.

In Chapter 3, we investigate the hypothesis that using information about which clinical variables
are missing along with appropriate imputation improves the performance of prediction models for
critical patient outcomes. To achieve this objective, we quantify the impact of missing and imputed
variables on the performance of various prediction models used in the development of sepsis-
related severity of illness scoring systems with the ultimate goal of incorporating this information
into scoring systems used in real-time clinical practice. We quantify this value of knowing which
information is missing based on prediction performance in models that use all variables as predictors
compared to those that utilize summary variables as predictors. We consider five different machine
learning models including logistic regression, random forests, step-wise regression, support vector
machines, and the least absolute shrinkage and selection operator (LASSO) methods. Our results
show that models that use information about which clinical variables are missing can perform better
than models that do not take that information into account because there is important clinical
information in the fact that certain variables are missing. When developing EHR-based prediction

models, developers should consider incorporating indicators for missing variables.

In Chapter 4, we propose a bilevel programming approach to feature selection for classification

models. As discussed in chapter 1, the two main approaches to feature selection are the filter and
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wrapper methods. We focus on the wrapper approach in this chapter. A typical feature selection
method with the wrapper approach would define a grid over candidate features, and then perform
cross validation for each grid point [154]. This method, however, would suffer from combinatorial
explosion of grid points in high dimensions. Problems with many features arise frequently in real life
applications [19, 91]. For those problems, greedy strategies such as stepwise regression, backward
elimination, filter methods, or genetic algorithms are used [103, 189]. The proposed bilevel approach
improves upon the current methods by considering the subset held for validation in the model
selection procedure. We also explicitly control the number of model features selected in the upper-
level using binary variables in combination with a feature importance parameter that allows for the
lower level optimization model to select the features that are most important to the classification.
Finally, we develop a genetic algorithm solution approach and compare the performance to a
derivative-free optimization method. We implement the proposed bilevel feature selection approach
in three different case studies where we classify influenza strains based on antigenic variety [136],
distinguish between good and bad quality colposcopy images [69], and identify splice junction sites
in genetic sequences [150]. Our results indicate that the proposed bilevel framework can be used to

achieve similar, if not stronger, classification performance using fewer model features.

In Chapter 5, we propose a mixed integer programming framework for the development of severity
of illness scoring systems. We utilize this framework for the building of a score that can be used to
track the acuity of patients who are susceptible to sepsis. These risk scores are highly favored in
many applications due to the ease of implementation (i.e. decision makers need only to add a few
numbers together to gauge the state of a patient or system). Our results validate the use of these
scores by comparing it to the predictive ability of other scores in the literature. This framework
offers a way to come up with interpretable scores by optimizing over integer point values while also
allowing the incorporation of multiple class/stages of a disease to be factored into the modeling of
the score. This also introduces a new application for the Alternate Direction Method of Multiplier
(ADMM) method through the learning of these scores. Finally, we explore a new way to incorporate
risk into development of these scores outside of the traditional logistic regression/logit function
methodology that is currently used in the literature.

We summarize the the contributions of this dissertation below.
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Contributions of this Dissertation

1. Proposal of optimization and simulation models to develop a score that represents
workload so that decision makers can make well informed decisions without having to
look through large sets of data

2. The quantification of the knowledge that information is missing in the development of
severity of illness scores for real-time use in clinical practice and how to incorporate this
knowledge in severity of illness scores

3. Proposal and validation of bilevel optimization for feature selection in prediction models

4. Development of a new mixed integer-programming framework for the construction of

interpretable severity of illness scoring systems

6.2 Future work

6.2.1 Refinement of optimization methods for score development

We plan on continuing to refine the mixed integer model proposed in Chapter 5 of this dissertation
for severity of illness score development. Clinically, time is an important factor that is currently not
accounted for in the proposed framework. For instance, consecutive indications of deterioration
within a certain time period can be a sign of being in a worse health state than a single indication
alone would (e.g. two measurements of systolic blood pressure less than 70 that are greater than
30 minutes but less than a few hours apart from each other is a indication of a patient going into a
shock state). This can be taken into account in the data pre-processing and observation generation

steps but we would also like to explore how to account for this in the optimization model as well.

We believe that there is a natural bilevel optimization application in the development of severity of
illness scoring systems. Those parameters that are selected prior to the solving of the model such
as penalty parameters (y and p) and interval bounds (I and u) can be the variables for the leaders
problem where they attempt to maximized the average probability of correct classification in a
partition of the training set observations. Then given those parameters, the follower attempts to
construct a score by solving our proposed score development problem via the ADMM procedure.
There are other variants of this bilevel model that could be considered such as the leader decides
upon the optimal probabilities () given a set of point values decided upon by the follower, or vice-
versa. We also plan on exploring the relationship of the proposed score development model to

decision trees and random forests.
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Table A.1 Comparison of distributions for (a) age, (b) race, and (c) medical histories in the control and
sample populations for the ICU transfer outcome

(a) Age Five Number Summary

Min. 1stQu. Median Mean 3rdQu. Max.

Control 18 50 63 61.8 77 90
Sample 18 50 63 62.0 77 90
pval - - - 0.09 - -

(b) Race Distribution

White American Indian/Alaska Nat. Asian Black/AA Unknown Other

Control 73.3% 0.2% 1.2% 22.3% 0.5% 2.6%
Sample 73.2% 0.1% 1.1% 22.4% 0.4% 2.6%
pval 0.60 0.78 0.99 0.64 0.71 0.64

(c) Medical Histories Distribution

Control Sample pval

Aids 0.2% 0.2% 0.58

Alcohol Abuse 0.8% 0.8% 0.69
Anemic Disorders 6.2% 6.2% 0.94
Arrhythmia 1.1% 1.1% 0.82

Blood Loss 0.0% 0.0% 0.75
Congestive Heart Failure 4.0% 4.0% 0.88
Coronary Artery Disease 5.5% 5.5% 0.80
Chronic Pulmonary Disease 6.9% 6.9% 0.88
Coagulation Disorders 2.2% 2.2% 0.69
Depression 5.6% 5.6% 0.95
Diabetes without Complications 5.8% 5.8% 1.00
Diabetes with Complications 2.6% 2.6% 0.55
Illegal Drug Use 1.9% 1.9% 1.00
Hypertension 11.8% 11.8% 0.99
Hypothyroidism 3.3% 3.3% 0.94

Liver Disease 1.4% 1.4% 0.94
Lymph Disorders 0.3% 0.3% 0.71
Electrolyte Disorders 9.3% 9.4% 0.82
Malignancy Metastases 1.0% 1.0% 0.75
Neurologic Disorders 4.0% 4.0% 0.85
Obesity 6.0% 6.0% 0.89

Paralysis 1.1% 1.1% 0.81
Peripheral Vascular Disease 2.7% 2.7% 0.88
Psychological Disorders 2.2% 2.2% 0.78
Pulmonary Circulation Disorders 2.2% 2.2% 0.83
Renal Failure 4.0% 4.0% 0.96
Malignancy 2.2% 2.2% 0.97

Ulcers 0.0% 0.0% 0.83

Valve Disorders 2.4% 2.4% 0.64
Weight Loss 1.9% 1.9% 0.89

None 1.2% 1.2% 0.93
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Table A.2 Comparison of distributions for (a) age, (b) race, and (c) medical histories in the control and
sample populations for the mortality outcome

(a) Original observation of the dynamic variables with missing
information

Min. 1stQu. Median Mean 3rdQu. Max.

Control 18 50 63 61.3 76 90
Sample 18 49 62 61.1 76 90
pval - - - 0.09 - -

(b) Race Distribution

White American Indian/Alaska Nat. Asian Black/AA Unknown Other

Control 73.1% 0.2% 1.2% 22.5% 0.5% 2.6%
Sample 72.8% 0.2% 1.1% 22.6% 0.4% 2.9%
pval 0.58 0.86 0.79 0.87 0.51 0.10

(c) Medical Histories Distribution

Control Sample pval

Aids 0.2% 0.2% 0.25

Alcohol Abuse 0.9% 0.9% 0.34
Anemic Disorders 6.1% 6.1% 0.68
Arrhythmia 1.1% 1.1% 0.26

Blood Loss 0.0% 0.0% 0.65
Congestive Heart Failure 4.0% 4.0% 0.95
Coronary Artery Disease 5.5% 5.6% 0.46
Chronic Pulmonary Disease 6.9% 6.9% 0.80
Coagulation Disorders 2.3% 2.3% 0.91
Depression 5.6% 5.5% 0.45
Diabetes without Complications 5.9% 5.8% 0.62
Diabetes with Complications 2.6% 2.6% 0.76
Illegal Drug Use 1.9% 1.9% 0.84
Hypertension 11.6% 11.7% 0.50
Hypothyroidism 3.2% 3.3% 0.31

Liver Disease 1.5% 1.4% 0.42
Lymph Disorders 0.3% 0.3% 0.25
Electrolyte Disorders 9.5% 9.5% 0.57
Malignancy Metastases 0.9% 0.9% 0.33
Neurologic Disorders 4.0% 3.9% 0.33
Obesity 6.1% 6.1% 0.83

Paralysis 1.2% 1.1% 0.05
Peripheral Vascular Disease 2.7% 2.7% 0.85
Psychological Disorders 2.2% 2.2% 0.98
Pulmonary Circulation Disorders 2.2% 2.2% 0.74
Renal Failure 4.0% 3.9% 0.93
Malignancy 2.0% 2.1% 0.46

Ulcers 0.0% 0.0% 0.81

Valve Disorders 2.4% 2.6% 0.12
Weight Loss 1.9% 1.9% 0.49

None 1.2% 1.2% 0.33
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Table A.3 Example for generating observation vectors*

(a) Original observation of the dynamic variables with missing information

RR Bands | HR | BUN | Hypoxia | Lactate | SBP | Platelet
Missing | Missing | 111 22 0 Missing | 99 233
(b) Observation vector 1
RR | Bands | HR | BUN | Hypoxia | Lactate | SBP | Platelet
16 3 111 22 0 1.5 99 233
(c) Observation vector 2
RR Bands HR BUN
RR Indicator Bands Indicator HR Indicator BUN Indicator
16 1 3 1 111 0 22 0
. Hypoxia Lactate SBP Platelet
Hypoxia Indicator Lactate Indicator SBP Indicator Platelet Indicator
0 0 1.5 1 99 0 233 0
(d) Observation vector 3
P I R (0]
4 4 0 2
(e) Observation vector 4
P I R (0]
4 4 0 2
RR Bands HR BUN Hypoxia Lactate SBP Platelet
Indicator | Indicator | Indicator | Indicator | Indicator | Indicator | Indicator | Indicator
1 1 0 0 0 1 0 0

*see Table 3.2 for definitions of observation vectors
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Figure A.1 Visual representation of correlation matrices for observations generated for the ICU Trans-
fer outcome (left) and Mortality outcome (right). Kendall’s rank correlation coefficient is reported [118].
"Variable_I" represents the missing indicator for the corresponding variable

Sensitivity
Sensitivity

1-Specificty 1-Specificty
(a) ICU transfer (b) Mortality

====-All Variables No Missing Indicators = All Variables w/ Missing Indicators

-=----Summary Variables No Missing Indicators Summary Variables w/ Missing Indicators

Figure A.2 Receiver Operator Curves created by random forest models for the (a) ICU transfer and (b)
mortality outcomes
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Figure A.4 Receiver Operator Curves created by SVM models for the (a) ICU transfer and (b) mortality
outcomes
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Figure A.5 Receiver Operator Curves created by LASSO models for the (a) ICU transfer and (b) mortality
outcomes
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APPENDIX

B

BILEVEL FEATURE SELECTION
APPENDIX

B.1 Amino acid sequence alignment

GM1 partitioned the 20 amino acid residues into the three classes: non-polar, polar and charged.
GM2 and GM4 further partitioned the non-polar class into aliphatic and aromatic classes, and the
charged class into positively and negatively charged classes. GM5 and GM6 are based on side chains

of amino acid residues [66].

B.2 Steps of the genetic algorithm

We present individual steps of the GA implementation below.

Step 0 Specify parameters for the genetic algorithm.
- Specify minimum number of critical features that needs to be selected on average a (for
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Table B.1 Groupings for amino acid sequence alignment [136]

GMO:
GM1:
GM2:
GM3:
GM4:

GM5:

GM6:

no grouping, i.e., each amino acid residue is a group by itself

{non-polar: A,EG,I,L,M,BVW}, {polar: C,N,Q,S,T,Y}, {charged: D,E,H,K,R}

{non-polar aliphatic: A,G,I,L,M,V}, {non-polar aromatic: EM,0,M,W}, {polar:
CN,Q,S,T.Y}, {charged: D,E,H,K,R}

{non-polar: A,EG,I,L,M,BVW}, {polar: C,N,Q,S,T,Y}, {positively charged: H,K,R}, {nega-
tively charged: D,E}

{non-polar aliphatic: A,G,I,L,M,V}, {non-polar aromatic: ERW}, {polar: C,N,Q,S,T,Y},
{positively charged: H,K,R}, {negatively charged: D,E}

{non-polar aliphatic: A,I,L,M,PV}, {non-polar aromatic: EW,Y}, {polar: N,Q,S, T}, {posi-
tively charged: H,K,R}, {negatively charged: D,E}, {C}, {G}

{non-polar aliphatic: A,I,LLM,PV}, {non-polar aromatic: EW)Y}, {polar: N,Q,S, T},
{charged: D,E,H,K,R}, {C}, {G}

influenza case study)

- Specify maximum number of feature positions that can be selected S

- Specify initial population level P;sia1

- Set probability of crossover and mutation, P, and P,,, respectively

- Set max number of generations G,y

- Specify weight vector w
- Set desired level of performance L € R® (SVM results from Liao et al. [136] in Table 4.5 for all
case studies)

- Let S be the population of chromosomes, initialize S — ()

- Let E be the set of already explored chromosomes, initialize E — ()

- Let Np be the set of non-dominated chromosomes/solutions, initialize Ny, « ()

Step 1 Generate the initial population.

(@) If|S| = Pypitial, g0 to Step 2. Else, randomly create a chromosome (or a feature selection

n
vector) u €{0,1}", where > u; = f.
=1

(b) Ifu e E, go to Step 1a. Else, if u upper-level infeasible, E < E U{u} and go to Step 1a.

(c) Solve the lower-level training problem. Use solution to obtain vector v of performance

measures associated with this chromosome and calculate fitness value F(u) =# mis-
classified observations in out-of-sample validation set £2y. S — SU{u}, E — E U{u} and
go to Step la.
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Step 2 Set generation number g — 1. Iterate through generations.

(a) Remove non-dominated solutions from S, and store them in Np. If g = G, report the

solutions with high fitness values in N and STOP.

(b) Sets «—||S|/2]and K « @. Perform tournament selection.

i.

ii.

If|[K|=s, then S — K UNp and go to Step 2c.

Randomly select two solutions u; and u, from S without replacement. Calculate
fitness values F(u;) and F(u,). If F(u;) > F(u,), then K «— K U {u;}. Else, K «—
K U{u,}. Go to Step 2b(i).

(c) Set N «— @ (new chromosomes). Perform crossover and mutation.

L

ii.

iii.

iv.

If no more available pairs of chromosomes to crossover that have not been crossed-
over yet, then go to Step 2c(iii). Otherwise, with probability P,, take the next two
available chromosomes in S that have not been attempted to be crossed over and
perform Crossover to generate two new children w; and wu,. (see Appendix Ta-
ble B.2)

For j=1,2,ifu; ¢ E, then N — N U{u;}, E — E U{u;} Go to Step 2c(i).

If no more available chromosomes to mutate that have not been mutated yet in
S, then go to Step 2c(v). Otherwise, with probability P,,, take the next available
chromosome in S that has not been attempted to be mutated yet and perform
Mutation to generate a new chromosome ug3. (see Appendix Table B.2)

Ifus ¢ E, then N — N U{us}, E — E U{us}. Go to Step 2c(iii).

For each chromosome u € N, test for feasibility at the upper level (e.g. that it satisfies
> .cqu’d; > a| in influenza case study). If feasible, then compute fitness value
and S — SU{u}. Set g — g+ 1 and go to Step 2a.

B.3 Additional results
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Table B.2 Crossover and Mutation procedures implemented in the GA

Crossover

Mutation

1) Take two parent chromosomes u' and
w?. Letl'={j=1,...,n| u}—uf =1} and

1) Move through a chromosome and with
probability P,,, change the element of the

r2={j=1,...,n| uf — u]l = 1}. Randomly | chromosome (i.e. from 1to 0 or 0 to 1)

permute indices in T'! and I'2.
2) If the sum of the elements in the chromo-

some is not equal to §, randomly delete or
add 1’s to make the sum .

2) Go to first element in I'' and swap values
at that index. Go to first element in I’ and
swap values at that index. Continue in this
fashion alternating between I'! and I'? until
exhausting one of the sets.

3) The two parents are now the two new chil-
dren to be tested.

Table B.3 Results for influenza A virus classification case study*

Training Set Validation Set

Grouping #Features | Agreement Sensitivity Specificity | Agreement Sensitivity Specificity
SVM 35 92.8 96.0 85.7 80.2 94.7 76.6
LASSO 56 92.8 96.0 85.7 67.7 47.4 72.7
NOMAD SVM** 35 92.8 96.8 83.9 80.2 89.5 77.9
NOMAD LASSO** 39 91.2 94.4 83.9 61.5 31.6 68.8
GA SVM** 20 93.4 96.0 87.5 81.3 89.5 79.2
GA LASSO** 19 94.5 96.0 91.1 81.3 89.5 79.2

*The alignment method GM2 is used. Agreement, sensitivity and specificity are in percentages.
*SVM models are solved using R package e1071 [115]. LASSO models are solved using R package glmnet [73].

**Results from the corresponding bilevel models.
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Table B.4 Results for influenza A virus classification case study*

Training Set Validation Set

Grouping #Features | Agreement Sensitivity Specificity | Agreement Sensitivity Specificity
SVM 25 93.9 96.0 89.3 80.2 94.7 76.6
LASSO 51 93.9 96.0 89.3 76.0 100.0 70.1
NOMAD SVM** 25 92.3 96.0 83.9 75.0 100.0 68.8
NOMAD LASSO** 38 93.9 96.0 89.3 76.0 100.0 70.1
GA SVM** 16 93.4 94.4 91.1 82.3 94.7 79.2
GA LASSO** 23 94.5 96.0 91.1 87.5 94.7 85.7

*The alignment method GM3 is used. Agreement, sensitivity and specificity are in percentages.

*SVM models are solved using R package e1071 [115]. LASSO models are solved using R package glmnet [73].

**Results from the corresponding bilevel models.

Table B.5 Results for influenza A virus classification case study*

Training Set Validation Set

Grouping # Features | Agreement Sensitivity Specificity | Agreement Sensitivity Specificity
SVM 35 93.4 95.2 89.3 79.2 84.2 77.9
LASSO 53 93.9 96.0 89.3 81.3 89.5 79.2
NOMAD SVM** 35 93.4 95.2 89.3 80.2 89.5 77.9
NOMAD LASSO** 37 89.0 92.8 80.4 66.7 42.1 72.7
GA SVM** 20 93.4 94.4 91.1 81.3 89.5 79.2
GA LASSO** 22 94.5 96.0 91.1 86.5 89.5 85.7

*The alignment method GM4 is used. Agreement, sensitivity and specificity are in percentages.

*SVM models are solved using R package e1071 [115]. LASSO models are solved using R package glmnet [73].

**Results from the corresponding bilevel models.
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Table B.6 Results for influenza A virus classification case study*

Training Set Validation Set

Grouping #Features | Agreement Sensitivity Specificity | Agreement Sensitivity Specificity
SVM 40 93.4 95.2 89.3 80.2 94.7 76.6
LASSO 48 92.8 96.0 91.1 81.3 89.5 79.2
NOMAD SVM** 40 94.5 96.0 91.1 82.3 89.5 80.5
NOMAD LASSO** 36 94.5 96.0 91.1 81.3 89.5 79.2
GA SVM** 15 93.4 94.4 91.1 81.3 89.5 79.2
GA LASSO** 20 94.5 96.0 91.1 81.3 89.5 79.2

*The alignment method GM5 is used. Agreement, sensitivity and specificity are in percentages.

*SVM models are solved using R package e1071 [115]. LASSO models are solved using R package glmnet [73].

**Results from the corresponding bilevel models.

Table B.7 Results for influenza A virus classification case study*

Training Set Validation Set

Grouping # Features | Agreement Sensitivity Specificity | Agreement Sensitivity Specificity
SVM 28 93.9 95.2 89.3 80.2 94.7 76.6
LASSO 46 92.8 96.0 85.7 72.9 42.1 80.5
NOMAD SVM** 25 90.1 98.4 71.4 70.8 94.7 64.9
NOMAD LASSO** 36 93.4 97.6 83.9 67.7 31.6 76.6
GA SVM** 14 92.8 94.4 89.3 81.3 89.5 79.2
GA LASSO** 14 93.4 95.2 89.3 81.3 89.5 79.2

*The alignment method GMB6 is used. Agreement, sensitivity and specificity are in percentages.

*SVM models are solved using R package e1071 [115]. LASSO models are solved using R package glmnet [73].

**Results from the corresponding bilevel models.
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Table B.8 Results for influenza A virus classification case study*

Training Set

Validation Set

Grouping #Features | Agreement Sensitivity Specificity | Agreement Sensitivity Specificity
SVM 45 93.9 96.8 87.5 78.1 100.0 72.7
LASSO 55 92.8 96.0 85.7 68.8 100.0 61.0
NOMAD SVM** 40 90.6 94.4 82.1 80.2 100.0 75.3
NOMAD LASSO** 39 93.4 96.8 85.7 60.4 89.5 53.2
GA SVM** 19 91.2 91.2 91.1 78.1 100.0 72.7
GA LASSO** 20 94.5 96.0 91.1 79.2 100.0 74.0

*Non-grouping alignment method is used. Agreement, sensitivity and specificity are in percentages.

*SVM models solved using R package e1071 [115]. All LASSO models solved using R package glmnet [73].

**Results from the corresponding bilevel models.
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Table B.9 Sensitivity of f parameter in influenza virus classification*

| | Training Set Validation Set

Method | B #Features | Agreement Sensitivity Specificity | Agreement Sensitivity Specificity
35 11 91.2 93.6 85.7 82.3 94.7 79.2
36 12 91.2 93.6 85.7 82.3 94.7 79.2
GA 37 11 91.2 93.6 85.7 82.3 94.7 79.2
SVM 38 13 91.2 93.6 85.7 82.3 94.7 79.2
39 14 91.2 92.8 87.5 82.3 94.7 79.2
40 14 92.3 94.4 87.5 82.3 94.7 79.2
35 15 90.6 92.8 85.7 89.6 84.2 90.9
36 12 87.3 84.8 92.9 93.8 84.2 96.1
GA 37 15 86.7 84.8 91.1 93.8 84.2 96.1
LASSO 38 15 89.0 91.2 83.9 93.8 84.2 96.1
39 17 87.8 88.8 85.7 93.8 84.2 96.1
40 19 93.4 96.0 87.5 87.5 94.7 85.7
35 35 92.8 96.8 83.9 79.2 94.7 80.0
36 31 90.6 97.6 75.0 68.8 100.0 61.0
NOMAD | 37 25 92.3 96.0 83.9 72.9 100.0 66.2
SVM 38 31 90.6 97.6 75.0 68.8 100.0 61.0
39 33 80.7 100.0 37.5 19.8 100.0 0.0
40 35 92.8 96.8 83.9 79.2 94.7 80.0
35 33 90.6 93.6 83.9 89.6 84.2 90.9
36 35 93.4 96.0 87.5 72.9 94.7 67.5
NOMAD | 37 30 85.1 96.0 60.7 25.0 31.6 23.4
LASSO 38 36 91.7 94.4 85.7 77.1 94.7 72.7
39 36 89.5 92.0 83.9 87.5 89.5 87.0
40 38 93.4 96.0 87.5 87.5 94.7 85.7

*The alignment method GM1 is used. Agreement, sensitivity and specificity are in percentages. SVM models
are solved using R package 1071 [115]. LASSO models are solved using R package glmnet [73].
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Table B.10 Sensitivity of  parameter in colposcopy image quality identification*

| Training Set Validation Set

Method | B #Features | Agreement Sensitivity Specificity | Agreement Sensitivity Specificity
15 15 96.9 100.0 80.0 87.9 92.9 60.0
16 16 96.9 100.0 80.0 87.9 92.9 60.0
GA 17 17 95.3 98.1 80.0 93.9 96.4 80.0
SVM 18 18 96.9 100.0 80.0 87.9 89.3 80.0
19 19 95.3 98.1 80.0 93.9 96.4 80.0
20 17 95.3 98.1 80.0 93.9 96.4 80.0
15 15 96.9 100.0 80.0 93.9 100.0 60.0
16 16 95.3 100.0 70.0 93.9 96.4 80.0
GA 17 17 100.0 100.0 100.0 84.8 85.7 80.0
LASSO 18 18 100.0 100.0 100.0 84.8 85.7 80.0
19 19 100.0 100.0 100.0 81.8 82.1 80.0
20 18 100.0 100.0 100.0 84.8 85.7 80.0
15 15 85.9 100.0 10.0 84.8 100.0 0.0
16 16 90.6 98.1 50.0 87.9 96.4 40.0
NOMAD | 17 17 92.2 98.1 60.0 90.9 92.9 80.0
SVM 18 18 92.2 100.0 50.0 90.9 96.4 60.0
19 19 90.6 100.0 40.0 90.9 100.0 40.0
20 19 85.9 98.1 20.0 90.9 96.4 60.0
15 15 90.6 98.1 50.0 78.8 85.7 40.0
16 16 93.8 98.1 70.0 75.8 82.1 40.0
NOMAD | 17 16 87.5 98.1 30.0 87.9 96.4 40.0
LASSO 18 18 92.2 96.3 70.0 78.8 89.3 20.0
19 18 87.5 96.3 40.0 90.9 100.0 40.0
20 20 100.0 100.0 100.0 87.9 92.9 60.0

*Agreement, sensitivity and specificity are in percentages. SVM models are solved using R package
1071 [115]. LASSO models are solved using R package glmnet [73].

123



Table B.11 Sensitivity of  parameter in splice junction recognition*

| Training Set Validation Set

Method | B #Features | Agreement Sensitivity Specificity | Agreement Sensitivity Specificity
15 15 99.2 99.4 98.7 97.2 97.8 97.0
16 16 99.2 99.4 98.7 97.8 97.8 97.8
GA 17 17 99.3 99.4 99.0 97.7 98.3 97.4
SVM 18 18 99.5 99.8 99.0 97.4 97.8 97.2
19 19 99.8 100.0 99.4 97.4 97.8 97.2
20 20 100.0 100.0 100.0 97.2 96.1 97.8
15 15 97.0 98.3 94.8 93.9 96.5 92.6
16 16 97.2 97.8 96.1 94.9 96.5 94.1
GA 17 17 97.2 98.5 94.8 94.6 95.2 94.3
LASSO 18 18 99.1 99.4 98.4 96.1 94.8 96.7
19 19 99.1 99.4 98.4 94.1 94.8 93.7
20 19 100.0 100.0 100.0 94.5 97.0 93.3
15 15 94.8 98.7 88.0 92.5 97.4 90.0
16 16 89.5 95.3 79.2 85.1 93.5 80.9
NOMAD | 17 17 98.0 98.7 96.8 94.9 95.7 94.6
SVM 18 18 92.3 94.8 88.0 85.2 86.5 84.6
19 19 95.7 96.6 94.2 93.6 96.1 92.4
20 20 96.8 98.1 94.5 93.6 95.2 92.8
15 15 95.0 98.0 89.9 92.8 96.5 90.9
16 16 90.1 95.5 80.5 85.5 92.2 82.2
NOMAD | 17 17 97.2 98.1 95.5 94.9 94.8 95.0
LASSO 18 18 85.2 90.9 75.3 81.3 88.7 77.6
19 18 91.0 93.3 87.0 86.2 88.7 85.0
20 20 96.1 97.0 94.5 91.9 94.3 90.7

*Agreement, sensitivity and specificity are in percentages. SVM models are solved using R package
1071 [115]. LASSO models are solved using R package glmnet [73].
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APPENDIX

C

MIXED-INTEGER PROGRAMMING FOR
SCORE DEVELOPMENT APPENDIX

C.1 Algorithm Details
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Algorithm 1: ADMM with Coordinate Decent

Input: O, M,€,¢,,p,P7, ¢, ¢, ¢, Land maxIt
begin
Initialization

Create a sequence of score intervals {[I, u,]}°

s=1

Warm Start Solution Generation
forr=1—Rdo
Al —warmStart (Qf,l,u, Y, Ct) City c€)
[Q', f']<—qSolve(A’, Q1,1 u)
f—1r
if f1> f* then
| fre—f @ —Q, XX

end

end

Set Initial Consensus
N R

¢ <—arg2nin{r > 2= (kO — /)l —cng)}
Jj=1 r=1

-~ R ~
Q, *—argmin{z */)Q;, —Qllﬁ}
Q r=1
Main Algorithm

primal primal

forr=1—Rdo

(AT, Qr)eAr

tmp

(@', f']<—qSolve(A’, ,Q%1,u)
[
if f1> f* then
| fre—fl @ —Q, X e—xl,
end
end

R
r=1

~ R ~
Q.1 <—arg{nin{z:l(p/2)||Q;+1 _QH%}
e U=

imal 1 R imal 1 R
e g 2 AL =Gy, M — 520 11Q

et —11¢, 0 —C IR, el — Q. — QI

ve—v+1

end
end
Output: Optimal point values and risk (probabilities) (A*, Q*)

.
v+1

using interval length L

. . R - . .
Partition Q7 into R subsets {Qf}rzl consisting of M observations in each subset

R R

- . .
Initialize two sequences of zero Vectpr? {ap }rIZI and {¢o}r:1

f/ —0, f* ——00, ve—0, E[]mma ,ngma — 00 Ellil.lal, Egual o

while /""" > ¢, and €} > ¢, and €%¥ > ¢, and €2*? > ¢, and v <maxIt do

N — argmax {7 —([a], 07 L[\ =, Q" = Q.- /) [\ ¢, @~ Q.]|[,}

Al «—coordinateDecent (A’ S5 L,y ¢ G CF)

N
vy — argimin {7 ISR WCHRSE TR —cyug)}
2

aZH«—a;—i-p()\:H—CUH), ¢';+1‘_¢2+p( ;+1—Qu+1) forr=1...R

__(2u+1H§
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Algorithm 2: gSolve (A, Q,1,u)

Input:
Solution vector of points A
Set of observations 2
Vectors of lower and upper bounds on score intervals I, u € RS
1 begin
Put Observations in Score Intervals
forieQdo
score—{(\x;), s—1
while s < S do
ifscore €[l;, u;] then
zl —1, zl{j<—0foreachj7£s
s—S+1
else
‘ Se—s+1
end

© 0 NS a ks wN

[
(=)

=
-

end

p—
N

end
Find Optimal Q
Solve the following linear program for optimal solution and objective value pair (Q*, f*):

fr = max DD vkl dsk
k

s ieQ

SOzl (yie—dsk) Vs, k

i
qukzl Vs
k

q;,=>0 Vs

—
- W

[
[}

16 end
Output: Risk and objective value pair (Q*, f*)
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Algorithm 3: warmStart (Q, Lu,y,c, oy, ce)

Input:
Set of observations {2
Vectors of lower and upper bounds on score intervals I, u € RS
Sparsity penalty parameter y
Termination criteria (c;, ¢, ¢.) for coordinateDecent procedure
begin
Solve problem (5.2) setting 2 = Q and relaxing the binary variables z;, by letting them being
continuous (i.e. z;; € {0,1} —z;, €[0,1]) to obtain solution \’
A*——coordinateDecent (X, QL u,y, ¢, i, ce)
end
Output: Vector of point values for score A*

Algorithm 4: coordinateDecent ()\, QL u,y, ¢, i, ce)

Input:

Solution vector of points A

Set of observations 2

Vectors of lower and upper bounds on score intervals I, u € RS
Sparsity penalty parameter y

Termination criteria (c;, ¢, Cc)

begin
€—oo, k1, f*«——10°
while € > ¢, and currentTime < ¢, and k < ¢;; do
forj=1—-Ndo
fori=0— P do
[Q, f'1—qSolve(\, 1, u)
if f/—y 3L 22> f* then
‘ f* (_f/_yzl;f:l Aj’ Q*—Q', Ne—2
end
end
reset A; to original value
end
€ — I[N =l
Ae—A*
k—k+1
end
end

Output: Vector of point values for score A*
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C.2 riskSlim Parameters

C.3 Additional Sensitivity Analysis Results
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Figure C.1 Sensitivity of average probability of correct classification when y =10 and p € {0.1,0.5,1,5,10}
in the (a) training set and (b) validation set
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Figure C.2 Sensitivity of average probability of correct classification when y ='/,, and p €{0.1,0.5,1,5,10}
in the (a) training set and (b) validation set
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Figure C.3 Sensitivity of average probability of correct classification wheny = !/;goand p €
{0.1,0.5,1,5,10} in the (a) training set and (b) validation set
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Figure C.4 Sensitivity of average probability of correct classification whenp = 0.landy €

{10,'/10, /100, /1000} in the (a) training set and (b) validation set
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Figure C.6 Sensitivity of average probability of correct classification when p =
{10,%/10, /100> / 1000} in the (a) training set and (b) validation set
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Figure C.7 Sensitivity of average probability of correct classification when p
{10,%/10, /100> / 1000} in the (a) training set and (b) validation set
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Table C.1 riskS1lim Parameters*

Category Parameter Name Value Used Description
max_runtime 6050 Max runtime for LCPA
max_tolerance 106 Tolerance to stop LCPA
LCPA display_cplex_progress False Set to 'True’ to print CPLEX
Settings loss_computation "lookup’ How to compute the loss
chained_updates_flag True Use chained updates
add_cuts_at_heuristic_solutions True Add cuts at integer feasible
round_flag True Round continuous solutions with SeqRd
polish_rounded_solutions True Polish solutions rounded with SeqRd using DCD
rounding_tolerance o) Only solutions with objective value < (1 + tol) are rounded
Rounding Heuristic rounding_start_cuts 0 Cuts needed to start using rounding heuristic
rounding_start_gap (=5} Optimality gap needed to start using rounding heuristic
rounding_stop_cuts 20000 Cuts needed to stop using rounding heuristic
rounding_stop_gap 0.2 Optimality gap needed to stop using rounding heuristic
polish_flag False Polish integer feasible solutions with
polishing_tolerance 0.1 Only solutions with objective value (1 + tol) are polished
polishing_max_runtime 10.0 max time to run polishing each time
Polishing polishing_max_solutions 5.0 Max # of solutions to polish each time
Heuristic polishing_start_cuts 0 Cuts needed to start using polishing heuristic
polishing_start_gap o) Min optimality gap needed to start using polishing heuristic
polishing_stop_cuts o) Cuts needed to stop using polishing heuristic
polishing_stop_gap 0.0 Max optimality gap required to stop using polishing heuristic
initialization_flag True Use initialization procedure
init_display_progress False Show progress of initialization procedure
init_display_cplex_progress False Show progress of CPLEX during intialization procedure
init_max_runtime 300.0 Max time to run CPA in initialization procedure
init_max_iterations 10000 Max # of cuts needed to stop CPA
init_max_tolerance 0.0001 Tolerance of solution to stop CPA
init_max_runtime_per_iteration 300.0 Max time per iteration of CPA
init_max_cplex_time_per_iteration 10.0 Max time per iteration to solve surrogate problem in CPA
Initialization Procedure init_use_rounding True use rounding in initialization procedurue
init_rounding_max_runtime 30.0 Max runtime for Rd in initialization procedure
init_rounding_max_solutions 5 Max solutions to round using rounding
init_use_sequential_rounding True Use SeqRd in initialization procedure
init_sequential_rounding_max_runtime 10.0 Max runtime for SeqRd in initialization procedure
init_sequential_rounding_max_solutions 5 Max solutions to round using SeqRd
init_polishing_after True Polish after rounding
init_polishing_max_runtime 30.0 Max runtime for polishing
init_polishing_max_solutions 5 Max solutions to polish
CPLEX Solver cplex_randomseed 0 Random seed
Parameters cplex_mipemphasis 0 Cplex MIP strategy

*All parameters defined in Ustun and Rudin [208]
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