ABSTRACT
MATAR, WALID OMAR. Integral Analysis of Turbulent Natural Convection with
Condensation in the Presence of a Noncondensable Gas. (Under the direction of Dr. James
Leach.)

An approximate model is presented for turbulent natural convection flow of a two-
component mixture in which condensate forms along a vertical wall. The integral method is
employed as the scheme for the analysis of the gas boundary layer. By incorporating
empirical correlations and profiles for temperature, velocity, and density, the compressible
Navier-Stokes equations are solved for boundary layer thickness and maximum velocity.
Eventually, the desired physical characteristics of heat flux and condensation rate are
determined. The major constraint enforced in the model is that the water within the boundary
layer is either saturated vapor or slightly superheated. Local condensation away from the wall
is not considered. A diverse range of mixtures were studied to examine the effects of
noncondensable gas concentration on the heat transfer and condensation rates. It is shown in
the results how the presence of air is a hindrance to the diffusion of vapor through the gas
boundary layer. The results are compared to a previous empirical model. The results showed
reasonable agreement with the previous experimental study discussed. For very large and
often times more applicable temperature differences, the model predicts volumetric
condensation within the gas boundary layer. A semi-empirical one-equation turbulence
model was introduced, and although the turbulent impact on effective properties was
determined to be small, it was included nonetheless for flexibility. Code logic and

methodology are presented to automate this problem, as the solution is obtained through the

iteration on both the turbulent viscosity and the interface temperature.
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INTRODUCTION

A turbulent steady state free convection heat and mass transfer problem is analyzed
where vapor condenses on a vertical isothermal wall. This type of problem is vital in design
of safe nuclear containment systems, but it is applicable to more general design measures. In
an accident involving a nuclear reactor vessel, containment systems are designed to contain
the steam and radioactive material that escapes. A passive cooling process then ensues where
condensate begins to form on the cooler containment wall, and as a result, pressure is
reduced inside the structure. The postulated problem is one of several measures incorporated
to ensure safety in the case of a nuclear reactor accident [1].

In this analysis, only the gas boundary layer is considered due to the large thermal
resistance it imposes relative to the liquid film. The objective in this work is not only to solve
the problem and obtain a good approximate mathematical model, but the model will also be
programmed for automated computation. There are two major phenomena that dictate the
heat transfer rate, natural convection and the condensation of the steam. Both are discussed in
depth below.

A schematic of the problem at hand is illustrated in Figure 1. The partial pressure
variation, and thus the density gradient, is indicative of the direction of mass diffusion of the
vapor. The decrease of the vapor pressure as the wall is neared is fully compensated for by
the increase in the partial pressure of the air; the total static pressure is postulated as constant.
The partial pressure of the air outside the gas boundary layer is constant, and it is preset at

one atmosphere for the analysis.
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Figure 1 — Natural convection heat transfer system with condensation (Adapted from [2])

Natural Convection: Heat and Mass Transfer

Convection due to the temperature difference and the motion of the fluid contributes
to the heat transfer to be analyzed. To elaborate, when a fluid is introduced into an
environment in which a wall at a sufficiently lower temperature is present, the gravitational
force induces a flow adjacent to the wall. The particles nearest to the wall will have a lower
temperature than those farther from it. The variation in temperature that results is coupled
with the fluid attaining larger density near the wall than away from it. The cooler particles
begin to descend, while the warmer particles will rise. With the velocity increasing, a natural
convection flow develops.

Eventually, in this case, a liquid film forms along the wall due to the vapor

condensing, and a steady state boundary layer flow develops outside of it; two separate but



related flows result, as illustrated in Figure 1. One is comprised of water in liquid form, and
one pertains to the air-vapor mixture flow. Furthermore, the gas-liquid interface that develops
between the two boundary layers is characterized by the saturation temperature
corresponding to the local vapor pressure. The largest thermal resistance is imposed by the
gas boundary layer, and that is the reason its importance is emphasized. At the gas boundary
layer edge, the partial pressures and temperature are at equilibrium.

For sufficiently tall vertical surfaces, turbulent flow typically results due to the
increased intensity of flow with distance. The effect of turbulence on this aspect of analysis
can be qualitatively predicted within reason. The instability results in larger heat transfer
compared to laminar flow. Turbulence in natural convection takes place when the fluid
travels at high velocity values; the critical distance at which the flow transitions from laminar
to turbulence is commonly defined by a Grashof number of 10°. Bejan and Lage showed that
this is in fact the criterion of transition, improving upon previous established thought that
suggested the criterion being a Rayleigh number of the order of 10° [3]. The local Grashof
number, which is a ratio of the buoyant and viscous forces, is formulated below.

—T )3
Gr, = 2o TOX (1)

Vavg2
The instability that defines turbulent flow results in macroscopic eddies. The physical
implication of the instability is the seemingly random fluctuations in the parameters
associated with the flow. The intensity of the fluctuations may be large or small, and that will

be determined for this case. The inclusion of turbulence modeling is heavily dependent by



the geometry associated with the flow, so the results to be presented are exclusive to the
semi-infinite vertical wall layout.

Furthermore, due to the density gradient across the gas boundary layer, Fickian
diffusion also affects the heat transfer in the overall system. The concentration of vapor is
significantly smaller near the wall in comparison to the mixture near the boundary layer
edge. This means the vapor diffuses toward the wall. The opposite holds true for the
noncondensable gas. Because the gas-liquid interface is essentially impermeable to the
noncondensable gas in the mixture, a great amount of air accumulates there. A viable model
must consider these mass transfer mechanisms. The gases involved will be treated as ideal.
Condensation

Condensation is one of the key players in passive heat removal when an accident
occurs in a nuclear containment vessel. The presence of the air is a hindrance to the
condensation process. The accumulation of the air at the interface decreases the ability for
the vapor to diffuse to the interface. The rate of condensation is heavily influenced by the
amount of vapor that can diffuse toward the wall or is forced through by the buoyancy-
induced motion.

The majority of the heat transfer in the analysis is expected to result from the
condensation that occurs at the gas-liquid interface. In this work, a major constraint for the
phase of the mixture is postulated; the vapor is assumed saturated or superheated throughout
the gas boundary layer and free-stream regions. This means volumetric condensation within
the boundary layer will not be introduced into the model. This is a significant assumption,

and will play a role in the context of the results.



Moreover, one would think turbulence increases the rate of condensation, and thus the
rate of heat release due to the phase transition. This is an important reason why more
extensive examination and research are required for the system posed. The results obtained in
this computation will be compared to existing experimental data for verification.
LITERATURE REVIEW
Turbulent Natural Convection

Due to the nature of the method employed to model this heat transfer process,
obtaining justifiable approximation functions was among the first tasks to complete. The
primary profiles to be determined were those of temperature and mean velocity in the vertical
direction. Since the problem at hand involves turbulent natural convection along a vertical
isothermal wall, the functions have to be representative of this type of flow. Initially,
research focused on previous analyses and experiments conducted in flows where only air
was present. It was felt that obtaining profiles from those problems would closely resemble
the present problem.

The first journal article examined was that of Eckert et al published in 1951, where
the integral method is used to solve a turbulent natural convection problem that involves air
being heated near a vertical wall. Eckert’s work included profiles for both temperature and
vertical velocity. The temperature profile he published used the free-stream temperature as
reference. Since the data was published so long ago, it was imperative that more research was
conducted for verification. Eckert also used empirical correlations for heat transfer and shear
stress at the wall that von Karman published several years earlier [4]. From the definition of

shear stress and Fourier’s Law, those two values can be related to velocity and temperature



gradients, respectively. The empirical correlations are important as they may be necessary in
the semi-empirical analysis approach utilized in this work.
Textbooks and other published journal articles have questioned the temperature

profile used by Eckert as given by Equation 2.

T =T, + (T, —Ty) [1 - (%)1/7] )

Warner, in 1967, published data that improves upon what Eckert et al reported. It was
shown that the profile Eckert used in his work underestimated the temperature. The reason
for the discrepancy between the two publications is given as instrumentation error. Warner
asserts that the empirical formulation for temperature used by Eckert was obtained using
inaccurate methods. The measurements were skewed due to conduction into the instrument’s
supports [5]. Warner’s data was ultimately used to obtain a temperature profile for this
analysis, as it was later corroborated by Cheesewright in 1982. Although Cheesewright did
not present his data explicitly in that publication, he states that they are in good agreement
with that of Warner.

In the same journal article, Cheesewright published data for the mean and fluctuation
vertical velocity using Laser Doppler Anemometry. His data show that the mean velocity
profile he obtained fell in line with what Eckert used in the 1950’s; a comparison to show
this is presented by Figure A-2 in Appendix A. The fluctuation velocity results are also
important, as they can be ultimately related to the mean velocity and turbulent kinetic energy

[6]. To summarize, the temperature profile used in the condensation problem presented was



that obtained from Warner’s experimental data, and the velocity profile used was the same as
the one Eckert used.
Integral Method Analysis

The integral method was first applied to free convection systems by Squire in 1938
[7]. The results obtained were very good, as documented by many publications. The problem
studied at the time included a single noncondensable fluid and incompressible flow.
Although he assumed that the dynamic and thermal boundary layers were the same, the heat
transfer results proved viable for fluids that deviated away from that condition.

Turbulence Modeling

Because the problem consists of turbulent flow, many mathematical turbulence
models were examined. The algebraic turbulence model finalized by Prandtl was studied
first. It was determined that the model does not work in this problem, as it only works if the
wall is impermeable. Since only the gas boundary layer is analyzed here, the so-called wall is
not impermeable; condensate passes through the gas-liquid interface. The algebraic model
always predicts a zero turbulent viscosity at the wall, and that cannot be the case here. The
algebraic model would be best suited for analysis of the liquid film.

Examining alternative models, both one-equation and two-equation models
incorporate turbulent kinetic energy, but two-equation models are much better to use as they
incorporate a second parameter; this means a person does not have to make any rash
assumptions. With one-equation modeling, an assumed mixing length expression would have
to be introduced. Explicitly, these models would not be compatible with the method of

solution to be carried out. Ultimately, and after more research, the turbulence intensity data



from Cheesewright’s previously-discussed publication were found to be useful in this portion
of the computation. The process of determining the turbulent flow properties will be
discussed in a later section.
Experimental Studies

Furthermore, literature was also reviewed to be able to eventually compare results
obtained by the model used in this problem to empirical correlations. The experimental work
of Uchida and Tagami has been historically and frequently used in analyzing this problem. In
1965, they performed the same experiment while Tagami designed his own in presenting
empirical formulations to model this problem. In the two experiments performed, the
temperature of the wall was maintained at 49 °C. First, they both worked on an experiment in
which a 30-cm-tall apparatus was used. Steam was steadily introduced to induce a pressure
rise in the system, and the flow was allowed to equilibrate. Based on the mass ratio of the air
and steam in the free-stream mixture, the following average heat transfer coefficient
correlation was proposed.

3)

ma)—0.707
my

Ruenida =379 (
Tagami performed the same experiment himself in which a 90-cm-tall cylinder was
utilized. Everything else in the design of the experiment remained constant to his previous

work. His steady state correlation for the heat transfer coefficient is shown below. The initial

noncondensable gas pressure was maintained at 1 atmosphere in both experiments [8].

Rragami = 114 + 284 (Z—) )



The two above correlations are only valid when the wall temperature is 49 °C, and
they do not seem to be in good agreement with one another for all cases. Also, in comparison
to more recent models, the above correlations produce larger values for heat flux. Many
thermodynamic properties and parameters were also not measured. These include the
velocity of the flow and the pressure. More general and recent correlations must be
examined.

In 1993, Peterson formulated experimental correlations for Nusselt and Sherwood
numbers that would be the basis of his theoretical turbulent diffusion model for natural
convection. Similar to the thermal conductivity relationship with Nusselt number, Peterson
derived an expression for condensation thermal conductivity to relate it to the Sherwood
number; it is given by Equation 5.

1 (HngPOMUZDO>
PTavg \  R*To”

(&)

Kcona =

The conductivity is found at some reference temperature and pressure. ¢ is the gas-
vapor log mean concentration ratio, given by,

¢ = i"if”;‘:/:}’;i (52)

1- Pv i/P
The conductivity also approaches zero as the free-stream mole fraction of the
noncondensable gas increases. This is expected, as sensible convection would be the
dominant heat transfer mechanism when there is very little steam. The Nusselt and Sherwood
number relations Peterson recommends for natural convection with vertical flat surfaces are

given by Equations 6 and 7, respectively [9]. These numbers are then used to determine heat



transfer coefficients, and ultimately the heat flux. The benefit of this model is that the
correlations are not constrained to a specific wall temperature or free-stream air partial
pressure conditions. The McAdams relation calls for coefficients of 0.13 to account for
increased mist near the interface, but the coefficients of 0.1 are maintained as presented by
Peterson [8].
Nu, = 0.1(Gr,Pr)'/3 (6)
Sh, = 0.1(Gr,.Sc)/3 (7)

For conservative design, Peterson recommends setting the ratio of the coefficients of
the two dimensionless numbers as unity.
ANALYSIS PROCEDURE

The integral method is a popular approximation solution method with natural
convection problems. This is due to the complex nature of solving the Navier-Stokes
equations directly with such problems; this method will be employed in this analysis of
steady-state two-dimensional flow. The integral analysis will be performed to obtain semi-
empirical approximate algebraic solutions to the conservation equations. To utilize it, one
must incorporate models and profiles from other similar analyses. It must be known that
those models would approximately resemble the problem at hand. Historically, this type of
analysis has generated reasonable results, and by comparing the results obtained in this
problem to empirical data, the same will be shown here.

Firstly, a coordinate system is established on which the governing equations can be

solved. The origin is set as the leading edge of the boundary layer. The x-axis represents the

10



vertical axis, and it is denoted as positive downward. The y-axis represents the horizontal
axis, and it is positive in the direction away from the gas-liquid interface.

Since the gravity-induced natural convection flow is enforced by the temperature
variation, and more importantly the density variation, the thermal and dynamic boundary
layers will be approximated as equal in value; they are denoted by one parameter, J,. Vapor
and air have Prandtl numbers that are close to unity. Although using a fluid that has a very
high or very low Prandtl number theoretically alters this condition of equality, the work of
Squire shows that his solution for heat transfer rate was still valid for fluids with a wide
range of momentum and thermal diffusion properties.

The compressible two-dimensional conservation laws that must be satisfied are

represented by Equations 8-10, below.

a 144 a 144

5. (m") + 5(7” y) =0 ®
9 (o2 9 _ _9p_ 0 Ou_ T

= (pu) + 5 (puv) = =5+ (uS—w) + gp ©)
F) ) o ,. oT —y 0 ou

a(puH) + E(IJUH) = E(ka— pc,v'T') + P (,uu 6y) (10)

To elaborate, Equation 8 represents the conservation of mass. Since the transient
terms are neglected, the mass leaving the control volume must equal the mass entering.
Equation 9 models the conservation of momentum in the vertical direction, and it is a
representation of Newton’s second law. The left side of the equation represents the fluid’s
inertia in the flow. The right side of the equation represents the effects of the pressure

gradient, friction, and the body force acting on the fluid. The conservation of momentum in
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the horizontal direction is neglected because the equation has minimal effect on the system;
this can be shown by comparing the scale of the equations. Equation 10 represents the
conservation of thermal energy. The left-hand side models heat transfer through convection,
and the right-hand side models conduction and heat transfer from friction. Usually, the effect
of friction is neglected. Especially in natural convection, friction has negligible impact on the
heat transfer.

Specific heat for each component will be approximated as a constant value, rather
than a function of temperature; the effect of the variation is minimal in this problem. The
enthalpy in the energy equation will be modeled by Equation 10a. For convenience, the

reference temperature used in the integration will be that of the free-stream mixture.
H=[ c,dTl (10a)
Teo P

The effect of turbulence on the system is noted by the inclusion of fluctuations in the
flow; those fluctuation terms are denoted with an apostrophe in the above equations. They
pertain to temperature and velocity. Physically, the fluctuations result from the instability of
the flow. The fluctuations are mathematically related below by Equations 11 and 12. The
mean of the product of the fluctuation values is negative, so the physical values for turbulent

heat transfer and shear stress are written with a positive sign.

" i aT
Q"= —pe,u'T =~k 2 (an

ou

.= —uv = e, (12)

Using the fluid statics definition of pressure, the derivative of the pressure with

respect to the horizontal direction is derived to be —p.g. Substituting this, along with

12



Equations 11 and 12, results in the following x-momentum and energy equations. The sums
of the viscosity and thermal conductivity values in the equations result in effective values for

each respective property; they will be symbolized as such in subsequent discussion.
9 h2) 4 O — i[ a_u] _
5 (Pu) + o (puv) = 2|+ ) 70| + (P — peo) (13)

d 5} d oT
a(pUH) + E(pUH) = 5 [(k + kt)a (14)

To solve the problem, approximate profiles for mean vertical velocity, temperature,
and vapor density are substituted into the conservation equations. Then, they will be
integrated, resulting in a simpler system of first-order ordinary differential equations. The
system will be solved for gas boundary layer thickness, maximum velocity in the vertical
direction, and a third parameter that will be imposed to assure mass is conserved. The
approximate equations for velocity and temperature are given below in Equations 15 and 16,

respectively.

S\ S\
u(x,y) = 1.862Up 0y (g) (1 - E) (15)

( 2/3
1—5.59 (51) L 0< 51 < 0.059

) )

0(x,y) = 1/772 (16)
1.929(1 — (l) , 0.059< = <1
k g Sg
Temperature is normalized as,
T(%,Y)~Too
6(x,y) = 2207 (162)

It was difficult to obtain a single equation that sufficiently and accurately fit Warner’s

data, so a two-equation path was chosen; it provided a much better fit. Commercial software
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was used for assistance in the curve-fitting. Maple’s least squares function was incorporated.
In Appendix A, Equation 16 is compared to the data provided by Warner as well as the curve
used by Eckert. The gas boundary layer thickness and the maximum vertical velocity are
functions of the x-direction only.

In historical analyses of simpler and similar natural convection flows, the Boussinesq
approximation has been usually incorporated. It states that the density is assumed constant
throughout the conservation equations, with the exception of the buoyancy term; it must not
be constant in the buoyancy term, or there would not be any buoyancy contribution modeled.
This approximation will not be introduced here; the flow will be modeled as compressible in
that regard. As noted previously, this model is to be solved for a condition in which the vapor
is saturated throughout the boundary layer. Using this information, a vapor density profile
can be obtained using the temperature equation. Many temperature conditions were used to
find saturated vapor density across the boundary layer for each case. Eventually, a vapor
density profile was fit. It is given by Equation 17, below. Like temperature, a piecewise
function could have been used to represent the vapor density, but it was ultimately found that
the difference was not significant in the grand scheme of the analysis.

3/212 2 2
P, ) = Pyeo + (P = o) [1 - (;—g) ] e % + 2 (;—g) (1 ~ é) (17)

The value of A is determined by Equation 17a. The expression was found through the

curve-fitting process. Many interface and free stream temperature pairs were used to find a

density profile, and in each case, the coefficient of the exponent varied. Ultimately an
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equation was formulated to be able to find the coefficient. The expression for A has been

tested numerous times and it works in every case run.

2
A=1787 (ﬁ—T) + 4538 (i—T) —17.742 (17a)
Where,
AT =T, — T,

The viability of the vapor density equation is shown for an example case in Appendix

A.
. . . . . . .. . °C ..
Unlike everywhere else in this analysis, the input of Equation 17a is in the units of s this is

done because using Kelvin would make the curve-fitting process more difficult. The right-
most term in Equation 17 includes a third variable, 4, which is incorporated to ensure mass is
conserved and to account for cases where the vapor is superheated. Aside from the fact the
overall equation must be fit to calculated data, the A-term was chosen based on some criteria.
The value of the term must be zero at the boundaries, and the slope of the term must be zero
on the boundary layer edge; the term chosen satisfies the requirements.

The total mixture pressure remains constant throughout the boundary layer. Using
Dalton’s law of partial pressures and the ideal gas law, the air density is formulated in
Equation 18. The expression also includes the profiles used to approximate other properties

for the system.

— 2, (%, ) (18)

RqT(x,y) Rq

pa(x,y) =
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After some algebraic manipulation, Dalton’s law is also used to obtain an expression
for total density; it is given by Equation 19.

p(x%,y) = pa(x,y) + pu(x,¥) (19)

There are two mechanisms involved in the mass transport process in the system.
Fickian diffusion due to the concentration gradient is important, and it is significantly
affected by turbulence. The other mechanism is due to the buoyancy-induced motion; there is
a velocity component, as well. For a component in a binary mixture consisting of species A

and B, the absolute mass flux in the y-direction is then given by the following equation [10].

M4y = Pav = PDasers 35 (22) (20)
As mentioned previously, diffusion in the vertical direction is neglected. So the mass

transfer in the vertical direction will pertain exclusively to the gravity-induced velocity, and

there will not be a concentration gradient contribution. The relation given in Equation 20 will

be useful in ultimately determining the velocity in the horizontal direction.

Conservation of Mass

The continuity equation presented by Equation 8 can be written individually for each

component in the mixture. For air, it is given as
0 " d " _
72 (Max) + 5= (m'"q,) = 0 1)

After integrating Equation 21 along the gas boundary layer region with respect to the

horizontal direction, the following is obtained.

fOSgaa_x(m”a,x)dy + (m”a,y)é.g _ (m”a,y)i =0 (21a)
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Similarly for vapor, the continuity equation is,

aa_x(m”v.x) + % (m”v.y) =0 (22)

At the boundary layer edge, the density does not change, so the motion attributed to
the concentration gradient is zero. It is also known that air does not penetrate the gas-liquid
interface, as only water is transferred through it into the liquid film. From that information
and Equation 21a, the y-component of the velocity can be represented in relation to the

remaining mass flux term at that location.

vy = -1 fofsgi(mlla‘x)dy (23)

Pa,c0 ox

In conjunction with that formulation, the individual components’ continuity equations
can be used jointly to derive a single equation that only includes integration of the x-direction
velocity terms. This allows the integration to exclude any contribution from Fickian

diffusion. The combined equation is presented below in integral form.

6g 0 P, 6g 0
foga(m”v,x)dy_ﬁ Oga

(m”a,x)dy = (m”v,y)i 24)

The mass flux of the vapor at the interface in the right-hand side of the equation is the
total mass flux at that location. The approximate functions presented previously will be
substituted into Equation 24, and the terms will be integrated; a differential equation will
result. To determine the vapor mass flux at the interface in the horizontal direction, an
interface velocity must be expressed. In Equation 20, the mass flux of the air at that location

can be set to zero. The y-component velocity at the interface can be computed as a result. An

expression for the value is presented below.
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_ P 0 (pa
v = EDav,effE(?) =0 (25)

Differentiating the density fraction in Equation 25 is not possible in this turbulent
flow due to the fact the derivative approaches infinity as the wall is approached. To mitigate
this, the differentiation will be related to the vapor density and empirical correlations.

Incorporating the ideal gas law and manipulating, the following relationship is established.

2(2) = (2) 2(2) os0)

Further manipulation using the ideal gas law and Dalton’s law is performed, resulting

in the following expression.

a (ﬂ) —_—P (i%+la_T) (25b)

oy \py TRqpy \py 0y T Oy

Equation 25 can be rewritten and simplified to obtain the following form.

= Dy o (22) (2222 1 27T
v = Dav,eff Pa,i(pi ) (py oy + T oy y=0 o

Despite the fact the differentiation has been simplified, the derivative of the vapor
density at the gas-liquid interface is still undefined. The same problem that existed earlier
still persists. Rather than use Equation 17, the assumption of the saturated state of the vapor
will be enforced using an empirical correlation; this means even if the steam is superheated,
the pressure would not be much lower. The saturated vapor pressure can be determined using
the Antoine equation, and the pressure can be related to density using the ideal gas law. The
Antoine equation, for water, is given below [11].

11.724— 3841.196

P, = (10%)e T(xy)—4514 (27)
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Moreover, the derivative of temperature in Equation 26 also poses the same problem
as the density; another empirical correlation must be made. Eckert used an experimentally-
derived expression for heat flux at the interface, as given by Equation 28, to bypass this
issue. Using Fourier’s law, the heat flux can then be directly related to the temperature

gradient, as shown in Equation 29. This relation will be used throughout the analysis.
Q" = 0.03590C, ATV s /48, (28)
Where,

PCp = PaCpa T Pvlpy

aT _qly
yly—o  Keff

(29)

After some manipulation and incorporating the empirical relations, the local y-
component velocity at the interface can be expressed by the below equation. Since the value
is only valid at the interface, it is a function of the vertical direction only for a particular flow

condition.

1
PP’U‘iATveffZ(pcp)i

PaiRypikerry,i

v; = 0.0359Dg, o Upnax /48, (30)

Where,

3841.196
T;—45.14

3.841(10%) 11.724-

P’ . =
Ut T(T;—45.14)2

Conservation of Momentum
The inertia terms in the x-momentum equation can be integrated by substituting the

velocity and density profiles. The y-component term is zero due to the vertical velocity
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boundary conditions. At the interface, the no-slip boundary condition is enforced. At the
boundary layer edge, the velocity is zero due to the disappearing influence of the density
variation on the flow; the dynamic boundary layer edge is characterized by the zero velocity.

Furthermore, the derivative of the vertical velocity in the viscous term approaches infinity as
the interface is neared. Similar to the differentiation of temperature in the previous section,
an empirical correlation to shear stress is made in this case. The correlation Eckert used for
shear stress is expressed by Equation 31. It is related to the fluid mechanics definition of

shear stress and directly used in the friction term.

ou

Ty = 5| = 0.0668pVers Mityng, 748, 31)

vly=o

When evaluating the viscous term, the value at the boundary layer edge is neglected
since the velocity is zero. Equation 31 is only valid at the lower limit of the integration.
Conservation of Energy

In this steady state flow, the amount of heat being conducted through the so-called
wall is the same amount of heat transferred through convection. For convection, both the
vertical and horizontal components are incorporated. In the vertical direction, the difference
of temperature may be small, but the velocity is large. The opposite situation is found in the
horizontal component. It was decided that neither component would be neglected.

The heat flux expression given by Equation 28 is substituted into the conduction term
for integration. Like the viscous term in the momentum equation, the heat flux is only valid
at the interface. The change in temperature at the boundary layer edge is zero, thus the heat

flux is zero.
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To integrate all the terms in the conservation equations, a variable transformation is

required. Rather than integrate with respect to y, the integrations are to be solved using the

non-dimensional length of 51. This coordinate results in a range of zero to unity, and greatly
9

simplifies the integration.

Further steps have to be taken to solve the integrals. These steps do not apply to the
code used to automate the solution of this problem. They only apply to the establishment of
approximate algebraic equations. When integrating terms that involve a general density
profile, an analytical solution is not achievable. For a specific wall and free-stream
temperature condition, an analytical solution can be found. The problem arises when a

general solution has to be obtained to represent any temperature pair imposition. Many
AT . : . : :

values of A (T—) are used, and the resulting integration data set is curve-fit to obtain an
0

algebraic equation. A similar process is adopted to solve the terms in the integration that
include temperature in the denominator. It can be shown that the effect of these steps is
minimal by comparing it to the code’s output.
Turbulence Modeling

All the effective properties denoted in aforementioned equations include a molecular
component and a turbulent component. Turbulence modeling is utilized to determine the
latter components in the solution. A semi-empirical approach, combined with the one-
equation model, was ultimately chosen to represent the instability in this flow. This will
provide an idea of how significant the impact of turbulence is on this problem, and will

eventually yield values for turbulent viscosity, mass diffusivity, and thermal conductivity.
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The viscosity will be determined initially, and the latter two flow properties will be computed
using turbulent Prandtl number and Schmidt number formulations. The turbulent kinetic
energy, or TKE, can be modeled using the fluctuation velocity components. Since this is a
two-dimensional problem, it is given as,
TKE = % (W +v'v") (32)
Furthermore, due to the imposition of no-slip boundary conditions for the mean
velocity in the vertical direction, exactly at the gas-liquid interface, the fluctuation in that
direction is zero. Since there is permeability in that condensate crosses the boundary of the
control volume, the velocity in the horizontal direction is not zero, as determined previously.
The viscosity model to be implemented is a one-equation model, given by Equation
33; C, is an empirical constant [12]. With one equation models, a mixing length must be
known or estimated, as only the kinetic energy can be computed. On the interface, a mixing

length approximation is expressed in terms of the boundary layer thickness by Equation 34.

v, = C,I(TKE)"/? (33)
Where,

C, = 0.548
[ = 0.096, (34)

Using Cheesewright’s aforementioned data for turbulence intensity, the fluctuation
and mean velocity in the x-direction very close to the interface can be related by the equation
below. It states that the maximum fluctuation velocity is roughly equal to 25% of the mean

velocity at that location [4].
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ww)?
T = 0.25 (35)

It is hypothesized that since the fluctuation intensity is measured as 25% of the mean
velocity in the vertical direction, the same intensity should apply for the flow in the y-
direction at that same location. Employing this, the mean of the product of the fluctuation
velocity in the horizontal direction is expressed as follows.

v'v’ = 0.0625v;> (36)

Finally, an equation for the turbulent kinematic viscosity at the interface is
established in relation to the horizontal velocity, as shown by Equation 37. It is a function of
the vertical direction only, since the expression is only valid at the gas-liquid interface, or
when y = 0.
vei = 0.176C, lv; (37)

The implicit expression above cannot be directly used in the onset to determine the
viscosity, as the equation is coupled with other facets of the analysis. Initially, a guess is
made, and an iterative process ensues from then on until the value converges. To determine
the turbulent properties of mass diffusion coefficient and thermal conductivity, the following

relationships are incorporated.

Pry =7t (38a)
Sc, = (38b)
Da,v
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Values for the molecular forms of the dimensionless numbers can be obtained using
fluid properties to be discussed in a subsequent section. Equations 39a and 39b below relate

the molecular quantities to their turbulent flow counterparts [13].

Pr, = 0.85 +* (392)
Ct
Sc, = 0.85 + (39b)

C; is an experimentally-determined constant whose value is dependent upon the
speed of the flow; it will be set at 0.01.
Other Mixture Properties

Determining the following air-vapor mixture properties is crucial in obtaining good
results. The dynamic viscosity for air and saturated vapor is tabulated in many publications.
The mixture dynamic viscosity is dependent upon the molar composition of the two
components, and it is formulated by Equation 40 [14]. The mixture kinematic viscosity can
be found by dividing the dynamic viscosity by total density.
U= 3 Wnhnm (40)
Where,

Um = Dynamic viscosity of component m.

The weighting factor for component m, w,,, is given by,

Xm
=—0 _ 4
Wi, S am X, (40a)
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Where a is defined by,

0.5 ., 0.25 2
1+ H“m (ﬂ)
uj Mm

m,j —

(40b)

Using the viscosity, the thermal conductivity can be similarly determined using the
empirical correlation presented by Equation 41; it is known as the Wassiljewa equation.
Thermal conductivity for each component is also tabulated in various publications.
k=Yd,kn 41)
Where,

k,, = Thermal conductivity of component m.

For the m-th component, d is defined by,

Xm
dy = S bm X, (41a)
Where b is defined by,
Um (M 0.75 T+Sm 05 2T+Smj
by =025 1+ [ (£)"" L] ' (41b)
Where,
Sm (or j) = 1-5Tboiling

0.5
Sm,j = (Smsj)
S is defined as the Sutherland constant, and it is dependent on the boiling point of the

substance in question. For air, the value used for S is 110 K. An example showing how the

mixture thermal conductivity is found is shown in Appendix B.
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As stated previously, the transfer analyzed is not exclusive to heat; it also includes
mass transfer. Due to its prevalence in many real world events, binary diffusion of water in
air has seen extensive studies over the years. An empirical formula for the diffusion
coefficient of vapor into air, and vice versa, is given by Equation 42. The correlation is valid
in a temperature range of 280 K to 450 K [15]. Unlike elsewhere in the analysis, the pressure

units used in the equation are atmospheres.

2.072
D,, = 1.87 x 10"10 I (42)

atm
Gas Boundary Layer Thickness and Maximum Velocity

To determine the boundary layer thickness and the maximum vertical velocity, the
following general models are introduced.
8y(x) = Csx™ 43)

Umax (x) = Cyx™ (44)

The constants and power parameters are computed by solving the system of
differential equations. They will be presented in a later section. Once these values and 1 are
found, the physical characteristics of most importance can be computed. These
characteristics are total heat transfer from convection and condensation, and the rate at which
vapor condenses at the interface.

The resulting solutions and assertions from performing this analysis only apply
beyond the critical distance. Prior to that, the flow is modeled as laminar, and previous

analyses have been completed with such flow considered.
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The Interface Temperature

The only known temperature properties are those of the wall and the free stream
mixture. The interface temperature is an unknown value in this problem. It is the saturation
temperature, and it is computed by performing an energy balance on the gas-liquid interface.
The energy balance takes into account the liquid film, the condensation, and the convection
associated with the gas boundary layer; it is given below by Equation 45. After some

manipulation, it can be written for the interface temperature, as shown in Equation 45a.

hf (Ti - Tw) = (hcond + hconv)(Too - Ti) (45)
hTyw+(heonathconv)Too
T, = (45a)
hg+hcondthcony

Many of the properties used to solve for the interface temperature in Equation 45a are
actually dependent on it for computation. Due to this coupled aspect of the solution, an initial
temperature value must be guessed in the onset of the analysis; an arithmetic mean between
the free-stream and wall temperature values is computed for this. An iterative process
eventually yields to a converged value, and that will be based on a predetermined
convergence criterion of 0.0001 K.

To define the condensation and convection heat transfer coefficients, the resulting
heat flux expressions associated with each mechanism are divided by the temperature
difference across the gas boundary layer. In order to obtain an energy balance, a boundary
layer thickness for the liquid film has to be known, as well. The heat transfer coefficient of
the liquid film is defined by the ratio of the thermal conductivity to the film thickness. It is

going to be assumed that the liquid film is laminar, and the film thickness incorporated is
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introduced by Equation 46 [2]. This film thickness is documented in previous analyses

dealing with condensing heat transfer in natural convection flow.

1/4
4k pp(Ti=Ty
8 = [—f"f( )] x/4 (46)

9pf(Pr—pv)Hsg

The vapor density is much smaller than the density of water in liquid form, so the
vapor density can be neglected in that equation. H', is the corrected enthalpy of vaporization
for the liquid film; it is given by Equation 47. The value is dependent on temperature. The
enthalpy of condensation, which is significant in this problem, is the additive inverse of it.
The corrected enthalpy of condensation used for the gas boundary layer is given by Equation
48. The enthalpy of condensation is a component of the heat transfer coefficient associated

with the condensation.

H}y = Hy, + 0.68¢, (T, — T,,) 47)
H)r = Hys + 0.68¢,,(T; — T.,) (48)
RESULTS AND DISCUSSION

As a result of the integrations performed, three coupled non-linear ordinary
differential equations are obtained. The approximate differential equation representing
continuity is given below. Equations 50 and 51 represent momentum and energy,
respectively.

Conservation of Mass

1.862PPy o0
TooRyPq,c0

j—x (8,umax) [(1 + ) (0.2726p,,0, + 0.02611 + Ap,A; ) — (TD| = piv;

Py oo
Pg,00

(49)
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Where,

A; = 2.5905(107*)A% + 0.010934 + 0.16256

T, = 0.14643 — 0.02406 (5°) + 0.01516 (- m)z

OO

Ap, = Pv,i — Py,

Conservation of Momentum

= (8ytmax®) [3R46TZ () +(1- —) (0.1814p,,, + 0.01472 + Ap,47)| =

5,9 [(1- ;f—) (Pyo + 0.08331 + ApyAs) — pon + %LTm(Tg)] +0.0668 [(1’:— _

~1/4

P
1) Pv,i — ] Veff1/4umax 7/45g (50)

RqT;

Where,

T, = 7.3753(1073) (%:) — 0.01104 (=7) + 0.05236

OO

T, = 3.1692(1072) (%:) — 0.05979 (= oo) +1.00015

A, = 8.4405(107%)A% + 4.97(10"*)A% + 1.1922(1072)A + 0.14794

A; = 3.1805(1075)43% + 1.6398(1073)A42 + 3.1586(1072)A + 0.276

Conservation of Energy

Cp,aP

= (8yttmax) 1. 862AT[ T, + Cpa(0.0254p, 0 + 1371(107)2 + BpyA)| =

ATPP,;! cp.aP
PiPaiRvkerf,i "RaTi

[1 + Dofy i + CpaPri) | 0-0359AT Uy /48, 4, 1/4(Cp L

RqTj

Cp,dpv,i) (51)
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Where,

Ry

Cpa = Cpw T 3 Cpa

T, = 0.02546 — 8.3496(10%) (5T) + 0.01041 (%:)2

A, = 0.0215 + 8.724(107*)A + 1.678(107>) A?

The coefficients of each term in the A and T expressions are curve-fitting constants.
To simplify the presentation of future equations, the following definitions are made. They
denote coefficient values from the differential equation system.

1.862PPy o0
TooRyPqg,c0

Ta = (1 + ) (0.2726p,,, + 0.02611 + Ap,A; ) — (T)

Py o

Pg o
, 1

PP ,,_iATveff4(pcp)i

Ba = 0.0359Dav,€ff PgiRykeff i

__ 3.467P

B=
RaToo

(Ty) + (1 - 22) (0.1814p,,., + 0.01471 + Ap,4,)
¢ =9[(1=2) (oo +0.08331 + 8p,43) = po + 7= (T5)]

R'= 00668 [(52— 1) pui = 5| Veys*

cp‘aP
RaTeo

F = 186207 22T, + ¢,4(0.0254p,,0, + 1.371(107)1 + Ap, 4y)]

ATPP,;'  cpaP
PiPgiRvkerri “RaTj

Cp,aP
RqT;

+ Cp,dpv,i)] OO359ATVeff1/4( + Cp,dpv,i)

Y= [1 + Deff,i

Gas Boundary Layer Thickness and Maximum Velocity
After substituting Equations 43 and 44 into the approximate energy and x-momentum

equations and solving simultaneously, n and m are determined to be 0.7 and 0.5, respectively.
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Once these values are found, the general models were substituted into the same conservation
equations again (The dependence on the distance is hence removed). This time, and after
differentiation and algebraic manipulation, the constants Cgand C,, were found; they are given

by Equations 52 and 53, respectively.

4/5 1/10
C5 = (5_)/) (ﬁ — ﬂ) (52)
6F 10g/ 5yg’
17B  6RF\~1/2
Cy = (10gl B %) (53)

The third and final parameter needed to be able to solve this problem is A. It is
determined by incorporating the remaining conservation equation of the system, and it is that

for mass; it is given by Equation 54. 4 is computed before the other two unknown parameters.

1 = FTha-NH@)

54
() (c1)-(Ba)(cz) G

Where,
Tha = 1.862AT [ 22T, + ¢,,(0.0254p, 0 + ApyAs) |
Ppoo 1.862PPy o0
Alf = (1 + Pa_oo) (0.2726/317.00 + Aval) - m (Ty)

¢, = 0.0261 (1 + P—°°)

¢, = 0.0255AT ¢, 4

Now that they are determined, the boundary layer thickness, the maximum velocity,

and the A values can be used to solve for the actual interface temperature value. Once the
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temperature value converges, they can be substituted into the semi-empirical formulations for
heat flux and condensation mass flux.

When solving this problem for specific cases, it became apparent that the interface
velocity in the horizontal direction was extremely small. This means the kinetic energy for
turbulence was also extremely small. This is a significant finding, and it means that
turbulence has little impact on the flow at that location. Even with this in mind, the turbulent
properties were still considered despite their small impact on the effective fluid properties.
The small variation in the effective properties can still have a significant impact on the
overall scheme for certain cases. It is also important to show the steps taken to model
turbulence in the analysis.

The vital physical characteristics of condensation rate and heat transfer rate can now
be determined. The local condensation mass flux, given by Equation 55, is simply the
product of total density and the y-component velocity at the interface. The mass flux is
actually negative, signaling a movement toward the wall given how the problem was set up.
The negative sign was removed, however, by the inclusion of a positive temperature change

in the equation.

1
PP,v,i|AT|Veff4(PCp)i

PgiRvkesy,i

M cona = 0.0359D 4y, Upnax /48, (55)

The heat flux at the interface is comprised of two components. The first component
relates to convection, and the other is due to the condensation. The former is directly
approximated through the empirical formulation Eckert used. The condensation heat release

is found by multiplying the condensation mass flux, or the mass flux at the interface, by the
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corrected enthalpy of condensation. The heat flux is given below; it is also negative, since
energy is being released. As expected, the heat release due to the condensation is

overwhelmingly larger than that through convection.

q”tot,i = m”condH’gf + q”conv (56)
Abiding by the local heat flux and shear stress formulations presented by von
Karman, as the distance away from the leading edge increases, so do the heat flux and
condensation mass flux values. Since this problem was analyzed with the mathematical
emphasis of saturated vapor in the gas boundary layer, it is heavily not recommended to use
these equations if there is volumetric condensation away from the interface.
Program
The code used to automate this problem was written in FORTRAN77. The general
logic path of the code is illustrated in Figure 2. There are three required inputs; the free-
stream temperature, the temperature of the impermeable wall, and a distance down the gas-
liquid interface at which the solution will be calculated. Everything else, including physical
constants, initial guesses, and conversions, is automatically performed as the program is

executed.
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Figure 2 — Program flow chart
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Theoretically, there are two large encompassing loops. The Newton-Raphson method
is incorporated to iterate on the actual turbulent viscosity value. Numerical differentiation is
adopted to perform this method. The step size for the differentiation has to be very small due
to the naturally small order of magnitude of the viscosity value; in the program, the step size
used is 108, The step size cannot be too small, however, as round-off error may become a
factor. After a run, the zero of the implicit turbulent viscosity function will be determined. If
it converges, the computation proceeds to subsequent steps. The predetermined convergence
criterion for turbulent viscosity is set at 10 m?¥/sec.

Although turbulent flow properties are small relative to the molecular properties, the
code can still account for them for flexibility. They can easily be neglected from the code if
desired. The extra iterative procedure does require more processing time. The code
associated with the turbulent viscosity convergence is presented in Appendix C.

The program does not utilize the approximate algebraic equations. The actual
integrations are performed; practically, this is beneficial in that the results obtained using the
algebraic equations can be easily compared to ensure their validity and accuracy. To perform
the integration in the program, a fifth-order Newton-Cotes method was ultimately chosen.
The major benefit in using Gaussian quadrature instead would be to have non-uniform
intervals for the discretization of the area under the curve. Such feature is not necessary for
this case. A general composite form of the Newton-Cotes formula was derived. The code
associated with the integration is given in Appendix C.

The output of the program includes the local condensation mass flux, the local heat

flux, the converged-upon interface temperature, the local gas boundary layer thickness, and
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the local maximum velocity. Also, the heat flux is presented in separate components for
condensation and convection. The code associated with the interface temperature is also
shown in Appendix C. An interface temperature is calculated using the energy balance, and if
the difference between the new value and the old value is sufficiently small, the program
proceeds. If not, the new value becomes the new guess, and the program runs again using
that updated value. The tolerance value for the temperature is preset at 0.0001 K.

Numerical Results and Data Comparison

The results of the program and approximate equations are to be presented and
compared below. All the data to be presented are of a system in which the vapor is
approximated to be saturated. To determine if the mixture quality is truly saturated in the gas
boundary layer, the resulting vapor density profile for any given input data is compared to
saturated values found in steam tables. There will be some discrepancy because the ideal gas
model is incorporated in this analysis, but it is not significant.

Seven cases are chosen based on the ratio of the mass of noncondensable gas to that
of the vapor in the free-stream region; it is desired to have a diverse range of free-stream
conditions presented to see a relationship between the composition of the mixture and the
heat transfer rate. This ratio is dictated by the temperature inputs at the wall and in the free-
stream region. The first case is one where there is much more air than steam; specifically, the
mass ratio is 10.86. A case that involves a mass ratio of around unity is also incorporated.
The last case studied is one where there is much more vapor in the bulk region than air. The
results and inputs associated with each case are presented below in Table 1. The interface

temperature converged upon through the iteration is also shown.
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Table 1 — Computed values for various free-stream mass ratio conditions

sz Total Heat
Wall Free-Stream Interface Stream Critical Solution
. . Transfer
Temperature | Temperature | Temperature Mass Distance Distance . .
o 0 0 . Coefficient
"O) "O) ("O) Ratio (m) (m) 2
(W/m°K)
(my/m,)
49 54 >49 10.86 1.16 1.25 17.23
58 64 58.01 6.81 1.08 1.25 28.61
75 83 75.03 3.05 0.92 1.25 72.89
100 113 100.28 1.03 0.62 1.25 241.22
133 150 134.55 0.34 0.39 1.25 747.29
148 168 150.80 0.22 0.31 1.25 1049.14
175 201 181.22 0.1 0.21 1.25 1649.07

The interface temperature upon which the code converges is much closer to that of
the wall, as should be expected. The difference between the wall and interface temperatures
also increases with a more intense turbulent flow; i.e. larger temperature difference. To
maintain uniformity in comparison, all the results were computed at a distance of 1.25 meters
down the wall. The critical distance of the first case is so large, that for some containment
vessels experiencing such conditions, the entire flow may be laminar. The results tabulated
are only applicable beyond the critical distance.

Because the energy balance at the interface is performed between a laminar liquid
film and a turbulent mixture in the gas boundary layer, there is no way to remove the
interface temperature’s dependence on distance. As the distance down the wall increases, the
calculated interface temperature slightly increases, as well. The walls of containment vessels
are not usually very long, so this does not pose a problem for those cases. Also, at distances
far away from the leading edge of the flow, one would expect the liquid film to become

unstable, as well.
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It is observed that in forcing saturation quality on the boundary layer mixture, the
difference in temperature required to abide by such postulation would have to be relatively
small. In many applications, including passive cooling in a nuclear containment vessel, the
temperature difference is much larger. In order to have saturated vapor at 54 °C for a wall at
49 °C, for example, the saturation pressure in the bulk region must be very low; there can
certainly be applications in which that is the case, but it is unusual. The saturated vapor
requirement of the analyses is a constraint on the change in temperature values. As the
temperature difference is increased from the value that satisfies this requirement, the results
show the vapor density is larger than the value associated with the saturated state. In reality,
many applications have large temperature changes, and as such, this model predicts that there
would be vapor condensing within the boundary layer for those cases. This mist formation
would augment the heat transfer rate. It is not recommended to use this model to solve
problems in which the density of the vapor exceeds the value associated with the saturation
condition anywhere in the control volume.

The condensation mass flux and the heat flux at the interface obtained from the
proposed model are plotted below for those aforementioned cases. Figures 3 and 4 show the

values plotted against the mass ratio in the free-stream region.

38



Condensation Mass Flux
1.80E-02 -

1.60E-02 -,
1.40E-02 -
1.20E-02 -

1.00E-02 -

6.00E-03 -
4.00E-03 -

2.00E-03 -

Condensation Mass Flux (kg/sq. m sec)
[00]
o
o
m
o
w
| 2

0.00E+00 . A . . A :
0 2 4 6 8 10 12

»

Mass Ratio in Free-Stream Region

Figure 3 — Condensation mass flux with changing free-stream temperature
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Figure 4 — Effect of mass ratio in the free-stream region on the heat flux at the interface
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The influence of the presence of the noncondensable gas on condensation is
highlighted by the above plots. As the mass ratio decreases, and thus the mass contribution of
the air decreases, the heat transfer and condensation rates increase significantly. The
inclusion of just a small amount of air causes a significant decrease in the amount of energy
transferred. The energy release theoretically approaches infinity as the mass ratio approaches
zero. The heat transfer through convection becomes smaller relative to the contribution of
condensation when there is much more steam in the mixture.

Moreover, the results obtained for the cases shown in Table 1 are compared with
previously-established models. The correlations proposed by Uchida and Tagami are not
sufficient to account for temperature variation at the wall. If a wide range of free-stream
temperatures were to be used for a constant wall temperature, the material phase enforcement
would be broken. The results are plotted against values computed using the Peterson model.
The reference point used for Equation 5 is the interface, as that is the location at which
condensation is considered.

Figure 5 below shows the total heat transfer coefficient plotted against the gas-vapor
log mean concentration ratio. This independent variable, which is introduced by Peterson, is
used because it accounts for the conditions in both the free-stream and at the gas-liquid
interface. Peterson’s results are independent of the distance down the wall; they are also
independent of a wall length, in the case of average computation. Although the Grashof
number in the Nusselt and Sherwood numbers formulations is local, the effect of the change
with distance is eventually removed when calculating the local heat transfer coefficient. This

is due to the distance variable in the definition of the Nusselt and Sherwood numbers.

40



Total Heat Transfer Coefficient Comparison

2500 -
—— Calculated Heat Transfer Coefficient
<
i 2000 - —&— Peterson Correlation
<
2
‘g 1500 -
2
b=
[)]
o
Y 1000 -
5
c
© ]
= 500 -
3 ]
()]
I -
0 ] T T T T Ak T T - T 1
0 1 2 3 4 5 6 7 8 9

Log Mean Concentration Ratio

Figure 5 — Total heat transfer coefficient results compared with Peterson model

The plot shows that the calculated results under-predict the heat transfer coefficients
at the local solution distance in a mixture where the air mass fraction is low in the free-
stream region. That is important to state because of the distinct nature of the Peterson
correlations compared to this model’s results. The dependence on distance can be used to
partially explain discrepancy in the plot shown. Depending on the distance at which the
solution is determined, the heat transfer coefficients can be matched to those of Peterson. A
local solution was deemed more beneficial because it can give a designer an idea of what the
maximum value may be for a certain application. Local values can also be used to obtain a
mean, so that process is not hindered by focusing on the local solutions. Another explanation
can be attributed to the nature of this analysis; this analysis is based on numerical

approximation procedures.
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Moreover, the fact that the comparison shows deviation when there is very little air in
the mixture is intriguing. The approximate profiles used in the analysis were obtained from
natural convection problems in which the fluid was pure air. It can be hypothesized that that
may have also had an effect on the results when there is little air in the mixture.

Previously, it was mentioned that the turbulent properties were very small relative to
the molecular properties. To show the impact of the inclusion of the turbulence model
proposed on the overall model, the results presented above are compared to results obtained

by neglecting turbulent properties. Figure 6 illustrates this comparison.
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Figure 6 — The effect of turbulence properties on the model
At large air mass fraction quantities, the effect of turbulent flow properties is
practically negligible. At low air presence, the effect becomes noticeable, but it is still not

great. During the analysis procedure, the inclusion of turbulent properties does not only
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affect the results due to their addition to the molecular properties; it also affects the
convergence process on temperature. The turbulent viscosity, mass diffusion coefficient, and
thermal conductivity parameters are in the energy balance equation.

To note the effect of the mass ratio in the free-stream region on the properties of the
mixture throughout the boundary layer, the total density is plotted. The dimensional form of
the values is plotted against the dimensionless distance, where unity represents the edge of
the boundary layer. Figure 7 presents the total density for four cases that show a wide range

of free-stream mass ratio values.
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Figure 7— Density profiles for various free-stream mass ratio cases
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The density does not vary significantly for cases where there is a great amount of air
in the mixture, but at high pressure conditions, the density changes dramatically near the gas-
liquid interface. This significant change is the reason the variation of density was not
excluded in the model proposed.

CONCLUSION

The two main objectives of this analysis were accomplished. Approximate algebraic
formulations were obtained to model this problem, and a program was written to automate
the solution process. The algebraic approximations greatly simplify the solution method for
this condensation natural convection process. Modeling a complex system of coupled non-
linear partial differential equations using algebraic formulas is a significant move to simplify
the design process. Local formulations are presented, but average values can be determined
by integrating over the entire length of the wall.

To summarize, the results obtained suggest that for often times more realistic and
larger temperature differences, condensation within the boundary layer must be considered.
This is one limitation posed by the proposed model. The quality of saturation was enforced in
many facets of the analysis process. The model outputs reasonable results for those cases
where the vapor is saturated throughout the gas boundary layer. This is shown through the
comparison made to a previously established model. Also, the partial pressure of the air in
this analysis was maintained constant at one atmosphere outside the boundary layer; this is
not necessarily a limitation, but the effects if its variation were not explored. The effect of the
free-stream concentration of the air on condensation will be more or less significant

depending on the change.
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To further explore that point, the solutions also showed a reasonable relationship
between the rate of heat transfer and the amount of air in the system. As the mass fraction of
the air increased in relation to the mass of the vapor, the heat flux decreased. With the
inclusion of just a small amount of air, the rate of decline is great, but the value eventually
stabilizes as the amount of air in the free-stream region increases to large relative quantities.
This relationship abides by the expectations mentioned in the onset.

FUTURE WORK

Turbulent flows are of most significance in design, as often times engineers are
interested in the large velocity flow or large heat transfer rates. For future improvements to
the current mathematical model, the vertical velocity at the interface should be set to the
velocity of the liquid film there; this is in addition to imposing continuity of the shear stress
between the two immiscible fluids. It would become similar to a Couette flow boundary
condition with such modification.

In further pursuit of mathematical modeling, future work must consist of the inclusion
of drop-wise condensation within the gas boundary layer. This addition is necessary to obtain
results that can be used in solving problems with very large changes in temperature.
Modifications would have to be made to the mass and momentum conservation laws to
account for this, and an internal heat generation term would also be needed for the energy

equation.
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APPENDIX A
The temperature profile described by Equation 16 is compared to Warner’s data and

the profile used by Eckert.

Dimensionless Temperature Comparison

ooo Warner's Data
---- Eckert's Profile
—— Current Profile

02 ng 1

Figure A-1 — The temperature profile used is compared to Warner’s data
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The velocity profile used by Eckert and described by Equation 15 is compared to

Cheesewright’s data.

Dimensionless Velocity Comparison

—— Velooity Profile
0 & Cheesewright Data
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Figure A-2 — The velocity profile used is compared to Cheesewright’s data
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To show an example, the density profile described by Equation 17 is compared to
tabulated data for a specific case of thermodynamic conditions. The free-stream and interface

temperature values for the example below are 202°C and 49°C, respectively.

Dimensionless Vapor Density Comparison

ooo Saturated Vapor Density Data
— Vapor Density Profile

Figure A-3 — An example to show the vapor density profile
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APPENDIX B

Determining the thermal conductivity of the binary mixture of air and vapor:

k=dyk, +dk,  (B-1)
Using Equation 41b,
bea =1
by =1
2
g (MNYST +5,17°\ T+5
bey = 0.25( 1+ [E2 (=2 al ) T lew
: i \M,) T+, T+5,
2
wy (MNST+ 5,17\ T+5
bya = 0251+ |2 (=2 - —=
: e \M,) T +5, T+S,

Sy = 1-5Tboiling
S, =110K
Sa,v = Sv,a = (SaSv)O'S

Using the above results, the coefficients in Equation B-1 can be calculated.

Xq
dy, =
ba,aXa + ba,va
X
d, Y

- bv,va + bv,aXa
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APPENDIX C
Specific sections of the code used to solve this problem are presented here. The lines

associated with the interface temperature solution are shown below.

C Determining the Film Heat Transfer Coefficient
cpf=4010.0
hfgp=(-hgf (ti))+. 68%cpf={ti-tw)
hf=4. 0*mufiTm{tid*(ti-tw)=*xs0]
hf=((hf/(g=hfgp* ((kfiIm{ti))**3.0)*(rhofilm{ti)**2.0)))**(-0.25))

C Determining the Heat Transfer Coefficient Attributed to Pure Convection
hconv=0. 0359* (rhovi*dcp+cpa®ptot,/(ra*ti))* ((nui+nuit)**(0.25))
hconv=hconv* (deltag(xsol1)**(-0.25))* (umax{xso1)**{0.75))

C  Determining the Heat Transfer Coefficient Attributed to Condensation
ccond=davieff*ptot*pviprime/(rv* (ptot-pvi)*{ki+kit))
hcond=hconv*ccond® (-hgf (ti)+. 68*cpv*{-dt))

Solving for the Interface Temperature

Tie is a placeholder name given to Ti through this iteration.
tie=_hf*tw+ (hcond+hcome ) =tinf) /(hf+hcome+hcond)
difft=abs(tie-ti)
ti=tie
if(difft.eT.0.0001) go to 40

inlal

The following are the lines showing an example of how the integration procedure was
performed for one term in the program. Since two sub-domains are used for the temperature
profile, the limits of integration were constantly overwritten throughout the program to

update the discretization of the curves.
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C 3rd Integral in Convection Side of Energy Equation

a=0.0

b=0.059

h=b-a

dy=h,/n

sum=19*fthree(a)+19*fthree(h)

wW=75

do 318 i=1,n-4,5

y=a+1*dy

sum=sum+w*fthreea(y)
318 continue

do 328 i=4,n-1,5

y=a+1%*dy

sum=sum+w*fthreea(y)
328 continue

w=50

do 338 i=2,n-3,5

y=a+1%dy

sum=sum+w*fthrea(y)
338 continue

do 348 i=3,n-2,5

y=a+i*dy

sum=sum+w*fthree(y)
348 continue

w=38

do 258 i=5,n-5,5

y=a+i*dy

sum=sum+w*fthree(y)
358 continue

fthreeint=sum*5%dy /288

The following are the lines associated with the convergence of the turbulent viscosity.
It is mainly comprised of the Newton-Raphson method. “fnut” represents the semi-empirical
one-equation turbulence model introduced in the Turbulence Modeling section. There is a
loop highlighted by line 401 where the zero convergence is performed. Once the zero is

found, the comparison is made between an initial value and the updated value.
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401

cmu=0.09%* (0, 25)

c1=0.09

cnut=_{0.00632)*cmu*c]*ptot*pviprime* {(tinf-1i)*rhocpi
cnut=cnut®*{{deltag{xsol)*umax{xso0l1))*=*{0.75))
cnut=(cnut}f(rhuig

cnut=_(cnut)/(rv)

cnut=_cnut)/(ptot-pvi)

stp=0.00000001

nut=nuit

nut=nut-{fnut (nut) fnutprime(nut))
dnut=fnut {nut) /Fnutprime{nut)
if{dnut.GT.0.001) go to 401
if(dnut.LT.-0.001) go to 401
diffrnu=abs{nut-nuit

nuit=nut

if(diffnu.GT.0.00000001) go to 41
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