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ABSTRACT

For any finite group G and positive integer n a finite geometric lat-
tice Qn(G) of rank n, the lattice of partial G-partitioms, is constructed.

Let Pn+ be the lattice of partitions of an (nt+l)-set. There exists a sur-

1
jection m: Qn(G) - Pn+1’ and an injection 1: Pn+l > Qn+1(G)’ each of which

preserves order and rank. When G is the trivial group, 1w = 1"~ reduces
to an isomorphism. The interval structure, M8bius function, and character-
istic polynomial of Qn(G) are determined, and Stirling-like identities for
the Whitney numbers obtained. The existence of a Boolean sublattice of mod-
ular elements in Qn(G) is established, implying that Qn(G) is super-
solvable. It is further shown that nonisomorphic groups give nonisomorphic
lattices, and the representation problem is solved completely: Qn(G) is
representable over a field when n 2 3 if and only if G is isomorphic to a
subgroup of the multiplicative group of the field. Consequently, Qn(G) is
representable over no field iff G 1is noncyclic, and if G 1is cyclic of order
m, then Qn(G) is representable over (a) every field iff m = 1, (b) a

finite field of order q iff m divides q-1, (c) the rational or real

fields iff m = 1 or 2, and (d) the complex field for all m.



1. INTRODUCTION

The set Pn of all partitions of an n-element set, when ordered by re-
finement, is a well-known geometric lattice enjoying a number of structural
properties. Every upper interval of a partition lattice is a partition lat-
tice, and in general, every interval is a direct product of partition lattices.
The Whitney numbers of the partition lattices are the familiar Stirling num-
bers, and the characteristic polynomial is simply a descending factorial,
hence all its roots are integers. The set of partitions with a single non-
trivial block is a Boolean sublattice of modular elements, so the partition lat-

tice is supersolvable in the sense of Stanley [10]. Because of these and other

structural properiies, the partition lattices occupy a middle ground between
the highly-structured projective (connected modular) geometric lattices and
arbitrary geometric lattices, thereby exhibiting some of the consequences of
the departure from modularity while retaining sufficient structure to facili-
tate their study and test conjectures.

We describe in this paper for any finite group G a class of finite
geometric lattices, here called the partial G-partition lattices, which share
a number of the properties of the partition lattices. Following a review in
Section 2 of preliminary results on ordered sets and geometric lattices, the
lattice Qn(G) of partial G-partitions of an n-set, a geometric lattice of
rank n, 1s defined and its structure investigated in Section 3. There the
existence of a surjective map Qn(G) > Pn+1 and an injective map Pn+1 >
Qn(G), both of which preserve order and rank, is demonstrated. The injec-
tion embeds Pn+l in Qn(G) both as a sublattice and a subgeometry, and both
maps reduce to isomorphisms when G 1s the trivial group of one element. The
nature of covers and the interval structure in Qn(G) is also examined in

Section 3. In Section 4, we prove the existence of a Boolean sublattice of



modular elements in Qn(G), implying its supersolvability, determine its

. MBbius function and characteristic polynomial, and show that the Whitney num-
bers of the partial G-partition lattices satisfy recursions and inverse re-
lations analogous to those of the Stirling numbers. Section 5 is devoted
primarily to the representation problem of Qn(G)’ following a description
of the structure of the rank three (planar) geometries Q3(G) and a proof that
nonisomorphic groups of the same order result in nonisomorphic lattices with
the same Whitney numbers. We show that when n 2 3, Qn(G) is representable
over a field F iff G is isomorphic to a subgroup of the multiplicative
group of F. As a result, Qn(G) is not representable over any field unless
G 1is cyclic. Thus simply by taking G noncyclic, we obtain an infinite
class of moderately-structured geometric lattices which are not subgeometries
of any projective geometry.

The results of this paper generalize to arbitrary finite groups many of
the results in our earlier paper [5], which in the present context dealt with
the case where G 1is the multiplicative group of a given finite field.
Theorem 6 and the specializations of Theorems 1-5, 7 and 10 to that case ap-
pear in [5]; Theorems 8, 9, and 11 have no counterpart there.

Although most of the extensions of the results in [5] to an arbitrary
finite group are straightforward, we include them here not only to make the
present paper self-contained, but also because of differences in notation,

terminology, and definitions required for the general case.

2. PRELIMINARIES

We collect in this section a number of results and definitions required

later. For further details the reader is referred to [2,7].



A preordered set (P', <) 1is a set P' together with a reflexive,
transitive relation, written x < y. When the order is implicit, we write
simply P' for (P', <). P' 1is an (partially) ordered set if < 1is also
antisymmetric. Every preordered set P' is canonically associated with an
ordered set, namely the quotient set P of E-classes of P', where E is
the equivalence relation x Ey iff x <y, y < x. An ordered set P is
finite if P 1is a finite set. With the exception of the projective lattices
Ln(F) in Section 5, in the case where F an infinite field, all ordered sets
considered here are finite. The direct product of two ordered sets P, Q is
the set P x Q with order (u,v) < (x,y) 1iff u<x 1in P and v <y in
Q. An interval ([x,y] of an ordered set P is the ordered subset [x,y] =
{zlx S z £ y} with the order of P restricted to [x,y], defined whenever
¥ <y in P. An element y in P is a cover of x (or covers x) iff
y >x and [x,y] = {x,y}. A finite or countable subset C = {xo,xl,...} of
P 1is a chain if it is totally ordered in P: Xy <% < ... . If G 1is
finite, the length of C 1is one less than its cardinality. P has finite
height if all chains in P are finite. Suppose P has finite height and
C = {xo,xl,...,xn} is a chain in P. Then C 1is a maximal chain in ([x,y]
iff X =X, X =Y, and X; covers X, , for all 1 =1,...,n. An ordered
set P satisfies the chain condition if it has finite height and all maximal
chains in any interval [x,y] have the same length. If P has a gzero element
0 (0<x for all x € P) and satisfies the chain condition, the rank p(x)
of an element xe¢P is the length of all maximal chains in {[0,x]). If P has
a unit element 1 (x £ 1 for all xeP) and satisfies the chain condition,
the corank of an element xeP is the length of all maximal chains in [x,1].

Let P have a 0 and 1. An qtom of P is an element covering 0. A

coatom of P 1is an element covered by 1. P is a lattice iff any two



elements x, y have a unique minimal upper bound x Vv y, called their
supremum, and a unique maximal lower bound x A y, called their infimum. A
subset M of a lattice P 1is a sublattice of P 4iff M d1s a lattice under
the order of P and suprema and infima in M agree with those of L.

If P, L are ordered sets, a function ¢: P + L 1is order-preserving
when x < y dimplies ¢(x) < ¢(y). If both P, Q satisfy the chain condition,
¢ 1is rank-preserving if p(¢(x)) = p(x) for all xeP. P and L are iso-
marphic, written P ~ L, iff there is a bijection ¢: P +~ L such that both
¢ and ¢-l preserve order.

A lattice L is complete if every subset has a supremum and infimum,
and atomic if every element x is the supremum of the set of atoms in [0,x].
L is semimodular if x v y covers both x and y whenever x and vy
cover x A y. A geometric lattice is a complete, atomic, semimodular lat-
tice of finite height. A finite lattice is geometric when y covers x iff
y=xV p for some atom p ¥ x. A geometric lattice L satisfies the chain
condition and its rank function obeys the semimodular inequality:'
p(xvy) + p(xAy) S p(x) + p(y) for all x,y ¢ L. Elements of rank 1 (atoms),
2, 3 are points, lines, planes, respectively, and elements of corank 1 (co-
atoms), 2, 3, are copoints, colines, coplanes, respectively. Every interval
of a geometric lattice is geometric.

A combinatorial geometry is a set S of "points" together with a closure
operator A P A on subsets of S satisfying (a) the exchange property: if
p,q€S, Ac S, and q € AUp but q X A, then p e Aug, (b) the finite
basis property: if A c 8 there exists a finite subset A, of A such that
KO = A, and (c) the empty set and all singleton subsets of S are closed. A
subset A of S is independent if A-p # A for all peA, and dependent

otherwise. All maximal independent subsets of any set A, called bases of A,



have the same cardinality, the rank of A. A subgeometry of a combinatorial
geometry on S is a subset T of S with closure operator A b A n T. A
subset of T is independent in the subgeometry on T 1iff it is independent
in the original geometry.

The set of closed sets of a combinatorial geometry, ordered by inclusion,
is a geometric lattice. Conversely, every geometric lattice L defines a
geometry on its set S of points by A = {p]p < sup A}. The lattice of the sub-
geometry on T consists of all elements =xel such that x = sup A for: -
some subset A of T. It is not in general a sublattice of L. We shall
identify a geometry with its (geometric) lattice of closed sets. A minor of
L 1is a subgeometry of some interval of L.

If P, L are geometric lattices, an injective strong map is an injection
o: P> L which takes points to points and preserves suprema: o(xVy) =
o(x) v o(y). 1In this case P 1is isomorphic to its o-image in L, the latter
a subgeometry of L. A projective geometry of dimension n~1 over a field
F 1is a combinatorial geometry of rank n. We denote its lattice by Ln(F)'
A representation of a rank n geometry P over F is an injective strong
map o: P > Ln(F). Equivalently, P 1is representable over F 1iff there
exists an injection (called a coordinatization) ¢: S - F", where S is the
point set of P, such that a subset A of S is independent in P iff its
image ¢ (A) 1is linearly independent in F®. If P is representable over F,
every minor of P 1is representable over F.

Let X be a finite set of n elements. A partition of X 1is a set
T = {Al,..,Ar} of disjoint, nonempty subsets of X with U;=1Aj = X. The
subsets Aj are the blocks of n. There is an obvious correspondence between
partitions of X and equivalence relations defined on X, the blocks of the

partition being the equivalence classes.



The set Pn of all partitions of X 1is (partially) ordered by refine-

ment: T < T, iff every wz—block is a union of wl—blocks. So ordered, Pn

is a geometric lattice of rank n-1, with zero element the partition of X
into singleton subsets (the identity relation) and unit element the single

block partition {X} (the universal relatiom).

The supremum and infimum of two partitions =, = {A .,Ar},

1 1’..
Ty = {Bl,...,BS} is easily found by means of the intersection graph of the

Aj (3 =1,...,xr) versus the Bk(k =1,...,8). This is the bipartite graph

with vertices Al""’Ar’ Bl,...,BS, and edges the set of all pairs

{Aj,Bk} such that Aj n Bk # @#. Then a block of T, AT, is a subset

Aj n Bk’ for any edge {Aj,Bk}. A block of TV, is a union UAj over

all A.j in a connected component of the graph.

The lattice Pn of partitions of X 1is a geometric lattice of rank
, covers m, iff
-blocks by their union.

n-1. The rank function is p(m) = n~|n|. A partition =

m, can be obtained from w, by replacing two =«

2 1 1

3. THE LATTICE Qn(G) OF PARTIAL G-PARTITIONS

Let X = {xl,...,xn} be a finite set of n elements. By a partial
partition of X we shall mean a set o = {Al,...,Ar} of disjoint, nonempty

subsets of X, i.e. a partition of a subset U of X. The subsets Aj

r
A,
=]
are the blocks of a. The set Qn of all partial partitions of X 1is

(partially) ordered by o < B 1iff every B-block is the union of a set of

a-blocks, i.e. iff for each BkeB there exists a nonempty subset o of a

such that B =U A.,. So ordered, Q_ is isomorphic to the lattice P
k & J n n+
of partitions of an (ntl)-set X U {xo}, the isomorphism Pn+l > Qn is

1

given simply by deleting from each partition {Aou{xo},A ..,Ar} of

1’°



Xu {xo} the distinguished block Ay U {xo} containing x We refer to

0.
the block of any partition of X u {xo} which contains X, as the zero block
of the partition. Formally, we define the inverse map ¢: Qn -+ Pn+l by
3.1) ¢@) = {Aagulx hA;,...,4 0,
where o = {Al,...,Ar}, AO = X—U§=1Aj. The partition ¢(a) 1is the supremum
in Pn+1 of all completions of a to a partition of X u {xo}. Note that ¢

takes an r-block partial partition of X to an (r+l)-block partition of

Xv {xo}, so o has Qn~rank p(a) = (+l)-(xr+l) = n-r, 1i.e.
3.2) p(@) = n - |af.

Thus the empty partial partition is the unit element of Qn and the partial
partition ¢ = {El,...,En} of X into its singleton subsets Ei = {xi} is
the zero element of Qn' Every subset of a partial partition o 1s a partial
partition =z o in Qn.

Covers in Qn are of two types. A I-cover of a = {Al""’Ar} is ob-
tained by deleting some block Aj from «, while a II-cover is obtained by
replacing two blocks Aj’ Ak of o by their union Aj U Ak’ The ¢-image of
a I-cover of o 1is obtained simply by combining some Aj € ¢ with the zero
block of ¢(a).

Now let G be a finite (multiplicative) group, with unit element 1.
Elements of G will be denoted «k, A, u,... with or without subscripts. We

define a partial G-partition of X as a set

(3.3) o = {aj: Aj +Glj =1,...,r}

of functions into G for which the domains A, are disjoint, nonempty sub-

3

sets of X. Thus



(3.4) m(a) = {Ajlj =1,...,r}

is a partial partition of X. Let Q;(G) denote the set of all partial G-
partitions of X. The map : Qé(G) - Qn’ defined by (3.4), takes each par-
tial G-partition of X to its underlying partial partition of X.

To simplify expressions encountered below, we adopt the convention that

the domains of functions aj, b 2 etc. are always denoted by the capitals

k* €

Aj’ Bk’ Cﬂ’ etc. of the letters denoting the functions, with appropriate sub-

scripts. Thus for example the element o € Q;(G) given by (3.3) may be
written simply o = {ajlj = 1lye.0,r},

If a = {ajlj =1,...,r} 1is a partial G-partition of X, and a, is
any non-empty subset of o, a (left-) linear combination (over G) of oy will

be a function b, : B, » G, where B, =U A., such that the restriction of
k k k ak
bk to Aj is a (left-) G-multiple Ajaj of aj, i.e., bk(xi) = Ajaj(xi)

for all x, ¢ A,. In this case we write b, =) A.a,. The summation sign
1 j k O‘k Jj
is to be interpreted as the ‘domain-disjoint union" of the functions follow-

ing it; no addition operation in G 1is assumed.

Let Ei = {xi}, i=1,...,n, and define the unit functions ey Ei > G

by ei(xi) =1 for each i=1,...,n. Let ¢ = {eili =1l,...,n}. Then any

function a,: Aj + G may be written as a linear combination ay = ze kg4

3

of the unit functions, where ej = {eilEi [ Aj} and Ky = aj(xi).
The analogue in Q;(G) of the order relation of Qn is then the fol-
lowing: o < B8 1iff every f-function is a linear combination of a set of a-

functions, i.e., iff for each b, _ ¢ B there exists a subset oy of o and

k
elements A, € G such that b, =) A.a,.
3 L

flexive and transitive, hence is a preorder on Q;(G). Suppose o £ 8. Then

The relation < is clearly re-

for each bk € B, bk = Xak Ajaj’ s0 Bk = UakAj' It follows that w(a) <
7m(R) in Qn. Thus if o € o', o' £ a, then 7() = n7(a') and there exists



9

-1
a bijection a' <> a, such that a! = A.a, a, =\, a'. Let E denote thi
] 373 I e RO T B enote this

equivalence relation: afa' 1iff a < o', a' < a, and let (o) denote the
E-class containing o. Any member o' of an E-class (a) is uniquely deter-
mined up to scalar multiples of its elements. The situation is analogous to
that of a set of homogeneous coordinate vectors for some set of points in a
projective geometry. The preorder < on Q&(G) induces a partial order,

also denoted <, on the quotient set Q (G) = Q'(G)/E of E-classes in the
n n

usual way:
(@) s (B) iff o < 8.

We will be concerned primarily with the ordered set Qn(G) henceforth, but
proofs will often be given in terms of Q;(G) and its preorder, with
E-equivalence replacing equality.

Any function f on Q;(G) which is constant on E-classes will be taken
as a function on Qn(G). To avoid double parentheses, we write f(a) for
the f-image of (o) € Qn(G)' Then from the above, m: Qn(G) - Qn is order-
preserving: (o) < (B) dimplies w(a) < w(B).

Given any nonempty subset Aj of X, the indicator function of Aj we

define as the function 1, : A, + G with 1, (x,) =1 for all x, € A,. The
A, h| A1 i i

J J
set of indicator functions {1A Ij =1,...,r} of a partion partition
3

{Aj|j =1,...,r} of X will be called the indicator set of {Aj|j =1,...,r},
The E-class of the indicator set thus consists of all partial G-partitions of
constant functions with w-image {Ajlj =1,.¢.,r}. The map 1t Qn - Qn(G)
assigning to each partial partition of X the E-class of its indicator set is
clearly injective and order-preserving, as disjoint unions UAj correspond to

sums XIAj. The composite wo1: Qn > Qn is the identity on Qn’ so w 1is

surjective. If G = 1 1is the trivial group, the 1-image of a partial



10
partition is its only m-preimage, so 7 is an isomorphism Qn(l) ;=Qn’ hence
¢e7m 1is an isomorphism Qn(l) ~ Pn'

As in Qn’ covers in Qn(G) are of two types. A I-cover of (a) is
obtained by deleting some aj from o, while a II-cover of (a) is ob-
tained by replacing two functions aj, &y of o by a linear combination

aj + Ao (by E-equivalence, the coefficient of aj may be taken as 1). In

k
either case, the covering element (8) has |[B| = |a|-1. Thus Q (6) sat-
isfies the chain condition: all maximal chains in any interval [(a),(B)] of
Qn(G) have the same length |o|-|8|. The zero element of Qn(G) is (e),

where ¢ = {ei|i =1,...,n} 1is the set of unit functions. The rank function

of Qn(G) is therefore
(3.5) p@) = n - |af.

Note that (3.5) is also the rank (3.2) of w(a) in Qn’ S0 T preserves

rank. Clearly, 1 does also. We summarize these results in

THEOREM 1: Let X = {xl,...,xn} be a finite set of n elements, G a

finite multiplicative group, Pn+l the lattice of partitions of X v {xo},

Qn :‘Pn+l the lattice of partial partitions of X, and Qn(G) the ordered
set of E-classes of partial G-partitions of X. Then
(a) An element (B') 1in Qn(G) covers (o) 1ff (B') = (B) for some

B of the form

(3.6) B = a - {aj}, (I-cover)
or
3.7 B = o - {aj,ak} U {aj+Aak}, (II-cover)

where a 28y € 0y A e G,
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(b) Q (G) satisfies the chain condition, with rank function
n

p(a) = n - [al.

(c) The map w: Qn(G) > Qn’ which assigns to each E-class of partial
G-partitions its underlying partial partition, is surjective and preserves
order and rank.

(d) The map 1: Qn -> Qn(G), which assigns to each partial partition the
E-class of its indicator set, is injective and preserves order and rank.

(e) If G =1 is the trivial group, = = 1—1 is an isomorphism

Qn(l) :=Qn’ so ¢°m d1is an isomorphism Qn(l) ~ P where ¢: Qn -> Pn+ is

ntl’ 1

the isomorphism (3.1).
COROLLARY 1.1: Each element of rank n-r in Q (6) is covered by
r r
G +n)
elements of rank n-r+l, where m is the order of G.

COROLLARY 1.2: The atoms of Qn(G) are (a(i)), (a(ii')(x)), where

L@

e - {e,l},
1

o 11 () },

€ - {ei,ei,} U {ei+Aei,

e
defined for all 1< i, i'<n, 1 #1i', X € G. Note that (a(li )(A)) =

@D oy,

Our next theorem describes the structure of upper and lower intervals of

Qn(G). From these the structure of an arbitrary interval can be obtained.
THEOREM 2: (a) If (a) € Qn(G) is of corank r, then

[(@,1] = Q.(6).
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(b) Let (B) € Qn(G), where

B = {b: B - Glk =1,...,s}.

s — -
Let B0 X—Uk=lBk and n = lBkI, k=0,1,...,s. Then

0,81 =~ Q, (G) x P X ... xP .
0 1 s

Proof: (a) Let a = {aj: Aj > G|j =1,...,r}. Then (B) et[(a),ll iff

each b, in B = {b : B~ G|k = 1,...,8} is a linear combination

k

bk = zakkjaj of a subset oy of a. Every such function bk corresponds

in a one-one manner to a function béa):

{Aj'Aj [= Bk} + G on a nonempty sub-

set of the r-set {Al,...,Ar}, namely béa)(A ) = Aj. In particular, the

3

afa) are the unit functions of {Al""’Ar}' This correspondence preserves

linear combinations: (Zkkbk)(a) = ZAkbéa), so the map (B) -+ (B(G)), where
B(Q) = {béa)]bkes} is an isomorphism [(a),1] ;=Qr(G)'

(b) For any (o) € [0,(B)]}, we have w(a) < w(B). Every partial par-
tition £ < w(B) consists of partitions Ek = {Akj]j = l,...,rk} of Bk,
k=1,...,8, together with a partial partition EO = {Aojlj = 1,...,r0} of

BO' If (o) € [0,(B)] and =w(a) =&, then o must be of the following

form: a (i=1,...,r is arbitrary, while a (k =1,...,8;

O) (%]

is uniquely determined up to scalar multiples as the restric-

03
j= l,...,rk)

tion of bk to Akj' Hence by E-equivalence there is a one-one correspondence

between {0,(B)] and Q (G) x P_ x ,., x P_ . The order in [0,(R)] is
% ol g
the product of the orders in BO and Bl""’Bs' Clearly the order in B0
is that of Qn (G), and the order in Bk (k =1,...,8) is that of Pn . 0O
0 k

COROLLARY 2.1: Let (a) < (B) 1in Qn(G)’ where a = {ajlj =1,...,r},

B = {bklk =1,...,8}. If b is a linear combination of «, ¢ o, let

k k
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s
k=1,...,8, and 1, = |oj|, where oy = o-U, ;.. Then

' © |°‘k" 0

[(@),(B)] =~ Q, (G) x P X ... X P,
0 1 k

COROLLARY 2.2: Let (B) be a copoint of Qn(G)’ where B = {b: B + G}.

If B =X, then

[0,(8)] =~ q P,

n-1 = n
while if B = {xi}, then
[0, (B)] = Qn_l(G).

COROLLARY 2.3: Let (B) € Qn(G)’ where

g = {bk = z K ey® Bk + Glk = 1,...,s}.
€
‘ k
_ w_pS
Let B0 = X Uk=lBk' Then the atoms of [0,(B)] are

(a) (a(ii')(x—lK )), for all 4i, i' such that x.,x,, € B
i il H] 9 i) i' k’
k = l,.--,S,"
(b) (a(l)), for all 1 such that x; € BO;

1
(c) (a(ii )(A)), for all i, i' such that XXy € B and all A € G.

O’
THEOREM 3: Qn(G) is a geometric lattice.

Proof: We prove first that Qn(G) is a lattice. Let (a),(B) € Qn(G)'
Since w preserves order, w(y) 2 w(a) Vv n(B) for any upper bound (y) of
(@), (B). Let w(a) v w(B) = {CKIZ =1,...,t}, and suppose {Czlﬂ =1,...,u},
where u < t, are the blocks of w(a) V 7(B) such that there exists a func-
tion Cpt C£ + G which is simultaneously a linear combination of ap & @ and
BZ < B, where %ps BE are defined by

c, = u A, = U B

.. hj . k
J.ajeuz k.bkesﬂ
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Then if vy = {CK: Cp > Gl£ =1,...,u}, (y) is clearly a minimal upper bound
of (a), (B) inmn Qn(G)' To show that (a) v (B) exists, we must prove that

the Cps £ =1,...,u, are uniquely defined up to scalar multiples. Suppose

then that
CZ = g Kjaj = g Akbk’
£ £
| - v - '
CZ g Kjaj é Akbk
£ 4

are two such functions C£ + G. Let X; € CK’ and define Aj’Bk by

X, € A, n B . Then

i 3 k
cz(xi) = Kjaj(xi) = Akbk(xi),
' = 1 = v
Cﬂ(xi) Kjaj(xi) Akbk(xi),
hence
"'1 - "l — ""l ]
aj(xi)[bk(xi)] = Kj Ak = Kj Ak’
) "l ] ""1 . e
or KjKj = Akxk . This latter equality must hold whenever Aj n Bk is non-

empty. But since C£ is a block of w(a) v m(B), the intersection graph of

the Aj (G: ajeaz) versus the Bk (k: bkeeﬂ) is connected. It follows then

that the elements K}K;l, Aixil are equal, say to u, for all j, k. Thus

LI 1 o | .
Kj qu, Ak uAk, S0 ct ucz.
Consider next the infimum of (a) and (B). Let a = {ajlj = 1,e0.,T}),

B As 1

s
0 0 k=1"k*

preserves order, m(y) £ n(a) A m(B) for any lower bound (y) of (o) and

r
B = {bklk =1,...,8}, and define A, = X—Uj=lAj, B, = X-U

(B). We obtain the blocks of w(a) A m(B) by deleting the zero block of
¢ (m(a)am(B)). The blocks of ¢(n(a)An(B)) = ¢°m(a) A ¢°m(B) are the non-

empty intersections of the blocks of
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¢pem(a) = {AO u {xo}, Al,...,Ar}
with the blocks of
¢em(8) = {Byu {x,}, By,...,B_l.

Let C be a block of w(a) A w(B). If C = CjO = Aj n BO’ for some
j=1,...,r, define ch: CjO + G as the restriction ajICjO of aj to
CjO' Similarly, if C = COk = AO n Bk for some k =1,...,8, define
Cor’ Cox T 6 bY gy = bk|00k. Finally if C = cjk = Aj n B, for some

i=1l,...,r; k=1,...,8, define an equivalence relation Rjk on Cjk by

-1 -
xiRjkxi' iff AiKi = Ai'Ki"

where aj[CJ,k = Zgijiei, bklcjk = Zejkkiei' Then if ujkﬂ is the value of
ALK, on an Rjk—block (equivalence class) Cjkﬁ of Cjk’ A, = “ijKi for

ii i
all x, € Cipp- Thus bklcjk£ = Hike (ajlcjkﬂ)' Define c,,: Cigp > by

Sk into its Rjk—blocks

for which functions may be defined on

cjk@ = ajICij. It is clear that the partition of C
Cjkz is the maximal partition of Cjk
the blocks which are simultaneously G-multiples of the restrictions of both
aj and bk. Thus if vy dis the set of functions ch’ oK’ cjkﬂ defined
above, then (y) dis the unique maximal lower bound of (y) and (B), 1i.e.,
(y) = (o) A (8)., It follows that Qn(G) is a lattice.

Recall now the form (3.6), (3.7) of covers of (a), and the definition

(1) (ii'") .

of the atoms (o "7), (o (\)) of Qn(G) in Corollary 1.2. Then it is

easily verified that (B) is a I-cover (3.6) of (o) 1iff
® = @ v e

for any 1 with x, ¢ Aj’ while (B) 1is a II-cover (3.7) of (a) iff

i

® = @ v« a0



16

for any i, i' such that x, € Aj’ X1 € Ak’ where xii. =

i
-1 )
[aj(xi)] Aak(xi,). Thus Qn(G) is geometric. 0
COROLLARY 3.1: The partition lattice P ., 1s both a sublattice and a

subgeometry of Qn(G)'

Proof: It is clear from the proof of Theorem 3 that the injective map
1: Qn > Qn(G) preserves suprema and infima, so the i1-image of Qn is a sub-
lattice of Qn(G)' Since 1 1is also rank-preserving, it takes points to

points, so 1(Qn) is also a subgeometry of Qn(G). But then

! (Qn) = Qn = Pn+l'

We refer to Qn(G) as the lattice of partial G-partitions. The ele~

ments are, of course, E~classes of partial G-partitionms.

4. THE MOBIUS FUNCTION, CHARACTERISTIC POLYNOMIAL
AND WHITNEY NUMBERS OF Qn(G)

A modular element [ 9] of a geometric lattice L with rank function o

is an element x€L such that the modular identity

p(xvy) + p(xAy) = p(x) + p(y)

holds for yeL. If x is a modular element, the map z P X V z ig an iso-
morphism [xAy,y] > [x,xvVy] with inverse wl>w Ay, for any yel. Every

point of a geometric lattice is a modular element.

1,...,n} be the set of unit func-

{ej: By > 6|1

tions of X, i.e., Ei = {Xi}’ ei(xi) =1, 41 =1,...,n. Then the subset

THEOREM 4: Let ¢
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M = {()]|a c e}

is a (Boolean) sublattice of Qn(G). Every element of M is modular in

Q_(6).

Proof: Let (a) e M, say a = {eili 1,...,r}, and let (B) € Qn(G),

where

B = {b : B, - Clk

k k ljl..,s}.

Then the blocks of w(a) A n(B) are Ei’ i=1,...,r, and Bk n A0 for

r+l,...,xn}.

k=1,...,8, such that Bk <

all k=1,...,5 such that Bk & {x ,xr}, where A0 = {x

100"
The blocks of w(a) v w(RB) are all Bk’
{xl,...,xr}. It is clear from the proof of Theorem 3 that n((a)A(B)) =

n{a) A m(B) and that n((a)v(B)) = 1(a) vV 7(B). The total number of blocks in
these two partial partitions is r+s = |a|+|B|, so |QVB]+IaAB| = ]a[+]8,.
Since p(y) = n—|Y| is the rank function of Qn(G), () is modular. 1If

also (B) € M, then each bk is a unit function e, 8o each Bk is a

singleton subset E and we have (o) A (B) = (auB) e M, (a) Vv (B) =

k)
(anB) € M. Thus M is a sublattice, and the map (a) b {eilei ¢ a} is an
anti-isomorphism from M to the Boolean lattice of subsets of

€ = {el,...,en}. 0

The M8bius function [7] p: LxL +Z of a finite partially order set L

1, p(x,y) =0 if x Xy, and

is defined recursively by u(x,x)

) u(x,z)

z:x32z<y

u(x,y)

if x2y. If L is a geometric lattice of rank n with rank function o,

the characteristic polynomial [4] of L is
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p(v) = ) u(O,x)vn_p(x).
xel

The characteristic polynomial extends to geometric lattices the notion of the
chromatic polynomial of a graph. In particular, if L is the lattice of
contractions [7] of a linear graph I with %k components, then the chromatic
polynomial of TI' is x(T) = vka(v). The lattice of partitions Pn+1 is
(isomorphic to) the lattice of contractions of the complete graph Kn+l with
chromatic polynomial wv(v-1) ... (v-n), so the characteristic polynomial of
Pn+1 is  (v-1)(v-2)...(v-n), i.e., the falling factorial (v-l)(n). We may
obtain the characteristic polynomial pn(v,m) of Qn(G) for an arbitrary
finite group G of order m (recall Pn+1 ;=Qn(1)) with the aid of the

following special case of a result due to Crapo ([3], Th. 6, Cor. 5):

If L is a finite geometric lattice of rank n and c¢ is

a copoint of L, then

@D VR, =L P 1y

where p[a’b](v) is the characteristic polynomial of the inter~

val [a,b} of L.

THEOREM 5: If G 4is of order m, the characteristic polynomial of

Q,(G) is
n-1 -1
(4.2) p_(vim) = J[ (v-1-mi) = mn[-\-)———] ,
n . m
i=0 (n)

where (X)(n) is the falling factorial =x(x-1)...(x-n+l).

Proof: We take as our ¢ in (4.1) the copoint (B8), where B8 = {el}.
By Corollary 2.2, [0,(8)] ;=Qn—l(G)' Since (B) € M is modular, by Theorem
4y (B) A (@) =0 diff (¢) =0 or (a) dis an atom of Qn(G) not in

[0,(B)]. The number of such atoms is
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@O+ - EH - a®h,

i.e., 1l#m(n-1). By Theorem 2, {(a),1] ;‘Qn—l(G) for every atom (a).

Thus (4.1) gives

(4.3) p,(vim) (v-1-m(n=-1))p__, (vim).

Since pl(v;m) = v-1, we obtain (4.2) by iteration of (4.3). 0O

Stanley [10] has recently investigated the class of finite geometric lat-
tices containing a maximal chain 0 = Xg € Xy < eee < x = 1 of modular ele-
ments. Such lattices, called supersolvable, have the property that all zeros

of the characteristic polynomial are positive integers, namely,
p(v) = (v-al)(v—az)...(v—an),

where ay is the number of atoms in [O’Xi] but not in [O,Xi_l]. By

Theorem 4, Q_(G) is supersolvable, with a;, = 1+(i-1) |G|

COROLLARY 5.1: Let u be the Mobius function of Qn(G), and let
u: = u(0,1), where m is the order of G. Then
- n n-1
u = (<17 [ (1+mi)
n =0

= (D 1, (n)
= ( m) (m) ’
where (x)(n) is the rising factorial (x)(n) = x(x+1)...(x+n-1).

Proof: Set v =0 in (4.2). 0

When m =1, i.e., G 1is the trivial group 1, ui = (—l)nn! is the

value of u(0,1) for the partition lattice Pn+l ;=Qn(1)' Since the M&bius
function is multiplicative over direct products, we obtain from Corollaries

2.1 and 5.1,
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COROLLARY 5.2: Let (a) < (B) in Qn(G)’ where o, B are as in

Corollary 2.1. Then

m 1 1

(@), () = u_  u  ...u

r (r.) s
P R I RSy
m k
k=1
The Whitney numbers of a finite geometric lattice L of rank n are
defined by
4.4) win,r) = z n(0,x), (First kind),
x:p (X)=n-r
the coefficient of V' 1in the characteristic polynomial, and
(4.5) W(n,r) = ) 1, (Second kind),
x:p(X)=n-r
the number of elements of corank r. The most well-known examples are the
following:

(1) If L = Bn’ the lattice of subsets of an n-set,

E, W@ = ).

w(n,r) = (-1) . r

It

(2) 1f L Ln(F), the lattice of subspaces of an n~dimensional vector

space (or (n-1)-dimensional projective space) over a finite field F of order

9,

"0
PO wam = O

w(n,r) = (-1)"°F

where (;l)q is the Gaussian coefficient [6],

(n) (qn_l)...(q?-r+1_

- L.
4 (q"-1)...(q-1)
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(3) If L = Pn+ the lattice of partitions of an (nt+l)-set,

l’

w(n,r) = s(nt+l,r+l), W(n,r) = S(n+l,r+l),

the Stirling numbers of the first and second kind, respectively.
Each of these examples, as well as the lattices Qn(G) considered here,

are classes of geometric lattices which satisfy the hypotheses of

THEOREM 6: Let {Lnln =1,2,...} be a class of geometric lattices such
that Ln is of rank n, and for all xeLn of corank r (0 £ r £ n < ®),
the interval ([x,1] is isomorphic to Lr' Let w(n,r), W(n,r) be the

Whitney numbers of Ln' Then

Z W(n,r) w(r,s) = &(n,s),
r
z w(n,r) W(r,s) = &(n,s),
T

where 6(a,b) =1 if a =b, and 0 otherwise, and the numbers w(n,r),

W(n,r) satisfy the inverse relations

(4.6) a, = z w(n,r)br, bn = Z w(n,r)ar.
r r
Proof: We use the identities
§€0,y) = ] u(xy) = )}  u(0,x).
X1x<y Xt X<y

Then

7T ux,y) 8(s,n-p(y))

2 W(n,r) w(r,s)
r xeLn y2x

b 8(s,m-p(y)) ) u(x,y)
yeLn X<y

]

) S8(s,n-p(y)) §(0,y)
yeLn

§(n,s).
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Similarly,

) w(n,r) W(r,s) ) u(0,x) ) 8(s,n-p(y))

r xel 2xX
n y

= ) 8(s,m-p(¥)) ] u(0,x)

yeLn X<y
= )  &(s,n-p(y)) 8(0,y)
yeL
n
= 6(s,n).

Then if a = zr W(n,r)br,

) w(n,r)a } win,r) ] W(r,s)b
r t r s S

= Z b X w(n,r) W(r,s)
s S

= g bS 8(n,s)

= b L]

n
The converse is proved analogously. 0
COROLLARY 6.1: Let tm(n,r), Tm(n,r) be the Whitney numbers of Qn(G),

for any fixed group G of order m. Then

-1
mn(y-r;—) (n) g tm(nsr)\)r,

n
\

r, v-1
LT () m (50 oy
Y
Proof: Set a = v’ in (4.6). Then b~ is the characteristic poly-

nomial pn(v;m), given by (4.2). a

Observe that the inverse relations in Corollary 6.1 are the analogs of
the defining relations of the Stirling numbers, which are obtained from these

by setting m = 1 and multiplying both equations by v. The analogs of the
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Stirling recurrences are given in

THEOREM 7: The Whitney numbers tm(n,r), Tm(n,r) of Qn(G)’ for any

fixed group G of order m, satisfy the recursions

"

“.7) Tm(n,r) Tm(n—l,r—l) + (l+m(r—l))Tm(n—l,r),

(4.8) tm(n,r) tm(n—l,r—l) - (l+m(n-l))tm(n-1,r).

Proof: A partial G-partition of X of size r is obtainable from a
unique partial G-partition of X-{xn} of size r-1 by adding e Or from
a unique partial G-partition o of X—{xn} of size r by replacing some
ajea by aj+>\en (AeG), or else is equal to a partial G-partition of
X—{xn} of size r. This proves (4.7), while (4.8) follows from a comparison

of the coefficients of v' in (4.3). O

5. REPRESENTATION OF Qn(G)

In this section we solve the representation problem (Theorems 9, 10,11)
of Qn(G) after first considering whether nonisomorphic groups can result in
isomorphic lattices (Theorem 8). The structure of the rank three geometries
Q3(G) will be required in the proofs of Theorems 8 and 9, and we begin with
a description of their structure. Let G be of order m, and assume a rep-
resentative o of each E-class is fixed. The element (a) will be denoted
by its chosen representative o throughout. The particular representatives
chosen will be those given below.

Recall the Boolean sublattice M = {(a)la c e} of Q3(G). The lines of

M are {e3}, {ez} and {e,}. These are modular lines, so every line of

1

Q3(G) meets each {ei}. The three M-lines {ei} intersect in pairs; we
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regard them as the sides of a triangle. The vertices of the triangle are the
three M-points {el,ez}, {el,e3} and {ez,e3}, {ej,ek} being the inter-
section of {ej} and {ek}.

In what follows, (i,j,k) will denote an arbitrary element of
{(,2,3), (2,3,1), (3,1,2)}.

In addition to its two vertices {ei,ej} and {ei,ek}, each side {ei} of
the triangle contains m other points, called its interior points, of the

form {ei,ej+Aiek}, one for each Ai € G. The set of interior points of

{ei} will be denoted S;- Thus
S; = {{el, e2+Ale3}|Al € G},
5, = {{ez, e3+x2el}|x2 € G},
Sy = {{e3, e;thge, A, e G}.

There are 3m trivial (2-point) lines in Q3(G). The m lines {ej+kiek},

A, € G, join the vertex {ej,ek} to the interior points {ei, ej+l

i ek} of

i
the opposite side (i.e., to Si).
The remaining lines are m2 in pumber. These are the lines, to be called

transversal lines, of the set

-1
T = {{Azel + A e, + e3}|A1,A2 € G}.
Each transversal line {A2e1+xile2+e3} contains three points, one interior

point on each side of the triangle, namely
{el, e, + Ale3} € Sl’
(5.1) {ez, e, + Azel} € 82’

{e3, eq + k3e2} € S3,
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where A3 = (Alkz)‘l. Then the subset
L = {(Al,xz,x3)lxlxzx3 =1}

of GxGxG 1is the image of T under the injection {A2e1+kzle2+e3} b
(Al,Az,(AlAZ)_l). Each interior point {ei,ej+Aiek} on the side {ei} is
incident with m transversal lines, joining it to the interior points of the
remaining two sides. Combinatorially, the m2 transversal lines of Q3(G) rep-
resent the triples of a latin square of order m, with Sl’ Sz, S3 the sets
of rows, columns and symbols (in any order). Clearly any latin square (alge-
braically, a quasi-group) can be used to construct a planar geometry with the
incidence properties described above for Q3(G). However, the nonassocia-
tivity of quasi-groups prevents generalizing the construction of Qn(G) by
letting G be a quasigroup, for dimensions =n > 3.

It is evident from the results of Section 4 that the Whitney numbers,
hence the characteristic polynomial, depend on G only through its order m.
Further, if G, G' are two groups of the same order m, the number of mw-pre-
images of any partial partition of X 1is the same in Qn(G) and Qn(G'),
and the number of elements covering and covered by any element depends only
on m and its wm-image. These similarities naturally suggest the question as
to whether two groups of the same order give rise to isomorphic lattices.

The answer is given by

THEOREM 8: If n = 3 and Qn(G) ~ Qn(G') for two groups G, G', then

G ~G'

Proof: Clearly, G, G' must be of the same order m. Let o: Qn(G) >
Qn(G') be an isomorphism. The restriction of o to an upper interval

[(@),1], where (a) is of corank three, is an isomorphism [(a),1] >
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[o(a),0(1)]. By Theorem 2(a), [(o),1l] ;:Q3(G) and [o(a),0(1)] ;:Q3(G').
Thus it is sufficient to prove the theorem for n = 3. Clearly o must take
the sublattice M of modular elements in Q3(G) onto M in Q3(G'), and
we may assume without loss of generality that GIM is the identity on sub-
sets of {el,ez,e3}. Then for each (i,j,k) € {(1,2,3),(2,3,1),(3.1.2)}, the

o~-image of a point {ei,e +Aiek} in S, dis a point of the form

3

{e,,e,t)'e.}, where A, € G, A! € G'. The restriction of ¢ to S, we may
i
i’k i i i

3

thus regard as a bijection 0yt Ai P-A; of G-+ G'. Clearly o must take

transversal lines of QB(G) to transversal lines of Q3(G’), so that for

3
all (Al,Az,AB) e G,

-1 -1
A3 = (Alxz) iff 03(A3) [ol(Al)cz(Az)] .
i.e,
0, (O A )™ = [0, )0, 0 17T
3 172 1177232 )
Let T4 G + G' be the bijection TB(A) = [03(A—l)]_l. Then for all
Al,kz e G,
_ -1, ,-1
cz(Az)cl(Al).

The proof is then completed by application of the following

LEMMA: If G, G' are two (multiplicative) groups, and there exist three

1,2,3, such that for all «,A € G,

il

bijections ¢i: i

]

(5:2) 6,00 = 4 (N6, (),

then G ~ G'.
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Proof of Lemma: Taking « =1, A = 1, respectively in (5.2), we have

6300 = 6,0, (1), ¢5(<) = ¢, (1)9, (). Thus

_ -1
400 = 4500 [8,()]

(5.3) _1
8,00 = [8; W] T6,00).

Let ¢ = [d)l(l)]_l ¢3[¢2(1)]_1. Then ¢: G > G' is bijective, and by (5.2)

and (5.3),

o(Ak) = oA (x),

so ¢ 1is an isomorphism. 0

We turn now to the representation problem for Qn(G)' If ¥ 1is any

field, denote by F* = F-{0} the multiplicative subgroup of F. We then have

THEOREM 9: 1If Qn(G) is representable over a field F and n 2 3,

then G 1is isomorphic to a subgroup of F#*,

Proof: Since Q3(G) is isomorphic to the minor [(a),l] of Qn(G) for
any (o) of corank three, it is again sufficient to prove the theorem for
n = 3. We assume a coordinatization of Q3(G) over F is given and choose
a fixed coordinate vector in F3 from the homogeneous set representing each
point of Q3(G) by taking one of the coordinates unity, according to the con-
ventions described below. The gepresentation may then be regarded as an
injection o “into F3 such that any subset of three or fewer points of
Q3(G) is independent iff its o-image is linearly independent over F.

Again let (i,j,k) e {(1,2,3),(2.3.1),(3,1.2)}. We may assume that the
three (independent) M-points of Q3(G) are represented by the unit vectors
of F3, with 0({ej,ek})' having 1 in position 1 and O in positions j and

k. Then since an interior point {ei,ej+xiek} € Si is collinear with
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{ei,ej} and {ei,ek}, it is represented by a vector with 0 in position i
and nonzero elements in positions j and k., By convention we assume the
coordinate in position j is 1. Denote nonzero elements of F by a,b,

Cy.ess and let

Hy = {all(O,l,al) € (51,
H, = {a2|(az,0,l) e 0(s,)},
Hy = {a3|(1,a3,0) € 0(83)}.

Each Hi is thus an m-subset of F*. Define bijections ¢i: G ~> Hi’

i=1,2,3, by ¢i(Ai) = a5, the coordinate in position k of

0({ei,ej+kiek}). Then the o-images of the three points (5.1) of the trans-
, -1

versal line {\,e +A; e2+e3} are (0,1,9; (A1), ($,(2,),0,1), (1,953(23),0),

respectively, where AB = (Alkz)-l. It is easily verified that the three

vectors (O,l,al), (az,O,l), (l,a3,0) of F3 are linearly dependent iff

aja,3, = -1, so for all Al,AZ,AS € G, ¢1(A1)¢2(A2)¢3(A3) = -1 1iff
A1A2A3 =1, di.e.,

-1, _ -1
(5.48) 4500 NTY = =le (e, 0T

Interchanging Al and Az does not affect the right side of (5.4), since

% -1, - -1 -
F is abelian. Thus Azlkll and Allkzl have the same ¢3—image. Since

¢3: G ~ H3 is bijective, it follows that G is abelian.
*
We next prove that each Hi is a coset of a subgroup of F . Define the
mz—subset U of HleZXHB by
U = {(al,az,aB)Ialaza3 = -1}.

Note that U is the image under the bijection ¢1X¢2X¢3: G3 > HleZXHB of

the subset



29

L = {(Al,xz,x3)|x1A2A3 = 1},

corresponding to the transversal lines of Q3(G). Thus for any permutation

(i,j,k) of (1,2,3), a, € Hi iff there exist aj € Hj, a, € Hk such that

= -1/a.,a,. Let a s bi’ c be any three (not necessarily distinct) ele-

a4 3%k

ments of Hi' Choose any aj € Hj' Then

i

(i) aj € Hj’ a; € Hi imply —l/ajai € Hk’

(ii) —1/ajai € Hk’ cy € Hi imply ajai/ci € Hj,
(iii) ajai/Ci € Hj, bi € Hi imply —ci/ajaibi € Hk’
(iv) —ci/ajaibi € Hk’ aj € Hj imply aibi/ci € Hi'

Thus

(5.5) ai’bi’ci € Hi imply aibi/ci € Hi'

Choose fixed elements c, € Hi’ i=1,2,3, and let
Gi = {ai/cilai € Hi}'

We claim each Gi is a group. Clearly 1 ¢ Gi’ and if ai/ci € Gi’ (5.5)
o 2 -1 .

implies ci/ai € Hi’ s0 (ai/ci) = ci/ai € Gi' Finally, if ai/ci,

bi/ci € Gi’ then by (5.5), aibi/ci € Hi’ S0 (ai/ci)(bi/ci) € Gi' Thus

*
Gi is a subgroup of F of order m and Hi = G,c is a coset of Gi' We

ii
next prove G1 = G2 = G3.
Let a, = x;c; € H, a; = chj € Hj' Then —llaiaj = —l/Kincicj € H,
so —l/Kinclczc3 € Gk' Define AO = -cyc ey Then for any Ky € Gi’

Kj € Gj’ we have l/KinA()eGk. Putting Ky = Kj =1, 1/)\0 € Gk’ S0

AO € G . But then l/KinAO € Gk’ AO € G imply l/Kin € Gs SO

€ Gk' Thus Ky € Gi’ Kj € Gj imply Kin € Gk' Putting Kj =1,

Ky € Gi implies K € Gj’ so Gl = G2 = G3 = H, say, and AO = —clczc3 € H.
*
Thus Hl’HZ’H3 are three cosets of the subgroup H of F , such that in the

quotient group F*/H, H1H2 3 = -H, the coset of H containing -1.

K, K,
1]
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Choose any three elements ul,uz,u3 € H such that HqHoHg = AO’ and

define bijections fi: Hi + ~H by fi(ai) = -ui(ai/ci). Then

£(apf,(@)fs(a;) = ajajsa,,

. 3
so the image under f1XfZXf3. HIXHZXH3 + (-H) of the subset

3

U= {(al,az,a3)|ala2a3 = -1} 4is a set in (-H)~ with the same property. It

follows that the maps

(0,1,2) P (0,1, (a,))
(32,0’1) > (fz(az)so’l)

(1,a4,0) b (1,£4(a,),0)

give a representation of Q3(G) with Hl = HZ = H3 = ~H., We may assume,
therefore, that the given representation is of this form.
Recall now the bijections ¢i: G » -H satisfying (5.4). Let T =

-¢i: G > H. Then by (5.4), for all Al,kz € G,
(5.6) T (OADTH = [r,0)1,001 7
’ 3*M172 11722
Let t1: G > H be defined by
-1,,-1
) = 15 )] "
Then from (5.6),
T(Xlkz) = Tl(Al)TZ(AZ),

so by the lemma, G - H.

The converse of Theorem 9 is
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THEOREM 10: 1f F is a field and G is isomorphic to a subgroup of F¥*,

then Qn(G) is representable over F,

Proof: Let Ln(F) denote the lattice of subspaces of the projective
geometry of rank n (projective dimension n-1l) over F, and S the set of
points of Ln(F). The set X = {xl,...,xn} we take as a fixed basis of
Ln(F), and assume that Ln(F) is coordinatized over F with respect to any
system of reference containing X, with the unit vectors of o representing
the x, € X. Then if p is a point with coordinate vector (Kl,...,Kn) € Fn,

i

we write p = Zn Since the coordinates are homogeneous, the vector

1=1%1%1"
(Kl,...,Kn) is determined only up to a constant nonzero scalar multiple.

Any function f: X - F, not identically zero, represents a copoint of

Ln(F)’ namely
£ = Viplp € S(f)},
where S(f) is the point set of f:
S(f) = {p= zKiXiIZKif(xi) = 0}.

As in the case of points, two functions f, f' represent the same copoint of
Ln(F) iff f' = Af for some A e F%.
The set {el,...,en} of unit functions, with ei(xi,) =1 if 4i=1',

0 otherwise, is the copoint basis dual to X:

1]

e

Vix |1 # 1,

i

X

i A{ei.li' # 1},

A copoint £f: X » G is thus a linear combination f = Zkiei, where Ai =
£(x;). Then f is minimally dependent on the subset {eiIAi # 0} of {e;,..,e .

That is, f 2 A{eilki # 0} but £ X the infimum of any proper subset of
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{eilAi # 0}, since a point p = zKixi is < A{eilki # 0} 4iff {i|)\i # 0} ¢
{i]Ki = 0}, so zKiAi = 0. Conversely, x;, ¥ f for any i such that

Ai # 0. More generally, if {f .,fr} is any independent set of copoints,

100"
then g 1is dependent on {fl,...,fr} iff g is a linear combination g =

ijfj iff g 2 A{fjlj =1,...,r}, and in this case, g is minimally depen- .
dent on {f_ |A, # 0}.
3]
Assume without loss of generality that G is a subgroup of ¥F#*. For

any element (a) € Qn(G)’ a = {a,: Aj - G]j =1l,...,r}, we now regard the

3

aj € o as functions X + G u {0} ¢ F, simply by extending the domain from

Aj to X and defining a (xi) =0 for all X € X-A,. Note that any two

3 ]
E-equivalent partial G-partitions represent the same set of copoints in Ln(F).
Further since the subsets Aj = {xilaj(xi) #0}, j=1,...,r, are disjoint,

the subsets {ei|aj(xi) #0}, j=1,...,r, of {el,...,en} on which the

aj minimally depend are disjoint. Hence a {ajlj =1,...,r} 1is an inde-
pendent set of copoints in Ln(F). Ti follows that the map o: Qn(G) > Ln(F),

where
o(a) = Nla.la, € a}
Jlj ’
is well-defined and preserves rank,

(5.7). pL(c(a)) = pn - |a| = pQ(a).

If (B) 2 (¢) in Qn(G), then each bk € B is a linear combination
bk = ijaj (Aj € G), so in Ln(F)’ bk z A{ajlj = 1,...,r} for all bk € R.
Thus ¢(B) 2 o(a), di.e., o 1is order-preserving.
It follows from (5.7) that o takes points to points. Recall that the
(1) (ii") .
points of Qn(G) are (a ), (o (A)), defined in Corollary 1.2, where

1<i, i' €n, 1 #4i', XA e G, and (a(ii')(k)) = (u(i'i)(k_l)). It is
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easily verified that

U(a(i)) Xi’

(5.8) ey
s 0y = x

-1
' A xi,.

Suppose (a),(B) € Qn(G), and o(a) o(B). Since Xy < o(a) iff

r . r — v IS -
X, € X Uj=lAj’ it follows that X—Uj=lAj = X Uk=lBk XO’ say. Thus m(a),
m(B) are each partitions of XO. If w(a) # w(B), then there exists a block
of one, say A1 € m(a), containing two elements Xys Ko in different blocks

where Bl’BZ e n(B). Let X =

of the other, say X € Bl’ Xg1 € B2’

al(xi.)/al(xi). Then (a(ii')(k)) < (o), so o(a(ii')(k)) = xi-k_lxi, < o(a).
But bl(xi)—Aalbl(xi,) = bl(xi) # 0, so xi—A_lxi,Sbl. It follows that
xi-A_lxi, X 0(R), a contradiction, and we conclude w(a) = w(B). If (a) #
(B), then there exists a block of n(a), Al = Bl’ say, containing two ele-
ments Xy Koo such that al(xi.)/al(xi) # bl(xi')/bl(xi)' But then if

-1 -1
A= al(xi,)/al(xi), we have x,-\ - Xy X o(B), a con-

i i

tradiction. Thus (a) = (), so o 1is an injection.

3 < o), x

We now prove that ¢ preserves suprema. It will then follow that
o: Qn(G) > Ln(F) is an injective strong map, so that Qn(G) is isomorphic
to its o-image, the latter a subgeometry of Ln(F). Let (a),(B) € Qn(G).

Since o© 1is order—-preserving,

(5.9) o(a) v a(B) = o((a)v(B)).

To prove the reverse inequality, suppose c: X > F 1is a copoint of Ln(F)
and ¢ 2 o(a) vV o(B), i.e., there exist Kj,Ak e F* such that c¢ = zjKjaj =
kakbk' Let C = {xilc(xi) # 0}, Then C is the union of the w(a)-blocks
{AjIKj # 0} and also of the m(B)-blocks {Bklkk # 0}, hence is the union of

. a set of (mw(a)vr(8))~blocks {CKIK =1,...,v}, say. Assume first that
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v=1, i.e., that C 1is a single block

(o]
i
g
[ont
[
g
]

B, u...u B
u

of w(a) vV w(B8). Then

) ]
c = K.a, = A b,
j=1 34 k1 KK
% .

where Kj,kk e F*, Let X, € C, and suppose X, € Aj u Bk' Then

. = A, . . = . .
KJaj(xi) kbk(xl), so KJ/Ak bk(xl)/aj(xi) ¢ G. Thus the cosets
GKj, Gkk of G are equal whenever Aj n Bk is nonempty. But since C is

a block of w(a) v m(B), the intersection graph of the Aj (j=1,...t)
versus the Bk (k =1,...,t) 1is connected. Hence all Kj, Ak are contained
in a common coset GA of G. Thus the function c 1s an F*-multiple

¢ = Ac' of a function c¢' into G u {0}, hence represents the same copoint

of Ln(F). It is clear from the proof of Theorem 3 that c¢' € y' for some
partial G-partition vy' such that (y') = (a)v(B). Thus c 2 o(y') =
g{(a2)v(B)). In general, if C = C1 UeosoU Cv’ where v 2 2, then c¢ =
ZZ=1°£’ where CK(Xi) = c(xi) if X € CK’ 0 otherwise. By the preceding,
each Cp is a multiple cp = Azcé, where cé evy's £=1,...,v, for some
partial G-partition <vy' such that (y') = (@)v(B). Thus c¢ = zz=lkzcé, s0
c 2 a((a)v(B)). 1t follows that o(a) VvV o(B) 2 o((a)v(B)), and hence by

(5.9), that o is supremum-preserving. This completes the proof. 0
COROLLARY 10.1: If G 4is a subgroup of F#%, then
. i.[ _l
@) bz, @00 b,

where 1< i, i' €n, i#1i', X e G, and X = {xl,...,xn} is a basis of

Fn, is a coordinatization of the points of Qn(G) over F.
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THEOREM 11: Let G be of order m, and let n > 3. Then if G is
noncyclic, Qn(G) is representable over no field. If G dis cyclic, then
Qn(G) is representable over
(a) every field iff m=1 (i.e., G is trivial),
(b) a finite field of order q iff m divides gq-1,
(c) the rational or real field iff m = 1 or 2,

(d) the complex field for all m.

Proof: If F is any field, and G 1is a finite subgroup of F#*, then
G 1is necessarily cyclic (see, e.g. [1], Thm. 17). Thus by Theorem 9, Qn(G)
is representable over no field if G is noncyclic. Conversely, if G is
cyclic of order m, then G 1is a subgroup of the multiplicative group of
every field iff m =1, of a finite field of order q iff m divides g-1,
of the rational or real field iff m = 1 or 2, and of the complex field for

every m. Thus (a)-(d) follow form Theorem 10.
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