
ABSTRACT 

ZHANG, HONGYUAN. MIMO Communications Systems: Antenna Selection and 

Interference Mitigation. (Under the direction of Professor HUAIYU DAI). 

Multiple-input multiple-output (MIMO) techniques have evolved as one of the key 

enabling technologies to address the ever-increasing demand for high-speed wireless data 

access on current and emerging wireless communication networks. In this dissertation, we 

explore some important problems in point-to-point and multiuser MIMO systems, making 

certain contributions to both theory and practice of this timely research topic  

Antenna selection provides a new form of diversity in MIMO systems with low cost and 

relatively small overhead increase. In the first part of this dissertation, we investigate this 

technique, concerning (1) associated diversity property analysis in MIMO spatial 

multiplexing systems with practical coding and decoding schemes; (2) fast algorithm design 

with good tradeoff between performance and complexity, especially in correlated fading 

channels; (3) practical implementation in commercial high-throughput wireless local area 

networks.  

The first two problems above are addressed via novel and effective geometric tools. These 

tools are also extended to analyze some open problems in MIMO study, in particular the 

diversity-multiplexing tradeoff in V-BLAST and SDMA systems employing ordered 

successive interference cancellation (SIC).   

While for some systems it is sufficient to consider single-user performance, many others 

need to address the impairments due to the coexistence of multiple users, especially for 

cellular systems with universal frequency reuse, which usually undergo severe interference in 



the downlink. Conventional interference mitigation strategies are typically not effective in 

high data rate and MIMO scenarios, especially for the downlink. Then in the latter part of 

this dissertation, we focus on the study of interference mitigation in multiuser multicell 

MIMO downlink, and investigate the potential of cooperative transmission among adjacent 

base stations (BS) for effectively combating co-channel interference. Our study starts with a 

quasi-synchronous model to obtain performance upper bounds, by which we also explore 

some other advantages like channel rank/conditioning improvement and macro-diversity 

protection. When considering a more practical channel model, in which signals from 

different BS’s in the downlink arrive asynchronously at each MS, we propose some novel 

and effective pre-coding algorithms achieving different levels of tradeoffs between 

interference mitigation and computational complexity. These algorithms are extended to the 

scenarios where timing information cannot be perfectly acquired at the cooperative BS’s.  

In summary, we have tackled some open and interesting problems in MIMO study, in 

particular, the diversity analysis for MIMO spatial multiplexing systems with antenna 

selection and practical coding and decoding schemes, and the impact of ordering on the 

performance of SIC (V-BLAST) receivers. The underlying geometric tools for these analyses 

may find applications in other relevant fields as well. We have also endeavored to improve 

the performance of MIMO systems in real operating scenarios and accelerate their 

employment in future wireless networks, with contributions in fast and practical antenna 

selection algorithms, and co-channel interference mitigation with base-station cooperation 

explicitly considering the effect of signal asynchronism and timing errors.  
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Chapter 1 

Introductions 

1.1 MIMO Communications Systems 

In the past few years, the demand for broadband wireless data access in mobile 

communication networks has grown exponentially. For example, existing standards for third 

generation (3G) provide up to 2 Mbps indoors and 144 Kbps in vehicular environments; 

while the minimum speed currently targeted for 4G systems is 10-20 Mbps indoors and 2 

Mbps in moving vehicles.  

Recently, the remarkable capacity potential of MIMO systems has been unveiled 

[20][21][25][86][94]. A (flat fading) MIMO channel, typically modeled as a matrix with i.i.d. 

complex Gaussian entries, provides multiple spatial dimensions for communications and 

yields a spatial multiplexing gain. At high SNR, Shannon capacity can increase linearly with 

the minimum of the number of transmit and receive antennas. Meanwhile, multiple 

transmit/receive antennas in MIMO systems also provide diversity protections for data 

streams in fading channels [53][68][79]. Spatial multiplexing and diversity gains typically 
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compete with each other, and the tradeoff between them is an active research area after the 

pioneering work of [104].  

Built on intensive theoretical investigations, the development of MIMO systems has 

already entered the stage of commercial applications: they are being considered as a key 

enabling technology for boosting the effective data rate or throughput in systems such as: 

3GPP [45], IEEE 802.11 WLANs [105], and IEEE 802.16 WMANs [106].  

In this dissertation, both theoretical and practical aspects of MIMO systems are taken into 

considerations in our study of two major topics: antenna selection in point to-point MIMO 

systems, and interference mitigation in cellular multiuser MIMO networks, as will be 

specified in the subsequent sections. 

1.2 Point-to-Point MIMO Systems: Antenna Selection 

The remarkable ability of MIMO wireless communication systems to provide spatial 

diversity or multiplexing gains was mainly studied in the single-user scenario, so called 

point-to-point MIMO. This scenario includes multi-user wireless communications with 

orthogonal channelizations [69], e.g. TDMA or FDMA, and orthogonal CDMA. Another 

example is the IEEE 802.11n high-throughput WLAN [105], where the MAC protocol 

CSMA/CA is applied, such that theoretically there is only one device in transmission in each 

frequency band at any instance. 

In general there are two major categories of point-to-point MIMO systems:  
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1. Open-loop: the transmitter does not have CSI, so data streams are usually 

transmitted in a balanced manner, in which power and modulation/coding sets (MCS) 

are allocated equally [20][22]. 

2. Closed-loop: the transmitter knows full or partial CSI and adapts the data streams 

accordingly to achieve performance improvements. Examples of closed-loop 

systems include transmitter beamforming [53][79], link adaptation [105], and 

transmit antenna selection [52], one of the major focuses of this dissertation.   

In general, antenna selection techniques provide a new form of diversity in MIMO systems. 

In this dissertation, we focus on three aspects:  

First, we study the best diversity order achieved by transmit antenna selection for MIMO 

spatial multiplexing systems employing practical coding and decoding schemes. This 

problem is difficult by nature and rarely addressed in literature, except some conjectures 

based on numerical experiments. We have proposed a new geometrical framework for this 

type of analysis and obtained some interesting results, which confirm and generalize some of 

the conjectures in literature (see Section 2.2). This approach has also been extended to tackle 

some previously unsolvable problems in general MIMO systems without antenna selection 

(see Chapter 3). 

Secondly, design of antenna selection algorithm is another important problem, which 

actually is the focus for most of the papers in the area. We also propose a fast transmit 

antenna selection method based on some geometrical properties of MIMO channel matrices. 

This algorithm achieves significant performance improvement with very affordable 
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computational effort, and is amendable to different levels of CSI at the transmitter (see 

Section 2.3). 

Finally, we look into the issue of how to implement antenna selection techniques in a 

realistic commercial system, more specifically, the emerging IEEE 802.11n high-throughput 

WLAN. In this scenario, practical issues should be jointly considered, such as the increased 

training overhead, distortions caused by channel variations, cost and performance loss due to 

the deployment of antenna switches, and impairments caused by RF mismatches. Our goal 

here is to accommodate antenna selection with the least influence from the above aspects. 

With this in mind, based on the specific characteristics of WLAN channels, we propose 

effective antenna selection training/calibration protocols for the emerging 802.11n standard, 

which are successfully adopted in the draft specifications [105] (see Section 2.4).  

1.3 Multiple User MIMO Systems: Interference Mitigation 

Multi-user MIMO refers to the scenario where multiple multi-antenna devices are 

communicating in the same frequency-time slot simultaneously. Consequently, data streams 

from different users introduce multi-user interference (MUI), and it is assumed that the only 

way for separating them is to utilize their spatial signatures. Specifically, if different mobile 

users are located far apart, their corresponding channel vectors/matrices provide a distinct 

spatial signature for each of them. Whenever their spatial signatures are "orthogonal" enough 

(i.e. with low correlation), their signals can be effectively separated by well-designed pre-

coding or detection algorithms, an idea equivalent to randomly coded CDMA systems. 

However, compared with CDMA, since the spatial signatures cannot be artificially optimized 
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and there are usually insufficient spatial dimensions due to the hardware limitations, more 

effort on the transmitter/receiver design is required for interference mitigation. This scheme 

is sometimes named as SDMA.  

Our study mainly targets the infrastructure networks, or cellular networks [26][69][87], 

which, compared with ad hoc networks, utilize base stations or access points to provide 

access for mobile stations to a backbone network. Here a "cell" is defined as a specific area 

serviced by a BS, through which a subscriber in the area can directly access the backbone 

network – a single-hop scheme. Base stations are usually connected by reliable wirelines to 

centralized processing units to facilitate advanced functionalities such as handoff and 

resource allocations. Therefore the performances of infrastructure based wireless networks 

are usually much better than those without infrastructure, which explains why they will 

continuously be relied on for fulfilling the stringent wideband requirements. 

In the uplink, where the signals are transmitted from multiple MSs to a single BS, 

multiple antennas at the receiver are used for detecting different data streams of different 

users, exploiting multiuser detection techniques. The studies on MUD were well developed 

in the 1990’s, a comprehensive review of which can be found in [89] and references therein. 

Note that MUD was originally discussed under the CDMA settings. Due to the similarity 

between CDMA and SDMA as mentioned earlier, they can be naturally extended to the 

multi-antenna systems. Some recent development on MIMO MUD can be found in [14][90]. 

Despite its great potential in MUI mitigation and performance enhancement, the applications 
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of MUD are often limited by many factors including complexity and timing accuracy (i.e. 

synchronization). 

In the downlink, where the signals intended for multiple users are transmitted together 

from the BS, both receiver processing (MUD) [16] and transmitter pre-processing (assuming 

transmitter side CSI) are explored in the literature. A detailed survey will be given in Chapter 

4. 

Some simple multi-user MIMO architectures already appear in realistic systems. For 

example, the Chinese 3G standard TD-SCDMA employs multiuser detectors in its 

synchronized uplink [47]; and one optional mode of the new IEEE 802.16e WMAN standard 

applies uplink joint detection and downlink beamforming in its OFDMA PHY layer, under 

multiuser MIMO settings [106].  

In this dissertation, we develop some new methods in transmitter side pre-processing for 

the MIMO cellular downlink. With the development of RF and baseband IC circuitry, and in 

some low Doppler environment, the acquisition of full CSI at the transmitter(s) in the 

downlink is made possible through, e.g. a joint training process and feedback. In cellular 

systems, universal frequency reuse is beneficial regarding the network throughput, as long as 

the interference can be effectively managed. Moreover, in cellular systems, intra-cell and 

inter-cell interferences are often modeled and mitigated in different ways. While the former 

one is well investigated, inter-cell interference is far less explored, due to its random and 

uncontrollable nature in conventional cellular architectures. We propose to tackle this 

problem through base station cooperation schemes (see Chapter 4). To show the potential 
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benefit of BS cooperation, we start with a synchronous and strong inter-cell interference 

environment, where all the involved MSs are located close to cell boundaries, so that the 

associated BSs act like a distributed giant antenna array; later on we extend the study to 

arbitrary MS locations, where the asynchronous channel model is indispensable. The pre-

processing designs under this setting are then more technically involved. We have proposed 

some robust designs that lead to significant performance enhancement with small 

computational overhead, and some of them are even amendable with additional timing-

inaccuracy. 

1.4 Dissertation Outline 

Our research outcomes on antenna selection are discussed in detail in Chapter 2, which 

contains the following parts: the introduction of antenna selection (Section 2.1), the diversity 

analysis of transmit antenna selection with practical coding and decoding schemes (Section 

2.2), the geometry-based fast antenna selection methods (Section 2.3), and implementation of 

antenna selection in IEEE 802.11n WLAN (Section 2.4). Finally concluding remarks are 

given in Section 2.5. 

The extension of the same geometrical analytical tool to the diversity analysis of general 

MIMO SIC receivers is given in Chapter 3, where Section 3.1 and 3.2 give general 

introductions and system models; Section 3.3 presents the diversity analysis of SIC receivers 

in V-BLAST point-to-point systems, while the counterpart in MIMO multiple access systems 

is addressed in Section 3.4; finally Section 3.5 summarizes the chapter. 
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In Chapter 4, our focus moves to interference mitigation in multi-user MIMO. At first, a 

detailed literature survey is given in Section 4.1, followed by the multiuser MIMO system 

models in Section 4.2; then Section 4.3 proposes the idea of BS cooperation in a quasi-

synchronized scenario; Section 4.4 extends the discussions to asynchronous settings; finally 

Section 4.5 concludes the whole chapter. 

Conclusions and some perspectives on future work are given in Chapter 5.   
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Chapter 2 

Antenna Selection in Point-to-Point MIMO 

2.1 Introduction of Antenna Selection 

As introduced in Chapter 1, MIMO techniques can significantly increase system capacity 

in a rich scattering wireless environment. However, an accompanying problem is increased 

hardware complexity and cost, since in a typical communications system, each 

transmit/receive antenna requires a separate RF chain including a modulator/demodulator, an 

AD/DA converter, an up/down converter, and a power amplifier. In addition, the processing 

complexity at the baseband also increases with the number of antennas. 

Antenna selection comes as a remedy for this problem [52]. In many scenarios, judicious 

antenna selection may incur little or no loss in system performance, while significantly 

reducing system cost. Although it is argued that by Moore’s Law, and by the deployment of 

new efficient design architectures (e.g. the direct-conversion technique, or zero intermediate 

frequency), the cost of RF chains may be reduced to the same magnitude as antenna elements 
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in the near future, and the impairment caused by cross-talks between multiple integrated RF 

chains may be even smaller than that caused by antenna switches used for antenna selection, 

antenna selection is still beneficial in improving the system performance, since it is operated 

in the RF domain, and essentially doesnot interfere with any other performance-enhancement 

techniques. In another word, antenna selection is not proposed as an alternative, but rather as 

an enhancement to other advanced processing (e.g. the transmit beamforming), to achieve 

better performances. We will re-stress this idea in Section 2.4. 

The idea of antenna selection refers to selecting an optimal sub-matrix from a complete 

MIMO channel matrix according to some predetermined criterion, and switching the selected 

antennas to the limited numbers of RF chains. To perform antenna selection, the complete 

channel matrix is estimated by sending training frames to measure the complete channel state 

information. On transmitting or receiving these AS training frames, the device conducting 

antenna selection switches different antenna subsets to the RF chains so that the receiver can 

estimate the corresponding subchannels matrices.  

Figure 2-1 shows a point-to-point MIMO communication system, including a transmitting 

station (STA A), and a receving station (STA B). Either station can operate in the receive or 

transmit mode. Each station includes a set of receive RF chains, and a set of transmit RF 

chains both connected to a set of antennas by switches. Generally, in MIMO devices, the 

number of antennas is larger than that of RF chains. Therefore, a subset of antennas is 

selected from the set of total available antennas by an antenna selection method during a 
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training phase. The selection can be initiated by either the transmitter or the receiver, and the 

selection can be conducted at the transmitter and/or at the receiver.  

  

 

Figure 2-1 – Antenna Selection System Model 

In literature, research on antenna selection is focused on two aspects: performance 

analysis and selection algorithms. A brief survey on these topics will be given in Section 2.2 

and Section 2.3 respectively.  

Previous work either investigates the performance of antenna selection for MIMO spatial 

diversity schemes (e.g. STBC [30]), or for MIMO spatial multiplexing schemes with 

idealized encoding and decoding [32]. In contrast, we propose an effective geometrical 

analysis tool in Section 2.2 to exploit the exact diversity performance of transmit antenna 

selection in MIMO-SM systems with practical coding and decoding schemes. While good in 

theoretical analysis, the antenna selection algorithms used in Section 2.2 are generally 

infeasible for realistic implementations. Tradeoffs between performance and complexity play 

an important role in practice. From a different geometric view, we propose fast antenna 

selection algorithms, which may achieve near optimal performance in some fading 
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environments, particularly with high fading correlations. In Section 2.4 we take one step 

further to investigate antenna selection in commercial wireless networks. Specifically, we 

propose the training and calibration methods for antenna selection in high-throughput WLAN 

systems, a topic receiving little attention so far.   

2.2 Performance Analysis of Antenna Selection: Diversity Order of MIMO-

SM with Transmit Antenna Selection - A Geometrical Approach 

2.2.1 Introduction 

As mentioned earlier, a major potential problem with MIMO is increased hardware cost 

due to multiple analog/RF front-ends, which has recently motivated the investigation of 

antenna selection techniques for MIMO systems [52].  

MIMO systems can be exploited for spatial diversity or spatial multiplexing gains [104]. 

The majority of analytical work on MIMO antenna selection focuses on the former, including 

selection combining, HS-MRC [37][79], and antenna selection with space-time coding 

[1][30]. Essentially in these works, with i.i.d. Rayleigh fading, the system error performance 

or outage probability can be readily analyzed through order statistics [17]. It has been shown 

that the diversity order of the original full-size system can be maintained through the SNR 

maximization selection criterion.  

By contrast, antenna selection for MIMO systems with multiple data streams, i.e., spatial 

multiplexing systems, has received less attention. The few existing analytical results 

generally assume capacity-achieving joint space-time coding and optimal decoding. 

Capacity-maximizing receive antenna selection is analyzed in [32] and shown to achieve the 



 

 13 

same diversity order as the full-size system. In [33], it is shown that the fundamental tradeoff 

between diversity and spatial multiplexing of the full-size system, obtained in [104], holds as 

well for MIMO systems with antenna selection.   

In practice, the multiple streams in a SM system may be uncoded or separately encoded 

and sub-optimally decoded due to complexity and channel feedback overhead concerns. In 

[36], several transmit antenna selection algorithms for SM with linear receivers are proposed, 

and some conjectures on the achieved diversity orders are made from numerical results. To 

the best of our knowledge, the exact diversity order achieved by antenna selection for 

practical SM systems has not been rigorously obtained. In contrast to MIMO diversity 

schemes, the key challenge that hinders accurate performance analysis is that selection is 

performed among a list of inter-dependent random quantities, which are correlated in a 

complex manner. 

In this Section, we propose a new framework to analyze the diversity order achieved by 

transmit antenna selection for SM systems with separately (and independently) encoded data 

streams and linear or decision-feedback receivers (i.e., the V-BLAST structure [20][95]). In 

particular, we rigorously show that the optimal diversity order is ( 1)( 1)T RN N− −  for an 

R TN N×  separately encoded SM system employing linear or DF receivers, when 2L =  

antennas are selected from the transmit side. This should be compared with the diversity 

order of a two-stream SM system without antenna selection: 1RN − . Such a diversity gain 

can be tremendous for downlink high-data-rate communications, where there may be a large 

number of transmit antennas at the base stations but few receive antennas at the mobiles (e.g., 
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2RN = ). For DF receivers, it is also clarified that, the antenna selection rule that maximizes 

the performance of the first decoded data stream is not optimal, as the freedom to choose 

transmit antennas for subsequent data streams is restricted. Furthermore, following the same 

geometrical approach, we give an upper bound, ( 1)( 1)T RN L N− + − , and a lower bound, 

( 1)( 1)T RN L N L− + − + , on the diversity order for general L , which coincide when 2L = . 

The corresponding diversity-multiplexing tradeoff curves are also derived. Generally 

speaking, our results confirm and generalize some of the conjectures in [36], thus verifying 

that transmit antenna selection can achieve high data rates and robust error performance in 

practical SM systems without complex coding. Furthermore, the proposed geometrical 

approach may be used to solve other open problems related to MIMO communication 

systems. 

Among feasible sub-optimal receivers for separately encoded SM systems, we first 

investigate the linear ZF receiver [89]. The analysis for the ZF-DF receiver relies heavily on 

the former. Furthermore, their diversity order analyses, a study at high SNR regimes, hold for 

linear MMSE and MMSE-DF receivers as well. 

2.2.2 System Model and Problem Formulation 

We consider a frequency non-selective block Rayleigh fading channel model, in which the 

R TN N×  channel matrix is represented by 1 2[ , , , ]
TN=H h h h" , modeled with i.i.d. 

normalized complex Gaussian entries with zero mean and unit variance. With transmit 
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antenna selection, there are a total of T
U

N
N

L
⎛ ⎞

= ⎜ ⎟
⎝ ⎠

 possible antenna subsets, defined as 

1 ~
UNU U 1: 

                                                      

{ }
{ }

{ }

1 1 2

2 1 2 1 1

1

, , ,

, , ,

, , .
U T T

L

L L

N N L N

U

U

U

− +

− +

=

=

=

h h h

h h h h

h h

"

"
#

"

                                         (2.1) 

If the subset jU  is selected, of which the L  column vectors compose the channel matrix jH , 

the SM system can then be expressed as: 

                                                      0
jL

ρ
= +y H s n ,                                                        (2.2) 

where the  RN T×  matrix y is the received signal block with T  the block length; n  is the 

circularly symmetric complex Gaussian background noise with zero mean and unit variance; 

and the L T×  matrix s  represents the transmitted signal block, with independent rows each 

assuming unit average energy per symbol. Therefore, 0ρ  is the average SNR per receive 

antenna. As in [104], we assume the fading channel keeps constant for the entire data frame. 

Each stream independently adopts a code of fixed data rate 0R 2.  As will be shown (see proof 

of Lemma 2.1), channel coding in each data stream can provide coding gain but not diversity 

gain. Throughout the paper we assume TN L≥  and RN L≥ . Therefore given the assumption 

                                                      
1 Without loss of generality, it is assumed that in each subset the selected columns are placed by index in increasing order. 
2 We are mainly interested in the maximum diversity gain here, corresponding to a zero multiplexing gain scenario in [104].  
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of i.i.d. Rayleigh fading, the selected channel matrix jH  has full column rank with 

probability one [55].  

For a ZF receiver, a spatial equalizer 
1† H H

ZF j j j j

−
⎡ ⎤= = ⎣ ⎦G H H H H  is applied to the received 

signal y  to obtain an estimate of the transmitted signal:  

                                                  0ˆ ZF ZFL
ρ

= = +s G y s G n ,                                             (2.3)  

where †  denotes the pseudo-inverse of a matrix. Therefore L  equivalent decoupled SISO 

data links are formed as  

                                               
0

*ˆ [ ] ,  1k k ZF ks s k L
L
ρ

= + ≤ ≤G n ,                                    (2.4) 

where *[ ]kG  is the kth row in matrix G . The instantaneous channel capacity and error 

performance of these subchannels are determined by the corresponding post-processing 

SNRs, which can be directly derived from (2.4) as  

                
12( ) 0 0

, *[ ]j H
k ZF ZF k j j kkL L

ρ ρρ
−⎛ ⎞ ⎛ ⎞ ⎡ ⎤= =⎜ ⎟ ⎜ ⎟ ⎣ ⎦⎝ ⎠ ⎝ ⎠

G H H , 1 k L≤ ≤ ,                             (2.5) 

where H  stands for conjugate transpose, and []kk  represents the kth diagonal element of a 

matrix. Let ( )j
kh  be the kth column of jH , and ( )j

kH  the ( 1)RN L× −  matrix resulting from 

leaving out ( )j
kh  from jH . It is known that [89], 

1
1/ H

j j kk

−
⎡ ⎤⎣ ⎦H H  is equal to ( )j

kR , the square of 
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the projection height3 from ( )j
kh  to the range of ( )j

kH , or alternatively, the square of the norm 

of the projection of ( )j
kh  onto the null space of ( )( ) Tj

kH . That is  

                                             
2( ) ( ) ( ) 2 ( )0 0

, sinj j j j
k ZF k k kR

L L
ρ ρρ θ= = h ,                                  (2.6) 

where ( )j
kh  is the norm of ( )j

kh , while ( )j
kθ  is the angle between ( )j

kh  and its projection on 

the range of ( )j
kH , defined as  

 
( )

( ) 1 ( )
( )

sin , 0
2

j
kj j

k kj
k

R πθ θ−= < <
h

. 

The following figure gives a geometrical view of the relationship in (2.6).  

 
Figure 2-2 – The Illustration of (2.6) 

We further define  

                                                      
3 Projection height refers to the norm of the error vector, i.e., the difference between a vector and its projection onto a subspace.  
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                                            ( ) ( )
min 1

}min{j j
kk L

RR
=

=
"

, 1 Uj N≤ ≤                                             (2.7) 

for each subset jU , which essentially determines the system performance at high SNR 

[66][89].   

For a linear MMSE receiver, the spatial equalizer is given by 

1
0[ / ]H H

MMSE j j jL ρ −= +G H H I H , and the post-processing SNRs are given by [89][64]: 

                           
( )

( ) 0 0
, 1

0

1 1
[ / ]

j
j k

k MMSE H
j j kkL L L

ρ ρρ
ρ −

Γ
= − = −

+H H I
, 1 k L≤ ≤ ,                  (2.8) 

where ( )
* 1

0

1
[ / ]

j
k

j j kkL ρ −Γ =
+H H I

. Similarly, we define  

                               ( ) ( )
min 1

}min{j j
kk L=

ΓΓ =
"

, 1 Uj N≤ ≤ .                                                         (2.9) 

In this section, we adopt the antenna selection rule that maximizes the post-processing 

SNR of the worst data stream (as in [36]). That is, we choose the subset among (2.1) such 

that ( )
min

jR  in (2.7) or ( )
min

jΓ  in (2.9) is maximized, and we denote  

                            ( )
min1

max { }
U

j
SL j N

R R
≤ ≤

=  and ( )
min1

max { }
U

j
SL j N≤ ≤

Γ = Γ .                                         (2.10) 

We will show that this selection rule is optimal for linear receivers with respect to diversity 

order.  

Before proceed, we first introduce some notations. The diversity order is defined as the 

slope of the average frame error probability (an error is declared if any substream is decoded 

unsuccessfully. By assuming coding over a single block with constant fading, this is the true error 
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probability of a code averaged over the transmitted codewords, channel fading, and additive noise.) 

0P ( )e ρ  in log-scale in the high SNR regime [104]: 

                                  
0 0

0 0

0 0

log P ( ) log P ( )lim lim
log( ) log(1/ )

e ed
ρ ρ

ρ ρ
ρ ρ→∞ →∞

= − = .                                      (2.11) 

We adopt the operator �  as defined in [104], to denote exponential equality, i.e. we write 

0 0( ) bf ρ ρ−�  to represent 

                                                            
0

0

0

log ( )lim
log( )

f b
ρ

ρ
ρ→∞

− =  . 

Equivalently (for the convenience of analysis in this paper), we use ( ) bf x x�   to represent 

                                                            
0

log ( )lim
logx

f x b
x→

= .                                               (2.12) 

The operators ≤� , ≥� , <� , >�  are similarly defined. Note that according to our notation, 

( ) ( )f x g x≤�  indicates ( ) ( )f x g x≥  for sufficiently small x . 

Lemma 2.1: For separately encoded spatial multiplexing systems with linear ZF/MMSE 

receivers, the antenna selection rule that chooses the antenna subset with the strongest 

weakest data link achieves the optimal diversity order among all antenna selection rules. 

Furthermore, the optimal diversity order can be evaluated as 

                                              
0

log Pr( )lim
log( )

L SL
opt x

R xd
x→

≤
=                                                 (2.13) 

for both receivers. 

Proof: See Appendix A. 
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Remarks: Lemma 2.1 indicates that we only need to evaluate (2.13) for the optimal diversity 

order of transmit antenna selection with linear ZF/MMSE receivers. We also make no claims 

on the practicality of this selection algorithm, as the main focus of this section is on 

theoretical analysis. Note that efficient antenna selection algorithms exist in literature (e.g., 

[37][108] and references therein), and will be further discussed in Section 2.3. 

2.2.3 Diversity Order and Diversity-Multiplexing Tradeoff when 2L =  

In this subsection, we discuss the main idea of our geometrical approach for 2L = , which 

also admits an exact result. Extension to the general L  scenario is not trivial, as will be seen 

in Section 2.2.4.   

Theorem 2.1: In an R TN N×  spatial multiplexing system with linear ZF/MMSE or ZF/MMSE 

decision-feedback receivers satisfying 2TN ≥  and 2RN ≥ , if separately encoded data 

streams are transmitted from two selected antennas, the optimal achievable diversity order is  

( 1)( 1)opt T Rd N N= − − .                                                   (2.14) 

 The optimal diversity-multiplexing tradeoff curve is the piecewise function of r connecting 

the points ( ,  ( ))optr d r  for 0 2r≤ ≤ , with 

                                           ( ) ( 1)( 1)(1 / 2)opt T Rd r N N r += − − − ,                                        (2.15) 

where  ( ) max( ,0)x x+ = .   

This theorem will be proved in three steps: we start with linear ZF/MMSE receivers by 

evaluating (2.13) in Subsection 2.2.3.1. Then we extend the analysis to ZF/MMSE-DF 
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receivers in Subsection 2.2.3.2. Finally we analyze the corresponding diversity-multiplexing 

tradeoff curves in Subsection 2.2.3.3.  

As 2L = , each possible antenna subset in (2.1) contains two selected column vectors 

from the original channel matrix H . For convenience, we will use kjR  to denote the squared 

projection height from kh  to jh . In another word, following the denotations in Section 2.2.2, 

given that { },s k jU = h h  is selected, ( )
1

s
kjR R�  and ( )

2
s

jkR R�  (c.f. (2.6)). Clearly  

                                                          2 2sinkj k kjR θ= h ,                                       (2.16) 

where it can be shown that [18][49][55] 2
kh  is 2 (2 )RNχ  distributed with probability 

density function4
 

 

                          2
1 1

|| ||

1 1( )
( ) ( 1)!

R R

k

N Nx x

R R

f x x e x e
N N

− −− −= =
Γ −h

,                                  (2.17) 

and kjθ  assumes a PDF of  

                                 2 4( ) ( 1)sin 2 (sin ) ,      0,
2

R

kj

N
Rf Nθ

πθ θ θ θ− ⎛ ⎞= − ∈⎜ ⎟
⎝ ⎠

.                          (2.18) 

Furthermore, 2
kh , 

2

jh and kjθ  are mutually independent. Also, kjR is a 2 (2( 1))RNχ −  

distributed random variable, which leads to 

                                                          1Pr( ) RN
kjR x x −≤ � .                                                   (2.19) 

                                                      
4 Chi-square distribution with 2 RN  degrees of freedom and mean RN . 
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From (2.19) we can see that without transmit antenna selection ( TN L= ), any data stream 

with a ZF/MMSE receiver bears a diversity order of 1RN − , so does the overall error 

probability. When TN L> , through the diversity-maximization transmit antenna selection 

(c.f. (2.7) and (2.10))  

                                         { }{ }
{1, , }

max min ,
T

SL kj jkk j N
R R R

≠ ∈
=

"
,                                           (2.20) 

we will show that a product gain of 1TN −  on the diversity order can be achieved.  

2.2.3.1  Linear ZF/MMSE Receivers 

In the following, the optimal diversity order (2.13) for linear ZF/MMSE receivers L
optd  will 

be explicitly explored. Note that neither the exact PDF of SLR  nor its polynomial expansion 

near zero seems tractable, which motivates us to solve the problem through tight upper and 

lower bounds.  

By definition 

         
12 21 13 31 ( 1) ( 1)

1

Pr( ) = Pr(min( , ) ,min( , ) , ,min( , ) )

                  =  Pr ,

T T T TSL N N N N

N

i
i

R x R R x R R x R R x

A

− −

=

≤ ≤ ≤ ≤

⎛ ⎞
⎜ ⎟
⎝ ⎠

"

∪
        (2.21) 

where the 2 UNN =  events { }iA  are defined as  

                              

1 12 13 1 23 ( 1)

2 12 13 1 23 ( 1)

21 31 1 32 ( 1)

{ , , , , , , }

{ , , , , , , }

    
{ , , , , , , },

T T T

T T T

T T T

N N N

N N N

N N N N

A R x R x R x R x R x

A R x R x R x R x R x

A R x R x R x R x R x

−

−

−

= ≤ ≤ ≤ ≤ ≤

= ≤ ≤ ≤ ≤ ≤

= ≤ ≤ ≤ ≤ ≤

" "

" "

#
" "

              (2.22) 
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each of which corresponds to the case that one data stream from each of the UN  subsets is in 

outage (i.e., close to zero for sufficiently small x). For example, event 1A  picks the first 

element from each possible subset 1 ~
UNU U , i.e., { }1

1 T

kj
k j N

A R x
≤ < ≤

⎧ ⎫⎪ ⎪= ≤⎨ ⎬
⎪ ⎪⎩ ⎭
∩ . Then from (2.21) 

we have: 

                                            1
1

Pr( ) Pr( ) Pr( )
N

SL i
i

A R x A
=

≤ ≤ ≤∑ ,                                          (2.23) 

which indicates   

                               1

0 0

log max Pr( ) log Pr( )lim lim
log( ) log( )

i Li
optx x

A Ad
x x→ →

≤ ≤ .                                    (2.24) 

Clearly the lower bound in (2.24) actually is tight. However, it is generally difficult to 

identify the dominant terms at high SNR from (2.22), since the cardinality grows 

exponentially with 2
TN . Alternatively, we take the following approach. First, we find a 

common upper bound for Pr( ),  iA i∀ , i.e., obtaining such a UP  that 

                                                    max Pr( )i Ui
A P≤ ,                                                       (2.25) 

which determines a lower bound for L
optd  (c.f. the lower bound in (2.24))5. We then obtain a 

lower bound for 1Pr( )A : 

                                                      1Pr( ) LA P≥ ,                                                            (2.26) 

                                                      
5 Recall that an error probability with lower diversity order corresponds to an exponentially larger one, and vice versa. 
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and evaluate its error exponential, which gives an upper bound for L
optd  (c.f. the upper bound 

in (2.24)). It turns out that these two bounds coincide and represent the best achievable 

diversity order, given by ( 1)( 1)T RN N− − .  

Diversity Lower Bound 

Proposition 2.1: ( 1)( 1)L
opt T Rd N N≥ − − .  

Proof: Define iS  as the set consisting of the 
2

T
U

N
N ⎛ ⎞

= ⎜ ⎟
⎝ ⎠

 random variables in iA  (see (2.22)). 

For example, { } { }1 12 13 1 23 ( 1) 1
, , , , , ,

T T T T
N N N kj k j N

S R R R R R R− ≤ < ≤
= =" " . First we claim that, in 

any iS  we can always find a subset of 1TN −  random variables in the form of 

{ }1 2 2 3 1_ , , ,
N NT Ti indep k k k k k kS R R R

−
= " , where 1 ~

TNk k  is some permutation of the integer array 

1 ~ TN . For example, { }1_ 12 23 ( 1), , ,
T Tindep N NS R R R −= " , i.e., , 1i Tk i i N= ≤ ≤ . By Lemma B.1 

given in Appendix B, we obtain the following common upper bound for Pr( )iA :  

                                          ( 1)Pr( ) [Pr( )] ,  ,  TN
i U kj iA P R x k j A−≤ = ≤ ≠ ∀ .                       (2.27) 

With (2.19) we have 

                                                     
.

( 1)( 1)max Pr( ) T RN N
ii

A x − −≥ ,                                       (2.28) 

and from (2.24) Proposition 2.1 follows. 
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Figure 2-3 – The Illustration of the Proof for Proposition 2.1: A Graph with Size n 

The claim is proved as follows. A graph is drawn in Figure 2-3 to visualize iS , where the 

nodes represent the transmit antenna elements and an arrow directed from node 1k  to 

2k appears in the graph if 
1 2k kR exists in iS . Based on the definition of iS , there is one and 

only one arrow between any two nodes. For such a graph of size n, a complete path is defined 

as one that goes through a series of 1n −  arrows, passing each of the n  nodes one and only 

one time. Therefore we can find a subset _i indepS in iS  if at least one complete path exists in 

the graph of size TN , passing the nodes with the order 1 2 TNk k k→ → →" . It is easily 

shown that all graphs of size 3 contain one complete path. Now suppose that all graphs of 

size 1n −  contain at least one complete path. Then in any graph of size n ,  we can always 

find a path passing 1n −  nodes one and only one time, assumed in the order 

1 2 1nk k k −→ → →" . From Figure 2-3, we see that if there is no complete path existing in the 
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graph of size n, the arrow between 1k  and nk  should be in the direction of 1 nk k→ , otherwise 

1 1n nk k k −→ → →"  forms a complete path. For the same reason, the arrow between 2k  and 

nk should be in the direction of 2 nk k→ , otherwise 1 2 1n nk k k k −→ → →"  forms a complete 

path. By repeating the same reasoning, we finally reach 1n nk k− → . However, in this case 

1 2 nk k k→ → →"  is a complete path, and we conclude that a complete path always exists 

for any graph of size n . Thus the claim is proved for any TN  by induction.  

□ 

Diversity Upper Bound 

Proposition 2.2: ( 1)( 1)L
opt T Rd N N≤ − − .  

Proof:  This proof is technically involved, so we divide it into three parts for ease of 

illustration: (1) by some geometrical analysis 1Pr( )A is further lower bounded (see (2.31)); 

(2) by Lemma B.2~B.5 in Appendix B, the probability lower bound is transformed into an 

exponentially equivalent form with known statistics (see (2.35)); (3) the diversity upper 

bound is explicitly evaluated (see (2.38)). 

Part (1):  

Given 

                             2 2
1

1 1

Pr( ) Pr Pr sin
T T

kj k kj
k j N k j N

A R x xθ
≤ < ≤ ≤ < ≤

⎛ ⎞ ⎛ ⎞
= ≤ = ≤⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
h∩ ∩ , 
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and by defining 
1

2

1

TN

k
k

z
−

=

= ∑ h , which is distributed as 2 (2( 1) )T RN Nχ − , and 

0 ( / 2) /( 1)TNψ π= − , we have:  

              2 2
1 1 021 1

Pr( ) Pr sin Pr sin , max ,
T

T T

kj kj kk Nk j N k j N

A z x z xθ θ θ ψ
≤ ≤

≤ < ≤ ≤ < ≤

⎛ ⎞ ⎛ ⎞
≥ ≤ ≥ ≤ <⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
∩ ∩     (2.29) 

where for the second inequality we have further restricted the ranges of the 1TN −  i.i.d. 

random variables { }1 2
TN

k k
θ

=
 within 0(0, )ψ  (c.f. Corollary B.1 in Appendix B).  

Based on the geometric structure involved, given 1kθ  and 1 jθ , 2 Tk j N≤ < ≤ ,  kjθ  is 

constrained as 1 1kj k jθ θ θ≤ +  , where  the equality holds only when 1, ,k jh h h  are linearly 

dependent (located in the same subspace with a dimension less than 3) [65]. Then within the 

range 0(0, )ψ , we have 

                         2 2 2 2
1 1 12 13 1sin sin ( ) sin ( ) sin

Tkj k j Nθ θ θ θ θ θ θΣ≤ + ≤ + + + =" ,                    (2.30) 

where 1
2

TN

k
k

θ θΣ
=

=∑  is still in the range of (0, / 2)π . Therefore (2.29) can be further lower 

bounded as: 

                     ( )2 2
1 1 02

Pr( ) Pr sin , max Pr( sin ' ),
T

L kk N
A P z x z xθ θ ψ θΣ Σ≤ ≤

≥ = ≤ < ≤�               (2.31) 

where we define a new set of i.i.d. random variables 12 1' ~ '
TNθ θ with PDF of  

          1 1

1 0

1

' 0

0

( ) ( )
( ) , 0 , 2

( )
i i

i

i

T

f x f x
f x x i N

Cf x dx
θ θ

θ ψ

θ

ψ= = < < ≤ ≤
∫

,                               (2.32) 
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i.e., the restriction of 12 1~
TNθ θ  in the range of 0(0, )ψ , and 1

2
' '

TN

i
i

θ θΣ
=

=∑ .  

Part (2):  

With Lemma B.2~B.5 on exponential equivalence given in Appendix B, the evaluation of 

(2.31) can be further simplified. Specifically, by defining 0 1' max ' kk
θ θ=  and 2( ) sin ( )m x x=  

for 0(0, )x ψ∈ , from Lemma B.3 (whose proof requires Lemma B.2) we have 

                                            2 2
0Pr(sin ' ) Pr(sin ' )x xθ θΣ ≤ ≤� ,                                    (2.33) 

i.e., with respect to monotonic functions, replacing the sum of a set of independent random 

variables with the maximum of them does not change the associated exponential behavior.  

Further by Lemma B.4, we have 

                                         2 2
0Pr( sin ' ) Pr( sin ' )z x z xθ θΣ ≤ ≤� ,                                  (2.34) 

i.e., the exponential behavior is still not changed by multiplication of an independent random 

variable. 

Finally by Lemma B.5, we have 

                                        2 2
0 0Pr( sin ' ) Pr( sin )z x z xθ θ≤ ≤� ,                                        (2.35) 

where 0 1max kk
θ θ= , i.e. without the constraint of 0(0, )ψ  on 12 1~

TNθ θ . 

Part (3):  

We are then left to evaluate the smallest exponential in 2
0Pr( sin )z xθ ≤  in (2.35). Note that 

z  is a 2 (2( 1) )T RN Nχ −  distributed random variable with cumulative distribution function:    
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2

0
( ) 1 ,      ( 1)( 1)

!

TM N k
x

z T R
k

xF x e M N N
k

+ −
−

=

= − = − −∑ ,                       (2.36) 

while from (2.18) the PDF of 0θ  can be easily derived as: 

                      
0

2 1( ) [sin ] sin 2 , ( 1)( 1), (0, )
2

M
T Rf M M N Nθ

πθ θ θ θ−= = − − ∈ .             (2.37) 

After some algebra presented in Appendix C, we can get the following equivalent polynomial 

form as 0x → : 

      
3

2
0

0

1 !Pr( sin ) ( ), ( 1)( 1)
! ( 1)!

TN
M M

T R
k

kz x M x o x M N N
M M k

θ
−

=

⎛ ⎞
≤ = − + = − −⎜ ⎟+ +⎝ ⎠

∑ ,    (2.38)  

where the coefficient of Mx in (2.38) is always positive (also shown in Appendix C), which 

completes the proof. 

□ 

For example, when 3,  3T RN N= = , and 2L = , from (2.38) we get as 0x →   

                                             
4

2 5
0Pr( sin ) ( )

120
xz x o xθ ≤ = + .                                                         

To illustrate the soundness of our approach, Figure 2-4 presents by simulations the 

exponential behavior of 2
0Pr( sin )z xθ ≤ , together with the outage probability in (2.21) and 

the probabilities representing the diversity bounds as in (2.23)(2.24). The results show a 

diversity order of 4, verifying our derivations above.  

With Proposition 2.1 and 2.2, (2.14) is proved for the linear receiver case. 
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Figure 2-4 – The Exponential Behaviors of the Outage Probabilities for the 

3,  2T RN N L= = =  Scenario   

2.2.3.2 Decision-Feedback Receivers 

In this subsection we continue to explore the optimal achievable diversity order for 

separately encoded SM systems with transmit antenna selection and DF receivers, denoted as 

DF
optd . As expected, the performance analysis for DF receivers will rely heavily on that for 

their linear counterparts in Section 2.2.3.1.  

For DF receivers with 2L = , the frame error probability is given by 

                                                  1 2 1(1 )e e e eP P P P= + − ,                                                   (2.39) 
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where 1eP  is the error probability of the first decoded data stream, and 2eP  is that of the 

second stream assuming perfect feedback. Therefore 1 2max{ , }e e eP P P� . For a fixed-order 

ZF/MMSE DF receiver without antenna selection, 1 2e eP P≥  is always fulfilled, so that we can 

investigate its diversity order solely from the first decoded data stream, which is processed 

by just a linear ZF/MMSE receiver (see, e.g. [104][66]). This may entice one to consider an 

antenna selection rule that maximizes the performance of the first decoded data stream. 

However, as will be shown, this antenna selection rule is generally not optimal. 

Instead of seeking an optimal antenna selection rule for DF receivers like Lemma 2.1, we 

take the following simpler approach to evaluate DF
optd , thanks to the close connection between 

DF receivers and their linear counterparts. First, since for any antenna selection rule j , 

( ) ( )
1

j j
e eP P≤� , we have ( ) 1,( )

DF DF
j jd d≤ , where 1,( )

DF
jd  is the diversity order of the corresponding first 

decoded data stream. Consequently,  

                                                     1,
DF DF
opt optd d≤ ,                                                              (2.40) 

where 1,
DF
optd  is the best achievable diversity order of the first decoded data stream. Note that 

there may be multiple choices of antenna selection rules to achieve the optimum for both 

sides of (2.40), and a selection rule that is best for one may fail for the other. Nonetheless, 

following a procedure similar to what we have discussed above for linear receivers, we will 

explicitly evaluate 1,
DF
optd  and derive a diversity upper bound for DF

optd . We then continue by 

constructing a specific antenna selection algorithm whose diversity order is easy to assess 

and serve as a lower bound for DF
optd . 
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Diversity Upper Bound - Maximizing the SNR of the First Decoded Data Stream   

We investigate an antenna selection algorithm that achieves 1,
DF
optd : selecting the antenna 

subset that maximizes the post-processing SNR of the first decoded data stream. We 

distinguish two scenarios with respect to detection order: arbitrary but fixed ordering and 

optimal ordering [20]. Our main result is summarized below. 

Proposition 2.3: 1, ( 1)( 1)DF DF
opt opt T Rd d N N≤ = − − .  

Proof:  For fixed ordering, without loss of generality, we assume that decoding starts from 

the signal transmitted from the antenna with the smallest index number in the selected 

antenna subset. The antenna selection rule indicates that the post-processing SNR of the first 

decoded data stream is given by (c.f. (2.20)) 

                                          { }1 1
max

T
SL kjk j N

R R
≤ < ≤

= .                                                            (2.41) 

Clearly we have (c.f. (2.22)) 

                                                  1 1Pr( ) Pr( )SLR x A≤ = ,                              (2.42) 

whose upper bound can be derived from (2.27), while its lower bound exponential behavior 

evaluation directly follows (2.29)~(2.38). Therefore for arbitrary but fixed ordering   

                                                              1, ( 1)( 1)DF
opt T Rd N N= − − .                             (2.43) 

For optimal ordering, our selection rule is reformulated with  

                                       { }{ }2 {1, , }
max max ,

T
SL kj jkk j N

R R R
≠ ∈

=
"

,                                          (2.44) 

and we have: 
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2

1

22 2

1

Pr( )  Pr max( , )

                    Pr max( , )sin .

T

T

SL kj jk
k j N

k j kj
k j N

R x R R x

xθ

≤ < ≤

≤ < ≤

⎛ ⎞
≤ = ≤⎜ ⎟⎜ ⎟

⎝ ⎠
⎛ ⎞

= ≤⎜ ⎟⎜ ⎟
⎝ ⎠

h h

∩

∩
                          (2.45) 

It is straightforward to upper and lower bound (2.45) as (c.f. (2.27) and (2.31)): 

                            
1

2 1Pr( ) Pr( ) Pr( ) ,     TN

SL kjR x A R x k j
−

⎡ ⎤≤ ≤ ≤ ≤ ∀ ≠⎣ ⎦ ,                           (2.46)    

and                          

                          

( )22 2
2 1

2 2

1

Pr( ) Pr max , , sin

                  Pr sin .

T

T

SL N

N

i
i

R x x

x

θ

θ

Σ

Σ
=

⎛ ⎞′≤ ≥ ≤⎜ ⎟
⎝ ⎠
⎛ ⎞⎛ ⎞

′≥ ≤⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠
∑

h h

h

"

                           
 (2.47) 

The evaluation of the lower bound in (2.47) is similar as in (2.31), except that z is re-defined 

as 2

1

TN

k
k

z
=

= ∑ h . Following a similar approach as (2.31)~(2.38), we get   

   
3.

1
2

0

1 !Pr( ) ( ), ( 1)( 1)
! ( 1)!

T RN N
M M

SL T R
k

kR x M x o x M N N
M M k

+ −
+

=

⎛ ⎞
≤ ≤ − + = − −⎜ ⎟+ +⎝ ⎠

∑ .      (2.48) 

So the same result as in (2.43) is obtained with optimal ordering. 

□ 

Remarks: Even though 2 1SL SL SLR R R≥ ≥  with probability 1, no advantage in diversity order 

can be achieved. Of course, some coding gain in SNR is naturally expected, which is beyond 

the scope of this paper. So 1,
DF DF L
opt opt optd d d≤ = . On the other hand, we anticipate the 
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performance of DF receivers is no worse than their linear counterparts at high SNR, which 

will be verified below. 

In [104][49], the authors have shown that optimal ordering will not increase the diversity 

order in the first decoded data stream of a separately encoded SM system with DF receivers 

in the 2L =  case6. As a side product, here we reach the same conclusion in the antenna 

selection context.  

Finally we note that this antenna selection rule is in general sub-optimal with respect to 

the diversity order for the whole system. The reason is that although 1eP  in (2.39) is 

minimized, 2eP  is not affected by the selection process. Rather, it behaves the same as in a 

non-selection scheme with RN -order diversity. Therefore 1 2max{ , }e e eP P P�  is mostly 

dominated by the second stream, and the diversity order is given by 

min{( 1)( 1), }T R R Rd N N N N= − − =  ,  for 3,  2T RN N≥ ≥ .  

Diversity Upper Bound - QR Decomposition-Based Antenna Selection Algorithm  

Here we analyze a simple yet effective antenna selection algorithm, for which the first 

decoded data stream achieves a diversity order of ( 1)( 1)T RN N− − , while the second stream 

performs better than the first one. This antenna selection algorithm is based on QR 

decomposition, which was originally proposed for capacity maximization [24][108]. 

Compared with brute force methods, this algorithm greatly reduces the computational 

complexity while achieving a near optimal performance with respect to channel capacity. 

                                                      
6 Extension to the general L scenario was done recently in [37][117]. 
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Here we apply it in SM systems with DF receivers with the goal of minimizing the error rate, 

and show that it also maximizes the diversity order, therefore verifying our observations in 

[108] and revealing its great potential.  

Proposition 2.4: ( 1)( 1)DF
opt T Rd N N≥ − − .  

Proof:  For simplicity we mainly focus on ZF-DF receivers. From a geometrical viewpoint, 

this incremental antenna selection procedure starts by seeking the column vector with the 

largest norm (or the largest projection height to the null-space); and in each of the following 

steps, one column with the largest projection height to the space spanned by the selected 

column vectors is chosen until the thL  antenna is selected. The detection order is the reverse 

of the selection order, i.e., the stream decoded at the thl step is transmitted from the antenna 

selected at the ( 1)thL l− + step. The corresponding post-processing SNR for the stream 

decoded at the thl step is then proportional to the maximum value among TN L l− +  

independent random variables distributed as 2 (2( ))RN L lχ − + , resulting in a diversity order 

of ( )( )T RN L l N L l− + − + . Therefore for 2L = , the first decoded stream achieves a diversity 

order of 1 ( 1)( 1)T Rd N N= − − and the second decoded stream achieves 2 T Rd N N= , and the 

diversity order for the whole system equals ( 1)( 1)T RN N− − .  

For MMSE-DF receivers, the algorithm is slightly modified: at the thl step, a column ( )lh  

is selected such that: 

                                 1
( 1) ( 1) 0

1arg max
[[ , ] [ , ] 1/ ]H

l l l l l ll

l
ρ −

′ ′ ′− −

=
+H h H h I

, 
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where ( 1)l−H is the matrix formed by the previous selected 1l − column vectors, and 

( 1)[ , ]l l′−H h  means appending l′h  to the last column. Following the proof of Lemma 2.1 (in 

Appendix A), the same diversity lower bound is achieved.  

□ 

Simulation results are presented in Figure 2-5 for the 3,  3,  2T RN N L= = =  scenario, 

where the BER of the ZF-DF receiver with the above two selection rules are shown, together 

with that for the DF system without antenna selection. The achieved diversity orders of 

different schemes are also provided for a clearer comparison. We see that although simpler, 

the QR based method (bearing a diversity of 4) outperforms the algorithm that optimizes only 

the first decoded data stream, which only achieves a diversity order of 3, due to the 

unaffected second data stream, as discussed above.  

With Proposition 2.3 and 2.4, (2.14) is also proved for ZF/MMSE-DF receivers. 
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Figure 2-5 – BER Performance of the ZF-DF Receiver with 3,  2T RN N L= = =   

2.2.3.3 The Diversity-Multiplexing Tradeoff 

Using the same geometrical approach, we can also obtain the diversity-multiplexing tradeoff 

curve introduced in [104] for the separately encoded SM systems with antenna selection. 

With quasi-static fading assumption, a family of codes 0{ ( )}ς ρ  over a block length shorter 

than fading coherence time is employed, one at each SNR level. We further assume that the 

rate of the code increases with SNR, so a scheme achieves a multiplexing gain r  if the rate 

0 0( ) logR rρ ρ= . Based on the diversity order analysis in Section 2.2.3.1 and 2.2.3.2 (see 

especially proof of Lemma 2.1 in Appendix A), we get the following equation: 

                                                     _ max _ maxe e outP P P� � , 
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where _ maxoutP  can be viewed as the outage probability of the worst stream for linear 

receivers, and that of the first decoded data stream for DF receivers, respectively. The 

diversity-multiplexing tradeoff curve ( )d r can be evaluated directly from _ maxoutP  as 

0ρ →∞ :7 

                            

(1 )0
_ max 0 0

(1 ) (1 )

0 0

Pr log(1 ) log Pr

            ,

r
L

out SL SL

Mr rM
L L

rP R R L
L L
ρ ρ ρ

ρ ρ

− −

− − − −

⎡ ⎤⎡ ⎤= + ≤ ≤⎢ ⎥⎢ ⎥⎣ ⎦ ⎣ ⎦

⎡ ⎤
=⎢ ⎥

⎣ ⎦

�

�

               

 where ( 1)( 1)T RM N N= − − .  

Therefore (2.15) is proved and we finalize the proof of Theorem 2.1.           

2.2.4 Extension to General L        

Analyses in Section 2.2.3 can be partially extended to the general scenario. In particular, the 

diversity lower bound can be obtained following a similar approach. In contrast, a tight 

diversity upper bound could not be achieved with straightforward extension. Evaluations 

become more involved as now the post-processing SNR is proportional to the squared 

projection height from a column vector to a non-degenerated space. In the following, we 

present our results for general L , highlight the key challenges, and finally give our 

conjecture and future direction. 

Our main result for general L  is given below, which should be compared with Theorem 

2.1.                                                                                                                     

                                                      
7 Replace SLR  with 1SLR  or 2SLR  for DF receivers. 
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Theorem 2.2: In an R TN N×  spatial multiplexing system with linear ZF/MMSE or ZF/MMSE 

decision-feedback receivers satisfying TN L≥ and RN L≥ , if separately encoded data 

streams are transmitted from L  selected antennas, the optimal achievable diversity order is 

bounded as 

                                                       L opt UM d M≤ ≤ ,                                                     (2.49) 

where ( 1)( 1)L T RM N L N L= − + − + , and ( 1)( 1)U T RM N L N= − + − . The optimal diversity-

multiplexing tradeoff curve is bounded as:  

                                            (1 ) ( ) (1 )L opt U
r rM d r M
L L

+ +− ≤ ≤ − .                                       (2.50) 

We will mainly focus on the extension for linear receivers; those for diversity order of DF 

receivers and diversity-multiplexing tradeoff are relatively straightforward and will be briefly 

discussed.  

Employing the antenna selection method (2.10), we can then derive a similar outage 

probability expression as (2.21):       

               
1 2

( )(1) (2)

1

Pr( ) Pr( , , , )

                  P r ,

min{ } min{ } min{ }
U

U

N

N
SL k k k

N

i
i

U U U
R x R x R x R x

A
=

≤ = ≤ ≤ ≤

⎛ ⎞
= ⎜ ⎟

⎝ ⎠

"

∪
              (2.51) 

 
where 1 ~

UNU U  are defined in (2.1), ( )j
kR  in (2.6), and the 

TN
LN L

⎛ ⎞
⎜ ⎟
⎝ ⎠=  events { }iA  are 

similarly defined with a generic form  (c.f. (2.22)):  
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                                         { }( )
( )

1

, 1
U

i
j j i

i N

A R x j N
≤ ≤

⎧ ⎫⎪ ⎪= ≤ ≤ ≤⎨ ⎬
⎪ ⎪⎩ ⎭
∩ , 

where 1 ( )j i L≤ ≤  denotes a pick from subset iU . Clear (2.23) still holds and we proceed 

with the evaluation of upper and lower bounds. 

Proposition 2.5: For general L , the optimal diversity order for linear receivers can be lower 

bounded as ( 1)( 1)L
opt T Rd N L N L≥ − + − +  .  

Proof: From the definition of iA  and 1 ~
UNU U , in any iS  (the set of random variables in iA ) 

we can always find a subset bearing the form { }11 2

1 2 1

( )( ) ( )
_ , , , N LT

N LT

jj j
i indep k k kS R R R − +

− +
′ ′ ′= " , with 

1TN L− +  random variables. In this form, ( )j
kR ′  is slightly modified from ( )j

kR  with k  

indicating the index of column vector in the original channel matrix H , instead of jH , i.e., 

the squared projection height from kh  (instead of ( )j
kh ) to the subspace spanned by the 

remaining column vectors in subset jU , with the implication that k jU∈h . Here 1 1~
TN Lk k − +  

are some 1TN L− +  distinct integers within [ ]1, TN , and 
1 1

~
N LTj jU U

− +
is an ordered list of 

1TN L− +  different subsets from 1 ~
UNU U . It is further required that 

i ik jU∈h , and 
i lk jU∉h  

for l i> , i.e., 
ikh  belongs to subset 

ij
U  but not those after. Therefore by Lemma D.1 in 

Appendix D we can get the following upper bound for any Pr( )iA :  

                                                
1

( )Pr( ) Pr( )
TN L

j
i kA R x

− +
⎡ ⎤′≤ ≤
⎣ ⎦

.                                       (2.52) 

Furthermore, since ( )j
kR ′ is 2 (2( 1))RN Lχ − +  distributed, we have  



 

 41 

                                                  ( 1)( 1)Pr( ) T RN L N L
iA x − + − +≥� ,                                                   (2.53) 

and Proposition 2.5 is proved.                                                                                                                        

□ 

On the other hand, for 2L >  scenarios, the derivation of a tight lower bound for 1Pr( )A  is 

much more involved as compared to the 2L =  case, because the angles (1){ }kθ  are correlated 

in a complicated manner, and a general form of their joint PDF expressions is not accessible. 

Nonetheless, we have the following result. 

Proposition 2.6: For general L, the optimal diversity order for linear receivers can be upper 

bounded as ( 1)( 1)L
opt T Rd N L N≤ − + − .   

Proof: Since the projection height from a vector to a subspace represents the shortest distance 

from the vector to any point in the subspace, we have ( ) ( )j j
k klR R≤ , for any ( )j

kh , ( )j
l jU∈h , 

where ( )j
klR  denotes the squared projection height from ( )j

kh  to ( )j
lh . It is then not difficult to 

build up the following lower bound: 

                             { } { }( ) ( )
1 1 12

1 1

Pr( ) Pr Pr .
U U

i i

i N i N

A R x R x
≤ ≤ ≤ ≤

⎛ ⎞ ⎛ ⎞
= ≤ ≥ ≤⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
∩ ∩                             (2.54) 

Carefully examining the first two elements in all subsets (see (2.1)) reveals that the last 

expression in (2.54) bears a similar form as the 1Pr( )A  in 2L =  case (see (2.22)), replacing 

1TN −  with 1TN L− + .  Following the same lines as in Section 2.2.3, we have for general L  
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. .

( 1)( 1)
1Pr( ) Pr( ) T RN L N

SLR x A x − + −≤ ≤ ≤ .                                 (2.55) 

                                                                                                                                                  □ 

Combining the above two propositions, (2.49) is proved for linear receivers. Also, as for 

the 2L =  case it is straightforward to show that (2.49) applies for the first decoded data 

stream of DF receivers. Since the diversity order of the first decoded data stream is upper 

bounded by ( 1)( 1)T RN L N− + −  and
.

1e eP P≤ , the upper bound ( 1)( 1)T RN L N− + − also 

applies for eP  with DF receivers. On the other hand, by employing the QR based selection 

algorithm for DF receivers, a diversity order lower bound ( 1)( 1)T RN L N L− + − + is 

achieved. Therefore (2.49) also holds for DF receivers. Finally the derivation of (2.50) 

follows the same method as given in Section 2.2.3.3, and Theorem 2.2 follows.  

Remarks: Note that when 2L = , the two bounds in (2.49) and (2.50) coincide and conform to 

the results obtained in Section 2.2.3. A conjecture on the diversity order of separately 

encoded SM systems with transmit antenna selection and linear ZF receivers was made in 

[36] based on numerical results, which actually has motivated our research: for linear ZF 

receivers, when RN L= , the achievable diversity order is 1TN L− + . Our results prove its 

correctness and further extend it to general RN .  
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Figure 2-6 – The Exponential Behaviors of the Outage Probabilities for the 

3 ,4 === LNN RT  Scenario 

In Figure 2-6 we investigate the exponential behavior of )Pr( xRSL ≤ and )Pr( 1A  for an exemplary 

scenario 3 ,4 === LNN RT  through simulations. By comparing with the reference curve 4x , we 

find that both of them present a diversity of 4=LM , verifying its achievability as we claim in 

Theorem 2.2. On the other hand, it shows that in this scenario the probability lower bound )Pr( 1A  

also achieves the diversity lower bound LM , revealing that the diversity orders between 1+LM  and 

UM  may actually not be achievable. We thus have the following conjecture, which constitutes part of 

our future work. The key seems to lie on finding a better lower bound of 1Pr( )A  than (2.54).     

Conjecture: for general L , the optimal transmit antenna selection achieves a diversity order exactly 

equal to LM .       
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2.2.5  Summary   

In Section 2.2 we have analyzed the diversity order achieved by transmit antenna selection 

for separately encoded SM systems with linear and DF receivers. Using a geometric 

approach, we have rigorously derived their achievable diversity order for the 2L =  scenario. 

We have also used the same geometrical approach to obtain bounds on the achievable 

diversity order for general L . Our results prove and extend the previous conjectures in 

literature drawn from simulations, and verify the predicted potential of antenna selection for 

practical spatial multiplexing systems. Furthermore, the proposed geometrical approach may 

be also used to solve other open problems related to MIMO. 

Besides verifying the conjecture for general L , the analysis for maximum-likelihood 

receivers, joint transmitter and receiver selection, and multiuser MIMO scenarios also direct 

our future research.                                                  

2.3 Antenna Selection Algorithm Designs: Fast Transmit Antenna 
Selection in Correlated MIMO Channels 

2.3.1 Introduction 

In the previous section, we investigate the achievable performance improvements by 

deploying antenna selection in MIMO systems with practical transmitter and receivers. As 

we mentioned earlier, we do not claim the practicality of the selection algorithm used for 

diversity analysis. In another word, in some scenarios (e.g. large antenna array dimensions) 

the AS method brute forcing all the TN
L

⎛ ⎞
⎜ ⎟
⎝ ⎠

 possible antenna subsets for the strongest weakest 
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link (or other similar brute forcing methods like in [29][36]), may be too cost-inefficient to 

be applied. 

 In this section, we try to look into the other important topic of antenna selection: the 

selection algorithm designs in MIMO-SM systems.  

The most common antenna selection algorithm design comes from the one that 

maximizing the Shannon capacity for the selection subchannel. Hence the optimal selection 

comes from the exhaustive search over all possible antenna subsets [29][56]. On the other 

extreme, the simplest algorithm called power-based selection, selects the antennas with the 

largest channel gains and performs well only at low SNR regime [52][54] (also note that, 

PBS is optimal for AS in MIMO spatial diversity schemes, as discussed in Section 2.2.1 and 

[1][30][37][79]). Some other algorithms are proposed with good trade-offs between 

performance and complexity, for example, the novel near optimal iterative algorithms in 

[24][31], and the fast algorithm called correlation-bases selection in [6]. All the above 

algorithms require instantaneous channel state information, and may present some difficulty 

in channel environments with fast fading or high mobility. On the other hand, in realistic 

outdoor channels, the channel correlation is a function of the local scattering environment 

and thus varies on a much slower time scale than instantaneous channel coefficients. 

Compared with instantaneous CSI-based AS, there is relatively little work in the literature 

done on antenna selection for capacity maximization based on channel statistic information. 

For error rate minimization in spatial multiplexing systems, we can find antenna selection 

algorithms based on both instantaneous CSI (e.g. [36]), and channel correlation matrices (e.g. 
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[28][57]). An important figure of merit for error rate minimization is the maximization of the 

post-detect SNR in the weakest sub-stream, as discussed in the previous section. It is also 

noteworthy that in most of the time the antenna subset for capacity maximization and error 

probability minimization are derived almost simultaneously, as will be explained in detail 

later on in this section. Finally, a noticeable work comes from [84], which is sometimes 

called beam selection, and essentially generalizes antenna selection systems as mapping from 

RF chains to antenna elements by a matrix composed by arbitrary phase-shift-only values, 

which is realizable in the RF domain. Then the AS algorithms in [84] boil down to adapting 

the mapping matrix based on full or partial CSI (i.e. the channel correlations).  

In this section, our attention is paid on some fast AS algorithm designs under realistic 

MIMO channels, which usually present fading correlations. Motivated by the matrix 

determinant properties of Hermitian positive definite matrices, fast transmit antenna selection 

algorithms are explored considering both capacity and error rate, based on both instantaneous 

CSI and channel correlation matrix. Specifically, Gram-Schmidt algorithm performs near 

optimal, while the novel G-circles algorithm achieves many advantages over all the other 

existing schemes. 

2.3.2  System model and Problem Formulations 

As in the previous section, we suppose that there are TN  transmit and RN  receive 

antennas in a spatial multiplexing MIMO system. In a block fading channel model, we select 

L from TN  transmit antennas and connect them to the L available RF chains. No CSI is 

available at the transmitter, so the selection might be implemented at the receiver, and the 
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selected antenna indices are fed back so that the transmitter can equally allocate its power 

among L selected antennas. We denote H as the R TN N×  complete channel matrix, and SLH  

the selected RN L×  sub-channel. The capacity after antenna selection can be expressed as:     

                          
                       

2log det .H
L SL SLC

L
ρ⎛ ⎞= +⎜ ⎟

⎝ ⎠
I Η Η                                      (2.56) 

where LI  is an L L×  identity matrix, ρ  is the average received SNR at each receive antenna, 

and the operator H  represents transpose conjugate. When the transmitter side is under fading 

correlation (e.g. urban outdoor downlink channel), the corresponding channel matrix can be 

modeled as [37]: 

                                                               ( )1/ 2 H

W T=H H R ,                                            (2.57)                         

where H
T E ⎡ ⎤= ⎣ ⎦R H H  is the T TN N×  transmitter correlation matrix, and WH  is an R TN N×  

normalized white Gaussian matrix. Note that in (2.57), WH  models the fast Rayleigh fading, 

while TR  is mainly determined by the geometrical structure of the propagation channel and 

can be assumed to be unchanged over a much longer time-scale. The fading correlations can 

be expressed as: 

                                           [ ]
1
exp 2 ( ) cos

S
T

T sik
s

j i kβ π θ
λ=

Δ⎡ ⎤= −⎢ ⎥⎣ ⎦
∑R ,                           (2.58) 

where β   is a real positive scalar, TΔ  is transmit antenna spacing, λ  is the wavelength, S is 

the number of major far-field scatterers at the transmitter side, and sθ  represents the direction 

of departure for the sth far-field scatterer. Suppose that ( )S rank>> H , and TΔ  is chosen to 
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be large enough compared with λ , the key factor influencing the channel conditioning is the 

range of DOD, or the angle spread of transmit scatterers.  

Maximizing (2.56) is equivalent to maximizing ( )det ( / ) H
L SL SLL ρ +Η ΗI . We can then 

build a composite matrix:  

                                                                
/

TNL ρ

⎡ ⎤
= ⎢ ⎥
⎢ ⎥⎣ ⎦

H
G

I
,                                          (2.59) 

and let SLG  be the corresponding sub-matrix after transmit antenna selection, whose first RN  

rows form the RN L×  channel matrix SLH . By further defining 

                                                              H
SL SL SL=Z G G ,                                                  (2.60) 

we can easily get that optimal selection is actually the exhaustive search for L columns in G 

that maximize ( )det SLZ . Assuming that ( )L rank≤ H , then SLZ is a Hermitian positive 

definite square matrix, which contains real positive eigen-values [51].  

Also ( )det SLZ bears the following  properties: 

• Property 2.1:  2det( ) ( )SL lll
R= ΠZ , where { }llR  are diagonal values of the upper 

triangular matrix R in the QR decomposition of SLG . 

• Property 2.2: _det( )SL ll
λ= Π ZZ , where _{ }lλZ  are the eigen-values of SLZ .  

In the following parts of this section, fast antenna selection algorithms will be explored based 

on these two properties. These algorithms target on either capacity maximization or error 
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probability minimizations. Similar as in Section 2.2, these algorithms are proposed or 

explained from a novel geographic viewpoint. 

2.3.3 Gram-Schmidt (GS) Based Algorithm: A Geometric Analysis 

From Property 2.1, to maximize the capacity, L transmit antennas with maximum lll
RΠ  

are selected. The GS method, or named as QR-based method as discussed in Subsection 

2.2.3.2 is suboptimal with greatly reduced complexity, which was first discussed in [24]. In 

each step, one antenna with the largest llR  is selected. The QR decomposition SL =G QR  , is 

actually the complete ‘road map’ of the Gram-Schmidt process, in which R is an L L×  upper 

triangular matrix, whose lth diagonal value llR  is a real positive number representing the 

projection height of the projection from lth column vector lg , to the space spanned by 

1 1~ l−g g , denoted as { }1 1... lspan −g g . We can further explain the GS algorithm from a 

geometric standpoint (which is partly stated in Subsection 2.2.3.2), based on the following 

observation: 

Observation 2.1: The optimal transmit antenna selection for capacity maximization is 

equivalent to selecting L antennas such that the volume of the L-dimensional parallelotope 

generated by the L selected column vectors in SLG  is maximized.  

From Property 2.1 and the analysis of llR  above, we can easily get that such volume equals to 

lll
RΠ . See Figure 2-7 for two and three dimensional examples.  
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Figure 2-7 –Two and three dimensional examples of Gram-Schmidt process 

In step l of the GS method, we select one antenna whose corresponding channel column 

vector has the largest ‘projection height’ to the space spanned by the previously selected 

column vectors, so that the volume of l-dimensional parallelotope can be maximized. Also 

note that a large ‘projection height’ in step l generally requires selecting lg  with both a large 

norm and small correlations with 1 1~ l−g g , which results in a relatively well-conditioned 

SLH  (i.e. the ratio of the largest singular value to the smallest one is not large) with large 

channel power, so that the capacity in (2.56) can be maximized.  

On the other hand, if SLH  approximated maximizes the channel capacity, with a high 

probability it also achieves minimum error rate for SM-MIMO schemes (V-BLAST structure 

[22][95]), because intuitively the channel matrix is well-balanced on each data stream, so that 

the weakest link, which usually determines the system error probability, is strong. 

Specifically for an V-BLAST SIC receiver, which essentially takes QR decomposition of the 

(ordered) selected channel matrix SLH  before the successive interference cancellation 
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procedure [57][95], the GS method is a good choice for the error rate minimization, because 

in general the smallest llR , which represents the weakest data link, can be approximately 

maximized. This algorithm is fast because only vector/scalar multiplications and additions 

are involved. However, it requires instantaneous CSI and cannot be implemented only based 

on channel statistics.  

2.3.4 The Gerschgorin Circles (G-circles) Based Algorithm 

From Property 2.2, to maximize the capacity, L transmit antennas with the largest _ ll
λΠ Z  

are to be selected. Denoting { }lλ as the eigen-values of the square matrix ( )L H
SL SL=T H H , it is 

easy to prove that _ /l l Lλ λ ρ= +Z . Therefore, we shall select SLH  with L eigen-values 

1...{ }l l Lλ = as large as possible to maximize _ ll
λΠ Z . As in [6][24], we develop a successive 

selection strategy, in which one antenna is selected at each step. Denoting ( ) ( ) ( )( )l l H l=T H H , 

where ( )
(1) (2) ( ), ,...,l

l⎡ ⎤= ⎣ ⎦H h h h  with ( )l  the selected antenna index in step l, and ( )L
SL =H H . 

Let ( ) ( ) ( )
1 2 ...l l l

lλ λ λ≥ ≥ ≥  be the eigen-values of ( )lT . We have [51]: 

                                    ( ) ( 1) ( ) ( 1) ( 1) ( )
1 1 2 2 1...l l l l l l

l lλ λ λ λ λ λ− − −
−≥ ≥ ≥ ≥ ≥ ≥ .                                (2.61) 

Therefore ( )max
H
SL SLλ H H is upper bounded by ( )max

Hλ H H , and a large ( )min
H
SL SLλ H H  

basically results in a small channel conditioning number: max min/κ λ λ= , desirable for 

capacity maximization, especially at high SNR. To avoid investigating the eigen-values of all 

possible antenna subsets, we will focus on the approximation of ( )min
H
SL SLλ H H . It can be 
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proved by (2.61) that minλ  is decreased after each selection. Our strategy is: in each step we 

select one column in H so that the decrease of minλ can be approximately minimized.  

The G-circles theorem gives us an approximation of the eigen-value distributions of ( )LT  

[51]:  

Theorem 2.3 (G-circles):  The L eigen-values of ( )L H
SL SL=T H H  are trapped in the circles 

centered at ( )L

ll
⎡ ⎤⎣ ⎦T with radii given by the following expression: 

                                ( ) ( ) ( )[ ] min [ ] , [ ] .L L L
l ll l lk kl

k l k l

rλ
≠ ≠

⎛ ⎞− ≤ = ⎜ ⎟
⎝ ⎠
∑ ∑T T T                          (2.62)                         

Since ( )LT  is Hermitian, we get ( ) ( )[ ] [ ]L L
lk kl

k l k l≠ ≠

=∑ ∑T T . From the definition of ( )LT , we 

can further simplify (2.62) by: 

2

( ) ( ) ( ) .H
l l l k l

k l

rλ
≠

− ≤ = ∑h h h                                      (2.63) 

                            
Figure 2-8 – An example of G-circles 



 

 53 

An example of G-circles for (3)T can be found in Figure 2-8. Since the eigen-values are all 

real positive numbers, they are actually distributed on the real axis within the range of G-

circles. From (2.63), a large center of the lth G-circle represents a large channel gain of  

transmit antenna (l), while a small radius means that antenna (l) has low correlations with all 

the other selected antennas. A lower bound of minλ  is found from (2.63): 

                                      
2

min ( ) ( ) ( ), 1...
min ,H

l k lk l L k l

λ
=

≠

⎛ ⎞≥ −⎜ ⎟
⎝ ⎠

∑h h h                                          (2.64) 

which is the left most point among all the L G-circles. To approximately minimize the 

decrease of minλ  in each step, we maximize the lower bound of minλ in (2.64), motivating the 

following algorithm, where ( )lΓ  and ( )lΨ represent selected and remaining antenna sets at 

step l respectively: 

Algorithm 2.1 (G-circles): 

Select (1)h  from H  with the largest norm (1)h , (1) {(1)},Γ = (1)
(1){ }ii ≠Ψ =  

For l=2:L 
For  ( 1)li −∈Ψ  

{ }( 1) ,l
temp i−Γ = Γ  

2
( ) ( ) ( ),

min
temp

H
i k j kj k

j k

LB
∈Γ

≠

⎛ ⎞
= −⎜ ⎟⎜ ⎟

⎝ ⎠
∑h h h  

End 
             Select  ( ) arg max i

i
l LB=  

             { }( ) ( 1) , ( )l l l−Γ = Γ , ( ) ( 1) {( )}l l l−Ψ ←Ψ −  
End 
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Initially, we select the antenna with the largest channel gain. In the following steps, selecting 

one more antenna results in adding one more G-circle and the expansion of the radii of 

existing G-circles. From a geometric viewpoint, the maximization of (2.64) requires selecting 

one antenna with large norm and small fading correlations with all the other selected 

antennas. G-circles method is simple compared with existing algorithms, because only vector 

multiplication and scalar additions are involved. In particular, it is also simpler than the CBS 

algorithm in [6], which requires the calculations of the correlation between any two possible 

transmit antenna candidates.  

On the other hand, in fast fading channels, instantaneous CSI-based transmit antenna 

selection is hard to be implemented, with the concerns of both channel variation and training 

overhead. Therefore it is desirable to develop antenna selection algorithms based on slowly 

varying channel statistics. At high SNR, we can approximate (2.56) by the equation 

det( / ) det( )H H
L SL SL SL SLL ρ + ≈I H H H H . If only fading correlation information is available for 

antenna selection, we need to maximize det( )H
SL SLH H  based on the knowledge of TR . The 

selected channel is then ( )1/ 2
_

H

SL W T SL=H H R , where _T SLR  is a certain principle minor of 

TR  corresponding to the selected antennas. From matrix determinant property [51], we can 

get the following expression:  

                               

( ) ( )( )
( )( )
( ) ( )

1/ 2 1/ 2
_ _

1/ 2 1/ 2
_ _

_

det det

                   det

                   det det

HH H
SL SL T SL W W T SL

H H
T SL T SL W W

H
T SL W W

=

=

=

H H R H H R

R R H H

R H H

.                               (2.65) 
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When only TR  is available for antenna selection to maximize (2.65), it is natural to get the 

following fact, which is also formally proved in [84]: 

Fact 2.1: To maximize (2.65) if only TR  is available, L transmit antennas are chosen 

such that ( )_det T SLR  is maximized. 

The G-circles method is also applicable in this scenario. From Fact 2.1 and the property 

_ _det( )
TT SL ll

λ= Π RR , one possible method for capacity maximization is to maximize 

min _( )T SLλ R  by the exhaustive search over all possible L L×  principle minors of TR . To 

avoid such exhaustive search, we further simplify it by the G-circles of _T SLR : 

Algorithm 2.2 (G-circles - TR ) : 

[ ]    (i.e. identical diagonals in )  T ii Ta i= ∀R R  

Select (1)h  and (2)h  such that (1),(2)[ ]TR is the minimum  
Follow the same procedure as Algorithm III. 1, to select antennas (3)~(L), using   

( ),( )[ ]T j kR  instead of ( ) ( )
H

j kh h ,  and a  instead of 
2

( )kh  in (2.64). 

Note that in step 1, since all the diagonals of TR  are identical, we do not have the freedom to 

select the antenna with the largest channel gain. Therefore initially we simply select two 

antennas with the smallest correlation. 
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2.3.5 Numerical Results 

We simulate a MIMO system with 3, 9R TN N= =  and 3L = . In (2.58), we assume that 

2T λΔ = , 10S = , and 1... Sθ θ  are uniformly distributed in the range ( / 2, / 2)θ θ−Δ Δ . 

Therefore, the channel conditioning number largely depends on θΔ .  

 
Figure 2-9 – Capacity performances for well- and ill-conditioned channels  

In the first simulation (Figure 2-9), capacities achieved by instantaneous CSI-based 

antenna selection is investigated. Two extreme conditions: 180oθΔ = , and 15oθΔ = , are 

simulated representing well- and ill- conditioned channels, respectively. We see that the G-

circles method is near optimal for well-conditioned channels. For ill-conditioned channels, 

the G-circles method preserves the spatial multiplexing gain, and presents a reasonable 
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performance loss (about 1dB). It also yields uniformly better performances over the CBS in 

[6], especially for well-conditioned channels.  

 
Figure 2-10 – Capacities of TR -based selections w.r.t. different θΔ  

In the second simulation, we investigate TR -based antenna selection algorithms. The 

transmit SNR is fixed to be 20dB and the capacity curves are drawn with respect to θΔ . 

Also, we simulate the selection scheme that makes the exhaustive search for maximum 

( )_det T SLR in (2.65), which in general represents the optimal TR -based antenna selection for 

capacity maximization (c.f. Fact 2.1). From Figure 2-10, we see that all the TR -based 

algorithms perform near optimal for ill-conditioned channels. The TR -based G-circles 

method even outperform its counterpart based on instantaneous CSI for channels with 
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20oθΔ < , since for ill-conditioned channels _T SLR  dominates the eigen-value distributions 

in H
SL SLH H .  

Finally we investigate the BER for the proposed antenna selection schemes with SIC 

receivers in V-BLAST systems. QPSK modulation is employed. Generally speaking, the 

error rate performances have trends similar to their capacity counterparts. From Figure 2-11, 

we can see that in well-conditioned channels, the G-circles method greatly outperforms CBS. 

The GS method performs close to the exhaustive search for the largest min ( )H
SL SLλ H H  for any 

channel conditioning situation. For ill-conditioned channels, the TR -based G-circles method 

performs close to the exhaustive search for the largest min _( )T SLλ R  and achieves considerable 

selection gain over the MIMO system without antenna selection. 
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(a) A well-conditioned channel 

 
(b) An ill-conditioned channel 

Figure 2-11 – BER performances for well- and ill-conditioned channels 
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2.3.6 Summary 

In this paper, motivated by some matrix determinant properties of Hermitian positive definite 

matrices, we develop fast MIMO transmit antenna selection algorithms considering both 

capacity and error rate. The GS method is shown to achieve near optimal performances for 

any channel conditioning situation. For the simpler G-circles method, compared with optimal 

selection it reduces the complexity significantly with reasonable performance loss; compared 

with the GS method, it is simpler and can be implemented only based on TR ; compared with 

CBS, it is simpler with uniformly better performances and can be implemented for TR -based 

selection.  

Compared with Section 2.2, this section looks into the practical AS algorithm design 

problems. Although not achieving optimal capacity/diversity/error probability performances, 

the proposed algorithms provide good tradeoffs between performance and complexity. On 

the other hand, we stress that in many practical MIMO systems with relatively small number 

of antenna elements, optimal performance achieving methods (e.g. those mentioned in 

Section 2.2, or in [29][36]) can be readily applied without imposing much computational 

burden.  

Until this point, we have explored the potential of antenna selection, and how to design 

effective AS computation algorithms. Then naturally we are facing the following question: 

how to encompass AS into commercial wireless systems, or more specifically, into the 

wireless standards. As one particular solution in WLAN, we will present the training and 

calibration methods of AS in the emerging IEEE 802.11n standard. 
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2.4 Implementing Antenna Selection in Realistic Wireless Networks 

2.4.1 Introduction 

As discussed above, antenna selection is a promising technique which explores the diversity 

gain of MIMO channels while maintaining spatial multiplexing gain. It is then of particular 

interest for us to address the problem of how to implement it into realistic wireless systems.  

On the downside, to perform antenna selection the complete channel matrix is estimated 

by sending training frames to measure the complete CSI, which causes increased overhead. 

Therefore the core issue of antenna selection implementations is how to make the balance 

between reducing AS training overhead and maintaining appreciable performance 

enhancement caused by AS. The basic answer is: the AS training protocol designs should be 

closely related to the baseline PHY and MAC protocols and the wireless environment 

properties. To illustrate this idea, we present our AS training/calibration protocol proposed 

for the emerging IEEE 802.11n High-Throughput WLAN standard [105].  

WLANs based on the IEEE 802.11 standard [53][60], currently are one of the hottest 

sectors of the wireless market. While the current IEEE 802.11a standard, which is based on 

OFDM, is limited to data rates of 54 Mbit/s , the emerging IEEE 802.11n high-throughput 

WLAN standard combines OFDM with MIMO techniques to achieve  effective data rate in 

excess of 100Mbps, as observed at MAC layer service access point [105].  

The modem design of 802.11n employs closed-loop schemes, which require channel-state 

information at the transmitter. Since the channels in WLANs exhibit slow time variations 
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(low Doppler spread around 5Hz [107]), the transmitter CSI, obtained by feedback or 

channel estimation in the reverse link, does not get stale at the instance of transmission, 

making it well suited for implementing closed-loop MIMO algorithms. One good example is 

transmit beamforming with fast link adaptation techniques as foreseen in the current standard 

draft [105]. Another example for closed-loop MIMO is transmit AS, which is the focus of 

this section. 

Antenna selection is particularly beneficial for WLANs for the following reasons:  

1. The obtained diversity gain may significantly boost the performance 

especially at high SNR, i.e., the SNRs that are typical for WLANs.  

2. The slowness of the variations of WLAN channels greatly reduces the 

overhead required for antenna selection training. 

A potential problem of antenna selection is the increased hardware effort that is required 

by the antenna selection training. If all possible antennas are trained at the beginning of each 

packet, fast solid-state switches, and fast AGCs are required, leading to large switching loss 

[83]; furthermore, the PHY-layer protocols have to modified considerably from the non-

selection case.  

In the subsequent subsections, we introduce a MAC-based AS training protocol that 

eliminates all of these problems. In our scheme, different antenna subsets are trained in 

multiple data packets (burst), and signaled only in the MAC headers. Numerical results show 

that switching antenna subsets between packets does not significantly reduce the 

performances, thanks to the low Doppler spread of WLAN channels.  
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Another important issue of implementing AS, largely ignored previously in the literature, 

is the RF imbalance caused by antenna switching, because essentially different combinations 

of RF chains and antenna elements may induce non-identical channel gains in the equivalent 

baseband channels. We then address this problem by proposing a novel calibration 

procedure. 

By our efforts, the proposed training/calibration protocol has already been accepted in the 

current IEEE 802.11n draft specifications [105].  

In the following, after short descriptions of 802.11n MIMO-OFDM PHY and MAC 

structures, we introduce the MAC-based WLAN AS training protocol; then we provide the 

solutions used for addressing AS with RF imbalance, followed by numerical results. 

 

Figure 2-12 – MIMO-OFDM PHY 
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2.4.2 Introduction of 802.11n PHY and MAC 

The MIMO-OFDM PHY structure of 802.11n WLAN is illustrated in Figure 2-12: 

The MAC layer data payload (in frequency domain) is at first scrambled to avoid consecutive 

0’s and 1’s, so that better coding performances can be achieved; then after coding and 

puncturing, the original data is de-multiplexed into parallel data streams, each of which is 

interleaved (in both time and frequency) and modulated into QAM symbols; the optional 

orthogonal space-time block coding provides extra diversity gain on each of the streams, and 

convert the input data streams into output space-time data streams;  then a spatial mapper 

maps STDS onto the RF chains. The mapper can be a simple spatial spreading matrix in 

open-loop systems, or TX BF in closed-loop systems. After mapping, IFFT, guard interval 

insertion, time-domain windowing and up-conversion are applied in sequence on each RF 

chain; finally the RF signals are mapped to antenna elements for transmitting, via the antenna 

selection switches.  

As we repeatedly stressed and can be seem in Figure 2-12, AS is not an alternative with 

other diversity  achieving schemes like STBC and TX BF. It can be jointly employed with 

them to improve the performances, as it is operated in the RF domain, while the other two are 

in the baseband. Therefore, at least AS is beneficial regarding performance improvements, 

even though the hardware improvements will finally make RF chains as cheap as antenna 

elements.  

The 802.11n PHY preamble in each PHY layer packet is illustrated in Figure 2-13, in 

which the legacy portion is used for both backward compatibility with legacy 11 a/g devices, 

and the time/frequency synchronizations at the receiver; while the HT portion are used for 
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achieving high-throughput, which contains both PHY layer transmission feature signaling, 

and HT-STFs, HT-LFTs for receiver AGC setting and MIMO channel estimations in each 

subcarrier. Finally the data payload follows the preambles in each PHY layer packet.  

 
 

Figure 2-13 – 11n PHY Preamble 

The MAC layer signal of 802.11n contains a MAC header and data payload. Except the 

conventional contents like transmitting and receiver address, the most PHY layer packets 

encompass a HT control field in their MAC headers. Such a field include the necessary 

information used for achieving high-throughput features, e.g. TX BF, link adaptation and 

other advanced MAC improvements. Our proposed AS training/calibration protocol will also 

utilize this field. The CSMA/CA protocol in MAC theoretically guarantees that at any time 

instance one station only communicates with a single peer station (like TDMA), so that we 

only need to build up the system model based on point-to-point MIMO-OFDM. 
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2.4.3 Mathematical Model for Antenna Selection 

Now we move back to antenna selection in high-throughput WLAN. For the ease of analysis 

in this section, we re-define the mathematical model:  

In the MIMO-OFDM system applying AS (Figure 2-1), the transmit STA A has a set of 

AN  antennas with An  transmit RF chains, while BN  and Bn  are similarly defined at the 

receive station B. In general each AS training cycle consists of an AS training phase and a 

data transmission phase, as can be seen in Figure 2-14 below:  

 
Figure 2-14 – Illustration of an AS Cycle 

Several AS training fields are transmitted in each AS training phase, each of them is 

transmitted from and/or received by one subset of antenna elements to be selected. The 

antenna selection computation is based on the complete channel matrix composed of the 

subchannels estimated from all the AS training fields. In the data transmission phase, a 

relationship between a transmitted signal and a received signal in one subcarrier (for 

denotation simplicity we omit the subcarrier index here) can be expressed as: 

                                          [ ]H
B B AB A A= +r F H F s n� ,                                                      (2.66) 
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where Br  is a 1Bn ×  received signal vector, As  is a 1An ×  transmitted signal vector, and 

ABH�  is a B AN N×  equivalent channel matrix containing complete physical channel 

responses and the effect of transmit and receive RF responses. A noise vector n has 1BN ×  

entries that are i.i.d. zero-mean circular complex Gaussian random variables with 

variance 0N . AF  is a A AN n×  transmit antenna selection matrix, and BF  is a B BN n×  receive 

antenna selection matrix. Both AF  and BF  are submatrices of an identity matrix, representing 

antenna selection. The equivalent channel matrix after antenna selection is a B An n×  matrix 

H
eq B AB A=H F H F� , which is a submatrix of the channel matrix ABH� . Different from our 

previous discussions and from those in the literature, now we consider the realistic case, in 

which the equivalent channel ABH�  also includes the impact of the RF responses:   

                                       , ,( ) ( )AB B Rx B AB A Tx A=H C F H C F� ,                                           (2.67) 

where ABH  is the actual propagation channel, , ( )A Tx AC F  is a A AN N×  diagonal matrix whose 

i-th diagonal element ,[ ( )]A Tx A iiC F  collects the RF response corresponding to the i-th transmit 

antenna element, which is a function of the antenna selection matrix AF : If the i-th row in AF  

contains all zeros, the i-th antenna is not selected, so ,[ ( )] 0A Tx A ii =C F ; If the element at the i-

th row and l-th column of AF  is one, the i-th antenna is selected and is connected to the l-th 

transmit RF chain during the data transmission phase. Then ( )
,[ ( )] Tx

A Tx A ii liα=C F , which is a 

complex number characterizing both the amplitude and phase shift of the RF response (seen 
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at baseband) corresponding to the connection between transmit RF chain l and antenna 

element i. , ( )B Rx BC F  is similarly defined: ( )
,[ ( )] Rx

B Rx B jj liβ=C F  if the element at the j-th row 

and l-th column of BF  is one. 

On the other hand, in the m-th AS training field, a relationship between a transmitted 

signal and a received signal can be expressed as: 

                                        , ,( ) ( )[ ( ) ]H

B t B AB A A tm m m= +r T H T s n� ,                                     (2.68) 

where tA,s and tB,r  are the training and received vectors; ( )A mT  and ( )B mT  are the 

predetermined antenna mapping matrices in the m-th AS training field, indicating the 

connections of all the available RF chains to the m-th antenna subset. All these antenna 

subsets are typically exclusive with each other. For example, if 

4, 2, 2, 2A A B BN n N n= = = = , we have 2 training fields with the transmit antenna mapping 

matrices:  

                              

1 0
0 1

(1)
0 0
0 0

A

⎡ ⎤
⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎣ ⎦

T   and 

0 0
0 0

(2)
1 0
0 1

A

⎡ ⎤
⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎣ ⎦

T . 

Then there are totally / /A A B BM N n N n= ⎡ ⎤ ⎡ ⎤⎢ ⎥ ⎢ ⎥  training fields, where x⎡ ⎤⎢ ⎥ is the smallest 

integer larger than or equal to x. STA B then can estimate the complete channel matrix 

(which will be used for AS computations) by combining the M subchannels. Consequently, 

by ignoring channel estimation errors, the estimated subchannel by training field m is  
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                        , ,( ) ( ) ( ( )) ( ( )) ( )H
AB B B Rx B AB A Tx A Am m m m m′ =H T C T H C T T� ,                            (2.69) 

and the AS computation is conducted based on the following estimated complete channel 

matrix: 

                                              , ,AB B Rx AB A Tx′ ′ ′=H C H C� ,                                                       (2.70) 

where the diagonal matrix ,A Tx′C  contains all non-zero diagonal values: 

, ,[ ] [ ( ( ))]A Tx ii A Tx A iim′ =C C T , if the i-th antenna element is trained by the m-th training field, and 

,B Rx′C  is similarly defined. Therefore AS computation is based on the estimated complete 

matrix AB′H� , i.e. by a certain AS criteria X , the selection can be expressed as: 

                                        , ,
,

{ , } arg max ( )
A B

H
A opt B opt B AB AX ′=

F F
F F F H F� .                                   (2.71) 

For example, if the criterion is the maximization of the capacity, X(A)=log|1+AAHSNR/nA|. 

If , ,,A opt B optF F  are selected based on the training phase, the equivalent channel in the data 

transmission phase becomes  

                                      , , , , , ,( ) ( )H
eq B opt B Rx B opt AB A Tx A opt A opt=H F C F H C F F .                              (2.72) 

Then ( )eqX H  may not be optimal, because the RF responses of the used RF chains are 

different in the two phases. This effect is called the RF imbalance. In the example of 

4, 2,A AN n= = 2, 2B BN n= =  (i.e. only STA A conducts AS), the selection is determined by 
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( )
11

( )
22( )

( )
13

( )
24

Tx

Tx
Rx

AB B AB Tx

Tx

H

α
α

α
α

⎡ ⎤
⎢ ⎥
⎢ ⎥′ =
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

C H� .                                (2.73) 

where ,B RxC  is always fixed given B B= =F T I . If antennas 1 and 3 are selected at STA A, 

during data transmission phase, 

                         

( )
11

( )
( )
23

0

0

Tx

Rx
AB B AB Tx

α

α

⎡ ⎤
⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

H C H� ,                                      (2.74) 

there will be a distortion caused by ( ) ( )
13 23

Tx Txα α≠  , and transmit antennas 1 and 3 may not be 

the optimal subset. For simplicity and without loss of generality, we henceforth use the 

following constraint: for any selected antenna subset, a RF chain with smaller index number 

always connects to an antenna with smaller index. With this constraint, in both the AS 

training phase and the data transmission phase there are totally ( 1)A A An N n× − +  possible 

connections of RF chain with antenna element at STA A, and all the possible RF responses 

can be expressed as: 

                        

( ) ( ) ( )
11 22
( ) ( ) ( )
12 23 ( 1)

( ) ( ) ( )
1( 1) 2( 2)

A A

A A

A A A A A A

Tx Tx Tx
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Tx Tx Tx
n n

Tx Tx Tx
N n N n n N

a a a
a a a

a a a

+

− + − +

…
…

# # % #
…

.                                        (2.75) 
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2.4.4 MAC-based AS Training Protocol 

Given the above introductions on 802.11n PHY and MAC structure and AS models, we 

are ready to present the proposed AS training protocol. The widely accepted method for AS 

training is the one that sending consecutive training fields one right after another, so that the 

channel variation on these training fields is minimized. This corresponds to increased number 

of STF’s and LTF’s in the PHY preamble, as illustrated in Figure 2-13. However, this 

scheme will definitely increase the overhead, and brings in burdens on PHY signaling, which 

explains the reason why it is hard to be accepted in the standard [105]. Moreover, this 

scheme will lead to the deployment of fast solid state antenna switches (in nano seconds), 

which will cause appreciable switching loss [83]. On the other hand, the low Doppler spread 

of WLAN channels (see Figure 2-15 for a WLAN channel realization [107], where channel 

model B means one specific model with relatively low frequency selectivity) allows us to 

propose a MAC-based AS training, in which the AS training phase is formed by a sequence 

of M consecutive training packets, each containing one of the M AS training fields 

transmitted from and/or received by one of the M disjoint antenna subsets. All the training 

information is signaled in MAC headers, where the dedicated high-throughput control field is 

already defined for signaling the new MIMO high-throughput features such as transmit 

beamforming and fast link adaptations [105], as introduced in Subsection 2.4.2. Therefore the 

proposed training method greatly reduces the required modifications in the standard.  
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Figure 2-15 – Time Variation in WLAN Channel Model B 

Specifically, these training packets should be sent in burst, as illustrated in Figure 2-16, an 

example of transmit AS training only. This protocol can be described as follows: the receiver 

may choose to initiate the AS training cycle by sending a transmit AS request (TXASR), 

whenever the current selection result gets stale. Or the transmitter can initiate its own AS 

training cycle at a predetermined time, or when it observes more frequent re-transmissions of 

packets. Then the transmitter sends out /A AM N n= ⎡ ⎤⎢ ⎥ consecutive AS training packets with 

SIFS, equal to 16 sμ  [105], each containing the regular long and short OFDM training fields 

in its preamble as defined in [105], and transmitted from one subset of An  antennas. On 

receiving these packets, the receiver conducts channel estimations to establish the complete 

channel matrix in each subcarrier. Finally the receiver may either implement AS computation 
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and feedback the selected antenna indices, or directly feeds back the complete channel 

matrices for the transmitter to conduct the selection.  

               
Figure 2-16 – Transmit AS Training Example 

The receiver AS training process can be similarly defined, except that now different AS 

training packets are received by different receive antenna subsets. When both sides conduct 

antenna selection, the two training processes can be done one after another. Note that these 

AS training packets may also contain data payload. In that case, some “back-off” strategies, 

e.g. applying the lower level of modulation and coding schemes, are necessary, because the 

link adaptation output regarding the previously selected antenna subset is not valid after 

switching. The time available for switching the antennas is now one SIFS, allowing to 

implement the MEMS based switches, which have much lower switching attenuation than 

solid-state switches [74].  
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2.4.5 AS with RF Imbalance 

To recover the possible performance degradation caused by the RF imbalance problem as 

introduced Subsection 2.4.3, one solution is to train each possible antenna subset during each 

of the AS training phases. However, this obviously is impractical for large numbers of 

antenna elements and/or RF chains, and may induce more distortions due to channel Doppler 

(longer AS training phase).  

Alternatively we propose a simple calibration process. Since the RF responses vary with 

the environment (e.g. carrier frequency drift, temperature variations), an over-the-air 

calibration process is necessary. On the other hand, the overhead for calibration is negligible 

because it needs to be conducted only at large time intervals, e.g., only upon station 

association, or when the environment varies.  

Figure 2-17 shows the calibration procedure for transmit AS. The transmitter (STA A) 

sends consecutively 1A AN n− +  AS calibration training packets, each transmitted with the RF 

chain/antenna connections according to one single row of (2.75). For example, the first 

training packet uses the connections: 

                              RF 1 Ant 1,RF 2 Ant , ... ,RF Ant A An n→ → → . 
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Figure 2-17 – Transmit AS Calibration Process 

On receiving these training packets, the receiver (STA B) estimates the corresponding 

subchannels, denoted as (1)... ( 1)AB AB A AN n′ ′ − +H H� � , and feeds them back after receiving all the 

training packets. The transmitter then determines its RF imbalance correction coefficients 

based on all the estimated subchannel matrices fed back from STA B. When STA B also 

conducts receive AS, i.e. B BN n> , it should use a predetermined subset of receive antennas, 

each connected to a predetermined receive RF chain on receiving all the training packets in 

Figure 4. The correction coefficients are determined as follows: by ignoring channel 

estimation errors and assuming static channel during the transmission of all the AS 

calibration training packets, 
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,                                  (2.76) 

where ( ) ( ) ( )
, ,B B B B

l i R x T x
A B j i l j A B j i l ih hβ α=� stands for the equivalent channel coefficient involving 

all the RF responses; , BAB j ih  is the actual physical channel coefficient from transmit antenna 

i to receive antenna Bj , which is connected to the predetermined receive RF chain Bl , with 

( )
B B

R x
l jβ  the corresponding receive RF response. (2)... ( 1)AB AB A AN n′ ′ − +H H� �  can be expressed 

similarly based on different transmit RF chain and antenna element connections following 

the corresponding rows in (2.75). For the i-th transmit antenna, we then do the following 

calculation: 

                          
(m in{ } ) ( ) ( ) ( )

, m in{ } m in{ },
( ) ( ) ( )( )

,,

,
i

B B B i iB

B B BB

L i R x T x T x
l j A B j i L i L iA B n i

li R x T x T xli
l j A B j i li liA B n i

hh
hh

β α α
κ

β α α
= = =
�
�  

for every il L∈ , where Li is the set of RF chain indices that are possible to be connected to 

antenna i according to (2.75). Then, liκ  is multiplied with the baseband signal transmitted 

from RF chain l, whenever it is connected to antenna i. As a result, any transmission from 

antenna i leads to a corresponding transmit RF response ( )
min{ }i

Tx
L iα . As special cases, transmit 

antennas 1 and NA are always connected to RF chain 1 and An , respectively following the 

constraint in (2.75), so no correction is needed for the transmissions from them. By doing the 
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same calculations and by applying the results for all transmit antennas, at any time the 

equivalent complete channel matrix can be expressed as: 

                           ( ) ( ) ( ) ( )

, 11 12 min{ }{ , , , , , }
i A A

Tx Tx Tx Tx

AB B Rx AB L i n Ndiag α α α α= ⋅H C H� " " , 

there is no distortion between the AS training phase and the data transmission phase. Note 

that these correction coefficients are applied in both the AS training phase and the data 

transmission phase, and is equivalent to replacing the 1’s in FA or TA(m) by the 

corresponding correction coefficients { }liκ . The above calculations can be repeated Bn  times, 

corresponding to 1B Bj n= "  respectively. The resultant Bn  sets of correction coefficients can 

then be averaged to reduce the impact from channel estimation errors.  

The receiver AS calibration process can be similarly defined, where the transmitter should 

send ( 1)B BN n− + calibration training packets from a fixed subset of antennas with fixed RF 

connections. Then the calculation of receive AS correction coefficients is straightforward, as 

long as we have a similar constraint of receive RF chain and antenna connections as in (2.75). 

When both stations perform antenna selection, their calibrations can be conducted one after 

the other. As a result, the equivalent complete channel matrix always contains fixed transmit 

and receive RF responses, and the AS training protocol in Section 2 can be deployed without 

distortions.  

Note that the above calibrations should be conducted in each (or each subgroup of) 

subcarrier(s) when applied in OFDM systems. Also, they can be straightforwardly applied 
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when the connection constraints in (2.75) does not hold (i.e. iL  contains any RF chains for 

any antenna i ).  

Finally, in WLAN the calibration frame exchange sequence in Figure 2-17 can be 

conducted by utilizing a normal AS training phase as in Figure 2-16, where the receiver 

should feedback CSI only. Consequently, the peer station does not need to know the current 

AS training packets are used for normal AS training or AS calibrations, therefore no extra 

signaling needs to be defined for calibrations.   

2.4.6 Numerical Results 

In the first scenario where 4, 2,A AN n= =  and 2, 2B BN n= = , we investigate the 

effectiveness of the MAC-based AS training method assuming that RF imbalance has no 

significant impact. We use 64-QAM and rate ¾ convolution channel coding (1/2 convolution 

code with puncturing [105]) as the modulation and coding set in each of the two transmitted 

data streams, with 20MHz bandwidth and a 0.8 sμ guard interval in each OFDM symbol. 

Therefore the burst data rate observed at the PHY layer is 117 Mbps. We also assume the 

simplest least-square channel estimation in each subcarrier, and assume that there is no 

further impairment from time synchronization errors and RF imperfections such as carrier 

and sampling frequency offsets, phase noise, I/Q imbalance, AGC/ADC related issues, and 

transmitter distortions. For each SNR we simulate 10000 packets, each containing 1000 bytes 

of data payload plus the preamble as defined in [105]. The inter-packet interval is set to be 1 

ms during the data transmission phase, so that the 10000 packets may experience sufficient 

channel variations. For comparison we also simulate the AS training method where all of the 
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M=2 training fields are sent in one packet by extending its PHY preamble and ignoring the 

switching loss (we call this scheme as “PHY-based” in the figures). The parameter AST   

                      
Figure 2-18 – Results of Channel B 

defines the length of the AS training cycle. Since the channel encoding and interleaving are 

conducted over all spatial data streams and all sub-carriers, it is natural to deploy the antenna 

selection rule which maximizes the aggregated 2 2× MIMO channel capacity over all 

subcarriers. From the PER results in channel model B (Figure 2-18), where the channel is 

under relatively low level of frequency selectivity [107], we see that the proposed MAC-

based AS training method leads to almost the same results as PHY-based training method. It 

is also noticeable that in reality the MAC-based method will even outperform the PHY-based 

one by a few dB’s, when considering the reduced switching loss by introducing MEMS-

based antenna switches. From the same figure, we also see that the gains of applying AS in 
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WLAN are tremendous (5dB when 10AST ms= , and more than 1dB when 100AST ms= ). We 

stress that many other effective AS rules have been developed in literature to achieve 

different tradeoffs between performance gain and sensitivity to AST , and the problem of 

finding these AS rules, a topic beyond the scope of this paper, can be found in [37] and 

references therein.  

                         
Figure 2-19 – Results of Channel E 

In  channel model E (Figure 2-19), where the channel is much more frequency selective 

[107], the relative gains of AS is reduced (although they are still as high as 3 dB 

for 10AST ms= ), because the less correlated sub-carriers make different antenna subsets look 

more “even” with respect to the performance criterion (aggregated capacity or PER).  

  In the second scenario, RF imbalance is taken into considerations in channel B, where 

the PER of 2-data stream WLAN system without AS, and MAC-based AS with and without 
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calibration (both setting 10AST ms= ), are simulated. Each RF chain and antenna element 

connection results in a baseband equivalent RF response ( )Tx
liα with its magnitude uniformly 

distributed in 3dB± , and phase uniformly distributed in π± .  We can then see from Figure 

2-20 that calibration alleviates the impairment caused by RF imbalance. Hence the proposed 

AS calibration method, a process imposing negligible training overhead, will buy us about 2 

dB gain in this scenario. It is also noteworthy that RF imbalance will degrade the 

performance of 2x2 MIMO without AS, hence the gains achieved by applying AS is even 

larger than in Figure 2-18. 

                 
Figure 2-20 – Results of Channel B under RF Imbalance 

Again we do not stress the practicability of the brute forcing AS algorithm. One the one 

hand, it is not so costly in the 4, 2A AN n= =  scenario (6 possible subsets). On the other hand, 
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efficient AS methods in MIMO-OFDM achieving good tradeoffs between performance and 

complexity exist, and are beyond the scope of this section. 

2.4.7  Summary                  

In this section we address two important issues for employing antenna selection techniques in 

emerging high throughput WLAN systems: AS training protocol and RF imbalance 

impairment mitigations. The proposed MAC-based AS training method minimizes the 

amount of amendments required for accommodating AS in the new standard, and leads to 

several other advantages such as ability to use switches with reduced switching loss. The 

novel calibration process effectively alleviates the potential impairments caused by RF 

imbalance, with negligible overhead. In general, the proposed techniques move a step closer 

to the practical implementation of MIMO antenna selection techniques in high throughput 

WLAN systems, and have been adopted in the recently adopted preliminary version of the 

IEEE 802.11n baseline draft. 

The above AS training/calibration protocol in WLAN is just one example of the 

implementation of AS in commercial wireless networks. We believe that AS is also 

applicable in some other similar systems, e.g. the MIMO-OFDM based WiMax wireless 

access networks [106], DVB/DAB, and the 3GPP cellular networks [45].   

2.5 Conclusions 

In Chapter 2 we explore almost all aspects of antenna selection technology: we first investigate its 

potential on achieving diversity increase; then we show that there exist practical antenna selection 
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algorithms achieving good tradeoffs between complexity and performance improvements; finally we 

try to encompass antenna selection into a practical commercial wireless system, with particular 

considerations on training overhead reductions and the alleviation  of the impairments caused by RF 

mismatches.  

Based on our work, we believe that antenna selection is a promising technique in 

multiple-antenna systems, as in principle it can lead to significant performance improvements 

in fading channels with little expense on hardware cost and feedback overhead. It is expected 

to be widely exploited in real wireless communication systems in the foreseeable future. In 

additon, similar geometric tools can be extended to the study of general MIMO systems 

without antenna selection, as will be shown in the next chapter. 
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Chapter 3 

 
The Diversity-Multiplexing Tradeoff of Ordered SIC 
Receivers in MIMO Systems 

3.1 Introduction 

 In the previous Chapter, we use geometric analytical tools to derive the diversity orders and 

effective computation algorithms for antenna selection in MIMO systems. In this chapter, we 

extend this approach to some other scenarios: the point-to-point or multiple access MIMO 

systems deploying SIC receivers. 

It is well known that MIMO fading channels can be explored to provide either spatial 

multiplexing gain or diversity gain. The tradeoff between them is expressed by the diversity-

multiplexing tradeoff curve [104]. In [88], the discussion of diversity-multiplexing tradeoff is 

extended to multiple access channels, where the fundamental tradeoff among diversity gain, 

multiplexing gain and multiple access gain are effectively characterized. The tradeoff 

discussions in [104] and [88] mainly deal with the performance limits among all possible 

MIMO schemes, i.e. optimal joint encoding and decoding are employed so that the channel 

capacity is assumed to be achievable. There are also some discussions on sub-optimal and 
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practical encoding and decoding schemes, for example, the V-BLAST architecture [95], in 

which different layers are separately encoded and transmitted without any transmitter side 

channel state information [104]. The discussion on V-BLAST is naturally extended to 

multiple access systems (or SDMA systems) in [88], where independent transmitters are 

separately encoded, but can be jointly detected (through MUD).  

This chapter is mainly focused on the impact of optimal ordering on the performance of 

V-BLAST and SDMA schemes with SIC detectors, where ZF or MMSE processing is 

applied in each stage for the residue interference cancellation. In [104][88], the tradeoff 

curves of these schemes with fixed ordering are accurately derived. However, when ordering 

is involved, only some loose performance upper bounds are provided (using genie-aided 

approaches), which are shown to be still away from the optimal tradeoff curves. The 

difficulty lies in that, the explicit distributions of the ordered channel gains (or capacities in 

the SDMA case) are no longer accessible: it is in general a problem of order statistics among 

inter-dependent random variables, an under-developed topic itself [17]. Recently, the 

diversity property of the ordered SIC receivers with fixed data rate (i.e. the spatial 

multiplexing gain 0r = ) is partly analyzed for some simplified scenarios, or conjectured 

from numerical results. In particular, in [66][67][49], the diversity order for a two-layer V-

BLAST scheme with an ordered SIC receiver is rigorously shown to be equal to that with 

fixed ordering; while in [50][66] numerical results are provided to show that the diversity 

order of SIC receivers in a V-BLAST system with more than two layers is not increased by 

the ordering rule proposed in [95]. To the best of our knowledge, the diversity achieved by 
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ordered SIC receivers with general system settings has not been rigorously analyzed thus far. 

In this chapter, using a similar geometrical approach as that proposed in Section 2.2, we 

rigorously prove that ordering will not improve the performance of V-BLAST SIC receivers, 

with respect to the diversity-multiplexing tradeoff, thus versifying the conjectures in [50][66]. 

Extending the study to SDMA SIC detectors, we give tighter bounds than those provided in 

[88]. Particularly, when the data streams for different users are transmitted with fixed rate 

( 0r = ), the diversity order is not improved by applying optimal user ordering.  

The rest of the chapter is organized as follows. The problem formulation is provided in 

Section 3.2. Our result on the diversity-multiplexing tradeoff for ordered V-BLAST SIC 

receivers with point-to-point channels is presented in Section 3.3, and is extended to multiple 

access channels in Section 3.4. Finally Section 3.5 contains some concluding remarks. 

3.2 System Model and Problem Formulation 

3.2.1 Point-to-Point MIMO Channels 

We consider a frequency non-selective block Rayleigh fading channel model, for which a 

point-to-point system can be expressed as: 

                                                      = +y Hs n ,                                                                (3.1) 

where the RN t×  matrix y  is the received signal block; the TN t×  matrix s  is the transmitted 

signal block, each row representing one separately encoded data layer with equal power 

allocation; 1 2[ , , , ]
TN=H h h h"  is an R TN N×  channel matrix with the constraint R TN N≥ ; 

and n  is the background noise matrix of size RN t× . Because we focus on the non-ergodic 
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scenario in a quasi-static fading channel, where each codeword spans one fixed fading block 

(i.e. in delay limited scenarios), the coding length t  of each layer is actually immaterial in 

our study on the diversity orders (thus can be chosen to be 1 for ease of analysis). As is 

known, layered one-dimensional coding can only bring coding gain but not the diversity 

gain.  

Given the above channel model, following the same line as in [49] [50][66][67][88][104], 

we at first apply the ZF-SIC algorithm at the receiver, with the understanding that its 

diversity order analysis, a study at high SNR regimes, also applies to MMSE-SIC receivers 

(as will be shown in Lemma 3.1). Specifically, in such a V-BLAST system [95] let 

( ) [1, ]Tl N∈  be the transmit antenna index corresponding to the lth decoding layer. Following 

the expressions listed in Subsection 2.2.2, at the first decoded layer, a spatial equalizer 

†
1 (1)*

⎡ ⎤= ⎣ ⎦g H , where ( )*[ ] iA  is the (i)th row in the matrix A , is applied to the received signal 

y  to obtain an estimate of the transmitted symbol of the same layer:  

                                       1 1 1 1 0 1 1ˆ / Ts N sρ= = + = +g y g Hs g n g n ,                                  (3.2) 

where 0ρ  stands for the average SNR per receive antenna; 1s  is the signal transmitted in 

layer 1. The instantaneous channel capacity and error performance of this layer are 

determined by the corresponding post-processing SNRs, which can be directly derived from 

(3.2) as  

          
120 0 0

1 1 (1), {(2),(3)....( )}(1)(1)
/ /

T

H
span N

T T T

R
N N N
ρ ρ ρρ

−⎛ ⎞ ⎛ ⎞
⎡ ⎤= = =⎜ ⎟ ⎜ ⎟ ⎣ ⎦

⎝ ⎠ ⎝ ⎠
g H H , 1 Tk N≤ ≤ ,        (3.3) 
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where 
1

(1), {(2),(3)....( )} (1)(1)
1/

T

H
span NR

−
⎡ ⎤= ⎣ ⎦H H  is the square of the projection height from (1)h  to the 

space spanned by (2) ( )...
TNh h . In the lth layer, assuming perfect decision feedback, the spatial 

equalizer lg  is designed to null out the interference from the yet to be detected layers, then  

                                                                0
( ), {( 1), ,( )}Tl l span l N

T

R
N
ρρ += " .                                      (3.4) 

For a MMSE-SIC receiver, the spatial equalizer of the first layer is given by 

( ) 1

1 0
(1)*

/H H
TN ρ

−⎡ ⎤= +⎢ ⎥⎣ ⎦
g H H I H , and the post-processing SNR of the first layer is given by 

[64]: 

                                0 0 1
1 1

0 (1)(1)

1 1
[ / ]H

T T TN N N
ρ ρ γρ

ρ −= − −
+H H I

� , 1 Tk N≤ ≤ ,            (3.5) 

where 1 1
0 (1)(1)

1
[ / ]H

TN
γ

ρ −=
+H H I

. Similarly, we have 0 1l
l

TN
ρ γρ −�  for 2... Tl N= .  

Again, we adopt the operators �  ≤�  and ≥�  defined in [104] and Subsection 2.2.2. The 

diversity order a communication system is defined as the slope of its joint error probability 

0P ( )e ρ , which indicates the probability that any layer declares erroneous reception. 

When a non-zero multiplexing gain r , defined as [104] 
0

0

0

( )lim
log
Rr

ρ

ρ
ρ→∞

=  where 0( )R ρ  

stands for the current data rate, is concerned, a family of codes 0{ ( )}ς ρ  over a block length 

shorter than fading coherence time is employed, one at each SNR level with the data rate 

0 0( ) logR rρ ρ= . We then have the following lemma: 
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Lemma 2.1: ZF-SIC and MMSE-SIC receivers in V-BLAST systems have the same 

diversity order, which is determined by 

                          
0

(1 )

(1), {(2),(3)....( )} 0

0

log Pr

( ) lim
log(1/ )

T

T

r
N

span N TR N

d r
ρ

ρ

ρ

− −

→∞

⎧ ⎫⎪ ⎪≤⎨ ⎬
⎪ ⎪⎩ ⎭= .                                  (3.6) 

Proof: At first we show that the diversity order is determined by the first decoded layer, 

for either ZF- or MMSE- SIC receiver, and for any ordering rule. We define lP  as the 

average error probability of the lth decoding layer assuming perfect feedback (no interference 

from the previously decoded layers), J
lP as the joint error probability of layers 1 to l, and 

eP as the system joint error probability. Therefore, we can naturally get 1 1
JP P= , 

T

J
e NP P=  

and 

                                                      1 1(1 )J J J
l l l lP P P P− −= − + .                                                (3.7) 

While in the second layer, (3.7) becomes 

                                                     2 2 1 1(1 )JP P P P= − + .                                                  (3.8) 

Since 2 1P P  is an exponentially smaller term, we derive 2 1 2max( , )JP P P� . By iteratively 

applying the above analysis in (3.7), we finally get 1 2max( , , , )
Te NP P P P� " . For any ordering 

rule, it is intuitive to have 1 2 1max( , , , )
TNP P P P=" , because by assuming perfect feedback, 

together with identical noise statistics and transmit power across different layers, all the other 

layers face less interference than layer 1. We then have 1eP P� , i.e. for any ordering rule the 

diversity order is always determined by that of the first decoded layer.  
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Secondly, it was clearly shown in [104][90] that in non-ergodic scenarios the error 

probability is dominated by the outage probability, then (3.6) applies to ZF-SIC receiver. 

Finally, the diversity equivalence between ZF- and MMSE- SIC receivers can be verified 

by (A.11) in Appendix A, then (3.6) applies to MMSE-SIC receiver as well. 

                                                                                                                                            □ 

Furthermore, the following corollary appears to be useful in Section 3.3. 

Corollary 2.1: The ordering rule in [95] that maximizes the post processing SNR at each 

detection step of the V-BLAST SIC receivers, is optimal with respect to the diversity order, 

which is determined by 

                              
0

(1 )

0, { }
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log Pr max

( ) lim
log(1/ )

T

r
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−

→∞

⎧ ⎫⎪ ⎪≤⎨ ⎬
⎪ ⎪⎩ ⎭= ,                  (3.9) 

where , { }k Span kR  is the squared projection height from kh  to the space spanned by all the 

other 1TN −  column vectors. 

Proof: From Lemma 2.1, since the joint error probability is determined by the first 

decoded layer (i.e. 1eP P� ), while the ordering rule in [95] can guarantee that the 

performance of the first layer is optimized. (3.9) is straightforward, since in (3.6) 

(1), {(2),(3)....( )} , { }Tspan N k Span kR R= . 

                                                                                                                                             □ 

Remarks: Lemma 2.1 implies two important facts: 1) for any V-BLAST SIC receiver, the 

diversity order is only determined by the first decoded layer, even though error propagations 
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are present; 2) we only need to evaluate (3.6) for the diversity order properties of both ZF- 

and MMSE- SIC receivers.  

 
Figure 3-1 – Geometric Illustration of ZF-SIC Receiver with 2TN =  

For a fixed-order V-BLAST SIC receiver, it can be assumed [49][66][104] (without loss 

of generality) that detection starts from the layer corresponding to the first transmit antenna 

and ends at that of the TN th antenna. So (1), {(2),(3)....( )} 1, {2,3, , }T Tspan N Span NR R= "  and 
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"

.           (3.10) 

When the ordering rule in [95] is taken into considerations (Section 3.3), the problem 

becomes more involved, since different , { }k Span kR  in (3.9) are inter-dependent, and the exact 

distribution of the post-processing SNR of the first decoding layer is in general not accessible 

[88][104]. An exception is for the 2TN = case [49][95], for which one has (see Figure 3-1) 
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                                       2 2
1,2 1 12|| || sinR θ= h , and 2 2

2,1 2 12|| || sinR θ= h , 

where ,i jR  represents the squared projection height from ih  to jh ; and ijθ  is the angle 

between the two vectors ih  and jh , defined as 1sin , 0
2

ij
ij ij

j

R πθ θ−= < <
h

. The ordering rule 

of [95] is reduced to simply choosing the transmit antenna whose corresponding column 

vector has a larger norm, therefore the asymptotic exponential behavior of its outage 

probability can be explicitly explored. It is shown that in this case the diversity order is the 

same as that of the fixed-order case [49][95]. However, the analysis for 2TN >  scenarios, 

which will be rigorously derived in Section 3.3, cannot be solved with this approach.  

3.2.2 Multiple Access MIMO Channels 

For a multiple access (or SDMA) channel, multiple receive antennas can be used to 

separate signals from different users transmitted in the same frequency-time slot, leading to 

multiple access gains. We assume that there are K transmitters each equipped with k
TN  

antennas, assuming that 
1

K
All k

T T R
k

N N N
=

= ≤∑ . In this case (3.1) still applies, except that H  is 

now expressed as 

                                                    1 2[ , , , ]K=H H H H" ,                                                 (3.11) 

where kH  is an k
R TN N×  sub-matrix corresponding to the channel between the kth 

transmitter and the receiver. Also s  becomes  

                                                              1 2[ ,  , , ]T T T T
K=s s s s" ,                                          (3.12) 
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in which the k
TN t×  sub-matrix ks  is the data block from transmitter k. Data streams of one 

transmitter are allowed to be jointly encoded, while those from different transmitters are 

independent (which can be viewed as a generalized layered structure, each general layer 

containing more than one data streams). If 1,  k
TN k= ∀ , SDMA coincides with V-BLAST. 

For analytical simplicity, we only investigate the ZF-SIC detector as suggested in [88]. 

Specifically, with fixed detection order (from user 1 to K), when detecting the data streams 

for the kth transmitter, we null out the interference from transmitters k+1 to K by projecting 

each column vector in kH  to the null space of the space spanned by the column vectors in 

1...k K+H H , after canceling the interference contributed by transmitters 1 to k-1 (fed back 

from previous detectors). According to [88], the fixed-order diversity-multiplexing tradeoff, 

denoting the asymptotic exponential behavior of the probability that any user is erroneously 

detected, can be expressed as 

                                            *
1 2 , 

( , ,..., ) min ( )jk
T R T

j k

K kN N Nk
d r r r d r

>

−
= ∑ ,                                 (3.13) 

where *
, ( ) ( )( )m nd r m r n r= − −  stands for the optimal diversity-multiplexing tradeoff for a 

n m×  Rayleigh fading MIMO channel [104], and kr  is the spatial multiplexing gain of user k. 

Here for the ease of analysis, we focus on the symmetric scenario suggested by [88]: 

,  ,  k
k T Tr r N N k= = ∀ . The extensions to non-symmetric and MMSE-SIC cases direct our 

future research. With these settings, (3.13) becomes  

                                        
, ( 1)

( ) ( ) [ - ][ ( 1) ]
T R T

T R TN N K N
d r d r N r N K N r

− −
= = − − − ,              (3.14) 
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and we have the following analogues of Lemma 3.1 and Corollary 3.1, denoting ( )k as the 

user index decoded in the kth stage 

Lemma 3.2: For ZF-SIC multiuser detectors in SDMA systems with the symmetric setting, 

the system  diversity order is determined by that of the first decoded user,  

0

(1) 0

0

log Pr{ log }
( ) lim

log(1/ )
C r

d r
ρ

ρ
ρ→∞

≤
= ,                                     (3.15) 

where kC  is the capacity of the kth user . 

Proof: It can be easily shown that (3.7)(3.8) in the proof of Lemma 3.1 still hold for 

SDMA, with kP  as the error probability of user ( )k , assuming perfect decision feedback. 

Therefore we get 1 2 1max( , , , )e KP P P P P=� " , where the second equality holds due to our 

symmetric settings. Finally it is shown in [104] that (3.15) determines the diversity order of 

1P , so as to eP . 

                                                                                                                                             □                         

Corollary 3.2: With the settings in Lemma 3.2, the ordering rule that maximizes the per-

user capacity at each detection stage (or general layer) is optimal with respect to diversity 

order, which is determined by: 

                                     
0

0( )

0

log Pr{max log }
( ) lim

log(1/ )
kSDMA k

opt

C r
d r

ρ

ρ

ρ→∞

≤
= .                              (3.16) 

The proof follows straightforwardly that of Corollary 3.1, and is omitted here.  

Suppose user k is chosen in the first decoding stage, its equivalent channel after nulling 

can be expressed by 
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                                       1, { } 2, { } , { }
, ,....,

k k T k

Eq k k k
k span span N span

⎡ ⎤= ⎣ ⎦H H H
H h h h ,                            (3.17) 

where , { }k

k
i span Hh  is the projection from the ith column vector in kH  to the null space of the 

space spanned by the channel matrices for all the other users. As indicated in [88], Eq
kH  is 

equivalent to a point-to-point MIMO channel with TN  transmit and ( 1)R TN K N− −  receive 

antennas. Then kC  in (3.16) can be expressed by 0( , )Eq
k kC C ρ= H , meaning the MIMO 

channel capacity given the channel Eq
kH and SNR level 0ρ  (assuming equal power 

allocations). It was claimed in [88] that the diversity analysis, when ordering is involved, is 

in general not accessible. We are able to solve it in Section 3.4, by applying the technique 

proposed in the following section. 

3.3 Ordered V-BLAST SIC Receiver 

In this section, by applying the novel geometrical approach similar as that in Subsection 

2.2.2, we rigorously prove the following Theorem: 

Theorem 3.1: For general R TN N×  V-BLAST systems with SIC receivers, applying any 

ordering rule will not change the diversity-multiplexing tradeoff of the system. 

As indicated above, [49][66] verify Theorem 3.1 only for the simplest 2TN =  case, while 

we will investigate the general scenario with arbitrary values of TN . As we know, an 

exhaustive search among all the !TN  possible permutations targeting the minimum system 

joint error probability represents the optimal ordering rule (and leads to the optimal diversity) 

[66]. However, its diversity property is generally hard to analyze. Through Corollary 3.1, the 
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ordering rule proposed in [95], although not optimal in minimizing the error probability, is 

optimal w.r.t. diversity order. We can then prove Theorem 3.1 by analyzing this specific 

ordering rule.  

We start from the fixed data rate ( 0r = ) case. The outage probability of the first decoded 

layer (c.f. (3.9)) can be upper bounded as 

                                           1, {1}, { }Pr{max } Pr{ }Spank Span kk
R x R x≤ ≤ ≤  

for arbitrary positive value x . When 0x → , the asymptotic exponential behavior of the above 

upper bound represents the diversity of non-ordered V-BLAST SIC receiver, which equals to 

1R TN N− +  (c.f. (3.10)). We then get8 

                                                        1
, { }Pr{max } R TN N

k Span kk
R x x − +≤ ≥� .                            (3.18) 

In the following we try to derive a tight probability lower bound bearing the same 

diversity property. 

Lemma 3.3:  With the above settings, we have 

                                                        1
, { }Pr{max } R TN N

k Span kk
R x x − +≤ ≤� .                            (3.19) 

Proof: For the ease of illustration and without loss of generality, we analyze the 3TN =  

case, and the extension to general values of TN  is straightforward, as will be explained at the 

end of the proof. In this scenario, we can decompose 1h by Gram-Schmidt orthogonalization 

and coordinate transformation [37] as (see Figure 3-2): 

                                                      
8 Here we stress again that ( ) ( )f x g x≥�  indicates ( ) ( )f x g x≤  for sufficiently small x . 
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1 3 3 2 2,3 1, {2,3} 1, {2,3}

3 3 2 2 1, {2,3} 1, {2,3}   ,

span span

span span

R

R

α α

γ γ

= + +

= + +

h h h h

h h h

� � �

� � �                              (3.20) 

 
Figure 3-2 – Geometric Illustration of (3.20) 

where 3 3 3/=h h h
�

; 2,3h
�

 is the unit vector along the projection of 2h  on 3( )null h , the null 

space of the space spanned by 3h ; and 2h
�

, 1, {2,3}spanh
�

 are similarly defined. 1α , 2α  and 

1, {2,3}spanR , the coordinates of 1h  on the orthonormal basis 3 2,3 1, {2,3}{ , , }spanh h h
� � �

, can be shown 

jointly independent [49][55][66]. The second equality in (3.20) is obtained with coordinate 

transformation from 3 2,3{ , }h h
� �

 to 2 3{ , }h h
� �

in the space {2,3}span such that 

3 3 2 2,3 3 3 2 2α α γ γ+ = +h h h h
� � � �

. Through geometrical analysis, we have  

                                        2
2

23sin
αγ
θ

= , and 2 23
3 3

23

cos
sin

α θγ α
θ

= − .                                    (3.21) 
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It is known that the angle 23θ  is independent with 1, {2,3}spanR , as indicated in [55], so 2γ  

and 3γ  are independent with 1, {2,3}spanR . We then have the following claim:  

             
1, {2,3} 2, {1,3} 3, {1,2}, { }

1, {2,3} 2 3 2 3

Pr{max } Pr{ , , }

                                 Pr{ , , , , },

Span Span Spank Span kk

Span

R x R x R x R x

R x R b R b b bγ γ

≤ = ≤ ≤ ≤

≥ ≤ ≤ ≤ ≥ ≥
      (3.22) 

where b  is an arbitrary constant, 2
2 2|| ||R = h  and 2

3 3|| ||R = h . To prove this claim, we define 

the following events: 

                                              
1, {2,3}

2 3 2 3

1, {2,3} 2, {1,3} 3, {1,2}

:  

:  , , ,
:  , , .

Span

Span Span Span

A R x

B R b R b b b
C R x R x R x

γ γ

≤

≤ ≤ ≥ ≥

≤ ≤ ≤

                   (3.23) 

Since 2, {1,3}SpanR  is the magnitude of the projection from 2h  to the null space of {1,3}span , it 

represents the shortest distance from vector 2h  to any points in {1,3}span . By choosing 

1 3{ , }h h
�

as one basis of {1,3}span , together with (3.20) , it can be upper bounded as: 

                                         
23 21

23 21

2

2, {1,3} 2 2 23 3 21 1,

2 2 23 3,

2
21 2 2 3 3 1, {2,3} 1, {2,3}

min ( )

min ||

           [ ] ||

Span

span span

R R

R

R

β β

β β

β β

β

β γ γ

= − +

= −

− + +

h h h

h h

h h h

� �

� �

� � �
 

                                    2 2
21 1, {2,3} 1, {2,3}2

2

,span span
RR Rβ
γ

≤ =                                                      (3.24) 

where the inequality is derived by taking specific values of 21β  and 23β , so that the 

magnitudes in directions 2h
�

and 3h
�

 are zeros, i.e. 21 2 2/Rβ γ=  and 23 3 2 2/Rβ γ γ= − . In 
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another word, we upper bound 2, {1,3}SpanR  by (non-orthogonally) projecting 2h  onto {1,3}span  

along the direction 1, {2,3}spanh
�

. Similarly, we have 

                                                         3
3, {1,2} 1, {2,3}2

3

    Span span
RR R
γ

≤ .                                    (3.25) 

It is then easy to see that given the event A B∩ , event C is true, which proves the claim 

(3.22). Also note that the random variables 2R , 3R , 2γ  and 3γ  are independent with 1, {2,3}SpanR , 

thus A and B are independent with each other, and the lower bound in (3.22) satisfies: 

                                      
1, {2,3} 2 3 2 3

1, {2,3} 2 3 2 3

1
1, {2,3}

  Pr{ , , , , }

Pr{ }Pr{ , , , }

Pr{ } ,R T

Span

Span

N N
Span

R x R b R b b b

R x R b R b b b

R bx x

γ γ

γ γ
− +

≤ ≤ ≤ ≥ ≥

= ≤ ≤ ≤ ≥ ≥

≤� �

                (3.26) 

since 2 3 2 3Pr{ , , , }R b R b b bγ γ≤ ≤ ≥ ≥  will only introduce a constant factor, as it is a 

function of x .  

Therefore, we get 
.

1
, { }Pr{max } R TN N

k Span kk
R x x − +≤ ≤  for 3TN =  case. From the derivations 

above, it is not difficult to see that the extension to the general TN  scenario is straightforward. 

Generally speaking, by the theorem of coordination transformation [37], (3.21) can be re-

shaped as: 

                                                                      =γ Qα ,    

where γ  is the coordinates of 1h ’s projection on {1}span  along the basis 2 3{ , ,..., }
TNh h h

� � �
, 

α is its coordinates along the orthonormal basis obtained by Gram-Schmidt procedure, and 

the transfer matrix Q  is only associated with the directional relationships among 
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2 3{ , ,..., }
TNh h h

� � �
. Both α  and Q  are then independent with 1, {1}spanR [49][55], so is γ . 

Therefore we can build up a probability lower bound as in (3.22), whose proof follows the 

same line as in (3.23)—(3.26).                                                                    

                                                                                                                                                  □  

Finally by combining (3.18) and (3.19), it is shown that the diversity of the ordered V-

BLAST SIC receiver is the same as the non-ordered case.  

The analysis is easily extendable to 0r >  cases, where the outage is now defined as the 

event that the instant code rate 0 0( ) logR rρ ρ=  is larger than the channel capacity 

conditioned on the current channel state. Therefore, from (3.9) and the analysis above, we 

can easily derive the same result as (3.10), so that Theorem 3.1 is proved.  

3.4 Ordered SDMA SIC Receiver 

In multiple access channels, multiple data streams for one user are allowed to be jointly 

encoded in space and time. The diversity analysis with ordering is much more involved than 

in V-BLAST, since different capacities are correlated in a more complicated manner, making 

the analysis of (3.16) difficult.  This section presents our method for getting around this 

problem, and gives the proof of the following Theorem: 

Theorem 3.2: For symmetric SDMA systems defined in Section II-B, the following lower 

and upper bounds of the diversity-multiplexing tradeoff hold for any ordering rule: 

                                            ( ) ( ) ( )L Ud r d r d r≤ ≤ ,                                                            (3.27) 

where ( ) [ - ][ ( 1) ]L T R Td r N r N K N r= − − − , and ( )( ) [ ( 1) ] 1 /U T R T Td r N N K N r N= − − − . 
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Proof:  We only need to investigate the ordering rule defined in Corollary 3.2. The 

diversity lower bound in (3.27) is then easy to derive, since given a data rate of 0logr ρ  we 

get (c.f. (3.16)(3.17)): 

                      ( )
0 0 1 0 0 0Pr{max ( , ) log } Pr{ ( , ) log } .Ld rEq Eq

kk
C r C rρ ρ ρ ρ ρ−≤ ≤ ≤H H �       (3.28) 

We are left to show a tight lower bound of the outage probability.   

Because 0
0

1
( , ) log 1

TN
Eq k
k n

n T

C
N
ρρ λ

=

⎛ ⎞
= +⎜ ⎟

⎝ ⎠
∑H , where k

nλ  stands for the nth largest eigen-value 

of the Hermitian matrix ( )HEq Eq
k kH H , and  

                                               ( ){ } 2

1

TN Hk Eq Eq Eq
n k k k F

n
Traceλ

=

= =∑ H H H , 

we get 
2

,  k Eq
n k F

nλ ≤ ∀H , so 

                                                   
20

0( , ) log 1Eq Eq
k T k F

T

C N
N
ρρ

⎛ ⎞
≤ +⎜ ⎟

⎝ ⎠
H H ,                                                  

and  

                       
( ){ }

20
0 0

2 / 1
0

Pr{max log } Pr log 1 max log

                                  Pr max .T

Eq
k T k Fk k

T

r NEq
k Fk

C r N r
N
ρρ ρ

ρ −

⎧ ⎫⎛ ⎞⎪ ⎪≤ ≥ + ≤⎨ ⎬⎜ ⎟
⎪ ⎪⎝ ⎠⎩ ⎭

≤

H

H�

          (3.29) 

Therefore  

                                           ( ){ }2 / 1
0 0Pr{max log } Pr max Tr NEq

k k Fk k
C r ρ ρ −≤ ≤ ≤H� ,               (3.30) 
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and to derive the diversity upper bound in (3.27) we are left to investigate the right hand side 

of (3.30).                                                           

Considering the length limitation on this paper and without loss of generality, we 

investigate the simplest case, where 2K = , 2TN =  and the channel matrices are denoted by: 

1 1 2[ , ]=H h h , and 2 3 4[ , ]=H h h . So after nulling in the first stage we get the equivalent 

channels as: 

                                                          1 1, {3,4} 2, {3,4}

2 3, {1,2} 4, {1,2}

[ , ]

[ , ].

Eq
span span

Eq
span span

=

=

H h h

H h h
                                  (3.31) 

The outage probability in (3.30) can then be rewritten as 

                                    
2

1, {3,4} 2, {3,4}1..

3, {1,2} 4, {1,2}

Pr(max ) Pr( ,

                                        ),

Eq
k span spanFk K

span span

x R R x

R R x
=

≤ = + ≤

+ ≤

H
                  (3.32) 

where ( )/ 1
0

Tr Nx ρ −= , which satisfies
0

lim 0x
ρ →∞

= . 

Similar as in (3.20), we decompose 1h  and 2h by: 

                                            
1 13 3 14 4 1, {3,4} 1, {3,4}

2 23 3 24 4 2, {3,4} 2, {3,4}.

span span

span span

R

R

γ γ

γ γ

= + +

= + +

h h h h

h h h h

� � �

� � �                         (3.33) 

So following the same method as in (3.24), we get 
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31 32

31 32

2

3, {1,2} 3 3 31 1 32 2,

3 3,

31 13 3 14 4 1, {3,4} 1, {3,4}

2
32 23 3 24 4 2, {3,4} 2, {3,4}

31 1, {3,4} 32 2,

min ( )

min ||

           [ ]

           [ ] ||

Span

span span

span span

span s

R R

R

R

R

R R

β β

β β

β β

β γ γ

β γ γ

β β

= − +

=

− + +

− + +

≤ +

h h h

h

h h h

h h h

�

�

� � �

� � �

2

{3,4}

2 2
31 1, {3,4} 32 2, {3,4},

pan

span spanR Rβ β≤ +

                 (3.34) 

where the last step comes from the triangle inequality, and 31β  and 32β  are the solutions for 

zero coefficients of 3ĥ  and 4ĥ in the second equality of (3.34), expressed by: 

                                               
1

13 2331 3

14 2432

.
0
Rγ γβ

γ γβ

− ⎡ ⎤⎡ ⎤ ⎡ ⎤
= ⎢ ⎥⎢ ⎥ ⎢ ⎥
⎣ ⎦⎣ ⎦ ⎣ ⎦

                                           (3.35) 

As what we argued in Section 3.3 (see (3.21)), since 13γ  and 14γ  are independent with 

1, {3,4}spanR , 23γ  and 24γ  are independent with 2, {3,4}spanR , and 3R  is independent with any of the 

projection heights, we have that 31β  and 32β  are independent with 1, {3,4} 2, {3,4}span spanR R+ . With 

the same procedure, we can further derive: 

                                            2 2
4, {1,2} 41 1, {3,4} 42 2, {3,4}Span span spanR R Rβ β≤ + ,                              (3.36) 

where 

                                                          
1

14 2441 4

13 2342 0
Rγ γβ

γ γβ

− ⎡ ⎤⎡ ⎤ ⎡ ⎤
= ⎢ ⎥⎢ ⎥ ⎢ ⎥
⎣ ⎦⎣ ⎦ ⎣ ⎦

,                                (3.37) 

which is also independent with 1, {3,4} 2, {3,4}span spanR R+ . So if the following event E is true: 
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                                                    1, {3,4} 2, {3,4}

2 2 2 2
31 32 41 42

:  { / ;

       , , , / 2;  1},
span spanE R R x a

a aβ β β β

+ ≤

≤ ≥
 

from (3.34) and (3.36), we get that 1, {3,4} 2, {3,4}span spanR R x+ ≤  and 3, {1,2} 4, {1,2}span spanR R x+ ≤  are 

both fulfilled. So we get the following lower bound of the outage probability in (3.32): 

                                                 1, {3,4} 2, {3,4}

3, {1,2} 4, {1,2}

Pr( ,

       ) Pr( ).
span span

span span

R R x

R R x E

+ ≤

+ ≤ ≥
                         (3.38) 

Given  

                                   
1, {3,4} 2, {3,4}

2 [ ( 1) ] [ ( 1) ](1 / )
1 0

Pr( ) Pr( / )

Pr( ) ,T R T T R T T

span span

N N K N N N K N r NEq

E R R x a

x x ρ− − − − − −

+ ≤

≤ =H

�

� �
          (3.39) 

when 0x → , from (2.11)(3.30) we get  

                                                  ( ) [ ( 1) ](1 / )T R T Td r N N K N r N≤ − − − .                        (3.40) 

From the analysis in (3.31)—(3.40), it is easily seen that the extension to general values of 

K and TN  is straightforward except for more complicated mathematical expressions. 

Combining (3.28) and (3.40)concludes the proof of Theorem 3.2.                        

                                                                                                                                             □ 

Remarks: Figure 3-3 shows the upper and lower bounds of the tradeoff curve given by 

Theorem II. Note that the point “ (0)d  upper bound in [88]”, expressed as ( )T R TN N N− , is 

derived by a genie-aided method in [88].  Therefore our result provides a tighter upper bound. 

More importantly, in the scenario with fixed data rates ( 0r = ), Theorem 3.2 tells us that the 

optimal ordering will not increase the diversity order of the joint error probability among the 
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K users deploying SIC detector. In another word, the diversity order under fixed data rate is 

unchanged by applying any user ordering.  

Note that the tradeoff lower bound coincides with that of the non-ordering case in (3.14), 

which indicates that when applying adaptive coding schemes to maintain a non-zero 

multiplexing gain r , the SDMA system diversity order with SIC detector might be increased 

by user ordering. However, given that the two extreme points, corresponding to 0r =  and 

( ) 0d r = respectively, are unchanged from non-ordering case, we predict that the whole 

diversity-multiplexing tradeoff curve will not be improved by optimal ordering, although the 

accurate analysis is still challenging for the intermediate points with 0r > .  

 
Figure 3-3 – Bounds on the Diversity Multiplexing Tradeoff for SDMA-SIC 

Detectors 
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3.5 Conclusions 

In this chapter, we utilize a geometry-based method, which is essentially the same as that 

proposed in Section 2.2, to analyze the diversity-multiplexing tradeoff in point-to-point V-

BLAST and SDMA systems employing SIC receivers. Our results rigorously show that the 

tradeoff curve for V-BLAST SIC receivers is not changed by ordering; while for SDMA, we 

derive a tighter upper bound of the tradeoff curve than that in [88], and we prove that the 

diversity order with fixed data rate is not changed by ordering.  

Finally we stress that the diversity-multiplexing tradeoff is sometimes a loose indication 

of the error probability performance, since it only characterizes the decay rate (exponential 

behavior) at high SNR. Although optimal ordering does not improve the diversity order of 

SIC receivers, it still provides an SNR gain (coding gain), compared with fixed-order SIC 

receivers. 

Note that the SIC detector in SDMA systems in our discussion is essentially a multiuser 

detector applied in the simplest multiuser MIMO scenario: the synchronized uplink multiple 

access channel. In the next chapter, we will consider to some more general scenarios, where 

multiple users (each with multiple antennas) are located in a realistic cellular network with 

universal frequency reuse. Therefore, the problem of inter-cell interference mitigation will be 

our major focus.  
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Chapter 4 

Interference Mitigation in Multi-User MIMO  

4.1 Introduction 

In the previous chapters, we mainly investigate point-to-point MIMO-SM systems. From 

another standpoint, multiple data streams in SM systems can be viewed as multiple 

(synchronous) users, therefore the MIMO receiver is equivalent to a multiuser detector. It is 

then natural to investigate the problems of multiuser MIMO in the same frequency-time slot, 

in which each user may transmit multiple data streams, and different multi-antenna users may 

be located far apart and not synchronized with each other. 

 The receiver processing for interference mitigation is well-developed in literature (see [89] 

and references therein). Some recent development on MIMO MUD can be found in [14][90]. 

In this chapter, we are interested in interference mitigation at the cellular downlink. In 

particular, the inter-cell interference can be effectively addressed by base station cooperative 

transmissions. 
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As introduced earlier, a MIMO channel in rich scattering environments can provide 

multiple spatial dimensions for communications and yield a spatial multiplexing gain. At 

high SNR, Shannon capacity can increase linearly with the minimum of the number of 

transmit and receive antennas. 

However, achieving the predicted enormous capacity gains in realistic cellular multiuser 

MIMO networks could be problematic. First, for realistic cellular systems, the sharing of 

common system resources by multiple users and the frequency reuse among adjacent cells 

will bring in co-channel interference, which may greatly diminish the advantages of MIMO 

systems [3][6]. Another problem in achieving these dramatic capacity gains in practice, 

especially for outdoor deployment, is the rank deficiency and ill-conditionness of the MIMO 

channel matrix. This is mainly caused by the spatial correlation due to insufficient scattering 

and antenna spacing [38][78], and sometimes by the “keyhole” effect even though the fading 

is essentially uncorrelated at each end of the channel [8]. Finally, the effect of the large-scale 

fading, largely neglected in the current MIMO study, may also induce negative impact on the 

anticipated performance.  

The study on the performance of interference-limited multicell multiuser MIMO attracted 

research attention only recently [3][6]. The study in [6] indicated the ineffectiveness of a 

MIMO system in an interference-limited environment, when CCI is treated as background 

noise. This is especially true in the downlink of cellular systems [16][25][26]. In a 

conventional cellular system, CCI is primarily handled by careful radio resource management 

techniques such as power control, frequency reuse, and spreading code assignments [53]. 
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However, these techniques limit the achievable spectral efficiency gains and/or result in 

insufficient suppression of CCI.  

In recent years, several advanced techniques have been proposed to better combat the 

effect of inter-cell CCI in cellular MIMO systems. Motivated by [6], MUD and turbo 

decoding have been explored to significantly improve the performance of MIMO systems in 

a multicell structure [13][16]. Such advanced receiver techniques improve the system 

performance at the cost of increased receiver complexity. While they are readily applicable 

today at base stations or access points for uplink processing of wireless networks, they still 

impose challenges for the design of MSs in downlink communications, which is considered 

to be the bottleneck for next generation high-speed wireless systems. Furthermore, it is also 

found that there is a significant performance gap between the obtained MUD capacity and the 

single-cell interference-free capacity upper bound, especially in environments with strong 

CCI. This advocates a need to devote more system resources for performance enhancement 

in the downlink multicell multiuser MIMO networks. The idea naturally arises to move the 

CCI mitigation to the transmitter (BS) side on the downlink, where complex structure and 

advanced processing can be more easily accommodated, if channel state information can be 

obtained at the transmitter side either through uplink estimation or through a feedback 

channel, for low user mobility scenarios such as indoor or outdoor pedestrian environments. 

Joint optimization of the pre-coding designs among coordinated BSs has been proposed 

[77][63] where the signal intended for an MS is transmitted from only one serving BS. 

However, its very stringent dimension constraints severely limit the number of users that can 
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be handled by the system and lead to limited gains notwithstanding the significant additional 

system complexity. 

As multiple users in multiple cells are involved, cooperative processing at relevant base 

stations can be exploited. This approach is feasible, as in the current infrastructure that is 

common to both cellular communications and indoor wireless access, the base stations and 

access points in the system are connected by a high-speed wired backbone that allows 

information to be reliably exchanged among them. This approach is also reasonable, as in 

environments with strong interference a mobile usually experiences several comparable and 

weak links from surrounding radio ports, where soft handoff typically takes place in current 

CDMA networks. In this scenario, cooperative processing among relevant ports transforms 

the obstructive interference into constructive signals, which should offer large performance 

improvement. Base station cooperation approach is proposed in [76] to enhance the downlink 

sum capacity (throughput) with SISO systems employed in each cell, implementing dirty-

paper coding proposed in [12]. While DPC or Tomlinson-Harashima precoding [93] can 

effectively eliminate the effect of inter-cell CCI [25][53][76], both techniques are nonlinear 

and may be prohibitively complicated for multi-BS systems. Linear pre-coding at the 

cooperative BSs is, therefore, an attractive candidate given its good performance and the 

relatively lower complexity it entails at both the BSs and the MSs [2][23][59]. 

Meanwhile, transmitter pre-coding for single-cell downlink multiuser MIMO 

communications has aroused much research interest recently (see, e.g. [19][96]). Assuming 

the full set of transmitter CSI, such linear pre-coding designs combating intra-cell 
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interference in single cell downlink channels have been well developed. Based on a certain 

criterion (e.g. maximum sum rate, minimum SINR or minimum power), iterative 

optimizations deploying gradient methods [48] or “alternate & maximize” algorithms 

[7][73][97] were proposed, which, however, in general suffer from non-convexity issues that 

result in local suboptimum solutions, and from the complexity in the search for appropriate 

initial points. To reduce the complexity introduced by the iterations, [98][85] try to optimize 

some suboptimal criteria such that closed form pre-coding designs can be derived. For the 

same purpose, some other authors try to design the Wiener filtering pre-coding matrices to 

minimize the aggregate mean square errors (MSE) for all the users, e.g. [44][75][103]. 

Finally, it is a broadly accepted idea that the nullification designs which guarantee zero 

interference at the MSs as in [2][9][61][80] are effective due to their simplicity and relatively 

good performances. These single cell pre-coding designs then serve as a good starting point 

for our proposed BS cooperative transmission.   

In the first part of this Chapter, both information-theoretic DPC and some more practical 

joint transmission schemes will be studied with cooperative multicell base stations for 

downlink multiuser MIMO communications, assuming perfect synchronization of the signals 

transmitted from cooperative BSs at each MS. Therefore the analysis here in general provides 

an upper bound for achievable performance with BS cooperation, which defines a common 

benchmark to gauge the efficiency of any practical scheme. Such an assumption also allows 

us to explore other advantages of base station cooperative processing, e.g. channel 

rank/conditioning advantage, and macro-diversity protection. 
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On the other hand, however, all the schemes proposed above and in [2][23][25][59][76] 

for BS cooperation invariably assume that both the desired and the interfering signals from 

different BSs arrive at each of the MSs synchronously (at the same time). While this 

assumption enables the well-studied single-cell downlink transmission model to be applied in 

a straightforward manner, it is fundamentally unrealizable especially for high data rate 

systems. The BSs can align their transmissions so that the signals intended for any MS arrive 

at that MS synchronously. However, even under the assumption of perfect BS cooperation, 

the BSs cannot simultaneously control when these signals are received as interference by 

other MSs.  This severely degrades the performance of the designs proposed in 

[2][23][25][59][76], which do not account for it, especially, in high data rate regimes. To the 

best of our knowledge, the problem of asynchronous interference has not been addressed in 

the literature.  

Given the above concerns, the second part of this chapter develops a framework for BS 

cooperation – in a multi-user multi-cell MIMO cellular network – that explicitly accounts for 

the asynchronous interference described above. We focus on linear-precoding designs given 

their relatively lower complexity and satisfactory performance. Doing so also enables us to 

effectively utilize the techniques developed for combating intra-cell interference in single 

cell downlink channels, although the extensions are not straightforward. Three linear pre-

coding-based algorithms are proposed to enable BS cooperation in the presence of 

asynchronous interference. These algorithms provide different trade-offs between complexity 

and performance in different SNR regimes. We also show that the proposed algorithms can 
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be extended to handle the under-explored scenario where even the desired signals from 

different BSs do not arrive perfectly synchronously at the MSs due to practically unavoidable 

timing errors or inaccuracies. 

The rest of this chapter is organized as follows: in Section 4.2 we provide the system 

models; and we give the analysis for the quasi-synchronous BS cooperative schemes in 

Section 4.3; we then extend the discussions to asynchronous scenarios in Section 4.4; finally 

we conclude this chapter in Section 4.5.  

4.2 System Models 

We consider a cellular system with B BSs (each with TN  antennas) and K  MSs (each with 

RN  antennas). The cooperative BSs together transmit kL  data streams to MS k. The links 

between different transmit and receive antenna pairs are assumed to undergo frequency-flat 

Rayleigh fading. The baseband channel between BS b and MS k is denoted by ( )b
kH . For any 

MS, the BSs cooperate and jointly transmit linearly precoded signals intended for it. As 

mentioned, we focus on joint linear pre-coding among the BSs. The transmit vector for MS k 

from BS b is linearly pre-coded by the matrix ( )b
kT  (of size T kN L× ) and takes the form 

( ) ( )( ) ( )b b
k k km m=x T s , where ( )k ms  denotes zero-mean data vector, of size 1kL × , meant for MS 

k, in the m-th symbol interval. As in [2][23][25][59][76], we assume that each BS has 

complete channel state information for all the channels between itself and all the MSs. This 

can be achieved, for example, by an initial joint training phase that involves all the BSs, or by 

means of adaptive tracking and feedback algorithms implemented at the MSs.  
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We assume a block-fading channel model with a large enough coherence time such that 

the channel state remains the same over the duration during which  ( )b
kT   is used (the 

frequency selective channels with OFDM will be discussed in Section 4.4). The coherence 

time is much larger than the propagation delay between any BS-MS pair. In order to 

maximize the information transmission rate for each MS, a Gaussian code book is used for 

transmit data vectors. As transmit power constraints can be imposed on pre-coding matrices, 

we assume, without loss of generality, that { }( ) ( )
k

H
k k LE m m =s s I , where the operator H  

stands for matrix conjugate transpose, and 
kLI denotes an k kL L× identity matrix. 

Furthermore, it is assumed that the transmit data vectors for different users are independent 

of each other, i.e., { }( ) ( )H
k jE m m =s s 0 , for k j≠ .  

We assume perfect inter-BS synchronization and that the BSs know the propagation delay 

from each BS to each of the MSs. (We will relax this assumption in Section 4.3) Inter-BS 

synchronization can be realized by GPS, over-the-air approaches [4][70], or by a wired 

backbone. Such infrastructure is already in place in current CDMA2000 and IS-95 cellular 

networks to facilitate soft handoffs [53]. Timing-advance mechanisms, employed currently in 

the uplink of GSM and 3GPP cellular networks [45], can then be used in the downlink to 

achieve synchronization. Specifically, the BSs advance their respective transmission times to 

ensure that the signals arrive at the desired MS (say, k) synchronously. However, due to the 

broadcast nature of the wireless channel, MS k also inevitably receives signals intended for 

other MSs. As detailed below, contrary to what is assumed in [2][23][25][59][76], these 
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signals arrive at MS k with different delay offsets and not synchronously with the data 

streams intended for it.  

 

Figure 4-1 – A Simple BS Cooperation Scenario 

Let ( )b
kτ  denote the propagation delay from BS b to MS k, as shown in Figure 4-1. To 

guarantee simultaneous reception of the signals ( )
1,...,{ }b

k b B=x  at MS k, the BS b advances the 

time at which ( ) ( )b
k mx is transmitted by the interval ( )( ) kb(b) b

k k kτ τ τΔ = − , where kb  denotes the 

index of the BS closest to MS k.  This ensures that { }( )

1,...,

b
k b B=

x  arrive at MS k with the same 

delay, )( kb
kτ . Assuming a linear modulation with baseband signature waveform ( )g t , the 

equivalent received baseband signal at MS k, is given by 

                                   

( )

( ) ( ) ( )
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where (1) (2) ( ), ,..., B
k k k k⎡ ⎤= ⎣ ⎦H H H H , (1) ( )( ) ( ) , , ( )

HH B H
k k km m m⎡ ⎤= ⎣ ⎦x x x" , and ( )k tn  is additive white 

Gaussian noise. At MS k, the received baseband signal ( )k tr  is passed through the filter 

matched to ( )( )kb
S kg t mT τ− − (which is also delayed by ( )kb

kτ ) to generate sufficient statistics. 

The corresponding received signal component at MS k is ( )k k k mH T s , where 

(1) (2) ( ), , ...
HH H B H

k k k k⎡ ⎤= ⎣ ⎦T T T T  is the collection of all transmit pre-coding matrices used by the B 

BSs for MS k. The discrete-time received signal after matched filtering then takes the form    

                                           ( ) ( ) ( )

   
( )

( )  ( )  ,b b b
k k k k k j jk k

j b
j k

m m
≠

= + +∑ ∑y H T s H T i n                               (4.1) 

where kn  is the discrete-time noise vector satisfying { } 0
H

k kE N=n n I , and )(b
jki  is the 

asynchronous interference at user k from the signal transmitted by BS b for MS j. Its strength 

depends on the difference, ( )b
jkτ , between the timing-advances used by BS b for MS j and MS 

k:  

                                              ( )( ) ( ) ( ) ( ) ( )( ) .kbb b b b b
jk k j k k jτ τ τ τ τ τ= − Δ − = Δ − Δ                                                               

As shown in Figure 4-2, the asynchronous interference to MS k from the signal transmitted 

by BS b for user j arises due to two adjacent symbol transmissions with indices ( )b
jkm  and 

( ) 1b
jkm + , where ( ) ( ) /b b

jk jk Sm m Tτ⎡ ⎤= − ⎢ ⎥  and x⎡ ⎤⎢ ⎥  denotes the smallest integer larger than or 

equal to x . Let ( )0 b
jk STτ ′≤ ≤  represent the delay offset ( )b

jkτ modulo the symbol duration, ST . 
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Denoting the autocorrelation of ( )g t  as ( ) ( ) ( )g t g t dtρ τ τ
+∞

−∞
= −∫  , with (0) 1ρ = , we then 

have 

                              ( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( 1)b b b b b
jk jk S j jk jk j jkT m mρ τ ρ τ′ ′= − + +i s s .                                              (4.2) 

 

Figure 4-2 – Asynchronous Interference : Symbol Overlap Diagram 

We shall need the first and second moments for ( )b
jki , which are calculated as follows. 

From (4.2), it follows that { }( )b
jkE =i 0 . Assuming the information signals intended for two 

different users 1j  and 2j  are independent of each other, { }1 2

( 1) ( 2)
1 2,  for b b H

j k j kE j j k= ≠ ≠i i 0 . Finally, 

it can be shown that the correlation between ( 1)b
jki  and ( 2)b

jki , for j k≠ , is 

                                          { }( 1) ( 2) ( 1, 2)
k

b b H b b
jk jk jk LE β=i i I ,  

         where 
( 2) ( 1)

( 1, 2) ( 1) ( 2) ( 2) ( 1)

( 1) ( 2) ( 1) ( 2) ( 2) ( 1)

0,                                           1
( ) ( ),            1

( ) ( ) ( ) ( ),     

b b
jk jk

b b b b b b
jk jk jk S jk jk

b b b b b b
jk jk jk S jk S jk jk

m m
T m m

T T m m
β ρ τ ρ τ

ρ τ ρ τ ρ τ ρ τ

⎧ > +
⎪ ′ ′= − = +⎨

′ ′ ′ ′+ − − =⎪
⎩

,  for kj ≠ .                 (4.3) 

When b1=b2=b, we have ( , ) ( ) 2 ( ) 2( ) ( )b b b b
jk jk jk STβ ρ τ ρ τ′ ′= + − . Furthermore, ( 1, 2) 1b b

kkβ =  for all b1 

and b2. 
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As in [16], our goal is to jointly optimize the transmitter pre-coding matrices, { } 1...k k K=
T , 

so as to maximize the sum of information rates over all the K users, given the channel states 

1,..., KH H . From (4.1), the bandwidth-normalized information rate, kR , of MS k is given by 

[3][25]                   

                                                 1log H H
k k k k k kR −= +I Φ H T T H ,                                               (4.4) 

where  

                              ( 1, 2) ( 1) ( 1) ( 2) ( 2)
0

    ( 1, 2)
( )

b b b b b H b H
k jk k j j k

j b b
j k

N β

≠

= + ∑ ∑Φ I H T T H  

is the covariance matrix of noise plus interference term in (4.1). Since all the K users use the 

same waveform ( )g t , the asynchronous interference correlation terms, { }( 1, 2)b b
jkβ , 

corresponding to different timing parameters, can be pre-calculated and stored in a look-up 

table.  

On the other hand, following the assumptions in [2][23][25][59][76], when all the 

considered MS’s are located near the cell boundaries, the delay offsets are negligible so that 

we can get a synchronized model, which will be used in Section 4.3 for exploring the 

potential of BS cooperation. Then (4.1) can be rewritten by: 

                               
   
( )

( )  ( )  .k k k k k j j k
j
j k

m m
≠

= + +∑y H T s H T s n                                              (4.5) 

The model in (4.5) is similar to a downlink intra-cell interference model 

[25][39][40][42][43][100][102], except for the different power constraints as will be 

discussed below. These observations then advocate the extension of single cell downlink pre-
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coding designs, which target for mitigating intra-cell interference, to the BS cooperation case 

with some minor modifications, as will be seen in Section 4.3. In general, for the 

synchronous case the following expression holds true for the spectral efficiencies of user k 

with linear pre-coding schemes: 

                        1
0log [ ( ) ]H H H H

j kk k k k k k k k kR N −
≠= + + ∑I I H T T H H T T H ,                                     (4.6)  

Typically the optimization has three kinds of power constraints, and we will use different 

constraints in different scenarios (asynchronous and synchronous) for simplifying the 

discussions, although all of them are by nature extendable to both cases. For the first one 

(which will be used in Section 4.4 for the asynchronous case), we limit the power dedicated 

to the transmission of each MS. This type of power constraint is motivated by “power 

fairness” for the different users, and leads to analytically tractable solutions based on the 

asynchronous model in (4.1). As a consequence, the transmit power at each BS is limited as 

long as the number of users it serves is finite. Therefore, the optimization problem at hand is: 

                      { }
1...

_ 1.. { }
argmax

k k K

k opt kk K
k

R
=

=

⎧ ⎫⎪ ⎪= ⎨ ⎬
⎪ ⎪⎩ ⎭
∑

T
T ,     s.t.   ( )H

k k TTrace P≤T T    for 1,...,k K= .             (4.7) 

In this asynchronous case, an additional constraint follows from the constraints on channel 

spatial dimensions: T k
k

BN L≥ ∑ . This optimization problem is non-linear and not even 

convex. Brute-force numerical optimization is not a viable option as it involves searching 

over an extremely large space of dimension T k
k

BN L∑ . Alternative sub-optimal techniques 

therefore need to be developed in order to determine the pre-coding matrices. One such 

solution is the nullification method [2][23] (also will be mentioned in Section 4.3), which is 
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widely applied in single-cell multiuser scenarios due to its simplicity and relatively good 

performance. It makes all the transmitters satisfy the zero-forcing 

constraint: ,   for all k j k j= ≠H T 0 . However, with asynchronous interference, this constraint 

can no longer null out the interference term in (4.1) and leads to significant interference 

leakage. Another option, as put forth in [77], is to force a stronger per-BS 

constraint, ( ) ( )b b
k j =H T 0 , for all k j≠ . While this completely cancels interference, it severely 

restricts the maximum number of users to /T RK N N≤ , which is clearly undesirable.  

The second and third power constraints, which will be used in Section 4.3 for the 

synchronous cases, assume a pooled and per-BS power constraint respectively, expressed as: 

                                       
1

Tr( )
K

H
k k T

k

KP
=

≤∑T T , and                                                                  (4.8) 

                                     [ ] [ ] ( )

1

Tr( )
K

b b H b
k k T

k

P
=

≤∑T T ,  1,  2,  ....,  b B=                                               (4.9) 

where ( )b
TP  is the power constraint for BS b.  

In the following, we first investigate the synchronous case to explore the performance 

upper bounds of BS cooperation. The for the asynchronous case we propose three joint 

transmitter linear pre-coding approaches, which lead to closed-form or simplified numerical 

solutions. They all allow a controllable amount of interference leakage at the input of all the 

MSs, and are based on different sub-optimal optimization criteria.  
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4.3 BS Cooperation with Synchronized Interference 

In this section, we investigate BS cooperation with the model (4.5). As stated above, we 

assume the involved MS’s are all located near the cell boundaries, so that signals transmitted 

from different BS’s arrive at each of them simultaneously. This assumption also represents 

the case for strong CCI at each MS, which is operated with relatively low data rate (similar at 

the soft handoff in CDMA). 

4.3.1 Pre-coding Designs 

With base station cooperation, the system resources can be pooled together for more 

efficient use. In particular, the severe CCI problem can be effectively controlled and 

significant performance improvement can be achieved. Meanwhile, the complexity at MS 

can be significantly reduced. In the following, the potential of cooperative processing for 

system capacity enhancement is first studied from a theoretical standpoint, by extending the 

dirty paper coding approach with a pooled power constraint (4.8) to the downlink multicell 

multiuser scenario. Then some more practical suboptimal transmission schemes, with more 

practical per-base power constraints (4.9), will also be investigated.  

A. Performance Upper Bound: Dirty Paper Coding with Pooled Power Constraint 

For a system with perfect data and power cooperation among B base stations, we can 

implement the throughput-achieving dirty paper coding [12][25], at the vector broadcast 

channel formed by cooperative BSs, to obtain a system performance upper bound. Note that 

with the vector BC model (4.5), we apply DPC in a slightly different way, where the encoder 
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for the “current” user needs to non-causally know not only the encoding of “previous” users 

and associated CSI, but also the corresponding propagation delays, to pre-cancel the 

interference from “previous” users. The rate of each user and the (optimal) sum rate can then 

be expressed as:        

                     0 ( ) ( ) ( ) ( )
( ) _

0 ( ) ( ) ( ) ( )

( )
( ) log

( )

H H
j kk j j j

k DPC H H
j kk j j j

N
R

N
π π π π

π
π π π π

≥

>

+ ∑
=

+ ∑

I H T T H
T

I H T T H
,                            (4.10) 

                     ( ) _
( )( ) ,  

max ( ( ))
T

DPC j DPCH jTr KP
SR Rπ

ππ=
= ∑

TT
T ,                                                    (4.11) 

where 1 2[ , ,..., ]K=T T T T , and  )( ....., ),2( ),1( Kπππ represents a certain user ordering. By 

applying the duality of the broadcast and multiple-access channels (MAC) [43], (4.11) can be 

obtained by calculating the sum rate of a dual multiple-access channel with the same total 

power constraint TKP . Iterative numerical methods that jointly optimize (4.11) on the dual 

uplink were proposed (see e.g. [42] and [102]) based on the iterative water-filling algorithm 

proposed in [101]. Furthermore, it is shown that (4.11) is actually the saddle point (with 

worst-case colored noise) of the Sato’s bound, which is the sum rate of a heuristic 

cooperative system where both transmitters and receivers can cooperate with each other, 

given by [71]:  

                                      
Tr( )

logmax
H

t

H H
n T T

Sato
P n

SR
≤

+
=

TT

Φ H TT H

Φ
,                                     (4.12) 

where 1 2[ ,  ,  ... , ]T T T T
T K=H H H H and nΦ  is the noise covariance matrix. 

DPC with per-base constraints is much more involved, as the MAC/BC duality does not 

hold any more. DPC has not been shown to achieve the capacity region or even the sum 
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capacity with constraints (4.9). Complex iterative multistage numerical methods for 

cooperative DPC with constraints (4.9) are proposed in [25][39][40], in which a small piece 

of  power is invested to a certain selected user until one of the BS reaches its power 

constraint. The path gains corresponding to this BS are then set to zero in subsequent stages 

so that no further power is allocated to these antennas. In general, (4.9) is more strict than 

(4.8), so a performance degradation is expected. 

Although the DPC scheme with a pooled power constraint gives us a simple performance 

upper bound for BS cooperation, some unrealistic assumptions are made, such as the non-

causal knowledge of interference sequence at the transmitter, which motivates the 

exploration of more practical joint transmission schemes, as will be discussed in the 

following.  

B. Suboptimal Joint Transmission (JT) Schemes for BS Cooperation with Per-Base 
Power Constraints 
In this part, several suboptimal but more practical joint transmission schemes with the more 

practical per-base power constraints are exploited for better understanding of the achievable 

performance gains of BS cooperative processing in practice. Essentially these techniques are 

counterparts of corresponding multiuser detectors, some of which have been revisited in the 

co-located MIMO context recently [10][80]. These suboptimal joint transmission schemes 

will be compared with both the receiver MUD approaches [13][16] and DPC approach 

above. Intuitively, compared with DPC, linear pre-coding may induce more transmit power 

inefficiency, as the pre-coding matrices are responsible for the mitigation of interference 
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from both “previous” and “subsequent” users, and per-base power constraints are 

implemented instead of a pooled power constraint.  

Before discussing these suboptimal joint transmission schemes in detail, we first propose 

a simple algorithm for designing T with per-base power constraints. Let 
1

K
T kk

L L
=

=∑ be the 

overall number of data streams of K users. Suppose that a preliminary joint linear transmit 

matrix 
T TBN L×G  is given, whose designs will be introduced in the sequel. Our design of T 

with per-base power constraints (4.9) is given by 

                                                              G.ΩT = ,                                                         (4.13) 

where Ω  is a TT LL ×  diagonal matrix with diagonals TL
ll 1}{ =μ each representing the allocated 

power for the corresponding original data stream. Since typically TL B>>  and there are only 

B per-base power constraints in (4.9), we can further divide TL
ll 1}{ =μ  into B groups each with  

/TL B  elements having the same value:  

                                  1 / 2 / /( ,  ,  ..... ,  }
T T TL B L B B L Bblockdiag μ μ μ=Ω I I I .                        (4.14) 

Further define  

                                       

2 2 2[1] [1] [1]
1 2

2 2 2[2] [2] [2]
1 2

2 2 2[ ] [ ] [ ]
1 2

.....

.....

: : : :

.....

B

B
B B

B B B
B

×

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

G G G

G G G
Q

G G G

,                              (4.15) 

where [ ]b
kG  is an /T TN L B×  submatrix in G , corresponding to the transmit weights at BS b 

for the kth group of data streams as defined above. Let (1) (2) ( )[ ,  ,  ...... , ]B T
T T TP P P=P  be the 
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per-base power constraint vector, then we can calculate Ω  by solving the linear system 

equation: 

                                 2 2 2 1
1 2[ ,  ,  ....., ]T

Bμ μ μ −= =μ Q P .                                                    (4.16)                         

When an infeasible solution (μ  does not have all positive entries) is obtained, we can refine 

it as:  

                                       IΩ μ= , 
( )

21,2,..., [ ]
min

b
T

b B b

Pμ
=

⎛ ⎞
⎜ ⎟=
⎜ ⎟
⎝ ⎠G

,                                               (4.17) 

where ][bG  is the rows of G corresponding to transmit antennas at BS b. Note that (4.16) can 

utilize the full power at each BS, while in (4.17) only the BS satisfying the minimum value 

can transmit with full power and any other BS transmits with a power less than its power 

constraint. Nonetheless, it has been shown that designs with per-base power constraints incur 

insignificant performance loss for linear joint transmission schemes compared to the 

corresponding designs with pooled power constraint, thus demonstrating the applicability of 

these joint transmission schemes in realistic cellular communications. These suboptimal 

schemes are illustrated as follows. 

Joint Transmitter Zero Forcing (JT-ZF): This approach can be viewed as the counterpart 

of the multiuser decorrelator, which employs a pseudo-inverse of 

1 2[ ,  ,  ... , ]T T T T
T K=H H H H with 

                                         1( )H H
T T T

−=G H H H ,    k k k=T G .Ω  ,                                        (4.18) 
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where kΩ  is the corresponding kth k kL L×  diagonal block of Ω . With this approach, we can 

easily get 
,    

.
,      
k

k j
j k

j k
=⎧

= ⎨ ≠⎩

Ω I
H T

0
. Then interference from both other users and other sub-

streams of the same user are eliminated simultaneously. Just as ZF receivers eliminate the 

interference at the expense of noise enhancement, ZF transmitters generally increase the 

average transmit power by the same factor. Furthermore, in the rank deficient scenario where 

H
TT HH  is singular, this approach cannot even be applied. These observations naturally 

motivate the joint transmission design based on MMSE criterion. 

Joint Transmitter MMSE (JT-MMSE): Recalling the trade-off between interference 

cancellation and noise enhancement for its receiver counterpart, JT-MMSE makes a good 

trade-off between interference cancellation and transmitter power efficiency, whose 

preliminary joint transmission matrix is given as 

                                                 10( )H H
T T T

T

N
KP

−= +G H H H I .                                             (4.19) 

Joint Transmitter Null-space Decomposition (JT-Decomp):  For this approach, the 

preliminary transmission matrix for user j can be described as: 

                                                                    '
k k k=G V V  ,                                                (4.20) 

where kV  includes the right singular vectors corresponding to the null space (zero singular 

values) of  _ 1 1 1[ , ..., , , ..., ]   T T T T T
T k k k K− +=H H H H H , and '

kV  includes the first  kL  right singular 

vectors of the virtual channel '
k k k=H H V . _T kH usually has a non-zero null space, so 
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,    j k j k= ∀ ≠H V 0  can be guaranteed. Interference from all other users is cancelled, and we 

obtain a set of equivalent parallel interference-free subchannels.  

JT-Decomp approach generally outperforms JT-MMSE and JT-ZF at the cost of extra 

complexity, as will be seen in our numerical results.  There is again a potential problem with 

this approach in the rank deficient scenario. If kH  is rank deficient, there will be a higher 

chance that _{ }T knull H overlaps with { }knull H , which means that the equivalent channel may 

have reduced channel rank or even null rank (when _{ } { }T k knull null=H H ). Fortunately, as 

we will illustrate in the next section, this will rarely happen in our distributed multicell 

MIMO setting, as compared to the traditional co-located MIMO. 

4.3.2 Other Advantages of Base Station Cooperation 

With synchronous base station cooperation, all antennas of the relevant multicell base 

stations can be jointly employed for data processing and transmission. In some sense, it is 

equivalent to a single giant base station or processing center. The key differences from the 

single-cell scenario with co-located antennas at one BS, are the widely distributed antennas 

and independent large-scale fading experienced for each link between a mobile-port pair. 

Besides its potential in CCI cancellation, base station cooperative processing assumes other 

advantages in multicell MIMO communications, as indicated below. 

A. Channel Rank and Conditioning Advantages 

The capacity of a MIMO system is determined by the characteristics of the channel matrix 

H. Clearly ( )r rank= H  is one such important factor, which determines the number of parallel 
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sub-channels that can be opened up for independent communications. In rich-scattering 

environments, full rank can be assumed and essentially min( , )T Rr N N= more bits/s/Hz are 

obtained for every 3 dB increase in power. However, in some extreme environments (e.g., 

the keyhole problem [8]), a MIMO system will lose its capacity advantage (spatial 

multiplexing gain) over a SISO system, even though other advantages like diversity and array 

gains may still preserve. Another important factor influencing the MIMO capacity is the 

channel condition number max
min

i i

i i

λ
κ

λ
= , or more generally the singular value distribution of 

the channel matrix. Noting that equal power allocation achieves optimal performance at high 

SNR in the full channel rank case, we conclude by Jensen’s inequality that a channel with 

1κ =  has the largest capacity, with the same power constraint. In rich scattering environment, 

channel matrix H is assumed to have normalized i.i.d. complex Gaussian entries and thus is 

well-conditioned. In realistic environments, H may get ill-conditioned due to fading 

correlation, resulting from the existence of few dominant scatterers, small angle spread, and 

insufficient antenna spacing [78]. Those sub-channels with 2 1lλ <<  are essentially of no use, 

even though the channel still has a full rank.  

In a typical outdoor urban scenario, antenna arrays at the base stations are elevated above 

urban clusters and far away from local scattering, while mobile terminals are surrounded by 

rich scatterers, and the number of independent paths is limited by few far-field reflectors 

[38]. Therefore, the downlink channel matrix with co-located transmit array can be modeled 

by (2.57). In this case, the channel matrix may be both rank-deficient and ill-conditioned, 

determined by the propagation and system parameters.  
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For BS cooperation in multicell MIMO, the overall transmit array is distributed among 

cooperative base stations, so in the equivalent channel for user k, ( )
1...{ }b

k b B=H  are independent 

with each other. The overall number of independent links is then given by ( )

1
( )

B
b

k
b

rank
=
∑ H , 

which is guaranteed to be at least equal to B. If  RB N≥ , kH  will always have a full rank. 

Furthermore, the channel conditioning will not be greatly degraded even if transmit fading 

correlation happens at each base station, as the fading between different transmit antennas at 

different base stations are still uncorrelated. 

Because of the channel rank and conditioning advantages with BS cooperation, joint 

transmission schemes in Subsection 4.3.1.B will not significantly degrade, compared to 

single-cell signaling with co-located antennas. In particular, the chance that JT-ZF cannot be 

implemented, or the chance that _{ }T knull H  overlaps with { }knull H  for JT-Decomp, will be 

greatly reduced. These suboptimal joint transmission schemes will be shown to even 

outperform the single-cell upper bound at high SNR for rank deficient channels. 

B. Macro-diversity Protection for Shadowing Channels 

  Shadowing in wireless channels is a position sensitive factor, which means that signals 

from transmit antennas co-located at the same base station are generally subject to the same 

shadowing, while those from different base stations subject to independent shadowing. Under 

severe shadowing, the capacity of a single cell MIMO with co-located antennas will degrade 

significantly. On the other hand, cooperative BS’s can provide the macro-diversity protection 

for shadowing impairment, because of their independency. Intuitively, the probability that all 
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sub-channels of kH  are under deep shadow fading is much lower than a co-located MIMO 

channel. Macro-diversity cannot increase the mean of the received SNR, but will greatly 

reduce its variance.  

4.3.3 Numerical Results 

We simulate a synchronous BS cooperation scenario with B=K=3, and 2T RN N= = . 

Averaged spectral efficiencies for different pre-coding schemes are compared with each 

other, where we provide the baseline schemes including the conventional single cell 

signaling scheme treating inter-cell interference as noise [3][6], the 2 2×  point-to-point 

MIMO capacity, and the receiver MUD at each MS [16].  

From Figure 4-3, which simulates the Rayleigh fading channels, we see that the 

performance of MUD in [16] is still significantly away from the single-cell interference-free 

case (2x2 MIMO). On the other hand, the DPC schemes for BS cooperation result in a 

significant performance gain over the multiuser receivers, and they even outperform the 2x2 

interference-free MIMO. As discussed above, suboptimal joint transmission schemes reduce 

interference at the expense of transmitter power inefficiency, which may compromise other 

gains and may result in a performance worse than 2x2 MIMO. This can be observed in 

Figure 4-3. Nonetheless, all these suboptimal joint transmission schemes outperform the 

multiuser receiver, thus verifying the capability of BS cooperation in practical deployment. 

Furthermore, the JT-Decomp approach outperforms JT-MMSE at the cost of extra 

complexity, and that JT-ZF converges to JT-MMSE at high SNR, which is a well-known 

result.  
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Figure 4-3 –Simulations of BS Cooperation Shcemes in Rayleigh Fading Channels 

Now we assume that the channel model of (2.57) is used for ( ){ }b
kH with one dominant 

path, so the ranks of  ( ){ }b
kH  are one. From Figure 4-4, we can see that the spectral 

efficiencies of conventional single-cell schemes degrade (cf. Figure 4-3) because of the 

reduced channel rank. Notice that different rank results in different slopes of the rate curves. 

From Figure 4-4, we can see that there is a 2 more bits/s/Hz spectral efficiency gain for every 

3dB transmit SNR increase for BS cooperation schemes, while there is only a 1 bits/s/Hz 

gain with the same transmit SNR increase for the 2x2 MIMO. That is why JT-ZF and JT-

Decomp can even outperform the 2x2 MIMO at high SNR, as the spatial multiplexing gain 

compensates the power inefficiency. Thanks to channel rank and conditioning advantages 
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with BS cooperation, performances of all joint transmission schemes don’t deteriorate 

significantly in this deficient channel (cf. Figure 4-3), including the otherwise problematic 

JT-ZF and JT-Decomp schemes. 

 

Figure 4-4 –Simulations of BS Cooperation Shcemes in Rank Deficient Channels 

4.3.4  Summary 

In this section, cooperative processing at multicell base stations is introduced under 

synchronous assumptions. In particular, the capability for co-channel interference 

cancellation, channel rank/conditioning advantage, and macro-diversity protection for BS 

cooperation are illustrated and verified. Although these advantages may not be achieved 
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simultaneously and may compete with each other, there is still an optimistic prediction on 

overall system performance improvement, which reveals the great potential of base station 

cooperative processing on meeting the ever-increasing capacity demands for wireless 

communications.  

On the other hand, however, we will find in the next section that when releasing the 

synchronous assumption, the above mentioned nullification (JT-ZF and JT-Decomp.) or JT-

MMSE methods are not effective anymore, because the channel model in (4.5) should now 

be replaced by (4.1) due to its asynchronous interference nature. We will then propose some 

more technique involved pre-coding schemes to address the problem of interference 

mitigation in asynchronous BS cooperation systems.  

4.4 BS Cooperation with Asynchronized Interference 

4.4.1 Pre-coding Designs 

We learn from Section 4.3 the BS cooperation has the great potentials of interference 

mitigation, channel rank/conditioning and shadow fading improvements. Now we look back 

to the asynchronous channel model (4.1), which is obviously more realistic than (4.5), and 

particularly suitable for general high data rate communication systems, where mobile users 

may be arbitrarily located in the whole system. In this subsection, we assume that the timing-

advance mechanisms work perfectly so that the desired signals (but not the interference 

signals) arrive synchronously at each MS. Imperfect timing-advances, which affect even the 

desired signals, are treated in Subsection 4.4.2. 
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A. Joint Wiener Filtering (JWF) 

As discussed in the Section 4.2, it is difficult to apply direct optimization and nullification 

approaches to the signal model in (4.1), and it is also not appropriate to direct apply the 

nullification or JT-MMSE methods in Section 4.3. We therefore aim to design the transmitter 

pre-coders, 1,...,{ }k k K=T , using the Wiener smoothing criterion such that the overall mean 

square error for all the K users, seen at the input of receivers, can be minimized. This 

approach, while sub-optimal for maximizing the sum information rate, has the important 

advantage of yielding closed-form solutions that can realize the large gains from BS 

cooperation. While similar approaches have been proposed in the context of intra-cell 

interference mitigation [44][75][103], extending them to our case with asynchronous 

interference is not straightforward. 

For ease of notation, we drop the symbol index m in (4.1). Let 1 2, ,...,
HH H H

K⎡ ⎤= ⎣ ⎦y y y y  denote 

the received vector over all users, and 1 2, ,...,
HH H H

K⎡ ⎤= ⎣ ⎦s s s s  denote the data vector over all 

users. When ,  for all k RL N k= , the vectors y  and s  have the same dimensions, and the 

overall system-wide MSE can be expressed as: 

                                { } { }22

1 1

K K

k k k
k k

MSE E E MSE
= =

= − = − =∑ ∑y s y s ,                            (4.21) 

where kMSE  stands for the MSE of MS k, and the expectation, {.}E  is taken over the random 

data vectors, 1...{ }k k K=s , and the noise, 1...{ }k k K=n .  The optimization criterion then becomes:

  



 

 135 

         ∑
===

K

k
kMSE

BbKk
b

k 1}{ ...1,...1
)(
min

T
    s. t.   ( ) T

B

b

b
k

b
kkk PTraceTrace ≤⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
= ∑

=1

)(*)(* TTTT ,  for Kk ,...,1= .   (4.22)  

Denoting the MUI term in (4.1) as ( ) ( ) ( )

   
( )

b b b
k jk jk

j b
j k≠

= ∑ ∑J H T i , kMSE  follows: 

             

( ) ( ){ }
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

1 1 1

( 1, 2) ( 1) ( 1) ( 2) ( 2)
0

( 1, 2)

 ,

                ( 1) ,
R

H

k k k k k k k k k k k k k

B B B
b b b H b H b b b H b H

k k k k k k k k
b b b

b b b b b H b H
N jk k j j k

j k b b

MSE E

Trace

N β

= = =

≠

⎡ ⎤ ⎡ ⎤= − + + − + +⎣ ⎦ ⎣ ⎦

⎧⎪= − −⎨
⎪⎩

⎫⎪+ + + ⎬
⎪⎭

∑ ∑ ∑

∑ ∑

H T s s J n H T s s J n

H T T H H T T H

I H T T H

                        (4.23) 

where we use the identity { } { }H H
k k k kE Trace E ⎡ ⎤= ⎣ ⎦J J J J . To solve (4.22) in closed-form, we 

apply the following Lagrange objective function, ( )
1.. , 1...({ } )b

k k K b B= =TA ,: 

                           ( ) ( ) ( )
1.. , 1...

1 1 1

({ } ) ( )
K K B

b b H b
k k K b B k k k k T

k k b

MSE Trace Pκ= =
= = =

⎡ ⎤
= + −⎢ ⎥

⎣ ⎦
∑ ∑ ∑T T TA ,              (4.24) 

where 1,..., Kκ κ  are the Lagrange multipliers associated with the power constraints for MSs 

1,…,K, respectively. As shown in Appendix A, we get the following closed-form solution for 

kT : 

                                                              [ ] 1 H
k k k kκ −= +T C I H ,                                              (4.25) 

where kC , which corresponds to MS k, is an T TN B N B×  block matrix of the form 

( 1 2)
1, 2 1,...,

b b
k k b b B=

⎡ ⎤= ⎣ ⎦C C , with  
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( 1 2) ( 1) ( 2)

   
( 1 2) ( )

( ) ( ) ( )

1

,   for 1 2        

,         for 1 2 .

K
b b b H b

kj j j
j

b b j k
k

K
bb b H b

kj j j
j

b b

b b b

β

β

≠

=

⎧
≠⎪

⎪⎪= ⎨
⎪

= =⎪
⎪⎩

∑

∑

H H

C

H H

                        (4.26) 

The expression for kκ  is given in Appendix E, and is not repeated here to save space.  

B. Joint Leakage Suppression (JLS)  

An alternative sub-optimal objective function, which has the advantage of allowing a user-

by-user optimization, can be obtained by considering leakage suppression. For MS k, we 

design kT  to maximize the ratio of the desired signal power received by MS k and the total 

power of the noise and the leakage of kx at other MSs. We call it the signal to leakage plus 

noise ratio. Unlike SINR, which considers the interference that arrives at an MS, SLNR 

considers interference that stems from the data streams intended for the MS. This is a 

generalization of the SLNR approach proposed in [15][85][98]– which only addressed the 

simple case of  a single data stream per user and did not model asynchronous interference – 

to the general BS cooperation scenario considered in this paper.  

For analytical tractability, we restrict the space of kT  to scaled versions of semi-unitary 

matrices. Thus, T
k k

k

P
L

=T Q , where the T kN B L× semi-unitary matrix kQ  contains 

orthonormal columns. Orthonormality ensures that there is no cross-talk among the kL  data 

streams for MS k, and simplifies the receiver at MS k. Then the received signal is                
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                                    ( ) ( ) ( )

   
( )

,b b bT T
k k k k k j jk k

j bk k
j k

P Py
L L

≠

= + +∑ ∑H Q s H Q i n  

where ( )b
kQ consists of the rows in kQ  that are associated with the bth BS. The signal 

component power is then 

                                       { }H H H H HT T
k k k k k k k k k k

k k

P PE Trace
L L

⎡ ⎤= ⎣ ⎦s Q H H Q s Q H H Q .  

The power of the (asynchronous) interference leakage at MS j due to kx , the signal meant for 

MS k, can be shown to be  

                                    ( )( 1, 2) ( 1) ( 1) ( 2) ( 2)

( 1, 2)

b b b H b H b bT
kj k j j k

b bk

PE Trace
L

β
⎧ ⎫
⎨ ⎬
⎩ ⎭

∑ Q H H Q .  

The noise power at MS k is RNk NNP 0= . Therefore, the SLNR for MS k is given by:  

                      

( 1, 2) ( 1) ( 2)( 1) ( 2)
0

   ( 1, 2)
( )

1

1

          ,

k

k

H
k k k

k
b b b bH b H b

R k T j jkj k k
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H kl k kl
k k k l
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Hk k k
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Trace
SLNR
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Trace
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≠

=

=

⎡ ⎤
⎣ ⎦=

⎡ ⎤
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⎣ ⎦= =
⎡ ⎤
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∑ ∑

∑

∑
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Q H H Q
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                (4.27) 

where klq  is the lth column of kQ , H
k T k kP=M H H , and 0

  
( )

k R T kj
j
j k

N N P
≠

= + ∑N I A . Here, kjA  is 

given by 

                         

(11) (1) (1) (12) (1) (2) (1 ) (1) ( )

(21) (2) (1) (22) (2) (2) (2 ) (2) ( )

( 1) ( ) (1) ( 2) ( ) (2) ( ) ( ) ( )

H H B H B
kj j j kj j j kj j j

H H B H B
kj j j kj j j kj j j

kj

B B H B B H BB B H B
kj j j kj j j kj j j

β β β
β β β

β β β

⎡ ⎤
⎢ ⎥
⎢ ⎥= ⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

H H H H H H
H H H H H H

A

H H H H H H

"
"

# # % #
"

 .                       (4.28) 
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Notice that  1,..., KT T  can now be independently optimized. Even so, directly maximizing 

(4.27) with respect to 1... kk kLq q  is still analytically intractable. Therefore, we derive a lower 

bound that can be maximized analytically.  The kSLNR in (4.27) can be lower bounded as 

[34]: 

                                                
1...

min
k

H
kl k kl

k Hl L
kl k kl

SLNR
=

⎛ ⎞
≥ ⎜ ⎟

⎝ ⎠

q M q
q N q

.                                                (4.29) 

The following Lemma then states the optimal solution. 

Lemma 4.1: The lower bound of kSLNR in (4.29) is maximized when: 

                                               1( )kl l k k
−=q v N M  , for 1 kl L≤ ≤ ,                                           (4.30) 

where ( )lv A is  the eigenvector of matrix A corresponding to its lth largest eigenvalue.   

Proof: Since 1 ~
kk kLq q  are orthonormal vectors, the vector space 1{ ... }

kk kLV span= q q  has 

dimension dim kV L= . Since kM  is Hermitian and kN  is positive-definite, the Courant-

Fischer Max-Min Theorem [72] applies. The maximum value of (4.29) is  

                     ( )
1

1

1...    ~
dim

max min max min
k

k kLk
k

H H
kl k kl k

L k kH Hl L VV
kl k kl kV L

λ −

= ∈
=

⎧ ⎫⎧ ⎫⎛ ⎞ ⎛ ⎞⎪ ⎪ ⎪ ⎪= =⎨ ⎬ ⎨ ⎬⎜ ⎟ ⎜ ⎟
⎪ ⎪⎝ ⎠ ⎝ ⎠⎪ ⎪⎩ ⎭ ⎩ ⎭

qq q

q M q q M q N M
q N q q N q

,               (4.31) 

where ( )Lλ A  is the Lth largest eigenvalue of A . By inspection,  (4.30) satisfies (4.31) in 

equality.                                                                                                                                    □ 

It can be seen that the single closed-form solution in (4.30) is less complex than the JWF 

solution in Section 4.4.1.A. As a special case, when 1kL = , (4.27) can be directly maximized 

by applying the Rayleigh-Ritz quotient theorem [27]. This reduces to the solution in [85]: 
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11 1
1

1 1

( )
H
k k k

k k kH
k k k

SLNR λ −= ≤
q M q N M
q N q

. Finally, the fact that the overall amount of interference power 

equals that of the leakage power suggests that the JLS algorithm is still effective for 

interference mitigation. This intuition is verified numerically in Section 4.4.4.  

C. Controlled Iterative Singular Value Decomposition (CISVD) 

The previous two approaches, while simple, optimized metrics that were different from 

the sum-rate spectral efficiency metric in (4.7). In this section, we directly optimize this 

metric of interest; however, this is analytically intractable and prohibitively complicated 

numerically. To directly improve the spectral efficiency in our BS cooperation scenario while 

keeping acceptable computational complexity, we propose an iterative optimization 

algorithm called controlled iterative SVD to determine (4.7). CISVD applies the “alternate & 

maximize” algorithm [7][98] in a greedy manner. At each iterative step, kT  is optimized by 

keeping the other pre-coding matrices,{ }j j k≠T , fixed. Thus, each step is a water-filling power 

allocation on the equivalent matrix  1/ 2
k k
−Φ H  with unit additive noise power. Given the non-

linear nature of the problem, the iterations are continued only as long as the target function 

increases. The iterations are initialized with the JLS solution in (4.30).  

CISVD consists of the following three steps: 

Step 1: For 1, ,k K= " , calculate 1, , KT T"  according to (4.30) 

Step 2: For 1, ,k K= " , fix { }j j k≠T , set 1/ 2
_k equ k k

−=H Φ H , and update the precoding matrix kT by 

eigen-beamforming and water-filling power allocation based on _k equH  with noise power 1. 
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Step 3: Repeat step 2 until the target function in (4.7) does not increase or the increase is less than a 

pre-defined threshold. 

The above three steps trivially guarantee that the algorithm stops. As we shall see in Section 

4.4.4, CISVD provides significant performance gains with only a small number of iterations 

and is significantly faster than random, non-intelligent search methods. 

4.4.2 Generalization to Imperfect Timing-Advance Case 

The three joint BS pre-coding designs of the previous section assume accurate timing 

advance, i.e., the desired signal components are assumed to arrive synchronously. However, 

imperfect timing advances are inevitable in practical systems because of imperfect delay 

estimation, user mobility, inaccurate cross-BS synchronization, and MS synchronization 

errors.  

Let ( )b
kϕ  denote the timing advance error (jitter) of BS b in sending the signal for MS k. 

Therefore, BS b now advances the time when the signal for user k, ( ) ( )b
k mx , is transmitted by 

the interval 

 ( )(b) (b) b
k k kτ τ ϕΔ = Δ +� .                                                              (4.32) 

Consequently, the new delay offset at MS k due to the signal transmitted by BS b for MS j is 

given by  

                                                 ( ) ( ) ( )b b b
jk k jτ τ τ= Δ − Δ� � .                                                              (4.33) 

In addition to the MUI term, kJ , in (4.1), imperfect timing advance also results in ISI. By 

applying (4.32), (4.1) is modified to 
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           (4.34)
 

where ( )( ) ( ) 1b b
k kγ ρ ϕ= − ≤ , ( ) ( ) ( ) ( )( ) ( )b b b b

k k k k k k
b

m mα=∑O H T s is the ISI term with ( )b
kα and 

( )b
km given by 
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⎪

=⎪⎩

. 

The block diagonal matrix { }(1) ( )
T T

B
k k N k Nblockdiag γ γ=Λ I I" can be interpreted as the power 

degradation matrix due to imperfect signal synchronization (it equals 
TN BI  for perfect timing 

advance). 

From (4.34), the information rate of MS k is  

                                  1log H H H
k k k k k k k kR −= +I Φ H Λ T T Λ H ,  

where the covariance of the noise plus interference term now becomes:  

                   

( ) ( )( )( 1) ( 2) ( 1) ( 1) ( 2) ( 2) ( 1) ( 2)
0

( 1, 2)

( 1, 2) ( 1) ( 1) ( 2) ( 2)

    ( 1, 2)
( )

1 sgn sgn

               

b b b b b H b H b b
k k k k k k k k k

b b

b b b b b H b H
jk k j j k

j b b
j k

N α α ϕ ϕ

β
≠

= + −

+

∑

∑ ∑

Φ I H T T H

H T T H� .
 

Here the indicator function 1(.) equals 1 if the input argument is 0, and equals 0, otherwise.  

The function ( )sgn .  is the signum function. The new asynchronous interference coefficients, 

{ }( 1, 2)b b
jkβ�  , which incorporate the inaccurate timing advances, are now determined by { }( )b

jkτ�  
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in (4.33), in the same way that ( )b
jkτ was determined in (4.3). As the cooperative BSs can no 

longer determine { }( )b
jkτ� exactly, they cannot calculate { }( 1, 2)b b

jkβ�  exactly either. As we see 

from (4.34), timing advance inaccuracy degrades performance in three ways: the power 

degradation term, kΛ , the imperfect knowledge of{ }( 1, 2)b b
jkβ� , and the additional ISI term, kO . 

While the exact value of the jitter is, by assumption, unknown, its statistics, if known, can 

certainly be determined and exploited by the cooperating BSs to mitigate the performance 

degradation.  

The new JWF and JLS designs incorporating the timing inaccuracy in addition to 

asynchronous interference leakage are derived in Appendix F. For JWF, the joint pre-coder 

of MS k is: 

                                                 1[ ] H
k k k k kκ −′= +T C I Λ H ,                                                      (4.35) 

where (1) ( ){ , , }
T T

B
k k N k Nblockdiag γ γ=Λ I I" . The matrix k′C  has submatrices   

    

( )

( 1 2) ( 1) ( 2) ( 1) ( 2) ( 1 2) ( 1) ( 2)

   
( 1 2) ( )

( ) ( ) ( ) ( )2 ( )2 ( ) ( )

1

,     for 1 2,

,                         for 1 2 ,

K
b b b H b b b b b b H b

kj j j k k k k k
j

b b j k
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K
bb b H b b b b H b

kj j j k k k k
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β γ

≠
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where 

                          ( ){ }( )
( ) ( )

b
k

b b
k kE

ϕ
γ ρ ϕ= − ,  

                          ( ) ( ){ } ( ) ( ){ }( ) ( )
( ) ( ) ( ) ( ) ( )Pr 0 Pr 0b b

k k

b b b b b
k k S k k S kE T E T

ϕ ϕ
α ϕ ρ ϕ ϕ ρ ϕ= ≥ − + < − − ,  

                          ( ) ( ){ }( 1 2) ( 1) ( 2)Pr sgn sgnb b b b
k k kP ϕ ϕ= = ,  

                          { }( 1) ( 2)
( 1) ( 2) ( 1) ( 2)

b b
k k
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k k k kE

ϕ ϕ
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                          { }( )
( )2 ( )2

b
k

b b
k kE

ϕ
α α=  

                            { }( )
( )2 ( )2

b
k

b b
k kE

ϕ
γ γ= ,  

                  and { }( )
( 1, 2) ( 1, 2)

b
k

b b b b
kj jkE

ϕ
β β=� � .  

Given the knowledge of jitter-statistcs, the BSs can calculate the jitter-averaged 

asynchronous interference leakage value, ( 1, 2)b b
kjβ� . 

Determining the first moment of { }( 1, 2)b b
jkβ� is difficult due to the modulo ST  operation on 

( )b
jkτ� . However, the jitters are typically considerably smaller than the symbol duration.  

Therefore, we can then assume that symbol index differences { }( )b
jkm  in (4.2) do not change. 

We then have ( ) ( ) ( ) ( ) mod  b b b b
jk jk S jk kTτ τ τ ϕ′ ′= ≈ +� � . This simplifies the calculation of the jitter-

averaged asynchronous interference coefficients, { }( 1, 2)b b
jkβ� .  

For JLS, Lemma 4.1 still holds, but with the following modified expressions of kM and 

kN  (denoted by k′M and k′N , respectively): 
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"
# % #

"                                  (4.37) 

where kj′A  bears the same form as in (4.28), with ( 1 2)b b
kjβ� replacing ( 1 2)b b

kjβ  for j k≠ , and 

( 1) ( 2) ( 1 2)b b b b
k k kPα α replacing ( 1 2)b b

kkβ .  
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4.4.3 Numerical Results 

We simulate the downlink scenario of Figure 4-1, which consists of an urban micro-cell 

network with two cells consisting of one BS and one MS each. The inter-BS distance is 

500m. As BS cooperation results in performance gains when the signal from one BS does not 

completely dominate the signal from the other BS, we consider scenarios in which the MSs 

are uniformly distributed in the shaded area shown in Figure 4-1, in which the MSs are at 

least 150m away from their closest BSs.  The results average over 100 MS locations, with 

100 channel realizations generated per MS location. The path-loss coefficient,η , for all the 

BS-MS channels is 2 (free-space) up to a distance of 30m, and is 3.7, for larger distances [69]. 

Without loss of generality, the path-losses are normalized with respect to the largest in-cell 

path loss. The NLOS small-scale fading is assumed to be independent identically distributed 

(i.i.d.) at the antenna elements, and the channels for different BS-MS pairs are independent 

with each other. The symbol pulse, ( )g t , is rectangular with a duration, ST , of 1 sμ , which 

corresponds to a downlink system bandwidth of 1 MHz that is shared by both BSs. Since the 

delay spread in micro-cells is typically on the order of 100 ns [53], the flat-fading assumption 

is justified. In all the considered scenarios we assume that 1 2L L L= = .  

Similar as in Subsection 4.3.3, besides comparing the proposed schemes with the 

conventional nullification method, which does not account for asynchronous interference, we 

also compare them with the following two useful benchmarks: (i) a conventional SVD pre-

coding beamformer that treats all interference as additive Gaussian noise [6][16][21], and (ii) 

single-cell (interference-free) point-to-point MIMO.  
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Figure 4-5 – Comparison of Pre-coding Schemes for 2T RN N L= = =  

Figure 4-5 considers the case of two transmit antennas at the BS and two receive antennas 

at the two MSs ( 2,  2T RL N N= = = ) with perfect timing advance. It can be seen that in the 

presence of asynchronous interference leakage, all the three proposed approaches, JLS, JWF, 

and CISVD, outperform conventional nullification at all SNRs. Also shown in the figure is 

the optimal joint pre-coding solution of  (4.7), called “BS Coop: Optimal”, that is obtained 

after intensive numerical computations using the Nelder-Mead method [46].  Since there are 

no additional spatial dimensions providing diversity (
1

B

T k
k

N B L
=

=∑ ), even the optimal pre-

coder performs worse than the single-cell point-to-point interference-free MIMO. To achieve 
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a spectral efficiency of 4bps/Hz, JWF requires 5 dB lower transmit power per user than JLS, 

and CISVD requires 8 dB lower transmit power per user than JLS. Note, however, that JLS 

involves the smallest computational effort among the three proposed schemes.   

 
Figure 4-6 – Comparison of Pre-coding Schemes for 2,3 === LNN RT  

Figure 4-6 and Figure 4-7 consider scenarios in which redundant spatial dimensions are 

present, i.e., 
1

K

T k
k

N B L
=

>∑ . Figure 4-6 considers 2,3 === LNN RT , and Figure 4-7 considers 

3,  2T RN N L= = = .  JLS and CISVD now achieve much higher gains than the conventional 

nullification method. Over a large SNR range, CISVD even achieves a higher spectral 

efficiency than the single-cell point-to-point interference-free MIMO scenario. In Figure 4-6, 

JWF outperforms JLS and the conventional nullification method at low to intermediate SNRs. 
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JWF does not apply to Figure 4-7 as RN L> . Extensive investigations (not shown here) 

reveal that CISVD typically stops after 5 to 7 iterations. 

 
Figure 4-7 – Comparison of Pre-coding Schemes for 3,  2T RN N L= = =  

In Figure 4-8, we verify the “intelligence” of the proposed CISVD method in the 

2,3 === LNN RT scenario. Specifically, we compare the CISVD algorithm, where the “hill 

climbing” procedure starts from the JLS result (4.30), with the following two algorithms. The 

first algorithm is a random search in which we randomly generate many pre-coding matrix 

pairs of  1T  and 2T , each of which satisfies the power constraints, and choose the pair that 

maximizes (4.7). Assuming that 10 iterations are required before the CISVD converges, we 

generate 20 matrix pairs for random search to compare the two approaches fairly. The second 
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algorithm is the CISVD algorithm, but with 10 different randomly selected initial starting 

points. The one with the best performance is selected. From the figure, we see that the 

proposed CISVD greatly outperforms random search. Despite its ten-fold lower complexity, 

CISVD with JLS as the starting point also outperforms the randomly initiated CISVD. Using 

the JLS solution as the initial point is thus an important factor contributing to the 

computational efficiency and superior performance of CISVD.  

 
Figure 4-8 – The Effectiveness of CISVD in 3, 2T RN N L= = =  Scenario 

Figure 4-9 considers the case where timing advance inaccuracies are present (c.f. 

Subsection 4.4.2). The timing advance inaccuracies, ( ){ }b
kJ , are  each assumed to be 

uniformly distributed in the interval [ 0.1 ,0.1 ]S ST T− and are independent of each other.  The 
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figure shows that the modified JWF solution (in (4.35) and (4.36)), marginally improves the 

performance over the original design (in (4.25)). However, the modified JLS solution (in 

(4.37)) reduces the transmit power per user by 2.5 dB compared to the original JLS solution 

(in (4.30)).  The conventional nullification method is inapplicable as timing advance 

inaccuracy was not at all modeled by it.  

 
Figure 4-9 – JWF and JLS with Timing Inaccuracy in the 3, 2T RN N L= = =  

Scenario 

4.4.4 Summary 

In Section 4.4, we investigated the impact of asynchronous interference on the downlink 

performance of multi-user MIMO systems that use linear pecoding and exploit BS 
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cooperation. We saw that when cooperative BSs jointly transmit data intended for multiple 

users, the timing advance can only be chosen such that the desired signal components are 

perfectly aligned at their intended MSs. However, as a consequence, the different 

propagation delays of the interfering signals then ensure that they are asynchronous.  Not 

accounting for this fact in the BS cooperation design (e.g. Section 4.3) degrades the system 

performance considerably. We developed three linear pre-coding algorithms, namely JWF, 

JLS, and CISVD, that markedly outperform conventional designs that ignored the 

asynchronicity of interference. CISVD realizes significant spectral efficiency gains, JLS 

achieves a good trade-off between interference mitigation and complexity, and JWF performs 

well at low to intermediate SNRs. JLS and CISVD perform exceptionally well in channels 

that have redundant spatial dimensions. By utilizing jitter-statistics, the JWF and JLS 

solutions were extended to handle the practical scenario in which the timing-advance 

inaccuracies exist.  

4.5 Conclusions 

In this chapter, we investigate the problem of downlink cooperative transmissions among the 

cooperative BS’s for interference mitigation. Specifically, the performance bounds are 

explored in the synchronous cases, where some other advantages of BS cooperations, other 

than intereference mitigations are also analyzed. Further considering more practical scenarios, 

where the inter-cell interfering signals are by nature asynchronous at each MS, we present a 

fundamental mathemeatical framework, and propose some novel joint pre-coding algorithms 
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for BS cooperation. These algorithms are also partly extendable to the senario with timing 

errors.  

Essentially, our work in this chapter constitutes a solid step towards realizing the great 

potential of BS cooperation in practical interference-limited settings for multi-user MIMO 

systems. 
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Chapter 5 

Conclusions and Future Work 

5.1 Conclusions 

With the ever increasing demands for high data rate wireless communication systems, MIMO 

systems have been considered as one of the key enabling techniques for current and emerging 

wireless systems [45][105][106]. In this dissertation, we have studied some important 

problems in point-to-point and multiuser MIMO, making certain contributions to both theory 

and practice of this timely research topic. 

As a promising technique that introduces diversity improvement with low cost and 

relatively small overhead, antenna selection is investigated in the first part of this dissertation, 

particularly on: (1) diversity property analysis in MIMO-SM systems with practical coding 

and decoding schemes; (2) fast selection algorithm designs; and (3) application in 

commercial wireless systems. The first two problems are addressed via novel and effective 

geometric tools, while for the third a training/calibration protocol for IEEE 802.11n WLANs 
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is proposed. These geometric tools are also extended to analyze some open problems in 

MIMO, the diversity-multiplexing tradeoff in V-BLAST and SDMA systems employing 

ordered SIC receivers.  

While some systems involve only point-to-point MIMO, many others need to address the 

impairments induced by multiuser MIMO, especially for cellular systems, which undergos 

severe inter-cell interference in the downlink. In the second part of this dissertation, we are 

mainly concerned with the multiuser multicell downlink MIMO scenario, and investigate the 

potential of cooperative transmission among adjacent base stations for effectively combating 

the inter-cell interference. Our idea of interference mitigation through BS cooperation is first 

exposed with a quasi-synchronous model, by which we also explore some other advantages 

like channel rank/conditioning improvement and macro-diversity protection. Further 

considering a more practical channel model, where signals from different BS’s in the 

downlink are by nature asynchronous at each MS, we propose some novel and effective 

algorithms achieving different levels of tradeoffs between interference mitigation effects and 

computational complexity. These algorithms are also extended to the scenarios with 

additional timing errors. 

5.2 Achievements 

Overall, we have tackled some open and interesting problems in MIMO study, and have 

also endeavored to improve the performance of MIMO systems in real operating scenarios 

and accelerate their employment in future wireless networks   
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Part of this PhD work has been published or submitted for publication [108]–[123], which 

include one book chapter, two journal papers, eight conference papers and four more journal 

papers under review. The protocols in Section 4.4 (proposed during the author’s internship at 

MERL) have been accepted in the current draft specifications of IEEE 802.11n standard 

[105]. Meanwhile, seven patents were filed at MERL.  

5.3 Future Work 

Finally we list below some of the interesting topics that desearve further study: the exact 

diversity order of antenna selection in SM-MIMO with arbitrary numbers of RF chains (L); 

the exact optimal diversity-multiplexing tradeoff for SDMA systems with ordered SIC 

receivers; alternative asynchronous BS cooperative pre-coding designs with better tradeoff 

between performance and complexity; and the BS cooperation with insufficient transmitter 

CSI. 
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Appendix A 
Proof of Lemma 2.1 

Proof: Suppose subset jU  is selected following an arbitrary antenna selection rule, which 

may be channel dependent. Given any channel realization H , let the corresponding selected 

antenna subset be jH  (as in (2.2)). Let random variable ( )
min

jR  denote the minimum squared 

projection height for this antenna selection rule (c.f. (2.7)). We claim that the optimal 

diversity order achieved for this antenna selection rule is given by  

                                               
( )
min

( ) 0

log Pr( )lim
log( )

j
L
j x

R xd
x→

≤= .                                             (A.1) 

Since our antenna selection rule (2.10) dictates ( )
min

j
SLR R≥  with probability 1, the lemma 

readily follows. 

The claim of (A.1) is proved as follows. Let us consider a linear ZF receiver first. For 

block fading channels, given any channel realization H , let ( ) ( )j
eP H  and ( ) )(j

elP H  denote 

the conditional error probability of the whole frame and the lth substream, respectively, 

assuming optimal one-dimensional coding for each substream. The worst link, with 

conditional error probability ( )
_ max

( )( ) max )(j
e l

j
elP P=H H , has instantaneous post-detection 

SNR ( )0
min ( )jR

L
ρ H 9. The corresponding average error probabilities are denoted as ( )j

eP , ( )j
elP  

and ( )
_ max
j

eP . Clearly we have 

                                                      
9  ( )

min ( )jR H refers to the realization of ( )
min

jR  with respect to H . 
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 ( ) ( )
_ max

( )

1
)( ) ( ) (j j

e e

L
j

el
l

P P P
=

≤ ≤∑H H H , (A.2)  

 which leads to   

 ( ) ( ) ( )
_ max

( )

1
max j j j

el e el

L
j

el
l

P P P P
=

≤ ≤ ≤∑ . (A.3) 

 Since the upper and lower bounds above bear the same diversity order [104][89], we have  

 { }( ) ( ) ( )
_ max _ max ( )j j j

e e eP E PP H�� .  (A.4) 

It is known from Lemma 5 of [104] that the error probability  ( )
_ max
j

eP  is (uniformly) lower 

bounded by the corresponding outage probability, given by ( )0
min 0Pr log 1 jR R

L
ρ  + ≤  

  
, 

where 0R  is the fixed data rate (see Section 2.2.2). Therefore the diversity order is upper 

bounded by 

 

0

0

( )
min ( )

0 min
( ) 0

0

log Pr (2 1)
log Pr( )lim lim

log( ) log( )

Rj
j

ZF
j x

LR
R xd

xρ

ρ
ρ→∞ →

 
≤ −  ≤ ≤ − = . (A.5) 

The above error probability lower bound is obtained without specifying any coding 

scheme. On the other hand, the error probability with uncoded square M-QAM signaling can 

serve as an upper bound [68][104]: 

 ( ) ( )
_ max _ max_ QAM 0 14 ( )j j

e eP P P s s≤ ≤ → ,  (A.6) 

where 0 1( )P s s→  denotes the pairwise error probability between two closest QAM 

constellation points. By Eq. (21) in [104], we have 



 

 167 

 ( )0
0 1 min

3( ) 1
1

jP s s P R
L M
ρ → ⋅ < − 

� .   (A.7) 

We therefore obtain 

                                                       
( )
min

( ) 0

log Pr( )lim
log( )

j
ZF
j x

R xd
x→

≤≥ ,                                           (A.8) 

and thus have proved the claim of (A.1) for a linear ZF receiver. An immediate conclusion 

from analysis above is that, one-dimensional channel coding has no impact on system 

diversity order. 

Note that the above analysis (see (A.3)) also indicates that  

                { }
0 0

( )
min

( ) 0

( ) ( )
, ,

0 0

1
1

log Pr( )lim
log( )

log Pr( 1) log Pr( 1)
     lim lim

log(1/ ) log(1/ )

min
min

j
ZF
j x

j j
k ZF k ZFk L

k L

R xd
x

ρ ρ

ρ ρ
ρ ρ

→

→∞ →∞

=
=

≤=

≤ ≤
= =�

�

.                  (A.9) 

As for a linear MMSE receiver, following a similar approach, we have 

              
{ }

0 0

( ) ( )
, ,

( )
0 0

1
1

log Pr( 1) log Pr( 1)
lim lim

log(1/ ) log(1/ )

min
min

j j
k MMSE k MMSEMMSE

j
k L

k L
d

ρ ρ

ρ ρ
ρ ρ→∞ →∞

=
=

≤ ≤
= =�

�

.               (A.10) 

 In the following we complete the proof by showing that  

                                     ( ) ( )
, ,Pr( 1) Pr( 1)j j

k ZF k MMSEρ ρ≤ ≤� , k∀ .                                            (A.11) 

We alternatively have expressions of post-processing SNRs for ZF and MMSE receivers as 

(see, e.g., [89]) 

                   ( ) ( )( ) ( )
1

( ) ( ) ( ) ( ) ( ) ( ) ( )0
,

H H Hj j j j j j j
k ZF k k k k k kL

ρρ
− = − 

 
h I H H H H h ,                      (A.12) 
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            ( ) ( ) ( )
1

( ) ( ) ( ) ( ) ( ) ( ) ( )0
,

0

H H Hj j j j j j j
k MMSE k k k k k k

L
L
ρρ

ρ

−  
 = − + 
   

h I H H H I H h .              (A.13) 

By matrix inversion Lemma [37], with ( )( ) 1
( ) ( ) ( )Hj j j
k k k

−

=A H H , we have 

    ( ) ( )
1

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
, , 0

0

( )
H Hj j j j j j j j j j

k MMSE k ZF k k k k k k k k
Lρ ρ η ρ
ρ

−
 

− = + 
 

h H A A I A H h � .       (A.14) 

Clearly ( )
0( ) 0j

kη ρ ≥  and thus  

                                        ( ) ( )
, ,Pr( 1) Pr( 1)j j

k MMSE k ZFρ ρ≤ ≥ ≤� .                                            (A.15) 

Another key observation is that, ( )
0( )j

kη ρ  is statistically independent with ( )
,
j

k ZFρ , as the latter 

is proportional to the squared norm of the projection of ( )j
kh  onto the null space of ( )( ) Tj

kH , 

while the former is the correlation of ( )j
kh  with a vector in the range of ( )j

kH  [55][35]. 

Furthermore, as 0ρ →∞ , it can be shown that  

                                                         
. .

( ) ( )
0( )

a s
j j

k kη ρ η→ ,                                                   (A.16) 

i.e., it converges almost surely to a positive random variable with finite mean. This 

observation was also made in [37] where the PDF of ( )j
kη  was explicitly given. For our 

purpose, it is sufficient to know that ( )Pr( 1/ 2)j
kη ≤  is a positive probability of (1)O  (the 

same order as 1). We thus have  



 

 169 

                              

( ) ( ) ( )
, , 0
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with 

                      
0 0

( ) ( )
0

0 0

log Pr( ( ) 1/ 2) log Pr( 1/ 2)lim lim 0
log(1/ ) log(1/ )

j j
k k

ρ ρ

η ρ η
ρ ρ→∞ →∞

≤ ≤= = ,                     (A.18) 

where (A.18) is due to the fact that almost sure convergence always leads to convergence in 

distribution. (A.17) and (A.18) together gives rise to  

                                    ( ) ( )
, ,Pr( 1) Pr( 1)j j

k MMSE k ZFρ ρ≤ ≤ ≤� ,                                                (A.19) 

and (A.11) follows with (A.15) and (A.19). 
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Appendix B 
Lemmas Used for Proving Theorem 2.1  

Lemma B.1: For any permutation of the integer array 1 ~ TN , denoted as 1 ~
TNk k , we have  

                               

( )1 2 2 3 ( 1) 1 2

( 1)Pr , , , [Pr( )] T

N NT T

N
k k k k k k k kR x R x R x R x

−

−≤ ≤ ≤ = ≤�  ,              (B.1) 

i.e. random variables 
1 2 2 3 ( 1)

, , ,
N NT Tk k k k k kR R R

−
� are jointly independent. 

Proof: Essentially 
1i ik kR
+

is only a function of 
ikh and 

1ik +
h , denoted as 

1 1
( , )

i i i ik k k kR g
+ +
= h h , 

therefore the conditional PDF of  
1i ik kR
+

 given those variables appearing earlier in the 

sequence admits: 

                          1 1 1 2 1 1 1 2

1 1 1 1

( | , , ) ( ( , ) | ( , ), , ( , ))

( ( , ) | ( , )) ( | ),
i i i i i i i i

i i i i i i i i

k k k k k k k k k k k k

k k k k k k k k

f R R R f g g g

f g g f R R
+ − + −

+ − + −

=

= =

h h h h h h

h h h h

� �

 

where the second equality holds because the states of  
1 1

~
ik k −

h h do not affect 
ikh  and 

1ik +
h .  

Consequently, the above sequence forms a Markov chain.  

We are left to prove the independence between 
1i ik kR
+

and 
1i ik kR
−

. Given 

1 1

2 2sin
i i i i ik k k k kR θ

+ +
= h

 
and 

1 1 1

2 2sin
i i i i ik k k k kR θ
− − −

= h , together with the independence between 

2

ikh and 
1

2

ik −
h , and between vector norms and directions (angles) [55], we only need to 

show that 
1i ik kθ
+

and 
1i ik kθ
−

are independent.  
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Figure B-1 – Independence of 

1i ik kθ
−

 and 
1i ik kθ
+

 

Following a similar rotation approach as in [49], we define 1 ~
RNe e as a fixed orthonormal 

basis (e.g., Cartesian coordinates) of the vector space RN
� . We rotate 

1 1
[ , , ]

i i ik k k− +
h h h  as a 

whole so that 
ikh is parallel to 1e , denoted as 

1 1 1 1
[ , ] ( )[ , ]

i i i i ik k k k kψ
− + − +

=h h Q h h� � , where 
ikψ  is the 

angle between 
ikh and 1e , and ( )

ikψQ  is the corresponding unitary rotation matrix. Since 

1 1
[ , ]

i ik k− +
h h  is an i.i.d. Gaussian matrix (therefore the joint distribution is rotationally 

invariant) and is independent with 
ikψ , 

1 1
[ , ]

i ik k− +
h h� �  is still i.i.d. Gaussian. Because 

1i ik kθ
+

and  

1i ik kθ
−

 are unchanged after the rotation, and equal to the angles between 
1ik +

h� and 1e , and 

between 
1ik −

h� and 1e , respectively (see Figure B-1), given the fact that 
1ik +

h� and 
1ik −

h� are 

independent, it is straightforward to show that 
1i ik kθ
+

and 
1i ik kθ
−

are independent, so are 

1i ik kR
+

and 
1i ik kR
−

, and Lemma B.1 follows. 
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□ 

CorollaryB.1: 12 13 1, , ,
TNθ θ θ� are jointly independent. 

Proof: Using the same rotation approach as above, if we rotate 1 2[ , , , ]
TNh h h� as a whole 

such that 1h  is parallel to 1e , 2 , ,
TNh h� �� are jointly independent vectors; their angles with 1e , 

which are equal to 12 13 1, , ,
TNθ θ θ� , respectively, are also jointly independent.                                          

□ 

Lemma B.2: If 1, , Kθ θ�  are independent positive random variables, whose cumulative 

distribution functions admit ( ) k

k

nF x xθ � , we have   

 1

1

Pr

K

k
k

K n

k
k

x xθ =

=

∑ ≤ 
 
∑ � . (B.2) 

Proof: At first we evaluate the exponential behavior of 1 2Pr( )xθ θ+ ≤ . Note that the 

following expression assumes 0x → : 

1

2 1

1 2

1 2 2 2 1 1
0 0

1 1 1
0

Pr( ) ( ) ( )

                       ( ) ( )

xx

x

x f d f d

f F x d

θ

θ θ

θ θ

θ θ θ θ θ θ

θ θ θ

− 
+ ≤ =  

  

= −

∫ ∫

∫

 

                                 

1 1 2 2

2 1 1

1 2

1 1
1 1 1 1 1

0

1 1
1 1 1

0

                       ( ) . ( ) (( ) )

                       ( )

                       ,

x
n n n n

x
n n n

n n

o x o x d

x o d

x

θ θ θ θ θ

θ θ θ

− −

− −

+

   + − + −   

 + 

∫

∫

�

�

�

,                           
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where ( )o x  denotes a higher-order function of x  such that 
0

lim ( ) / 0
x

o x x
→

= . Next, we can 

treat 1 2θ θ+  as a new random variable exponentially equivalent to 1 2n nx + and evaluate 

1 2 2( )θ θ θ+ +  following the same approach, whose CDF asymptotically behaves as 1 2 3( )n n nx + + . 

Lemma B.2 follows after such repeated operations. 

□     

Lemma B.3: Let ( )m θ be a positive function of θ ,  which monotonically increases with θ , 

satisfying (0) 0m =  and 01( ) nm x x−
� . If 1, , Kθ θ�  are independent positive random 

variables, whose cumulative distribution functions admit ( ) k

k

nF x xθ � , we have   

                                     ( ) 0
1

1
Pr Pr max

K

k
k

K n n

k kkk
m x m x xθ θ =

=

∑    ≤ ≤       
∑ � �   .                (B.3)  

Proof: Since 1, , Kθ θ�  are independent, we get: 

                                           1

1

Pr[max ] ( )

K

k
k

k

K n

kk k

x F x xθθ =

=

∑
≤ =∏ � .                                     (B.4) 

By Lemma B.2 we have 

                                                  1

1

Pr

K

k
k

K n

k
k

x xθ =

=

∑ ≤ 
 
∑ � .                                                       (B.5) 

Because both θ  and ( )m θ are positive, and ( )m θ  monotonically increases with θ ,  1( )m x−  

is also a positive function of x, which monotonically increases with x. Therefore,  

                        
0

1 11 1Pr[ (max ) ] Pr[max ( )] [ ( )]

K K

k k
k k

n n n

k kk k
m x m x m x xθ θ = =− −

∑ ∑
≤ = ≤ � � .              (B.6) 
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Similarly,  

                                          
0

1

1
Pr

K

k
k

K n n

k
k

m x xθ =

=

∑   ≤  
  
∑ �                                                        (B.7) 

and Lemma B.3 follows.                                                                              

 □     

Lemma B.4:  For independent continuous random variables a , 1b  and 2b  satisfying 

0a ≥ with Pr( ) ana x x≤ � , and 1 20 , 1b b≤ ≤ with 1 2Pr( ) Pr( ) bnb x b x x≤ ≤� � , we have 

                                                       
.

1 2Pr( ) Pr( ) anab x ab x x≤ ≤ ≤� .                                     (B.8) 

Proof:  We have 

                                  

1

1 1

1

1
0

1

0

11 12

Pr( ) Pr( ) ( ).

                  Pr( ) ( ). Pr( ) ( ).

                 ( ) ( ),

b

b b

xab x a f y dy
y

x xa f y dy a f y dy
y y

t x t x

ε

ε

≤ = ≤

= ≤ + ≤

= +

∫

∫ ∫                  (B.9) 

and similarly,  

                             2 2

1

2
0

21 22

Pr( )  Pr( ) ( ). Pr( ) ( ).

                 ( ) ( ),

b b
x xab x a f y dy a f y dy
y y

t x t x

ε

ε

≤ = ≤ + ≤

= +

∫ ∫                    (B.10) 

where 0ε >  is a fixed small positive number, small enough to make the PDF approximations 

for 1b  and 2b :  

                          
1 2

1 1 1 1
1 2( ) ( ), ( ) ( )b b b bn n n n

b bf x c x o x f x c x o x− − − −= + = +                         (B.11) 

hold true.  
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Since Pr( )xa
y

≤  is positive, and is a decreasing function of y, when 0x →  we have   

                                                 
1

1

12 ( ) Pr( ) ( ). Pr( ) an
b

x xt x a f y dy a x
εε ε

≤ ≤ ≤ ≤∫ � .                (B.12) 

In another word, 
.

12 ( ) ant x x≥ .  

On the other hand, since 10 1b≤ ≤ , we have  

                                                  1Pr( ) Pr( ) anab x a x x≤ ≥ ≤ � ,                                          (B.13) 

which means that 
.

1Pr( ) anab x x≤ ≤ .  

The same inequalities as in (B.12)(B.13) also hold true for 22 ( )t x  and 2Pr( )ab x≤ , 

respectively.   

Meanwhile, since ε  is small enough, by applying (B.11), we get that  

                                  1
11 21 0

( ) ( ) Pr( ) .bnxt x t x a y dy
y

ε −≤∫� � .                                               (B.14) 

If 12 ( ) ant x x>�  or 22 ( ) ant x x>� , 11 21( ) ( ) ant x t x x≤�� dominate and (B.8) follows. We are left 

to check the case 12 22( ) ( ) ant x t x x� � , which together with (B.14) leads to (B.8) as well. 

                                                                           □ 

Lemma B.5: With z , 0'θ , and 0θ  as defined in Section 2.2.3.1, we have  

                                                  2 2
0 0Pr( sin ' ) Pr( sin )z x z xθ θ≤ ≤� . 
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Proof: From (2.18)(2.32) the PDF of 0 1' max ' kk
θ θ= is derived through results in order 

statistics:   

                    
0

2 1
' 01( ) [sin ] sin 2 ,     ( 1)( 1),    (0, )

T

M
T RN

Mf M N N
Cθ θ θ θ θ ψ−

−= = − − ∈ ,      (B.15) 

where 0

10
( ) ,   2

i TC f x dx i N
ψ

θ= ≤ ≤∫ . Therefore, we have  

     

0

0

0

2 0

1

2
0 '2

0

2 1
1 2

0

sin
1

1
0

Pr( sin ' ) ( ).
sin

                          [sin ] sin 2 .
sin

                        .

                         

T

T

z

M
zN

at
M

zN

t

xz x F f d

M xF d
C

M xF t dt
C t

ψ

θ

ψ

θ

θ θ θ
θ

θ θ θ
θ

−
−

=
−

−

=

 ≤ =  
 

 =  
 

 =  
 

=

∫

∫

∫

0
1

10 0
1 11

10

( / ) . ,
T

t
Ma

M
zN

Ma x aF t dt
C t

−
−

 
 
 

∫

           (B.16) 

where 2
0 0sina ψ=  is a positive real number. On the other hand, by applying (2.37) we have 

            

0

2

/ 2
2

0 2
0

/ 2
2 1

2
0

1sin
1

0

Pr( sin ) ( ).
sin

                        [sin ] sin 2 .
sin

                      . .

z

M
z

t
M

z

xz x F f d

xM F d

xM F t dt
t

π

θ

π

θ

θ θ θ
θ

θ θ θ
θ

−

=
−

 ≤ =  
 

 =  
 

 =  
 

∫

∫

∫

               (B.17) 

By comparing (B.16) and (B.17), we get 2 2
0 0Pr( sin ' ) Pr( sin )z x z xθ θ≤ ≤� .           

                                                                                                                                                  □ 
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Appendix C 
The Derivation of (2.38) 

We continue the evaluation of  (B.17) to derive the polynomial expansion of 2
0Pr( sin )z xθ ≤ : 

                       
( )

1
2 1

0
0

1/

1
1

2

1
01

1 2

Pr( sin ) .

1                       .

1                        1 .
!

                        1 ( ) ( ),

T

M
z

m t

z M

M N k k
mx

M
k

xz x M F t dt
t

M F mx dm
m

m xM e dm
k m

P x P x

θ −

∞=

+

∞ + −
−

+
=

 ≤ =  
 

=

 
= − 

 

= − −

∫

∫

∑∫

                           (C.1) 

where 1 1
0

( ) ( )
!

kM

M k
k

xP x M E x
k + −

=

= ∑ , and 
2

2 ( 1)
1

( ) ( )
!

TM N k

k M
k M

xP x M E x
k

+ −

− − −
= +

= ∑ , with 

1

( )
xm

k k

eE x dm
m

∞ −

= ∫  the integral exponential function. From [34], we have the following 

recursive rules: 

                                        1
1( ) ( ( ))x

k kE x e xE x
k

−
+ = −     

                                         
1

1 1
0

( 1)( ) ( 1) ( 1)! ( ).
! !

x kk
i i k

k
i

eE x k i x x E x
k k

− −

+
=

−= − − − +∑   

Therefore, after some involved mathematical manipulations, we have 

                                                                 
1

1
0

( )
M

x k
k

k
P x Me c x

−
−

=

= ∑ ,  
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where 
0

( 1) ( 1)!
( )! !

k ik

k
i

M kc
M i i

−

=

− − −=
−∑ , for 1k M≤ − .  We can expand xe−  by its Taylor’s series 

and get the polynomial equivalent form: 1
0

( ) n
n

n
P x a x

∞

=

=∑ . For  1n M≤ − ,    

                                               

0 0

0 0

0 0

0

( 1) ( 1) ( 1)!
( )! ( )! !

1 ( 1) !( 1)! ( 1) !
! ( )! ! ( )! !

( 1)
1 ( 1)

1!

( 1)
11 ( 1)

1!

n k k in k

n
k i

n in k

k i

n
n k

i

k i

n
n

k

k

M ka M
n k M i i

n M k MM
n n k M M i i

n
Mk

M in
k

n
Mk

M kn
k

− −

= =

= =

= =

=

− − − −=
− −

− − − −=
− −

 
−  

  = −  −   
 
 

 
−   −  = −  −   
 
 

∑ ∑

∑ ∑

∑ ∑

∑

0

1, 0( 1) ( 1)
0, 0 1,!

n n
k

k

n n
k n Mn =

=  −= − =  < ≤ −  
∑  

where we use the equality [34]: 
0

1
( 1) ( 1)

k
i k

i

M M
i k=

−   
− = −   

   
∑ . With a similar approach, we 

can obtain 1
!Ma

M
= − , therefore 

                                           1
1( ) 1 ( )

!
M MP x x o x

M
= − + .                                                      (C.2) 

On the other hand, 2 ( )P x  can be represented as 

                                      
2 1

2
1 0

( 1)!( )
! !

TM N i Mk M
x

k M i

k M xP x Me
k i

+ − +− −
−

= + =

  − − =   
   

∑ ∑ , 
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and after some manipulations we obtain 

                                           2 ( ) ( )M M
MP x b x o x= + ,                                                        (C.3) 

where  
3

0

!
( 1)!

TN

M
k

kb M
M k

−

=

=
+ +∑ . By combining (C.1), (C.2) and (C.3), we can derive (2.38). 

Furthermore, from [34], we have 

1

! 1
( 1)! ( 1)!k

k
M k M M

∞

=

=
+ + +∑ ,  

therefore 

                              

3

0 0

1

! !
( 1)! ( 1)!

! 1 1 1 1 ,
( 1)! ( 1)! ( 1)! ( 1)! . !

TN

k k

k

k k
M k M k

k
M k M M M M M M

− ∞

= =

∞

=

<
+ + + +

= + = + =
+ + + + +

∑ ∑

∑

 

so the coefficient of Mx  in  (2.38)  is always positive. 
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Appendix D 
Lemma Used for Proving Proposition 2.5 

Lemma D.1:  For any 1TN L− +  distinct integers within [ ]1, TN , denoted as an ordered list  

1 1~
TN Lk k − + , and any 1TN L− +  different subsets from 1 ~

UNU U , denoted as an ordered list  

1 1
~

N LTj jU U
− +

, suppose 
i ik jU∈h , and 

i lk jU∉h  for l i> , i.e., 
ikh  belongs to subset 

ij
U  but 

not those after. We have: 

                            ( )11 2 1

1 2 1 1

( 1)
( )( ) ( ) ( )Pr , , , Pr( ) ,

T
N LT

N LT

N L
jj j j

k k k kR x R x R x R x− +

− +

− +
 ′ ′ ′ ′≤ ≤ ≤ = ≤
 

�          (D.1) 

where ( )j
kR ′  is modified from ( )j

kR  with k  indicating the index of column vector in the original 

channel matrix H , instead of jH 10. 

Proof: From the definition, 1

1 1

2( )j
k kR ′ = Ph , where †= −P I BB  is the projection matrix to the 

null space of { }1 1
\j krange U h ({ }1 1

\j kU h represents the column vectors in 
1j

U  except 
1kh ), in 

which B  is composed of any basis of the subspace spanned by the remaining column vectors 

in subset 
1j

U  [21]. Since any projection matrix is idempotent, i.e. 2 =P P , its eigenvalues are 

either 1 or 0. Noting that P  is Hermitian, we can write the eigenvalue decomposition of P  as 

H=P VΛV , where V is unitary, and 1 1(1 ,0 )RN L Ldiag − + −=Λ . Therefore 

1

1 1 1

2 2( )j H H
k k kR ′ = =VΛV h ΛV h ,                                       (D.2) 
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where the second equality follows by the fact that a unitary transformation preserves length. 

From the definition of P , the unitary matrix HV  is independent of 
1kh . Therefore the 

conditional PDF 

                          { }( ) ( ) ( ) ( )1 1

1 1 1 1 1 1

2 2( ) ( )
0| \j jH

k j k k k kf R U f f f R′ ′= = =h ΛV h Λh ,             (D.3) 

where 0
HV is a fixed unitary matrix dependent on the given realizations of  { }1 1

\j kU h , and 

the second equality comes from the rotationally invariant property of the i.i.d. Gaussian 

vector 
1kh [55][35]. That is, 1

1

( )j
kR ′ is independent of any vector in ( )1 1

\j krange U h . It is 

therefore straightforward to show that 11

1 1

( )( ) ~ N LT

N LT

jj
k kR R − +

− +
′ ′   are jointly independent and 

identically distributed, and Lemma D.1 holds.  

                                                                                                                                                  □ 

                                                                                                                                                                     
10 Lemma B.1 is a special case of Lemma D.1. However, the proof of Lemma B.1 bears some interesting 
geometric elements, and is needed for Corollary B.1 and Proposition 2.2. 
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Appendix E 
Derivation of JWF Solution in (4.25) 

Using matrix calculus [82], the optimal precoding matrices, ( )
1.. , 1...{ }b

k k K b B= =T , to be used by 

each of the B BSs for all the K MSs are the solutions of the following set of Lagrangian 

equations  

     
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( )
    1
( )

2 2 2 2

          0

B
bb b H b b b H b b b b H

kj j j k k k k k k kb
j bk

j k

β κ′ ′ ′

′=
≠

∂ = + + −
∂

=

∑∑ H H T H H T T H
T
A

, for 1,...,b B= .    (E.1) 

Doing so leads to H
k k k k kκ+ =C T T H , and (4.25) follows. To calculate kκ , we apply the 

eigenvalue decomposition on the Hermitian matrix kC : H
k k k k=C U Λ U , where 

1 2 ( ){ , ,..., }
Tk k k k N Bdiag λ λ λ=Λ .  Then,        

           { } { }1 1
2

1

( ) ( )
( )

TN B
H H H ki

T k k k k k k k k
i k ki

P Trace Trace
b

λκ κ
κ

− −

=

= = + + =
+∑T T C I H H C I ,  

where H H
ki k k k k ii

b  =  U H H U . Therefore kκ  is one of the roots of the 

equation∑
=

=
+

BN

i
T

ki

ki
T

P
bx1

2)(
λ .   
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Appendix F 
Derivations of JWF and JLS Solutions in (4.35), (4.36), and (4.37) 

1. Modified JWF solution: In (4.34), the mean value of kMSE , obtained by averaging over 

( ){ }b
kϕ , can be shown to be: 

      
( )( )2 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

0
1 1

( 1, 2) ( 1) ( 1) ( 2) ( 2) ( 1) ( 2) ( 1 2) ( 1) ( 1) ( 2) ( 2)

( 1, 2) ( 1,

( 1)

        +

R

B B
b b b b H b H b b b b H b H

k k k k k k k k k k k N
b b

b b b b b H b H b b b b b b b H b H
jk k j j k k k k k k k k

j k b b b

MSE Trace N

P

γ γ

β α α

= =

≠

= − + + +


+

∑ ∑

∑ ∑

H T T H H T T H I

H T T H H T T H
2)

.
b





∑

  (F.1) 

In a manner similar to (4.35) and (4.36),  maximizing the Lagrange objective function,    

                               ( )( ) ( ) ( )
1.. , 1...

1 1 1

{ }
K K B

b b H b
k k K b B k k k k T

k k b

MSE Trace Pκ= =
= = =

  
= + −  

   
∑ ∑ ∑T T TA ,  

results in (E.1).  

2. Modified JLS solution: From (4.34), the power of received desired signal component at 

MS k, averaged over ( ){ }b
kϕ , is given by 

                      ( ){ } ( )( ){ }

1
b

k

H H H HT
k k k k k k k k k k

k k

PP E Trace Trace
L Lϕ

′= =Q Λ H H Λ Q Q M Q ,  

where k′M  follows from (4.37). When kx  is transmitted for MS k, the jitter-statistics-

averaged MUI power it causes at MS j ( j k≠ ) is given by  

                            ( )( 1, 2) ( 1) ( 1) ( 2) ( 2)
_

( 1, 2)

= ,b b b H b H b bT
L kj kj k j j k

b bk

PP Trace
L

β∑ Q H H Q  

and the jitter-statistics-averaged ISI it causes at MS k itself is given by   

                         ( )( 1) ( 2) ( 1 2) ( 1) ( 1) ( 2) ( 2)
_

( 1, 2)

= b b b b b H b H b bT
L kk k k k k k k k

b bk

PP P Trace
L

α α∑ Q H H Q . 
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Deriving a corresponding lower bound (as in (4.29)) for modified SLNR expression, 

_
1

k
k K

Nk L kj
j

PSLNR
P P

=

=
+∑

,  and applying Lemma 4.1 to it, yields the solution in (4.37).  

 
 

 

 

 

 


