
ABSTRACT 

DING, JING. Improve the Reliability of a Continuum Damage Model of Asphalt Mixture by 

Integrating Uncertainty Quantification and Stochastic Modeling (Under the direction of Dr. B. 

Shane Underwood). 

 

The simplified viscoelastic continuum damage model (S-VECD) has become 

increasingly recognized as a viable method to mechanistically model the fatigue damage 

resistance of asphalt concrete. However, it operates in a deterministic framework while in actual 

practice, there are multiple sources of uncertainty such as specimen preparation errors, 

measurement errors which need to be probabilistically considered. The current consideration of 

the stochastic nature of the material, the so-called probability design procedure, integrates the 

discrepancy between predicted and measured results, including model errors and measurement 

errors, into a single reliability component after the mechanistic model has been deterministically 

determined. Therefore, there exists a gap between the need of probabilistic design and the 

deterministic development of the mechanistic model. 

This dissertation focuses on the development process of mechanistic models and aims at 

integrating the science of uncertainty quantification into the model process in order to separate 

and improve model errors and measurement errors. There are four objectives for this dissertation: 

1) establish a repeatability and reproducibility analysis for S-VECD test results, 2) conduct 

uncertainty quantification of the S-VECD model, 3) construct alternative variants based on the 

original S-VECD model that improve the model reliability, and 4) evaluate all the models with 

respect to their prediction performance. 

In this study, a variance index that quantifies the variability of the damage characteristic 

curve, a key component in S-VECD model that characterizes the relationship between the 

material integrity (stiffness) and the level of damage in the material, was proposed and compared 



with the expert judgement of the variation of a set of 9 different asphalt mixtures. Then the 

repeatability and reproducibility analysis of data from Interlaboratory Study was conducted and 

the precision limit was established to quantify the acceptable variation of S-VECD test results. 

Next, uncertainty quantification of the S-VECD model using Markov Chain Monte Carlo 

(MCMC) simulation considering the dynamic modulus model, damage characteristic model, 

failure criterion model as separate components was conducted. The results were used in the 

sensitivity analysis to identify the influential parameters in the S-VECD model.  

Based on the results from the uncertainty quantification and sensitivity analysis, two 

ways to improve the S-VECD model were proposed: 1) changing the definition of the alpha term 

and 2) modifying the data fitting algorithm. The variant methods for S-VECD model 

characterization were then evaluated by comparing mixtures after incorporating the uncertainty 

analysis results of the fatigue life prediction distribution and how it matches with the field results 

or engineering judgement. Moreover, the effects of different methods on repeatability and 

reproducibility precision limits results were also investigated.  

In the end, an alternative data fitting algorithm was recommended that can better 

differentiate the materials and the alternative fixed alpha definition was suggested for mixtures 

with high variation of dynamic modulus test results. Overall, the findings from this study show 

promising results to incorporate the uncertainty analysis and stochastic nature into improving the 

reliability of the development of mechanistic models. This framework can be applied to other 

mechanistic models particularly those with subjective understandings. 
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CHAPTER 1 INTRODUCTION  

1.1. Background and Research Needs 

Asphalt concrete covers over 94 percent of the 2.6 million miles of paved roads in the 

U.S., between 85 and 90 percent of all runways at the nationôs 3,364 commercial airports, and 

over 90 percent of the parking areas (1). Highway and roads were the fifth-largest expenditure in 

2018 for state and local governments, where 44 percent went toward operational costs including 

maintenance, repair, snow, and ice removal (1). A large part of these funds was expended 

because of the early cracking that occurred on asphalt pavement (1). Researchers have long been 

developing different testing methods to assess the cracking resistance performance of asphalt 

mixture (2-5). 

Fatigue cracking performance tests can be divided into two groups: tests considering 

fracture propagation and tests considering fracture initiation. Tests considering fracture 

propagation include Texas Overlay Tester (6-7) and Semicircular Bending test (8-11). Both tests 

are simple and give one index result for pass or fail determination. However, they are empirical 

with highly variable results. They do not evaluate crack initiation and cannot be used for 

performance prediction in real pavement condition. Tests considering fracture initiation include 

Flexural Bending Beam, Uniaxial Cyclic Fatigue Test, Indirect Tension Fatigue Test (2,12-14). 

These tests are time consuming but can be used to predict fatigue performance of pavements 

with an appropriate analytical framework and requisite transfer function (shifting function).  

Along with the fatigue tests, various models of asphalt material have been developed and 

adopted in pavement design procedure. Traditional practices with respect to asphalt concrete 

pavements have relied heavily on empirical design procedures and experimental methods that 

either require substantial testing to characterize performance laws or provide relatively simple 
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indices that are guided by simple mechanical concepts. Overall, these methods have proven 

successful as they readily capture the major behaviors and can, for the most part, distinguish 

between very bad materials and very good materials. However, in the intermediate where 

differences between alternative design and material selections are smaller, these approaches are 

not sensitive enough to make optimal decisions. This result is largely due to the high variability 

of the traditional method results and it led to the need of more sophisticated mechanical theories 

that have a high resolution of differentiating those materials. One limitation of the development 

of pavement design model lies in the difficulty of acquiring a good amount of consistent data for 

a 10-to-30-year period with known model input variables along the time. It is both costly and 

time consuming. Another limitation is the relatively fast-update rate for paving material and 

technology, such as the warm mix asphalt and polymer modified asphalt (15,16).   

With the development of asphalt models, the importance of model uncertainty has been 

recognized as a key component that can affect decisions regarding the material selection and 

pavement design. In the AASHTO 1986 pavement design guide (AASHTO 1986), the concept of 

reliability, the probability that a pavement section designed using the process will perform 

satisfactorily over the traffic and environmental conditions for the design period given the design 

equation uncertainty, was introduced. More recently, the AASHTO Pavement Mechanistic-

Empirical (ME) Design (NCHRP 1-37A) procedure has also incorporated the concept of 

reliability in the form of empirical adjustment functions that are applied to the predicted 

distresses.  

In the AASTHO Mechanistic-Empirical Design, reliability congregates all the sources of 

uncertainties and errors into a simplified estimated standard error. These errors can be divided 

into four categories (17): input uncertainties, numeric errors and uncertainties, measurement 
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errors and uncertainties, and model errors or discrepancies. The input uncertainties include the 

variation of material property along the roadway, the difference of layer thickness between as-

designed and as-constructed, the unpredictability of the traffic and climate in the future. The 

numeric errors and uncertainties include the roundoff, discretization, approximation errors and 

bugs or coding errors in the numerical analysis. The measurement errors and uncertainties 

include the variation of measured pavement distresses from the equipment and along the tested 

pavement section. The model error and discrepancies include bias or systematic uncertainties 

from the model assumption and simplification. While the current reliability method is easy to 

apply, it is highly data driven. It is not able to identify the impact of the variation in each 

variable, nor can it separate the effect of model error and the measurement error. 

Ideally, the ultimate goal of pavement modeling is to predict the performance exactly the 

same as measured without even using the transfer function. The approach to achieving this goal 

from the modeling community has been largely additive, i.e., researchers add more and more 

detail in their mechanical models to óbetterô represent the real world physics and fundamental 

principles. To this end, viscoelasticity, nonlinearity, aging, healing, moisture damage, etc. are 

considered. However, as detailed as the model tends to be, it is always less detailed than what 

happens in the real world. Further, if more features are added to the model, the accuracy may 

improve, but it may also complicate the model and increase the uncertainty of the prediction 

without increasing too much accuracy.  

The performance of models can be assessed by prediction error, which exhibits how well 

the model predicts response of unseen input data. Prediction error has three components: bias, 

variance, and irreducible error (18).  Bias is the error that is introduced by modeling a real-life 

problem, which is usually extremely complicated, with a much simpler problem. Variance is the 
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error from sensitivity of the model to a small fluctuation of the experimental data. Irreducible 

error is the noise in the data and cannot be reduced by changing models. As the model 

complexity increases, the variance will generally increase, the bias will decrease, and the 

irreducible error remains the same. Consequently, the prediction error with respect to unseen 

input data will decline first and then increase as the increase of model complexity. Figure 1 

illustrates this relationship between prediction error, bias, and variance. This relationship is 

referred to as the bias-variance trade-off because it is easy to obtain a model with either low bias 

but high variance, so called under-parameterized models, or low variance but high bias, so called 

over-parameterized models. The challenge is to find a model with both low bias and low 

variance. 

The balance of this tradeoff problem for empirical models has been extensively studied in 

the statistical field and can be achieved using methods such as cross-validation (19), Akaike 

information criteria (AIC) (20), or Bayesian information criteria (BIC) (21) to compare 

alternative models, which can be quickly constructed under different model assumptions. 

However, mechanistic models are usually developed from natural laws and there are fewer 

alternative model options considered. In fact, there have been concerns expressed by some 

authors regarding the difficulty of determining the appropriate level of details in mechanistic 

model development to avoid over-parameterizing (22,23). 
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Figure 1. Relationship between error and model complexity. 

The development arc of asphalt material models has largely failed to embrace sound 

principles of uncertainty. However, considerations about the reliability and stochastic nature of 

the material have not been completely missing. For the most part, mechanistic modeling efforts 

for asphalt materials have been developed and evaluated in a deterministic way to best match the 

central tendency of experimental data. After the model is established, a probabilistic analysis 

may be conducted to identify the mismatch between the predicted and measured results and all 

the difference, or errors, are smeared into the reliability results. Therefore, there exists a gap 

between the need of probabilistic design and the deterministic development of the mechanistic 

model. 

This gap can be filled by integrating the science of uncertainty quantification into the 

development process in order to separate and improve model errors and measurement errors. 

Uncertainty quantification is the science of quantifying the model output uncertainties if some 

aspects of the system are not exactly known. There are several advantages in conducting 

uncertainty quantification to the mechanistic models compared to the current reliability 
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¶ Identify and separate the effect of each error component on the uncertainty of the 

mechanistic model of asphalt material. 

¶ Target the variables or subsystems that can be improved to reduce the model 

uncertainty while retaining the model prediction accuracy.  

¶ Separate out the model uncertainty and bias in predicting pavement distress and 

gain a deeper knowledge into detecting the unknown or uncharacterized factors that 

are causing the unpredictable pavement distress. 

¶ Instruct the quality control procedure on the subsystems that can result in high 

model output uncertainty. 

¶ Ensure robustness and avoid ambiguity in model predictions in assistance with the 

decision making for the most cost-effective design. Models developed without 

accounting for uncertainty can lead to inconsistent conclusions due to 

overparameterization because they are essentially fitting the ñnoiseò in the system. 

The pavement design model is not an explicit mathematic equation but a combination of 

analytical and numerical models that takes lots of computing time and resources. It contains 

different subsystems that are also complicated. For example, the simplified viscoelastic 

continuum damage (S-VECD) fatigue model is one material model to predict the fatigue life of 

asphalt mixture under different loading and environmental conditions. The S-VECD model 

incorporates the time-temperature superposition (t-TS) principle, the elastic-viscoelastic 

correspondence principles, and the work potential theory to capture the changes in the 

constitutive relationship as fatigue damage accumulates in the material. The experiments related 

to this model produce two results. One is the dynamic modulus characterized at different 

temperature and frequency in accordance with the AASHTO TP 132 or TP 378 protocol. The 

other is the damage characteristic curve that captures the change of material stiffness with the 

increase of damage as a result from the AASHTO TP 133 or TP 107 protocol. As a subsystem, 
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S-VECD model generates the input variables for the pavement design model. However, 

uncertainty quantification of S-VECD model is not easily conducted due to its functional test 

data and integration of multiple test results. 

This research establishes a framework to improve the reliability of mechanistic models by 

integrating uncertainty quantification and stochastic modeling to answer the following three 

questions: 

¶ How to quantify the uncertainty of the model regarding its variables? 

¶ How to improve the model to reduce the uncertainty of the model prediction? 

¶ How to evaluate and improve the model with engineering requirements regarding 

the accuracy as well as the uncertainty of the model prediction?  

This framework is developed using the S-VECD model, but can be applied to other 

mechanistic models, especially those where some subjective understanding was encoded. Table 1 

summaries the existing 20 mechanistic models under 10 categories in asphalt pavement 

characterization. Each mechanistic model has various forms and is still under development. The 

issue that mechanistic models were developed without considering the prediction uncertainty and 

model complexity may not have been important several decades ago because there were only a 

few models. Those few models were developed under a lot of assumptions for simplification and 

were straightforward in the applications. However, with the advanced computing technology and 

understanding of the material, more and more complex mechanistic models are and will be 

developed incorporating more nature laws. It entails the methodological advance to understand 

the importance of uncertainty in the mechanistic model prediction. 
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Table 1. Existing mechanistic models. 

Categories Model description 

Mixture material property 

model 

¶ Linear viscoelastic model (24) 

¶ Nonlinear viscoelastic model (25-28) 

¶ Viscoelastic plastic model (29-31) 

Mixture aging model 

¶ Aging in material properties or material response change 

(32-35) 

¶ Aging in constitutive model change (36-38) 

¶ Aging in viscosity change (39-41) 

Pavement temperature 

prediction model 

¶ Steady-state temperature distribution (42-45) 

¶ Transient modeling based on theory of heat transfer and 

energy balance (46-49) 

Traffic load model 
¶ Traffic traction stress and strain model (50-53) 

¶ Traffic load spectrum model (54-55) 

Fatigue life prediction model 
¶ Fracture mechanics (56-60) 

¶ Cumulative damage model (61-65) 

Permanent deformation 

prediction model 

¶ Pavement structure (66-71) 

¶ Subgrade soils (72-73) 

Cracking model 

¶ Temperature cracking (74-77) 

¶ Reflective cracking (78-80) 

¶ Top-down cracking (81-83) 

Pavement roughness model ¶ Vehicle-pavement interaction (84-86) 

Moisture damage ¶ Adhesive and cohesive damage (87-89) 

Micromechanics model ¶ Composite system (90-94) 

 

1.2. Scope and Objectives 

The overall objective is to establish a framework to quantify the uncertainty of 

mechanistic models and improve the reliability of the model by integrating the uncertainty and 

stochasticity during the development process. This framework is built using S-VECD as a 

platform but can be replaced with other mechanistic models. 

The specific objectives to build the framework are as follows: 

¶ Establish the repeatability and reproducibility analysis in S-VECD test results. 

¶ Conduct uncertainty quantification of the S-VECD model. 
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¶ Construct alternative models based on original S-VECD model that could possibly improve 

the model reliability. 

¶ Evaluate all the models with respect to their prediction performance. 

1.3. Dissertation Outline 

The dissertation consists of nine chapters describing in detail the concluding remarks 

from the overall research plan and recommendation for future research. Each chapter is 

summarized in the following. An overall schematic of the dissertation is presented in Figure 2. 

¶ Chapter 1: Introduction ï Provides an overall introduction to the research background and 

need for the research undertaken. It also describes the research objectives and gives an 

overall outline of the dissertation. 

¶ Chapter 2: Literature Review ï Reviews the existing models for the fatigue performance 

prediction of asphalt materials and the development history of S-VECD model. It also 

presents the current study on reliability analysis conducted in pavement engineering. Then 

it reviews the functional data analysis and techniques used in uncertainty quantification.  

¶ Chapter 3: Development of Variation Index for C-S Curve Results ï Proposes a variation 

index to quantitatively characterize the variation of S-VECD modelôs damage 

characteristic function for further analysis. 

¶ Chapter 4: Repeatability and Reproducibility Analysis ï Collects test results of S-VECD 

tests from multiple laboratories/users on the same material and data from multiple material 

sources. It presents the repeatability and reproducibility limit of S-VECD test results. 

¶ Chapter 5: Uncertainty Quantification of S-VECD Model ï Constructs the uncertainty 

quantification analysis of S-VECD model assuming independence between dynamic 

modulus model, damage characteristics curve, and failure criterion model and considers 

dynamic modulus model using sigmoidal form.  

¶ Chapter 6: Sensitivity Analysis of S-VECD Model ï Identifies the influential parameters in 

S-VECD model through sensitivity analysis based on the results from the uncertainty 

quantification. 
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¶ Chapter 7: Improving S-VECD Model ï Illustrates two ways to improve the S-VECD 

model. One is through redefining the calculation of damage growth rate (alpha) and the 

other through changing data fitting algorithms in parameter estimation of damage 

characteristic curve.  

¶ Chapter 8: Evaluation of Different Methods of Characterizing S-VECD Model ï Evaluates 

different methods for characterizing the S-VECD model by first predicting the fatigue 

behaviors for mixtures after considering the total uncertainty and comparing these 

predictions with how well they matches with field results or engineering judgement.. A 

recommendation on improved S-VECD model was made. 

¶ Chapter 9: Conclusion and Future Work ï Provides a summary of conclusions drawn from 

this research and discusses the scope of future work. 
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Figure 2. Schematic of the overall research. 
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CHAPTER 2 LITERATURE REVIEW  

Understanding the development of fatigue performance model of asphalt material gives 

insights in how and where to improve the model. This chapter first reviews different fatigue 

performance models used for asphalt mixture. Then it gives a detailed review on the history of 

the development of S-VECD model and reliability analysis in asphalt mixture modeling. These 

background supports the proposition of alternative S-VECD models. Finally, it reviews the 

uncertainty quantification and functional data analysis techniques utilized in different 

mechanistic models in different areas. They are reviewed for the legitimacy of the methodology 

used in this study. 

2.1. Fatigue Performance Model of Asphalt Mixture 

Fatigue is considered to develop in three phases including cracking initiation, stable crack 

growth, and unstable crack propagation. There are three main methodologies used for cracking 

prediction: (a) empirical method, (b) fracture mechanics, and (c) continuum damage mechanics. 

The empirical method is the most used and has been in development and use since Hveem (1) 

proposed that fatigue cracking was the major form of distress on asphalt pavement with high 

traffic loads. Fracture mechanics based models consider location and geometry of macro crack 

and characterize crack propagation. Continuum damage based models assumes cracks are well 

distributed and small and can be quantified based on the reduction in effective stiffness.  

2.1.1. Empirical Models 

Laboratory experiments that aim at characterizing the fatigue resistance properties of 

asphalt concrete under different types of repetitive loading were conducted by the pilot 

researchers (2-5). Deacon and Monismith (2) found out the model of loading, either controlled-

stress or controlled-strain has a strong influence on the fatigue life results. For repetitive loading 
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with controlled-stress, specimens with the largest initial stiffness moduli tend to perform better 

while the reverse is true for loading with controlled-strain. Raithby (3) discovered that strain 

recovery during the rest periods results in longer fatigue life under simple loading. Mc Elvaney 

and Pell (4) identified the beneficial effect of rest periods between successive blocks of loading 

cycles under repetitive loading if the level of damage incurred between the rest period does not 

exceed a certain level. Monismith (6) and Pell (7) developed the empirical models to predict 

fatigue life of asphalt concrete in the 1960ôs and 1970ôs using either the tensile strain or the 

tensile stress for controlled strain tests and controlled stress test, as shown in Equation (2.1) and 

Equation (2.2), respectively.  
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where 

 Nf = number of cycles to failure, 

 Ůt = tensile strain, 

 ůt =  tensile stress, and 

 A,B,C,D = material constants. 

The limitation of these models is that they can only be applied to the environmental, 

material, and loading conditions that were used to calibrate the models. In an attempt to account 

for the effects of loading frequency and temperature, several studies have tried to add a mixture 

stiffness term (8-12) and the more generalized model was developed in Equation (2.3). Almost 

all these models were developed assuming that the fatigue crack initiates from the bottom of the 
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asphalt layer and propagated into the surface. This assumption may not hold with thick asphalt 

layers (greater than 25 cm). 

 32

1( ) ( )
KK

f tN K Ee=    (2.3) 

where  

 E = stiffness of asphalt mixture and 

 K1,K2,K3 = material constants. 

Even though the empirical models have been established to predict the fatigue life of 

asphalt material, it was well recognized that the fatigue behavior is more of a stochastic rather 

than deterministic phenomenon due to the variability observed in the fatigue testing (2, 5-7,13-

17). Details of the selected models developed based on Equation (2.3) are described as 

following. 

2.1.1.1. Asphalt Institute 

Finn et al (9) determined the values of K1, K2, K3 in Equation (2.3) for the laboratory 

fatigue prediction model based on control-stress four point bending fatigue test data. Then this 

laboratory fatigue prediction model was calibrated using the field data from American 

Association of State Highway Officials (AASHTO) road test sections. Equation (2.4) represents 

the field fatigue prediction model calibrated with 45% of wheel-path cracking. 

 () ()
3.291 0.854

18.4 0.00432f tN Ee
- -

= ³ ³ ³   (2.4) 

Asphalt Institute (10) adopted Equation (2.4) and modified by adding a correction factor 

to account for the volumetric properties of the mixture. The final model is shown from Equation 

(2.5) to (2.7). 

 () ()
3.291 0.854

18.4 0.00432f tN C Ee
- -

= ³ ³ ³ ³   (2.5) 

 10MC=   (2.6) 
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where 

 Vbe = effective binder content (%) and 

 Va = air void (%). 

2.1.1.2. Shell International 

Shell International Petroleum Company developed a fatigue prediction model similar to 

that of the Asphalt Institute shown in Equation (2.8) in 1978 (11). In 1980, separate equations 

were developed to predict the tensile strain for both constant stress and constant strain test 

conditions by Bonnaure et al (12) using 146 fatigue curves from five European laboratories, 

presented in Equation (2.9) and (2.10), respectively. Therefore, the fatigue life in Equation (2.8) 

can be predicted using only parameters of PI, Vb, and Emix.  

 () ( )
5.671 2.363

0.0685f t mixN Ee
- -

= ³ ³   (2.8) 

 ( ) 0 36 0 24 102 0 205 1 094 2 7807 . .

t b b mix. PI . PIV . V . E Ne - -= - + - ³ ³ (2.9) 

 ( ) 0 28 0 20 300 0 015 0 080 0 198 . .

t b b mix. PI . PIV . V . E Ne - -= - + - ³ ³ (2.10) 

where 

 PI = penetration index, 

 Vb = percentage of asphalt volume in the mixture, and 

 Emix = stiffness modulus of the mixture, N/m2. 

In 2000, Witczak and Mirza (18) included a sigmoidal function of asphalt layer thickness 

to account for the different loading conditions, either constant stress or constant strain, under 

either thick or thin asphalt pavements, shown in Equation (2.12). The whole model is presented 

from Equation (2.11) to (2.13).  
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where 

 E = dynamic modulus of asphalt layer, psi, 

 Vbe = effective asphalt volume content, %, and 

 hac = thickness of asphalt layer, inches. 

2.1.1.3. Cost Allocation Study for FHWA 

Rauhut et al. (19) reviewed twelve fatigue relationships available in the literature from 

previous studies, selected the typical fatigue curve and modified it to represent the specific 

mixture stiffness. He found out that the fatigue constants K1 and K2 were related for many of the 

fatigue relationships developed using both constant strain and constant stress tests. This 

relationship was used to develop a more general fatigue curve shown from Equation (2.14) to 

(2.16). 
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where 

 K1R = 7.87×10-7, representing the reference fatigue coefficient determined from 

fatigue studies at a reference temperature of 21.1ęC, 
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 Er = the total resilient modulus measured with the indirect tensile test at a 

specific test temperature, psi, and 

 ERr = 500,000 psi, representing the reference total resilient modulus for a test 

temperature of 21.1ęC. 

The fatigue relationship was then converted to predict the percent area cracking using 

over 40 test sections from roadways around the U.S. (19), shown in Equation (2.17) to (2.18) . 

This equation is applicable to fatigue cracking areas from 0 percent to 50 percent. 
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where 

 n(t) =  number of actual cumulative equivalent single axles loads with time, t. 

 Ac =  Area with fatigue cracking, percent of wheel path area. 

 DI(t) =  Damage index with time, t. 

2.1.1.4. Other Studies 

Other than using the tensile strain, fatigue life prediction of flexible pavements with the 

surface deflection (20) have also been studied since the deformation is easy to obtain. It was 

found that the plateau value of performance deformation ratio, which represents the difference 

between performance deformations in two successive loading cycles, can be used to predict the 

fatigue life.  

2.1.2. Fracture Mechanics 

In fracture mechanics, the crack propagation rate is dependent on the initial size of flaw, 

loading and boundary condition, induced stress, and fracture toughness of the material (21). A 
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crack will grow when the reduction of potential energy due to crack growth is greater than or 

equal to the increase of surface energy due to the new free surfaces. Griffith (22) first developed 

this fundamental concept of linear elastic fracture mechanics and introduced energy release rate. 

The typical application of Griffth theory is the through crack in a plate under tension, shown in 

Figure 3. Assuming plane stress, the energy release rate can be calculated in Equation (2.19). 

Therefore, the failure stress can be calculated when the crack release rate equals the surface 

energy increase.  

 
2a

G
E

ps
=  (2.19) 

where 

 ů = tensile stress, 

 E = Youngôs modulus, and 

 a = crack length. 

The quantity ( as p) was then combined into one variable called the stress intensity 

factor, K, which characterizes the load around a crack tip. In 1961, P.C. Paris first introduced the 

idea that the rate of crack growth is dependent on the stress intensity factor. Later on, Parisô law 

(23) was developed to calculate the rate of growth of a fatigue crack, as shown in Equation 

(2.20). Apart from the crack growth under tension, the crack growth under shear mode and tear 

mode were also investigated and the stress intensity factor shares different form (24).   

 ()
nda

A K
dN
=   (2.20) 

where 

 N = number of loading repetitions, 

 A, n = fracture constants, and 
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 K = stress intensity factor. 

 

 

Figure 3. Through crack of length 2a in a plate under tension. 

There are several studies conducted regarding the selection of parameters A and n. 

Schapery (25) recommended using the slope of the log creep compliance curve to estimate n. 

Majidzadeh (26) suggested calculating A value with respect to the indirect tensile strength, the 

complex modulus, and the fracture toughness. Molenaar (27) developed the relationship between 

parameter A and other asphalt mixture properties, including tensile strength, stiffness, and n.  

As part of the original SHRP work, Lytton (28) separated crack initiation and crack 

propagation and proposed using the Paris law to determine the number of loading applications 

required to propagate a crack of initial length c0 to the surface, as shown in Equation (2.21). The 

parameters A and n are computed in Equation based on Schaperyôs theory (25) and extended by 

Lytton (29), because no tests results were available for evaluating A and n from tests of field 

cores. 
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where  

 Nfp = number of load applications to propagate a crack of initial length, a0, to the 

surface, 

 hac = asphalt layer thickness, and 

 ao = initial crack length.  
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where 

 D(t) = creep compliance, 

 D0,D1,m = parameters in the power law expression of the creep compliance 

 ůt = tensile strength of the mixture, and 

 a0 to a4 = five constants to be derived from the calibration of the model. 

Various forms of laboratory experiments have also been developed to characterize the 

asphalt mixture properties (A, n) in fracture propagation. The most common tests include Indirect 

Tension Testing (30, 31), Texas Overlay Tester (32, 33), and Semicircular Bending Beam (34-

37). Indirect Tension Testing uses a disk-shaped asphalt mixture sample with constant rate 

loading. The load and corresponding deformation results are used to measure the fracture energy 

and tensile strength of asphalt mixtures. Texas Overlay Test is a quick procedure to detect the 

fracture property of asphalt mixture with a triangular cyclic pattern loading. It mimics the 

reflective cracking and provides a quick pass or fail test. However, it is difficult to predict the 

performance of different loading and environmental conditions using the index-based test results. 
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Semicircular Bending test uses semicircular disk-shaped samples with a predefined notch and 

monotonic loading. The test results can be used to measure the fracture toughness, energy 

dissipation rate, stress intensity factor, and fracture energy. However, the test does not evaluate 

crack initiation and the loading rate does not reflect the field traffic loading rate.  

2.1.3. Continuum Damage Mechanics 

The original concept of Continuum Damage Mechanics (CDM) was introduced by 

Kachanov in 1958 (38), and it was further developed by Hult (39). The key difference between 

CDM and fracture mechanics is that CDM considers the crack initiation. Moreover, it is assumed 

in CDM that the distributed defects in the material not only lead to the crack initiation and the 

final fracture, but also induces the material damage, presented as the decrease of material 

integrity such as stiffness, strength, rigidity, toughness, and stability.  

In characterizing asphalt material, CDM is used along with linear viscoelasticity, the so-

called Viscoelastic Continuum Damage (VECD) model. The VECD model was developed based 

on work potential theory, material thermodynamics and elastic-viscoelastic correspondence 

principal. Schapery (40) proposed the elastic-viscoelastic correspondence principle that can be 

applied to both linear and nonlinear viscoelastic materials. The fundamental concept of VECD 

method is to separate the damage-induced stiffness decrease from the viscoelasticity-based 

stiffness change, thus the damage deterioration can be directly interpreted. Kim and Little (41) 

first implemented Schaperyôs theory into asphalt mixtures. Later, Lee and Kim (42) introduced 

the chain rule and quantified the damage of asphalt mixture using the internal damage state 

variable S. This derivation enabled characterizing the fatigue damage of asphalt mixture using 

VECD model with uniaxial tensile cyclic loading test. Daniel and Kim (43) furthered this work 

and found out that the relationship between the stiffness and the internal damage state is a 
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material property regardless the model of loading and can be determined using constant 

crosshead rate monotonic test.  

VECD modeling shows promising results in predicting fatigue life of asphalt mixtures 

subjected to constant rate loading conditions. However, the damage calculation of VECD model 

when it comes to cyclic loading fatigue test, which represents the traffic loading on the 

pavement, becomes computationally expensive and susceptible to errors. Underwood (44) 

addressed this issue by developing a S-VECD model. The S-VECD model calculates the first 

half cycle exactly the same as the regular VECD equation with complete pseudo strain and the 

following cycles with a simplified version of VECD that approximates pseudo strain. Several 

studies have successfully applied S-VECD to characterize fatigue behavior of asphalt mixtures 

with RAP and RAS (45, 46). A detailed review of S-VECD equations and damage curve 

development are presented in the next section.  

2.2. S-VECD Model 

2.2.1. Model Summary 

The summary of the S-VECD model and how the experimental data are generated and 

used to characterize the material property are presented in this section. The S-VECD model has 

three components: 1) the linear viscoelastic property, characterized by dynamic modulus or 

relaxation modulus; 2) damage characteristic curve (C-S curve); and 3) failure criterion DR.  

The dynamic modulus test and cyclic fatigue test are conducted to generate the 

experimental data to characterize the S-VECD model parameters for asphalt mixtures. The 

measured data from the dynamic modulus test are the dynamic modulus and phase angle at 

different temperature and frequency combinations. The measured data from the cyclic fatigue 

test are the stress and strain with time under the cyclic loading.  
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The measured dynamic modulus is then fitted in a sigmoidal function or 2S2P1D 

function to generate the relaxation modulus E(t) using collocation method (47). The damage 

growth rate Ŭ is calculated using the maximum log-log slope of the relaxation modulus curve.  

The C-S curve depicts the constitutive relationship of the material as damage 

accumulates. The work potential theory is applied as the governing damage evolution law to 

derive the C-S curve, as shown from Equation (2.25) to (2.28). 
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where  

 E(t)  = linear viscoelastic relaxation modulus, 

 t = loading time., 

 Ű  = integration term, 

 Ů  = strain, 

 ER  = reference modulus (typically taken as 1) used for dimensional compatibility, 

 ŮR  = pseudo strain., 

 C  = pseudo stiffness, 

 WR  = pseudo strain energy,  

 ů  = stress, 
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 S  = internal state variable representing damage, and 

 Ŭ  = damage growth rate characterized from linear viscoelastic property. 

The regular C-S curve formulation becomes computationally challenging and prone to 

additional errors with cyclic loading fatigue tests. Therefore, a simplified version of the model 

characterization, so called S-VECD, was proposed (44). It consists of the transient step and the 

simplified steady step in calculating C and S in the model, presented from Equation (2.29) to 

(2.33).  

First cycle (transient step): 
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Simplified Steady step 
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where 

 C* = simplified pseudo stiffness in steady step, 

 DMR = dynamic modulus ratio, 

  tR  = reduced time, 

 fred  = reduced frequency, 

 f = loading frequency, 

 a1,a2 = shift factor coefficients, 

 Tref = reference temperature, 21.1ęC, 

 T = temperature for fatigue testing, 

 N = loading cycles, 

 ɓ  = a factor quantifying the tensile loading time, 

 ůpeak, ůvalley = peak and valley value of the stress, 

 Ůpp  = peak-to-peak strain amplitude, 

 ŮRpp  = pseudo peak-to-peak strain amplitude, 

 ŮRta  = pseudo tension strain amplitude, 

 |E*|LVE  = dynamic modulus value at the temperature and frequency of the cyclic 

fatigue testing, 
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  ůpp  = peak to peak stress amplitude, and 

 K1  = loading shape factor. 

The C and S variables have a unique relationship that is independent of the loading mode, 

loading amplitude, and loading temperature. The graphical expression of this relationship is 

called the damage characteristic curve. Equation (2.34) presents the power-law relationship 

between C and S (48). 

 () 12

111 CC S C S= -  (2.34) 

where  

 C11 , C12 = model coefficients. 

The failure criterion DR is defined based on observations that the average loss of 

integrity, DR, is constant regardless of the loading mode, loading amplitude, and temperature 

(49). It was developed in comparison with a previous failure criterion GR (50, 51), but better in 

terms of its ability to predict without extrapolation and less required number of tests.  
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where  

 DR  = failure criterion. 

 Nf  = number of load cycles at failure. 

After the model coefficients are obtained, the number of cycle to failure under a control-

strain cyclic fatigue test can be determined using Equation (2.36). 
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An index parameter called Sapp has been developed to evaluate the fatigue resistance of an 

asphalt mixture based on S-VECD theory, as shown in Equation (2.37) (52). The value of the 

index usually varies between 0-50 (53), and a higher Sapp value indicates better fatigue resistance.  

 

12

1
1

1

1
112

* 4

1000

R C

T

app

D
a

C
S

E

a
a

a

+

-

å õ
æ ö
ç ÷=  (2.37) 

2.2.2. Damage Growth Rate (Ŭ Value) 

The value of Ŭ in the S-VECD model is related to the materialôs creep or relaxation 

properties derived from mechanics and sound mathematical principles. It is chosen to be Ŭ 

=1+1/m or Ŭ =1/m, dependent on the characteristics of the failure zone at the crack tip, where m 

is the slope of the linear viscoelastic response on time in a logarithmic scale. If the materialôs 

fracture energy and failure stress are constant, Ŭ =1+1/m; if the fracture energy and fracture 

process zone are constant, Ŭ =1/m. Figure 4 shows a typical open-mode crack schematic where 

the shades represent the failure zone. More details regarding the origin of alpha definition will be 

discussed in the following sections. 

 

Figure 4. Cross section of a crack in the material (25) 
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In order to verify the selection of Ŭ value, at least two data sets that have different 

stress/strain levels are required. If Ŭ is a true material constant, two different load-level data 

should fall on the same C-S curve. When there is a discrepancy between the two curves, the Ŭ 

value may be adjusted to achieve a good match (54). 

Lee (55) implemented the theory on asphalt mixture material under controlled crosshead 

strain (CX) test and controlled stress (CS) test. It was found that for CX tests, Ŭ =1+1/m is 

selected for better curve collapse while for CS tests, an optimized Ŭ through trial-and-error that is 

close to Ŭ =1/m is recommended. This result is supported by Daniel (56) for the CX tests, 

Underwood (57) for the CS tests, and Underwood (58) for both tests. Chehab (59) conducted the 

constant crosshead rate test and concluded that the Ŭ value of 1/m yields the best collapse among 

the curves for C versus S.  

The damage evolution law shown in Equation (2.25) was guided by the microcrack 

growth equation (60-62) in Equation (2.38) based on a more general rate-type evolution law for 

internal state variables as Equation (2.39) (62), 

 a K a= F  (2.38) 

 ( ) ( ), 1,2,...m
m m m m
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A S F f m M
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= =   (2.39) 

 /m mf W S¹-µ µ (2.40) 

where  

 a  = crack length, 

 K,  Ŭ  = positive constants, 

 ū  = J integral (61) or energy release rate (60, 62), 

 Sm  = internal variables, and 
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 Fm  = usually a strongly increasing function of the associated thermodynamic 

force fm.  

2.2.2.1. Crack growth rate regarding J integral 

Equation (2.41) represents the fundamental equation for predicting crack growth rate 

(63), 

 ( / , ) 2R vE D k a t Jg = G  (2.41) 
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where  

 ɔ  = failure zone (nominated as Ŭ in 63, shown in Figure 4), 

 k  = a positive factor weakly related to the linear response properties, 

 Jv  = J integral, 

 ũ = fracture energy, 

 ůf  = tensile stress distribution as the reaction of the failure zone on the 

surrounding continuum, 

 ům  = failure stress, maximum of ůf along the failure zone on the surrounding 

continuum, as shown in Figure 5, 

  If  = a dimensionless integral regarding the failure stress distribution in the 

failure zone, and 

 N  = nonlinearity coefficient.  
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Figure 5. Normal stress distribution along crack plane (25) 

To derive the microcrack growth power law function, a small-scale failure zone is first 

assumed. Then the creep compliance of the material is expressed as a power law in time without 

aging, as shown in Equation (2.43). 

 1( ) ( )mD t D tt t- = -    (2.43) 

In general, the ům and ũ may depend on crack speed and other parameters. However, if ům 

and ũ are constant, the microcrack growth rate model will yield Equation (2.38), where ū=Jv, 

and Ŭ=1+1/m. If ɔ and ũ are constant, Equation (2.41) predicts Ŭ=1/m. The Ŭ results from 

experimental data on a globally linear elastomer was shown to be consistent with the assumption 

of constant ům and ũ in theory (64).  

2.2.2.2. Crack growth rate regarding the stress intensity factor 

First of all, for the linear problem, Schapery (63) presented the relationship between J 

integral and stress intensity factor as Equation (2.44), 

 
2 2

1(1 ) /vJ K En= -   (2.44) 

where  

 K1  = the opening-mode stress intensity factor and K1ſЍς“N0,  

 N0  = the local stress intensity factor,  
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 E  = Youngôs modulus, and  

 ɡ  = Poissonôs ratio.  

Therefore, Jv is directly proportional to N0
2, shown as 

 
2

0~vJ N   (2.45) 

Schapery (65) also developed the crack growth rate with regard to the local stress 

intensity factor N0. The governing equations for crack growth is shown from Equation (2.46) to 

(2.48). 
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where  

 I1  = a dimensionless integral, 

 Cv  = compliance function, and 

 ɚn
1/n  = equals k in Equation (2.41) which is a very weak function of the slope n. 

Then, the crack growth rate can be solved explicitly as Equation (2.49). 
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If ům and ũ are constant, the failure zone ɔ in Equation (2.49) can be substituted with 

Equation (2.48), and yield  
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Thus,  
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If ɔ and ũ are constant, Equation (2.49) shows 

 
2(1/ ) 1/

0~ ~n n

va N J   (2.52) 

This power law function of crack growth rate was applied in asphalt concrete (65) 

regarding ñeffectiveò stress intensity factor. In the paper, the power value ɓ=2(1+1/n) was used 

with asphalt binder (n=1, thus ɓ=4), rather than asphalt concrete (0Òn<0.5, thus ɓ>6), to match 

the experiment results. However, the experiment results were conducted with repeated load 

cycles instead of displacement control (66, 67). It might be more appropriate to assume the 

failure zone ɔ and fracture energy ũ are constant, rather than failure stress ům and fracture energy 

ũ are constant. In this case, the power value would be 2/n which results in ɓ>4. Although it still 

does not perfectly describe the experiment results where ɓ was shown to be less than 4, it can be 

due to the lack of known failure zone size relative to microstructure dimension. 

In the end, it shows that the crack growth rate function with regard to either J integral or 

local stress intensity factor give the same power value function. However, it should also be noted 

that experimentally determined values of Ŭ may also be helpful in determining failure zone 

characteristics and guiding theoretic model development.  

2.2.3. Variance of the S-VECD Test Results 

Mechanical properties of a material, such as the modulus of elasticity, tensile strength, 

elongation, and so on, are always characterized by experiments. Multiple test replicates are 

usually required in the experiment procedure to reduce the effect of measurement error, which is 

the difference between a measured value of a quantity and the true value. The variance of these 

test results is usually an indicator of the measurement error and can be used to determine the 

familiarity of the users conducting the test, identify the sensitivity of the experiment procedure, 
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compare the equality of two test results, establish Monte Carlo sampling, or do error propagation 

in uncertainty analysis. The current way to calculate sample variance for univariate data is to 

calculate the average of the squared differences from the mean. It is a standard way to measure 

how far a set of numbers are spread out from their average value.  

However, material fatigue models usually yield responses that exhibit time dependence. 

As stated in the S-VECD model summary, the main results from the S-VECD test are the 

dynamic modulus mastercurve, C-S curve, and the failure criterion DR value. Among the three 

results, the former two both have the functional data form expressed as a relationship.  

If these results are considered as univariate data, then the statistical analysis, such as 

analysis of variance (ANOVA test) must be applied at the same temperature and frequency for 

dynamic modulus or same damage condition (S value) for C-S curve, as conducted on univariate 

data of specific gravity, mixture volumetrics and so on (68-70).  

For the dynamic modulus data, researchers have generally focused on analyzing one 

temperature and frequency combination (71-73), which ignores the information regarding the 

inherent relationship between different temperature and frequency. Others have performed an 

ANOVA test on each measured temperature and frequency (74, 75), which generates lots of 

information and can lead to contradictory conclusions. Bonaquist (76) studied the precision of 

the dynamic modulus conducted with the Asphalt Mixture Performance Tester and implemented 

ASTM E691 (2003), ñStandard Practice for Conducting an Interlaboratory Study to Determine 

the Precision of a Test Methodò (77), on the data for each combination of temperature and 

frequency.  

For the damage characteristic curve, little analysis has been conducted to quantitatively 

characterize the variation of the results or develop a precision statement due to lack of theory. 
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Researchers have focused mainly on the variation of fatigue life prediction of asphalt material 

from S-VECD model incorporating the dynamic modulus and damage characteristic curve 

ignoring the fact that the damage characteristic curve is the fundamental mechanical property of 

the material (78-81).  

While univariate approaches prevail, these data can be treated as multivariate data for the 

purposes of analysis if each combination of temperature and frequency or damage condition is 

treated as one variable (82). However, this treatment ignores the fact that the underlying 

measured material property is a curve and can encounter difficulties if the data points are not 

evenly distributed, not the same across different subjects/specimens, or larger than the number of 

subjects/specimens (83).  

2.3. Reliability Analysis 

The reliability of mechanistic approaches is difficult to characterize compared with 

empirical approaches in asphalt pavement design. With empirical approaches, traditional 

statistical analyses become straightforward since they are highly data driven and by their very 

nature provide sufficient information to characterize the distribution function of any residual 

error between the empirical function and the measured performance. Mechanistic approaches are 

generally associated with less total data (since more effort is needed to characterize material 

inputs). However, even when sufficient data do exist, the analysis is not straightforward because 

to be rigorous one must consider separately the uncertainty of the material model, the structural 

model, the input parameters, and the in-service performance measures. 

The reliability concept has been applied into different pavement design approaches (84-

88). What little research does exist into these questions has largely focused on the question of 

material model uncertainty. Caro (89) presented a methodology that includes the uncertainty of 
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material properties as part of the mechanical response of pavement structures. Slowik (90) 

characterized the measurement uncertainty for stiffness modulus of asphalt mixture using 

indirect tension method.  Rema (91) discussed the uncertainty in interconversion methods from 

dynamic modulus test results to creep compliance and relaxation modulus. Gudipudi (80) studied 

the reliability of fatigue predictions in S-VECD Model given the variation in input parameters. 

Kassem (92) used first order approximation and Monte Carlo simulations to characterize the 

uncertainty of the linear viscoelastic (LVE) functions and damage characteristic curves of the 

ViscoElastoPlastic (VEP) behavior of asphalt mixtures.  

While the latter two studies have taken to directly assessing the uncertainty in parametric 

estimation in the continuum damage models, their techniques represent basic approaches that are 

known to have limitations (93). In these approaches, the parameters were subjectively assumed 

to be independent with each other and assumed to follow a certain distribution of the observed 

data without further robust analysis. Thus, these approaches have only used the forward 

uncertainty propagation method to quantify the uncertainties in system outputs propagated from 

uncertain inputs while the uncertain inputs are selected somewhat arbitrarily. 

2.4. Functional Data Analysis 

There are three main techniques dealing with data that changes with time: time series 

analysis (TSA), longitudinal data analysis (LDA), and functional data analysis (FDA). Time 

series data requires data points to be recorded at consistent intervals over a set period of time 

rather than intermittently or randomly. It is also necessary for TSA data to have a large number 

of data points to ensure consistency and reliability, thus a representative sample size. The most 

common applications of TSA data include weather data, rainfall measurements, heart rate 

monitoring data, stock prices, interest rates. Longitudinal data is data collected through a series 
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of repeated observations of the same subjects over some extended time frame. It is used to track 

the past change and predict the future change based on the observed data. Functional data is 

defined as ñmultivariate data with an ordering dimensionò (94). Therefore, functional data 

includes longitudinal data but has a broader definition than longitudinal data. It consists of 

curves varying over a continuum not only time, but also frequency, wavelength, spatial location, 

etc.  

FDA is a branch of statistics that analyzes data with information regarding curves, 

surfaces, or anything else over a continuum. The technique in FDA is built on longitudinal and 

multivariate methods. There are four main differences between FDA and LDA: (a) FDA requires 

no parametric assumption on the underlying process while LDA does; (b) missing data is not 

very important in FDA but very important in LDA; (c) FDA aims at subject specific trajectories 

while LDA aims only at future inference; (d) the sample design for FDA is typically high 

frequency while for LDA sparser and more irregular. 

The most used techniques in FDA include Functional Principal Component Analysis 

(FPCA) for dimension reduction and functional linear regression models with functional data for 

response or covariates or both. R has various packages available for FDA, among which 

refund  (95) is used for regression with functional data, fda  (96) is used for functional data 

analysis, fpca  (97) used for functional principal component analysis. 

In this dissertation, it is argued more broadly that by definition the dynamic mastercurve 

and damage characteristic curve data can be treated as ófunctional dataô. In this case, functional 

data analysis (FDA), a branch of statistics that analyzes data that provide information regarding 

curves, surfaces, or anything else over a continuum, offers a more accurate framework from 

which to assess variation in the test outcomes (98). However, there are still knowledge gaps that 
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need to be addressed because direct adoption of FDA is not well suited to these data. First, the 

core technique of FDA lies in its nonparametric smoothing of the data points and thus adds the 

complexity of analysis of variance. The dynamic modulus and damage characteristic curve data, 

on the other hand, usually are represented by fitted functions for further analysis. Second, the 

way of calculating average for different replicates is different. In FDA, the average of multiple 

replicates is calculated as the mean value at different sampling points, while in the S-VECD 

analysis, the average is a fitted curve including data points of all the replicates. Third, there is no 

developed framework of repeatability and reproducibility precision statement in FDA theory.  

2.5. Uncertainty Quantification  

2.5.1.1. Markov Chain Monte Carlo (MCMC) method 

A general expression for a system where modeling and measurement errors behave as a 

random variable, Ůi are unbiased, independent, and identically distributed ï i.e., each Ůi follows 

the same probability distribution, is shown in Equation (2.53). 

 () , 1,2,i i if Q i ne  = + =  (2.53) 

where ɭ = measurement, 

 fi = model function, 

 Q = parameters, 

 fi(Q) = parameter-dependent model response, and  

 Ůi = measurement errors. 

Characterization involves estimating the parameters, Q, according to a distribution so that 

the model best estimates the measurements. Two approaches exist to estimate these parameters, 

the Bayesian inference and the Frequentist inference.  

Traditionally, material models are characterized from the frequentist perspective where 

parameters are considered to be unknown but fixed and are thus deterministic. Since they are 
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fixed, confidence intervals can be constructed in frequentist inference for parameter estimators 

based on assumptions of normality for errors. The confidence intervals in the framework of 

frequentist inference have the following interpretation: if a 95% interval estimate of parameters 

is repeated for a very large number of different samples, 95% of the intervals would include the 

true population parameter. Therefore, frequentist inference is not a direct measure of parameter 

uncertainty rather it quantifies the accuracy and variability of the estimation procedure.  

In the Bayesian approach, the model is no longer considered deterministic and is instead 

treated as a random variable. Consequently, the solution is expressed in terms of the probability 

distribution of the model parameters, referred to as posterior distribution, instead of being a 

determinate single valued function. The posterior densities are usually displayed as credible 

intervals: a 95% credible interval can be interpreted as 95% of the region contains the true 

population parameter. As a result, the Bayesian perspective is natural for quantifying the model 

uncertainty since it provides densities that can be propagated through the various analysis step of 

complicated models.  

A specific type of Bayesian inference for models is the MCMC technique (99). This 

method was specifically developed to solve the issue of calculation of posterior distribution in 

Bayesian inference to inversely quantify the uncertainty in parameters.  

Broadly speaking the MCMC technique is used to approximate the posterior distribution 

of a parameter of interest in the model by random sampling in a probabilistic space. Since the 

technique involves multiple steps, a number of different specific MCMC methodologies exist. In 

this research, the approach given by Smith (99), which uses two Metropolis-Hastings type 

methods (delayed rejection and adaptive metropolis, or DRAM) has been used. A Metropolis-

Hastings algorithm proceeds by randomly attempting to move about the sample space, 
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sometimes accepting the moves and sometimes remaining in place. If the next point is more 

probable than the existing point, this move will always be accepted. However, if the next point is 

less probable, this move will sometimes be rejected. And the more relative drop in probability, 

the more likely the new point is rejected (100). The combined method of DRAM was chosen 

because instead of the standard Metropolis algorithm, it can incorporate the information of the 

distribution of currently accepted parameter value and better propose the next possible parameter 

value in the probabilistic space. This algorithm is summarized as follows: 

1. Set design parameters ὲȟ„ȟὯ and number of parameter value chain iterates M, 

2. Determine initial parameter value, q0, using the following algorithm, ή

ÁÒÇÍÉÎВ ὺ Ὢή   where ὺ, Ὢis the measurement and model function of 

Equation (2.53) 

3. Calculate the sum of squares of q0
 via, ὛὛ В ὺ Ὢή  

4. Compute initial variance estimate: ί , where n, p is the number of data and 

parameters  

5. Construct covariance estimate, ὠ ί … ή …ή   and Ὑ ὧὬέὰὠ , where 

…ή  is the sensitivity matrix of ή , chol is the Cholesky factorization of the 

covariance estimate V 

6. For Ὧ ρȟȣȢȟὓ 

(a) Sample ᾀ ὔͯπȟρ, where N (0,1) is the normal standard distribution 

(b) Construct candidate ήᶻ ή Ὑ , where R comes from the Cholesky 

factorization 

(c) Sample ό Ὗͯπȟρ, where Ὗπȟρ is the uniform distribution from 0 to 1 

(d) Compute ὛὛᶻ В ὺ Ὢήᶻ  

(e) Compute  

 ‌ήȿzή ÍÉÎ ρȟὩ
ᶻ Ⱦ

 

(f) If ό ‌ 

 Set ή ήᶻȟὛὛ ὛὛ  z
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else 

 Use Delayed Rejection Algorithm (20) 

endif 

(g) Update ί ὍͯὲὺὫὥάάὥὥ ȟὦ ȟύὬὩὶὩ 

 ὥ πȢυὲ ὲȟὦ πȢυὲ„ ὛὛ  

(h) If άέὨὯȟὯ ρ 

 Update ὠ ίὧέὺήȟήȟȣȟή  

Else 

 ὠ ὠ  

Endif 

(i) Update Ὑ ὧὬέὰὠ   

The final outcome of this process is the posterior distribution of the parameters of 

interest. This outcome is used to first construct the model function, fi(Q), and then subsequently 

propagate this parameter-dependent model response according to any credible interval 

probability desired (a 95% credible interval is chosen for this study). This credible interval of 

parameter-dependent model response quantified by Bayesian inference indirectly incorporates 

measurement errors Ůi since they influence the variability of parameters. In addition to that, the 

prediction intervals which directly combine parameter-dependent model response and 

measurement errors can be constructed using the variance estimate sk. An example of uncertainty 

quantification results for HIV model (99) with credible interval and prediction interval is shown 

in Figure 6. Credible interval is often confused with confidence interval since they both represent 

the distribution of the true estimation of populations means. Table 2 summarizes the difference 

between different intervals for clarification. 
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Figure 6. 95% credible and prediction intervals for HIV model (99). 

Table 2. Comparison between credible interval, confidence interval and prediction interval. 

Intervals Description 

Credible 

Interval 

¶ Derived from Bayesian theory. 

¶ Assumes parameter value has probability distributions. 

¶ Represents the interval which the parameter value falls in with 

certain probability. 

Confidence 

Interval 

¶ Derived from frequentist theory. 

¶ Assumes parameter value has a fixed quantity. 

¶ Represents the interval that covers the true parameter value with 

certain probability. 

Prediction 

Interval 

¶ Can be used both for Bayesian theory and Frequentist theory. 

¶ Represents the interval that a future observation falls in with 

certain probability. 

 

2.5.1.2. Hierarchical modeling 

A hierarchical model breaks a large model into manageable layers and combines the 

layers in hierarchical form for simplification (101). This idea can be demonstrated in the 

following example.  

95% Credible Interval

95% Prediction Interval

Measured Data
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If the joint distribution of three variables X, Y, Z are to be specified, it would be 

challenging to directly fit a multivariate joint distribution for them. However, the joint 

distribution can be written as: 

 ( , , ) ( ) ( | ) ( | , )f x y z f x f y x f z x y= ,  (2.54) 

or  

 ( , , ) ( ) ( | ) ( | )f x y z f x f y x f z y= .  (2.55) 

where f(x) is the distribution of the variable x; f(y|x) is the conditional distribution of y under the 

condition x; f(z|x,y) is the conditional distribution of z under the condition x,y; f(z|y) is the 

conditional distribution of z under the condition y. The model is represented as a directed acyclic 

graph (DAG) shown in Figure 7.  

 

Figure 7. Decomposition of calculating joint distribution of X, Y, Z, (a) corresponds to 

Equation (2.54) and (b) corresponds to Equation (2.55). 

Through the ordering of the variables using Bayes theorem, the multivariate distribution 

is reduced to three univariate distributions. The variables are ordered in a way that each 

conditional distribution depends only on the previous variables so that the joint distribution on 

the top layer will be valid. Furthermore, the flexibility of the model maintains with this model 

decomposition.  

A general way of constructing a hierarchical model is through a data layer, a process 

layer and a prior layer. The process layer should be the first step in the model building because 

this step contains the scientific processes and the parameters of interest. The data layer connects 
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the data to the process with bias and error. The prior layer quantifies the uncertainty of the model 

parameters at the beginning of the analysis.  

The hierarchical model has been successfully applied to various areas such as veterinary 

epidemiology (102), signal detection analysis of recognition memory (103), mechanical behavior 

of amorphous polymers (104), interfacial dislocation model of lath martensitic steels (105), 

biological materials modeling (106), HIV dynamic model (107). The models involved varies 

from simple linear regression model to the dynamic differential equation model, which indicates 

the feasibility of applying S-VECD model in the hierarchical modeling method. The MCMC 

method discussed earlier has been shown to work well with hierarchical models to account for all 

the uncertainty that is present. 

2.6. Summary and Knowledge Gaps 

The reliability analysis in the pavement engineering is a congregated definition that 

assumes the difference between the predicted and the measured pavement distresses comes from 

all sources of uncertainty. There are two reasons that such use of terminology has occurred. First, 

the pavement design model is a complicated procedure that combines analytical and numerical 

analysis with hundreds of inputs. It requires lots of computing resources and makes it difficult to 

conduct uncertainty quantification at that time. Second, integrating all the uncertainties into 

reliability analysis achieves the goal of conducting a probabilistic design to account for the 

variation observed in the field. It is practical and easily determined.  

However, with the development of computing technology and the theory in uncertainty 

quantification, there are more methods to identify the effects of input uncertainties and model 

errors on the model prediction uncertainty. These methods have been applied in other models 

where the model predictions with quantified uncertainties are critical for making informed 
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decisions and designs, such as the climate model, weather forecast model, subsurface hydrology 

and geology models, nuclear reactor models, and models for biological phenomena (99).  

As stated in the Introduction, conducting uncertainty quantification of the pavement 

design model has advantages in better understanding the system and instructing the decision 

making and quality control. From the authorôs perspective, uncertainty quantification of 

pavement design model is not just proposing a probabilistic design based on the model prediction 

as the current reliability analysis, it also quantifies the uncertainty more accurately and gains 

insight about how to evaluate and improve the model. 

To contribute to fill ing the knowledge gap between the need for probabilistic design of 

pavement and the development of uncertainty quantification techniques, this study demonstrates 

how uncertainty quantification analysis can be used to evaluate and improve the mechanistic 

models using S-VECD model. The following summarizes in detail the knowledge gaps between 

the traditional statistical analysis and the uncertainty quantification of S-VECD model. 

¶ The functional data form of the S-VECD test results makes it difficult to analyze variance, 

together with the repeatability & reproducibility limit and investigate the effect of sample 

size in reducing the variance of model prediction. 

¶ The complication of S-VECD model prohibits the traditional statistical analysis to capture 

the measurement variation from the test results. The S-VECD model parameters are 

interconnected with each other and the correlation between parameters, especially between 

different model components are difficult to specify in the uncertainty quantification. 

¶ It is clear that a material model like the S-VECD model is developed based on the 

mechanical theory and the accuracy of its prediction with the experimental results. 



   

57 

 

However, the consideration of model uncertainty in the model development should also be 

included especially when the model involves some empirical or phenomenological part. 
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CHAPTER 3 DEVELOPMENT OF VARIATION INDEX FOR C -S CURVE RESULTS 

This work described in this chapter aims to develop a variation index to quantitatively 

characterize the variation of S-VECD modelôs damage characteristic function. The main content 

of this work has been published in the Transportation Research Record (1) and was the result of 

the authorôs analysis and interpretations in consultation with their advisor and other committee 

members. However, as acknowledged in the Transportation Research Record, the experimental 

data used for the analysis was obtained by others. The chapter is not a direct copy of the cited 

paper because it includes additional work that was performed after the publication. The new 

content is shown in Section 3.4.3 and finalizes the variation index definition which was not the 

same as the paper recommendation. The final definition of variation index, vnorm, are used in the 

following chapters to develop precision statements and evaluate different S-VECD models. 

3.1. Introduction  

The mechanical properties of a material, such as the modulus of elasticity, tensile 

strength, elongation, and so on, are always, if not all, characterized by experiments. Multiple test 

replicates are usually required in the experiment procedure to reduce the effect of measurement 

error, which is the difference between a measured value of a quantity and the true value. The 

variance of these test results is usually an indicator of the measurement error and can be used to 

determine the familiarity of the users conducting the test, identify the sensitivity of the 

experiment procedure, compare the equality of two test results, establish Monte Carlo sampling, 

or do error propagation in uncertainty analysis. The current way to calculate sample variance for 

univariate data is to calculate the average of the squared differences from the mean. It is a 

standard way to measure how far a set of numbers are spread out from their average value. 
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Asphalt concrete, a material used widely on pavement, exhibits viscoelastic behavior. 

Thus, the complex modulus of the material is highly temperature/time dependent in the range 

where the material is subject to in the field. The S-VECD model incorporates the dynamic 

modulus property and characterizes the changes of the material property in the constitutive 

relationship as the fatigue damage accumulates. The experiments related to the model produce 

two results. One is the dynamic modulus characterized at different temperature and frequency in 

accordance with the AASHTO TP 132 or AASHTO T 378 protocol. The other is the damage 

characteristic curve that captures the change of material stiffness as the damage accumulates as a 

result from the AASHTO TP 133 or TP 107 protocol.  

If these results are considered as univariate data, then the statistical analysis, such as 

analysis of variance (ANOVA test) must be applied at the same temperature and frequency for 

dynamic modulus or same damage condition for damage characteristic curve, as conducted on 

univariate data of specific gravity, mixture volumetrics and so on (2-4). This approach has been 

taken in past research studies. For the dynamic modulus data, researchers have generally focused 

on analyzing one temperature and frequency combination (5-7), which ignores the information 

regarding the inherent relationship between different temperature and frequency. Others have 

performed an ANOVA test on each measured temperature and frequency (8-9), which generates 

lots of information and can lead to contradictory conclusions. Bonaquist (10) studied the 

precision of the dynamic modulus conducted with the Asphalt Mixture Performance Tester and 

implemented ASTM E691, ñStandard Practice for Conducting an Interlaboratory Study to 

Determine the Precision of a Test Methodò, on the data for each combination of temperature and 

frequency (11). For the damage characteristic curve, little analysis has been conducted to 

quantitatively characterize the variation of the results or develop a precision statement due to 



   

73 

 

lack of theory. Researchers have focused mainly on the variation of fatigue life prediction of 

asphalt material from S-VECD model incorporating the dynamic modulus and damage 

characteristic curve ignoring the fact that the damage characteristic curve is the fundamental 

mechanical property of the material (12-14).  

While univariate approaches prevail, these data can be treated as multivariate data for the 

purposes of analysis if each combination of temperature and frequency or damage condition is 

treated as one variable (15). However, this treatment ignores the fact that the underlying 

measured material property is a curve and can encounter difficulties if the data points are not 

evenly distributed, not the same across different subjects/specimens, or larger than the number of 

subjects/specimens (16). 

Here, it is argued more broadly that these data can be treated as ófunctional dataô, defined 

as data obtained by observing several subjects over time, space, or other continua. In this case, 

functional data analysis (FDA), a branch of statistics that analyzes data that provide information 

regarding curves, surfaces, or anything else over a continuum, offers a more accurate framework 

from which to assess variation in the test outcomes (17). However, direct adoption of FDA is not 

well suited to dynamic modulus and damage characteristic curve data. The lack of a standard 

way to quantify the variation of damage characteristic curve also leads to the difficulty of 

establishing precision statements. Because the current procedure to establish precision 

statements, ASTM E691, is only developed with the statistical theory for univariate test results. 

3.2. Background 

3.2.1. S-VECD Modeling 

The S-VECD model is a mechanistic model that relates the material integrity to the 

amount of damage in the material (18). This model predicts the stiffness of asphalt mixtures, 
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denoted by the variable C, as a consequence of the damage growth, S, under cyclic loading. This 

C vs. S relationship, so-called damage characteristic curve, is independent of mode of loading, 

loading history, and test temperature. Consequently, prediction of the damage response to any 

given loading conditions is possible from limited tests, thus it makes the fatigue cracking 

performance prediction of asphalt mixtures efficient compared to empirical methods.  

The S-VECD model incorporates the time-temperature superposition principle, the 

elastic-viscoelastic correspondence principle, and the work potential theory. The linear 

viscoelastic properties of asphalt mixture are required to implement the S-VECD model. In this 

study, the 2S2P1D model, the combination of two springs, two parabolic creep elements and one 

dashpot, is used to characterize the dynamic modulus as a function of loading frequency and 

temperature (19). Equations (3.1) to (3.3) represent the storage modulus from 2S2P1D model.  
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where  

 Eǋ(ɤ,T)  = storage modulus at a particular temperature and angular frequency (kPa or 

psi),  

 Eǋ(ɤR) = storage modulus at a particular reduced angular frequency (kPa or psi),  

 ɤR  = reduced angular frequency (rad/s),  

 max Eǋ  = maximum storage modulus,  
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 b, d, g  = fitting coefficients,  

 E0  = maximum storage modulus value (kPa or psi),  

 ə,ŭ,ɔ,h,b,tE = fitting coefficients, and  

 Eǋ2S2P1D  = storage modulus from 2S2P1D model (kPa or psi).  

The damage characteristic curve, one of the key material functions, is represented by the 

power law model in this study based on the results of Lee et al. (20). 

 12

111 CC C S= -  (3.4) 

where  

 C  = pseudo stiffness,  

 S  = damage parameter, and  

 C11, C12 = fitting coefficients for power law model. 

The other key material function of the S-VECD model is the pseudo strain energy-based 

fatigue failure criterion (DR). The DR is determined as the slope of the line formed by the 

relationship between the summation of (1 - C) up to failure versus the number of cycles to failure 

(Nf) as shown in Equation (3.5). The Nf in this study is defined as the cycle where the product of 

peak-to-peak stress and cycle number reaches a peak value.  
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where  

 DR  = failure criterion,  

 C  = pseudo stiffness,  

 N  = cycles, and  

 Nf  = number of cycles to failure. 
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3.2.2. Hypothesis Test 

Hypothesis test is used to determine whether to reject the null hypothesis with the 

evidence from a study at a pre-specified level of significance. Commonly, two sets of data are 

compared. The null hypothesis (H0), initially assumed to be true, proposes no relationship 

between these two datasets. The alternative hypothesis (H1), the assertion contradictory to H0, 

proposes a statistical relationship between these two datasets. If the sample data suggests that H0 

is false, the null hypothesis will be rejected; if the sample data does not strongly contradict H0, 

the plausibility of the null hypothesis remains. 

There are two equivalent testing processes for hypothesis test. Both use the concept of 

test statistic in the process. A statistic is a quantity computed from sample data and used for 

statistical purpose, e.g., average, variance of sample data. One test process is more traditional 

and advantageous in the past when only tables of test statistics at common probability thresholds 

were available, e.g. t test and F test. It requires certain statistical assumptions to fit into a well-

known distribution (e.g., t distribution, Normal distribution) so that a decision can be made 

without the calculation of a probability. The other test process requires more computational 

support and the explicit calculation of a probability.  

In this paper, the latter process is adopted with the detailed steps as following: 

1. Compute from the data observations the observed value of the test statistic. 

2. Calculate the p-value, which is the probability of sampling a test statistic at least 

as extreme as the one observed under null hypothesis. 

3. Reject the null hypothesis if and only if the p-value is less than the pre-specified 

significance level Ŭ. 
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3.2.3. Resampling Method 

Resampling methods have become more practical with increases in computing power and 

the availability of built-in functions in many commercial software packages. They can be used to 

quantify the uncertainty by calculating standard errors, confidence intervals and performing 

hypothesis test. These modern methods have several advantages: (1) they have fewer 

assumptions compared to the theoretical sampling methods since they do not assume the Normal 

distribution nor do they require the sample sizes be large; (2) they are more accurate compared to 

the classical sampling methods and can address questions that cannot be answered with 

traditional parametric or nonparametric methods, such as comparison of medians or ratios; (3) 

they are usually similar for a wide range of statistics and do not require new formulas for every 

statistic; and (4) they can be analogized to the theoretical sampling method and intuitively 

understood (21). 

In this paper, permutation resampling and bootstrap resampling are introduced and 

utilized. The permutation test is usually used to conduct hypothesis test of ñno effectò. The 

bootstrap test is usually used to construct confidence intervals (22).  

3.2.3.1. Permutation Resampling 

A permutation resampling method is to randomly redistribute or redraw from all the 

observed data without replacement. It can be described in detail as follows. First a test statistic is 

defined and computed for the experiment data that can potentially reflect the deviations from the 

null hypothesis. Then the data is randomly sampled to fill the first comparison group, then the 

data is resampled again to fill the second comparison group. Both groups have the same number 

of samples as the experiment. In this way, each data in the original experiment sample is 

replaced by a resampled data. Since the resampling is done without replacement, the new 
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resampled data is just a permutation of the original data. Then, the test statistic is recomputed 

using the new resampled data to construct a distribution of the test statistic. This procedure is 

repeated until all the possible permutations are accounted for. 

3.2.3.2. Bootstrap Resampling 

The bootstrap method randomly redistributes or redraws from all the observed data with 

replacement. The idea is to mimic the process of selecting many samples from an infinite size 

population to create the sampled data of the original size. Then the distribution of the test 

statistic can be used to construct the confidence interval. 

3.3. Material and Data 

Nine mixtures of various nominal maximum aggregate sizes (NMAS), binder types, and 

RAP contents were used in this study. Table 3 provides details of the mixtures used in this study. 

Mixture A results are obtained from multiple users but targeted at the same mixture design and 

test conditions. Mixture B to F results include different aging levels for the same mixture. 

Mixture G to I results include different test conditions. The term dataset is used to describe data 

from one test for a specific material that has multiple replicates. The term individual data is used 

to describe data from one replicate. The number of replicates of one dataset is either 2, 3, or 4. A 

total of 123 datasets are used, where 9 of them have a sample size of 4, 3 of them have a sample 

size of 2, and 104 of them have a sample size of 3. The total number of individual functional data 

is 354. The 104 datasets with a sample size of 3 are used in developing variance index. The 8 

datasets in mixture A are used in the example analysis of establishing repeatability limit. The 91 

datasets from mixture A to G are used to verify the validity of the repeatability analysis. 
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Table 3. Mixture information. 

Mixture  
NMAS 

(mm) 

Binder 

Grade 

Binder 

Content 

(%)  

RAP 

Content 

(%)  

Source 

Number of Datasets 

2* 3* 4* 

Mixture A 9.5 PG 64-22 5.6 0 NC - 5 3 

Mixture B 9.5 PG 58-28 5.8 30 NC - 1 4 

Mixture C 9.5 PG 67-22 6.4 0 NC - 3 1 

Mixture D 9.5 AC-20 5.4 0 TX 1 2 - 

Mixture E 9.5 AR-40 6.1 0 WA 1 2 - 

Mixture F 9.5 PG 67-22 6.0 50 AL 1 2 1 

Mixture G 9.5 PG 76-22 5.8 0 AL - 64 - 

Mixture H 19 PG 64-22 4.6 30 NC - 11 - 

Mixture I 25 PG 64-22 4.1 25 NC - 14 - 

* Number of replicates of each test 

 

Figure 8 presents a typical damage characteristic curve result with three replicates. Each 

replicate has an individual data result, and the failure point of this specimen depends on the test 

conditions (input strain level, etc.), thus is specimen dependent. The failure point of each 

specimen is marked as Cfail and Sfail. The individual data has one fitted curve to represent the 

result of each replicate for variance index development. All the datapoints from three specimens 

are used to generate one fitted curve as the final material property for further analysis.  

 
Figure 8. A typical test result of damage characteristic curve. 
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3.4. Methodology 

A summary of the overall methodology followed in the analysis presented in this paper is 

shown in Figure 9, where it can be seen that the analysis consists of two parts: (1) variance index 

development and (2) an example analysis of repeatability limit establishment as the application 

of the variance index.  

The variance index development process includes three steps. First, each dataset is 

classified using expert judgement into categories (1-5 with 1 being very good and 5 being very 

poor) based on the variation of the individual specimens in the test set. Then, a general form of a 

variance index is defined for the functional data based on the standard variance of univariate 

data. Finally, specific aspects of this variance index form are performed, and the results of each 

variant are compared to the expert classification. 

The example analysis includes four steps. First, a consistency test is performed to identify 

users that are inconsistent compared to results from other users. Second, those inconsistent data 

are investigated to decide whether they should be deleted for further analysis. Then the variance 

index distribution function is constructed using the accepted data. Finally, the repeatability limit 

is selected at a predefined threshold. 



   

81 

 

 
Figure 9. A schematic of the methodology. 

3.4.1. Variation Index Development 

3.4.1.1. Initial Classification of Data 

The variance of each dataset is subjectively grouped into a 5-point scale category Ƅ ñvery 

goodò, ñgoodò, ñfairò, ñpoorò, ñvery poorò from the collective expert judgement of the authors of 

this paper. Since it is not very easy to visually distinguish the variance of two datasets using 

different sample size. Only the 104 datasets that have sample size 3 are selected. The category 

grouping is determined by checking the dataset area between the top-most and bottom-most 

damage characteristic curve and visually comparing them within the same range. First, all the 

datasets are examined to collectively define what a ñgoodò and ñpoorò variation is such that the 
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ñgoodò represents the acceptable test results and the ñpoorò represents the unacceptable test 

results. They are plotted in each figure with each dataset, as shown in Figure 10. Then, each 

dataset is examined by drawing a vertical line and measuring the width of the given dataset, 

labeled as tc, and comparing that with the width of the ñgoodò and ñpoorò datasets, labeled as tg 

and tp. The details of grouping rules are as follows: 

If tc<tg, and the area of the compared dataset are smaller than the good dataset, it is in 

ñvery goodò category, as shown in Figure 10 (a) and (b).  

If tcåtg, and the area is very close to the good dataset, it is in ñgoodò category, as shown 

in Figure 10 (c) and (d). 

If tg<tc<tp, and the area is bigger than the good dataset, but smaller than the poor dataset, 

it is in ñfairò category, as shown in Figure 10 (e) and (f). 

If tcåtp, and the area is very close to the poor dataset, it is in ñpoorò category, as shown in 

Figure 10 (g) and (h). 

If tc>tp, and the area is bigger than the poor dataset, it is in ñvery poorò category, as 

shown in Figure 10 (i) and (j). 

  



   

83 

 

 

 

 

 

 

 

 

 

 

Figure 10. Grouping by expert judgement: (a) a ñvery goodò example, (b) a ñvery goodò 

example zoomed in, (c) a ñgoodò example, (d) a ñgoodò example zoomed in, (e) a ñfairò 

example, (f) a ñfairò example zoomed in, (g) a ñpoorò example, (h) a ñpoorò example 

zoomed in, (i) a ñvery poorò example, (j) a ñvery poorò example zoomed in. 
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3.4.1.2. The form of Variation Index 

The form of the variance index proposed in this paper, Equation (3.6), is motivated by the 

variance function for univariate data, Equation (3.7).  
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where  

 v  = the variance index of functional data,  

 f(x)i  = the general fitted function of individual data,  

 ὪӶὼ  = the general fitted function of all the data in the dataset,  

 n  = the number of individual data set, and 
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 xend  = the selected end point of the integration. 
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where  

 s2  = the sample variance,  

 xi  = the value of one observation,  

 ὼӶ  = the mean value of all observations, and 

 n  = the number of observations. 

For Equation (3.6) there are two variations that are considered; (1) the choice of x and (2) 

the choice of xend. 

1. The choice of x 

The choice of x in the v index of damage characteristic curve could be either the pseudo 

stiffness C or damage parameter S.  If it is S, then f(x) takes the form in Equation (3.8). When 

this choice is used, the corresponding v index will be referred to as vs. This v index quantifies the 

cumulative difference in the dataset of C with the change of S. If the choice is C, then f(x) takes 

the form in Equation (3.9). The corresponding v index will be referred to as vc. These two 

methods of calculating v index can have very different results in characterizing the variance of 

functional data depending on the shape of the dataset.  
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2. The choice of xend 

In the v index calculation, it is also important to select the range of integration because 

different mixtures or even specimens of the same mixture can have different failure points. The 

xend should not be so big that it requires too much extrapolation from the data, nor should it be so 

small that it always does not represent the spread of data. For the initial development of these 

candidate indices, the frequency distributions of C and S at failure from all the tests in the 

database were evaluated. The frequency of 1-Cfail and Sfail for all the individual data used in this 

study are demonstrated in Figure 11. 1-Cfail is mostly concentrated on the range between 0.7 ~ 

0.8, while Sfail is more spread across different S values. In the end, xend of 2×105 and 0.7 are 

selected for vs and vc calculation because they; (1) represent most of the datasets and (2) are in 

the relative middle of the whole distribution range. 

 

 
Figure 11. Histogram of failure point: (a) 1-Cfail and (b) Sfail. 
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Consistency test. Statistical theory with a normality assumption is used to determine 

whether the collected data are adequately consistent so as to form the basis for a test method 

precision statement. That is, whether one lab has significantly different test results or much 

higher variance compared to other labs. 

Investigation of the inconsistent data. If there are inconsistent data, those data should be 

investigated carefully to decide whether they should be deleted to form the precision statement. 

Obtain the precision statistics. The repeatability limit and reproducibility limit statement 

are developed using the mean and standard deviations of consistent data measured from multiple 

users and/or laboratories. 

The resampling method and hypothesis test are used to build the framework of 

developing statistical analysis for functional data under the direction of ASTM E691. The 

repeatability limit used in this paper has a slightly different meaning from the term used in 

ASTM E691. If a test procedure requires n replicates and takes the average as the test results, 

then the repeatability limit identifies the variance of different test results. However, this paper 

considers the repeatability limit more practically as the variance of different replicates because 

the users are expected to conduct one test result with replicates rather than multiple test results to 

characterize the repeatability considering the time and cost required for damage characteristic 

curve result. 

3.4.2.1. Consistency Test Statistic 

The consistency test consists of between-user test and within-user test. The between-user 

consistency test is to identify whether the data obtained by one operator is significantly different 

than the others (t test in ASTM E691). The within-user consistency test is to identify whether the 

data obtained by one operator has a significantly higher variance than the others (F test in ASTM 
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E691). Accordingly, a tfd statistic and Ffd statistic for the two tests are constructed for functional 

data as shown in Equation (3.10) to (3.11) and Equation (3.12) to (3.14).  
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where  

 ὪӶὼ  = the fitted function for the sampled data, 

 Ὢz ὼ  = the fitted function for all the data except the sampled data, 

 f(x)i  = the fitted function for the i th individual data except the sampled data,  

 n  = the number of individual sampled data selected, and 

 N  = the number of all the individual data in the resampling datasets. 
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where 

 ὪӶὼ   = the fitted function for dataset in group k except the sampled data,  

 nl  = the number of individual data in the sampled data,  

 nk  = the number of individual data in group k, and 
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 p  = the number of groups (operators). 

3.4.2.2. Resampling Method 

The resampling method is used to conduct the consistency test and construct the v index 

distribution function. The null hypothesis (H0) for the between-user consistency test is that all the 

datasets are equivalent across different operators. The hypothesis for the within-user consistency 

test is that all the datasets have the same variance across different operators. The resampling 

method is to test whether there is enough evidence from the data that H0 can be rejected. The 

general steps for resampling method are as follows: 

Step 1: Pool the data together under the null hypothesis or equality assumption. 

Step 2: Determine the test statistic X (X = t, F, or v). 

Step 3: Randomly select n individual data results with replacement (Bootstrap resampling 

for v distribution function) or without replacement (Permutation resampling for consistency test). 

Step 4: Calculate the test statistic for the selected sample as X1. 

Step 5: Repeat N times of step 3 and step 4 and get X1, X2, é XN. 

Step 6: Calculate the test statistic for each operator and get Xop1, Xop2, é Xop8. 

Step 7: Calculate p-value for each operator using Equation (3.15),  

 1

{ }
N

i opk

i
k

I X X

p
N

=

>

=
ä

 (3.15) 

 
1,

( ) :
0,

A

x A
I x

x A

Íë
=ì

Îí
  (3.16) 

where k is the kth operator. 

The consistency test uses Permutation resampling, Steps 1 to 7 above, and the N is all the 

possible permutations of the dataset. In the between-user consistency test, 3 individual data 
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results are selected for each resampling. In the within-user consistency test, all the individual 

data are sampled to 8 groups with the number in each group corresponding to the 8 operators for 

each resampling. The v distribution function uses Bootstrap resampling with 3 individual data 

selected for each sampling, and in this case only Steps 1 to 5 are performed, and N equals 5000 

after different trials.  

If H0 is true, there is no evidence of a statistical inconsistency between the operators. 

After all the datasets are pooled together and individual data results repeatedly selected to 

calculate test statistic Xi, all those values should be similar from Xop1, Xop2, é Xop8. However, if 

one operator has different results than others, its X value will be significantly bigger than the 

resampled Xi values since pooling and resampling reduces Xi. In the end, if p-value is smaller 

than a certain level (0.05, corresponding to 95% certainty, for the current study), the H0 is 

rejected and there is a difference.  

3.4.2.3. Variation Index Distribution 

The inconsistent data from the consistency test are investigated to determine whether they 

should be deleted in constructing v index distribution function. Then all the accepted data are 

used following Steps 1 to 5 in the resampling method. The 95% repeatability limit is thus 

selected from the distribution function. 

3.5. Results of Variation Index Development 

3.5.1. Classification of Data 

The distribution of data quality as assessed by the expert judgment is shown in Figure 12 

for mixtures of varying NMAS. As expected, the test results for the 9.5 mm mixture have a 

higher overall quality than the 19 mm and 25 mm mixtures. Note that the 19 mm mixture has a 

higher proportion of very poor cases than the 25 mm mixture and this is because the 19 mm 
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mixture cases were measured using AASHTO TP 133, which uses a 38 mm x 110 mm (diameter 

x height) specimen. The 25 mm mixture, on the other hand, was tested using AASHTO TP 107, 

which uses a 100 mm x 130 mm specimen.  

 
Figure 12. Frequency of subjectively ranking category of all the datasets. 

3.5.2. Variation Index Comparison 

The results of variance ranking from expert judgement, vc index and vs index are 

presented in Figure 13. All the 104 datasets are grouped by the expert judgement with five 

categories from ñvery goodò to ñvery poorò with the color coding, as presented in Figure 13 (a). 

Then each dataset is calculated with the variance index using vc or vs and sorted according to the 

smallest to largest variance index. Therefore, the position of Figure 13 (b) and (c) represents the 

variance ranking calculated using the corresponding index and the color coding represents the 

category from the expert judgement. The ñbestò method is the one that mostly matches with the 

color mapping in Figure 13 (a). 
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Figure 13. Ranking comparison using different method; (a) expert judgement, (b) vc index 

(c) vs index. 

Based on this color map, the index vs has a better performance in matching the expert 

judgement compared to vc, but neither perfectly match the expert judgment. The cases where vs 

results give contradictory conclusions with the expert judgement have been investigated and 

examples are shown in Figure 14. The vs of dataset in Figure 14 (a) is 566 while in Figure 14 (b) 

is 475. However, the dataset in Figure 14 (a) seems to have smaller variance compared to Figure 

14(b). It is noticed that these two datasets have very different Sfail. This difference means that the 

vs is determined using extrapolated fitting of the damage characteristic curves.  

 
Figure 14. The cases that vs index gives contradictory conclusions compared to expert 

judgement: (a) higher vs with ñfairò category and (b) lower vs with ñvery poorò category. 
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In order to solve this issue, a correction factor is applied for both vc and vs so that each 

dataset can use its own xend. The basis of the correction factor is to reduce the effect of 

extrapolation by assuming the ratio between v index in Equation (3.6) at two different xend is 

universal across all the mixtures. 

The data from mixture A have the most stable results and late failure points. They are 

used to construct the correction factor with Bootstrap resampling method. The resampling 

method steps 1 to 5 are used to resample 5000 v index using different xend. Then the ratio was 

calculated using Equation (3.17) for each resampled data.  
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where  

 v(xend)  = the variance index calculated at xend, 

 xr
end  = the reference failure point, it is 0.7 for vc

corr and 2×105 for vs
corr, 

 xk
end  = the selected xend.  

The average ɓ(xk
end) of all the 5000 sampling are calculated and fitted as a universal 

correction factor function. Finally, the corrected variance index can be calculated using Equation 

(3.18). 
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where  

 ὼӶ   = the average of the corresponding failure value of each dataset, e.g., 

(S1
fail+S2

fail+S3
fail)/3 in Figure 8;  
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 ‍ὼӶ   = the correction factor at ὼӶ . The corrected variance index results compared 

with expert judgement are presented in Figure 15.  

The results indicate that vs with correction matches expert judgement very well. The 

datasets that do not match were investigated, and it was found that their variance was hard to 

justify by simply observing the data. 

 

 
Figure 15. Ranking comparison with different methods: (a) expert judgement, (b) vc 

corrected, and (c) vs corrected. 

However, this vs
corr, with a whole expression shown in (3.19), has some challenges with 

respect to practically explaining the value and meaning of the various parameters. As a result of 

these limitations the normalized variance index (vnorm) has been developed as shown in Equation 

(3.20) through (3.22). Equation (3.21) and (3.22) show that when calculating the vnorm, the S 

values are first normalized to avoid bias based on the damage characteristic curve length (i.e., S 

at failure). This normalization procedure is the main difference between vnorm and the previous 

variance index. The multiplier k was applied to change the magnitude of vnorm from 

approximately 10-5 to 1 for convenience.  
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 new all factorS S S= ³  (3.22) 

where;  

 C(S) =  1-C11S
C12, 

 ὛӶ   =  the average of the corresponding failure value of each dataset, 

(S1
fail+S2

fail+é +Sn
fail)/n, 

 C(S)i =  the fitted function for i th replicate, 

 ὅӶ(S) =  the fitted function of all the data in the dataset,  

 ‍ὛӶ  = the correction factor at ὛӶ , 

 C(Snew)i =  the fitted function for i th replicate after rescaling, 

 ὅӶ(Snew) =  the fitted function of all the data in the dataset after rescaling,  

 n  =  the number of individual data set, n = 3 in ILS data, and 

 k = multiplier to change the magnitude, 1×105 (v has a magnitude of 10-5). 

To demonstrate the efficacy of vnorm, performance comparisons with respect to the 

variation ranking using vnorm and vs
corr are conducted for 104 datasets across nine mixtures of 

various NMAS, binder types, and RAP contents. The Spearmanôs correlation coefficient and 

accuracy rate are selected to quantify the variation ranking performance. 
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3.5.3. Discussion 

The variance index is related to either the vertical or horizontal difference between 

individual damage characteristic curves. The vertical difference, vs, amplifies the difference 

when the curve data has a high slope compared to the reference ñgoodò or ñpoorò datasets. The 

horizontal difference, vc, amplifies the difference when the data has a low slope compared to the 

reference ñgoodò or ñpoorò datasets. Two datasets that both have small variance are presented in 

Figure 16 (a) and (c) to show the difference in the vs and vc calculation. Figure 16 (b) shows the 

zoomed-in version of Figure 16 (a), the vertical line indicates that the dataset has visually similar 

variance compared with the ñgoodò reference while the horizontal line indicates that it has much 

less variance. Thus, the vc index acts as a relatively better indicator of the variance for this test. 

Figure 16 (d) shows the zoomed-in version of Figure 16 (c), the vertical line shows that the 

dataset is less variant than the ñgoodò reference while the horizontal line shows that it is more 

variant. Thus, the vs index performs a better result. 

In reviewing the datasets used in this paper, most have the damage characteristic curves 

with a low slope, so the vs is better suited in capturing the variance of test results. This also 

seems consistent with other datasets that were not evaluated specifically in this paper and seems 

to be a basic characteristic of damage characteristic curves. This effect is also the reason why the 

correction factor increases the performance of vs well but not with vc. Datasets with vs that 

overestimates the variance compared to the expert judgment usually have an early Sfail, while 

datasets where vc overestimates the variance usually already have a late 1-Cfail. In sum, these 

observations suggest that vs
corr presents as a reasonable variance index for the damage 

characteristic curve results. 
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Figure 16. The effect of the shape of the datasets on the variance index: (a) an example of a 

ñGoodò dataset, (b) dataset in (a) zoomed in, (c) an example of ñVery goodò dataset, and 

(d) dataset in (c) zoomed in. 

Ranking results using vnorm and the previous variance index, referred to as vs
corr, are 

shown in Figure 17 compared with expert judgement ranking. All 104 datasets are grouped by 

the expert judgement with five categories from ñvery goodò to ñvery poorò with the color coding. 

Each dataset is calculated with the vnorm or vs
corr and sorted according to the smallest to largest 

variance index. Therefore, the one that better matches with the color mapping of expert 

judgement is said to have better performance in capturing the C-S curve variation. 

Figure 17 shows that the consistency between vnorm with expert judgement is worse than 

vs
corr. In order to quantify the difference, Spearmanôs correlation coefficient and accuracy rate 

(a) (b)

(c) (d)
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were used to identify the correlation of the ranking between variance index results and expert 

judgement results. 

 

 
Figure 17. Ranking comparison using different variance index. 

Spearmanôs correlation coefficient measures rank correlation between the ranking of two 

variables. It will be high when observations of two variables have similar rank. Accuracy rate is 

calculated as follows: 

1. Divide the datasets into 5 categories based on expert judgement as ñvery goodò, 

ñgoodò, ñfairò, ñpoorò, and ñvery poorò and count the corresponding amount of 

data in each group as n1, n2, n3, n4, n5. 

2. Rank the dataset based on the variance index results. 

3. Divide the dataset into the same 5 categories, ñvery goodò, ñgoodò, ñfairò, ñpoorò, 

and ñvery poorò, based on the ranking of variance index with the same amount of 

data as n1, n2, n3, n4, n5. 

4. Calculate the accuracy rate of data that predicted categories in step 3 are the same 

as step 1. 
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5. The 5 categories in step 1 can be replaced with 3 categories. The first category 

combines ñvery goodò and ñgoodò, the second is still ñfairò, the third combines 

ñpoorò and ñvery poorò. The corresponding accuracy rate can be calculated with 3 

categories. 

6. The 5 categories in step 1 can be replaced with 2 categories. The first category 

combines ñvery goodò and ñgoodò, the second combines ñfairò, ñpoorò and ñvery 

poorò. The corresponding accuracy rate can be calculated with 2 categories. 

 

Table 4. Quantify the consistency between variance index ranking and expert judgement 

ranking. 

Variance 

index 

Spearmanôs 

correlation 

coefficient 

Accuracy in 5 

groups (%) 

Accuracy in 3 

groups (%) 

Accuracy in 2 

groups (%) 

vs
corr 0.95 83.7 87.5 91.4 

vnorm 0.92 76.0 85.6 91.4 

 

The results are presented in Table 4. Spearmanôs correlation results show that the ability 

of matching expert judgement is vs
corr > vnorm. The accuracy difference between vs

corr and vnorm is 

7.7% in 5-group accuracy comparison, 1.9% in 3-group accuracy comparison, and 0% in 2-group 

accuracy comparison. That means if the subjectivity of expert judgment is considered and the 

variation of C-S curve results categorized more roughly, the difference between vs
corr and vnorm 

becomes smaller. 

Although vs
corr matches expert judgement the best, the correction ratio can be very 

sensitive when ὛӶ  is small, which can happen for certain mixtures. For example, if ὛӶ  

changes from 0.2×105 to 0.1×105, the correction ratio changes from 17.6 to 30.4, but if ὛӶ  

changes from 2×105 to 1.9×105, the correction ratio only changes from 1.00 to 1.12. vnorm 

normalizes ὛӶ  to 1 at first to solve the issue with different ὛӶ  for different mixtures. It also 
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applies a multiplier in the end to change the magnitude from 10-5 to 1. Based on these 

observations, vnorm is more stable based on engineering judgement and selected to represent the 

variation of C-S curve results even though it will sacrifice some correlation of ranking compared 

to vs
corr. 

3.6. Example Analysis 

Eight datasets of mixture A are used for the example calculation and to demonstrate the 

development of a repeatability assessment methodology for functional data. They are obtained 

from different operators conducting the test targeted for the same mixture.  

3.6.1. Consistency Test 

3.6.1.1. Between-User Consistency 

The between-user consistency test results are shown in Figure 18. The corresponding t 

statistic takes the form in Equation (3.23) to (3.24) with vs
corr. The p-value for each operator is 

presented in Table 5. The data from Operators 5 and 8 have p-value smaller than 0.05, which 

indicates that the damage characteristic curve results from these two operators are significantly 

different from the others (either higher or lower). Actually, these two operators were found to 

have used a different compactor in fabricating the material specimens compared with others.  
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where Sref  = 2×105.  

Therefore, these data are flagged out and deleted in variance distribution function 

resampling. It should be noted that this particular example is evaluating multi-user, single lab 
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repeatability. For multi-lab repeatability the gyratory compactor may not singularly flag 

inconsistent data, and neither should it be interpreted that the test method is overly sensitive to 

compactor.  

 

Figure 18. t statistic distribution.  

 

3.6.1.2. Within-User Consistency 

The within-user consistency test results are shown in Figure 19. The corresponding F 

statistic takes the form in Equation (3.25) to (3.27) with vs
corr. The p-value for each operator is 

presented in Table 5. The data of Operator 6 has a p-value smaller than 0.05, which indicates that 

the damage characteristic curve results from Operator 6 has a significantly higher variance than 

the others. In reviewing the testing record from Operator 6 it is found that they do not have much 

testing experience with asphalt mixture. Therefore, this dataset is also deleted for further 

variance distribution function resampling. 
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Figure 19. F statistic distribution. 

Table 5. p-value for consistency test. 

Operator p-value for t statistic p-value for F statistic 

1 0.637 0.379 

2 0.060 0.302 

3 0.585 0.831 

4 0.389 0.963 

5 0.012 0.407 

6 0.065 0.006 

7 0.846 0.745 

8 0.032 0.863 

 

3.6.2. Variation Index Distribution Function 

The data that meets the requirement in consistency test were used to establish the 

variance index (vs
corr) distribution function using resampling method. The results are shown in 

Figure 20 in terms of the raw and fitted distribution. The fitted function was a Gamma 
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probability distribution with the form in Equation (3.28), and the result is v ~ Gamma (1.01, 40). 

The 95% repeatability limit of v index is 121.  

Datasets of Mixtures A to G with 9.5 mm NMAS are used to identify the validity of the v 

distribution function and the repeatability limit. First, the values of vs
corr at different percentile 

(10%, 30%, 50%, 70%, 90%, 95%, and 99%) in the Gamma distribution are calculated. Then the 

corresponding percentile of these vs
corr values in the datasets are computed. The results are 

presented in Figure 21. The two percentiles match closely with each other and indicate that the 

repeatability limit is valid. 
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where k, ɗ = parameters in probability density function of Gamma distribution. 

 

Figure 20. v index distribution.  
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Figure 21. The percentile comparison between the v index distribution and the datasets. 

3.7. Summary 

This chapter proposes a variation index for assessing the variation of the damage 

characteristic curve from AASHTO TP 133 and AASHTO TP 107. Then the application of the 

variance index is presented with an example to establish the repeatability limit of the test results 

as functional data. Several main conclusions can be drawn as follows: 

¶ Of the variation indices evaluate, the vnorm can be used to calculate the variance of 

damage characteristic curve results of asphalt mixture. It matches the best with 

the expert judgement. 

¶ The shape of the damage characteristic curve data can affect the performance of 

the variation index. 

¶ The resampling method and hypothesis test can be used to flag inconsistent data 

of damage characteristic curve data from multi-user or multi-laboratory results. 

¶ The resampling method can also be used to construct repeatability limit of the 

variance index for a specific material. 
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CHAPTER 4 REPEATABILITY AND REPRODUCIBILITY ANALYSIS  

This chapter uses the variation index developed for functional results to establish the 

precision statements for asphalt cyclic fatigue testing protocols. It has been submitted as the 

Phase II report on Ruggedness and Interlaboratory Studies for Asphalt Mixture Performance 

Tester Cyclic Fatigue Test and was the result of the authorôs analysis and interpretations in 

consultation with their advisor and other committee members. However, the experimental data 

used for the analysis was obtained by Kangjin Lee. The chapter is not a direct copy of the report 

because it includes additional work that is shown in Section 4.3.2. The results using lab specific 

dynamic modulus are also presented in addition to results using average specific dynamic 

modulus. 

4.1. Introduction  

AASHTO testing protocols TP 107-22 and TP 133-19, referred to as procedures for 

Asphalt Mixture Performance Tester (AMPT) cyclic fatigue testing, enable the practical, 

mechanistic performance characterization of asphalt mixtures using cyclic fatigue testing in the 

AMPT(1,2). They are the only testing protocol to assess fatigue cracking that has been developed 

specifically for the AMPT. 

AASHTO TP 107-22 is used for testing cylindrical asphalt mixture specimens that are 

100-mm diameter by 130-mm tall (hereafter referred to as large specimens). In contrast, 

AASHTO TP 133-21 applies to cylindrical asphalt mixture specimens that are 38-mm diameter 

by 110-mm tall (hereafter referred to as small specimens). AASHTO TP 107-22 preceded 

AASHTO TP 133-21. The small-specimen geometry was established to improve testing 

efficiency and enable field core testing for mixtures with NMAS values up to 19 mm. 
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The results of AMPT cyclic fatigue testing coupled with the results of dynamic modulus 

(|E*|) testing are used to obtain two key material functions of the S-VECD model: the damage-

characteristic curve (i.e., psuedostiffness (C) versus the internal state parameter representing 

damage (S)) and the pseudostrain energy-based fatigue failure criterion (DR). The damage-

characteristic curve and failure criterion are independent of mode of loading and loading history. 

Consequently, prediction of the damage response to any given loading history of interest is 

possible using limited test results, thus making the fatigue-cracking characterization of asphalt 

mixtures efficient compared to empirical methods. 

The standards for AMPT cyclic fatigue testing recently underwent a ruggedness 

evaluation to define tolerance ranges for the experimental factors that contribute to variability in 

the test results (3). The standards for AMPT cyclic fatigue testing were revised based on the 

ruggedness evaluation findings. The AMPT cyclic fatigue standards are presently lacking 

precision statements that define the repeatability (i.e., with laboratory variation) and 

reproducibility (i.e., between laboratory variation) of the test results when executed properly. 

Therefore, the objective of this chapter is to access the variation of AMPT cyclic fatigue test 

results by developing precision statements. To achieve this objective, an interlaboratory study 

(ILS) was executed wherein seven laboratories conducted AMPT cyclic fatigue testing according 

to the AASHTO TP 107-22 and TP 133-21 protocols. Statistical analysis of the ILS yielded 

recommended precision statements for AASHTO TP 107-22 and TP 133-21. The ILS was 

designed and analyzed according to ASTM E691-20 with integration of ASTM C670-15 

recommendations specifically for construction materials (4,5). 
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4.2. Interlaboratory Study (ILS)  

The seven laboratories that participated in the ILS and the corresponding AMPT testing 

equipment as well as gyratory compactor type that they used are listed in Table 6. The 

laboratories are codified within the results to preserve anonymity. 

Table 6. ILS Participants. 

Participant AMPT Equipment Gyratory Compactor 

Federal Highway Administration Controls/IPC AMPT Pine G2 

Maine Department of Transportation Controls/IPC AMPT Pine G1 

National Center for Asphalt Technology IPC SPT (upgraded) Pine G2 

North Carolina State University Controls/IPC AMPT Pro Pine G2 

University of Massachusetts-Dartmouth Controls/IPC AMPT Pine G2 

University of Nevada-Reno Controls/IPC AMPT Pine G2 

University of New Hampshire IPC SPT IPC Servopac 

 

Four plant-mixed, laboratory-compacted mixtures were used for the ILS: dense-graded 

9.5-mm NMAS surface mixture from Wisconsin, stone matrix asphalt (SMA) surface mixture 

with 12.5-mm NMAS from Maryland, dense-graded 19-mm NMAS surface mixture from 

Arizona, and dense-graded 25-mm NMAS base mixture from North Carolina. Details pertaining 

to the selected mixtures are provided in Table 7. Figure 22 shows the gradations for selected 

mixtures.  

Plant-mixed, laboratory compacted samples were used based on the results of a survey 

distributed to potential ILS participants that suggests that the majority of laboratories use plant-

mixed samples for test specimen fabrication in practice. The mixtures were sourced from 

different climatic regions that are expected to yield different test results. Also, the SMA mixture 

contained polymer-modified virgin asphalt whereas the other mixtures did not include polymer 

modification. Differences in NMAS and gradation type were included to cover a representative 

range of test variability. For both small and large specimen geometries, both the 9.5-mm dense-
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graded surface mixture with unmodified binder and the 12.5-mm SMA mixture with polymer-

modified binder were used. The 19-mm mixture was only used in the small specimen geometry 

ILS whereas the 25-mm mixture was only used in the large specimen geometry ILS. The 

maximum NMAS permitted in AASHTO TP 133-21 is 19-mm (2). 

Table 7. Selected mixtures for the interlaboratory study.  

Source 
NMAS 

(mm) 

Virgin 

Binder 

Grade 

Binder 

Content 

(%)  

RAP 

Content 

(%)  

VMA 

(%) 
VFA (%)  

# Design 

Gyrations 

WI 9.5 PG58-28 6.1 25 16.2 75.3 75 

MD 12.5 PG64E-22 6.5 15 18.5 81.0 100 

AZ 19.0 PG70-10 4.8 0 14.2 71.5 75 

NC 25.0 PG64-22 4.2 30 13.6 71.5 65 

 

To prepare the loose mixture samples for distribution, the plant-mixed material was 

separated into individual samples following NCSUôs loose mixture separation procedure and 

randomized (6). Plant-mixed specimen testing following this procedure has yielded AMPT 

dynamic modulus and cyclic fatigue test results with comparable variability to lab-mixed 

specimen testing in the NCSU laboratory when this separation procedure is followed. Each 

separated sample was placed in a quick release, heavy duty, wax-lined box, consistent with those 

used by AASHTO resource. Each box contained the quantity of material required to produce 

approximately one half a gyratory-compacted sample. All mixture test specimens were prepared 

to achieve an air void content of 5 ± 0.5 percent. 
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Figure 22. Sieve size 0.45 mm power chart for gradations. 

4.2.1. Pilot Testing 

ASTM E691-20 specifies pilot testing prior to beginning an ILS to familiarize 

participants with the test procedures and ILS protocol (4). ILS participants were supplied pre-

fabricated small test specimens for protocol familiarization. The test specimens were fabricated 

according to AASHTO PP 99-19 by a single operator at NCSU using the 9.5-mm ILS mixture 

(7). The fabricated specimens were randomized and distributed to the participating laboratories. 

Each laboratory received eight pilot test specimens, three for |E*| testing conducted in 

accordance with AASHTO TP 132-19, three for cyclic fatigue testing in accordance with 

AASHTO TP 133-21, and two extra specimens (2,8). Participants were instructed to begin by 

conducting a single cyclic fatigue test and |E*| test for initial feedback from the research team.  

To assess pilot |E*| test results, the differences between a participating laboratory and 

NCSUôs were compared against the reproducibility limits included in AASHTO T 378-17 (9). 

Note that these limits were established based on large specimen fabricated by individual 
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laboratories so the conditions under which they were developed do not coincide with the pilot 

testing conducted in this study. However, they provided a reference to assess the general 

agreement of the results obtained by different laboratories. Procedure discrepancies identified 

among the participating labs that contributed to biases in initial pilot results included differences 

in thermal equilibration times, temperature calibration errors, the use of compensating springs in 

|E*| tests, deviations from the strain selection guidance in AASHTO TP 133-21, and the need for 

PID tuning. These discrepancies were resolved prior to the full-scale ILS testing. 

4.2.2. Full -scale Testing 

Full-scale ILS samples and test specimens were prepared by the participating laboratories 

using separated loose mixture samples supplied by NCSU. Full-scale ILS testing used specimens 

fabricated by the participant laboratories because the between-laboratory variability of the test 

results is contingent upon variability in both the specimen fabrication and the test procedures. In 

addition, the repeatability of specimens fabricated by a single laboratory and within individual 

laboratories is not expected to differ significantly based on the ILS results of AASHTO T 378-17 

(10). 

Laboratories were required to carry out three |E*| and three cyclic fatigue tests on each 

mixture and specimen geometry combination included in the ILS. Large specimen |E*|  testing 

adhered to AASHTO R 83-17 and AASHTO T 378-17 (11,9). Dynamic modulus tests of the 

small specimens followed AASHTO PP 99-19 and AASHTO TP 132-19 (7,8). In both large and 

small specimen |E*| tests, asphalt specimens are subjected to frequency-sweep testing at 10, 1, 

and 0.1 Hz and at three temperatures. All specimens were tested at 4Ņ and 20Ņ. The third test 

temperature for the 9.5-mm mixture was 35Ņ. For the other mixtures, the third test temperature 
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was 40Ņ. The test temperatures were selected on the basis of the binder performance grade (PG) 

in accordance with AASHTO R 84-17 (12).  

Large specimen cyclic fatigue testing followed AASHTO TP 107-22 whereas small 

specimen cyclic fatigue testing adhered to AASHTO PP 99-19 and AASHTO TP 133-21 (1,7,2). 

The test temperature was selected based on the guidance given in AASHTO TP 133-21, which 

specifies test temperatures based on the expected blended binder grade for the mixtures 

containing reclaimed or recycled materials (2). When a test resulted in a specimen failure outside 

the instrumented gauge points (i.e., end failure), as depicted in Figure 2 of AASHTO TP 133-21, 

the test was considered invalid, and an additional specimen was tested. 

4.3. Statistical Analysis 

There are two sets of ILS data presented along the whole study. One presents each 

laboratoryôs cyclic fatigue test results with average dynamic modulus results across all the 

laboratories. The other presents each laboratoryôs cyclic fatigue test results with lab specific 

dynamic modulus test results. Results in this chapter use average dynamic modulus data to better 

capture the acceptable repeatability and reproducibility for cyclic fatigue test only such that they 

can be incorporated in AASHTO TP 133 and AASHTO TP 107 standards. However, results with 

lab specific dynamic modulus data were also used specifically in the repeatability and 

reproducibility analysis for damage characteristic curves in Section 4.4.1.3. They are added to 

evaluate the impact of using lab specific dynamic modulus results on the reproducibility results 

in damage characteristic curves because different laboratories conduct their own dynamic 

modulus test and cyclic fatigue test in practice. The reproducibility of damage characteristic 

curve with lab specific dynamic modulus data will be used in Chapter 8 as a reference of the 

reproducibility of current S-VECD model analysis. 
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Repeatability and reproducibility analysis was conducted according to the ASTM E691-

20 and C670-15 (4,5). However, an inherent limitation of these standards are that they are 

ñconcerned exclusively with test methods which yield a single numerical figure as the test 

result.ò The damage characteristic curve is a cyclic fatigue test result; this is a functional 

relationship and therefore, does not lend directly to the analysis procedure prescribed in ASTM 

E691-20 or C670-15 (4,5). Therefore, an alternative means to define the repeatability and 

reproducibility of the damage characteristic curve was also investigated using a recently 

developed functional data metric (18). 

4.3.1. Single-Point Measure Analysis 

There are two underlying assumptions of the interpretation of ILS test results according 

to ASTM E691-20 (4). First, it is assumed that all laboratories have essentially the same level of 

variability under the repeatability (within lab) conditions for a given mixture. Second, it assumed 

that mean laboratory test results vary according to a normal distribution in each mixture. 

Following the terminology in the standard, a test result represents the value of a characteristic 

obtained by carrying out a specified test method. A test determination represents the value of a 

characteristic or dimension of a single test specimen derived from one or more observed values.  

ASTM E691-20 provides guidance for preparing a precision statement for test results (4). 

ASTM C670-15 provides additional guidance for preparing a precision statement using the 

results of test determinations (5). Based on the definition of test result and test determination, 

this study includes three test determinations for each lab per material and the test results are; 1) 

the best fit damage characteristic curve across three specimens collectively and 2) the average DR 

value from three specimens. A test determination is the damage characteristic curve and DR value 

of one test specimen. Given that a lab would typically execute three test determinations to obtain 
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a test result and not obtain two test separate results, repeatability of the cyclic fatigue test 

standards should reflect variability among test determinations within a lab. Therefore, the 

repeatability and reproducibility precision state development herein incorporates guidance from 

ASTM C670-15 (5). The ASTM E691-20 and C670-15 standards strive to define limits for the 

repeatability and reproducibility of a test that will only be exceeded with a probability of five 

percent if the test is executed properly (4,5). 

As noted, ASTM E691-20 is written for tests that yield a single numerical figure as the 

test result, which is directly applicable to the failure criterion result, DR (4). However, the 

damage characteristic curve results are functional data rather than a single numerical figure. In 

order to comply with the standard, six single-point values were selected to represent the damage 

characteristic curve for initial analyses. They are C value at Smin, Smean, and Smax, and shape factor 

at Smin, Smean, and Smax. The Smin, Smean, and Smax represent the minimum, average, and maximum 

of all the S at failure for each material/specimen geometry, respectively. Shape factor represents 

the area between C equals 1 and the C versus S curve, at pre-defined levels of S. In this analysis, 

the shape factor was computed when S equals Smin, Smean, and Smax. Figure 23 shows an example 

of the C value and shape factor at Smax. 
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Figure 23. An example of C value and shape factor. 

The analysis framework prescribed in ASTM E691-20 can be divided into three steps (4): 

¶ Step 1: Test consistency. Test statistics are used to determine whether the 

collected data are adequately consistent to form the basis for a test method 

precision statement. 

¶ Step 2: Investigate inconsistent data. The data that do not meet the consistency 

requirement are investigated to identify any possible errors, such as the clerical or 

procedural error. Then, the analysts should decide whether to include or delete the 

inconsistent data. 

¶ Step 3: Obtain the precision statistics. The repeatability and reproducibility 

standard deviation are calculated to establish the repeatability and reproducibility 

statements. 

These three analysis steps were executed as described in the following sections. 
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4.3.1.1. Test Consistency 

The statistical analysis for the estimates of precision statistics is simply a one-way 

analysis of variance (within- and between-laboratories) for each material. Therefore, the 

existence of severe outliers can significantly affect the analysis and invalidate the results. It is 

necessary to examine the consistency of the data prior to developing precision statistics. 

Equations (4.1) through (4.4) present the statistics used in this analysis according to ASTM 

E691-20. Statistics h and k were used to evaluate the between-laboratory consistency and within-

laboratory consistency, respectively. 

 2

1

( ) / ( 1)
p

x i

i

s x x p
=

= - -ä   (4.1) 

where: 

 ίӶ  = standard deviation of laboratory averages, 

 ὼӶ  = laboratory average for lab i, 

 ὼ֞  = average of all laboratory averages, and 

 p  = number of laboratories in ILS. 
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1

/
p
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i

s s p
=

=ä   (4.2) 

where: 

 sr  = repeatability standard deviation and 

 si  = within-laboratory standard deviation. 

 ( )/i xx x sh= -  (4.3) 

 

 /i rs sq=  (4.4) 
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where:  

 ɖ  = between-laboratory consistency statistic and 

 ɗ  = within-laboratory consistency statistic. 

The consistency statistics ɖ and ɗ were calculated for each laboratory, geometry, and 

material combination to evaluate the consistency of the data collected in the ILS. The critical 

value of each statistic is based on the number of laboratories and number of tests each laboratory 

conducts. This study was designed to include seven laboratories and three cyclic fatigue tests for 

each laboratory. The corresponding critical values for ɖ and ɗ for these conditions are ±2.05 and 

2.03, respectively (ASTM E691-20). Consistency statistics were calculated for both the DR and 

damage characteristic curve results described in the previous section.  

4.3.1.2. Investigate Inconsistent Data 

The inconsistent data flagged in the consistency test were investigated to make sure that 

there were no procedural or reporting errors. It should be noted that the critical values of the h 

and k consistency statistics are calculated based on the 0.5 percent significance level, rather than 

five percent often used in statistical analyses of materials (ASTM E691-20) (4). There are 42 h 

(or k) values for one single-point measures representing seven labs and six mixtures. 

Theoretically, 0.21 out of 42 values that are expected to stand out as inconsistent according to the 

0.5 percent significance level. Therefore, any data that are flagged inconsistent require careful 

investigation for rejection from precision statement development. Data ultimately deemed 

inconsistent was removed from the dataset prior to computing the repeatability and 

reproducibility statistics. 
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4.3.1.3. Obtain Precision Statistics 

In the AMPT cyclic fatigue ILS, each lab conducted three test determinations rather than 

obtaining three test results. Therefore, the repeatability and reproducibility statistics that were 

developed follow the guidance in ASTM C670-15, which is applicable to the development of 

repeatability statements based on individual test determinations and results. ASTM E691-20 only 

provides guidance for developing precision statements based on test results.  

The repeatability standard deviation, sr, represents the standard deviation of test 

determinations obtained under repeatability conditions. The reproducibility standard deviation 

was taken to be ίӶ in this study, which represents the standard deviation of test results obtained 

under reproducibility conditions (i.e., quantifies the difference between the test results of two 

labs). 

The corresponding repeatability and reproducibility coefficient of variations were 

calculated using Equation (4.5) and (4.6), respectively.  

 % 100r
r

s
s

x
= ³   (4.5) 

 % 100x
x

s
s

x
= ³   (4.6) 

Where: 

 sr%  = repeatability coefficient of variation, 

 ίӶ%  = reproducibility coefficient of variation, and 

 ὼ֞  = average of all laboratory averages for shape factor, 1- average of all 

laboratory averages for C value (because sr, ίӶ increases with the decrease 

in C value). 
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Due to the nature of the damage characteristic curve, the C or S value selected to carry 

out single-point measure is highly likely to affect the repeatability and reproducibility results. 

Plots of repeatability and reproducibility coefficient of variations at different 1- C values were 

evaluated to identify the sensitivity of the repeatability and reproducibility to the chosen point 

within the damage characteristic curve.  

When the test determinations are the basis for repeatability, the single-operator precision 

statement is defined as the maximum allowable difference between multiple test determinations 

or the maximum acceptable difference between test results obtained as the average of multiple 

determinations (ASTM C670-15).  

For the repeatability of one test result with n test determinations, the maximum allowable 

range, i.e., the difference between the highest and lowest test determinations, expressed as a 

coefficient of variation, is calculated using Equation (4.7). 

 (%)n rMAR a s= ³   (4.7) 

Where:  

 an  = multiplier affected by the number of test determinations, n, listed in Table 8, 

 MAR  = maximum allowable range. 

Table 8. Multiplier for repeatability statistic. 

Number of test determinations Multiplier  

2 2.8 

3 3.3 

4 3.6 

5 3.9 

6 4.0 

7 4.2 

8 4.3 

9 4.4 

10 4.5 
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ASTM C670-15 does not give very prescriptive instructions for defining the 

reproducibility of test results. It only specifies that ñIf the test method calls for reporting the 

average of more than one test determination, multilaboratory precision is expressed as a 

maximum allowable difference between averages of such groups obtained by two laboratoriesò. 

Based on this guidance, the reproducibility precision of the AMPT cyclic fatigue tests were 

defined using ίӶ, which constitutes the standard deviation of the test results between two labs. 

Correspondingly, Equation (4.8) was used to define the reproducibility limit in terms of the 

allowable difference in test results reported by two laboratories, expressed as a coefficient of 

variation. 

 2 (%) 2.8 (%)rpd xd s s= ³  (4.8) 

where 

 d2srpd(%) = allowable difference between test results reported by two laboratories 

expressed as a coefficient of variation. 

4.3.2. Advanced Analysis using a Functional Data Metric 

4.3.2.1. Use vnorm to define repeatability and reproducibility 

To capture the variation of the entire damage characteristic curve among test replicates 

better than the single-point measures, a variance index (vnorm) was developed. The use of vnorm to 

define the repeatability and reproducibility of damage characteristic curve results requires some 

deviation from the ASTM standards because the vnorm follows a gamma, rather than a normal, 

distribution.  

The vnorm is defined in Equations (4.9) to (4.11). Equations (4.10) and (4.11) show that 

when calculating the vnorm, the S values are first normalized to avoid bias based on the damage 

characteristic curve length (i.e., S at failure). As shown by the integral in Equation (4.9), vnorm 
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encompasses the total area between individual C versus S curves and the curve that resulted from 

optimization of all individual curves with normalization based on the number of curves 

considered and a scaling factor, k. The multiplier k was applied to change the magnitude of vnorm 

from approximately 10-5 to 1 for convenience.  
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Where: 

 k  = 1×105, multiplier to change the magnitude, 

 ὛӶ   = the average of the corresponding failure value of each dataset, 

(S1
fail+S2

fail+é +Sn
fail)/n, 

 C(Snew)i  = the fitted function for i th replicate after normalization, 

 ὅӶ(Snew)  = the fitted function of all the data after normalization, and 

 n  =  the number of damage characteristic curves. 

Equations (4.12) through (4.14) are used to obtain the fitted functions after normalization 

(i.e., C(Snew)i and ὅӶ(Snew)) in Equation (4.9) using the originally defined damage characteristic 

curve model coefficients and Sfactor (defined in Equation (4.11)).  
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Where:  

 C11_new, C12_new = the fitted parameters after normalization and 

 C11, C12  = the fitted parameters before normalization.  

4.3.2.1.1. Using vnorm to Define Repeatability 

Figure 24 illustrates the calculation of vnorm for the purpose of evaluating damage 

characteristic curve repeatability. Damage characteristic curve results for three specimens are 

shown in Figure 24(a). The ὛӶ  value is calculated by averaging all S at failure for three 

specimens and the corresponding Sfactor is calculated using Equation (4.11). All S values are 

normalized using Equation (4.10) and the corresponding rescaled damage characteristic curve 

results are shown in Figure 24(b). Fitted functions for individual specimens (i.e., Fit_individual) 

and the overall fit from the aggregated results of all specimens (i.e., Fit_all) are shown in Figure 

24(b) as well. The fitting coefficients in these cases are determined using Equations (4.13) and 

(4.14). The individual specimen curves are used to calculate C(Snew)i and the overall fit is used to 

calculate ὅӶ(Snew) and determine vnorm using Equation (4.15) (obtained by substituting Equation 

(4.12) and the equivalent for the overall fit into Equation (4.9) and solving the integral).  
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Where  

 C11-i_new, C12-i_new = the fitted parameters for specimen i after normalization and 

 Cə11_new, Cə12_new = the fitted parameters for all three specimens after normalization. 
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Figure 24. An example for calculating repeatability vnorm: (a) finding ╢▄▪▀ for three 

specimens and (b) normalizing S values and fitting individual and overall damage 

characteristic curves. 

4.3.2.1.2. Using vnorm to Define Reproducibility 

The vnorm to define damage characteristic curve reproducibility is given in Equation (4.16)

. It is noted that the denominator is one in Equation (4.9) when calculating vnorm to evaluate the 

reproducibility of the results of two laboratories because n equals two in this case. 
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Where:  

 ὅӶ(S)i  = the fitted function for i th lab after normalization and 

 ὅ֞(S)  = the fitted function of two labs being compared after normalization. 

Figure 25 illustrates the vnorm approach for calculating the reproducibility of damage 

characteristic curves using Equation (4.16). Figure 25(a) shows the selected data points of fitted 

curves for the individual labs, obtained from the collective results of three test specimens. The 

damage at failure for each fitted curve is the maximum damage at failure (Smax) across all the 

specimens of each lab. The selected data points for each fitted curve are based on predefined 

damage values of 0, 100, 300, 500, 1000, and damage values with an interval of 0.05×Smax from 

0.05×Smax to Smax.  The ὛӶ  value is calculated by averaging Smax of two labs and the Sfactor for 

reproducibility is calculated using Equation (4.11). Figure 25(b) presents the fitted curve across 
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two lab results with the selected data points. The fitted curves for each lab and the fitted curve 

across two lab results are then rescaled, and ὅ֞(Snew) is determined for each of the three fitted 

curves; corresponding rescaled model fitting coefficients are determined using Equations (4.13) 

and (4.14). The reproducibility vnorm captures the reproducibility of two test results and is 

calculated using Equation (4.17). Recall that a test result is the damage characteristic curve that 

best fits the collective C(S) data from three test specimens  

 

2
22

11_11_ 11 _ 11 _

1 12 _12_ 12_ 12 _

2
2 12 1 1

newnew i new i new

norm

i i newnew new i new

C C CC
v k

CC C C

- -

= - -

= Ö + -
++ + +

ä  (4.17) 

Where  

 Cə11-i_new, Cə12-i_new = the fitted parameters for lab i after normalization. 

 Cᶂ11_new, Cᶂ12_new = the fitted parameters for both lab results after normalization. 

  
Figure 25. An example for calculating reproducibility vnorm: (a) finding ╢▄▪▀ for two lab 

results and (b) normalizing S values and fitting overall damage characteristic curves. 

4.3.2.1.3. Precision Statements 

It has been shown that vnorm values obtained from different operators for a given material 

follow a gamma distribution, defined in Equation (4.18). The analysis procedures in ASTM 

E691-20 and C670-15 are only directly applicable to test results that follow a normal 

distribution. Therefore, vnorm is not directly amenable to the guidance for precision statement 
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development given in the ASTM standards. However, the underlying principle behind the 

precision statement developed in the ASTM standards was used as the basis for developing a 

precision statement using vnorm herein. That is, a gamma distribution was fit using the ILS results 

and was subsequently used to define the maximum limit for vnorm that will be exceeded with a 

probability of 5 percent if the test is executed properly.  
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Where: 

 K  = the shape parameter in gamma distribution, 

 ɚ  = the scale parameter in gamma distribution. 

4.3.3. Analysis of the Implications of the Precision Statements on Uncertainty in Practical 

Applications of the Test Results 

4.3.3.1. Uncertainty in FlexPAVEÊ %Damage Predictions 

One of the primary uses of the AMPT cyclic fatigue test results is the mechanistic 

prediction of fatigue damage evolution using FlexPAVETM. FlexPAVETM
 Version 1.1, developed 

under the sponsorship of FHWA, is a pavement-performance analysis software package that uses 

|E*|  and S-VECD models to integrate the effects of loading rate and temperature into a structural 

model that then computes the pavementôs responses and damage evolution. The FlexPAVETM 

program calculates the long-term fatigue damage and rut depth of asphalt pavements under 

changing environmental and loading conditions. The output from FlexPAVETM simulations of 

fatigue cracking is the percentage of damage (%Damage), which is computed as the ratio of the 

damaged cross-section area to the total effective cross-sectional area; additional details are 

provided elsewhere (23). Ghanbari recently established a method to estimate how the 
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uncertainties from material model inputs propagate to uncertainty in %Damage predictions 

obtained from FlexPAVETM (19). This framework was adopted herein to evaluate the 

implications of the combined uncertainty in the damage characteristic curve and failure criterion 

results of the AMPT cyclic fatigue test results, according to the proposed precision limits 

developed based on the ILS test results, on the uncertainty in %Damage predictions.  

Ghanbari used Bayesian inference-based MCMC methods to estimate how the 

uncertainties from the material modelôs input parameters propagate to uncertainty in the 

FlexPAVETM Version 1.1 predicted pavement performance (19). First, predictive envelopes at 

predefined statistical levels were generated for each material model independently (i.e., |E*| , 

damage characteristic curve, and failure criterion) using the MCMC method. The predictive 

envelope defines the range that a new observation will fall into with a defined level of 

probability. Based on predictive envelope, 1,000 possible results for each of the three models 

were generated. Next, 1,000 possible sets of FlexPAVETM inputs were generated by randomly 

sampling from the distributions of material model inputs without replacement.  

FlexPAVETM simulations were then conducted using these inputs to generate 1,000 sets 

of %Damage results that reflect the uncertainty in pavement performance simulation as a 

consequence of the material model uncertainty. This analysis framework was carried out using 

different materials, pavement structures, traffic conditions, climate conditions, and base and 

subgrade moduli. Ghanbariôs analysis demonstrated that the uncertainty in %Damage, defined by 

the standard deviation in the predicted %Damage, depends on the average %Damage and 

material model uncertainty, irrespective of the pavement simulation conditions (i.e., structure, 

traffic, climate), as shown in Equation (4.19). Correspondingly, Equation (4.20) was defined to 

relate uncertainty in %Damage predictions to uncertainty in the |E*|  and cyclic fatigue model 
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uncertainties. The atotal in Equation (4.20) is defined by summing the contributions from 

uncertainty in the |E*|  model, damage characteristic model, and failure criterion, as shown in 

Equations (4.21) to (4.26). 

 % %P p TotalD D Z std= + ³   (4.19) 
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Where  

 %DP  = predicted damage at the reliability level P, 

 ZP  = standard normal deviate corresponding to reliability level P, 

 stdTotal  = standard deviation of %Damage, 

 %Də  = average %Damage, 

 ILVE_test  = linear viscoelastic (|E*|  model) variation index from test results, 

 IDR_test  = DR variation index from test results, 

 N  = number of test specimens, 

 Di
R  = DR value for i th specimen, 
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 Dfit
R  = average DR value for all the N specimens, 

 Eôfit_i,j   = fitted storage modulus from the fitted curve for the i th specimen and j th 

temperature and frequency, and 

 Eôfit_avg,j  = storage modulus from the fitted curve using all of N specimens at the j th 

temperature and frequency. 

All of the ILS results that meet the proposed repeatability and reproducibility precision 

limits were used to identify the maximum uncertainty in the %Damage predictions from 

FlexPAVETM according to Ghanbariôs framework.  Figure 26 presents the procedure used to 

assess the repeatability of %Damage predictions, which defines the uncertainty in %Damage in 

one test result (i.e., three test specimens) obtained in a single laboratory on a single material. As 

shown in this figure, ultimately vnorm is selected for defining damage characteristic curve 

repeatability and thus, used herein.  

The repeatability vnorm and maximum DR difference across three specimens were 

calculated for each laboratory and each mixture. If both vnorm and maximum DR results met the 

repeatability precision limits, which indicates the repeatability is acceptable, then the 

repeatability vnorm and IDR_test were used to calculate aTotal in Equation (4.21).Since this analysis is 

focused on identifying uncertainty induced from the cyclic fatigue test alone, a1, which reflects 

the contribution of variation in the |E*|  curve results to %Damage uncertainty, was set to zero. 

The calculated aTotal was then used to calculate the standard deviation in %Damage using 

Equation (4.20). Finally, the standard deviation was used to calculate the 95 percent confidence 

interval of %Damage using Equation (4.19). A %Damage of 15 percent was used in all analyses 

conducted herein because it reflects a critical point in the transfer function that relates %Damage 

to field observations of cracking (20).  Below 15 %Damage, little fatigue cracking is observed 
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on pavement surfaces but after this limit, small increments in %Damage correspond to notable 

increases in field cracking.   

 
 

Figure 26. The procedure to assess uncertainty in %Damage predictions under 

repeatability conditions. 

Figure 27 presents the procedure used to assess uncertainty in %Damage predictions for 

any two laboratory results obtained using the same material under reproducibility conditions. 

First, the individual results of the two labs under consideration were evaluated. If the 

repeatability limits for vnorm or DR were exceeded, the data was not used for reproducibility 

analysis. If the differences in the test results between the two labs exceeded reproducibility limits 

for these parameters, the data was also rejected from the analysis. If the pair of labsô results met 

both repeatability and reproducibility limits, then the reproducibility vnorm and IDR_test were used 

to calculate aTotal in Equation (4.21). Consistent with repeatability analyses, a1, which reflects the 

contribution of variation in the |E*|  curve results to %Damage uncertainty, was set to zero. It 
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should be noted that reproducibility IDR_test uses the average DR for each laboratory as Di
R. The 

calculated aTotal was then used to calculate the standard deviation in %Damage using Equation 

(4.20). Finally, the standard deviation was used to calculate the 95 percent confidence interval 

of %Damage using Equation (4.19). An average %Damage of 15 percent was used in all 

analyses, consistent with the repeatability analyses.  

The repeatability uncertainty was computed for each of the seven labôs results for each 

mixture and specimen geometry combination. The reproducibility uncertainty was computed for 

each pair of the seven labôs results for each mixture and geometry combination. In total, there 

were 42 results for the repeatability analysis and 126 (i.e., 21×6) results for the reproducibility 

analysis before rejecting results that did not meet the proposed precision limits.  

Ultimately, the results of the FlexPAVETM analysis were used to define the maximum 

and median repeatability standard deviation of %Damage for each mixture and specimen 

geometry combination and the maximum and median reproducibility standard deviation 

of %Damage for each mixture and specimen geometry combination. These maximum and 

median standard deviations were used to perform assessments of the maximum and common 

uncertainty expected for test results that meet the precision statements established in this study.  
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Figure 27. The procedure to assess uncertainty in %Damage predictions under 

reproducibility conditions.  

4.3.3.2. Uncertainty in Apparent Damage Capacity  

AMPT cyclic fatigue test results can also be used to calculate an index parameter to 

indicate asphalt mixture fatigue resistance, termed the apparent damage capacity (Sapp) and 

defined in Equation (4.27) (21). The Sapp value incorporates the effects of materialôs modulus and 

toughness on its fatigue resistance and measures the amount of fatigue damage the material can 

tolerate under loading. The temperature for the Sapp calculation is equal to the average of high- 

and low-temperature grades at the standard 98-percent reliability level minus 3  for the climate 
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Sapp value is sensitive to mixture factors (e.g., aggregate gradation, asphalt binder content, RAP 

content, and asphalt binder grade), compaction, and aging and meets general expectations 

regarding the effects of these parameters on fatigue-cracking performance (21). Similar to 

the %Damage analysis, the implications of the combined variation in the damage characteristic 

curve and failure criterion results permitted under the proposed precision limits on the 

uncertainty in Sapp were evaluated.  
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Where: 

 Ŭ = damage growth rate. 

 aT  = timeïtemperature shift factor at a given temperature. 

A framework to quantify Sapp uncertainty due to the combined uncertainty in damage 

characteristic curve and failure criterion results was developed that is analogous to framework 

that Ghanbari used to quantify %Damage uncertainty. Figure 28 presents the flow chart for 

assessing the uncertainty in Sapp in one test result (i.e., three test specimens) obtained in a single 

laboratory on a single material. Consistent with the %Damage analysis, data was only 

incorporated into the analysis if the repeatability limits for vnorm or DR were met when analyzing 

the uncertainty in Sapp. The results meeting the repeatability limits were used to generate 

independent predictive intervals for damage characteristic curves and DR using the MCMC 

method. The predictive intervals represent the range that a new test determination (either damage 

characteristic curve or DR value) will fall within with 95 percent probability. Then, 5,000 

possible damage characteristic curves and DR determinations were simulated based on the 

prediction intervals. Next, three sets of damage characteristic curve and DR determinations were 
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randomly selected from the 5,000 sets of simulated parameters to reflect three test determinations 

that comprise a possible test result. The collective results of the three simulated test 

determinations were used to calculate an average DR value and damage characteristic curve 

fitting coefficients, which constitute an AMPT cyclic fatigue test result. The process of randomly 

sampling three test determinations to constitute a possible test result was conducted 5,000 times 

with replacement and used to calculate 5,000 corresponding simulated Sapp values from a given 

lab. Consistent with the other analysis within this study, consistent |E*|  were used in all Sapp 

calculations for a given specimen geometry and mixture combination, irrespective of the lab.  

The 95 percent confidence interval was defined using the 5,000 simulated Sapp values and 

the values falling within the bounds, corresponding to 2.5 and 97.5 percentiles, were used to 

calculate the Sapp coefficient of variation according to Equation (4.28). The analysis was 

conducted for each mixture, lab, and specimen geometry combination.  
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Where: 

 N  = number of simulations in the 95 percent confidence interval, 4750. 

 Sapp-i  = Sapp value for the i th simulation. 

 Səapp  = average Sapp value across N simulations.  

Figure 29 presents the framework used to assess the uncertainty in Sapp obtained using the 

same material and specimen geometry under reproducibility conditions. Consistent with 

the %Damage analysis, only data that met both repeatability and reproducibility precision limits 

were included in the analysis of the uncertainty in Sapp under reproducibility conditions. If a pair 

of labsô results met both repeatability and reproducibility limits, then the 2.5 percentile and 97.5 
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percentile Sapp values from each of the two labs, obtained from the repeatability analysis 

described above, were used to calculate the reproducibility COV% for Sapp, according to 

Equations (4.29) and (4.30). That is, the reported reproducibility COV% reflects the maximum 

possible between-laboratory variations in Sapp results based on the 95 percent confidence 

intervals for Sapp results within a given lab.  

 ( )2.5 97.5 2.5 97.5

1 2 2 1% max ( , ), ( , )rpd app app app appCOV COV S S COV S S- - - -=  (4.29) 

 

2 2

( , ) / 100
2 2 2

x y x y x y
COV x y x y

+ + +å õ å õ
= - + - ³æ ö æ ö
ç ÷ ç ÷

 (4.30) 

Where: 

 Sapp-1
2.5  = the 2.5 percentile of Sapp for laboratory 1, 

 Sapp-1
97.5  = the 97.5 percentile of Sapp for laboratory 1, 

 Sapp-2
2.5  = the 2.5 percentile of Sapp for laboratory 2, and 

 Sapp-2
97.5  = the 97.5 percentile of Sapp for laboratory 2. 

 COV(x,y)  = COV between x and y. 

Consistent with the %Damage analysis, the Sapp repeatability uncertainty was computed 

for each of the seven labôs results for each mixture and specimen geometry combination. The 

reproducibility uncertainty was computed for each pair of the seven labôs results for each mixture 

and geometry combination. In total, there were 42 results for the repeatability analysis and 126 

(i.e., 21×6) results for the reproducibility analysis before rejecting results that did not meet the 

proposed precision limits. The maximum and median repeatability and reproducibility Sapp 

COV% of Sapp for each mixture and specimen geometry combination were extracted to provide 

measures of the typical and maximum possible uncertainty that can be expected for labsô results 

meeting the proposed precision limits.  
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Figure 28. The procedure to assess uncertainty in Sapp values under repeatability 

conditions. 
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Figure 29. The procedure to assess uncertainty in Sapp values under reproducibility 

conditions. 
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exceed the critical value for each parameter. The analysis indicated that there is a high degree of 

consistency within and between laboratories. All of the flagged data failed the within-laboratory 

consistency test. All of the inconsistent results belong to Laboratory Eôs 9.5-mm large mix 

results corresponding to the C values at Smin, Smean, Smax, and shape factors at Smean and Smax. 

Laboratory Eôs 9.5-mm large specimen results were reviewed and no procedural or data 

quality issues were identified. The impact of Laboratory Eôs inconsistent results was further 

investigated by conducting the repeatability and reproducibility analysis for the 9.5-mm mix 

large specimen results both including Laboratory Eôs results and excluding them. The 

comparison indicated that excluding the Laboratory E 9.5-mm mix large specimen data provides 

more consistent trends with respect to NMAS than when the results are included. Therefore, 

Laboratory Eôs 9.5-mm mixture large specimen data was ultimately excluded from the statistical 

analysis used to develop the precision statement. The following results presented do not include 

Laboratory Eôs 9.5-mm mix large specimen data. 

Table 9. Percentage of data exceeding critical  consistency value. 

Percent 

(%)  

C@ 

Smin 

C@ 

Smean 

C@ 

Smax 

Shape@ 

Smin 

Shape@ 

Smean 

Shape@ 

Smax 
DR All  

ɖ (between-

lab) 
0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 

ɗ (within-

lab) 
2.38 2.38 2.38 0.00 2.38 2.38 0.00 2.04 

4.4.1.2. Single-point Measure Repeatability and Reproducibility Analysis Conducted in 

Accordance with ASTM E691 

The repeatability (sr%) and reproducibility (sx %) coefficient of variation results for 

damage characteristic curve are presented in Table 10. The column labeled ñ9.5-mm large-Eò 

excludes Laboratory E data; this naming is followed in the remaining tables presented in this 

report. The results show that the coefficients of variation change with the chosen S value for 

analysis in terms of both C value and shape factor. However, there is no clear trend between the 
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chosen S value and the corresponding coefficient of variation that suits all the mixtures with 

different geometry. The repeatability and reproducibility coefficients of variation for the damage 

characteristic curve parameters are generally higher for the 19-mm and 25-mm mixtures than the 

smaller NMAS mixture results for a given specimen geometry, which matches expectations. 

However, trends with respect to NMAS are less clear in the DR results. The DR coefficient of 

variation results show that the 19-mm small mixture has the highest repeatability coefficient of 

variation and 9.5-mm large mixture has the highest reproducibility coefficient of variation even 

when excluding Laboratory Eôs data.  

Table 10. Repeatability and reproducibility coefficient of variation. 

Parameters 

9.5

S 

9.5

S 

9.5

L-E 

9.5

L-E 

12.5

S 

12.5

S 

12.5

L 

12.5

L 
19S 19S 25L 25L 

sr% 
▼●
% 

sr% 
▼●
% 

sr% 
▼●
% 

sr% 
▼●
% 

sr% 
▼●
% 

sr% 
▼●
% 

C@Smin 1.79 2.30 1.88 2.74 2.57 2.62 2.58 2.91 6.24 7.40 6.10 5.82 

C@Smean 1.77 2.24 1.71 3.17 3.42 3.21 2.82 3.65 6.54 7.69 6.74 5.12 

C@Smax 1.82 2.25 1.69 3.32 4.47 3.88 3.15 4.56 6.80 7.92 7.39 4.86 

Shape@Smin 2.17 2.64 2.41 2.52 2.76 2.46 2.19 1.58 6.07 7.15 6.02 6.80 

Shape@Smean 1.91 2.41 2.08 2.54 2.43 2.46 2.35 2.15 6.19 7.34 6.08 5.83 

Shape@Smax 1.82 2.33 2.00 2.59 2.85 2.80 2.60 2.98 6.35 7.50 6.42 5.35 

DR 5.24 6.19 4.14 9.27 6.41 4.85 4.83 5.82 12.85 7.07 7.68 6.23 

Figure 30 and Figure 31 present the variation in the repeatability and reproducibility 

coefficients of variation as a function of the average C value for C values at a specific S value 

and shape factors, respectively. The trend for each mixture in terms of either C value or shape 

factor was captured by using a finely spaced increment with æS (1000 units until a maximum 

value of 105). Therefore, trends conveyed by the lines in Figure 30 and Figure 31 reflect the true 

trend since interpolation to form the lines was minimal. The average C values corresponding to 

Smin, Smean, and Smax are identified as points (chosen S) to provide context to the results shown in 

Table 10. Both C values and shape factor show similar trends in their coefficients of variation 

with respect to the average C value at which the parameter is evaluated. These results indicate 
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that shape factor, although expressed as area of damage characteristic curve results, provides 

similar information to the C value alone. The results also suggest that defining the test precision 

based on C (or shape factor) at the average S corresponding to (1-Cᶂ) = 0.7 may help avoid bias to 

the chosen S value when a single point measure of the damage characteristic curve is used. The 

results clearly indicate higher variation within and across laboratories in the 19-mm and 25-mm 

mixtures compared to the smaller NMAS mixtures. 

  
Figure 30. Sensitivity analysis of repeatability and reproducibility coefficient of variation 

on single-point C value selection: (a) repeatability and (b) reproducibility.  

 
Figure 31. Sensitivity analysis of repeatability and reproducibility coefficient of variation 

on single-point shape factor selection: (a) repeatability and (b) reproducibility. 

Repeatability and reproducibility limits for the single-point measures (C value and shape 

factor) were developed using the repeatability and reproducibility coefficients of variation with 

(1-Cᶂ) = 0.7 (i.e., an average C value of 0.3) for damage characteristic curve results based on the 

results of the sensitivity analysis. Limits for DR were defined using the repeatability and 
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reproducibility standard deviation because DR is a single-point measure that is independent of the 

selection of S. In accordance with the ASTM E1169-20 and C670-15 standards, the repeatability 

and reproducibility limits define the variation in the result that will not be exceeded with 95 

percent confidence. The results are shown in Table 11 to Table 13. The limits for the 

repeatability of three specimens are conveyed as the maximum allowable difference among three 

specimens (COV%) according to Equation (4.7). The reproducibility limits convey the maximum 

allowable difference of two test results obtained in different laboratories (COV%) defined 

according to Equation (4.8). In general, the repeatability and reproducibility limits increase with 

increasing NMAS for a given specimen geometry. The only exception is the DR reproducibility 

limits, which do not reflect clear trend with respect to NMAS.  Note that the repeatability limits 

for |E*| and phase angle in AASHTO T 378-17. depend on modulus and NMAS but that the 

reproducibility limits are independent of NMAS. Thus, the trends in repeatability and 

reproducibility with respect to NMAS observed herein align with the findings of the AASHTO T 

378 ILS. 

Table 11. Repeatability and reproducibility limits (Coefficient of Variation) for C value at 

(1-C╟) = 0.7. 

Mixtures  
Repeatability 

(MAR %) 

Reproducibility  

(d2srpd%) 

9.5S 5.85 6.28 

9.5L 5.75 8.49 

12.5S 9.38 7.90 

12.5L 8.52 8.18 

19S 21.45 21.44 

25L 21.48 14.78 
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Table 12. Repeatability and reproducibility limits (Coefficient of Variation) for Shape 

Factor at (1-C╟) = 0.7. 

Mixtures  
Repeatability 

(MAR %) 

Reproducibility  

(d2srpd%) 

9.5S 6.26 6.72 

9.5L 7.03 7.04 

12.5S 8.33 6.72 

12.5L 7.25 4.46 

19S 20.37 20.48 

25L 19.81 17.03 

Table 13. Repeatability and reproducibility precision statements (standard deviation) of 

DR. 

Mixture  
Average 

DR 

Repeatability 

(MAR ) 

Reproducibility  

(d2srpt ) 

9.5S 0.507 0.088 0.088 

9.5L-E 0.479 0.065 0.124 

12.5S 0.608 0.129 0.083 

12.5L 0.559 0.089 0.091 

19S 0.505 0.214 0.100 

25L 0.488 0.124 0.085 

4.4.1.3. Advanced Analysis of Damage Characteristic Curve Repeatability and Reproducibility 

using a Functional Data Metric 

Table 14 to Table 16 show the results with average dynamic modulus and Table 17 to 

Table 19 with lab specific dynamic modulus.  

Table 14 and Table 15 show the vnorm values calculated using the ILS test results in terms 

of repeatability and reproducibility, respectively. The corresponding precision limit results are 

shown in Table 16. These precision limits were defined by fitting the gamma function given in 

Equation (4.18) to the distribution of vnorm repeatability and reproducibility results, separately, 

and using the resultant gamma functions to define the vnorm limits that would not be exceeded 

with 95 percent confidence. Analysis for 9.5-mm large mixture was conducted without 

Laboratory E data. Precision limit analysis for repeatability in Table 16. Table 16 identified the 

repeatability of one test result, i.e., repeatability among three test determinations.  
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Generally, increasing the NMAS yields higher repeatability and reproducibility limits for 

vnorm (and hence, indicates higher variance) for a given specimen geometry. Trends with respect 

to specimen geometry vary, indicating separate precision limits may be warranted for the two 

specimen geometries. In two cases, 12.5-mm small specimen geometry and 25-mm mixture large 

specimen geometry, the reproducibility vnorm limits are smaller than the corresponding 

repeatability limits. Because vnorm for assessing repeatability assesses variation among test 

determinations (i.e., among three individual test specimens) and vnorm for assessing 

reproducibility assesses variation among test results (i.e., results of three test specimens each in 

two labs), they are not directly comparable. The variation in three individual specimens is 

expected to exceed the variation in the average results of two sets of three specimens, which may 

explain the observed trends for the 25-mm mixture and 12.5-mm small specimen results.  

The repeatability vnorm results with lab specific dynamic modulus shown in Table 17 are 

close to the results with average dynamic modulus. However, the reproducibility vnorm results 

with lab specific dynamic modulus shown in Table 18 do show some difference to the results 

with average dynamic modulus especially for 9.5-mm large mix, 12.5-mm small mix, 19-mm 

small mix, and 25-mm large mix. For 9.5-mm large mix, 19-mm small mix, and 25-mm large 

mix, the reproducibility vnorm between Lab G and other Labs using lab specific dynamic modulus 

are much higher than using the average dynamic modulus. For 12.5-mm small mix, the 

reproducibility vnorm between Lab G and other Labs and between Lab C and other labs using lab 

specific dynamic modulus are both much higher than using the average dynamic modulus. Table 

20 presents the alpha value for lab specific dynamic modulus results and average dynamic 

modulus results. It is clear that Lab C and Lab G for 12.5-mm small mix, Lab G for 19-mm small 

mix, and Lab G for 25-mm large mix have higher alpha value than other laboratories, which 
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explains the reproducibility vnorm difference described above. The alpha value of Lab G for 9.5-

mm large mix does not have very different results compared to other Labs; the behavior in 

reproducibility vnorm difference is probably more random, meaning the lab specific dynamic 

modulus somehow separate the damage characteristic curves between Lab G and other Labs. 

Table 14. Repeatability vnorm for different labs and different materials. 

 9.5S 9.5L 12.5S 12.5L 19S 25L 

Laboratory A 5.5 14.6 0.7 98.3 6.4 527.9 

Laboratory B 12.1 1.5 38.3 21.7 274.8 142.7 

Laboratory C 2.3 6.3 38.7 0.3 38.2 11.2 

Laboratory D 14.7 0.4 88.4 3.7 19.9 66.0 

Laboratory E 20.6 107.0 21.4 16.6 163.0 68.8 

Laboratory F 7.3 4.2 49.9 25.9 117.7 68.6 

Laboratory G 2.9 39.8 7.5 14.9 1.9 38.4 

Table 15. Reproducibility vnorm for different labs and different materials. 

Laboratory comparison 9.5S 9.5L 12.5S 12.5L 19S 25L 

A-B 6 9 2 58 170 89 

A-C 15 46 49 82 105 19 

A-D 23 8 8 131 1 62 

A-E 64 65 26 99 32 174 

A-F 43 11 20 1 113 81 

A-G 27 6 4 55 174 76 

B-C 2 40 37 8 7 42 

B-D 6 9 10 23 188 15 

B-E 33 38 21 13 54 15 

B-F 18 6 11 65 8 1 

B-G 8 20 13 6 680 280 

C-D 2 18 84 4 117 9 

C-E 18 7 19 0 22 83 

C-F 7 88 9 97 3 51 

C-G 3 87 104 4 516 102 

D-E 14 32 47 3 39 46 

D-F 6 29 35 154 130 24 

D-G 0 28 16 16 144 184 

E-F 2 77 10 119 22 11 

E-G 12 104 80 6 332 400 

F-G 5 9 54 69 592 290 
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Table 16. Repeatability and reproducibility precision statements with vnorm. 

Mix/Geometry Repeatability Limit 95% 

Confidence 

Reproducibility Limit 95% 

Confidence 

9.5S 22 46 

9.5L-E 38 82 

12.5S 108 86 

12.5L 88 170 

19S 314 580 

25L 401 313 

Table 17. Repeatability vnorm for different labs and different materials with lab specific 

dynamic modulus. 

 9.5S 9.5L 12.5S 12.5L 19S 25L 

Laboratory A 4.9 14.7 1.1 98.8 10.9 483.8 

Laboratory B 12.1 1.7 37.2 22.2 284.4 136.4 

Laboratory C 1.5 6.1 19.0 0.4 32.4 13.0 

Laboratory D 14.5 0.2 80.7 7.4 21.0 68.4 

Laboratory E 15.3 120.0 16.1 37.2 334.0 77.8 

Laboratory F 8.3 10.6 55.1 13.0 124.1 84.2 

Laboratory G 2.7 41.8 5.9 15.6 1.4 102.7 

Table 18. Reproducibility vnorm for different labs and different materials with lab specific 

dynamic modulus. 

Laboratory comparison 9.5S 9.5L 12.5S 12.5L 19S 25L 

A-B 3 9 42 4 44 180 

A-C 10 1 637 19 31 36 

A-D 3 7 60 66 0 472 

A-E 34 49 24 25 1 447 

A-F 2 18 20 86 49 153 

A-G 5 138 538 16 858 804 

B-C 2 10 354 15 140 253 

B-D 8 28 5 47 42 71 

B-E 19 25 33 11 48 67 

B-F 9 22 10 80 0 0 

B-G 10 198 289 5 1320 1837 

C-D 15 10 361 76 31 516 

C-E 9 42 577 9 24 492 

C-F 20 27 486 171 150 248 

C-G 17 154 15 23 534 623 

D-E 50 93 40 41 1 0 

D-F 6 18 12 56 47 47 

D-G 0 100 348 18 830 2762 

E-F 48 97 11 129 53 42 

E-G 51 336 584 8 783 2691 

F-G 8 98 448 76 1427 1725 
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Table 19. Repeatability and reproducibility precision statements with vnorm with lab specific 

dynamic modulus. 

Mix/Geometry Repeatability Limit 95% 

Confidence 

Reproducibility Limit 95% 

Confidence 

9.5S 20 47 

9.5L-E 44 186 

12.5S 94 828 

12.5L 92 132 

19S 424 1394 

25L 384 2617 

Table 20. Alpha results for different labs and different materials. 

 9.5S 9.5L 12.5S 12.5L 19S 25L 

Laboratory A 3.05 3.13 3.69 4.02 3.26 3.24 

Laboratory B 2.97 3.09 3.75 4.31 3.36 3.37 

Laboratory C 3.02 3.14 4.63 4.17 3.61 3.37 

Laboratory D 3.14 3.27 3.77 4.34 3.21 3.30 

Laboratory E 3.21 3.14 3.70 4.47 3.33 3.55 

Laboratory F 3.24 3.05 3.95 3.76 3.34 3.29 

Laboratory G 3.17 3.18 4.05 4.05 3.63 4.05 

Average Dynamic Modulus 3.10 3.12 3.88 4.04 3.41 3.41 

4.4.1.4. Evaluation of repeatability and reproducibility trends with respect to NMAS 

Figure 32 and Figure 33 present the evaluation of repeatability and reproducibility trends 

with respect to NMAS and specimen geometry for damage characteristic curve (C value, shape 

factor, vnorm) and DR, respectively. For C value and shape factor, the repeatability statistic, sr%, 

and reproducibility statistic, sxə%, were extracted for an average (1-Cᶂ) equals to 0.7. The analysis 

for 9.5-mm large mixture does not include Laboratory Eôs results. 

Figure 32 shows that within laboratory variation increases as the NMAS increases for a 

given specimen geometry irrespective of the measure in terms of C value, shape factor, vnorm, and 

DR. The damage characteristic curve measures (C value, shape factor, vnorm) generally indicate 

similar repeatability between the large and small specimen geometry for the 9.5-mm and 12.5-

mm mixtures regardless of the parameter of evaluation. The 25-mm mix large specimen results 

show similar repeatability to 19-mm mix small specimen results in terms of C value and shape 
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factor but a higher repeatability limit based on the vnorm approach. Although showing the same 

increasing trend with NMAS for a given specimen geometry, the trend with DR is somewhat 

different than the damage characteristic curve trends. The small specimen geometry DR results of 

the 9.5-mm and 12.5-mm mixtures has higher within laboratory variation compared to large 

specimen geometry. Furthermore, the 25-mm mix large specimen results indicated less within 

laboratory variation in DR compared to 19-mm mix small specimen geometry results. 

   

 
Figure 32. Repeatability analysis comparison between single-point measure and vnorm 

approach: (a) repeatability analysis using single-point C value, (b) repeatability analysis 

using single-point shape factor, (c) repeatability analysis using vnorm, and (d) repeatability 

analysis using DR. 

Figure 33 shows similar increasing trends in vnorm with increasing NMAS for a given 

specimen geometry. The C value and shape factor measures both indicate higher between-

laboratory variation in the 19-mm and 25-mm mixtures compared to the 9.5-mm and 12.5-mm 

mixtures; however trends among 9.5-mm and 12.5-mm mixtures are somewhat inconsistent. The 
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25-mm mix has lower between laboratory variation than the 19-mm mix in all damage 

characteristic curve measures regardless of the parameters. All damage characteristic curve 

measures indicate the highest between-laboratory variation in the 19-mm mixture small 

specimen results. Since the 25-mm mix was used with the large specimen geometry and 19-mm 

mix was used with the small specimen geometry, these results match expectations. However, DR 

measures again presents different trends with NMAS compared to damage characteristic curve 

measures. All mixtures have similar between laboratory variances for DR irrespective with 

NMAS and geometries, although 9.5-mm large mixture has somewhat higher reproducibility 

variation than any other mixtures.  

  

 
Figure 33. Reproducibility analysis comparison between single-point measure and vnorm 

approach: (a) reproducibility analysis using single-point C value, (b) reproducibility 

analysis using single-point shape factor, (c) reproducibility analysis using vnorm, and (d) 

reproducibility  analysis using DR. 
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4.4.1.5. Establishment of the Recommended Precision Statements 

4.4.1.5.1. Damage Characteristic Curve 

Given the clear NMAS dependence observed in the vnorm results and its advantage of 

considering the entire damage characteristic curve rather than a single point within the curve, 

vnorm is recommended for quantifying repeatability and reproducibility of damage characteristic 

curve results. The vnorm limits given in Table 16. Table 16 are proposed for defining the 

repeatability and reproducibility of damage characteristic curve results of the AMPT cyclic 

fatigue tests; these limits are a function of NMAS and specimen geometry.  

4.4.1.5.2. Failure Criterion 

Given the clear NMAS dependence of DR repeatability shown in Figure 32, it is 

recommended that the NMAS and specimen geometry specific DR repeatability limits given in 

Table 13 are incorporated into the AMPT cyclic fatigue test standard precision statement. 

However, the DR reproducibility results shown in Figure 33 do not indicate NMAS dependence. 

In fact, the reproducibility precision for different mixtures within a given specimen geometry are 

close to each other except for the 9.5-mm large mixture specimen results, which exhibit the 

highest between-laboratory variation, for unknown reasons. Given the lack of a clear trend in the 

reproducibility of DR with respect to NMAS, the collective ILS results of each specimen 

geometry were aggregated together and used to define specimen geometry-specific limits for the 

difference in DR test results between two labs that are not expected to be exceeded with 95 

percent confidence; this approach follows the underlying premise behind the precision statement 

development guidance given in ASTM E691-20 and C670-15. Correspondingly, the following 

analysis steps were used to define the precision statement for DR reproducibility: 
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1. Calculate the average DR value of three specimens for each lab, mixture, and 

geometry combination. 

2. Compute the difference between the average DR of each pair of labs for each 

mixture with different NMAS and geometry. Each pair of labs yielded two results 

(i.e., Laboratory A minus Laboratory B and Laboratory B minus Laboratory A for 

9.5-mm small mix). 

3. Divide the data computed in Step 2 into two groups according to the mixture 

geometry (small versus large). 

4. Test whether the data is normally distributed using the Shapiro-Wilk test (24) for 

each group. 

5. Fit a normal distribution to the data in Step 3 in each group with mean and 

standard deviation using maximum-likelihood fitting method (25).  

6. Calculate the 95 percent confidence interval to find the maximum allowable 

difference in DR test results between two laboratories. 

A summary of the DR reproducibility analysis results, aggregating all mixture results for a 

given geometry, are presented in Table 21. The number of data points for the large specimen 

geometry mixture is smaller than for small specimen geometry because Laboratory E data was 

excluded from the 9.5-mm large specimen data, as previously discussed. Both small and large 

specimen geometry results yielded p-values higher than 0.05 in the Shapiro-Wilk test, which 

indicates the hypothesis that the results are normally distributed was not rejected.  

Figure 34 presents the corresponding histogram of DR differences between laboratory 

pairs, with the corresponding best fit normal distribution. The results show that the maximum 

allowable difference between two laboratory results for DR is 0.090 for mixtures with the small 
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geometry and 0.098 for mixtures with the large geometry using a confidence level of 95 percent; 

it is recommended that these limits be incorporated into the reproducibility precision statement in 

the AMPT cyclic fatigue test standards. Collectively, the recommended precision statements for 

the repeatability and reproducibility of DR are presented in Table 22.  

Table 21. DR reproducibility analysis results aggregating NMAS for different geometry. 

Geometry 

Number of 

Data 

Points 

Shapiro-

Wilk Test 

p-value 

Normal 

Distribution  

Maximum 

Allowable 

Difference 

Small 126 0.075 N(0, 0.0462) 0.090 

Large 114 0.38 N(0, 0.0502) 0.098 

Table 22. Recommended repeatability and reproducibility precision statements (Maximum 

Allowable Difference) of DR. 

Mixture  
Repeatability 

(MAR ) 

Reproducibility  

(d2srpd) 

9.5S 0.088 0.090 

9.5L-E 0.065 0.098 

12.5S 0.129 0.090 

12.5L 0.089 0.098 

19S 0.214 0.090 

25L 0.124 0.098 
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Figure 34. Histograms of DR difference with the fitted normal distribution: (a) f or mixtures 

with small geometry and (b) for mixtures with large geometry. 
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4.4.2. Proposed Precision Statements 

The following provides a summary of the proposed precision statements for the AMPT 

cyclic fatigue test standards:  

PrecisionðCriteria for judging the acceptability of cyclic fatigue test results including 

damage characteristic curve and DR obtained by this method are given in Table 23 and Table 24. 

The vnorm is calculated by an analytical integration of the sum of squared difference between the 

fitted curve for each specimen and the fitted curve across all the specimens divided by the 

number of specimens. The vnorm precision limits given in Table 23 and Table 24 are based on the 

test results from seven labs.  

Single Operator Precision (Repeatability)ðThe figures in Column 3 and 4 of Table 23 

are the acceptable limits that have been found to be appropriate for the mixtures described in 

Column 2. Results obtained in the same laboratory, by the same operator using the same 

equipment in the shortest practical period of time, should not be considered suspect unless the 

vnorm or DR range exceed that given in Table 23. 

Multilaboratory Precision (Reproducibility)ðThe figures in Column 3 and 4 of Table 24 

are the acceptable limits that have been found to be appropriate for the mixtures described in 

Column 2. Results obtained by two different operators testing the same material in two different 

laboratories should not be considered suspect unless the vnorm or DR difference exceed that given 

in Table 24. 
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Table 23. Single-operator precision for damage characteristic curve and DR results. 

Applicable 

Standard 
NMAS (mm) 

vnorm 

Limit  

Acceptable L imit for DR 

(MAR ) 

AAHTO TP 107 9.5 38 0.065 

AAHTO TP 107 12.5 88 0.089 

AAHTO TP 107 19.0 401 0.124 

AAHTO TP 107 25.0 401 0.124 

AAHTO TP 133 9.5 22 0.088 

AAHTO TP 133 12.5 108 0.129 

AAHTO TP 133 19.0 314 0.214 

Table 24. Multilaboratory precision for damage characteristic curve and DR results. 

Applicable 

Standard 

NMAS (mm) vnorm 

Limit  

Acceptable L imit for DR 

(d2s) 

AAHTO TP 107 9.5 82 0.098 

AAHTO TP 107 12.5 170 0.098 

AAHTO TP 107 19.0 313 0.098 

AAHTO TP 107 25.0 313 0.098 

AAHTO TP 133 9.5 46 0.090 

AAHTO TP 133 12.5 86 0.090 

AAHTO TP 133 19.0 580 0.090 

NoteðThe precision limits given in Table 23 and Table 24 are based on six mixtures with 

different NMAS and geometries tested in seven laboratories.  

4.4.3. Analysis of the Implications of the Precision Statements 

4.4.3.1. Data Excluded from the Analysis  

Table 25 and Table 26 present the individual laboratory results and laboratory pair results 

that did not meet the proposed precision limits for repeatability and reproducibility, respectively. 

These results were excluded from the analysis of the uncertainty in FlexPAVEÊ %Damage and 

Sapp given the proposed precision limits. Six labs out of the 42 total results (14.3 percent) did not 

meet the repeatability limits and 44 out of 126 laboratory pairs (34.9 percent) did not meet the 

reproducibility limits.  Recall that the vnorm and DR precision limits were both established based 

on 95 percent confidence interval. Because each were established using a 95 percent confidence 

level, it is expected that roughly five percent of labs would exceed each of the limits. A test will 

not meet repeatability limit if either of the vnorm or DR exceed the repeatability precision limits. 
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Therefore, the probability for a test to not meet repeatability limits is approximately 10 percent 

(1-95%×95%), higher than 5 percent. Within the six labs that did not meet the repeatability 

limits, two (4.8 percent) were excluded due to failure of meeting the DR precision limit and four 

(9.5%) were excluded due to failure of meeting vnorm limit. The number of laboratory pairs that 

do not meet reproducibility results reflect a much higher percentage than 10 percent because data 

was discarded for consideration in the reproducibility analysis if repeatability (within a lab) or 

reproducibility (between lab) criteria exceeded.  

Table 25. Data failing repeatability limits.  

Lab 9.5S 9.5L 12.5S 12.5L 19S 25L 

Laboratory A - - - X - X 

Laboratory B X - - - - - 

Laboratory C - - - - - - 

Laboratory D - - - - - - 

Laboratory E - X - - - - 

Laboratory F - - X - - - 

Laboratory G - X - - - - 
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Table 26. Data excluded from reproducibility analysis. 

Laboratory 

Pair 
9.5S 9.5L 12.5S 12.5L 19S 25L 

A-B X - - X - X 

A-C - - - X - X 

A-D - - - X - X 

A-E X X - X - X 

A-F - - X X - X 

A-G - X - X - X 

B-C X X - - - - 

B-D X - - - - - 

B-E X X - - - - 

B-F X - X - - - 

B-G X X - - X - 

C-D - - - - - - 

C-E - X - - - - 

C-F - X X - X - 

C-G - X X - - - 

D-E X X - - - - 

D-F - - X - - - 

D-G - X - - - - 

E-F - X X - - - 

E-G - X - - - X 

F-G - X X - X - 

4.4.3.2. Uncertainty in FlexPAVETM %Damage predictions 

The uncertainty in %Damage, conveyed by the standard deviation calculated using 

Ghanbariôs framework for each mixture and specimen geometry combination in terms of 

repeatability and reproducibility are shown in Table 27 and Table 28, respectively.(19) The ñXòs 

correspond to those that were excluded due to not meeting the precision limits. Table 29 and 

Table 30 summarize the maximum %Damage standard deviation of result for each mixture and 

specimen geometry combination of all of the ILS results that met the proposed precision limits. 

Table 31 and Table 32 summarize the median %Damage standard deviation for each mixture and 

specimen geometry combination. These maximum and median standard deviations were used to 
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calculate the 95 percent confidence intervals for %Damage. The maximum repeatability 

uncertainty of %Damage increases with NMAS for a given geometry, which matches 

expectations given that the repeatability precision limits for vnorm and DR
 both increase as a 

function of NMAS. The 19-mm small specimen results show that this NMAS and geometry 

combination yielded the highest uncertainty in repeatability %Damage of all conditions 

evaluated. The small specimen 19-mm mixtures results have the second highest repeatability 

vnorm limit of all conditions evaluated, including both small and large specimen geometries, while 

the large specimen 25-mm mixture results have the highest; however, the 19-mm small specimen 

results have a higher repeatability DR limit than the 25-mm large specimen results; this suggests 

that the influence of DR uncertainty had a more pronounced effect on the uncertainty of 

%Damage than the damage characteristic curve uncertainty.  

An increase in the maximum %Damage uncertainty with increasing NMAS was expected 

under reproducibility conditions given that the reproducibility limits for vnorm increase with 

NMAS and the reproducibility limits for DR are independent of the NMAS. The maximum 

uncertainty in %Damage under reproducibility conditions increases with NMAS for the small 

specimen geometry but not for the large specimen geometry; the reason for this trend is 

unknown. The 19-mm small specimen geometry results encompass the maximum uncertainty in 

%Damage under reproducibility conditions for all mixtures and geometries evaluated. Because 

repeatability assesses variation among three individual test specimens and reproducibility 

assesses variation among test results (i.e., results of three test specimens each in two labs), they 

are not directly comparable and thus, trends among repeatability and reproducibility %Damage 

uncertainty for a given mix are mixed.  
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Comparison between median and maximum confidence intervals in percent damage 

predictions provides context to the typical versus extreme uncertainty ranges expected in 

practice. For example, even though the 95 percent confidence interval of predicted %Damage at 

an average %Damage of 15 percent under repeatability conditions for the 19-mm mix using the 

small specimen geometry is from 10.14 percent to 19.86 percent (approximately ±30 percent 

error), the median 95 percent confidence interval is 12.95 percent to 17.05 percent 

(corresponding to roughly ±14 percent error). For the 9.5-mm mix with the small specimen 

geometry, the median condition yields a 95 percent confidence interval for %Damage of 14.24 

percent to 15.76 percent (corresponding to roughly ±5 percent error). Similar trends are observed 

for reproducibility. The maximum 95 percent confidence interval of all conditions under 

reproducibility conditions coincides with the 19-mm mix with the small specimen geometry, 

yielding a %Damage span from 11.44 percent to 18.56 percent (roughly ±23 percent error) but 

the median confidence interval for the same condition is notably lower at 12.95 percent to 17.05 

percent (roughly ±14 percent error). The practical implications of these errors merit further 

investigation in future work. Efforts to improve the consistency of specimen fabrication 

procedures may also enable reduction in the uncertainty of test outcomes, particularly for the 

larger NMAS mixtures.  
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Table 27. Repeatability standard deviation of %Damage for all the labs and mixtures. 

Lab 9.5S 9.5L 12.5S 12.5L 19S 25L 

Laboratory A 0.37 0.43 0.16 X 1.05 X 

Laboratory B X 0.26 0.53 0.77 2.48 1.26 

Laboratory C 0.40 0.36 0.70 0.25 0.88 0.42 

Laboratory D 0.51 0.53 1.50 0.49 0.57 1.30 

Laboratory E 0.90 X 0.30 0.87 1.73 0.80 

Laboratory F 0.33 0.50 X 0.69 2.21 1.47 

Laboratory G 0.22 X 0.56 0.61 0.27 0.76 

Median 0.39 0.43 0.54 0.65 1.05 1.03 

Maximum 0.90 0.53 1.50 0.87 2.48 1.47 

Table 28. Reproducibilit y standard deviation of %Damage for all the labs and mixtures. 

Laboratory 

Pair 
9.5S 9.5L 12.5S 12.5L 19S 25L 

A-B X 0.78 0.34 X 1.10 X 

A-C 0.25 0.79 0.44 X 1.14 X 

A-D 0.69 0.42 0.54 X 0.11 X 

A-E X X 0.75 X 0.70 X 

A-F 0.44 0.95 X X 1.05 X 

A-G 0.63 X 0.26 X 0.89 X 

B-C X X 0.64 0.60 0.99 0.95 

B-D X 0.54 0.29 0.96 1.19 0.89 

B-E X X 0.98 0.78 1.11 0.51 

B-F X 0.29 X 0.60 0.27 0.49 

B-G X X 0.62 0.52 X 1.47 

C-D 0.47 0.88 0.93 0.36 1.12 0.27 

C-E 0.76 X 0.70 0.16 0.44 0.84 

C-F 0.19 X X 1.15 X 0.55 

C-G 0.41 X X 0.18 1.82 0.72 

D-E X X 1.22 0.22 0.69 0.79 

D-F 0.51 0.82 X 1.54 1.15 0.50 

D-G 0.10 X 0.74 0.55 0.77 1.03 

E-F 0.62 X X 1.34 1.04 0.37 

E-G 1.02 X 0.84 0.33 1.38 X 

F-G 0.41 X X 0.99 X 1.05 

Median 0.47 0.79 0.67 0.6 1.05 0.75 

Maximum 1.02 0.95 1.22 1.54 1.82 1.47 
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Table 29. Maximum repeatability variation for each mixture. 

Mixture  stdTotal Avg%Damage±1.96std 

9.5S 0.90 15±1.76 

9.5L 0.53 15±1.05 

12.5S 1.50 15±2.94 

12.5L 0.87 15±1.70 

19S 2.48 15±4.86 

25L 1.47 15±2.88 

Table 30. Maximum reproducibility variation for each mixture. 

Mixture  stdTotal Avg%Damage±1.96std 

9.5S 1.02 15±2.00 

9.5L 0.95 15±1.85 

12.5S 1.22 15±2.39 

12.5L 1.54 15±3.03 

19S 1.82 15±3.56 

25L 1.47 15±2.89 

Table 31. Median repeatability variation for each mixture. 

Mixture  stdTotal Avg%Damage±1.96std 

9.5S 0.39 15±0.76 

9.5L 0.43 15±0.83 

12.5S 0.54 15±1.07 

12.5L 0.65 15±1.28 

19S 1.05 15±2.05 

25L 1.03 15±2.01 

Table 32. Median reproducibility variation for each mixture. 

Mixture  stdTotal Avg%Damage±1.96std 

9.5S 0.47 15±0.91 

9.5L 0.79 15±1.54 

12.5S 0.67 15±1.31 

12.5L 0.60 15±1.18 

19S 1.05 15±2.05 

25L 0.75 15±1.48 

4.4.3.3. Uncertainty in Apparent Damage Capacity 

The uncertainty in Sapp under repeatability and reproducibility limits, conveyed by the 

COV% for each mixture and specimen geometry combination, are shown in Table 33 and Table 

34, respectively. The ñXòs represent the laboratoriesô or laboratory pairsô results that were 

excluded due to not meeting the precision limits. As described in Chapter 2, the repeatability 
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COV% values were calculated using simulated Sapp results that fell within a 95 percent 

confidence interval. The simulated Sapp values were generated based on the observed within 

laboratory variability in both damage characteristic curve and failure criterion results. The 

reproducibility COV% reflects the maximum possible value from a pair of labsô results based on 

the 95 percent confidence intervals for the simulated Sapp values in each lab. Table 35 

summarizes the maximum and median COV% in terms of repeatability and reproducibility for 

each mixture and specimen geometry combination to provide measures of extreme and typical 

uncertainty ranges expected in practice.  

The maximum and median repeatability COV% both increase as the NMAS increases for 

a given geometry, which matches expectations since the precision limits increase with respect to 

NMAS. The median COV% values are less than 6 percent for the 9.5-mm and 12.5-mm NMAS 

mixtures, suggesting that typical uncertainty in Sapp under repeatability conditions is quite low. 

The maximum COV% value for 9.5-mm and 12.5-mm mixtures all fall below 11 percent, 

indicating only marginally more uncertainty. The repeatability COV% values are somewhat 

higher for the 19-mm and 25-mm mixtures with a maximum median value of 11 percent and 

maximum value of 17.8 percent. The median reproducibility COV% values increase with respect 

to NMAS for a given specimen geometry. The same trend holds for the maximum 

reproducibility COV% values for the large specimen geometry but not the small specimen 

geometry. The reproducibility COV% values are considerably larger than the corresponding 

repeatability COV% values (with a maximum COV% value of 57.5 percent for the 19-mm small 

specimen geometry), which can be attributed to differences in how the repeatability and 

reproducibility COV% values were calculated and also increased uncertainty in test results 
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between labs compared to within a given lab. The implications of the relatively high Sapp COV% 

values observed under reproducibility conditions merits further investigation in future research.  

Table 33. Repeatability COV% of Sapp for all the labs and mixtures. 

Lab 9.5S 9.5L 12.5S 12.5L 19S 25L 

Laboratory A 3.24 3.32 1.50 X 10.90 X 

Laboratory B X 2.75 2.92 7.14 17.77 8.40 

Laboratory C 4.19 3.24 4.34 3.15 6.83 3.22 

Laboratory D 3.87 6.84 10.91 5.26 3.83 12.04 

Laboratory E 9.79 X 1.70 8.78 12.21 4.78 

Laboratory F 2.51 5.33 X 5.76 16.90 14.26 

Laboratory G 1.79 X 5.54 5.11 2.41 5.31 

Table 34. Reproducibilit y COV% of Sapp for all the labs and mixtures. 

Laboratory 

Pair 
9.5S 9.5L 12.5S 12.5L 19S 25L 

A-B X 23.70 13.21 X 50.34 X 

A-C 16.47 29.61 17.97 X 49.58 X 

A-D 17.09 20.32 30.35 X 24.20 X 

A-E X X 20.22 X 49.39 X 

A-F 16.54 33.16 X X 44.97 X 

A-G 11.22 X 13.97 X 33.08 X 

B-C X X 26.11 27.45 53.07 24.78 

B-D X 24.64 26.67 38.73 41.12 45.33 

B-E X X 28.31 39.76 52.88 28.70 

B-F X 18.67 X 30.48 57.48 48.66 

B-G X X 22.17 27.18 X 29.48 

C-D 23.23 39.08 42.63 21.44 40.32 31.67 

C-E 43.67 X 16.26 22.52 37.30 14.28 

C-F 13.74 X X 35.07 X 35.19 

C-G 17.43 X X 17.27 48.67 28.21 

D-E X X 44.70 25.73 40.13 32.02 

D-F 23.30 34.07 X 46.02 35.51 41.20 

D-G 11.66 X 38.92 28.88 21.29 48.50 

E-F 38.48 X X 47.02 56.57 35.54 

E-G 47.09 X 24.06 29.95 48.48 X 

F-G 17.50 X X 34.80 X 51.76 
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Table 35. Maximum and median COV% of Sapp for each mixture. 

Mixture  

Maximum 

Repeatability 

COV%  

Maximum 

Reproducibility 

COV%  

Median 

Repeatability 

COV%  

Median 

Reproducibility 

COV%  

9.5S 9.79 47.09 3.55 17.43 

9.5L 6.84 39.08 3.32 27.13 

12.5S 10.91 44.70 3.63 25.08 

12.5L 8.78 47.02 5.51 29.95 

19S 17.77 57.48 10.90 46.72 

25L 14.26 51.76 6.86 33.61 

Comparisons between the uncertainty measures for %Damage and Sapp under (a) 

repeatability conditions and (b) reproducibility conditions are shown in Figure 35. The 

comparisons demonstrate that the measures of uncertainty in %Damage and Sapp are correlated. 

The uncertainty in %Damage and Sapp given the uncertainty in AMPT cyclic fatigue test results 

merits consideration when making practical inferences from these parameters.  
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Figure 35. Comparison between uncertainty of %Damage and uncertainty of Sapp: (a) 

repeatability and (b) reproducibility.  

4.5. Summary 

The following summarizes the primary findings in this chapter. 

¶ Statistical tests of the consistency of the ILS results acquired from the seven 

participating laboratories indicate that the results obtained are highly consistent 

according to ASTM E691-20. Only a single labsô results of a single mixture 

tested using the large specimen geometry failed the consistency tests and was 
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omitted from the statistical analysis to develop the proposed precision limits for 

the AMPT cyclic fatigue test standards.  

¶ Statistical analysis of the damage characteristic curve repeatability and 

reproducibility conducted using single-point measures of the damage 

characteristic curve to directly align with the guidance in ASTM E691-20 and 

C670-15 demonstrates that the inferred uncertainty in test results and trends 

among different mixtures and specimen geometries can vary with the chosen 

point of reference (e.g., S value at which C is evaluated). 

¶ The vnorm developed to quantify repeatability and reproducibility of damage 

characteristic curves better capture variation in the curve than the single-point 

measures. The vnorm results demonstrated clear increases in within and between 

laboratory variability in damage characteristic curve with increasing NMAS 

values for both small and large specimen geometries. The established 

repeatability and reproducibility limits are a function of NMAS and specimen 

geometry.  

¶ The DR constitutes a single point measure and therefore, is directly amenable to 

precision statement development according to ASTM E691-20 and C670-15. The 

DR results demonstrate that within laboratory variation increases with increasing 

NMAS for a given specimen geometry. However, the reproducibility of DR
 does 

not depend on the NMAS. Correspondingly, repeatability precision limits for DR 

were established as a function of NMAS and specimen geometry whereas 

reproducibility limits were established as a function of specimen geometry only.  
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¶ An analysis of the uncertainty in Sapp and FlexPAVETM Version 1.1 predictions 

of fatigue damage in asphalt pavements given the variation in test results 

permitted under the proposed precision statements suggest that substantial 

uncertainty is possible within and among labs. The implications of this 

uncertainty merits further investigation. Possible measures in specimen 

fabrication procedures to reduce test variability also merit further investigation to 

reduce uncertainty in the predictions of fatigue damage using the AMPT cyclic 

fatigue test results.  
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CHAPTER 5 UNCERTAINTY QUANTIFICATION OF S -VECD MODEL  

This chapter establishes the framework for uncertainty quantification of S-VECD model 

considering dynamic modulus model, damage evolution model (damage characteristic curve), 

and failure criterion model as separate components. The contents of this chapter have been 

published on Transportation Research Record (1) and was the result of the authorôs analysis and 

interpretations in consultation with their advisor and other committee members. However, as 

acknowledged in the Transportation Research Record, the experimental data used for the 

analysis was obtained by others. 

5.1. Introduction  

Traditional practices with respect to asphalt concrete pavements have relied heavily on 

empirical design procedures and experimental methods that either require substantial testing to 

characterize performance laws or provide relatively simple indices that are guided by simple 

mechanical concepts. Overall, these methods have proven successful as they readily capture the 

major behaviors and can distinguish between very bad materials/designs and very good 

materials/designs. However, in the intermediate where differences between alternative design 

and material selections are smaller, these approaches are not sensitive enough to make optimal 

decisions. Though not often articulated in these terms, this uncertainty in the resolution of these 

traditional methods have led to a view that mechanistic design procedures and experimental 

methods guided by more sophisticated mechanical theories are needed.  

The challenge with these methods though lies in the question of the reliability or 

uncertainty of the outcomes from the analytical modeling process. It has been long recognized 

that this uncertainty can be an important aspect that affects the decision that is ultimately made 

once the design and material selection guidelines and standards are followed. The most direct 
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example is the incorporation of reliability into the AASHTO 1986 pavement design guide (2), 

which describes the consistency of the measurement and certainty of various input parameters, to 

better characterize the pavement present serviceability index. This concept of reliability has also 

been incorporated into the AASHTO Pavement ME Design procedure in the form of empirical 

adjustment functions that are applied to the predicted distresses (3). Others have followed similar 

practices to include reliability into their design approaches (4-8). With empirical approaches, 

traditional statistical analyses become straightforward since they are highly data driven and by 

their very nature provide sufficient information to characterize the distribution function of any 

residual error between the empirical function and the measured performance.  

By comparison, the reliability of mechanistic approaches is much more difficult to 

characterize. This is because these approaches are generally associated with less total data (since 

more effort is needed to characterize material inputs). However, even when sufficient data do 

exist, the analysis is not straightforward because to be rigorous one must consider separately the 

uncertainty of the material model, the structural model, the input parameters, and the in-service 

performance measures. What little research does exist into these questions has largely focused on 

the question of material model uncertainty. Caro presented a methodology that includes the 

uncertainty of material properties as part of the mechanical response of pavement structures (9). 

Slowik characterized the measurement uncertainty for stiffness modulus of asphalt mixture using 

indirect tension method (10).  Rema discussed the uncertainty in interconversion methods from 

dynamic modulus test results to creep compliance and relaxation modulus (11). Gudipudi studied 

the reliability of fatigue predictions in S-VECD model given the variation in input parameters 

(12). Kassem used first order approximation and Monte Carlo simulations to characterize the 
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uncertainty of the linear viscoelastic (LVE) functions and damage characteristic curves of the 

ViscoElastoPlastic (VEP) behavior of asphalt mixtures (13).  

While the latter two studies have taken to directly assessing the uncertainty in parametric 

estimation in the continuum damage models, their techniques represent basic approaches that are 

known to have limitations (14). In these approaches, the parameters were subjectively assumed 

to be independent with each other and assumed to follow a certain distribution of the observed 

data without further robust analysis. Thus, these approaches have only used the forward 

uncertainty propagation method to quantify the uncertainties in system outputs propagated from 

uncertain inputs while the uncertain inputs are selected somewhat arbitrarily. The inverse 

uncertainty quantification, which estimates the discrepancy between the experiment and the 

mathematical model and estimates the values of unknown parameters is the method selected in 

this study to rigorously find the parameter distribution and correlation if any in the models. Then 

the parameter distribution and correlation will be used in forward uncertainty propagation to 

construct the output uncertainty of the model.  

In this chapter, the S-VECD model is adopted to demonstrate how uncertainty 

quantification analysis using Bayesian inference-based MCMC method can be used to evaluate 

and characterize asphalt concrete models. The S-VECD method involves linear viscoelasticity 

(described as a master curve of dynamic modulus at different temperature and frequency 

averaging from three specimen tests), fatigue resistance (described as a damage characteristic 

curve from cyclic loading axial fatigue tests at different strain magnitudes averaging from three 

specimen tests) and a failure criterion. Thus, as a model it contains multiple sources of 

uncertainty and in this paper the impact of each source is studied by examining the fatigue 

prediction utilizing the parameters generated in each of the three sources of S-VECD model.  
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Quantifying the uncertainties in a simplified fatigue prediction model such as S-VECD of 

asphalt mixture can help better understand the model ruggedness and benefit both the researchers 

and practitioners. The results can show the fatigue prediction variation of different sample size 

and also be provided as an input of asphalt pavement probabilistic design framework.   

5.2. Objectives 

The first objective of this study is to use inverse uncertainty quantification technique to 

characterize the uncertainty in the parameters in dynamic modulus model, damage characteristic 

model and failure criterion model. Then these parametric uncertainties are propagated into 

fatigue prediction model. The second objective is to characterize the influence of experimental 

repetitions and the parametric uncertainties and establish an analytical method to estimate the 

ideal number of replicate tests needed for this method. 

5.3. Uncertainty quantification (UQ) analysis approach 

The S-VECD fatigue life prediction model involves parameters from three sources: 

dynamic modulus mastercurve; damage characteristic curve; and failure criterion. The flow chart 

in Figure 36 demonstrates the characterization process and the sources of uncertainty and their 

propagation in the S-VECD model. With respect to error propagation the pathways are;  

¶ The parameter uncertainties from the dynamic modulus model can propagate into 

parameter uncertainties in the damage characteristic curve. 

¶ The parameter uncertainties from dynamic modulus model and damage 

characteristic curve can propagate into parameter uncertainties in the failure 

criterion model. 
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¶ The parameter uncertainties from dynamic modulus model, damage characteristic 

curve, and failure criterion can propagate into the fatigue index prediction model 

and into Sapp. 

 
Figure 36. Uncertainty propagation in S-VECD model. 

 

In this paper the effect of these propagating errors are examined with respect to four 

questions; 1) How does error propagate into the S-VECD model parameters and what are the 

resultant credible and prediction intervals for the parameters?, 2) What is the effect of these 

intervals on the predictions of mixture failure cycles?, 3) What is the effect of these intervals on 

the Sapp uncertainty?, and 4) What is the effect of using multiple tests on the overall model 

uncertainty and is there an ideal number of samples for characterizing this model?  
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5.3.1. Study Materials and Laboratory Test  

To answer these questions S-VECD data from a 9.5 mm NMAS Superpave designed 

asphalt concrete mixture was used. The mixture contained 5.6% of PG 64-22 asphalt by mass 

and the gradation followed the Superpave requirements. Test samples were cut and cored to 38 

mm × 110 mm (diameter × height) cylinder. In order to characterize the fatigue properties of an 

asphalt mixture using the S-VECD model, two laboratory tests should be performed. The first 

test is the dynamic modulus test measuring the material viscoelastic properties. For this study 

this test has been conducted using the Asphalt Mixture Performance Tester (AMPT) and in 

accordance with the AASHTO TP 133 protocol. During the test, haversine compressional loads 

are applied on the specimens at different loading frequencies and multiple test temperatures. In 

AASHTO TP 133, three replicates are required for each asphalt mixture by each operator. 

Following the dynamic modulus test, the cyclic fatigue tests should be carried out to 

characterize the fatigue properties of the mixture. The cyclic fatigue tests have been performed in 

the AMPT as well and follow AASHTO TP 134. In the test, a cyclic tensile load controlled 

within 50 ï 75 microstrain at 10 Hz is first applied on the specimen. This block of loading is 

called ófingerprint testô; the dynamic modulus at 10 Hz and the test temperature will be 

calculated and then used to calculate the DMR to remove the effects of sample-to-sample 

variability. Afterwards, cyclic tensile loads with higher strains are applied, and the recorded on-

specimen strain and stress will be used to calibrate the S-VECD model coefficients. The 

magnitude of the initial on-specimen strain usually varies from 250 microstrain to 450 

microstrain according to the AASHTO standards. In AASHTO TP 134, three fatigue tests are 

required on each asphalt mixture per operator. 
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In this study, two sets of data are used for different purpose. The first set of data which 

consists dynamic modulus test results from 15 specimens and cyclic fatigue test results from 17 

specimens as well were used to show the details of parameter estimation, uncertainty propagation 

in the S-VECD model. Note that UQ does not require that as many as 32 test results are used. In 

fact, the second set of data which consists of three mixtures uses data from three replicates of 

dynamic modulus test and four replicates of cyclic fatigue test. 

5.3.2. UQ for Error Propagation, Fatigue Life Prediction, and Sapp 

The aforementioned DRAM algorithm is used in MCMC simulations of parameters in 

different models. The simulation of 5000 cases with the MCMC technique is selected as an 

optimum among 1000 to 10000 considering the computation time and convergence in the 

following analysis steps.  

A single set of steps were followed to answer the first three questions in this paper. This 

process involves several steps, which are summarily presented below; 

Step 1: Use MCMC technique to generate 5000 simulations of Ŭ1, Ŭ2, ə, ŭ, ɔ and construct 

their posterior densities from dynamic modulus test results of 15 specimens for a given mixture. 

Step 2: Use MCMC technique to generate 5000 simulations of C11 and C12 and construct 

their posterior densities from damage characteristic curves of 17 specimens for a given mixture. 

Step 3: Use MCMC technique to generate 5000 simulations of DR and construct its 

posterior density from cyclic fatigue tests of 17 specimens. 

Step 4: The posterior densities of Ŭ1, Ŭ2, ə, ŭ, and ɔ are propagated to construct the 

distributions of Ŭ, DMR, and |E*|LVE.  
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Step 5: The posterior densities of Ŭ1, Ŭ2, ə, ŭ, and ɔ from 15 specimens are propagated to 

construct the dispersion of damage characteristic curve and failure criterion DR of an individual 

fatigue test result. 

Step 6: The posterior densities of Ŭ1, Ŭ2, ə, ŭ, ɔ, C11, C12, and DR from a total of 32 

specimens are propagated to construct the distributions of fatigue index Sapp and fatigue 

prediction Nf. 

5.3.3. Variance Decrease with Replicates 

One of the extensions of MCMC technique is that it can be used to simulate individual 

experimental tests using the prediction interval of the model responses. According to Central 

Limit Theorem (15), the average of N samples from the same population will converge into a 

normal distribution with a population mean and a variance N times smaller than the population 

variance. Therefore, multiple measurements are usually taken to reduce the variance and increase 

the precision of sample mean estimates. In this study, the MCMC technique output is taken for 

further statistical analysis to showcase the use of average of individual test results reduces the 

variance. The detailed procedure used to characterize the variance decrease due to average 

replicates is described below. This procedure is utilized in dynamic modulus model, damage 

characterization model, and DR characterization.  

Step 1: Use MCMC technique to construct prediction interval of the model which 

includes the model error and measurement error. This prediction interval is 

considered as the test population. 

Step 2: Assume a normal distribution of model response in the prediction interval at 

selected values of model input and simulate 5000 data points of the model 
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responses at each model input. This step gives 5000 curves in the prediction 

interval and each curve represents one single test from one specimen. 

Step 3: Construct the parameters that fit for each curve simulated in step 2.  

Step 4: Generate 1000 simulated experiments, each experiment will randomly select one 

curve as one single test, and the distribution of the parameters and the variance 

will be generated accordingly. (The number 1000 is selected as an optimum 

considering the computation time and convergence) 

Step 5: Generate 1000 simulated experiments, each experiment will randomly select two 

curves in the curve population as two single tests, and the average of these tests 

will be recorded as the result of this experiment. The distribution of the 

parameters and the variance will also be generated accordingly. 

Step 6: Same as step 5 but select three curves to ten curves and generate the distribution 

of parameters as the average of these tests. 

Step 7: Construct the 95% prediction interval of Nf and Sapp from parameters generated at 

different sample size. 

5.4. Applications of UQ in S-VECD Model  

5.4.1. Parameter Estimation 

5.4.2. Parameter Correlation in Each Model 

Inaccurate assumption of the parameters, e.g., they are independent, will affect the 

uncertainty of fatigue prediction and the Sapp value propagated accordingly. Here, parameters in 

the dynamic modulus model and damage characteristic model are considered independent to 

each other but the correlations of parameters in each model are constructed, as shown in Figure 

37. Unlike the assumption of conventional S-VECD model, the parameters in dynamic modulus 
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model and damage characterization model demonstrate strong parameter correlations (see for 

example the correlation between a1 and a2 and k and d). The posterior densities for the 

parameters exhibit a normal distribution and the corresponding 95% credible intervals are shown 

in Table 36. 

 

 

 
Figure 37. Parameter estimation results (a) The correlation between Ŭ1, Ŭ2, ə, ŭ, ɔ and (b) 

The correlation between C11, C12. 
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Table 36. The 95% credible interval and 95% prediction interval of parameter estimation. 

Parameter 
95% credible interval 

Lower limit  Mean Upper limit  

Ŭ1 8.1573×10 -4 9.4854×10 -4 10.7833×10 -4 

Ŭ2 -0.1784 -0.1707 -0.1629 

ə 4.3980 4.4968 4.5886 

ŭ -0.8877 -0.8386 -0.7903 

ɔ -0.5562 -0.5367 -0.5193 

C11 3.308×10 -3 3.500×10 -3 3.694×10 -3 

C12 0.4333 0.4379 0.4426 

DR 0.5415 0.5501 0.5596 

 95% prediction interval 

ə 4.3932 4.4826 4.5669 

ŭ -0.9365 -0.8443 -0.7540 

ɔ -0.5676 -0.5281 -0.4952 

C11 2.672×10 -3 3.540×10 -3 4.759×10 -3 

C12 0.4158 0.4369 0.4569 

DR 0.5127 0.5579 0.6007 

  

These strong correlations between different parameters limits the usage of other 

uncertainty propagation techniques, like first- or second-order expansions in perturbation 

methods and spectral representations (20) considering they both assume the parameters to be 

independently distributed. In fact, for problems with correlated parameters or sufficiently large 

parameter dimensions, the sampling method, including MCMC technique, is the best choice for 

uncertainty propagation analysis.  

The model response that accounts for the parameter uncertainties and measurement errors 

are shown in Figure 38.  The 95% credible interval represents the 95% probability limits for 

parameter uncertainties and the 95% prediction interval represents the 95% probability limits for 

new observations (new testing results) where measurement errors are included. It can be seen 

from Table 36 that the 95% credible interval for all parameters are quite narrow, meaning the 

contribution of the model error to the overall uncertainty propagation of parameters is minimal. 

Further, the variability of model inputs in terms of measurement errors is characterized in 95% 
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prediction intervals as shown in Table 36.  Again, the upper and lower limits of 95% prediction 

intervals provide an estimate of uncertainty in model parameters due to measurement errors. In 

Figure 38 (c), it appears that one testing result is not included in the 95% prediction intervals 

which can be interpreted as an outlier compared to the other 16 testing results. 

 

 
Figure 38. Predictive envelopes of the model from MCMC technique: (a) Log-log scale plot 

for dynamic modulus test results, (b) Semi-log scale plot for dynamic modulus test results, 

(c) Damage characteristic curve, and (d) DR results. 

 

5.4.3. Parameter Correlation between Models 

As shown in the S-VECD background, the parameters posterior densities generated from 

the dynamic modulus model will be propagated into damage characteristic curve and failure 

criterion for one fatigue test specimen. The parameter uncertainty from the dynamic modulus 

model, represented as prediction interval of three specimens average, were propagated into one 
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fatigue test result to be compared with the specimen-to-specimen variability in cyclic fatigue test. 

The results are presented in Figure 39 and Table 37. 

 
Figure 39. The uncertainty propagation from dynamic modulus parameters to damage 

characteristic curve. 

Table 37. 95% Prediction interval of parameters propagated from dynamic modulus 

parameter uncertainty. 

Parameter Lower limit  Mean Upper limit  

DMR 0.8884 0.9249 0.9643 

|E*|LVE (MPa) 8296.5 8649.3 9004.5 

Ŭ 3.5069 3.5927 3.6694 

C11 4.149×10-3 4.263×10-3 4.380×10-3 

C12 0.4188 0.4206 0.4223 

DR 0.5076 0.5076 0.5076 

 

Figure 39 shows the uncertainty propagation from dynamic modulus model to damage 

characteristic curve and failure criterion DR is smaller than the difference in different specimens 

and hence is considered negligible. Therefore, only the parameter uncertainty from different 

samples are utilized in the uncertainty quantification of fatigue prediction. Thus, parameters in 

different models are assumed to be independent to each other for the following uncertainty 

propagation analysis. 
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5.5. UQ Propagation to Sapp and Nf 

As mentioned earlier, the uncertainties of Sapp and Nf are from dynamic modulus model, 

damage characterization model, and fatigue criterion model. For the target temperature as 10°C, 

frequency as 10 Hz, and strain level as 200 micro strain, the final 95% credible interval of Sapp 

and Nf are presented in Table 38.  

Table 38. 95% Credible interval of Sapp and Nf. 

Quantity  Lower limit  Mean Up limit  

Sapp 22.2 22.7 23.1 

Nf 2.90×10 -3 3.42×10 -3 3.93×10 -3 

 

The MCMC method inherently accounts for the sample size effect in parameter 

estimation. Basically, the more data points, the more probable that the parameter will be 

estimated in a narrower range. The parameter-dependent model response is assumed to be the 

true value of the question of interest, and the residuals are considered to be a combination of 

model error and measurement error. In short, the estimated fatigue prediction Nf envelope is its 

true value distribution from the existing testing results of multiple samples.  

5.6. Effect of Multiple Test Sampling 

In the S-VECD testing, the standard number of test replicates is three for either dynamic 

modulus test or cyclic fatigue test. The repeatability of cyclic fatigue test is received more 

attention due to its relatively high variation between replicates. The question becomes how many 

replicates of cyclic fatigue test is acceptable in reducing the uncertainty of fatigue prediction. To 

solve this problem, the decrease in parameter variance from using multiple specimens to 

characterize linear viscoelasticity, damage characteristic curve and failure criterion at different 

sample size was calculated and shown in Table 39. The 95% prediction interval of fatigue 

prediction Nf and the Sapp value of different sample size of cyclic fatigue test and fixed replicates 
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ï three- of dynamic modulus test was constructed in Figure 40. Note that the bar value in Figure 

40 represents the 50th percentile where 50% of calculated value is below this number, instead of 

the mean of upper and lower limit. Fatigue prediction Nf has a skewed distribution towards the 

lower limit of the prediction interval. But with the increase of sample size, the distribution tends 

to turn symmetric.  

Table 40 presents the decrease in the size of the 95% prediction interval when adding one 

more specimen for different sample sizes. If the sample size changes from one to two, then the 

95% prediction interval will decrease by 29.8% for Sapp and 34.4% for Nf. Technically, the 

convergence happens at a sample size of 10 for Sapp and 9 for Nf.  However, a tradeoff between 

the accuracy and the investment of time on testing should be considered when deciding the 

sample size. From the authors perspective, four replicates of cyclic fatigue test are recommended 

to balance the uncertainty and efficiency. 

Table 39. The variance of parameters at different sample size. 

Sample 

size 
ə ȹ ɔ C11 C12 DR 

1 2.60×10-3 3.02×10-4 2.35×10-4 3.20×10-7 1.39×10-4 7.17×10-4 

2 1.00×10-3 1.13×10-4 0.82×10-4 1.56×10-7 0.68×10-4 3.67×10-4 

3 0.56×10-3 0.68×10-4 0.47×10-4 1.14×10-7 0.48×10-4 2.23×10-4 

4 0.46×10-3 0.53×10-4 0.38×10-4 0.87×10-7 0.36×10-4 1.91×10-4 

5 0.40×10-3 0.47×10-4 0.33×10-4 0.64×10-7 0.27×10-4 1.54×10-4 

6 0.35×10-3 0.40×10-4 0.29×10-4 0.56×10-7 0.24×10-4 1.20×10-4 

7 0.25×10-3 0.29×10-4 0.21×10-4 0.46×10-7 0.19×10-4 1.04×10-4 

8 0.21×10-3 0.25×10-4 0.18×10-4 0.40×10-7 0.17×10-4 0.95×10-4 

9 0.20×10-3 0.24×10-4 0.17×10-4 0.37×10-7 0.16×10-4 0.79×10-4 

10 0.22×10-3 0.28×10-4 0.19×10-4 0.35×10-7 0.15×10-4 0.72×10-4 
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Figure 40. Variance decrease with the increase of sample size in (a) Sapp and (b) Nf. 

Table 40. The decrease of the size of 95% prediction interval when adding a new sample. 

Sample Size Sapp  (%) Nf (%)  

1 29.8 34.4 

2 19.4 21.7 

3 12.1 10.3 

4 11.8 13.9 

5 7.6 10.4 

6 7.9 7.7 

7 6.4 1.5 

8 8.1 -0.4 

9 -1.4 -0.4 

 

5.7. Example of UQ Analysis Implementation for Mixture Evaluation  

To demonstrate how the UQ method can be useful for interpreting model outcomes, it has 

been used to evaluate and compare mixtures of different constitution. The parameters of Sapp 

calculation are grouped into linear dynamic modulus model, damage characterization model, and 

failure criterion model. These three sets of parameters are assumed as independent with each 

other, but the parameters inside of each group have certain correlations.  

 UQ analysis has been implemented to evaluate and compare the fatigue resistance of 

asphalt mixtures with incorporation of the index parameter, Sapp. An example with three asphalt 

mixtures are presented in this paper. The mixtures were previously used in the study associated 

with the Federal Highway Administration (FHWA) Accelerated Loading Facility (ALF) (16). 
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Two of the mixtures were composed of modified binder and the third mixture, without modified 

binder, served as the control mix. Except for the Control mixture, the other mixtures were mixed 

with binders that were modified with crumb rubber terminal blend (CRTB), and styrene-

butadiene-styrene (SBS), respectively. Dynamic modulus tests subjected to AASHTO T 378 and 

cyclic fatigue tests subjected to AASHTO TP 107 were performed to characterize the fatigue 

properties of the mixtures. The Sapp values of the three mixtures were calculated, and the credible 

intervals of Sapp were computed using the MCMC method.  

The Sapp values of the mixtures are presented in Figure 41 (a), and the error bars indicate 

the 95% credible intervals. It can be observed that the Sapp values of the two mixtures with 

polymer modified binders are significantly greater than that of the control mix. The lower 

boundaries of Sapp values of the two modified mixtures are higher than the upper boundaries of 

the unmodified mix with consideration of the 95% credible interval. Thus, the mixtures with 

CRTB and SBS modified binders can be concluded to have better fatigue resistance with the 

respect to the S-VECD model and the Sapp index.  

The size of the 95% prediction intervals are calculated when different numbers of 

replicates are tested in cyclic fatigue tests. The size is calculated as the difference between the 

upper boundary and the lower boundary of the prediction interval. The changes of prediction 

intervals for different mixtures are presented in Figure 41 (b). It can be observed that the Control 

mixture has the least variation. Besides, the size of the prediction intervals decreases as the 

number of test samples increases. The size eventually converges to a constant for an asphalt 

mixture. The question becomes whether it can be concluded that the SBS mixture has a better 

fatigue performance than CRTB mixture with the quantified uncertainty. 
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The hypothesis test is usually used to test whether there is a significant difference 

between two samples. In this case, the null hypothesis is that the Sapp values of Control and 

CRTB are the same, the alternative hypothesis is that the Sapp value of Control and CRTB are not 

the same (same as comparison between CRTB and SBS). The null hypothesis will be rejected or 

not rejected based on the tested results. The Type I error Ŭst is the probability when the null 

hypothesis is true, but it is rejected. The Type II error ɓst is the probability when the alternative 

hypothesis is true, but the null hypothesis is not rejected.  

With the test results and a sample size of four in this scenario, the p value between 

Control and CRTB is 0.0004, between CRTB and SBS it is 0.248. This means if the null 

hypothesis is true, the probability of observing test data at least as extreme as the current test 

results are 0.04% and 24.8% for each case. In the meantime, if the alternative is true and the 

Type I error Ŭst is set as 5%, then the probability of detecting the difference (1- ɓst) using 

hypothesis test between Control and CRTB is 99.9%, between CRTB and SBS is 42.1%. Readers 

can refer to (17) for more information.  

The required sample size to detect the difference of different mixtures to reach a typical 

Ŭst of 5% and ɓst of 20% can be calculated by Equation (5.1) and (5.2) (18). In this case, a sample 

size two is sufficient for comparing Control and CRTB as their difference is major while a 

sample size of 11 is required to detect the smaller difference between CRTB and SBS. 
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where  

 ɛ1, ˃ 2 = mean value for the two treatments, 
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 ů = standard deviation, 

 Ŭst = significance level in statistics (the probability of making a Type I error), 

 ɓst = ɓ level in statistics (the probability of making a Type II error), and 

 ū-1 = the cumulative distribution function of a standardized normal deviate. 

 

 
Figure 41. Sapp values and their variation ranges of different mixtures: (a) the Sapp values 

and 95% credible interval (shown in error bars) as four samples are tested in cyclic fatigue 

tests and (b) the size of the 95% prediction intervals of different mixtures when different 

number of samples are tested. 

5.8. Summary 

The mechanical models have been developed to better characterize the asphalt material 

fatigue behavior under smaller resolution. However, due to the complexity of these mechanical 

models and the multiple test results involved, the uncertainty analysis is not straightforward. 

Thus, a more advanced statistical analysis method is utilized in this study to explore the 

possibility of more precisely quantifying the uncertainty in these mechanical models. This study 

first applies MCMC technique in the uncertainty quantification of fatigue prediction in S-VECD 

model from a total of 32 specimens of a standard asphalt mixture. The prediction envelope 

results from MCMC method is used to quantify the variance reduction from the increase of 

sample size. In the end, this method is implemented in the mixture evaluation of test data from 

standard sample size. The following conclusions can be drawn. 
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¶ In the dynamic modulus model, MCMC results show different level of correlation 

between parameters Ŭ1, Ŭ2, ə, ŭ, and ɔ. In damage characterization model, MCMC 

results show strong correlation between parameters C11 and C12. This indicates 

MCMC method, which belongs to a broader category of Bayesian inference, is a 

robust method in uncertainty quantification analysis of S-VECD model because it 

incorporates the parameter correlation which is usually assumed as independence 

in uncertainty analysis. 

¶ The uncertainty of damage characteristic curve for a single specimen that is 

propagated from the uncertainty of parameter estimation from dynamic modulus 

model is not as big as from two different specimens. Thus, the parameters 

between dynamic modulus model, damage characterization model and failure 

criterion model can be assumed independent. 

¶ The uncertainty of Nf and the Sapp value is successfully constructed using the 

parameter posterior densities from the MCMC technique. 

¶ The variance of Nf and the Sapp value from predictive envelope decreases with the 

increase of sample sizes of cyclic fatigue test. The recommended number of 

replicates of cyclic fatigue test is four considering the balance between the 

uncertainty and testing efficiency. 

The fatigue resistance of three asphalt mixtures with the uncertainty propagated from the 

test results was compared using the MCMC technique. The model predictions incorporated with 

uncertainty present the importance of replicates in capturing the true material property. When 

two mixtures demonstrate close material property, more replicates are needed to be more 

confident of detecting a specific difference between the two mixtures. 
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CHAPTER 6 SENSITIVITY ANALYSIS OF S -VECD MODEL  

This chapter identifies the influential parameters in S-VECD model through sensitivity 

analysis based on the results from the uncertainty quantification. It has been published on 

Advances in Materials and Pavement Performance Prediction II (1). 

6.1. Introduction  

The fatigue cracking of asphalt pavement has long been problematic. This distress affects 

the driving experience and ultimately increases the need and frequency of pavement maintenance 

and rehabilitation. Researchers have been studying to solve this problem by developing models 

that use fundamental material properties or by developing a simplified test, or both. The S-

VECD fatigue model is one approach and has been shown to be able to predict fatigue life of 

asphalt mixture under a wide range of loading and environmental conditions. It characterizes the 

changes in the constitutive relationship as inherent fatigue damage in the material and constructs 

the damage evolution coupled with linear viscoelasticity theory and a failure criterion. 

However, the sophistication of the S-VECD model requires a more comprehensive 

mathematical approach to analyzing the sensitivity than what is necessary for other, more 

traditional methods. For example, one common way of doing sensitivity analysis for a certain 

input variable is to simply change the input variable and construct the variance of the resultant 

output while the other input variables maintain the same. This method, solely model-based 

sensitivity analysis, is intuitive and easy to achieve, but not very robust because it does not 

consider the correlation and interaction between input parameters explicitly. In other words, the 

sensitivity can be overestimated or underestimated if the parameter correlation exists.  

This paper conducts and compares model-based and experimental data-based sensitivity 

analysis assuming parameters are; (1) independent and perturbed about a nominal value (local 
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sensitivity), (2) independent and uniformly distributed in the variation range (global sensitivity), 

and (3) correlated and interacted (sensitivity indices from experimental data). Then the optimum 

sensitivity analysis method is selected, and its interpretation is clarified. 

6.2. Background 

The objective of sensitivity analysis is to quantify the relative contributions from 

individual inputs and parameters to the variation of measured responses. The reasons for 

sensitivity analysis include: (1) identify whether the model is robust or overly fragile to different 

parameters; (2) fix insensitive parameters, if any, to simplify the model; (3) determine the 

parameter ranges that optimally affect the model responses or uncertainties; and (4) instruct 

experimental design where the most model response sensitivity can be reflected (2).  

6.2.1. Local Sensitivity Analysis 

Local sensitivity analysis is often achieved by the partial derivative of the response with 

respect to the individual parameters, Öy/Öqi. It focuses on the relative change of the response 

when parameters or inputs are perturbed at a nominal value. Local sensitivity is often the first 

step to check if there are any insensitive parameters that can be fixed. This paper uses finite 

difference approximations technique to construct the local sensitivity analysis for the S-VECD 

model, as Equation (6.1), 
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where  

 y(t,q)  = model response, 

 qi  = i th parameter, 

 q~i  = all the parameters except qi, 

 t  = independent variable, and 
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 hqi  = small increment of qi. 

6.2.2. Global Sensitivity Analysis 

The local sensitivity analysis does not account for the effect of parameter variation since 

it only captures the output sensitivity adjacent to the nominal value of the parameter. The global 

sensitivity analysis considers the combinations of parameters throughout the admissible 

parameter space.  

Morris screening method is used in this paper to conduct global sensitivity analysis by 

averaging over local derivative approximations. The screening methods can rank parameters 

according to their importance but are not sufficient to quantify how much more important one 

parameter is than another.  

In Morris screening method, the sensitivity measures for qi are the sampling mean and 

variance from r sample points, 
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where  

 di
j  = the elementary effect associated with the i th parameter and j th sample. 

6.2.3. Sensitivity Analysis using Experimental Data 

The typical local and global sensitivity analysis are focused solely on properties of the 

model. This section introduces the variance-based sensitivity indices, originated from Sobol 

decomposition, to analyze the sensitivity using simulated parameter values, as shown in 

Equations (6.3) and (6.4). In this study, experimental data are used to simulate parameter values 
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and the sensitivity indices are computed subsequently. The simulation process used MCMC 

method is discussed in Section 5.3.  
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where  

 Si  = the first-order sensitivity indices, 

 STi  = the total sensitivity indices, 

 E(Y|qi)  = the conditional expected value for model response Y, and 

 var[E(Y|qi)] = the variance for E(Y|qi). 

6.3. Materials and Method 

6.3.1. Materials and Laboratory Test 

The asphalt mixtures used in this research contain 5.6% of PG 64-22 asphalt by mass and 

a gradation with a 9.5 mm NMAS followed by the Superpave requirements. These mixtures were 

cut and cored to 38 mm × 110 mm (diameter × height) cylinder for further testing. In order to 

characterize the fatigue properties of asphalt mixture using S-VECD model, two laboratory tests 

should be performed ï dynamic modulus test in accordance with AASHTO TP 133 protocol and 

cyclic fatigue test in accordance with AASHTO TP 134 protocol. This study used dynamic 

modulus test results data from 14 specimens of 5 operators and cyclic fatigue test results data 

from 17 specimens of 5 operators.  
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6.3.2. Method 

First, the optimum parameter used in Nf prediction, i.e. Ŭ, |E*|, C11, C12, and DR, are 

constructed via fitting the dynamic modulus and cyclic fatigue test data into linear viscoelasticity 

model, damage characteristic curve and failure criterion.  

Second, the MCMC technique is used to simulate parameter distribution in the S-VECD 

model from the experimental data. The MCMC method gives the credible interval of the 

parameters and the prediction interval of the model response. In this study, the prediction interval 

of the model response is used to simulate the prediction interval of the parameters in the model. 

More details of the MCMC method application in constructing the parametric distributions of the 

S-VECD model functions can be found in [Ding et al. 2020]. The input temperature is 10зC and 

the input frequency is 10 Hz in all the sensitivity analysis. 

1. The local sensitivity analysis is conducted using the optimum parameters as the 

nominal value.  

2. The global sensitivity analysis is conducted assuming the parameters are 

independent and uniformly distributed in the ranges of within 10% error (a 

random but typical assumption when no other information is present) of the 

optimum parameters, represented as Morris measures ɛi-1
* and ůi-1. 

3. The global sensitivity analysis is conducted again assuming the parameters are 

independent and uniformly distributed in the ranges of the 95% prediction interval 

from MCMC results, represented as Morris measures ɛi-2
* and ůi-2. 

4. The sensitivity indices are calculated using all the parameter values generated 

from the MCMC results which incorporates the parameter correlation.  
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6.4. Results and Discussion 

6.4.1. Local Sensitivity Analysis Results 

The local sensitivity results of Öy/Öqi at different input strain magnitude are shown in 

Figure 42. Note that except DR, the sensitivity results for Ŭ, |E*|, C11, and C12 are all negative, i.e. 

the increase of the parameter results in the decrease in the predicted Nf. The absolute values are 

presented for comparison. 

 
Figure 42. Local sensitivity analysis of different parameters in Nf prediction model. 

The results demonstrate that all the parameters in the fatigue prediction model are 

sensitive. The sensitivity decreases with the increase of input strain magnitude. In addition, the 

sensitivity contribution ranking is C11 > C12 > DR> Ŭ > |E* |.  

6.4.2. Global Sensitivity Analysis Results  

The global sensitivity analysis results are shown in Table 41. All the parameters are 

influential and cannot be fixed. Using the parameter range from assuming 10% error and from 

MCMC results both give the Morris sensitivity ranking of C11 > C12 > DR> Ŭ > |E*| and are in 

accordance with the local sensitivity results.  
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Table 41. Global sensitivity analysis of different parameters in Nf prediction model. 

 ɛi-1
* ůi-1 ɛi-2

* ůi-2 

Ŭ 4.82×109 3.90×1010 8.34×105 2.55×106 

|E*| 2.52×106 1.64×107 6.32×102 2.78×103 

C11 1.53×1013 1.01×1014 3.25×109 1.50×109 

C12 3.85×1011 2.49×1012 1.25×108 5.60×108 

DR 7.17×1010 4.54×1011 1.37×107 6.02×107 

6.4.3. Parameter Correlation 

One common weakness with local and global sensitivity analysis lies in their assumption 

of independency in parameters, because they solely focus on the properties of the model. In the 

S-VECD method, the Pearson correlation matrix, a measure of linear correlation between 

variables, is listed in Table 42. The matrix was constructed using the simulated data from 

MCMC results representing the prediction interval [Ding et al. 2020]. The high correlation 

between C11 and C12 (-0.9923) can possibly lead to different sensitivity results compared to local 

and global sensitivity analysis. 

Table 42. Correlation matrix for parameters in Nf prediction model. 

 Ŭ |E*| C11 C12 DR 

Ŭ 1 -0.3982 -0.0224 0.0228 -0.0451 

|E*| -0.3928 1 0.0738 -0.0749 0.041-5 

C11 -0.0224 0.0738 1 -0.9923 -0.0151 

C12 0.0228 -0.0749 -0.9923 1 0.0144 

DR -0.0451 0.0415 -0.0151 0.0144 1 

6.4.4. Sensitivity Indices from Experimental Data 

Due to the non-negligible correlation between C11 and C12, they are grouped as damage 

characteristic curve parameter. The characterized sensitivity indices after grouping are shown in 

Table 43. The parameters have a different sensitivity ranking from previous local and global 

sensitivity analysis, that is DR > C11, C12 > |E*| å Ŭ.  
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Table 43. The sensitivity indices considering correlation between parameters. 

 Ŭ |E* | C11, C12 DR 

Si 0.0119 0.0191 0.1740 0.7728 

STi -0.0043 0.0031 0.2104 0.8082 

Figure 43 presents a way to interpret the sensitivity indices. In Figure 43 (d), the average 

value of Nf along a fixed DR is changing substantially with the change of DR value. This average 

value is the conditional expectation E(Nf|DR) in Equation (6.3). The variance var(E(Nf|DR)) 

quantifies the variability of these average values. The fact that var(E(Nf|DR)) > 

var(E(Nf|C11,C12))>var(E(Nf||E
* |)) å var(E(Nf |Ŭ)) results in the first-order sensitivity indices 

ranking. This indicates that the failure criterion DR has a higher influence on the variation of Nf 

prediction and has room to be improved to reduce the uncertainty in S-VECD model compared 

with Ŭ, |E* |, C11, and C12. 

 

 
Figure 43. Scatter plots of Nf versus: (a) Ŭ, (b) |E* |, (c) C11, and (d) DR constructed using the 

parameter values simulated from MCMC. 
 

6.5. Summary 

This study performs the model-based local and global sensitivity analysis and the 

experimental data-based sensitivity analysis in S-VECD model.  

The local and global sensitivity analysis results show that all the parameters are sensitive 

and influential. They both give the parameters sensitivity ranking as: C11 > C12 > DR> Ŭ > |E* |. 

(a) (b) 

(c) (d) 
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However, the sensitivity indices computed from simulated parameter values using MCMC 

results from a total of 31 testing data show the sensitivity ranking as: DR> C11, C12 > |E*| å Ŭ. 

In conclusion, sensitivity analysis without considering the parameter correlation in S-

VECD model will overestimate the model fragility with respect to a certain parameter and lead 

to incorrect results. MCMC technique presents a way in simulating parameter values 

incorporated with their correlation. Additionally, compared with Ŭ, |E* |, C11, and C12, failure 

criterion DR has potential to be improved to possibly reduce the uncertainty of Nf prediction in 

the S-VECD model. 
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CHAPTER 7 IMPROVING THE S-VECD MODEL  

This chapter discusses two ways to improve S-VECD model. One is to change the 

definition of alpha and the other is to adjust the specific manner by which the model coefficients 

are determined, referred to as data fitting algorithm in the following sections. These two 

modifications are proposed based on the limitations of model assumption in the S-VECD model 

development history. A more robust evaluation of these improved alternative S-VECD models 

including the uncertainty quantification analysis are discussed in the following chapter. 

7.1. Background 

7.1.1. Alpha Value in S-VECD Model 

The sensitivity analysis in Section 6.4 shown that C11 and C12 are highly correlated and 

both highly influential in the prediction of number of cycles to failure. Although DR is observed 

to be the most influential, the selection of failure criterion requires more mechanical study of the 

material. The C11 and C12 coefficients are directly related with the alpha value, which itself 

depends on the linear viscoelastic results. Thus, alpha introduces uncertainty from dynamic 

modulus results to C-S curve calibration; this uncertainty is then propagated into the final 

prediction of S-VECD model. The impact of alpha in the model was studied to evaluate the 

feasibility of constructing alternative models by changing alpha definition. 

It is important to understand the impact of alpha in S-VECD model. This impact can be 

viewed with respect to three different aspects: (1) calibration; (2) verification; and (3) long-term 

prediction. If the change of alpha does not affect calibration, verification and long-term 

prediction at all, then alpha is not sensitive; if the change of alpha affects verification, alpha 

should not be changed to construct alternative models; if the change of alpha does not affect 
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verification, but affects calibration and long-term prediction, alpha can be redefined to construct 

alternative models. A thorough sensitivity assessment of alpha effects is described in Section 7.2. 

7.1.2. Data Fitting Algorithm in S-VECD Model  

As discussed in the literature review, the current algorithm implemented in AASHTO TP 

133 and TP 107 (1-2), which was encoded in the FlexMATTM software, constructs C and S 

values using Equation (7.1) and (7.2). The intermediate state variable, S, was calculated using 

finite difference model from C and N variables. The meaning of each variable can be referred to 

in the literature review. 
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The C and S values calculated from each time step in the first cycle and all the later 

cycles (starting with cycle 10) are combined into a single dataset. Then a filtering process is 

conducted to reduce the number of data points using equal S increments of approximately 5000. 

The purpose of this filtering process is to evenly distribute the data points across S range because 

the original data points are more located on high S values. More details on the combination of 

first cycle and later cycles (starting with cycle 10) and the filtering process can be referred to in 

the calculation section of AASHTO TP 133 and TP 107 standard. Then the corresponding C and 

S values are fitted into a power law function as shown in Equation (7.3). 
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It is important to emphasize the inclusion of first cycle and the filtering process here 

because these two steps will be revised in the proposed alternative S-VECD models in Section 

7.4.1.1. 

 12

111 CC C S= -   (7.3) 

7.2. Sensitivity Assessment of Alpha Effects 

S-VECD data from a 9.5 mm nominal maximum aggregate size Superpave designed 

asphalt concrete mixture was used to exemplify the alpha impact from these three aspects. The 

materials were fabricated into 38 mm × 110 mm (diameter × height) cylinder specimens and 

tested for dynamic modulus (via AASHTO TP 132) and S-VECD characteristics (via AASHTO 

TP 133). The alpha value using the traditional definition for this material is 3.63. Different alpha 

values (2.5, 3.0, and 4.5) were also selected at random to calibrate the model parameters. Then 

those model parameters were further utilized in model verification and long-term prediction. It 

should be noted here that the linear viscoelastic property is the same for each of the alpha 

scenarios. 

7.2.1. Calibration: C-S curves Collapse 

The calibration of C-S curves results with different alpha are presented in Figure 44. It 

shows that with the increase of alpha, the damage curve itself moves towards the right. In the S-

VECD model calibration, the stiffness value with cycles C(N) does not change with the change 

of alpha. Thus, the damage evolution function in the S-VECD model can be rewritten as shown 

by Equation (7.4). The aforementioned change in position with higher alpha values occurs 

because an increase of alpha leads to an increase of dS/dɝ and thus a higher S value at any 

particular point in time.  
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It is also observed that the collapse level for different alpha value is different. The 

collapse of the damage curves at a=2.5 and a=3 is better than others with the collapse of the 

curves when a=4.5 being the worst. This result comes from the fact that the effect of changing 

alpha on one specimen is different than another specimen, as shown from Equation (7.5) to (7.6). 

Ri represents the relative change of dS/dɝ when changing from aori to anew for specimen i. If two 

specimens have the same Ri, i.e., R1-2 equals to 1, then they will maintain the same relative 

difference on C-S curves for different alpha. However, Equation (7.5) shows R1-2 is related to eR, 

dC/dɝ, Ŭori and anew, and equals to 1 only when dS/dɝ is the same for both specimens at any 

alpha. Thus, the C-S collapse is different for different alpha values, which indicates the existence 

of optimized alpha that maximizes the C-S curve collapse. Assuming the C-S curve for specimen 

1 has slower slope than, i.e., on the right side of, specimen 2 with Ŭori, the value R1-2 has two 

scenarios.  

1. R1-2 is bigger than 1 when anew is bigger than Ŭori and is smaller than 1 when anew 

is smaller than Ŭori. 

2. R1-2 is smaller than 1 when anew is bigger than Ŭori and is bigger than 1 when anew 

is smaller than Ŭori. 

In the first scenario, when anew is bigger than Ŭori, the difference of C-S curves between 

two specimens increases with the increase of anew; when anew is smaller than Ŭori, the difference 

decreases first and increases with the decrease of anew. In the second scenario, when anew is 

bigger than Ŭori, the difference of C-S curves between two specimens decreases first and 

increases with the increase of anew; when anew is smaller than Ŭori, the difference increases with 
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the decrease of anew. In either scenario, there exists an optimized alpha that gives the maximum 

C-S curve collapse. However, if two specimens have very close or the same, though not likely, 

pseudostrain values, the change of alpha does not have much impact on the change of collapse 

because the quantity inside the parenthesis of R1-2 is close to 1. Therefore, more difference in 

pseudostrain will give clearer trend in finding optimized alpha.  
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where: 

 anew = the new a selected (2.5, 3, or 4.5), 

 aori = the original a from the traditional definition (3.63), 

 (ŮR)i = pseudostrain for specimen i, 

 Ri = the ratio of dS/dɝ from using anew to aori for specimen i, 

 (dS/dɝ)i, new
a = dS/dɝ for specimen i using anew, 

 (dS/dɝ)i, ori
a  = dS/dɝ for specimen i using aori,  

 (dC/dɝ)i = dC/dɝ for specimen i, and 

 R1-2 = the ratio of R1 to R2. 
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Figure 44. C-S curve results using different alpha value. 

7.2.2. Verification: Prediction of C-N with Loading Condition 

Although the actual measured data in cyclic fatigue test are axial stress and on-specimen 

strain with time, the S-VECD model converts them into material stiffness with cycles (C-N). The 

predicted C-N of test specimens using the test loading condition are compared with the measured 

C-N for model verification. The previous section showed how the characterized C-S curve would 

vary with the definition of alpha, but it remains to be shown whether the prediction of C-N 

likewise depends on alpha. The predicted C values as a function of N is carried out following 

Equation (7.7) to (7.9). 
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The C-N prediction with parameters calibrated for individual specimen and for all the 

specimens using different alpha are both of interest. Figure 45 presents the comparison between 
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measured and predicted C-N with parameters calibrated for the same specimen using different 

alpha. It is shown that the predicted data generally match well with the measured data for 

different alpha selected. The reason that a=4.5 shows the most difference between prediction and 

measurement compared to other alpha is because the power law fitting of C-S curve for a=4.5 is 

not as good as with other alphas. Thus, the data in this figure shows that except when the 

underlying analytical representation of the C-S curve has varying fitness, the definition of alpha 

does not affect the prediction capacity of the model for the same conditions used in calibration. 

 
Figure 45. Predicted C-N with individual specimen parameters using different alpha. 

Figure 46 illustrates the comparison between C-N measurement and prediction of 

different specimens with the same parameters calibrated for all specimens collectively and its 

corresponding C-S curve prediction interval using different alpha value. For example, when 

a=2.5, the parameters used for prediction of each specimen (s1, s2, s3, s4) in Figure 46 (a) is the 

same and are calibrated by fitting C-S observations of all the specimens in Figure 46 (b), i.e., the 

parameters of ñmodel fitò. The 95% prediction interval is a range within which a new 

observation of C-S curve falls in with 95% probability. It presents clearly the C-S curve collapse 

of each alpha and is constructed using the Bayesian inference-based MCMC method. Figure 46 
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shows that a=3 gives the best match between measured and predicted C-N across all specimens 

collectively and a=4.5 gives the worst match. The match between prediction and measurement 

of C-N is consistent with the 95% prediction ranges in the corresponding C-S curves for each 

alpha. Although alpha does not directly affect the predication capacity of the model with 

parameters calibrated for individual specimen, it does affect the overall prediction error with 

parameters calibrated for all specimens collectively, which is required to characterize a mixture 

with multiple specimens. This prediction error is due to the variation of C-S across individual 

specimens and thus indirectly related to alpha.  
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Figure 46. Comparison between predicted and measured C-N and the corresponding C-S 

Prediction Interval, (a,b) Ŭ=2.50; (c,d) Ŭ=3.00; (e,f) Ŭ=3.63; and (g,h) Ŭ=4.50. 

7.2.3. Long-term Prediction: Prediction of C-N with Structural Response 

The test loading condition of asphalt mixture is selected for testing validity and efficiency 

in AASHTO TP 133 and AASHTO TP 107. However, the structural response of asphalt 
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pavement is dependent on pavement structure and traffic volume. Therefore, structural response 

can be different than the loading condition used for characterization. This section studies the 

long-term C-N prediction with structural response using different alpha value.  

In the field, the structural response can be very different for thin and thick pavements. 

Two sets of structural response are selected, one with large strain representing relatively thin 

pavements and the other with small strain representing relatively thick pavements, as shown in 

Figure 47. The specimen strain represents the peak-to-peak strain amplitude for test loading 

condition. Figure 48 presents the C-N predicted results with structural response input using 

different alpha value. The final rankings using different alpha are different under different 

structural response. When using large strain, the increase of alpha value decreases the material 

stiffness; when using small strain, the increase of alpha increases the material stiffness.  

 
Figure 47. Peak to peak strain amplitude (microstrain) for test loading condition and 

structural response (large strain and small strain).  
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Figure 48. Predicted C-N using structural loading: (a) large strain and (b) small strain. 

Therefore, change of alpha does not lead to an immediately apparent trend in C-N 

prediction. However, this behavior is perfectly normal and expected based on the S-VECD 

model formulation. Equation (7.10) demonstrates the relationship of C-N prediction between 

original alpha and selected alpha. If the strains are higher than those used in the test loading 

condition, the increase of alpha will lead to increase of (-dC/dN ), which is the case in Figure 48 

(a). If the strains are smaller than the test loading condition, (-dC/dN ) decreases with the 

increase of alpha, which is the case in Figure 48 (b). In order to verify the conclusion made on 

material level analysis, a pavement structure with 4-in. asphalt surface layer, 8-in. aggregate base 

was analyzed in FlexPAVETM with the asphalt material property using different alpha, as shown 

in Figure 49. The traffic input is 417 ESALs per day. This pavement structure generates small 

responses, approximately 210 peak-to-peak microstrain, and leads to the predicted %Damage 

ranking consistent with Figure 48 (b).  
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where 

 (-dC/dN)new = change of C over N predicted at Ŭnew, 

 (-dC/dN)ori  = change of C over N predicted at Ŭori, 
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 ŮRnew  = the pseudostrain input of structural response, and 

 ŮRori  = the pseudostrain input of test loading condition. 

  
Figure 49. Predicted %Damage as FlexPAVETM  outputs using asphalt material with 

different alpha. 

It was demonstrated that different alpha can change the calibration parameters, thus the 

C-S curves collapse, but still satisfies the verification between the model prediction and 

measured data. This section further illustrates that the change of alpha will affect the long-term 

prediction of fatigue performance. Consequently, alternative model with different alpha 

definition can be constructed of S-VECD model.  

7.3. Material  

There are two sets of material used in this chapter and they are referred to as Phase 1 

mixtures and Phase 2 mixtures. Phase 1 mixtures are used to establish the preliminary analysis 

and Phase 2 mixtures represent an expanded dataset that was used to address new issues that 

were not found when Phase 1 mixtures were analyzed. These two sets of data are used for 

different purposes and were acquired consecutively. A detailed description of the purpose and 

the analysis conducted for the two sets of mixtures are presented in the following method 

section. 
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7.3.1. Phase 1 Mixtures 

The Phase 1 mixtures include a total of 32 mixtures, the details of which are summarized 

in Table 44. Each of these mixtures included test results for dynamic modulus (total of 96 

specimens) and cyclic fatigue (total of 117 specimens). It should be noted that a mixture 

represents a whole set of test results including dynamic modulus test and cyclic fatigue test with 

multiple replicates. There are 19 combinations of materials represented by all 32 mixtures.  

Table 44. Material properties. 

Mixture  
Binder 

Grade 

Binder 

Content (%) 

RAP /RAS 

Content (%) 
Source Note 

Training (9) PG 64-22 5.6 0 NC - 

ILS | Pilot (6) PG 76-22 5.8 0 AL - 

Aging | RS 

9.5B 30% 

STA 

PG 58-28 5.8 30 (RAP) NC - 

Aging | ARC 

STA 
PG 67-22 6.4 0 NC - 

Aging | LTX 

STA 
AC-20 5.4 0 TX - 

Aging | LWA 

STA 
AR-40 6.1 0 WA - 

Aging | ARC 

STA 
PG 67-22 6.0 50 (RAP) AL - 

NCAT | N1 PG 67-22 5.7 20 (RAP) NCAT Ctrl. 

NCAT | N2 PG 67-22 5.7 20 (RAP) NCAT High Dens. Ctrl. 

NCAT | N5 PG 67-22 5.2 20 (RAP) NCAT Low Dens./AC Ctrl 

NCAT | N8 PG 67-22 5.5 20 (RAP) + 5 (RAS) NCAT Ctrl 

NCAT | S5 PG 58-28 5.7 35 (RAP) NCAT - 

NCAT | S6 PG 94-22 5.9 20 (RAP) NCAT Ctrl + HiMA 

NCAT | S13 AZ Rubber 7.4 15 (RAP) NCAT AZ Rubber 

NALF | L1  PG 64-22 5.08 0 ALF - 

NALF | L5  PG 64-22 4.6 40 (RAP) ALF - 

NALF | L6  PG 64-22 4.91 20(RAP) ALF - 

NALF | L7  PG 58-28 4.91 20 (RAS) ALF - 

NALF | L8  PG 58-28 4.95 40 (RAP) ALF - 
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The data quality of all the mixtures were checked with their DMR and Nf results. 

According to AASHTP TP 107 and TP 133, DMR for each specimen should be between 0.85 and 

1.15 and Nf of each specimen should be between 2,000 to 80,000. Otherwise, the specimen is 

considered an outlier. The data quality check results are shown in Table 45. There are three 

specimens that are outside Nf limits (identified by a gray color background in Table 45), but 

these specimens were still retained to maintain at least three replicates in each mixture. These 

three specimens are in ILS Lab E, NALF L1, and NLALF L8, respectively. In the end, 13 out of 

117 specimens from cyclic fatigue test were excluded and 31 out of 32 mixtures were retained. 

All of the excluded specimens were from NCAT or New ALF mixtures.  

Table 45. Data quality check. 

Mixture 

No. 
Mixtures Nf -1 Nf -2 Nf -3 Nf -4 Nf -5 Nf -6 

1 Training 1 30750 14170 7430 8210 - - 

2 Training 2 11000 6780 9450 - - - 

3 Training 3 7060 14420 6200 10340 - - 

4 Training 4 25060 36970 8290 - - - 

5 Training 5 8430 24240 5670 - - - 

6 Training 6 6020 7780 7200 - - - 

7 Training 7 8450 13530 7650 - - - 

8 Training 8 22510 4800 10880 8630 - - 

9 Training 9 21330 5810 5770 - - - 

10 ILS | Lab A 14950 12630 18960 - - - 

11 ILS | Lab B 26710 22280 22510 - - - 

12 ILS | Lab C 2960 6660 4850 - - - 

13 ILS | Lab E 3590 16640 1820 - - - 

14 ILS | Lab F 3260 12150 19300 - - - 

15 ILS | Lab G 5540 3130 8450 - - - 

16 
Aging | RS 

9.5B 30% STA 
6150 7050 28700 21550 - - 

17 
Aging | ARC 

STA 
26510 9750 9630 - - - 

18 
Aging | LTX 

STA 
11684 11396 10275 - - - 

19 
Aging | LWA 

STA 
12310 28840 30510 - - - 
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Table 45 (continued). 

20 
Aging | ARC 

STA 
28620 6010 15610 - - - 

21 NCAT | N1 7550 51820 6630 2370 96730 - 

22 NCAT | N2 4510 11810 8900 - - - 

23 NCAT | N5 5220 4420 13490 6620 1950 - 

24 NCAT | N8 10400 16640 45710 - - - 

25 NCAT | S5 9230 37060 1250 15370 - - 

26 NCAT | S6 5500 39920 8500 - - - 

27 NCAT | S13 

13190 

(DMR 

=0.84) 

33290 61040 48240 43880 23690 

28 NALF | L1 650 860 1260 5560 20010  

29 NALF | L5 1180 6100 3780 59950 3030 50380 

30 NALF | L6 700 980 2530 9270 3340 5500 

- NALF | L7 210 660 

1140 

(DMR=1

.22) 

- - - 

31 NALF | L8 1800 2860 

1080 

(DMR=1

.19) 

3720 - -d 

Number: results outside of Nf range but were retained to maintain at least 3 replicates for each 

mixture. 

Number: results not met data quality requirement and were excluded. 

7.3.2. Phase 2 Mixtures 

Phase 2 mixtures consist of six groups. Two of these groups are also part of the Phase 1 

mixtures, NCATNew and NewALF, and six are new datasets;  MIT-RAP, MnRoad, NCATOld, 

and KEC. The details of these material properties can be found in Table 46. New information of 

NMAS for NCATNew and NewALF group is added in this table to be consistent with other 

mixtures for the repeatability check. Repeatability check was selected because if the threshold of 

Nf and DMR were used, 9 mixtures out of the 16 mixtures in MIT-RAP, MnRoad, NCATOld, 

and KEC groups would have data with less than three replicates.  

These mixtures are listed out specifically because they were used for in-field pavements 

and the corresponding field fatigue performance data were acquired, which was relevant to the 

analysis presented in Chapter 8. 
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Table 46. Phase 2 material properties. 

Groups Mixtures  
RAP 

(%) 

RAS 

(%) 
Binder 

Polymer 

modified 

NMAS 

(mm) 
Mix  

NCATNew 

Group 

N1 20 0 PG 67-22 No 9.5 Ctrl. 

N2 20 0 PG 67-22 No 9.5 
High Dens. 

Ctrl. 

N5 20 0 PG 67-22 No 9.5 
Low Dens./AC 

Ctrl 

N8 20 5 PG 67-22 No 9.5 Ctrl 

S5 35 0 PG 58-28 No 9.5 - 

S6 20 0 PG 94-22 Yes 9.5 Ctrl + HiMA  

S13 15 0 AZ Rubber Yes 12.5 AZ Rubber 

NewALF 

Group 

L1 0 0 PG 64-22 No 12.5 - 

L5 40 0 PG 64-22 No 12.5 - 

L6 0 20 PG 64-22 No 12.5 - 

L8 40 0 PG 58-28 No 12.5 - 

MnRoad 

Group 

cell 16 ~30 5 PG 64S-22 No 9.5 
High Temp 

Mix  

cell 18 <20 0 PG 64S-22 No 9.5 
High Temp 

Mix  

cell 19 <20 0 PG 64S-22 No 9.5 

High Temp 

Mix + 

Regressed 

Voids 

cell 22 <20 0 PG 58H-34 Yes 12.5 

Typical Low-

Temp Mix + 

Limestone 

cell 23 <15 0 PG 70E-34 Yes 12.5 HiMA Mix  

NCATOld 

Group 

C3 0 0 PG 67-22 No 19 Control 

R3 50 0 PG 67-22 No 19 High RAP 

AW3 0 0 PG 67-22 No 19 
WMA-

Additive 

FW3 0 0 PG 67-22 No 19 
WMA-

Foaming 

RW3 50 0 PG 67-22 No 19 
WMA+High 

RAP 

MIT -RAP 

Group 

0 0 0 PG 58-28 No 16 - 

15 15 0 PG 58-28 No 16 - 

50 50 0 PG 58-28 No 16 - 

50R 50 0 PG 58-34 No 16 - 

KEC 

Group 

PMA 0 0 PG 76-22 Yes 19 - 

ASTM 0 0 PG 64-22 No 19 - 

The repeatability check results based on the precision statements established in Chapter 4 

are presented in Table 47. The repeatability limit for vnonrm and DR for each NMAS mixture are 
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selected as the higher threshold of two different geometry specimens since the geometry for each 

mixture is not trackable. Mixtures that exceed the repeatability limit are identified by a gray 

color background. There are four mixtures in NCATNew group, one mixture in NewALF group, 

two mixtures in MIT-RAP group, and two mixtures in KEC group that do not meet the vnonrm 

threshold. The two mixtures in MIT-RAP group that do not meet vnonrm threshold also fail on DR 

repeatability threshold. The two mixtures in MIT-RAP and two mixtures in KEC group were 

excluded from further analysis. However, mixtures in NCATNew and NewALF are kept because 

they are either 9.5-mm or 12.5-mm NMAS mixtures and represent majority of mixtures in North 

Carolina.  
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Table 47. Repeatability check for the mixtures. 

Mixture  
vnorm repeatability 

precision limit 

vnorm 

(CSR) 

DR repeatability 

precision limit 

DR 

(max-min) 

NCATNew N1 38 133 0.088 0.069 

NCATNew N2 38 2 0.088 0.034 

NCATNew N5 38 32 0.088 0.076 

NCATNew N8 38 60 0.088 0.083 

NCATNew S5 38 49 0.088 0.024 

NCATNew S6 38 84 0.088 0.028 

NCATNew S13 108 38 0.129 0.070 

NewALF L1 108 16 0.129 0.067 

NewALF L5 108 167 0.129 0.114 

NewALF L6 108 37 0.129 0.030 

NewALF L8 108 84 0.129 0.040 

MnRoad-16STA 38 2 0.088 0.008 

MnRoad-18STA 38 3 0.088 0.041 

MnRoad-19STA 38 12 0.088 0.044 

MnRoad-22STA 108 2 0.129 0.041 

MnRoad-23STA 108 17 0.129 0.072 

NCAT old FW3 401 78 0.214 0.082 

NCAT old AW3 401 73 0.214 0.038 

NCAT old C3 401 62 0.214 0.001 

NCAT old R3 401 313 0.214 0.100 

NCAT old RW3 401 358 0.214 0.022 

MIT -RAP-0 401 243 0.214 0.090 

MIT -RAP-15 401 771 0.214 0.076 

MIT -RAP-50 401 475 0.214 0.092 

MIT -RAP-50SB 401 63 0.214 0.077 

KEC-ASTM 401 543 0.214 0.255 

KEC-PMA 401 651 0.214 0.336 

 

7.4. Method 

This method section is divided into two parts corresponding to the analyses conducted 

with the Phase 1 mixtures and the Phase 2 mixtures. Phase 1 mixtures are used as the first step to 

develop insight into improving the S-VECD model by redefining alpha and changing the 

parameter estimation method, so-called data fitting algorithm. Phase 2 mixtures are used to 
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further refine the data fitting algorithm because once the Phase 1 algorithm was applied to a 

broader cross-section of materials, some limitations were found that required additional 

improvements. Phase 2 mixtures are also used in Chapter 8 to evaluate different improved 

methods of S-VECD models by comparing their expected performance and the model prediction 

results. 

7.4.1. Phase 1 Mixtures 

The overall method using Phase 1 mixtures is presented in Figure 50. It can be seen from 

this flowchart that there are three alpha definitions included in the assessments; original alpha, 

optimized alpha, and fixed alpha being processed and three different data fitting algorithms. Two 

definitions for optimized alpha and two for fixed alpha are proposed, which results in a total of 

15 different fitting methods considering three data fitting algorithms. The mixture specific and 

specimen specific fitting parameters (C11, C12) were both calculated for each method for 

evaluation. Different methods are evaluated by their ability to predict C-N and effect of C-S 

collapse. The ability to predict C-N was quantified using only the mixture specific parameters 

while effect of C-S collapse needs both the mixture specific and specimen specific parameters. 

Details of alpha definition, data fitting algorithms and evaluation methods are described in the 

following sections. 
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Figure 50. A schematic of overall method for this chapter. 

7.4.1.1. Data Fitting Algorithms 

Three data fitting algorithms are compared in this study. They are named as CSR, CSC, 

and CN algorithms. These algorithms represent different interpretation of S-VECD model 

regarding the calculation and physical meaning of S value. All the three fitting algorithms use the 

same definition of C as shown in Equation (7.11).  
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The CSR algorithm is the one currently described in AASHTO TP 133 and TP 107 and 

encoded in the FlexMATTM software. Details can be found in Section 7.1.2. 

The CSC algorithm also involves calculation of S values, but using Equation (7.12). The 

difference between CSR and CSC is that CSR incorporates DMR in the S calculation while CSC 
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does not. The CSR algorithm is essentially equivalent to calculating S using the non-normalized 

pseudostiffness, SR. It should be emphasized that computing S with DMR is selected to have 

better collapse of C-S curves compared with S calculation without DMR. However, CSC is the 

more theoretically correct form for S-VECD model. 
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After calculating S values, CSR and CSC algorithms both combine data from each time 

step in the first cycle and all the later cycles (starting with cycle 10) into a single dataset and 

filter the data points using equal S increments of approximately 5000, as described in Section 

7.1.2. Then, the corresponding C and S values are fitted into a power law function in Equation 

(7.3) to construct the damage characteristic curve. 

The CN algorithm eliminates the need for calculating S from the data and instead utilizes 

the derived relationship between for predicting C as a function of N when the relationship 

between C and S is a power law function, see Equation (7.3), in a differentiation equation, as 

shown in Equation (7.13) to (7.15). This algorithm only uses data in the later cycles (starting 

with cycle 10) a. In addition, the CN algorithm described here does not use a filtering process to 

reduce the number of data points like the CSR and CSC methods. 
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The derivation of the CN algorithm is presented in the following: 

Define D = 1-C,  
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The work potential theory from Schaperyôs damage evolution law is written as: 
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The equation can be changed from reduced time to time domain with: 
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Then we change the equation from time domain to cycle domain. Since ŮR is not constant 

during one loading cycle, the following changes are made to be consistent with S-VECD model: 
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In the end, the relationship is found: 
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As mentioned previously, C values are calculated the same way for all three algorithms. 

Therefore, C versus N are considered as the measured results. D, ŮR0,ta, and K1 are function with n 

while fred is a constant in Equation (7.13). Ad, ɓ (or C11, C12) are parameters to be estimated. The 

parameters for CN method are estimated to reach the minimum error between C versus N 

measured and predicted with initial values being the results from CSC method.  

Four variants that use different sets of fitting data points either through data filter or 

inclusion of first cycle are also investigated, as shown in Table 48. These variants are named as 

FW, FN, NW, or NN. The first letter in the designation indicates whether the later data files are 

filtered prior to fitting (F = filtered, N = non-filtered). The filtered method is the same filtering 

process currently part of AASHTO TP 133/TP 107 analysis and is done to maintain a relatively 

constant interval between S values (in the arithmetic domain) and yield the same number of 
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fitting points for all test specimens. The second letter designates whether the first cycle is 

included (W = with first cycle included and N = without the first cycle included).  

Table 48. Data used for each fitting algorithm in each method. 

Fitting 

algorithms 
FW FN NW NN 

CSR, CSC 

Filtered data 

with  1st  cycle 

results 

Filtered data 

without  1st cycle 

results 

No filtered data 

with  1st cycle 

results 

No filtered data 

without  1st cycle 

results 

CN - - 

No Filtered data 

with  1st cycle 

results 

- 

 

7.4.1.2. Alpha Definitions 

Three different definitions for the alpha parameter have been evaluated. They are named 

original alpha, optimized alpha, and fixed alpha.  

7.4.1.2.1. Original alpha 

The alpha as currently defined by S-VECD theory i.e., 1+1/m, are referred to as original 

alpha, where m is the slope of the linear viscoelastic response on time in a logarithmic scale. 

Details of the origin of this definition can be found in Section 2.2.2. 

7.4.1.2.2. Optimized alpha 

The optimized alpha refers to the alpha value determined via optimizing the collapse or 

fit of the S-VECD predictive model. Since there are different approaches to doing this 

optimization there are also two sub-types of optimized alpha for each of the data fitting 

algorithms, optimized alpha 1 and optimized alpha 2. These sub-types are summarized in Table 

49 and the paragraphs below.  
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Table 49. Description of optimized alpha for each data fitting algorithm. 

Data fitting algorithm  Optimized alpha 1 Optimized alpha 2 

CSR Maximize C-S curves collapse 

Quick analysis 

CSC Maximize C-S curves collapse 

CN 

Minimize the errors between 

C-N predicted and C-N 

measured 

 

As seen in the table, optimized alpha 1 for CSR and CSC algorithm is the alpha that 

maximizes the C-S curves collapse across multiple specimens. Optimized alpha 1 for CN is the 

alpha that minimizes the sum of squared errors between C-N predicted and C-N measured across 

all of the specimen results for a given mixture. Optimized alpha 2, also referred to as Quick 

Analysis (QA) alpha, aims to find the optimized alpha 1 using linear regression rather than 

minimizing an objective function for practical considerations. It selects a certain range of cycles 

(from cycle 0 to cycle Nt) where ŮR0,ta and K1 are weakly varying and assumes them constant. 

Then Equation (7.13) can be rewritten as Equation (7.18) to (7.19). It should be emphasized that 

ŮR0,ta and K1 are functions of the cycles. Therefore, a relationship between D at Nt and Nt can be 

found in Equation (7.20).  
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With the selected time period where ŮR0,ta and K1 can be considered constant for each 

specimen, B value can be calculated for each specimen since each specimen has different ŮR0,ta 

but shares the same Ad, K1, fred with other specimens within the same mixture. The relationship 
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between B and ŮR0,ta are then fitted into log linear regression function to find the optimized alpha 

2. 

7.4.1.2.3. Fixed alpha 

Fixed alpha is defined as a constant universal alpha across all mixtures. It aims at finding 

a constant alpha value that can be applied to all the mixtures to serve two purposes: 1) to increase 

the C-S curve collapse and 2) to reduce the sensitivity of original alpha calculation.  

There are two separate definitions of fixed alpha, named as fixed alpha 1 and fixed alpha 

2, corresponding to optimized alpha 1 and optimized alpha 2. Fixed alpha 1 is the average of 

optimized alpha 1 corresponding to each fitting algorithm. Fixed alpha 2 is the average of 

optimized alpha 2. Table 50 shows a brief description of the fixed alpha for each data fitting 

algorithm. In this way, fixed alpha represents the alpha that in general increases the C-S curve 

collapse. 

Table 50. Description of fixed alpha for each data fitting algorithm. 

Data fitting algorithm  Fixed alpha 1 Fixed alpha 2 

CSR 
Average of optimized alpha 1 

for CSR 

Average of optimized 

alpha 2 for Quick analysis 
CSC 

Average of optimized alpha 1 

for CSC 

CN 
Average of optimized alpha 1 

for CN 

 

The sensitivity of original alpha calculation comes from the variation of m value with 

different dynamic modulus results from different operators/laboratories. By using a fixed alpha, 

the uncertainty propagated from dynamic modulus results can be reduced. Therefore, the 

reproducibility of damage characteristic curve results from multiple laboratories can be 

increased. 
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7.4.1.3. Comparison Metrics 

Two comparison metrics were adopted to evaluate the performance of different fitting 

algorithms and alpha definitions. They reflect the methodôs ability to predict C-N and the 

variation of the model prediction. 

7.4.1.3.1. Ability to predict C-N  

The measured C-N is calculated using Equation (7.11) with transition from reduced time 

to cycle. The predicted C-N is calculated using Equation (7.16) where ŮR0,ta and K1 are also 

changing with cycles. The damage characteristic curve parameters C11, C12 used in the prediction 

were estimated across all the specimen results (mixture specific parameters). For CSR and CSC 

algorithm, these are parameters from fitting the power law function, Equation (7.3), in C versus S 

domain. For CN algorithm, these parameters are optimized to reach the minimum error between 

C versus N predicted and C versus N measured. To account for the different number of 

specimens for each mixture, the average mean squared error (Avg_MSE) was used to quantify 

the ability to predict C-N for each mixture. 
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where  

 n = number of specimens, 

 ssei = sum of squared errors for specimen i, 

 Cij_m = measured C for specimen i at point j, 

 Cij_p = predicted C for specimen i at point j, 

 Ki = number of measured points for specimen i. 
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7.4.1.3.2. Effect of C-S collapse 

C-S collapse represents the variation of model prediction for testing conditions, the level 

of which is depicted by vnorm value as Equation (3.20) for each mixture with multiple replicates. 

A higher vnorm  indicates a higher variation between C-S curves for different specimens of the 

same mixture. The vnorm for CN algorithm was calculated by finding the C11 and C12 parameters 

for each of the specimen and across the specimens. It should be emphasized that the initial values 

of the CN algorithm are important because the CN algorithm minimizes an objective function 

and is sensitive to initial values. This study selects CSC method results for each specimen or 

across the specimens as the initial values for CN algorithm. 

7.4.2. Phase 2 Mixtures 

As described in detail below, one key limitation to the algorithms that were evaluated in 

the Phase 1 investigation was their ability to handle mixtures that exhibit substantial non-power 

law like behavior in C versus S domain. To try and correct this issue two basic approaches were 

evaluated; 1) modifying the filtering process prior to fitting C versus S or C versus N and 2) 

adjusting the amount of data from the test that was actually fit to the damage function. 

7.4.2.1. Different Filtering Process 

The filtering process in CSC method was conducted on arithmetic S space and no filter 

was applied for CN method. It is of interest to see the effect of filtering process in logarithmic S 

space for CSC method and in logarithmic N space for CN method.  

CSC-FN2 represents a slight variation to CSC-FN. Like CSC-FN the data is filtered prior 

to fitting, but unlike CSC-FN, this method filters the data so that it is more evenly spaced in the 

in logarithmic space instead of rather arithmetic space. This filter uses a target interval of 0.02 
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between log(S) = 3.7 and log(Sfail) in logarithmic S scale. This variation was proposed because 

CSC method is actually fitting the data in log(1-C) and log(S) domain.  

CFN method still fits the data in C versus N domain but filters the data in logarithmic N 

scale with an equal interval to increase the weight of data points with high C values.This filter 

uses a target interval of 0.05 from 10 to log(Nf) in logarithmic N scale. 

The Avg_MSE results for CSC-FW, CSC-FN, CSC-NN, CSC-FN2, CN, and CFN 

method are compared with Phase 2 mixtures data. 

7.4.2.2. Partial Data Fitting Algorithms 

In addition to evaluating the filtering process, two partial data algorithms were also 

investigated to see if it was possible to simply limit the range of fitting data in order to match CN 

method in C versus S domain fitting. This approach was evaluated because fitting in C versus S 

domain is more consistent with the existing methodologies described in the literature and 

AASHTO TP 133 and TP 107, and the approach that is already implemented in FlexMATTM. 

These partial fitting processes are named as CSC-FN3C and CSCFN3S. 

CSC-FN3C uses the filtering process in logarithmic S scale, but fits part of data with 

certain limit in C value while CSC-FN3S the same but with certain limit in S value. CSC-FN3C 

method selects a threshold of 1-Ct and only fits the data with 1-C value higher than 1-Ct. CSC-

FN3S method selects part of the data in S scale with the following steps: 

1. Calculate the range of data in logarithmic S scale. 

 ( ) ( )max minRange log logS S= -   (7.22) 

where 

 Smax = the maximum of S value and 

 Smin = the minimum of S value. 
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2. Find the threshold of S for data selection. 

 ( )maxlog Range %threshold tS S S= - ³   (7.23) 

where 

 Sthreshold = the threshold of S value for data selection and 

 St% = the portion of range to be selected. 

3. Fit the data that has S value higher than Sthreshold.  

The Avg_MSE results for CSC-FN3C with different 1-Ct and CSC-FN3S with different 

St% are analyzed to identify a universal 1-Ct or St% that would fit all the mixtures to match CN 

method results. 

7.5. Results 

7.5.1. Phase 1 Mixtures 

7.5.1.1. Original Alpha 

7.5.1.1.1. Average MSE Results 

Figure 51 shows the ability to predict C-N using original alpha definition with three 

fitting algorithms. Most of the mixtures have similar results with different fitting algorithms. 

However, NCAT N8, S5, S6, and S13, NewALF L8 exhibit much higher difference between 

Avg_MSE from CSR or CSC algorithm and Avg_MSE from CN algorithm. To identify the 

effect of projects that different mixtures belong to, Table 51 presents the average Avg_MSE for 

each project. The average Avg_MSE is computed by summing the Avg_MSE for different 

mixtures in the same project and divided by the number of mixtures used. The difference 

between CSC and CN for NCAT group is similar to New ALF group, 10.7 times higher than 

aging group, 13.2 times higher than training group, 3046.2 times higher than ILS group.  
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Although CSR, CSC, CN were developed as different fitting algorithms in different 

fitting regime, it is still expected that CN algorithm will have similar Avg_MSE compared to 

CSR and CSC. The problem becomes to understand why some materials, particularly NCAT N8, 

S5, S6, S13, NewALFL8 show more difference between different algorithms compared to other 

mixtures.  

  

 
Figure 51. Avg_MSE for all the mixtures using different fitting algorithm and original 

alpha: (a) maximum y-axis scale is 0.015 and (b) maximum y-axis scale is 0.003. 
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Table 51. The average Avg_MSE for each group using different fitting algorithm.  

Mixture 

No. range 
Mixtures  CSR CSC CN CSC-CN 

1-9 Training 6.62E-04 9.04E-04 6.03E-04 3.01E-04 

10-15 ILS 3.99E-03 5.05E-04 5.04E-04 1.30E-06 

16-20 Aging 1.02E-03 9.81E-04 6.11E-04 3.70E-04 

21-27 NCAT 4.98E-03 5.01E-03 1.03E-03 3.96E-03 

28-31 NewALF 4.19E-03 4.29E-03 1.06E-03 3.23E-03 

 

To identify the effects of the different Avg_MSE results from different algorithms, a 

typical mixture, referred to as ñtypical mixtureò, with good match between C-N predicted and C-

N measured for CSR, CSC, and CN algorithms, Mixture No. 1,  is shown in Figure 52(a). Figure 

52(b) presents the mixture (NCATS6) with mismatch between C-N predicted and C-N measured 

for CSR/CSC and a good prediction for CN algorithm. The results for NCAT S6 are similar to 

NCAT S5 and NCAT S13. NCAT N8 results are shown in Figure 52(c). A different trend of C-N 

measured for NCAT N8 can be observed compared to other mixtures. Normally, C would 

experience a quick drop and decreases slowly until failure. However, two specimens of NCAT 

N8 have a C-N trend where there is a larger drop at the beginning of the test, than what is 

typically seen. The reason for the unusual behavior for NCAT N8 is still unknown, but the 

testing data was reviewed completely for obvious anomalies (data quality, end failures, etc.) and 

nothing was noted. Results of NewALF L8 are shown in Figure 52(d). Although this mixture has 

smaller number of data points because of its much smaller Nf values compared to other mixtures, 

it does not stand as a reason to explain its difference between CN algorithm and CSR or CSC 

algorithm. No particular reason regarding the material or test quality can be found for this 

mixture to explain the difference between CN algorithm and CSR or CSC algorithm. 

It was found from investigating into Phase 1 mixtures that the discrepancy between 

CSR/CSC and CN comes from the nonlinearity between log (1-C) and log(S) especially in the 

first cycle. As described in the previous sections, the current framework in CSR and CSC filters 
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the data points in C versus S domain with a consistent S interval so that the fitted C-S curve will 

not put too much weight on the low C values and CN does not include filtering process. In 

addition, CN fitting uses data excluding the first cycle results while CSR and CSC, though using 

filtered data, include the first cycle results.  

In order to identify the effect of inclusion first cycle and filter process in the current 

procedure, the fitting results with FW, FN, NW, and NN were analyzed. For a point of reference, 

the FW column represents the method used for CSR, CSC, and CN fitting algorithm in Figure 

51, Figure 52, and Table 51. Figure 53 demonstrates the relationship between 1-C and S in log-

log scale for each fitting algorithm with different data points used for NCAT S6. For 

comparison, Figure 54 presents the same relationship for the ñtypical mixtureò, Mixture No. 1, 

where CSR, CSC, CN have similar results.  

A mixture that does not show much of an effect of nonlinearity has a good consistency 

between CSR/CSC and CN algorithms. When the first cycle is excluded and data are used 

without filter for NCAT S6, i.e., when the NN method is used, the difference between CSR/CSC 

and CN is much smaller. Figure 55(a) shows the C versus N prediction using CSC-NN method 

and the original CN method for NCATS6. In comparison with CSC-FW method, shown in 

Figure 52(b), CSC-NN method matches the measured data better. Moreover, CSC-NN method 

fits the data in the higher C value range better than the original CN method, see Figure 55(b). 
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Figure 52. C versus N measured and predicted using CSR, CSC, CN algorithm: (a) typical 

mixture, (b) NCAT S6, (c) NCAT N8, and (d) NewALF L8. 

(a) 

(b) 

(c) 

(d) 
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Figure 53. 1-C versus S in loglog scale for different data points used for NCATS6: (a) FW 

method, (b) FN method, (c) NW method, and (d) NN method.  

(a) (b)

(c) (d)
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Figure 54. 1-C versus S in loglog scale for different data points used for Mixture N0. 1: (a) 

FW method, (b) FN method, (c) NW method, and (d) NN method.  

Since the nonlinearity between log(1-C) and log(S) is the main reason that CSR/CSC 

methods generate very different results than CN algorithm for some mixtures, using CSR/CSC 

with the NN method will possibly reduce the difference. The Avg_MSE of all the mixtures with 

different fitting algorithms using different data points (FW, FN, NW, NN) are presented in 

Figure 56. Figure 56 (a) is the same as Figure 51 (a) but is re-plotted beside the other parts for 

better comparison. Figure 56 (c) has a different y-axis limit because of its extremely high results. 

When nonfiltered data was used and first cycle data was excluded, the difference between 

CSR/CSC and CN is reduced for NCAT S5, S6, and S13 mixtures while other mixtures are not 

affected. From the figure, the prediction of C versus N for NCATN8 did not show an 

improvement with NN method for CSR and CSC probably due to its abnormal C versus N 

(a) (b)

(c) (d)
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behavior, as described earlier in this section. NewALF L8 has improved results with the NN 

method for CSR/CSC, but still not as good as the CN algorithm. This result occurs because the 

nonlinearity between log(1-C) and log(S) exists for this mixture even after the first cycle is 

excluded with nonfilter cycle.  

 

 

Figure 55. C versus N measured and predicted using CSC-NN, CN algorithm for NCAT S6: 

(a) arithmetic scale on N and (b) semi log scale on N. 

-NN -NN -NN

(a) 

-NN -NN -NN

(b) 
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Figure 56. The average MSE for all the mixtures with CSR, CSC, and CN algorithms: (a) 

FW method, (b) FN method, (c) NW method, and (d) NN method. 

This nonlinearity can come from high damage in the first cycle, such as NCAT S5 and 

S6, or just a fact, such as NCAT S13 and NewALF L8. In these cases, using NN method can 

decrease the discrepancy between CSR/CSC and CN fitting in Avg_MSE results.  

Even though CN algorithm has the best overall match with measured C-N, especially at 

later stage of C values, it takes longer time to calculate, is sensitive on the choice of initial values 

and is harder to be implemented in excel based FlexMATTM. CSR and CSC algorithms are easy 

and quick to compute and can predict better at early stage of C value. However, they do not 

predict well at later stage of C value for some mixtures. CSR and CSC algorithm with NN 

method have a good match on both early stage and later stage of C value and are easy to be 

implemented in FlexMATTM.  
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7.5.1.1.2. vnorm results 

Figure 57 presents the vnorm results for different data fitting algorithms using different 

data points. It should be noted that they have different y-axis maximum value to better depict the 

difference. First of all, there is no data fitting algorithm consistently having the highest or lowest 

vnorm across all the mixtures. In the FW method, shown in Figure 57(a), CSC has the highest vnorm 

for mixture 7 but the lowest vnorm for Mixture 21. To identify the effect of DMR in CSR and CSC 

algorithm on vnorm results, the relationship between the difference of vnorm in CSR and CSC 

algorithms and the DMR range was plotted in Figure 58. No clear trend was found but CSR 

algorithm has overall smaller vnorm results compared to CSC method. Figure 57(b) shows the 

results with FN method. Mixtures 25 and 26 have substantially higher vnorm for the CN algorithm 

compared to others. This effect is due to the sensitivity of CN algorithm on the initial value 

selection. To calculate vnorm for CN algorithm, specimen specific parameters are constructed for 

each specimen and mixture specific parameters are constructed across all specimens. The 

specimen specific parameters for CN algorithm in Figure 57 (a) to (d) use the specimen specific 

parameters from the corresponding CSC method as the initial values and the mixture specific 

parameters for CN algorithm use the mixture specific parameters from corresponding CSC 

method as the initial values. A detailed description of the initial value sensitivity will be 

presented in the next chapter. Figure 57 (c) shows that NW method is not stable in characterizing 

the damage parameters, which is consistent with the results shown in Figure 56 (c). NN method 

in Figure 57 (d) also presents some difference in vnorm compared to FW and FN method.  
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Figure 57. vnorm results for each mixture using different fitting algorithms: (a) FW method, 

(b) FN method, (c) NW method, and (d) NN method. 

 
Figure 58. Relationship between difference in vnorm for CSR and CSC with  FW and DMR 

range. 
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are shown in Table 52. Based on these results, the CSR has a smaller cumulative vnorm sum than 

CSC. In addition, the CN algorithm generates the highest cumulative vnorm except for NW 

method which is considered not stable. Although the CN algorithm generates the highest 

cumulative vnorm of all mixtures across CSR, CSC, and CN (for FW, FN, and NN methods), the 

CN algorithm does not consistently have the highest vnorm for each mixture across different 

methods. Some mixtures have lower vnorm for the CN algorithm than other methods because C-S 

curves generated by CN algorithm have flatter slope at the end of the curve, shown in Figure 59, 

which by definition leads to smaller value of vnorm. Some mixtures have higher vnorm for CN 

algorithm because they experience the initial value sensitivity of CN algorithm. A detailed 

discussion of initial value sensitivity of CN algorithm is presented in Section 8.4.2.2.3.  

Table 52. Sum of vnorm for different fitting algorithms across all the mixtures. 

Methods CSR CSC CN 

FW 1289 1422 1634 

FN 1246 1343 2318 

NW 3273 3589 1981 

NN 1415 1496 1754 

 

 

Figure 59. C-S curves generated by CN algorithm have flatter slope at the end of the curve 

than C-S curves generated by CSC algorithm. 
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The significance of the C-S collapse is that it affects the reliability of pavement 

performance predictions; a lower vnorm means that the model uncertainty is lower and thus the 

prediction reliability is higher. The effect of the C-S collapse on the prediction error of 

%Damage in FlexPAVETM results was investigated using the relationship between vnorm and the 

standard deviation of %Damage described in Section 4.3.3.1. The standard deviation of 

%Damage was originally calculated to find the relationship between the prediction error of 

%Damage and the variation from dynamic modulus results, damage characteristics curve, and 

failure criterion. Here, the effect of dynamic modulus results and failure criterion are ignored and 

Equation (7.24) to (7.25) are used. To construct the 95% confidence interval of the predicted 

%Damage, an average of %Damage of 15 was selected; the final prediction interval is shown in 

Equation (7.26). The value 15 was used because this value represents the transformation point 

between %Cracking increasing slowly and increasing rapidly in the preliminary transfer function 

which describes the relationship between %Cracking of pavement field results and %Damage. 

Half of the prediction interval range, 1.96×std_C vs S, is shown in Figure 60 for each mixture 

and  data fitting algorithm for FW method.  

 
0.5017

2 0.02519a v=  (7.24) 

 ( )
0 544

2

.
Std _CvsS a Avg of %D= ³  (7.25) 

 Pred=[15% 1.96 _ ,15% 1.96 _ ]Std CvsS Std CvsS- ³ + ³  (7.26) 
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Figure 60. Effect of C-S collapse on prediction error of %Damage for FW method. 

Since the range in the error was calculated from vnorm, it matches the ranking of vnorm 

results for each mixture and each data fitting algorithm but provides some quantitative measure 

of the consequence of the aforementioned variation. The average half range for CSR method is 

1.18%, representing a prediction interval for %Damage of 15±1.18%; for CSC method it is 

15±1.26%; and for CN method it is 15±1.37%. The highest half range for the CSR method is 

15±2.75%; for CSC method as 15±3.84%; for CN method as 15±3.30%. 

7.5.1.2. Optimized Alpha 

Table 53 presents the results of optimized alpha for each mixture and each method. As 

seen in this table, an optimized alpha does not always exist. There are two main reasons for this 

occurrence. First, the tests results themselves may not be trustworthy such as when the fatigue 

life is abnormally short or the data quality is very low. Second (and more common), the three 

cyclic fatigue test results may be conducted at similar loading conditions, i.e., similar on-

specimen strain. As Equation (7.5) shows, when the test results of two specimens are sufficiently 

close together, the sensitivity of alpha with respect to C-S curves collapse becomes low. A 

typical case where optimized alpha exist for CSR and CSC method is shown in Figure 61 (a). 
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With the increase of alpha, vnorm first decreases and then increases and the optimized alpha is 

2.74, which is different from the original alpha as 3.68. However, there are cases where an 

increase of alpha only leads to an increase of vnorm in the appropriate alpha range (Figure 61 (b)), 

described as ñkeep increasingò in Table 53. There are also cases where the increase of alpha 

leads to decrease of vnorm value until it reaches a plateau without increasing again (Figure 61 (c)), 

described as ñPlateau reachedò in Table 53. Similar phenomena were observed when optimizing 

alpha using the CN method, shown in Figure 62. The only difference is that only ñKeep 

increasingò behavior was found in CN method. The optimized alpha 2 was developed based on 

the linear assumption between B and ŮR0,ta, as shown in Equation (7.19). Therefore, optimized 

alpha 2 exists if a good linearity is met for the mixture, an example shown in Figure 63 (a). If a 

good linearity is not met, an example is shown in Figure 63 (b), the results of optimized alpha 2 

will be discarded. A R2 between B and ŮR0,ta for one mixture greater than 0.9 will be considered 

good linearity. 
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Table 53. Optimized alpha results. 

Mixtures 

Optimized 

alpha 1 

CSR 

Optimized 

alpha 1 

CSC 

Optimized 

alpha 1 

CN 

Optimized 

alpha 2 

Training 1 2.74 3.07 2.85 2.94 

Training 2 2.86 2.59 2.27 2.64 

Training 3 2.89 2.80 2.70 2.83 

Training 4 2.75 2.75 2.04 2.26 

Training 5 3.67 4.42 3.81 3.62 

Training 6 Keep increasing Keep increasing Keep increasing 2.08 

Training 7 Keep increasing Keep increasing Keep increasing 0.72 

Training 8 3.00 3.28 3.08 3.00 

Training 9 3.00 2.78 2.88 2.75 

ILS | Lab A 3.63 Plateau reached 2.96 32.43 

ILS | Lab B Keep increasing Plateau reached 2.86 3.98 

ILS | Lab C 3.17 4.04 3.08 3.33 

ILS | Lab E Plateau reached Plateau reached 2.62 2.23 

ILS | Lab F 3.38 3.34 3.04 4.50 

ILS | Lab G 2.89 2.93 2.25 3.27 

Aging | RS 9.5B 

30% STA 
2.90 2.74 2.56 2.59 

Aging | ARC 

STA 
3.53 3.76 3.62 3.28 

Aging | LTX 

STA 
3.49 3.10 3.36 3.06 

Aging | LWA 

STA 
2.54 3.07 Keep increasing 2.74 

Aging | ARC 

STA 
4.90 4.80 4.61 6.10 

NCAT | N1 2.74 3.21 3.73 2.61 

NCAT | N2 3.41 3.32 3.00 2.02 

NCAT | N5 2.93 3.92 3.30 3.37 

NCAT | N8 3.08 3.27 3.24 5.54 

NCAT | S5 3.31 3.41 2.77 2.80 

NCAT | S6 3.03 2.98 2.76 2.53 

NCAT | S13 Plateau reached 3.29 3.97 4.31 

NALF | L1 Keep increasing Keep increasing Keep increasing 1.66 

NALF | L5 3.19 3.01 3.21 -0.32 

NALF | L6 3.27 3.36 2.83 4.36 

NALF | L8 Keep increasing Keep increasing Keep increasing 0.46 
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Figure 61. Three typical cases of vnorm over alpha for CSR and CSC method: (a) An 

optimized alpha exists; (b) vnorm keeps increasing with the increase of alpha; and (c) A 

plateau is reached when alpha increases. 

 

Figure 62. Two typical cases of Avg_MSE over alpha for CN method: (a) An optimized 

alpha exists; (b) Avg_MSE keeps increasing with the increase of alpha. 

Optimized alpha = 2.74

(a) 

(b) (c) 

Optimized alpha = 2.85

(a) (b) 
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Figure 63. Two typical cases of for optimized alpha 2: (a) good linearity exists; (b) good 

linearity does not exist. 

In total, 7 mixtures out of 31 mixtures did not have an optimized alpha for CSR method; 

7 mixtures did not have one for the CSC method, 5 mixtures did not have one for the CN method 

and 16 mixtures did not have one for the optimized alpha 2. There are 12 mixtures that where an 

optimized alpha exists for all methods. Figure 64 presents the comparison of optimized alpha for 

each method.  

 

Figure 64. Optimized alpha for each method. 
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7.5.1.3. Fixed Alpha 

The original alpha was verified to reach a good C-S collapse in the literature. But that 

verification was based on visual verification and the dependency of dynamic modulus results 

leads to an additional source of uncertainty. The optimized alpha is consistent with the 

mechanical meaning of alpha: alpha represents a material constant that result in the best collapse 

of C-S curves for this material. But the optimization rule does not work for all the mixtures. The 

fixed alpha simplifies the alpha calculation and can also significantly reduce the variation of C-S 

curves, though not as good as the optimized alpha. In the end, the average of optimized alpha for 

each method is selected as fixed alpha for simplicity.  

The average of existing optimized alpha for each method is shown in Table 54. This 

average alpha for optimized alpha 2 method excludes mixture 24 because it is not consistent 

from other approaches. All the three approaches for optimized alpha 1 of mixture 24 have the 

value around 3, which is much smaller than the original alpha. However, the optimized alpha 2 is 

in the opposite direction, thus bigger than original alpha. All the average alphas are used in 

investigating the fixed alpha effect. In the case of fixed alpha 2, 2.71 is used instead of 3.08. 

Table 54. Average of optimized alpha for each method. 

 Average alpha 

CSR 3.18 

CSC 3.30 

CN 3.05 

QA 3.08 

QA without mixture 24 2.71 

7.5.2. Phase 2 Mixtures 

7.5.2.1. Different Filtering Process 

The fundamental explanation for the difference between CSC and CN method lies in the 

nonlinearity between log(1-C) and log(S) as described in the previous section. To better convey 
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the effect of this nonlinearity on the difference between different data fitting algorithms, a 

variable named ñdCdS slopeò that quantifies the nonlinearity between log(1-C) and log(S) was 

constructed as presented in Figure 65. The y axis represents the gradient in log(1-C) and log(S) 

space by a moving average of 20 data points and x axis represents log(S). Then a linear line is 

fitted to Figure 65 and the slope is called dCdS slope. The material shows more nonlinearity in 

log(1-C) and log(S) space has a lower (negative) dCdS slope. 

 

Figure 65. Construction of dCdS slope. 

Figure 66 shows the Avg_MSE difference between different methods over the dCdS 

slope. The Avg_MSE difference uses the results of CN method as a reference and is calculated 

by subtracting results of CN method of results of CSC-FW, CSC-NN, CSC-FN2, and CSC-FN 

method with original alpha for all the Phase 2 mixtures. In general, higher nonlinearity leads to 

higher Avg_MSE difference between CSC-FW and CN method. It is also observed that although 

CSC-NN method works well for Phase 1 mixtures, it does not resolve all the nonlinearity issue 

for some Phase 2 mixtures.  

dCdS slope
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CSC-FN2 does not improve the performance compared to CSC-FW, CSC-NN or CSC-

FN method. CFN has very close results compared to CN method. 

 

Figure 66. Avg_MSE difference between different methods using original alpha with 

respect to dCdS slope for all the mixtures. 

Table 55 presents the value of dCdS slope for each mixture of Phase 2 data with the 

corresponding mixture information. Also shown in this table is the discrepancy of fitting between 

CSCFW and CN method as quantified by the difference of Avg_MSE. The mixtures are ordered 

from the lowest absolute value of dCdS slope (highest linearity level in log(1-C) and log(S) 

domain) to the highest absolute value of dCdS slope (highest nonlinearity level in log(1-C) and 

log(S) domain). This information is listed in order to identify whether there are any patterns with 

respect to the dCdS slope and mixture compositional factors such as the presence of polymer 

modified asphalts, use of high recycled contents, etc.. The seven mixtures with the lowest dCdS 

slope are categorized as mixtures with high nonlinearity in log(1-C) and log(S) domain and are 

marked by a gray color background.  

Based on the results from this table, it does not appear that there are any definitive 

explanations for the presence (or not) of a linear relationship between log(1-C) and log(S). 
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Polymer modified binder does not seem to cause the nonlinearity issue because NCATNewS6 

and MnRoad-23 both use HiMA but they have very different nonlinearity level. RAP content 

does not seem to be the contributor because NCATOld-C3 and NCATOld-R3 (Similar to 

NCATOld-FW3 and NCATOld-RW3) have the same material property except that NCATOld-

R3 uses 50% RAP, but NCATOld-C3 has higher nonlinearity level than NCATOld-R3. Out of 

23 mixtures in Table 55, three use binder with PG 58-28 and one uses binder with PG 58-34. 

These four mixtures all show high nonlinearity in log(1-C) and log(S) domain. It is possible that 

the binder type can lead to the phenomenon of high nonlinearity in log(1-C) and log(S) domain. 
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Table 55. Mixture dCdS slope with the corresponding information. 

 dCdS slope 

Avg_MSE  

Differentce  

(CSCFW-CN) 

RAP 

(%) 

RAS 

(%) 
Binder 

Polymer 

modified 

NMAS 

(mm) 
Mix  

MnRoad-18 0.02 1.44E-04 <20 0 PG 64S-22 No 9.5 High Temp Mix 

MnRoad-22 0.04 6.57E-04 <20 0 PG 58H-34 Yes 12.5 
Typical Low-Temp 

Mix + Limestone 

MnRoad-16 -0.06 -9.16E-06 ~30 5 PG 64S-22 No 9.5 High Temp Mix 

NCATNew-S13 -0.09 8.93E-03 15 0 AZ Rubber Yes 12.5 AZ Rubber 

NewALFL5 -0.10 1.08E-03 40 0 PG 64-22 No 12.5 - 

MnRoad-19 -0.11 -2.23E-05 <20 0 PG 64S-22 No 9.5 
High Temp Mix + 

Regressed Voids 

MnRoad-23 -0.13 -2.38E-05 <15 0 PG 70E-34 Yes 12.5 HiMA Mix  

NCATNew-N5 -0.15 3.75E-04 20 0 PG 67-22 No 9.5 Low Dens./AC Ctrl 

NCATNew-N2 -0.20 5.97E-04 20 0 PG 67-22 No 9.5 High Dens. Ctrl. 

NewALF-L1 -0.21 1.99E-03 0 0 PG 64-22 No 12.5 - 

NewALF-L6 -0.24 2.32E-03 0 20 PG 64-22 No 12.5 - 

NCATNew-N8 -0.24 1.23E-03 20 5 PG 67-22 No 9.5 Ctrl 

NCATOld -RW3 -0.24 1.02E-03 50 0 PG 67-22 No 19 WMA+High RAP 

NCATOld -R3 -0.25 3.02E-03 50 0 PG 67-22 No 19 High RAP 

NCATNew-N1 -0.26 5.24E-04 20 0 PG 67-22 No 9.5 Ctrl. 

NCATOld -AW3 -0.29 2.35E-03 0 0 PG 67-22 No 19 WMA-Additive 

NCATOld -FW3 -0.35 6.30E-03 0 0 PG 67-22 No 19 WMA-Foaming 

NewALF-L8 -0.37 6.42E-03 40 0 PG 58-28 No 12.5 - 

MIT -RAP-50R -0.38 6.52E-03 50 0 PG 58-34 No 16 - 

NCATOld -C3 -0.41 2.90E-03 0 0 PG 67-22 No 19 Control 

MIT -RAP-0 -0.41 1.54E-02 0 0 PG 58-28 No 16 - 

NCATNew-S5 -0.46 9.61E-03 35 0 PG 58-28 No 9.5 - 

NCATNew-S6 -0.50 5.35E-03 20 0 PG 94-22 Yes 9.5 Ctrl + HiMA 
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7.5.2.2. Partial Data Fitting Algorithms 

The relationship between the summation of Avg_MSE with 1- Ct for all the Phase 2 

mixtures is plotted in Figure 67(a). When 1- Ct equals 0, the results are consistent with the CSC-

FN2 method where all the data points were included except the first cycle. To reach an overall 

minimized Avg_MSE across all the mixtures, 1- Ct should be selected as 0.46. Figure 67(b) also 

plot the same relationship but for only seven selected mixtures. These mixtures are selected as 

they have higher mismatch between C versus N measured and predicted, thus higher Avg_MSE,  

from Figure 66. Here a 1- Ct value as 0.54 will minimize the overall Avg_MSE. This result 

happens because some mixtures show higher Avg_MSE with 1- Ct equals 0.54 compared to 0.46, 

although they still are smaller than the error in CSC-FN2, thus when 1- Ct equals 0. In addition, 

there are three mixtures that show higher error when 1- Ct equals 0.54 compared with the 

original CSC-FN2 method as shown in Figure 68.  

 

Figure 67. Relationship between Sum of Avg_MSE and 1-Ct: (a) all the mixtures and (b) 

selected seven mixtures.  
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Figure 68. Avg_MSE for three selected mixtures regarding different 1-Ct value. 

Figure 69(a) presents the relationship between summation of Avg_MSE and St% over all 

mixtures and Figure 69(b) over selected seven mixtures. The St % that reaches the minimum 

overall Avg_MSE is 33.5% and 34% for all the mixtures and seven selected mixtures, 

respectively. When St % equals 100, the results are consistent with CSC-FN2 method. Figure 70 

also presents the same three mixtures and their relationship between Avg_MSE and St% values. 

The results show that selecting St % of 34% does not have negative effect on Avg_MSE for these 

mixtures. Moreover, all the results show either improved Avg_MSE or same Avg_MSE when 

using partial fit in S with St% equals 34%.  

 

0

0.002

0.004

0.006

0.008

0.01

0.012

0.014

0.016

0 0.2 0.4 0.6 0.8

A
v
g

_
M

S
E

1-Ct

MnRoad-19STA

NCAT old R3

NCAT old RW3



   

259 

 

 
Figure 69. Relationship between Sum of Avg_MSE and 1-St%: (a) all the mixtures and (b) 

selected seven mixtures.  

 
Figure 70. Avg_MSE for three selected mixtures regarding different St% value. 

The difference between CSC-FN3C and CSC-FN3S also lies in their fit for NCATNewS5 

and NCATNewS6 mixtures as presented in Figure 71 to Figure 74, where 1-Ct is 0.54 and St% is 

34%. Although both CSC-FN3C and CSC-FN3S do not match C versus N measured data for 

NCATNewS6 as good as the CFN method, CSC-FN3S does fit better than CSC-FN3C for 

NCATNewS5 mixture.  
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Figure 71. Measured and fitted data of different methods in C versus S domain for 

NCATNew S5: (a) arithmetic C and arithmetic S, (b) logarithmic 1-C and arithmetic S, and 

(c) arithmetic 1-C and logarithmic S. 

 
 

Figure 72. Measured and fitted data of different methods in C versus N domain for 

NCATNew S5: (a) arithmetic N for three specimens and (b) logarithmic N for three 

specimens. 

 
Figure 73. Measured and fitted data of different methods in C versus S domain for 

NCATNew S6: (a) arithmetic C and arithmetic S, (b) logarithmic 1-C and arithmetic S, and 

(c) arithmetic 1-C and logarithmic S. 
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Figure 74. Measured and fitted data of different methods in C versus N domain for 

NCATNew S6: (a) arithmetic N for three specimens and (b) logarithmic N for three 

specimens. 

CSC-FN3C tries to match the CN fitting results with a relatively simpler method 

compared to CSC-FN3S by using a fixed 1-Ct value. However, the results showed that a 

universal fixed 1-Ct value does not exist. This finding suggests that other simple partial fitting 

method using a universal fixed S threshold would not exist because of the relationship between C 

and S. The more complicated partial fitting method, CSC-FN3S with St% equal to 34% is 

capable of reproducing CFN method results in C versus S domain for almost all the mixtures 

without having to deal with initial value sensitivity, complication in the FlexMATTM algorithm, 

and major changes in AASHTO TP 107, and AASHTO TP 133 standards. Even though it does 

not fit C versus N measured data as good as CFN method for NCATNewS6, it is still better 

compared with CSC-FN2 and can be acceptable considering the amount of effort that would take 

if CFN method is used.  

To verify the effectiveness of CSC-FN3S method, a new mixture KA-N that exhibits high 

nonlinearity and another mixture KA-L with good linearity in log(1-C) and log(S) space are used 

(a) 

(b) 
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with CSC-FN2, CSC-FN3S, and CFN method. The results are shown in Figure 75 to Figure 78. 

For mixture KA-N, CSC-FN3S has a very close fit compared to CFN method while CSC-FN2 

does not fit the measured results well. It is also expected that CSC-FN3S still has the problem of 

not fitting the high C value so well compared to CSC-FN2 since it is matching the results of CFN 

method. This mismatch on high C value can clearly be observed in both measured and fitted data 

in C versus S domain in Figure 75 and in C versus N domain in Figure 76(b). For KA-L mixture, 

the results of CSC-FN2 and CFN are very close between measured data and fitted data in both C 

versus S and C versus N domain. CSC-FN3S maintains the good fit and almost overlaps with 

CSC-FN2 method. These results indicate that CSC-FN3S method with 34% of St% can be used 

to match CFN method but remains fitting in C versus S space. 

 

Figure 75. Measured and fitted data of different methods in C versus S domain for KA -N: 

(a) arithmetic C and arithmetic S, (b) logarithmic 1-C and arithmetic S, and (c) arithmetic 

1-C and logarithmic S. 
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Figure 76. Measured and fitted data of different methods in C versus N domain for KA -N: 

(a) arithmetic N for three specimens and (b) logarithmic N for three specimens. 

 
 

Figure 77. Measured and fitted data of different methods in C versus S domain for KA -L: 

(a) arithmetic C and arithmetic S, (b) logarithmic 1-C and arithmetic S, and (c) arithmetic 

1-C and logarithmic S. 
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