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SUMMARY

The finite element is commonly used for the static analysis of reactor components and
the same ideas can be applied to the dynamic analysis. The formation of various damping
matrices for both internal and external damping is discussed. For the most part only the
linearised form of the equations of motion is considered giving:

MX + Cx + (K + iG)x = F(1).

The type of solution adopted depends upon both the force input and the required response.
For a short period transient input usually only the initial response is required which is
best found from a step-by-step integration. A method involving a Taylor series and curve
fitting over a series of steps is developed and applied to the solution of a cylindrical vessel
subject to a pressure transient.

For a periodic force input the steady state response is needed requiring the determination
of the damped eigen vectors. An efficient algorithm, using the undamped vectors, is given
and the response to an arbitrary force input developed. This method is applied to the previ-
ous example and the two solutions are compared illustrating the advantages and disadvan-
tages of each method.

For random excitation methods of presenting information are discussed standard results
for the stationary problem are presented in terms of the first part of the paper. As an example
the spectral density of the response due to random imposed movements is given illustrated
by a series of heat exchange tubes excited by random end movements. The probability that
any interference will occur with clashing at a particular velocity is determined.

The response due to a non-stationary force input such as an earthquake is discussed.
The step-by-step method of analysis is used to predict the probability density function of the
response of a simple system at any time under such a non-stationary input.

Possible modes of failure with reference to reactor components are discussed and indi-
cations of how the proceeding theory can be applied to predicting failures are given.
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1. Introduction

In recent years the degree of detailed analysis of nuclear structures has increased
enormously. This has been due in the main to the advent of large digital computers and the
development of genersl finite element progrems [i] s [2] . Most development has so far been
in the field of linear static analysis. However, as plant gets larger and more complicated
the efforts of dynamic loads is increasingly important. This paper is the outcome of a survey
of the requirements for an analysis of the dynamic response of nuclear structures. Emphasis
has been placed upon the less well developed parts of the problem and upon the particular
aspects of nuclear plant.

Finite element theory has proved most useful in the static analysis and is briefly devel-
oped here for dynemic work. The formation of the damping matrix is considered in some detail.
Two methods of solution for the deterministic problem asre given, either numerical integration
[@ or a normal mode solution [3] . Two parasllel types of solution are developed for random

loads [h], [5] together with a discussion upon methods of presenting data for random loads.

2. Formation of the Equations of Motion Using Finite Elements

Following the usual finite element method, an interpolation polynomial [w] is assumed
relating internal values of a variable to the values at the nodes. The variebles can be dis-—
placements, velocities and accelerations for the stiffness, damping and mass matrices res—
pectively. If the same interpolation is used for all three variebles, the resulting matrices
are said to be kinematically equivalent. In some cases only the surface values [wS] of the
interpolation matrix are used.

2.1 The Element Stiffness Matrix [ k]

If the nodal point displacements are [r] and the displacements at any point within the

element ere [ﬁ] then
L] = IE1
These can be operated on by a differential matrix [3] to give the strains [e] as
[ = [ 0 =6 )
Applicetion of the principle of virtual displacements leads to the element stiffness
matrix [k ]
t
< = | 60 G
where the stressesEﬂ are v Eﬂ = Dﬂ Eﬂ
2.2 The Element Mass Matrix [m]
The velocity of any point within the element is
[u] 1]
The kinetic energy of a small elemental volume 4V is
6T }[E1% ] av =3 [x]® Lt elw] [x] av

where p is the materiel density (in some cases there is a matrix at the centre of the quad-

ratic product, e.g. if rotary inertias are included in a beam analysis). Integrating gives

o= 3 BI 1% B ] - E) O GO

The element mass matrix is identified as

o = f Gt B e
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2,2.1 Kinemetically Equivelent Matrix for & Concentrated Mass

Most structures have mass concentrations at various points. If these coincide with nodal
points, the extra mass can be added directly to the corresponding leading diagonal terms of
I:m]. If the concentrated mass is not at a node a kinematicelly equivalent mass matrix can be
formed by making the kinetic energies of the real and equivalent masses the same.

Sey there is a concentrated mass '__mc-_l (s diagonal metrix corresponding to the mass values
in each co-ordinate direction) at some point i. The value of the interpolation matrix [w]
at point i is [:w:l 5 Then from the kinetic energy argument the kinematicelly equivalent mass
matrix is

] = B1,° G100,

2.3 The Element Damping Matrix [c ]

The finite element method can also be used to determine the damping matrix of a structure
where definite demping mechanisms can be recognised. In nuclear reactors the main damping
mechenisms are:-

1) Redietion of energy by a travelling wave (usually a sound wave)

2) Fluid flow demping

3) Internal energy dissipation of the material composing the structure

4) Coulomb friction.

Coulomb friction is highly non-linear end is difficult to include. It will not be dis-—
cussed further except to say that an equivalent linearisation similer to that for material
damping can be used for a sinusoidal response.

2.3.1

A viscous dashpot with e demping co-efficient c when subject to & sinusoidal displacement
uosi.n wt has en energy dissipation per cycle E of

E = mwe uo2
This is now used to relate the actual damping mechanisms to equivalent viscous damping.

2.3. 2 Damping Matrix Arising from e Travelling Wevefront

A plene wavefront travelling at a constant velocity a through an infinite medium will
impart energy to the medium through which it passes. This will appear as an energy loss, i.e.
a damping, to the system that is causing the wave. It can be shown that the total energy per
cycle passing through an asrea ds as the wavefront moves is

E =T p a W u 2 ds
o (e}
where Py is the density of the medium through which the wave passes. Hence the plane wave
eppears &s a viscous damper with a co-efficient P, & per unit area.

In finite element terms the velocity u at some point on the surface of the structure

(normal to the surface), is
S AR
Hence the demping force per unit surface ares is
f =pau = p & [ws] [7]
Applying the principel of virtual displacements leads to en element damping matrix
t
[ = Is [v ] Py @ [v] as
These matrices ere only formed for the surfaces of the structure that radiate a travelling

wave.



2.3.3
Only forces in the direction of the flow velocity will be

considered;

any lift forces

normel to the flow direction are not considered, elthough they are very important since they

force on a length dx of the

can give rise to self-susteining vibrations, In this case the
body as the fluid flows past it is
. 2
= 1 _
£ o= 3¢ pod(u V)© dx
where Po is the density of the fluid and V its flow velocity.

“p

is the drag co-efficient

of the body and d the dimension associated with this., Assuming the fluid velocity is much

greater than that of the body then
2

f = €. 4 p Vudx-32C.d p_ V- dx
o] o

D D

The first term represents a damping force. The second gives a static force end is not

considered further. Again the principle of virtual displacements gives the damping matrix as

[q = , Gl® cpae v vl a

2.3.4 Damping Metrix Arising from Internal Energy Dissipation

E 4/1*

Internal energy dissipation within the materiel composing & structure is called variously

internal, materiel or hysteric demping. It is essentially non-linear and in order that it

might be included, an equivelent lineerised form is used. It has been found experimentally

thet the energy dissipated per cycle by most materials is independent of frequency. For a

viscous dashpot, this energy is proportional to frequency hence as a simple model structural

damping is taken as viscous damping divided by frequency. For & harmonic response this is

equivelent to a complex stiffness. The model can be used in the stress-strain relationships as
[o] = [x] [e] +1/m [yIlle] = (kel+ i [r])le]

Values of [y] (assumed to be diagonal) for most materisls are given in reference [6__].

It can now be included directly into the finite element analysis usually as e complex

stiffness giving

(Te] + i [e]) = fylal® (6 + 2 () ]

av

It must be emphasised thet this ideelisation is only meeningful if a frequency y cen be

defined. It is valid for the steady state periodic response or for the stetionary random

response in the frequency domsin. It has no meaning for a transient response or a random

anelysis in the time domain.

2.3.5

Before discussing methods of solving the equations of motion, it is worth considering the

importance of the damping matrix. For most structural problems the damping is smell (of the

order of one percent of critical) implying that damping is not usuelly important, It is im-

portant however, if the structure is subjected to a periodic force containing at least one

frequency component coinciding with a structural resonance., FEven so the distribution of

damping throughout the structure is not usually important provided each mode contains damping

to the correct order of megnitude. If the excitation is slightly off-resonance, the response

will be almost entirely controlled by the mass and stiffness distribution.

that an exact determination of [C] and [G] is not normelly necessary.

The usual assumption

All of this implies

that fc] =c [K] +p[ M] after assembly where o and g are factors to give

a correct order of msgnitude for [C] will be edequate in most cases,

However, there are occasions where an exact knowledge of the distribution of the demping

is important, in particular where it forms a boundary condition

A case in point is the
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idealisation of an infinite medium where a wavefront will coutinue to infinity and will not

return to its starting point. Finite elements, by their very nature, cannot be used to model
an infinite region directly. Without the correct boundery conditions waves will be reflected
from the boundaries of the region back to where they came from, If, however, damping is
distributed around the surface of the finite region such that the energy in the wavefront is
all absorbed, no reflections occur and the infinite region is modelled. The correct distri-
bution of demping is that given previously for the trevelling wave, If the magnitude (either
more or less) or the distribution of this damping is altered, then reflections occur end the
model is not correct. This boundary condition has been used successfully in acoustic problems
[7] and will probably be useful in earthquake analysis though here the effect of shear

waves would have to be included.

3.

Heving established the element mass, damping and stiffness metrices these can be assem-

bled in the usual menner to give the equations of motion as

0 [ + [JB] + (K] + i Cel)[d = [F (2]
where EF (t)] is the force input., Again it is vorth emphasising that the complex part of
the stiffness matrix only has meaning if a frequency can be defined.

There are basically two methods of solving the above equations, Either the complete set
is integrated step-by-step obtaining the response at & series of sequential time intervals,
or a co-ordinate transformetion can be applied such that the equations become uncoupled in
the new set of co-ordinates. This is the normal mode method. The choice of which type of
analysis is used depends upon both the type of force input and what is required in the res-
ponse, Also to e lesser extent upon the computer facilities available.

3.1 The Step-by-Step Solution

This is e solution in the time domein, that is the force is specified at certein times
end the response is found usually at the same times, Frequency has little or no meeaning
here so that the equations to be solved are

0 G + [e]x] + kI = [F 0]

A polynomial is assumed to relate the accelerations at a series of sequential time
intervals. This is differentiated end used in a Taylor series to give the velocity and dis-
placement at a future time step.

3.1.1 Mathematics of the Step-by-Step Solution

The method is now developed assuming s parabolic varistion of acceleration but it is

easily modified for any other assumption. Let the acceleration at the three times t — A
tandt +4 be [x], ['J'c]o_,a.nd ] Jrespectively. The acceleration at any time over the
intervel is then'

)] =-3 -0 [x_+@-1)@+r1) [, +2@+n) e b, (1)
where t = 1/6 (t - t)) andt; -A st s t] +4A

This can be differentieted twice giving at the time t (1t = o)

Bl, =2 va (B, -0 B, = 14" (B, -20, + )

Substituting these into a Taylor series gives the velocity and displacement et the time

’ A{[J] [[ﬂAm”mo] ‘ [-Azxeu [1] sa®/ie [ a%/s (2)
lx,] Lol ()L, - 8712 [1] a8 /3 [1] sa/ae
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Initially some guess is made for [5{]_‘_. The above equation then gives [x] + and [5(] . A better
estimate for the acceleration can then be made from the equation of motion
N -1 .
@, =m1CF, -[x] [, -],
This is repeated until Lx:|+ converges, The process can then be stepped to find the
acceleration at the end of next time interval.

3.2.1 Comments on the Step-by-Step Method

As presented above, the method only involves the inversion of the mass matrix. However,
it does require iteration at each step and this will later be shown to be equivalent to an-—
other matrix inversion. A modification is required to start the process since [x]_ does not
exist. Probably the simplest approach is to use & linear polynomisl for the first step since
this does not involve Eﬂ_. The assumption of a continuous polynomial over s series of time
steps means that an impulse cennot be epplied. They can, however, be applied by restarting
the process et this time.

One of the main advantages of the step-by-step method is that non-linearities can be
easily included by changing [K-_I and [:C] at each stage of the iteration. This gives the basic
method great versatility. Here, though, only the linear problem is considered.

The choice of the time intervel is somewhat arbitrary but ideslly it should be less
than the time period of the highest netural frequency of the structure to enable the complete
trensient response to be determined. This cen be found from the largest eigen value of the
structure, but the calculation of this velue can be time consuming for many degrees of free-
dom. It is suggested instead that & more economical method is to invoke a theorem due to
Rayleigh which says that if e constreint is applied to e system then the highest eigen value
after the constraint is applied is lower than before. Hence if the highest eigen value of a
"typical' element is found before assembly it will almost certeinly be higher than the largest
eigen value of the final structure since the process of assembly improves a series of
constraints.

3,1.3 Extension of the Step-by-Step Method

Integrating the accelaretion polynomial and using the equation of motion allows the
velocity and displacement to be found without iteration within each step. The response at
t + Ais related to the response at time t and the force input at times t - A, t and t + A,

Integrating equation (1) gives the velocity at eny time in the invervel t - A to t +4

[# ()] =-a/2 2/ -3 [} +ale —r3/3) [;Z]O +a/2 (/2 w3 /3) [, + [k]o

end the displacement
x (1) 1= -0/2 (P76 =" 12) [ w772 =" j12) [ + 0772 (°/6 w"j1e) [4,
+ At [Sc]O + [ %

This ellows the displacement and velocity to be found at times t - 4, t snd t + 4,
Substituting these into the equation of motion gives three equations which cen be written
in metrix form as

M - sa/12 [c] - NV € -wa/3 [ + s8%/12 [§] a/12 [c]- 8% /24 [€] [x_

[9] [ o] i,

- /12 [c] -° /20 K] on /3 [c] + sa% /12 [K] [ + sa/12 [c] +A2/8[K] 5,

O © ) [ [ el

O e M -
O © M - [ sl
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or CO@E -]+ W] .
wnere  [%] ={[x]_ [4, @y [H=-«®_. [, H,) [ =1 [}
Also equetion (2) can be written as

B =¢[@, @0 - @, 6«6,
vence [ = [09, + 3,000 |11+ [x] OF [ )

The response at t + A can now be calculated without any iteration but it does require the

E 4/1*

inversion of the (3n x 3n) non symmetric matrix [D] .

The iterstive solution is essentially the same as the Adams-Bashforth method, The well-
known Nemark B - method ]:9] can be shown to be the same method with a linear interpolation if
B = 1/12, A similar approach is also described by Argyris and Chan [8] . The direct
solution has similarities with that described by Argyris and Scha.rpf[:l(ﬂ .

3.2 The Normal Mode Solution

Most engineers are femilier with the idea that the eigen values of the equations of
motion are the squares of the resonant frequencies. Associasted with the eigen values are a
set of eigen vectors., If these vectors are used to transform the variables (displacements
ete,) from the original set [x] to a new set[(b] (say) it can be shown that the equations in
the new variables are all uncoupled. Each one can then be solved as a single degree of free-
dom and finally the results transformed back to [x] . The same ideas can be applied to the
damped equations of motion except that they have to be written in a slightly unusual form and
the resulting eigen walues and vectors are complex,

3.2.1 The Undamped Equations of Motion

If the damping is less then critical then the eigen vectors of the system will be deter-
mined largly by the distribution of mass and stiffness throughout the structure. The solution
of the undamped equations are therefore a good approximstion to the damped results. The un-
demped homogeneous equation of motion is

MG + K= [d

This leads to the standard eigen value problem [ll] with undemped vectors[Pl;[. It can
be shown that since [Nﬂ and [K] are real symmetric end at least positive semi-definite then
the eigen values are always positive and the vectors wholly real. Transforming the variebles
it [ - ] [
leeds eventually to the equation

Y] Dlle 00+ (8] O] o]l = I [8] « Dd el = B¥ [¥]

It is a property of the vectors that both [m] and [k] are diagonal metrices.

3.2.2 The Damped Eigen Value Problem

Here again the aim is to determine a co-ordinate trensformation that uncouples the
equations of motion. In general it is not possible to find a transformation which makes
more then two metrices diagonal simultaneously so the damped problem is re-written as

B TR [ } ai)
M [c]] [[Xl] o+ i (@ LG 1 L] (1)
This has e solution of the form [x] = [x;] exp{ Ajt} which leeds to the standard
eigen value problem
-0 [q] E‘i (s )‘il: (o] [M]:' |:)‘i [x]i ]
[ [@+ 4 [d mi] MoEll o,

Note however that although the matrices are symmetric, they are not positive definite
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and in general the roots and vectors will be complex, even with [G] zZero.

3.2,2.1 Solution of the Damped Equations by Inverse Iteration

Although the damped eigen value problem cen be solved using standard methods, it is much
more economical to use the undamped vectors as an approximate solution in the method of in-
verse iteration I:li] . Say qj is some approximetion to the root A .. Then treeting the com-
ponents of the vector D‘j [x]j [xlj } as two independent quantities {[y]j [x:]j} and applying

inverse iteration gives

[l M ] [ @5 ]

The subscript r refers to the current estimate and r—-1 to the one before.

This can be expanded into two equations. Since [M] is always positive definite and can

be inverted, the first equation can be substituted into the second to give
2 .
SIM| + . LCl + Kl + G = -|M 5 + q. . - .

(P00« oy [d + (04 +1 (@) [, = -0, * o [, ) - [08 5
10 [y .. = [A. - q, .
aeo [y, = [y, o k],

This gives an iterative algorithm for finding the damped vectors. The terms are normel-
ised with respect to the largest sbsolute term in [ijr' The eigen value can then be found
from the ratios of corresponding terms 1in [};_] jr and [;a v

A = . .
Jk erk/erk

This provides a convenient check for convergence by confirming that )‘jk is the same for
all X (1 £ k £ n).

A good estimete for the j'th eigen value q. cen be obtained using the j'th undamped vector

1
[Puj]giving a = 1/2m. (e, + i (bk, m. - c% ) %)

5 I_'P.uijf‘_[ E]M] EP:j] e i[l‘lu‘;’@][c'l_[ [Pu;l ko o= [PuE-T ([x] +i[G])[PuJ.]

This gives two estimates for qj, both equally valid and leads to the required 2n eigen

where m

values and vectors. The process can be started with
[x]uo - [ELJ 3 [y]jo =4 [P]uj

3.2.2.2 Comments upon the Inverse Iteration Procedure

If [P]u,] happens to be a vector of the demped system, then the estimate q. is the exact
eigen value and the process converges immediately, If the damping is small [P:luj is a good
approximation to the damped vector and the convergence is rapid.

" Once the estimate q'ji is found the matrix ( qJ.' 7[M]”+ ’gj”[c]*r[‘_}q Tii[@]* ) need only be
inverted once for each iteration., It is complex but symmetric and usually quite heavily
bended, If the matrix is not inverted but factorised using a Cholesky decomposition, the band-
ing is retained and the size of problem that can be solved is increased.

In putting the damped equations into an eigen value form the size of the metrices was
expanded from (n x n) to (2n x 2n)., This gives 2n eigen values and associated eigen vectors.
However, it is not necessary to solve the (2n x 2n) problem; instead two separate (n x n)
problems are solved. The theory has been developed for the general cese for both I:C] and [G]
non-zero, If [C] is zero, there are only n eigen values and vectors and the procedure given
here gives one set of roots end vectors minus the other. Alternatively, if [G] is zero, one
set of roots and vectors is the complex conjugate of the other. In the generel case the two

sets of roots and vectors are different.
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3.2,3., Solution of the Damped Equations of Motion

The damped eigen vectors are used to transform the variables to give a set of 2n uncoup-
led equations of motion. Each one of these can be solved for an arbitrary force input by
means of a convolution (Duhamel) integral. These solutions are transformed back to the ori-
ginal veriables giving the response for an arbitrary force input.

The damped eigen vectors can be written in the form

p)] = [ Lal D] [xe] [r] }
Ba] [*2]

where [)‘]i = D‘il )‘iz """"""AinJ

O, =[085, [y, ceeeeeenee-(,,
The co-ordinate transformation is then
[[5:]} = [ (0,01, ™, [ﬂz} [[fb]l }
Wl Lo, o 4],
Substituting this into equation (L) and pre-multiplying by [P];]t leads eventually to the
equation (3], + [ [b]l |;o—_| [r . )] jl
[, [ B )]
where i [ i D‘l +[] + [.X]: [c] [X__li
[x]’; 0 [, [0 +ilel ) M
[¥]
It can be shown from the properties of the eigen vectors that both [a] i and l:b]i are
diagonal, Hence the r'th equation in the above set can be written as
Sir ‘bir bir ¢ir = fir (+)
This is a first order differential equation with complex coefficients. TFor zero initial

+

conditions it can be solved to give i, at some time t as
-1
. = . . AL -
4 (t) a;. T (t) exp { iy (t-1)1) at
(o] -_
- el b,
ir Tir

where AL
ir

Every equation in the set can be solved in the same manner, Transforming the® results

back to the original variables leads to

Tx (6)] = ft[w (t -] [F ()] dr (5)
where e -0 = B[]} 2oy -] (38« [x]z[a]'; oot -0y [97
and (E {Ai(t—r)}] =rexp{>\i (t =)} eveuene. exnl )\in(t -1 )]

This gives the complete response of the demped system to any arbitrary force input., It
is worth noting that if only viscous demping is present the second term in [W:[ is the complex
conjugate of the first, hence [W:] itself is wholly real., It follows that for viscous demp~
ing the response [q] is also wholly real. [W] is called the impulse response function,

The convolution integral can be written in various forms. One form to be used later is

[x (6)] =j°° -] [F@] a
where [F ()] is zero for T < 0
and [w(t ~ t)] 1is ignored for T > t.
3.3 Comparison between the Step-by-Step and the Normal Mode Methods

Both the step-by-step and the normal mode methods need & large amount of work before
results are obtained. The normal mode solution requires & great deal of preliminary effort

to find the eigen vectors but once these are obtained, the response to any force input at any
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time can be quickly found. Conversely the step-by-step method produces the response over ti
initial time relatively quickly but the amount of work required increases linearly with the
length of response required. Also all of the work has to be repeated for snother force input.
Usually no attempt is made to reduce the number of equations in the step-by~step method since
these can all be stored in banded form within the computer. The eigen value problem in
general loses any banding of the matrices so that only relatively small problems can be solved
without some form of condensation, For a lightly damped system if the force input only con-
tains frequencies up to some value then modes with resonances greater than this need not be
included in the solution.

From these considerations it will be seen that the step-by-step method is most useful
when only the initial transient response is required for a small number of loading cases. If
there are many loading cases or if the steady state response is required, then the normel
mode solution is to be preferred.

' Response to Random Force Inputs

So far the theories relating to the response of structures to deterministic force inputs
have been developed. There are, however, many cases where the forces are not deterministic
in that they are not completely predictable. Such forces are random and although the force
at any time cannot be specified, it is*usually possible to say something about its average
values, its likely magnitude and its frequency content. Random forces are then described in
terms of these average parameters and the foregoing theories have to be modified to allow
working with this data. In general, if the force input is random then the response will also
be rendom. If the average values are constant with time the process is said to be stationary
(analogous with the steady state case in the deterministic response) and if not it is non-
stationary (transient for the deterministic case).

4,1 Comparison of Methods for Presenting Data for & Periodic and & Random Signal
Initially, the steady state random case is considered. This can be compared directly
with a deterministic periodic force input. If the signal is periodic, then the frequency con-
tent of the signal can be found by performing a fourier transform on one complete period. The
resulting curve of component magnitude against frequency is called the spectrum of the signal

and will in general be in the form
. o

£ lw) =13 8o * nél an 1

It has both in-phase and out-of-phase components, (i.e. real and imaginary parts).

sin n wt + nz bn sin n wt
Similarly, if two periodic signals occur together, there will be relative phases between the
same frequency component of each signal.

For any periodic signal, no matter how complicated, there is a unique fourier transform
which specifies it completely. It is a common practice to try to apply the same ideas to a
rendom signal. Here a portion of the signal, over a time T say, is taken and s fourier trens-
form performed on it. It must be emphasised that having done this the transformed signal
ceases to be random; it is now periodic and the portion of the signel that was analysed is
repeated every T seconds. If a different record or a different time period is chosen, the
resulting spectrum will be different from the first. Since the choice of the original record
was arbitrary, the situation is not satisfactory and becomes even worse where two or more
signals occur simultaneously since the relative phasing between each can be very important.

It is possible to remove some of these objections by smoothing the spectrum, and cerrying

this idea to its logical conclusion leads to the systematic and methematicelly ecceptable ides
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of averaging. Here a fourier transform is performed not on just one record, but upon a who!
series of them (m say). At a frequency W the k'th record will have & Fourier component
fi W) = (g W) + ib (w) )
Teking the modulus of this and averaging over all m records gives the average value of
the fourier amplitude
( = F =
S @) =1m B g Fo=1m B (s +v)
This is called the spectral density of the signal x. The subscript xx denotes the direct
spectral density of x with itself. Note that Sxx (0) is wholly reel. It is the square of
the average value of the spectrum at the frequency w .
If there are two signels, x and y say, the same idea can be applied to obtein the cross-
spectral density between the two signels as

Sy @ =tm £, T s s, We=1m B o Fyo=5 W

Note that Sxy (w) is generally complex giving a measure of the relative phase between
the two signals at the frequency w.

To actually calculate spectral densities of signals from experimentel results more re-
fined techniques are used [12] . It will be appreciated that the spectral density is a
measure of the frequency content of a random signal. It conteins no ambiguity about phasing
or record length provided enough samples have been taken. It has also been implicitly essum—
ed thet any one record is representative of them all, that is the signal is stationary.

In practice, the spectral density is the most useful form of presenting and menipulating
data, However, in developing the equations, the idea of the correlation function has to be
introduced.

4,2 The Correlation Function

Consider two signals x and y which occur over the same time. M samples of these can be
teken end by assuming all of the samples occur simultaneously a series of averages (or means)
can be obtained. In particular, the average of the produce of x at time t) and y at time t,
can be found. Such a mean is called the correlation between x and y and is denoted by the
symbol R (t] tp ).

R _(t t )=E [x(t )y (t ) ]
where E [z:l denotes the meen of z. In general, the correlation is a function of the two times
t1 and t, . 1If however, both x and y are stationary, it becomes a function of the time
difference t; - t, (= 1) only.

By ) = E[x®)y (v +1) ]

The correlation of x with itself Rxx (r) is called the auto-correlation.

The correlation function is not of much practical use in itself but it cen be shown that
its fourier transform gives the spectral density of the signal

S,y (w)=1/2nJ°’ Ry (1) ST g

Similarly, an inverse fourier transform of SJQ’ (w) gives the correlation ny (r).

00

Note that the mean squere cxz of a signal is thus given by

2 = = |®
02 = R @) = [T s, W) ou (6)
| 0
4.3 Response of a System with Many Degrees of Freedom to a Random Force Input
Equetion (5) of the normal mode solution gives the structural response at any time to any

force. This can be used to construct the correlation matrix of the response. Applying a
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Fourier transform to this allows the spectral density of the response to be calculeted, know

ing the spectral density of the input.

The correletion matrix is

)] [xt (t +‘r):| ]
dr, Im[Ft ( Tz)]] [W (t +1 _TZ) ar,

[Wt-(t-Tz Jar  ay
ds to [1&] ) [5]
[5, @I = [EG] [5 ] [T @] ()
where [__Sf ()] dis the matrix of spectral densities of the force input L—Sx (w)]  is the
spectral density of the response. A‘E’_so .
[f w)] w7 &% ac =0, [, [}« ,H,H

h R] . = ” 1
wnere []1 I— (-—bir- l airw ) _]

Equation (7) is a standard result written in matrix form. Frow the previous discussion

on spectral densities, it can be seen that I:Sf (w)] is an Hermitian matrix (the real part
is symmetric, the imaginery pert is skew symmetric). The above transformation preserves this
form hence [Sx (0)] is also Hermitian,

4,3,1 ™ Qi m3 ana

If the spectral density of a signal x is known, then implicitly the time behaviour of
the signal and hence its derivative x is also known. The cross-spectral density between x
end X can thus be found from 8y lw).

Consider first the auto-correlation of x Rxx (t7 t, ) differentiasting this with respect
to t; gives a/aty R (t] %) = a/dt E [ x(t; ) x(tp )]

=E [% (¢;) x ()] = Re (t1 )
spectral density is

) exp (~iwt) dr

(R (t) ) exp (-iwt) dr
w))(xtends to zero gives
S (@) = -iv S ()
Similarly LI (w) = iw 8.x (w)

4.3.2 The Response of a Structure to Imposed Movements

The displacement vector can be partitioned into free displacements [x]l and imposed
movements [x]z . Obviously, if the displacement is known as a function of time then so is
the velocity and ecceleration. The complete equation of motion can then be written as

l: L [M]lz][tﬂ1]+ [ [€]11 [le2]+|: [le} {[K]u [K]m] [[__XJI] =|: (] 1
0oy [M20] L[5, [c]21 [c]22 [ Kl2r Kool L[x2 [Fl.

[F:[z are the reaction forces and it is assumed that no other forces are present. The
first equation gives

Lli2[x]1 + [ (s + Kby = - (B], |:ij + [c]12 [X]z + K2 [ )

The left-hand side forms a standard equation of motion in [x]; with an impulse response
funetion [w]u Hence~2he response is

[x]; = ‘Lo[WJu (Mp(x], + [C]n[;(j + [Kialx) dar

The correlation matrix is then [:Rxlxl(T)] TW]H [8] [Rii ()] [B]t [W]E'I dry dry
ol

)
0
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where [ = [Mi [z [F12 ]

and [ R., () is the matrix of correlations of the applied movements including the velo-—
ii

E4/1%

cities and accelerations.
Applying the fourier transform the spectral densities of the response is
[Ban©@ 1 = [ @] [F [5; 0] (31 [@AhH
Using the theory of section k,3.1
2 2 .
(555 W =708 (551 [8d ] =[] -w [U] [Bppwl o[ -w [T [1]]
(54 [S3x]1 [84 io [T
[s5d [B 1 [s.] [
where [sx2x2 @JH is the spectral density of the applied displacements (i.e, it does not in-
clude velocities end accelerations). Giving finally the spectral density of the response as
(B d = [Pﬂnz (B [s,,] BF  [@d]
where [B]l = [-w [Mlz:[ +iw |:C12:[ + I:Klzj :]

4,3,3 Spectral Density of a Moving Random Force

If an earthquake travels across the base of a structure force st one point at a time, t
is repeated exactly at another point at & leter time (t + T). The same type of loading occurs
as traffic moves over e bridge. The force input is defined by the spectral density of the
force at any point and the matrix of spectral densities of the forces at all points can be
specified in terms of this and the velocity of the earthqueke. Say the force at the p-th
nodal point at a time t is [?p (t) ] . This force moves with a velocity v in the direction x.
If the q'th node is a distance qu from the p'th then the force at this node is [Fq (t + x

pa
/v)] . The cross-correlation between the two points p and q is

[qu ()1 = e[ [Fp ] FP@+ 0] ]
E l: [FP (t)] [Fp (t + 7 - qu/v)] J= [RPP (t - qu/V)]

Applying the fourier transform
[qu (w)J = [R (t - x /v)]e_lw(T -qu/v) e —1mqu/v a(t - qu/v )

PP Pq
= esp (i wqu/v) [spp (w)]
Similarly, [sq_p (0)] = exp (iu x /v) [Spp (0) ]

For the force input at e series of points, the spectral density metrix is
I—Sff W) =1[[s (w)]. exp { - iw qu/v ]

where [ﬁ (w) ] is the spectral density of the force at any particular point.

Note that this is also an Hermitian metrix,
5 Presentation of Results for Failure Fstimates

When carrying out any enalysis exectly what is trying to be done must always be borne in
mind., In most cases the aim is not to find the frequency content of the response or to find
most of the results given in the previous sections. What really is being done is to access
the integrity of the structure and to answer such questions as 'are the displacements large
enough to prevent proper operation of the plant?' or 'is the stress level sufficient to
cause a fatigue failure in the plants’ lifetime?' For a deterministic input it is possible to
solve for displacements and stresses as such and, using some chosen criteria, to estimate
the integrity of the plant.

However, for a random input, by its very nature, it is not possible to solve the problem
to give definite figures for displacements and stresses. In the preceeding sections it has
been shown how to calculate the spectral density of the response given that of the input, Un-

fortunately this in itself cannot be used to give failure estimates and the idea of the pro-
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bability density function has to be introduced. It is not possible to say that any specific
value of the varieble x will occur but again by averaging various records of x, an estimate
can be made of the chance of it being any particular value. The curve of x against the chance
of x occuring is called tgs probability density function p(x). It is normalised such that

p (x) d&x = 1.0

For a deterministic ﬁ;oblem there is a definite velue for any variable either given or
derived. For a random problem the equivalent statement gives the probability that the veri-
able has & particuler value. This is given by the probebility density function. Returning
to the problem of failure, it is possible to say definitely if a specific criteria is ex-
ceeded for the deterministic case. In the random response it is only possible to give the
chance that the criterion has been exceéded. An acceptable level of probable failure then
has to be decided. If for a given x the probebility density function p(x) +1.0 then the
chance of x occuring is very likely. If p(x) >0.0 then it is very unlikely.

At first sight this appears a much less definite conclusion than that of the deter-—
ministic camse. However, this is not so when the criterion that a failure is judged against
is considered. The laws relating to say a fatigue feilure or a stress fracture are certainly
not well enough defined to be as precise as the calculetion of the response can be. In fact
all that cen be really done is to say thaet the structure is likely not to fail. When ex—
pressed in these terms the random calculation can be used to meke a much more precise state-
ment of the likelihood of failure, particularly if the experimental failure results are pre-
sented in a probebility form.

5.1 Probebility Density Function of the Response

So far the response has been determined in terms of correlations and spectral densities.
This in general does not determine the probability density function of the response except in
the particular case where a gaussien distribution is assumed. If such a process has zero
mesn then p (x) = exp (-x2/2 o2 y/ovVam
where czis the mean squere of the signal. This can be found from the spectral density using
equation (6).

It is fortunate that the gaussian distribution also has the property that if the signal
is subjected to & linear process, then the resulting signal is also geussian. For naturelly
occuring phenomena the gaussian distribution tends to be a good approximation making the above
approach realistic.

6.

So far all of the equations have been developed for a stationary force input end a
stationary response. Unfortunately there are cases where the input and the response are not
stationery. In particular, for nuclear work earthquakes form just such an input. The ground
movements rise from zero in a random menner to a maximum and then die away agsin. In most
cases the duration of the earthguake is such that it can neither be considered as a short
period shock nor a long period steady state input.

The ideas of correlations and spectral densities can be extended to the non-stationary
case., However, the informetion contained in such a formulation of the response is not easily
applicable to predicting a failure. It is better now to work directly in terms of the pro-
bability density function and to make this a function of time. The problem then reduces to

'given the probable amplitudes of the force input what is the probable amplitude of the res-
ponse?'my he able to do this the idea of functions of rendom veriables has to be introduced[k}
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Given a set of veriebles x; to X then let these be combined to form m functions (mgn)
¥1 to y, such that v, = £ (x; xn)

These functions can be of any form but in the following discussion they are linear.

If the variables x are random with a joint probability density function (PDF) of p (x1..

ve .xn), then it can be shown that the PDF of the dependent variables y is

P (yl....ym) =] ] (x1.....xn) |g] dxm_'.1 ceeendx (8)
i,e. the 'excess' variables are integrated out. [J] is the Jacobian
[1] = [oxa/oyy  9%1/a¥p «eneenedxy /oy
3%y /3Y1
axm/ayl axm/aym
It is found by partial differentiation of the functions fi. The PDF is normalised such
that P yy ceeeeninyp) dyp ceeens dy, =100

6.2 The Step-by-Step Method with Random Variables

Given a force input end the displacement and velocity at some time then equation (3) of
the step-by-step method allows the response to be calculated at a later time. If now the
force input and the displacements are random then knowing the PDF of these at time t allows
the response PDF to be found at time t + A using equations (3) and (8). The theory is correct
for any form of the PDF but is now developed in detail for a gaussian distribution.

6.2.1 The Response Assumineg a Geussian PDF

For n variables [u] say the gaussian PDF with zero mean (ia.n be written as
p ( [u:] ) = 1 , exp (-3 [u]JG Dfu] [W] ) where [Vu_-‘ =L—°ij2]
o™ v | 2
oiiz is the varience (or mean square) of the i'th term in ] -
gijz is the co-variance and is equal to the mean of the product uy and uj at the time
t (i.e. the cross—correlation when t, = t, = t).
In the present case the PDF is -1
p ( [F] ) = 1 exp -%[E{It 11T 1] th]][[x:l]]
(2n)/2|v | { [[Vm] 221 [F]
t + A is

Aol ) -

(5] g | ] SB[ - BLEREI] = [ B L
or X = E, B, ,
[F] [o] [:I] [F]

In this case the transformation is linear hence [J] is [Ep] .

It can be shown that the integration eventually leads to

p(F]) = ¢ e {1 B [T B
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where ["y]-l = [y - [f] Bl (%]
and the constant C is found from normalisstion es
c = 1
(2“)311/2 Ivyl

6.2.2

So far the variance matrix [V:[ is undefined. If a white noise is assumed then there
are by definition no cross—correlations and hence no co-variance terms between the forces
at different times. There will in general be cross—coupling between the displacement and
velocity but this is known from the previous step. It is assumed that for e small A the
forces over the time t - A to t + A have such a small effect on displacement and velocity
(these representing the integrated effects of the force) that the co-variance between force

and response over this intervel is zero. The verience matrix then becomes

Mm@ @ [nil! [vis)
I I IRt [21]} [22]
vl T o]

|
] [l [0

[

I

The matrices [VF:_[ N EVFO-[ a.ndJ:VF;I are the input dete for the problem representing
the (mesn square) force level at each time.

The matrices [Vxx—-l [Vx;] e.nd[V).cxj (= [-_Vx)'c-l) are given as data for the first step
(representing boundary conditions) and is given for each subsequent step by the previous
response.
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