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Abstract. Perturbation bounds for eigenvalues of diagonalizable matrices are derived that
do not depend on any quantities associated with the perturbed matrix; in particular the perturbed
matrix can be defective. Furthermore, Gerschgorin-like inclusion regions in the Frobenius are derived,
as well as bounds on the departure from normality.
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1. Introduction. The results in this paper are based on two eigenvalue bounds
for normal and Hermitian matrices by Sun and Kahan, respectively.

Sun [10] presents a bound for the eigenvalues of an arbitrarily perturbed normal
matrix that does not contain the conditioning of the perturbed eigenvectors. Kahan
[7] presents a similar, but better bound for Hermitian matrices. From the ideas in the
proofs of these two bounds we derive several results:

82: Bounds on the departure from normality of perturbed normal and Hermitian
matrices.

83: Perturbation bounds for eigenvalues of normal matrices whose eigenvalues lie on
a line in the complex plane.
The bounds are in the Frobenius norm and do not depend on the conditioning
of perturbed quantities.

§5: Perturbation bounds (in the Frobenius and two-norm) for eigenvalues of diago-
nalizable matrices.
The bounds do not place any restriction on the perturbed matrix and allow it,
for instance, to be defective. They also do not depend on the conditioning of
the perturbed eigenvectors, which is advantageous if these are ill-conditioned
with respect to inversion. An example in §4 illustrates this.

86: Gerschgorin-like inclusion regions in the Frobenius norm for eigenvalues of com-
plex square matrices.

§7: Frobenius norm bounds for the departure of a matrix from normality in terms
of the diagonal and off-diagonal elements.
For real matrices, we bound the departure from normality by the norm of the
off-diagonal elements. Our bounds are simple and cheaper to determine than
many existing bounds, cf. [8, 9] and the references in there.

88: A lower bound on eigenvalue perturbations for complex square matrices and for
Hermitian matrices.
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Notation. We denote by | - || the Frobenius norm and by || - ||2 the Euclidean
2-norm. The order of the matrices is n, and the elements of a matrix A are a;;. The
matrix A has eigenvalues A\; and A + F has eigenvalues p;.

The identity matrix is I, and the imaginary unit is + = v/—1.

2. Departure from Normality of Perturbed Normal Matrices. We bound
the departure from normality of perturbed normal and Hermitian matrices.
To this end, we partition a complex matrix A into Hermitian and skew-Hermitian

parts, A = R(A) +13(A), where 1 = /—1 and

%(A)E%(A+A*), S(4) = L(a* — A),

[N

THEOREM 2.1. Let A+ E be of order n with Schur decomposition A+ E =
Q(M 4+ N)Q*, where Q is unitary, M diagonal and N strictly upper triangular.
If A is normal then

[N[lp < (Vn—1+1) |[E]p.
If A is Hermitian then
IN|lF < V2|S(E)]| r-

If, in addition, A+ FE is real or A+ E has real eigenvalues then | N|| r = v2||3(E)| r-
Proof. In Q*AQ + Q*EQ = M + N, partition

Q"AQ = A+ Ap + Ay, Q*"EQ =FErL + Ep + Ey,

where Ay and Ey are strictly upper triangular, Ap and Ep diagonal, and Aj and
E, strictly lower triangular. From Q*AQ + Q*EQ = M + N upper triangular follows
AL+ ErL =0and Ay + Ey = N. Hence ||N||r < ||Av|lr + ||Ev||p. Since Q*AQ is
normal, we have [10, Lemma 3.1] [|Ay||lr < v/n — 1||AL||Fp. Therefore

[Nllr < vn—1ALllr + [|Evllr = Vn = 1| ELllr + | Eullr < (Vn—1+1) [|E]|F.
If A is Hermitian then N = Ay + Ey = A} + Ey = —E] + Ey. Because the

matrix
N*—N=(Ey+EL)—(Ev+ EL)
has a zero diagonal, adding a diagonal cannot decrease its norm,
IN* = Nll& = [(Bv + BL)" — (Bu + Ey)llr < | E* = El| .
Therefore, ||S(N)||r < ||S(E)||F. Since N is strictly upper triangular,
INIE = IRN)IE + SN = 2IS(V)IIF < 2(S(E)]13-

If A+ FE has real eigenvalues then M — Q*AQ = Q*EQ — N is Hermitian, so
(Q"EQ—N)" = Q"EQ—N and Q" (E*—E)Q = N*—N. Hence [S(N)[|r = [|S(E)| #.

If A+ FE is real then there exists a real orthogonal @), so that Fp is real. Hence
S(Ep) = 0 and |S(Ev + Ex) ¢ = [S(E)|r- O

It is not possible to bound | N|| ¢ from below by |S(E)||r. For instance, if A is
real diagonal and F is imaginary diagonal then N = 0 but S(E) > 0.

2



3. Eigenvalue Bounds for Normal Matrices. We use the bounds in §2 to
derive eigenvalue perturbations for normal and Hermitian matrices. There are no
restrictions on the perturbations, and the bounds do not depend on the conditioning
of perturbed quantities. Although our bounds are slightly worse than those by Sun
and Kahan, the derivations are simple and illustrate why the non-normality does not
appear in the bounds. We also improve a Frobenius-norm bound for normal matrices
whose eigenvalues lie on a line in the complex plane.

The bound below for eigenvalues of an arbitrarily perturbed normal matrix does
not depend on the conditioning of the perturbed eigenvectors.

THEOREM 3.1. Let A and A+ E be complex matrices of order n with eigenvalues
Aj and pj, respectively.

If A is normal then there is a permutation o so that

1/2

Dol = Aol <(Vn—1+2)|E|F.
j=1

Proof. Let A+ E =Q(M + N)Q* be a Schur decomposition of A+ E. Applying
the Hoffman-Wielandt inequality [6, Theorem 1], [2, Theorem V1.4.1] to A and QM Q*
gives

1/2

D iy = Ao P <NRQMQ* - Allr = [|[E - QNQ*||[r < |Ellr + [IN|F
j=1

for some permutation o. Apply Theorem 2.1 to | N|p. O

Sun presents a slightly better bound, by taking advantage of structure in £ —
QNQ".

THEOREM 3.2 (Theorem 1.1 in [10]). If A is normal then there is a permutation
o so that

1/2

Yol =l < VallElr.
j=1

For Hermitian matrices the bounds can be tightened.

THEOREM 3.3. Let A and A+ E be complex matrices of order n with eigenvalues
A; and pj, respectively.

If A is Hermitian then there is a permutation o so that

1/2

> i = Ao < (1+V2)[|E|
j=1

Proof. Proceed as in the proof of Theorem 3.1, but use the bound for Hermitian
matrices from Theorem 2.1. O

Kahan presents an even tighter bound, where eigenvalues are ordered according to
size. Label the eigenvalues of a Hermitian matrix A in ascending order, \; < ... < \,.
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THEOREM 3.4 (80, §3 in [7]). If A is Hermitian then
1/2

D = AP <V2||E||F,
j=1

where R(p1) < ... < R(uy).

Below we extend Kahan’s bound (Theorem 3.4), to normal matrices whose eigen-
values lie on a line in the complex plane, and thereby improve Sun’s bound (Theorem
3.2) for this class of matrices. Below 1 = /1.

COROLLARY 3.5. If A = e H +~I, where H is Hermitian, 6 a real scalar and
a complex scalar, then

1/2

> g = Al < V2||E||,
J=1

where RN(p1) < ... < R(pn)-

Proof. Denote by A\;j(H) the eigenvalues of H. Then the eigenvalues of A are
A\; = e\ (H) + v, and the eigenvalues of A+ E are uy = e\ (H + F) + 7, where
F =e YE. Hence |\; — pg| = |\j(H) — A\ (H + F)|. Now apply Theorem 3.4 to the
eigenvalues of H and H + F. O

4. Existing Eigenvalue Bounds for Diagonalizable Matrices. We review
existing eigenvalue perturbation bounds in the Frobenius norm and the two-norm.

Let A be a complex diagonalizable matrix of order n with eigenvalues A; and an
eigenvector matrix X, and A+ E a complex diagonalizable matrix with eigenvalues pu;
and eigenvector matrix Y. Real eigenvalues are labeled \; < ... < A, and p; < ... <
tn- Let || - |2 be the Euclidean two-norm, and x(X) = || X2 || X |2 the condition
number of the non-singular matrix X with respect to inversion.

Frobenius Norm Bounds. The tightest and most general bound is [3, Theorem

3.3]
1/2

(4.1) > i = Ao 2 < K(X)V2R(YV)2 B p,
j=1

where o is a permutation. If, in addition, both A and A + E have real eigenvalues
then [3, Theorem 3.1]

1/2

(4.2) PPN < K(X)V2R(YV)V2 B .
j=1

Two-Norm Bounds. The tightest and most general bound is the Bauer Fike the-
orem [1, Theorem III],

(4.3) max min |p; — M| < K(X)||E] 2.

1<j<n 1<k<n
If, in addition both A and A + E have real eigenvalues then [3, Theorem 3.1]
(4.4) max |u; — Aj| < w(X)2R(Y)V2 | B2

1<j<n
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However, the presence of the condition number x(Y) of the perturbed eigenvec-
tors, like in (4.1), (4.2) and (4.4), can be of disadvantage. We illustrate this with two
examples below.

EXAMPLE 1. The matriz

1 €
A_<O 1_6>, 0<e<l1

is diagonalizable with an eigenvector matrix

oy (11
() )

The eigenvalues of A are well-conditioned because the eigenvector matriz X is well-
conditioned with respect to inversion, i.e. k(X) < 2.7. If the perturbed matriz is

1 € 0 0
A+E—(O 1), where E—(O 6),

then the bounds (4.1), (4.2) and (4.4) don’t apply because A+ E is defective.
If the perturbed matriz is

1 € 0 0
A+E—(O 1_62), where E—(O 6_€2>,

then the bounds (4.1), (4.2) and (4.4) are unnecessarily pessimistic, because the per-
turbed eigenvector matriz
(1 1/e
=0 %)

has (Y) > 1/e, while the eigenvalue error is bounded by ||E||r. In this case, k(Y) >
1/€e can be much larger than k(X)) < 2.7.

In comparison, the Bauer-Fike theorem (4.3) implies the bound k(X)||E|| < 2.7¢
for both of the above perturbed matrices.

5. New Eigenvalue Bounds. We use the bounds in §3 to derive eigenvalue
bounds for diagonalizable matrices that do not depend on the conditioning x(Y") of
the perturbed eigenvectors. In particular, the perturbed matrix can be defective. Our
bounds are tighter than the ones in §4 if Y is worse conditioned than X with respect
to inversion.

THEOREM 5.1. If A is diagonalizable then there is a permutation o so that

1/2

Dol = A < Vnk(X) || E|
j=1

If, in addition, A\ < ... < A\, are real then
1/2

PPN < V26(X) [|E||F,
=1

where RN(p1) < ... < R(pn)-



Proof. Let A = XAX~! be an eigenvalue decomposition where A is diagonal with
diagonal elements \;. Substitute this into (A + F) — A = E to get

XY A+E)X -A=X"'EX,

where X ~}(A + E)X has the same eigenvalues u1; as A+ E and A is normal. Apply
Theorem 3.2 to A and X }(A+ E)X.

If \; are also real then A is Hermitian. Apply Theorem 3.4 to A and X ~}(A+FE)X.
O

When A + E is diagonalizable the first bound in Theorem 5.1 improves (4.1) if
Kk(Y) > nk(X). When A+ E is diagonalizable with real eigenvalues the second bound
in Theorem 5.1 improves (4.2) if kK(Y) > 2k(X). Therefore, Theorem 5.1 is tighter
than existing bounds when the perturbed eigenvectors Y are worse-conditioned than
the exact eigenvectors X with respect to inversion.

For the matrices in Example 1 Theorem 5.1 implies an eigenvalue bound of
3.71||E|| r, which is within a factor 4 of the exact error.

The Frobenius norm bounds in Theorem 5.1 imply the following weaker two-norm
bounds.

COROLLARY 5.2 (Two-Norm). If A is diagonalizable then there is a permutation
o so that

max [y = do(y)| < nk(X) 1Bl

If, in addition, A\ < ... < A\, are real then

max |u; — Aj| < V20s(X) || ]2,
1<j<n
where R(p1) < ... < R(uy).

Proof. The proof follows from Theorem 5.1 and the fact that |[E||r < /0 ||E||2
for a square matrix F of order n. O

Although the Bauer Fike theorem (4.3) is always tighter than Corollary 5.2, it
does not establish a one-to-one matching of exact and perturbed eigenvalues. The first
bound in Corollary 5.2 improves by about a factor of 2 the first bound in [2, Exercise
VIIL.3.2]. When A+ F is diagonalizable with real eigenvalues then the second bound
in Corollary 5.2 is tighter than (4.4) if kK(Y) > 2nk(X).

The bound below improves the first bound in Corollary 5.2 by a factor of n. It
establishes a one-to-one matching between exact and perturbed eigenvalues and has
a bound that’s as good as the Bauer-Fike theorem (4.3). However the perturbation
is required to be sufficiently small compared to the eigenvalue separation.

THEOREM 5.3 (Two-Norm). If A is diagonalizable and

1 .
KX 1l < 5 min b = A

then there is a permutation o so that

max [ij — Ao(jy| < K(X) [|E|2.

1<j<n

Proof. As in the proof of Theorem 5.1 show that X 1(A+ E)X — A = X 'EX,
and apply to the normal matrix A and to A+ E the bound [2, Theorem VI.5.1] which
says that

max [A;(B +F) = Ao (B)] < |12,
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for any normal matrix B, provided || F||2 is smaller than half of the distance between
any two distinct eigenvalues of B. O

To estimate the accuracy of computed eigenvalues, one may want to reverse the
roles of A and A + E because the exact eigenvectors are not known, but the condi-
tioning of the computed ones can be estimated.

6. Inclusion Regions in the Frobenius Norm. We use the bounds in §3 to
determine Gerschgorin-like inclusion regions for eigenvalues of complex square matri-
ces.

THEOREM 6.1. There is a permutation o so that

n
D ag; = Ao P <0 Y laks [
=1

k#j
If Ap is real, and A is symmetrically permuted so that a1y < ... < apy, then

n

D lag; = AP <2 axs

Jj=1 k#j

where R(A1) < ... < R(Ay).

Proof. Partition A = Ap + Ao, where Ap is a diagonal matrix consisting of
the diagonal elements and Ao consists of the off-diagonal elements of A. Let A be
a diagonal matrix whose diagonal elements are the eigenvalues A\; of A. Since Ap is
normal, Theorem 3.2 implies

n

> laj; = Aoy P < nllAp — A} = n || Aol3

J=1

If Ap is real, it is Hermitian, and Theorem 3.4 applies. Note that a symmetric
permutation PAPT, where P is a permutation matrix, does not change the eigenvalues
of A. O

Theorem 6.1 shows that when Ap is real we get a one-to-one matching of eigenval-
ues and diagonal elements. This happens in particular, when the matrix is Hermitian.

COROLLARY 6.2. If A is Hermitian, and symmetrically permuted so that a11 <
co. < app, then

n
D lag; = NP <2 g,
j=1

k#j
where A\ < ... < A\p.

7. Departure from Normality. We use the bounds in §3 to estimate the de-
parture of a matrix from normality in terms of the diagonal and off-diagonal elements.
Intuitively, one would expect that if the offdiagonal ‘mass’ of a matrix is small, so
should its departure from normality. We confirm this for real matrices, by bounding
the departure from normality in terms of the off-diagonal elements.

Let A be a complex square matrix of order n with Schur decomposition A =
Q(A + N)Q*, where @ is unitary, N strictly upper triangular and A diagonal with
the diagonal elements A\; being the eigenvalues of A. We consider the departure of A
from normality as measured by || N||r [5, (1.4)].
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Partition A = Ap + Ao, where Ap is a diagonal matrix consisting of the diagonal
elements and Ao consists of the off-diagonal elements of A.

When not all diagonal elements of A are real, we get a worse bound for the
departure from normality.

THEOREM 7.1.

[IN|[F < \/IleH% + 2vn || Apllrll o] r.

Proof. From
IADI% + 1 4ollE = I AlE = A% + N1
follows [|N|% = [[Aoll% + [ Ap|[% — A% If [[Ap|lr < [|AllF then [N < [[Aoll%
and the desired bound holds. If ||Ap||r > ||A]|F then

A% = A1% = (IAblle +[AllF) (1AbllF — Al )
S 2||ADHF m}in ||AD — P*APHF,

where the minimum ranges over all permutation matrices P. Theorem 6.1 implies
mlgn ||AD — P*APHF S \/HHAO”F

d
In the special case when all diagonal elements of A are zero, i.e. Ap = 0, Theorem
7.1 implies ||N||r < ||Ao||r. Theorem 7.1 is not tight for normal matrices. That’s
why we derive another bound which is tighter for a larger class of matrices.
THEOREM 7.2. If Ap is real then

INIE < [[Aol[F — trace(AD).

Consequently, |N||r < V2| Ao||r.
Proof. From N3 = A% — 1A% and 1A% = 1 4oli3 + | A3 follows

INIE = l40ll% + 1A% — IAl%-

With, see also [4, §2],

n

1A =D 1P = 1D A3 = |trace(4)]

j=1 j=1
and trace(A?) = trace(A%) + trace(A4%) we get
INIE < [ AolE + [ Ap || — trace(A) — trace(AD) = [|Ao||h — trace(A7).

The last equality follows because Ap is real, so ||Ap||* = trace(A%,) for real Ap.
The second bound follows from | trace(43)| < || Aol/%. O
The second bound in Theorem 7.2 shows that the departure from normality is
small if the offdiagonal ‘mass’ is small. The next corollary presents matrices for which
the first bound in Theorem 7.2 holds with equality.
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COROLLARY 7.3. If A is a complex square matriz all of whose diagonal elements
and eigenvalues are real, or if A is Hermitian, then

INIE = [[Ao[F — trace(A3).

Proof. In the proof of Theorem 7.2, if all \; are real, then

HAH% = Z |)\j|2 = Z)\§ = trace(AQ).
=1

Jj=1

8. Lower Bounds for Eigenvalue Perturbations. We present a lower bound
for eigenvalue perturbations of general, complex and of Hermitian matrices.
THEOREM 8.1. For any ordering of the eigenvalues A; of A and p; of A+ E,

[trace(E)| < 3y — Al
j=1
Proof.

|trace(E)| = | trace(A + E) — trace(A)| = Z (i —Aj)| < Z [i — gl
Jj=1 j=1

O
The bounds in Theorem 8.1 hold with equality if £ = I + QUQ™*, where ~ is a
complex scalar, U is strictly upper triangular and @ is a Schur vector matrix of A.
As a consequence of Theorem 8.1, the Cauchy-Schwartz inequality implies

1/2

1 n
— | trace(E)| < | Y |y — A\
vn st

Below we bound the imaginary parts of eigenvalues of perturbed Hermitian ma-
trices (this represents an absolute error since the eigenvalues of Hermitian matrices
have zero imaginary part).

THEOREM 8.2. If A is Hermitian then the imaginary parts S(u;) of the eigen-
values p; of A+ E satisfy

trace(S(E)) = 3" (),
and
B 1/2
7 | trace(S(E))| < Z 1S (y)I? < ISE)r



Proof. Let A+ E = Q(M + N)Q* be a Schur decomposition of A+ E where Q is
unitary, N strictly upper triangular, and M diagonal with the eigenvalues p; on the
diagonal. Then QNQ* = A+ F — QMQ*, and S(N) = S(F — QM Q*) because A
is Hermitian. From N nilpotent follows 0 = trace(S(N)) = trace(E — QMQ*), and
trace(FE) = trace(S(M)).

From Theorem 8.2 and the upper bound [7, §0], [11, (1.7)]

1/2
Z S(y)? <[S(A+E)r=IS(E)lFr
j=1
follows
1/2
| trace(S(E)) < vn | Y [S(u))I
j=1
a
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