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Abstract

We present an APL PLUS siwulation model of a two

agset cash management system.

cash and an income producing portfolio.

The two assets are

The model

relates cash transfer policies and futures stocks of

cash and income producing assets tc restrictions on

average and minimum balances; projections of future

cash flows, the costs of cash management, and r»ser

specified objectives.

I. Introduction

An organization's cash management system
acts as a buffer between the organization's
internal cash needs and its extermal financial
relations with customere, suppliers, tax col-
lecting agencies, and banks. Three frequently
cited reasons for holding cash are to ease anti-
cipated disbursements, to act &s a reserve for
unexpected cash demande, and to compensate banks

for their services. The mosc imporiant cost of

holding cash is the opportunity lest by not using
the cash in some alternate way. For example,
cash could be used to pay existing loans, as a

dividend to shareholders, as a‘short term exter-

_ nal inveutiment, or as an intermal capital invest-
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went. The opportunity cost for holding cash is
the lose incurred by not using the cash in some
optimal altexnative menner.

Cash fiow management involves scheduling

the timing and sive of cash transfers iun order



to meet the organization's needs without carry-
ing excessive amounts of cash in nonproductive
accounts. The two asset cash management model
presented in this paper is based on a forecast
of future cash inflows, institutional restric-
tions on cash stocks, the costs of holding and
transferring cash, and a user selected objective.
The model is not unnecessaiily complicated and
includes many esseutial aspects of the cash
management problem. The simplicity and inter-
active nature of the computer wodel make it an
ideal simulation tool for decigion makers. With
practice, the ipput and output of the model can
be quickly analyzed. This interactive feature
allows the decision maker to simulate the con-
sequences of changes in cash flow forecasts,
opportunity costs, compensating balance agree-
ments, and cash management objectives.

Most large organizations have a choice of
several income ;:oducing agsets that are alter-
natives to holding cash. These assets differ in
maturity, risk, and yieid. Thé cash management
model presented in this paper aggregates these
income producing assets into a single incone
producing portfolio. The two assets, cash and
the income producing portfolio, are similar te a
household's checking and savings account. I1f a
firm is constantly in & borrowing peositicn, then
the income producing asset can be viewed as a
The two asset assumption leads

loan portfolio.

to considerable simplifcation, and can be con-
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sidered as a first approximation to the multiple
asset model., Cases in which the two asget as—
sumption is inappropriate, will be discussed in
the summary.

Similar cash management models have been
coneidered in references (1-3). The models im
(2-3) lead to large linear programs that are not
suitable for flexible, interactive simuliation.
The model in (1), is based on the special struc-
ture of optimal policies in a dynamic program
which includes fized ¢ransaction costs but does
not examine average balance comstraints.

The next section describes the AFPL simu-
lation package, cutlines the reasons for using
APL as a simulstion language, and suggests
several uses for the model. Section III formu-
lates the cash maragement problem and describes
geveral alternative cash management objectives.
The four:h section containg an example of mar-
ginal apaly::s urder the special objective of
minimizing the total cost of cash management. A
similar marginal analysis can be developed for
alternative objectives. Secticn V presents soume
exemples, and indicates how optimal policies
change in response to changes in external system
parameters. The sixth and final section summar-
izes the rasults.

II. APL_ Simulation

The simulation is based on an interactive

syster of APL/360 programs. These programs:



Examine & set of globally defined

variables.

L; Construct a linear programming tableau
appropriate to the length of the plan-
ning horizon.

{c) Insert coefficients that are computed

from the global variables, (a), and

the underlylng cash flow consexvatlon
equations.

{d) Include user imgosed constraints, such

as compensating balances and/or 8 lower

bound on the cash level.

(e) Calculate the optimal timing and size

of cash transfers, and the marginal

values cf changes in exogenous cash 4

flows, compensating balance levelg and

lower bounds on the cash level.

(f) Organize the output in a graphical or

tabular dispiay as specified by the

user.

APL was selected as the program language
for two reasons. First, the interactive aspect
of the language allows users to employ the pro-
grams frequently and within the short timespan
available for making cash management decisions.
Sezond, the compact, array oriented mathematical
structure of APL is ideally suited for comn-
structing the appropnriate tableauw, for éolving
the optimization problem, and for quickly modi-

fying the model's assumptions and parameters

through user defined global variables.
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The simulation model is built around a
linear program that calculates cptiaal cash
transiers and stock levela. The interactive
computer program allows a decision maker to
gimulate the impact of changes in predicted cash
flowg, cash management objectives, inatitutional
cohstraints, and the length of the plauning ho-
rizon on cash transfer decisions and unr future
stocks of cash and the income producing asset.
The program package can be used in several ways.

(a) To £ind feasible cash flow tramsfer

schedules that will meet the organiza-
tion'e comnitments. This scheduliag
problem can be considered in the long
run (monthly periods), in the short rum
(daily periods), or over a sequence of
unequal periods (days, weeks, months,
quarters, years).
(b) To estimate the costs of cash manage-
ment, and to project the future stocks
of cash and the income producing assezt.
(¢) To determine the costs of institutional
arrangements such as compensating or
minimum balance agreements.
(d) To examine the impact of smoothing cash
flows.
(e) To forecast periods iz which short-term
borrowing will reduce costs.
(f) To identify unfrraseen investment possi-

bilities.

(g) To test the effect of alternate cash



management cbjectives on cash manage-
ment policy.

(h) To calculate the cash transfers and
stock levels of cash and the income
producing asset that result when the
vworast possible cash inflow occurs.

{1i) To gauge the impact of alternmate cash
£low forecasts on costs and cash traus-
fer decisions.

(3) To discover a suitable planning horizea

for cash management planning.

II11. Formulation

This section formulates the cash flow model
and indicates some of the features that the
simulation program can accommodate.

The fundamental cash flow comservation

equation

(1) X[JY = X[J-1] + SLJ) + ULJ] - VLJ]
for J =1,2, .. T

with X[0] = X0 a user supplied global variable.

Period J is an interval of time from in-
stant J-1 to instant J . The variables in
(1) are defined as follows: X[J-11 4is the cash
level at the end of period J-1 ; ULJ] - VLJ]

{s the net amount of cash transferred into,

ULJ] > 0 for an inflow and VIJ] > 0 for outgo,

the cash account at the beginning of period J ,
(at time J-1). S[J] is the net inflow of cash

during period J and X[J] is the cash level

»

at the end of peried J , (at time J). The
initisl cash level X{0] , and the exogeneous

cash inflows 5[J] are known. If a lower bound
determined by the global variable LI , 1is placed
or the cash account then equation (1) continues
to hold although X[JJ in (1) must be interpreted
as the cash level in excess of the lower bound;
i.e. the actual cash level minus LY . A com-

pensating balance requirement is described by a

constraint on the total cash helding.

(2) X027 + X023 + ... + XIP] > (T = (4X - LX))

Here A4X 1s a global variable describing the
average level in the cash uccount. The simula-
tion program ignoxes the average balance con-
straint 1f AX < LX .

The cash management objective is selected
through a user defined global veriable OF . The
four possibilities are:

OF «1: Minimum sum of all future opportu-

nity and tranafer costs

<2: Minimum &1ncounted sum of all future
cash transfers

+3: Maximum end of period cash and se-
curities

«4: Maxinum present worth of future cash

and securities

Other objective functions can easily be handled.

The model is able to simulate the policy implica-
tions of following any specified objective.

ther features of the package allow for



unequal planning periods, and allow for wmultiple
average balance constraints. For example, the
planning period could counsist of eight weekly
periods followed by four monthly periods. If
the organizaticn is constrained on an average
monthly balance then there are a total of six
balance comstraints. The first involves X[1]
through X[4} , the second X[5] through X[8]
and the last four simply state that X{JJ > AX
for J > 9 . The complete list of user supplied
global variables is described below.

XQ - initial cash stocks

Y0 - initial stock of income-producing
assets
CY - variable unit "opportunity" cost of
holding cash
CU - variable uniit cost of transferring
assets to cash

variable unit cost of transferring

cash to assets

AX - the average cash level or compensating
balance
LY - lower bound for cash stccks

- an integer denoting the choice of

objective function

2 = discount factor

R =~ unit period interest -ate

DP - a vector giving the number of days,
weeks or months in each accounting
peried

5P ~ the number of periods that apply tu a
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compensating balance restriction
To avoid complications we shall concentrate our
analysis on the special case DE =1 ,0F =1,
and BP equals the length of the planning
horizon.

1V, Marginal Analysis

This section describes in detail the mar-
ginal cost information derived in the simulation
when the cash management cbjective ig the aini-
mization of total opportunity and transfer cost.
A similar analysis is possible for the ether cash
management objectives mentioned in Section IiI.
The information derived in this section will be
useful in interpreting the numerical <xamples
that are presented ia Section V.

The primal linear program minimizes the
total opportunity and transfer cost subject to
the flow equations (1) and the total Lalance re-
atriction (2). The dual linear progrem associ-
ates variables P(1]1,P[2], ..., P[T] with the
flow equations and a variable ¢ with the
balance conditicn.

These variables must satisfy

the dual feasibility conditions

(1)
(11) PLJ] - PLJ+1]

-CY < PLJ]

[ Ta)

C¥
c¥ - @

J = 1.2, cerey T
3

N

Where we assign PLT+1] = 0 .
In addition, a primal solution (X,U,V)
and dual solution (P,Q) are optimal if and only

if they satisfy the complementarity conditions



(1) -~CY < PlJ) <Cy = VIJ] = ULd] =0
vlJl > 0 = PLJ] = CY
Jl > 0= PlJY = -CY

(4)

(11) P[J] - PlJ+1)1 < CX - Q@ = X[J]1 =0
X[g1 > 0 = PLJ)Y - PLJ+1]1 = CX - @

The variable P[J] is the rate of change
of the minimal cost with respect cve changee in
S[J] . With this interpretetion of P in mind
it is easy to derive (3) and (4). Increase St
bv a small amount Z . This change can be off-~-
set by a corresponding increase in Vi5) . The
increase in cost is £ x CY which wust be
larger than the increase in the minimal cost
E x P[J] . Since E > 0, it follows that
cy > Pyl . 1If, VLJ] > 0 then the argument
above could be repeated with F negative. Then
V[J] > 0 could be decreased. The increase in
cost remains E x CY > E x FLJ] . However,
since E < 0 , it follows that C¥ < PLJ1 .
Therefore V[J] > 0 implies CY = PLJ] .

A similar argument holds for ULJ] . If
S[J] decreases by E > 0 then this decrease
can be offset by a corresponding increase of ¥
in U[J) . The increase in cost is
E x ClU > -E x PLd] . Therefore CU > -PLJ] .
However when ULJ] > G , the same argument cen
It follows that

be repeated with £ <0 .

v{Jl > 0 dmplies (Y = -PLJ] .

The variable & weasures the rate of
increase in cptimal cost per unit of Increase
in the total balance constraint (2). Suppoee,
that S50{J] 4is increased by E , S[J+1] is de-
creased by E , and the total balance require-
ment is increcsed by E, If F > 0 this
change cen be offset by increasing X[J] by E.
The increase in cost is £ x Y which must ex-
ceed the increase in the optimal cost
E x (PlJ] + @ - P[J+11) . Division by ¥
yields (3ii). If X[J] > 0 , the same argument
holds with E < 0 . Therefore, X[Jj >0 im-
plies CX - Q@ = PLJ] - PLJ+1] .

It is useful to interpret CX - § as an
opportunity cost in a related optimization prob-
lem that obeys the flow conservation constraints
{1) but ignores the total balance constraint
(2). If (X,U,V) solve the original cost
mininization problem subject to (1) and (2),
then {(X,U,V) will solve the related problem
with opportunity cost 7X - @ and no total
balance constraint. In this way, @ acts as an
incentive for holding cash. If the incentive is
just right then the opportunity loss will be re-

duced so that the optimal program automatirally

satisfies the total balance restriction.

V. Lxamples

Several simulaticns are shown below. The

data and length of the planning horizon were

selected to illustrate the cutput and to ease



interpretation of the resuits. In the output
format, the first row numbers the time periods,
the second row contains the cash inflews (S) ,
the third the asset to cesh transfers U , the
fourth the cash to asset transfers V , the
fifth the cash levels X , the sixth the level
of the interest earning account, the seventh the
costs incurred in each period, and the eighth‘
and final row contains the dual variables P .
The final column contains averages. To cbtain
the total cost, the average cost ghould be muli-
tiplied by the number of periods. The number in
the last column, row eight is Q , the increase
in optimal cost of increasing the total cash
holdings by one unit. In additioca, each of the
three examples is preceded by a data statement
that give. the relevant values of the global
vari;blese

In each example the following global

variables remain constant.

Xg ++ 5000 YQ ++ 20000 ClY «» .03
BP++6 DP<r1

The exogensus cash flow £ remains the same in

each example.

S ++ 720000 3000 5000 ~415000 10000 20600

In the first example,

and CX +» .1 . The result is shown in the

L <+ 0 , AY +~+ 5000,

- contrast, cests are lucreased if
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tableau at the top of the next page. Note that

PL2] = .04 and Pf4] = 7.03 . This implies
total costs could be reduced by delaying cmne
unit of input from period 2 to period 4. In

inflow 1is de-

layed from period 1 to perlod 2. Note thst

cK .

.

@ = .06 < .1 = Raising the total balance
constfaint will increase the holding of cash in
some period. However, the cost of this is leas
than @he opportunity cost since the tiwming of
additional holdinge can be selected to save on
transactions costs.

The second tableau sets A4X +«+ ( , and
LY ++ 5000 . The result average balance i3
5000 , however, costs increase due tc a loss of
flexibility. The optimal policy matches the in-
flow with “he transfers into the asset account.

Ian the third example LX «» 0 , and AX
was increased to 10000 . The value of @ im
the first tableau indicates that average costs
should increase by 5000 x .06 = 300 . The in-
crease ig actually 490 . Note that the value

c¢f Q@ increasses to .08 . This weasure is a
loss in flexibility due to the increase in the
total balance comnstraint.

Vith the LY <+ 0 , and the compensating
balance constraint AX <+ 5000 , the cost CX
was reduced to .05 .
change over Tableau 1 ailthough Q dropped to

.02 .

This resulted in no policy



EPOPTDATA

X0 Yo
5000.000 20000.000
PRINT EPOPT S
TIME PERIOD 1
NET CASH FLOW ~20000.00
ASSETS TO CASH 15060.00
CASH TO ASSETS 0.00
CASH STOCKS 0.00
ASSET STOCKS 7000.00
CASH COSTS 450.00
MARGINAL COST ~0.03
EPOPTDATA
X0 Yo
5000.000 20000.00
PRINT EPOFT S
TIME PERIOD 1
NET CASH FLOW ~20000.00
ASSETS TO CASH 20000.00
CASE TO ASSETS 0.00
CASH STOCXS 5006.00
ASSET STOCKS 2000.00
CASH COSTS 1100.00
MARGINAL COST ~0.03
EPOPTDATA
X0 YQ
5000.000 20000.00
PRINT EPOPT S
TIME PERIOD 1
NET CASH FLOW ~20000.00
ASSETS TO CASH 15000.00
CASH TO ASSETS 0.00
CASH STOCKS 0.00
ASSET ST0CKS 7000.00
CASH COSTS 450,00
MARGINAL COST “0.03

LX
0.000

2
8000.00
.00
5500.00
2506.00
13200.00
570.00
0.04

LY

5000.000

"

&
8000.00
0.00
8000.G0
5000.00
10200.00
820.00
0.04

X
0.000

2
2000.00
0.00
0.0
8000.00
77006.09
800.00
0.01

AX

5000.000

3
5000.00
(.00
0.00
7500.00
14520.00
750.00
0.00

0.100

3
£000.00
0.0C
5000.00
§600.00
16220.00
700.00
0.0u4

A

10000.000

3
5000.00
0.00
0.0G
13000.00
8476.00
130C.00
T0.01
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24
0.100

n
“15000.C0
7500.00
0.00

0.60
8472.00
225.00
~0.03

cy
0.030

4
~15000.00
15000.00
6.00
5000.00
2842.00
950.00
~0.03

cX
0.100

4
~15000.00
2000.00
0.00

0.00
7317.00
60.00
“0.03

¢y
0.030

5
10000.00
0.00
10000.00
0.00
19319.20
400.00
0.04

4’4
0.0u0

5
10000.00
0.00
10006.00
5000.00
13126.20
900.00
0.04

cy
0.030

=

5
10000.00
0.00
500.00
9500.00
8548.70
37¢€.00
0.04

Y
0.040

6
20000.00
0.00
0.00
2000¢.00
21251.12
2000.00
0.03

i
0.100

6
20000.00
0.00
20000.00
5000.00
34438.82
1300.00
0.04

cY
6.0y

6
26000.00
0.00
0.00
29500.00
S403.57
2950 00
0.02

0.100

AVG
1333.33
3750.00
2583.33
5000.00

13960.39
7i5.83
0.086

AVG
1333.33
5833.33
7166.67
5000.00

13137.84
361.67
0.00

0.100

AVG
1333.33
2833.33

83.33
10000.00
8073.21
1088.33
0.08



V1. Summary

We have described a two asset cash flow
sinulation model. Given a sequence of future
cash inflows, institutional restrictions, and a
cash management objective the model projects
future cash transfers, the costs 3f these trans-
fers and future cash and income-producing asset
stocks.

The model assumes a deterministic inflow
of casﬂ. In many cash managewent problems with
planning horizons of one year or leass and plan-
ning periods of cne week or more, the random
component of cash infiow is relatively small.
Cash flows that occur in the relatively near
future ace predictable in magnitude. By con-
cenirating on the nonstationary deterministic
component cof cash fiows, the model schedules
the size and timing of major cash tramsfers in
order to meet institutional requirements and
optimize cash management objectives.

The assumption of a single income producing
asget is a useful first approximation to the
multiple asset case. In particular, if various
asgets have larger yields for longer holding
periodas, then the cash transfers and asset
levels calculated by the simulation program can
be used as inputs to a m:ltiple asset scheduling
‘subpreblen.

Several uses for the simulation package
T*.ere is another,

were outlined in Section II.

perhaps more important, uce of the model. The
’
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flexibility and interactive nature of the model
givas the user a feel for the cash flow process
and the interaction of different policy varia-
bles. The decisicn xaker, by usiné such a
simeiation model, learns how to analyze cash
measurement pclicies. In addition to the
greater confidence which usually results from
the use of aach interactive models the user
should also be able to detect the gensitivity
of new policies to various imstitutional as-
sumptiocns and management cbjectives. Hopefully
this may lead to recommendations as to how th=

cash management process may be better organized

and controlled.



