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1. INTRODUCTION

A consequence of all forms of inbreeding is that all homologous
loci of the inbred individual tend to have identical genes. Such genes
will not only be identical in nature ("identical in state"), but also
will be "identical by descent" through having originated from a single
ancestral gene. This work is concerned with determining the prob-
ability that two linked autosomal loci of a disomic individual carry
genes identical by descent. Such probability statements will be con-
sidered relative to some base population where there was no identity by
descent,

For an individual a two locus inbreeding function will be defined.
This will be a vector valued function with four components which meas-
ure the probability that both, the first, the second, or neither of the
two loci respectively carry genes identical by descent. The first
component, corresponding to an individual with double identity, will be
termed the two locus inbreeding coefficient and the fourth component,
corresponding to an individual with double non-identity, will be termed
the two locus pammictic function. This terminology is a natural exten-
sion of that for the one locus case.

While similar two locus inbreeding functions have been discussed
before (Haldane, 1947; Schnell, 1961; Shikata, 1962), no correct method
has been given for their determination in all generations of systems
other than self mating. The difficulty arises because linkage between

loci prevents genes from each locus being transmitted independently,



This work shows that recurrence formulae can be found when the
inbreeding function is regarded as a special case of a more general
measure., Instead of insisting that the two genes at each locus are in
one individual, the general measure is defined for any two genes at
each of two loci., As with the inbreeding function it is a vector func-
tion with four components giving the probabilities that both, the
first, the second or neither of the two loci carry genes identical by
descent, Three broad classes of this measure arise according to wheth-
er the four genes are carried on two, three or four gametes. These
three will be called digametic , trigametic or quadrigametic measures
respectively. For two uniting gametes then, the digametic measure is
just the inbreeding function. For two gametes from two parents, the
digametic measure is called the coancestry function.

For the general pedigree (Figure 1.1) general transition equations
for the three types of measure will be derived. When any specific
inbreeding system is to be analyzed each of the three types must be
further subdivided into special cases according to whether the corre-
sponding gametes came from separate or common individuals. The method
is also applied to finite populations when there is random pairing of
gametes.

For all systems studied, transition equations linking values be-
tween the measures in successive generations are given. The equations
for the fourth ("panmictic") component of the measures are usually
written in matrix form, and the characteristic equation of this transi-
tion matrix employed to give a recurrence formula for the two locus

panmictic coefficient, Tables of values of the dominant root of the
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transition matrix and graphs showing values of the two locus inbreed-
ing coefficient for various linkage values will be given.

Effects such as selection, mutavio. or interference o -e assumed
to be absent, but no restriction wiil be made on the number of alleles

for a locus.

T
i
EY
%)

Q)

flgure .1 The general pedigree



#

2. REVIEW OF LITERATURE

The effects of inbreeding on one locus have been studied exten-
sively by many authors. Calculation of the cne locus inbreeding
coefficient has been by three methods. Wright (1921) used the concept
of correlation between uniting gametes and gave a general formula,
Wright (1922), which gives the value of the inbreeding coefficient for
any individual in terms of those of ancestors common to both of its
parents. Malécot (1948) used probability arguments to derive the prob-
ability that two genes at a locus were identical by descent., Fisher
(19&9) unified the method of using a generation matrix of mating types.
Kempthorne (1957) has evaluated these approaches. The methods of
Malécot were extended by Cockerham (1967) to include pedigrees of
groups.

The study of two loci, when the loci may be linked, has not
progressed as far. Early approaches almost always specified an initial
array of zygotes, calculated the gametic array formed by these zygotes
and then, according to the mating scheme being studied, calculated the
zygotic array in the next generation. The first paper was by Jennings
(1917) and showed such calculations for random mating, selfing, sib
mating and some forms of assortative mating. The unwieldy nature of
the method is indicated by the fact that sib mating required 55 "family
types". Only for selfing could Jennings display the zygotic array
after n generations. Robbins (1918) extended this work for random and
self mating. Haldane and Waddington (19%1) attempted to complete the
work of Jennings by setting up transition equations for mating types.

They were able to give the equilibrium frequency of crossover zygotes
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for sib mating (100 mating types) and successive parent vffspring
mating (20 mating types). They estimated it would take 10,000 mating
types to treat double first cousing mating, and the method could not
be applied to dioecious systems with unequal numbers of males and
females.

Bennett (1954a) just considered those mating types that gave
offspring heterozygous at both loci. He listed the dominant roots of
the appropriate generation matrix for sib mating (9 mating types) and
successive parent-offspring mating (8 mating types). His object was to
determine the fraction of map length expected to be heterogeneous after
a given amount of inbreeding, While all the papers listed thus far
have considered only two alleles per locus, Bennett (1954b) used the
zygote-gamete-zygote approach to study random mating for an arbitrary
number of alleles at an arbitrary number of loci.

Quite different methods have also been used. Wright (1933) by
using path coefficients obtained the results of Haldane and Waddington
with much less effort, and could also analyze the dioecious systems,
For each system his result was the equilibrium frequency of crossover
zygotes. Geiringer (1944) proved that, for random mating and an arbi-
trary number of alleles at any number of loci, the limiting gametic
distribution was the product of the appropriate marginal gene distribu-
tions, unless linkage was complete. Kimura (1963) worked with just
three probabilities. For any two nonallelic genes he considered the
probabilities that they were on one chromosome, or two chromosomes in
the same or different individuals. He derived expressions for equilib-

rium crossover frequencies.
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Mixtures of self and random mating have received a lot of atten-
tion. Bennett and Binet (1956) and Ghai (196Lka) used a zygote-gamete-
zygote approach., Kimura (1958) gave equilibrium frequencies of double
homozygotes and single and double heterozygotes. Other papers by Ghai
and Harain are mentioned below.

The techniques discussed in all of the above papers were only able
to describe some aspect of the equilibrium population, or else specify
one generation in terms of the immediately preceding (non-inbred) one
for any system other than self mating. The first paper to extend the
concept of inbreeding function to two loci, and give properties of
generations between initial and final was by Haldane (1947). He de-
fined a function giving the probability that two loci carried genes
identical by descent. Restricting himself to two alleles per locus he
gave this probability for the first generation of inbreeding for half
first cousins, full sibs and double half first cousins. He also gave
a formula, analogous to that of Wright for one locus, for his function
for an offspring of two individuals related by a single chain of m
links through a single common outbred ancestor. The requirement of an
outbred ancestor precluded its general use.

A general inbreeding function for any number of alleles at any
number of loci was defined by Schnell (1961)--it gave the probability
that a certain set of loci carried genes identical by descent. As with
Haldane though, he could give its value only for the first generation
of inbreeding. Both Haldane and Schnell said that, in the absence of
linkage, the n-locus inbreeding coefficient must be the nth power of

the one locus coefficient. This is only true for regular inbreeding
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pedigrees of individuals where all matings are specified, and does not
hold for pedigrees of finite groups where matings are at random,

Shikata (1962) defined a function very similar to that of Schnell
and gave recurrence formulae for it for several systems. These formu-
lae were correct for self mating, but not for other systems such as
sib mating and parent-offspring mating (Shikata, 1965a), which he
acknowledged (Shikata, 1965b),

Rajagopalan (1958) used what was essentially one component of the
measure of Schnell and Shikata and gave its value for self mating.

Ghai (196hb) extended this work for a mixture of self and random mating
for the case of zero linkage, Narain (1963) used the function of
Schnell to give a completely general analysis of selfing (arbitrary
numbers of alleles and loci), and a mixture of self and random mating
(Narain, 1966).

A new class of measures was defined by Cockerham and Weir (1968),l
which included the measure used by Schnell and Shikata. For an arbi-
trary number of alleles at two loci they found the probability that
two loci carried genes identical by descent for any generation of a

sib mating scheme, and any degree of linkage.

lCockerham, C. Clark, and B. S. Weir. 1968. Sib mating with two
linked loci. Department of Experimental Statistics, North Carolina
State University at Raleigh, North Carolina, (Submitted to Genetics
for publication,)



5. ONE LOCUS MEASURES

The one locus case will be reviewed briefly to introduce the
concept of general measure which forms the basis of the two locus work.

For any two distinct genes a, a' at a locus a general measure X(a, a')

is defined as:

— —_ — _
Xl(a, a') Prob(a = a')
X(a, a') = = (3.1)
Xo(a, a') Prob(a £ a')
L | - |

where the identity sign = means identity by descent. Thus z(a, a') is
a vector with two components, the sum of which is unity. Note that
there has been no restriction on the number of possible alleles for
either locus.

Now a, a' will necessarily be carried on distinct gametes between
generations, but two cases of the digametic measure will be distin-
guished acéording to whether or not the two gametes unite. These two

cases are given special symbols:

Ea

il

X(a, a' : a3A, a'34) (3.2)

6pc = X(a, a' : aeB, a'eC) . (3.3)

Equation (3.2) expresses the fact that a, a' are on gametes that
unite to form individual A, while (3.3) states that a, a' are on gametes

formed by individuals B, C respectively.



The usual terminology for these measures is:

FlA : the inbreeding coefficient of A,

FOA : the panmictic coefficient of A4,

elBC: the coefficient of parentage (coancestry) of B and C.

In the general pedigree (Figure 1.1), the inbreeding coefficient

of A is just the coancestry of its parents:

Fia = O1nc (3.4)

so that
F,. =06 .
—A -=BC
There is no need in the one locus case to consider both components
of the measures in analyzing any system. The recurrence equations for
systems of mating are most simply written in terms of the pammictic

coefficient, while the inbreeding coefficient is the simplest component

to calculate from specific pedigrees.
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4., TWO LOCUS MEASURES

4.1 Definitions
The general measure must now take account of genes at two loci.

For any two distinct genes a, a' at one locus (the a-locus), and any

two distinct genes b, b' at another locus (the b-locus), a general

measure §(ab, a'b') is defined as:

Xll(ab’ a'b') Prob(a = a', b = b')
Xlo(ab, a'b') Prob(a = b', b £ b"')
X(ab, a'd') = = .
XOl(ab, a'b') Prob(a £ a', b = b")
XOO(ab’ a'b') Prob(a # a', b £ b"')
(k.1.1)

Once again there has been no restriction on the number of possible
alleles for each locus. There is no ordering intended between the two
pairs of genes, so that:

X(ab, a'b') = X(a'b', ab)

Other relations will be indicated below for the special cases.

Now the four genes in the argument of X may be carried on two,
three, or four gametes. 1In the digametic case, once again, a distinc-
tion will be made for the case when the two gametes unite. There are
thus four symbols, two digametic, one trigametic and one quadrigametic,

to be defined:

F, = X(ab, a'b': ab34, a'b'34) , (h.1.2)
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85c = X(ab, a'b': abeB, a'b'eC) , (k. 1.3)

28 DE _)S(ab, a'b': abeB, a'eD, b'cE), (L.1.4)
J

S pE = X(ab, a'b': aeB, beC, a'eD, b'cE). (k.1.5)
J

F, is the inbreeding function of A and 6__ the coancestry func-

—A —BC

tion of B and C. The symbols used have the same meaning as for the one

locus case. For example, equation (4.1.4) states that a, b are on one

gamete from B, a' is on a gamete from individual D and b' is on a

gamete from individual E,

Just as in the one locus case, from Figure 1.1,

Fo = 8 - (L.1.6)

The four components of each measure may be arranged in two by two

tables as in Table k4,1 and marginal totals taken. These marginal

totals will always be one locus measures. This relation between one

and two locus measures may be expressed as:

and

~xl—;(ab, a'b') + X (ab, a'b') X, (ab, a'b)]
X(a, a') = =
X, (ab, a'b') + X, (ab, a'b') X, (ab, a'b')
(L.1.7)
X_,(ab, a'b')
(b, b') = : (4.1.8)

X (ab, a'b')
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Table 4,1 Marginal totals of measures

Xll(ab’ a'b") X_l()(ab’ a'b’) Xl(a, a')
XOl(ab’ a'b') Xoo(ab, a'b') Xo(a, a')
X, (b, b*) Xy(b, b") 1

F11a 104 F1.a 1180 ®108c 1. 8c
Foia Fooa 0.4 ©018c ®oonc %. 5c
Fla Foa L ©. 18c © oBc 1
7118, DE 7108, DE | ©1.BD ®118c, DE ®108c, bE | ®1.8D
7018, DE 7008, DE | ©0.BD ®018C, DE ®00zc, b | ©0.8D
© 1BE © oBE 1 © 1cE ® ocE 1
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The sum of the four components of §(ab, a'b'), which may be written as
X..(ab, a'b'), is equal to unity. One further convention is necessary
to distinguish between the two loci. For individual A, for example,
F and F are the inbreeding and panmictic coefficients for the a-

1-A 0-A

locus, while F and F are those for the b-locus.

1A OA

As mentioned above, certain relations hold among the measures
because of the lack of order between the two pairs of genes. These

relations are:

Oxc = S
Zog, B~ I, DE
®re, bE = BpE, Bc = ZBE, DC = SpC, BE

There will also be need for the following averages:

zs, o8 = (25, pr * Zp, /2
B, v = (®nc, pr * Ogc, mp)/2
%c, o8 = (g, vr * Scp, TH)/2 -

The linkage parameter A is defined so that the gametic array

produced by an individual with genotype a b / a'b' is:

((l+}\) ab s (l+}\) a'b! s E%. ab'! R —(iﬁﬁ a'b) .

Hence A = 1 corresponds to the one locus case, for the two loci are
completely linked and a and b are transmitted as one gene. Independent

transmission of a and b occurs when X = 0. Often a measure § will be
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written as X(\) to emphasize that it is indeed a function of the

linkage parameter.

4.2 General Expansions

The general expansions of the measures will be derived for the
general pedigree in Figure 1.1. As an abbreviation, K(abeB, a'b'eC)

will replace X(ab, a'b': abeB, a'b'eC) for example.

b2l ey,

From Figure 1.1 it can be seen that the gamete a'b' from indi-
vidual C is a parental type from either G or H with probability (1 +1)/L4
in each case, or a recombinant type with a' from G and b' from H or
vice versa, each with probability (1-2)/4. The following expansion is

thus possible:

X(abeB), a'b'eC) =1'-—I—}‘ X(abeB, a'b'eG) +l_;‘§(abe]3, a'b'cH)

+ l1-2 z(.(abeB, a'eG, b'eH) +# _)E(abeB, a'eH, b'eG),

- A
_e_BC = <l 1+ }\) (_e_BG + QBH) + (——'—‘l ) ) Z-B, rei: B (Ll-.2.l)

'2.
h.2.2 2B, GH

Here the gamete ab is replaced by its values in the previous generation:

X(abeB, a'eG, b'eH) = éi;é X(abeD, a'eG, b'eH) + ii;é X(abeE, a'€G, b'eH)

+ 1-2X E(aeD, beE, a'eG, b'eH) + ii_x _)E(aGE, beD, a'eG, b'EH)
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1+ a-2
= +
Iy, cH n (ZD, e ZE, e T2 ZoE, o
A similar equation for ZB, HG leads to:
_(+y (1 - 1)
w15 mtlkw T3 %5 m - *22

Combining equations (4.2.1) and (4.2.2) leads to the complete ex-

pansion of ©_.:

(k.2.3)

BC
2 2
_ 1+ 1-2
Opc = F7) (Opg * Opy * O¢ * &) t T — (2p, wm
2
1-2
+zE’-GH+'ZG:ﬁ+ZH:ﬁE)+ B -DE, GH °
h.2.3 5

—DE, GH

Each of the four genes are now on separate

gametes, so each has

probability of one half of coming from one of two individuals,

X(aeD, beE, a'eG, b'eH) = L X(aeK, beE, a'eG, b'cH)

(h.2.4)

2
+lX(aL beE, a'eG, b'eH) ;
5 Alack, Dek, €L, € H
: 1
= = + .
te §DE, GH 2 (EKE, GH éLE, oH

Proceeding in this fashion leads to:

1
= + + +
%k, ou = & (§1<M, e ¥ Sk, eu 2w, on

The parents of G and H may also be brought in.

one gene at a time may also be used to complete

By, o (k.2.5)

This method of treating

the expansion of Y. TH
2
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1+ A
— = - + + —
25, GH 8 (ZD, pA Y2, g tZe, P Y In, @@

X (4.2.6)
1 -
+=5— (Opg, vn * %%, @

Similarly the parents of H may be brought in.

Note that digametic functions expand back to digametic, trigametic,
and quadrigametic functions, that trigametic functions expand back to
trigametic and quadrigametic functions, and that quadrigametic func-

tions expand only to quadrigametic functions.

4.3 Special Expansions

The original definition of X specified that the genes a, a' and
b, b' should be distinct. No restrictions were placed on the indi-
viduals used as subscripts for 8, y, and 5. Whenever such a subscript
does appear more than once (indicating that more than one gamete per
parent is being considered) special expansions are required since the

a and b genes may no longer be distinct. Such non-distinct genes (or

copies of the same gene) are automatically identical by descent,

h3.1 8

The two gametes being considered, ab and a'b', each from individ-
ual B, are replaced by their respective gametic arrays. These arrays

are identical here and equal to

1+ 1+ 1-2 1-2
(F5— agbp > =1 2Py s T 2Pp s T AP )

where subscripts indicate which parent the corresponding gene comes

from. These arrays are arranged as headings in a two-way table
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(Table 4.2), and the probabilities that the two gametes carry genes
identical by descent are put into the body of the table.
It should be noted that this approach could have been used to
derive the previous expansions. While it would have provided the same
results, it has the disadvantage of being cumbersome, for it gives

only one component of the measure at one time.

Table 4.2 Expansion of ©

11BB
ab
1+ A 1+ 1 - A 1 - A
o
11BB
aEbE anD aEbD anE
1+ A
T %E°E 1 ©11ED © 1ED ©.ED
1+ A
=5 pPp ©11ED 1 ©,.ED © 18D
a'b'
1 -2
— 2gPp © 18D © .ED 1 ©,18D
1 -2
=T 2p°g ©.ED ©. 18D ©11ED 1




o 1+ kg + 1 + ke
: 11BB ~ L N
1+ Ag
- E
1.2

*=— O *

1
©198p * 5 ®10mD

Applying the same procedure for the other three components of QB

to the following equation.

1 1
1 5 3

1
0 5 0

S ~
1
0 0 5
0 0 0
= @F,.

.32 75 pp

The two-way table for y

elOED>

1-28

= (Oypp *

2

1 142
* 5 %%a1ep T T ®00ED

B, BB

—ED

is the same as that for ©

B

eOlED)

(4.3,

B except

that the frequencies for the gametic array for a'b' are all equal to

Since a', b' are on separate gametes, linkage cannot affect these

18

leads

1)

1
T
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frequencies. The expansion, then, is obtained directly from (k4,3.1)

by removing A,

7y, gs = L Ep (4.3.2)

1 1 1

1 3 5 n

1 1

0 5 0 T

where IT = .

1 1

0 0 0 ,}

k3.3 OB, BB

Linkage does not affect the gametic arrays of either ab or a'b’
now, otherwise the argument is just the same as for 6__ or y .
—BB +B, BB

The expansion will be the same as for ’B. BB
g ]

%gp, 8 -~ T Ep - (k.3.3)

h.3. 4 s, cc

The gametic arrays for ab, a'b' are now different, and are arrayed
along the sides of a two-way table (Table 4.3), Linkage appears in the
frequencies for that of ab, but not a'b' since a' and b' are on sep-
arate gametes. The difference to (4.2.6) arises because in the previ-

ous generation a' and b' may have been on the same gamete, which was

not the case for Y8 cD in the general pedigree.
]



Table 4.3 Expansion of 7B ce
P

a'b'
1 1 1 1
I L In I
2B, cc 3% APy 3Py Tl
1+ A
7 2pPp e o Zp, GH 2p, HeG
1+ A
b
T °E’E ke %en 2E, GH Zg, ue
ab
1- A
T 2gPp 2s, 50 2Zu, ED  OED, ou  OED, HG
1-2
T 2p°g %s, b 24, DE OpE, eu  OpE, HG
The expansion is given in equation (4.3.L4).
1+ 1+
%, cc =16 ©pc * Opn * % * Omw) * B (Ip, @ T Ik, W
(b.3.h)
1-2 1-2
+ = + =) T -
3 (ZG, 2 " Zu, 5 T S8,

4.3.5 Bgp, cc

The argument is the same as for Y3, ccC except that linkage does
)

not now affect the frequencies for ab or a'b’.

The appropriate
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expansion, equation (4.3.5) is obtained by removing A from (k.3.k),

1
888, cc =16 Cpc * Opu * Crc * Omw) * 8 (In, wn * 2k, wm

1
*Ze, ¥p * 24, ¥ * T BEp, G
)-l-.3.6 ZB, ﬁ

. . 1+ 1+
For ZB, BC? the gametic array for ab is C—jr—-anD, N e aEbE,

1 N
=5 a b e aEbD). The gene a' may be ay or ap with equal prob-
ability, and there is nothing to be gained by specifying b', which is

just written bC' The two-way table for the first component is given

(Table L.4).

Table 4.4 Expansion of 7llB, BC

ab

1+ A 1+ A 1 - A 1 -2

—L - L I R
711B, BC 3pPp 5Py 4pPg 2Py,
Lap e V4 S Y
2 “pc .1DC 11E, DE . 1ED 11D, EC

a'b’

La b 04 e V4 ]
2 EC 11D, EC . 1EC 11E, DC .1CD
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Similar tables for the other three components lead to the expansion:

_ 1 1
%5, 8c ~52p * &) *T (2p, me * Zg, o (k.3.6)
1 0 1 0
0 1 0 1
where A =
0 0 0 0
0 0 0 0
By symmetry the equation for y is:
ZB, CB
VA =¥, +o ) +i(y +y ) (4.3.7)
ZB, ¢cB Lk *‘'=¢p =Cce’ ' L“Lp, CE <E, CE :
1 1 0 0
0 0 0 0
where ¥ =
0 0 1 1
0 0 0 0
Combining (4.3.6) and (4.3.7) leads to the required expansion:
7s o5 = H A+ DO *8p) + 1y wm * 25 wp) (4.3.8)
<B, CB 8 —D —cE’ k‘Zp, TE " <LE, TV’ ° o

2

3T By go

In this case linkage does not affect the frequencies of ab, and

the argument is as for Y8, BC' As linkage did not play any part in
5

that expansion, equation (4.3.9) follows directly.

B

BB, TB

= Xp, TB

g ( A+ D (e +8cp) *

1
T

(7p, tx * 2z, oD
(4.3.9)



4.3.8 B

—BB, GH

25

The argument is just as for Y. TH except that linkage plays no
it/

part. Hence (4.3.10) follows from (4.2.6) by removing A.

®

_=l(7 _._+7 —
-BB, GH 8'4D, PH <D, QH

R

-DE, PH = -DE,

@

+ — +
%k, 70 25, QW

(Lk.3.10)

As stated in section 4.2, the parents of H may also be brought in, but

the expansion will still be in terms of trigametic and quadrigametic

measures,

4.3.9 &,

Table (4.5) shows the calculations for the first component of

Sgc, Bc

Table 4.5 Expansion of &

11BC, BC
ab
1 1 1 1
hn hn I I
a bG aEbG anH aEbH
5]
1.DE 1GH 11DG, EH
1.DE 1 11EG, DH . 1GH
a'b’
. 1GH ®11DH, EG 1.DE
11DG, EH e.lGH 1.DE 1




2k

Similar tables for the other three components lead to equation

(k.3.11).
I 1 1
—S-BC, Bc -3 =%k *5%%nm +II§D(;, EH
(k.3.11)
[ - 1 1
=3 = E *3%F; *§ B Ey
where
101 1 1
1 1
O 0 0 o0 0 5 0 3
E = (o) =
1 1
0 0 5 3 O 0 0 O©
0O 0 0 o0 0 0 0 ©
4.3.10 3

—-BC, CB
Table 4.6 shows calculations for BBC CcB’ and the expansion is
—Bb)

given in equation (L4.3.12).

1 1
= + — -
B¢, cB =16 One * Crc *Oon "% Y8 (W, @ * %, @
(k.3.12)
1
*2, 08 t 2y, 58 T O, oW



Table 4.6 Expansion of &

2BC, CB

25

ab

1 1 1 1

In N N L
®ge, cB apPg 3gPg apPy EPH
layp ] 7 Y o)
T 6D -DG ZG, ED £D, GH —GD, EH
L ab 4 o o} V4
L “c¢E <G, DE —EG =GE, DH  <E, GH

a'b' |
Lo b Y [5) 6 y
T "HD 4D, HG ZHD, EG  =DH ZH, ED
L b o 7 04 5]
L “HE —HE, DG  £E, HG ZH, DE —EH
4h.3,11

2BG, BH

Calculations for this final special case are indicated in Table

4.7. There is no point in expanding the two b genes there,

pansion is given in equation (k4.3.13).

_1 1
e, Bu =3 A Spec * 5 Spm, EG
By symmetry:
1 1
I e + =
s, us 5 ¥ 8p¢ * 5 Bup, cE

The ex-

(4.3.13)

(4.3.14)



Table 4.7 Expansion of d

11BG, BH

26

ab
1 1
5 5
%)18c, BH a_b a_b
s D°G E G
Lasp o 5
5 %y .1GH 11DH, EG
Layp 5 e
5 2%y 11EH, DG . 1GH
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5. GENERAL ANALYSIS OF INDIVIDUAL MATING SYSTEMS

5.1 Specific Pedigrees

With the measures defined generally, and all possibilities
accounted for in the expansion equations, it is possible to determine
the inbreeding function for any mating system,

The first type of pedigree to be considered is a specific one.
Here an initial array of individuals, of known relationship and degree
of inbreeding is specified. Usually they will be unrelated and non-
inbred. It is required to determine the inbreeding function of some
specified descendent of this initial array. There is no requirement
of any pattern to the matings between the initial population and the
individual of interest.

The method is straightforward. The inbreeding function of the
individual is expanded back to digametic, trigametic, and quadrigametic
measures of its parents. These measures, in turn, are further expanded
back to measures involving their parents, This process continues until
the inbreeding function under study has been expressed entirely in
terms of measures involving the initial population, whereupon the
numerical values for these measures are substituted.

Section 6.1 contains an example of the procedure.

5.2 Pedigree Systems of Mating

When there is a constant mating pattern between every generation,
the above approach is neither practicable for long pedigrees, nor
necessary. Instead, recurrence relations for the various measures are

established.
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Such relations are well established for the (one locus) inbreeding
and panmictic coefficients. Moreover these coefficients form the
marginal totals to the two by two tables of the compcnents of the in-
breeding function (Table 4.1). It is thus evident that, to determine
the four components of the inbreeding function, the only information
needed is one of the components in addition to the one-locus coeffi-
cients. It will be convenient to work with the two locus panmictic
function, and corresponding (fourth) components of other measures.

Because the pedigree now has a recurring pattern, a new notational
device is introduced., Instead of being subscripted according to indi-
vidual, the measures will be superscripted according to generation,

The subscripts refer to the individuals providing the gametes in the
argument of the measures; the superscripts refer to the generation
which is formed by the gametes.

The object is to find a minimal set of simultaneous transition
equations for a set of (fourth components of) measures. The two locus
panmictic function is necessarily a set of this smallest, or complete,
set of measures. Any member of a complete set of measures in genera-
tion (t + 1) can be expressed in terms of the members of the set in

generation t.

t+1
00

vious generation. The types of additional measures necessary on the

The first step is to expand F back into measures of the pre-
right hand side of this equation are noted, and transition equations
established relating their values in generation t to values of measures
in generation t-1. The process continues until there are just enough

(s) equations. The complete set of measures, then, of order s, is such
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that if any measure is removed from the set, the transition equations
of the remaining s - 1 cannot be expressed in terms of only themselves,
in the previous generation.

t+l
As F
00

simultaneous transition equations to find F

is of principal interest, the object is to use the s

t+]

00 If s is sufficiently

small this can be done directly. For selfing, s = 1 and for parent-
offspring mating with one parent used repeatedly, s =2 (see section
6.2). For larger s, matrix techniques must be used.

The s transition equations are written in matrix form:

u = u
—t+l e

where u; is the s vector [F Eof complete meas-

Up 00’ Xo0? " 2 o0 ]

s-1
ures, and Q is the s x s transition matrix. Cockerham and Weir2 showed

that the required recurrence formula for F s given directly by the

00

minimal equation f(x) of Q. Generally the minimal equation and char-
acteristic equations of Q coincide. For A =0 or A = 1, this minimal
equation generally factors. The factor g(x) to be used for the re-

currence formula for FOOt is the factor of smallest order for which

the vector g(Q)Bt has zero first component,

t

The transition matrix thus provides a recurrence formula for FOO

which goes back s generations. For sib mating (Cockerham and Weir)
s = 6; and for parent-offspring mating (section 6.3) with each parent

used once, s = 4, Algebraic expressions for F (and hence the other

00

components of E) in any generation will thus be extremely complicated.

Numerical methods will generally be used to calculate values of FOO

for various linkage values in successive generations.

2Ibid.




In programming a computer to evaluate FOO’ it is easiest to
compute each of s measures for each generation--a procedure equivalent

to taking successive powers of the transition matrix.

5.3 Rate of Inbreeding

All the inbreeding systems studied in this work have known initial
and final inbreeding functions--generally Ep = [0, 0, 0, 1]' and
Ea) =[1, 0, 0, 0]'. The systems differ however according to the rate
at which double non-identity is replaced by double identity, and this
rate provides a convenient characterization of a system.

t . . .
For any quantity Y associated with generations, the usual rate

of increase, pt, of Yt at time t is given by:

t t-1
t Y - Y
e (5.3.1)
im YY) - Y
t—= oo

In the one locus case, the same rate is found whether the inbreed-

ing or pammictic coefficients are used, since:

t t-1 t t-1
F. - F
t 1 0 0
p- = 1 T - ) . (5.3.2)
1-F 0 - F,

This "rate of inbreeding" will be constant for all generations

. t t-1 . . . oo
only if Fo = kFO (k is a constant), which is the case for finite
monoecious populations with random pairing of gametes. Self mating is
such a case. For other systems however, an approximation can be made

which does provide a constant rate of inbreeding. If the recurrence

formula for FOt is written as:
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t+s s-1 t+r

L a_F ; (5.3.3)
0 =0 ¥ 0

i
[

then the solution of this difference equation is:

S
_ t
F,o = rib b_(x)" , (5.3.4)

where x are the roots of the polynomial

t+s 01 t+r

X - X a_ x = 0. (5.3.5)
r=0

Substituting F t from (5.3.4) into (5.3.2) and dividing throughout by

0]
the (t-l)th power of the largest root, Xps of (5.3.5) leads to:

N s xr t-1 s xr t-1

pr = Z by (;-) (l—xr)/ Z b (;-)
r=0 R r=0 R
L t-1
Hence, when t is large enough for (;—) to be negligible for r % R:
R

t

Pr=1-x. (5.3.6)

The same approximate (or limiting) rate of inbreeding would have re-

sulted by working with Flt instead of Fot. In the one locus case

therefore, systems of mating may be compared by considering the quan-

tity xR for that system., Using the constant inbreeding rate also
provides:
t t-1
Fo o = %%
or
t t o _
Fy = (xR) if Fy© o= 1
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A similar theory is desired for the two locus case. Before a rate
can be defined for the inbreeding function, the L x 1 vector F must be
reduced to a scalar by means of some suitable norm. The norm will
also allow distances to be defined between vectors--so that, using the

difference between E?

and Et, the degree of inbreeding can be speci-
fied.

The norm to be used is the two locus pammictic coefficient (the

fourth component of F).

t
TESI = Fog -

“1l

Hence ||E? | =1 and || F = 0 and HEt || is a monotone decreasing

function of t, The "degree of inbreeding", or distance from FO to Ft
J — -_—

is just 1 - F t, and the rate of inbreeding is:

00

The limiting constant value of this rate is found just as in the
one locus case, For pedigree systems of mating, when matrix techniques
are used, the polynomial corresponding to (5.3.5) is the minimal poly-
nomial of the tramsition matrix for the fourth components of the
complete set of measures. Corresponding to Xps the maximum eigenvalue

(X) of the transition matrix gives the rate of inbreeding:

p(t)

1-n(d)

t-1

+ri
|
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=7 =F b= F t, so that equation

. t
For complete linkage, FOo 0. 0 0

(5.3.7) gives:

F. t+r °t

1 t-1
00 10 ) )

(1) (FOOt~ +F

]

2

t t-
+ F R(1) (g 1. Fo,

t t-1
(FOO 0l ) )
These results, together with the requirement that F t . 1, lead to,

for sufficient large t:

1 1-p(1) 1-u(1) 1+p(d) - 2u(1)

0 w(1) 0 n(1) - w(x)
Et+l - Ft )
0 0 (1) w(1) - u(d)
0 0 0 ()
If Ep = [0, 0, 0, 1]', the inbreeding function can thus be approximated

by:

1+ ()"

2(u(1))"

)" - )
Fo= . (5.3.8)
()" - @wON"©

(n(2))°©

When two linked loci are considered, then,the inbreeding of any

system of mating is characterized by the two quantities u(1) and p(2).
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The maximum eigenvalue u()\) is a monotone increasing function of A,
so that u(d) < u(1).

While this monotonicity will be demonstrated numerically, it will
not be proven analytically. A verbal proof can be given though.

In any inbreeding system, when there is independent assortment of
genes at the two loci (A = 0), the fact that uniting gametes carry
copies of a single ancestral gene at one locus does not imply that they
do for the other locus also. (This is quite apart from the fact that
the probability that each locus, considered separately, carried identi-
cal genes is the same for both loci). On the other hand, as linkage
increases, there is greater tendency for genes originally on one
chromosome to stay together. Hence identity at one locus is more
likely to imply simultaneous identity at the other locus. The propor-

tion of double identity (and hence F is thus a monotone increasing

ll)
function of the linkage parameter A.

Equation (5.3.8) thus implies that p(})(and FOO) is a monotone
increasing function of A.

By its very nature, inbreeding implies a decrease in double
non-identity regardless of the degree of linkage, so that p(l) < 1.
On the other hand, the fastest form of inbreeding is selfing, for
which p(d) = (1-+k2)/h. Finally, for pedigree systems of mating, the
gametes ab and a'b' uniting to form an individual are specified and F

00

may be written:

FOO

Pr(a £ a', b £b")

Pr(a £a' | b £b') P(b #Db') .



For complete linkage:
pr(a £a' | b £b') =1,
which implies
Fooll) = Fo
and for zero linkage:
pr(a £a' | b £b') =P(a £a') ,

so that:
FOO(O) = F

and

w(o) = n(1)? .

The previous paragraph leads to two inequalities, the first for

all inbreeding systems and the second for pedigree systems.

(1234 < By < 1,

WD < w < ) .

They are:
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6. EXAMPLES OF INDIVIDUAL MATING SYSTEMS

6.1 Specific Pedigree

An example of a specific pedigree will be given to illustrate the

procedures outlined in section 5.1. The pedigree is shown in Figure

6.1.

For the one locus inbreeding coefficient, direct application of

Wright's general formula gives:
1k 1 1\ b
F, = (3) (L+F) + (3)° (1+F) + () (1+Fy) ,

i.e., F =F, = 5/32, if G, K, E are each non-inbred and unrelated.

A

Figure 6.1 Specific pedigree



For the two locus case, FA

measures involve gametes from G, K, E only,

Fp = Oxc

1+ 1-2X
==~ (Op¢ * &) "7 g, E

1+x2
(=1=) (6pg * Epy * Opg * Opy)
+ Lz \° ( + — + —
8 ‘Ip, ic ~ Zg, @6 * Zc, DE ~ Zu, DE

L (- A

7 Som, ox .

This first stage follows directly from equation (4.2.3).

37

will be expanded back until all

(6.1.1)

Each of the

measures on the right hand side still needs expanding though.

1+ 1-2X
Opc =~ (g * %@ * T Zg, w
_ 1+}\2
QDH = ( Iy (e * Ok t %t QKK)

KE

1-
t o g, ik, RE T2, T K, ®

La- NS

§‘GT<1<E’

1+ 1.2
= + =Z= —
O =T O *%p) * 5 2, 7

Y =L G oty Y +7 )
<p, HG 8 ‘46, GH 4G, GE <K, GK ' 4K, GE



%e, @ =35 %, v * 28, T
_ 1
%o, 78 =3 o, x® * L6, W ¢
1+

—_ = — —_ — —
2y, DE - " 8 (ZE, GE ~ Ig, K& ~ &, G X, RE)

1-2X
=1 O, O, ®
_ 1
%w, 58 % O, w® " o%, r® t %%, @ * O, v

Substitution of the expansions of these last eight equations into

equation (6.1.1) leads to:

1+

1+X3
a = B (0 * Epp + A B + 21 S * 21 O

2
+(1+x)(17+2x+x

) Sk

5+ 5(1+>\)

( (26, & * 25, @ * =B (2, ™ * 2, W
9+x+x

t = (%, & * 2, %

LA+ G+ 1+
% (¢, v& * %, ®@ T T X, @
+(l-}\)2 (5"‘2}"”‘2 4+ 1+ (3 = + B )
n 16 §GK; RE 8 ‘=GK, GK = —EK, EK
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With F, now expanded back as far as possible, it remains to re-

place each of the initial measures in the expansion by its numerical

value.

Since E, K, G are each non-inbred:

o
1422 1-k2 1-)\2 1+A° T

QEE = 9@@ = EKK = T’ T— > T n ] (6.1.3)

from equation (4.3.1). If the three initial individuals are also

assumed to be unrelated;

Ok = Sk = 8¢ = [0, 0, O, 11" (6.1.4)

gsince there is no chance of gametes from different individuals being
identical by descent. Any other measure with distinct subscripts has

the same value:

— — —_ !
Z—G, KE = ZE, RGC ~ ZK’ CE ~ [0, 0, 0, 1] . (6.1.5)

The remaining measures have repeated subscripts, and their expansions

follow from section 4.3, From equation (4.3.8):

— —_— — — —_— _=[O l l l]'
26,6 ZLE, % Lo, ® Zp, ® Xk, KE Ik, %6 ' %’ L 3l ¢
(6.1.6)
These values could have been written down immediately., 1In %6, GE for
)

example there is a probability of one half that the two a genes were
copies of one gene in G and hence identical. There is no chance of
the two b genes being identical.

Hence

s, o = [0



By symmetry:
1 1
Zg, e =00 3,31,
and hence the equation (6.1.6).

For the quadrigametic measures, equations (4.3.10), (4.3.13) and

(4.3.14) give:

- _ - 1 3
ECK, RE éE'K, G §CK, = - [0 B8 T 1, (6.1.7)

and equations (4.3.11) and (L4.3.12) lead to:

= - _ ol 1 1 5 at
Ok, w® "%, m " %r, k-8 8-8-81 - (6.1.8)
Combining equations (6.1.2), - . ., (6.1.8) then gives the value

of the inbreeding function of individual A to be:

L

(25 + b + 3908 + 1827 + 312" + 1229 + 28) /1024

I

(135 - bn - 3002 - 1822 - 31t < 1220 - x6)/102u

(135 - b - 3902 - 1830 - 3130 - 1229 - 28) /1004

(729 + bn + 3902 + 4827 + 312 + 1227 + 20y /1024

When linkage is complete (A = 1), it can be seen from this result, and

that obtained above for the one locus coefficient that:

- = = 2
Filoa=Fa~F a=%5

and that for independently segregating loci (A = 0),

D)

Fioa= P ) 1) =51 -
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The effect of linkage is thus seen to be to increase the relative

frequency of double identity and double non-identity (Fll and F at

OO)

the expense of the frequencies of single identities,

6.2 Repeated Parent-Offspring Mating

Consider the parent-offspring pedigree of Figure 6.2 where one
parent (U) is used repeatedly, 1Individuals A, B, C are in generations
t +2, t +1, t respectively. The initial pair U and V are not re-
lated. The tase where they are also non-inbred will be considered

first. The method of section 5.2 will be used.

Y AN

3

[\

Figure 6.2 Repeated parent-offspring mating
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From equation (4.2.1):

Fooa = ©ooBu

1+ 1.2
7 Coovu * Coocy) ¥ TF 7o0u, TO (6.2.1)

and from equation (4.3.1):

l+}\2

Soouu = TF ’

so that (6.2.1) may be written:

2
t+2 (L +A)(1+2%) 1+ t+1 1 - A _t+l
Foo = 1% tep—Fy T o . (6.2.2)
From equation (4.3.8):
1 + 1 (6.2.3)

Yoou, B0 -~ Z 7oou, wu ~ 2 oou, TU °’

and from equation (4.3.2):

1
Yoou, vu " T ?

so that (6.2.3) may be written:

ot ottt (6.2.4)

rof i~

=é+

The use of at for vy -— 18 an abbreviation consistent with remarks
00U, BU

on notation in section 5.2. Eliminating a from (6.2.3), (6.2.4) pro-

vides the recurrence relation for the two locus panmictic coefficient:

t+2 3 4+ A t+1 1+ A t 3 « A+ kg + x5

Foo T Foo -TBF  Foo T 5 . (6.2.5)

Provided the first individual (generation 1) to mate with U
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(generation 0) was not inbred:

o _ 1_
FOo = FOO =1.

From previous authors (E'E" Kempthorne, 1957), or from direct substi-
tution of X = 1 into (6.2.2), the recurrence formula for the (one locus)

coefficient of parentage is known to be:

Ft+l=%+

t 0
o F.  =1. (6.2.6)

FO ? 0

ol

Using (6.2.5), (6.2.6) and the fact that Fg =Fy =F .,

inbreeding functions for this system are found to be:

the following

E? = [0, 0, 0, 1]'
Ei = [0, 0, 0, 1]'
(1+2+2% +2%)/16
(3 - 2 -2 - 2%)/16
P -
(3 -2-2 V)6
(9 + 1 +2° +20)/16
(9 +2\ + 6)° + 610 + k“)/gu
(15 - 22 - 63 - 607 - Ay /eu
Fo =
(15 - 21 - 63% - 637 - Ay /6l
(25 + 2n + 602 + 600 + ‘)\u)/éh




L

2+ )\3)/u(3-x)

+

(3 -

(3 - - 2% 22/

(3 - A 2 xB)/h(B-x)

232+ 20) /h(3-1)

+

(3 -2

In each generation therefore, when M\ = 1, FOo = FO =F 0 which
is to be expected as completely linked genes are transmitted as one

unit, When X\ =0, FOO = FO F 0’ which shows that in the absence of

linkage the two genes are transmitted independently.

A more practical case may now be considered. This mating scheme
is ofven used when the initial pair U and V are unrelated but each has
double identity. Each is completely inbred. Equation (6.2.1) still
holds, but because any two genes from U at one locus must now be

identical, © 0. The desired recurrence formula is

oouu ~ “oou, TG
then, from (6.2.2):

t+2  1+) t
FOO = - FOO . (6.2.7)

The corresponding one locus equation is thus:

+
Ft2=

t+l
o F . (6.2.8)

0]

rof

These last two equations may now be combined to provide the re-

currence relation for the vector F. For convenience, the superscripts

t, t+l are used.
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N T T L
2 2 N
1 1-A
13,-t+1 _ Et , (6.2.9)

F = [0,0,0 1] .

This system is very similar to self mating. The appropriate

transition equation for selfing follows immediately from (k4.3.1):

+
Etl___@}:t.

The matrix ® differs from that in (6.2.9) only by having each X\ re-
placed by l2. This form of repeated parent-offspring mating differs
from selfing then only when linkage is neither absent nor complete

(0 < A<1).

6.3 Successive Parent-Offspring Mating

The pedigree is shown in Figure 6.3 and the procedure of section

5.2 is used. 1Individual A belongs to generation (t+l1).

Fooa = oocs
1+ 1-2
= =5~ (Ogocc * %ocy) * —2— (0o, TD
. t+1 1+ A, t ty . 1- M\t
= + + . LS
i.e. Fo, — (6 Foo ) 5— O (6.3.1)



i.e.

e, O

From equation (4.3.1):

2

1L+ X
S00BB ~ FooB
ot _ 1% G p ¢

= =1 Foo

From equation (4.3.8):

1
7008, B = % (Yooc, T * 7oop, cc)

MRS NCHEN LI

[}

|

|

|

b
s

B

{

(
A \

Figure 6.3 Successive parent-offspring mating

L6

(6.3.2)

(6.3.3)
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From equation (4.3.3):

= % (e + + 1

700c, BB oocc * Coocy) * 3 Yooc, TH

i BT =g (0F +E ) 450", (6.3.4)

The complete set, (FOO’ ¢, Q, B) is thus of order 4, and the

transition matrix equation is:

_Fooj t+1 1 Z 1 Z 1 = r - t

o 3-%-53 0 0 0 o

) = . ; % i‘ N . (6.3.5)
: o o e

R .

For non-inbred unrelated initial individuals, the initial vector is

go' =[1, 1, 1, 1].

The characteristic function for the transition matrix is:

y 2+x 3 2+ 2+ 22 2 , 1 +5\+ xe + xB + A1+ kg)
X -~ % -7 1 % [an X 128 ‘

This leads directly to the following recurrence relation for the two

locus panmictic coefficient,

- t+lp_2+)\F t+3+2+)\2+)\5F_t+2
00 ! 00 16 00
(6.3.6)
1+5}\+}\2+)\5F t+1 )\(1+>\2)F t
- [N 00 - 128 o0 °




When A = 1 this reduces to:
t+2 1 t+1 1 t
= = +
Foo z Foo T Foo

which is the usual one locus equation (Jennings, 1916) so that

F_{1}Y = F

oot 0 When X = 0, it reducs=s o

t+2 1 t Ly ¢t
00 oLk "o

o)

0 F o= FOL and is the same as the corresponding

which is natisfied by F
one for sib mating as given by Cockerhan and Weir (1968)5. The dif-
ference between full sib mating and this scheme of parent-offspring
mating with each parent used once, is only reflected in the inbreeding
furnrtion when linkage is neither complete nor zero,

iable 6.1 gives the value of F for various generations and

11’
linkage values,

Table 6,2 lists u(}), the dominant root of the transition matrix.
Values there marked with au asterisk were given by Bennett (195la).
All agree, except that for » = 0,90 for which Bennett gave the value
0.77154 instead of the corveci 0.771h, While his approach was dif-

ferent, the dominant root of his & x § matrix also gave the value of

the limiting rate of decrease of double non-identity,

5

Ibid,
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‘ Table 6.2 Dominant root of transition matrix for successive parent-
offspring mating

A v
0.00 .65451%
0.10 . 65613
0.20 .65919*
0.30 . 66407
0.40 L67131
0.50 - .68161
0.60 . 69587
0.70 .71508%
0.80 . 74013¥
0.90 . T71L8%
1.00 .80902*

*Values also found by Bennett (195hka).
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7. GROUP MEASURES

7.1 Definiticns

The previous work on inbreeding functions will now be extended to
include groups of individuals using the concepts and notations of
Cockerham (1967) who extended one locus inbreeding measures for
groups. The general pedigree of Figure 1.1 is still appropriate
here, except that the letters now refer to groups of individuals
rather than single individuals. Groups A, B, . . . have NA’ NB, .o
individuals in them.

Corresponding to the definitions of section 4.1, group measures

are defined as:

P, =X(ab24, a'd’'s 4), (7.1.1)
8,pc = X(abeB, a'd'eC), (7.1.2)
ZlB, DE = X(abeB, a'eD, b'cE), (7.1.3)
élBC, DE = X(aeB, beC, a'eD, b'cE) . (7.1.4)

Equation (7.1.3), for example, states that ab is a random gamete
from a random individual of group B and a', b' are on random gametes

from random individuals in groups D and E respectively, EIA is called

the group inbreeding function of group A, and © the group coancestry

{BC
function of groups B and C. The relationship between the two is no

longer as simple as that for individual measures, and is considered

in the next section,
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Each of the group measures is related directly to the individual

measures, The group inbreeding function EZA demonstrates this., It is

the average of 2NA(2NA-1) probabilities, one for each pairing of the

2NA gametes that united to form group A; of these pairs, NA are within

individuals and the remainder are among individuals. Hence equation

(7.1.5):

2(N,-1)
1 A"t
D emem—————— +t —— .
Foa PN, -1-A  ON, -1 IV (7.1.5)

| =11

The quantity EA is the average of the N, inbreeding functions of

A
individuals in group A. As it is usual to assign the expected value

of the inbreeding function to all members of the group, the bar will

be dropped. The quantity &

8,, is the average of the NA(NA-l)/2 co-

ancestry functions of distinct individuals in group A. Once again,
the expected value of the coancestry for each pair is the same so
that the bar may be dropped. In this case though, the measure will be

written © to emphasize that distinct individuals are involved in

AR’
the measure.
This notation is extended to the other group measures in the
equations below. The subscripts on each of the group measures refer
to groups. The subscripts on each individual measure refer to indi-
viduals within groups, and primes denote distinct individuals. Each

individual measure is an average value--the averages being for all

individuals within groups.

Omc = Sxe - (7.1.6)
N -1
! A
Oan "N Can T Saar (7.1.7)



Zys,

LyB,

~IDE,

2 JDE,

=1BB,

24BC,

GH

cC

&

GH

CcC

BC

®

c:zl o

1

NgNe

.
NpNe

BgB, cc

+

N
+

o1
2pB, DC = N

5
p -DE, T'C

NC-l

+ =— B

(NB-l) (NC

= '
NN, ~BB, CC

-1)
o

®

NgNe

+

2Bc, BC

+

(NB-l) (NC

=BB', CC'

N -1
C s

NN 1
NN, —BC, BC

-1)
o)

NBNC

2BC, B'C'

N -1
+ B 9]
1
N’BNC —BB', CC
+ NB-l o)
NN 2 '
NBNC BC, B'C
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(7.1.8)

(7.1.9)

(7.1.10)

(7.1.11)

(7.1.12)

(7.1.13)

(7.1.1%)

(7.1.15)



are:;

5 R
2488, B ~ 2
B

1

=1Ah, AA T (3

>

Two rules given

1.

The numbers

Ng-1
g, B¢ * 2 (8ppr, 3¢ * Lps, TO
B
(NB-l)(NB-e) ¢
+ . EBB', e - (7.1.16)
B
N,-1
San, s 3 (MOpn, 7™ * Rpar, m
A
2(NA—1)(NA-2)
*Bpa, arar) 3 Ban, a'a" H0sar, 7E™
A

(N,-1) (N,-2) (N,~3)
LA A5 A B, TE™ - (7.1.27)

N7y

7.2 General Expansions

by Cockerham (1967) will be restated here., They

of gametes in uniting input sets are equal,

Gametes from one input set unite at random with gametes from

the other input set.

With these rules it is clear that the probability of a random

gamete in one uniting set being identical by descent with a random

gamete in the other uniting set is the same as the inbreeding function

of an individual in the offspring group, and as the coancestry func-

tion of the parental groups. For Figure 1.1 for example:

F

—4

ngC :

(7.2.1)
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For the same pedigree, the expansion of the remaining three group

measures proceeds just as in section L4.2. For example:

1+ 1-2
= + +
O4xc 17— (Oypc * Qppw) n (ZzB, n T 248, HG)

1+2 1.2
= + + +
748, GH 7— Uyp, en T 2k, on n @zDE, ca * Ssmp, ow

. 1
5 =5 (8 5

+
ZDE, GH 2/KE, GH = °(LE, o

These general expansions only apply for group measures for dif-
ferent groups. This is evident from equations (7.1,6), (7.1.8) and
(7.1.12), where it is seen that these group measures are the averages
of individual measures that could be expanded by the general methods
of section L4.2.

When the group measures involve gametes from the same group how-
ever, the remaining equations at the end of the last section show that
they are functions of the special individual measures which were ex-
panded in section 4,3. Whenever one group provides more than one
gamete for a measure, there is the possibility that these gametes come
from the same individual and thus may be automatically identical. The

next section will consider these cases.

T.3 Special Expansions

Unlike the individual measures, group measures with repeated
subscripts depend upon the gametic sampling plan appropriate to the
system, Two basic sampling plans will be considered: independent and

combined sampling of gametic sets from the same group.
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For the independent sampling plan, the probability that any
individual of a parental group contributes a random gamete in an out-
put set of gametes is the same for all members and not dependent on
gametes in the other output sets from the same group., In the combined
sampling plan, all output gametes from one group are considered to-
gether, rather than in separate output sets,

In independent sampling situations it may happen that every
parent contributes two gametes to the next generation. For a dipecious
system with equal numbers of males and females this would be the case
if every parent gave exactly one gamete to one offspring of each sex.
Thus, if A is a group of males, and B is its group of fathers, the

two gametes for ©

IV cannot both have originated from one member of B

--each father has only one son, The expansion of © then cannot

—AA'

include the group measure 6 Instead a new class of measures--

{BB’

gametic set measures--which take account of the gametic sampling plan,

must be defined., These are:

IB c = E(ab, a'b' are two gametes received by groups x, y
Xy
from parental groups B, C respectively),
Yg cE = §(ab, a', b' are three gametes received by groups
X, ¥ 2

X, ¥y, z from parental groups B, D, E respectively),

g-BXCyDzEw = §(a, b, a', b' are four gametes received by groups
X, ¥, z, w from parental groups B, C, D, E

respectively).

These gametic set measures can differ from the three group meas-

ures only when at least one parental group gives more than one gamete
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to an offspring group. While the expansion of eBC may be made in

terms of group measures, such as elDH (Figure 1.1), the expansion of

O, must involve gametic set measures, such as V¥ . For combined
BB DBDB

sampling of gametes however, all output gametes are considered to-

gether, so that, if the subdivision of the combined set into input

sets for various offspring groups is random with respect to parents,

the gametic set measures must be equal to the corresponding group

measures,

For combined sampling schemes in this work then, for example,

IB c = EZBC for all x, y.
Xy

Notwithstanding this sometime equivalence of gametic set measures
and group measures, expansion of the individual measures appearing in
equations (7.1.6), . . ., (7.1.17) will be given in terms of gametic
set measures. Once again tables showing identity relations between
gametic arrays may be used to obtain the expansions, The subscripts
on gametic arrays for ab, a'b' now refer to groups instead of indi-
viduals though. The pedigree of Figure 1.1 is still appropriate.

From Table 7.1, the expansion of eAA' for a group pedigree is;

1+ a2
6, = ( )T (v + 2y + )
AA n BB, « 1B,C, ' ¥c,C,
2 2
1- X\ (1L -2
+ (v + v ) + ¢ TN
8 By ByCy  Cpr ByCy g B\Ca» ByCa

(7.3.1)



7'3'1 ZB, CC'

The expansion of the trigametic measure 7B, cc' is shown in
s
equation (7.3.2). In that equation the dot subscript for individual
B means that the particular offspring group that the gamete from

group B goes to can have no influence on the measure concerned.

1
7 , == (v +v +2v ) . (7.3.2)
B, CC I =B , GG, —B, HJH, =B, [R:0
The measure EBB, cct has the same expansion, and §BB', cc has a

similar one.

7.3.2 9,4,

Table 7.1 Expansion of QAA'

a'b!
1+ 1+ 1- 2 1- )
- L L - L L
IV 5Py ve agbe acby
1+ A
a_b s W v %
I “8°c | 2B,B, 2B,C, ~B,, B,C, B, C,B,
1 + X
ab v ¥ v v
n CB —CABA —CACA —CA, BACA —CA, CABA
ab
— 1.
a_b v v < ¢
T %Bc | “B,, B,C, =C,, B,C, =2B,C,, B,C,  =2B,C,, C,B,
1- X
a b v v € C
T %’s | ¥B,, c,B, Xc,, C,B, =C,B,, BC, C,B,, C,B,
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7-3:3 Bgpr, ¢t

The expansion of a quadrigametic measure for a group pedigree is

shown in equation (7.3.3).

1
Brni e ==z (& + ¢ + ¢
=BB', CC' ~ 16 ‘2D, Dy, GG, = =DyDp, H.H, = 2E.E., GG,

+

1
(¢ + ¢
B gDy, GoH,  2EgEg, GO ctler DpPp

S i (7.3.3)

There is little point in listing all possible transition equa-
tions. In the next chapter, where examples are considered, those
expansions that are needed will be shown. The next step is to derive
expressions for the various probabilities of gametes originating from

the same or different parents.

7.4 Gametic Sampling Probabilities

For a group B with N, members, there are seven probabilities to

B
be defined. These are for the possible origins of the gametes:

PB = Prob(two gametes from one individual in group B),
1

PB = Prob(three gametes from one individual in group B),
2

PB = Prob(three gametes from two individuals in group B),
b



PBu = Prob(four gametes from one individual in group B),

PB = Prob(three gametes from one individual and one gamete from
° another individual in group B),

PB6 = Prob(two gametes from each of two individuals in group B),

PB7 = Prob(two gametes from one individual, and one gamete from

each of two other individuals in group B).

The iemaining three possible origins for the gametes are; two

gametes from two individuals in group B (with probability 1--PB )
1
three gametes from three individuals in group B (with probability

J_-PB - PB ), and four gametes from four individuals in group B (with
2 b)
probability 1-P_, -P_, -P_. -P_ ),
Bh B5 B6 B7
For independent sampling of gametic sets, in one set let k, be

i

the number of gametes contributed by the ith parent., If this set is
an input set for group A, the total number of gametes is the same as

the number of offspring?

with a mean of
EAB = Z',ki/NB = NA/NB

For combined sampling, ki will refer to the total number of
gametes contributed by the ith individual, and A will refer to the
total collection of offspring individuals.

Each summation in the expressions for the seven probabilities

listed below is over the integers 1 to NB'



f ki(ki'l)

B
1 Ny k,p(Ng kyp-1)

f ki(ki-l)(ki-e)
P, = : s

2 Ny Ryp(Np &y p-1) (Np Ry p-2)
> f kg (ky-1) (Np Ry pky)
Py = ,
3 N Kyp(Ng Ryp-1) (N &y p-2)
z ki(ki-l)(ki-E)(ki—B)
1
Py = ,
b Ny kyp(Np kyp-1) (Np &, p-2) (Ny Ky p-3)
L ; ki(ki-l)(ki-2)(NB EAB -k,)
P = )
% Ny kyp(Np kyp-1) (Np &y 5-2) (N5 Kyp-3)
i 3 iij ki(ki-l)kj (kj-l)
B —
6 N kyp(Ng Ryp-1) (Mg Ky p-2) (Np Kyp-3)
6 i?j ki(ki-l)kj (NB EAB-ki-kj)
P =
B L)
7 B AB(N 'l)(NB EAB‘Q)(NB EAB'B)

If each of the ki are identically distributed,

probabilities can be replaced by its expected value, making use of

these central moments:

> 2
TAB E(f k;~Rpp) /Ng) 5

g
]

2
Bz T (k, -k, )° (ky-kyp)"/Np)

22AB ij

each of the

61
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- 3

in
m = E(2 (k,-k, ) /N.)
hAB L 1 AB B

The probabilities now take the form:

2

> UAB+EAB(EAB-1)
B
1 (NB EAB 1)
m3AB+5( -l)UAB+EAB( k1) (kyp-2)
Py = ,

2 Ryp(Ng Kyp-1) (Np Eyp-2)

2 2
mhAB+2(EEAB'B)mBAB+(6EAB-lBEAB+ll)OAB+RAB(EAB'1)(EAB'E)(RAB'B)

P =
B F
b Ry p(Np kyp-1) (Ny &y p-2) (N5 kyp-3)

o
It

We, -P.),
5 B, ~ B,

o
1

2
= (5(NB-l)m22A3+6(1-2EAB)m5AB+3[2NB EAB(EAB-l)-(6EAB-6EAB

+1)]c +5(N 1)RAB(EAB-1) ) / EAB(N k -l)(NB k

(N E'AB-B) 2
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+6(12E2 -8N_E° -6,

P, = (6% .6(NB-:L)m22 +12(4k, _-N_k, -1)m BXan-

B, AB AB ABTB AB™T3, o

ARG HONGR ) 0 pHERA (R 1o1) (N-1) (N-2)) / Ry (N,

1) (N Kk, -2) (N K

B AB~ B AB~ -3)

Note that the reciprocal of PB is usually called the (two gamete)
1
effective population number (Wright, 1931). Similarly, the reciprocals

of PB and PB could be called three and four gamete effective popula-
2 L

tion numbers respectively for group B.
When two groups are considered, additional probabilities are

needed. For groups B and C with NB and NC members respectively:

PBC = Prob(two gametes from one individual in group B, and two
1
gametes from one individual in group C),
PBC = Prob(two gametes from one individual in group B, and two
2
gametes from two individuals in group C),
PBC = Prob(two gametes from two individuals in group B, and two
)

gametes from one individual in group c).

Hence, for two gametes from two individuals in group B, and two
gametes from two individualsin group C, the probability is

1-P, -P_. -P__ .
BC, T "BC, T BCy

Sampling within one group is supposed to be independent of that

in another group, so:
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P =P P (7.4.2)
BC, B C) ?

P =P_ (1-P. ) (7.4.2)
BC,, By c,’ ’

P_. = (1-P_)P. . (7.4.3)
Bc3 B,’°C,

Two gametic distributions commonly considered are "equal chance"
and a distribution as close as possible to a constant number of
gametes per parent.

For equal chance, each member of a group has equal probability of
providing any of the gametes in an output set of that group.

For the gametic set transmitted from B to A then, the ki are

distributed binomially Bi{N_ k ﬁL) and the central moments are:
B

B “AB’
GiB = kpp(Np-1)/Np
nyp - & (No-aN3) /0 - K, (Nokn i) /D
“Sap = RAB(NB'I)(NB‘E)/NQB ’
mhAB = BEiB(NB-l)e/Ni + EAB(NB—l)(N§-6NB+6)/Ng .

Substitution of these values into the above definitions leads to:

Py = 1/NB s (Tl k)
1
P = 1/N2 (7.4.5)
B, B’
2



B,

1/Ng )
>
u(NB-l)/NB R
p)

6(NB-l)(NB-2)/Ng .
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(7.%.7)

(7.4.8)

(7.4.9)

(7.%.10)

The other special case considered may be where every member of B

contributes exactly the same number of gametes,

All moments about

the mean of the ki distribution are then zero, and the probabilities

become:

Nk, -1

k, -1

AB

(Ryp-1) (Ryg-2)

(Np kyp-1) (Ng &, p-2)

(R, 5-1) (k, 5-2) (K, 1-3)

(g kyp-1) (Np ky5-2) (Ng K,p-3)
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2
o 5 Byp(Ng-1) (Ryp-1)

B -
6 (NB EAB-l)(NB EAB-E)(NB EAB-B)

2
. 6EAB(EAB_1)(NB-1)(NB-2)
B

T (Np kyp-1) (Np Ky p-2) (N &,p-3)

In combined sampling plans, and equal sized groups, EAB =2, so
that the probabilities are:

PBl = l/(2NB-l) , (7.4.11)

P, =0, (7.4.12)
2

PB5 = 5/(2Np-1) (7.4.13)

PB =0 J (7"4‘ l)'l')
in

Pp =0, (7.4.15)
>

Py, - 3/ (Ng-1) (2N,-3) (7.4.16)

PB7 = 12(N-2)/(2NB-1)(2NB-3) . (7.%.17)

For independent sampling plans, each parent generally gives just

one gamete to an output set, so RAB = 1, and:

P. =0 i=1, ..., 7. (7.4.18)

A result that follows almost trivially from definitions can now

be shown for the three measures y, v, {. Consider EB B for example.

A”A
From its definition, and that of the above probabilities:

Vg g =Py Opp * (1-Pg (7.4.18)

A7A 1 1

) QBBY
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For equal chance gamete distribution, P

B, = 1/NB from (7.4.4) so

that (7.4.18) just reduces to (7.3.1). In other words:

1] =0 .
BABA ~{BB

The same procedure for the other two measures leads to:

Y8, BB, P32 Zp, BB * PBB(ZB', pp * 22, pp)/>
+ (1-P_ -P_ ) 7 R
BB, B, B'B
= 248, BB’
¢ =P b +Pp d (8 ,
=B,B,, B,B, ~ 'B, ZBB, BB ' BB, BB' 2BB, B'B
+ 285 gET)/3 * Py (SBB B'B"
+ 25 ., )/3 + (1-P, -P_ -P
Ops', BE" B, By Bg
)6 1 fnpin
SBB', B"B
7
=5 .

—lBB BB

Similar equations lead to the result that, for equal chance gamete
formation, there is no difference between group measures and gametic
set measures, and hence no difference between various sampling plans,

For one gamete per parent to a particular offspring group,

v =01
BABA BB

and { must be zero,
a BaBa BB BpBy

and both of Va
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There is now sufficient theory developed to consider some examples,

as in the next chapter,
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8. EXAMPLES OF GROUP MATING SYSTEMS

8.1 Monoecious Populations: Ceneral Sampling Scheme

The group measures are now applied to finite monoecious popula-
tions. Inbreeding arises because of the finite size of each generation
(group). The mating scheme is shown in Figure 8.1, where B, C are the
groups of individuals comprising generations t, t+l respectively.

With sexuality of gametes, gametic sets are involved, and the numbers
of each, male and female, must be the same.

There is only one group in each generation, and hence only three

and 5 The number of

types of group measures: —{BB, BB’

488’ Z4B,BB

gametic set measures however is nine, These, together with an abbre-

viated notation, are now listed.

C

Figure 8.1 Monoecious mating



I, 7Y B, ’
t+1
T =¥ =V )
= “B B~ “B.B;
Ft+l =y = v
- - - = 2
1 m’ BB B BeBe
t+1 . -
—_ - — n r_ - R R
2 B, BB, —Bg BB
Ft+l =vy = v
- - X - Y )
> Bm’ Bfo Bf’ BmBm
At =t = ¢
= -2 -3 )
BB, BB B:Bg, B.B.
I el
- T2 -2 2
BB, BB BB, BB
57
— 2 ]
B Bn> BeBg
t+1
A = ¢ = £ .
=l —Bme, Bme -Bme, Bme

In these equations, an m subscript indicates a male gamete and
an f denotes a female gamete. Because there are the same number of
male and female gametes formed each generation, there is nothing to

be gained by distinguishing between, say, V and ¥ Instead

l _BmBm —Bfo

+
they are given the common value It . As any male and any female

gamete from group B may unite to form an individual in generation

(t+]_) H

TO
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Fe = Et+l =Yg =L, -

m
Hence the measure Il is just the inbreeding function, and this is the
function the value of which is to be determined,

FEach of the nine gametic set measures will now be expressed in
terms of individual measures, making use of the probabilities defined
in section T.k.

The two digametic measures each have the form of equation (8.1.1),
where B and B' are any distinct individuals in group B. Until the

gametic sampling plan is specified, the values of P_ appropriate for

B

El and 22 cannot be given. They may of course be different.

t+1l

BB i=1, 2. (8.1.1)

t+l (18, ) ©
1 1

1f B, B', B" are any three distinct individuals of group B, then

equation (8.1.2) holds for each of the trigametic measures.

t+l t+l t+l t+l)/

= +
L s, 7B, BB PBl(ZB, B'B' 2 Xp, BBT

5

t+l

-P )7 tptt .
B, By ~B, B'B

+ (1-p i=1, 2, 3. (8.1.2)

The four quadrigametic measures have the form of equation (8.1.3),

where B, B', B", B"' are any four distinct individuals of group B.

t+1 B t+1 t+1 t+1
S T Fs, Oss, 38 Fp_ Zpm, BT 7 "3 (%288, B'5:
t+1 t+1 t+1
*Spr, par /3t PB7(2§BB, gt * g ppr /3
£+l
+ (l-PB -PB —PB -PB )/EBB: B"B™ . i=1, 2: 3) L.
L s 6 7T ?

(8.1.3)
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There are thus thirteen individual measures to expand back in
terms of gametic set measures of the previous generation, The methods
for obtaining such expansions were outlined in the previous chapter.
They are all listed in Table 8.1 where, for convenience, just the
fourth component of individual and gametic set measures are shown.
The double zero subscript has been dropped.

When the sampling plan is specified, values of the probabilities

Py can be given, and equations (8.1.1), (8.1.2) and (8.1.3) together
i

with Table 8.1 lead to simultaneous transition equations for the
gametic set measures. At this stage the methods of Chapter 4 are
employed to give values of the inbreeding function for the system.
The next two sections consider combined and independent sampling of
gametic sets.

Regardless of the sampling plan however, when the groups are
single individuals, the system reduces to a selfing pedigree. For any

value of t then:

t+l t+l _  _t
F - QBB e F

from equation (4.3.1). Hence

and if the initial individual was not inbred, so that E? =[0, 0, 0, 1]':
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Table 8.1 Expansion of individual measures in terms of gametic set
measures for a monoecious population
t t t t t t t t t
T) T, ry Iy rs a A, by o,
t+l (1+X2
e —h——l 0 0 0 0 0 0 0 0
BB
2 2
o @ an? o (1-2%) o o o (1-3) (1-»)
o
BB' 2 ¢}
t+1 N ,
’B, BB T 0 0 0 0 0 0 0 0
t+1 (1+)) (1+2) 1 (1-2) (1-2)
’B, B'B' I ° 2 0 © 0 B
£+l 1 1
0 0 ) 0 0
7B, BB" © ° k T
t+1
+A +\ +A 1-2 1-2 1-)
78, B'B" o o (1B ) (1u1 (18 ) o ( = ) 5 ) ( : )
t+1 1
o 0 0 0 0 0
ts1313, BB n © ©
t+1 1 1
0 0 0 0
Bss, TBT 0 0 0 I T
t+1 1 1 1 1 1
SgB, B'B! 8 8 0 3 0 ° 0 8 8
t+1 1
0
Bggr, BB 0 0 0 0 0 0 0 I
t+1 1 1 1 1 1 1
®gg, B'B" 0 © g i 8 ° T 8 8
t+1 1 1
Bgp " 0 0 0 0 0 0 T 5 0
t+1 1 1 1 1
5 o o ) ) ) =
BB', B"B" 8 2 s 8
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2t
-GS A
2t
G - ar
Ft =
- 2t

8.2 Monoecious Populations: Combined Sampling Scheme

Great simplification arises when the combined sampling of gametes
is considered--the sex of each gamete being random with respect to its
parents., From section 7.3 it is known that the gametic set measures
are not different from the group measures in this case, The following

relations thus hold;

t+l 4L

5L =L =Spms> (8.2.1)
£+l _ £+l _ el

L L Ly T2 e (8.2.2)
€4l _ EHl _ NtHL el

8 S TS5 =4 T O, e (8.2.3)

The common values of equations (8.2.1), (8.2.2) and (8.2.3) will be

t+

labelled Et+l, r 1 and ét+l respectively. Table 8.1 may be modified

simply by adding the first two columns and labelling the resulting
column Tt, and labelling the sum of the third, fourth and fifth

columns by Ft and that of the last four columns by AF. The table now,
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together with equations (8.1.1), (8.1.2) and (8.1.3) leads to the

transition equations:

Qgt,

Ze+1 T
v t
where ul = [T, T, A]

(equation 8.2.5).

(8.2.4)

and the transition matrix  has the form below

(1+
AL

) p (1-22) (1P (1-0)2(1-P. )
0 1 ) Bl) By
T 2 2 Ly

(1+7) (1-P P (1-2)(1-P_ )  5(1-M)P
N .Y L3 % "5,

Now

that the

P

’ .
By

same for
tions t,
For

P ’ .
Bl

substitu

12 2 2 2 12

P P PB6 P 1-P, -P, -3P Py
3

B B

5 7
2ttt -
(8.2.5)

if each generation is constrained to be of the same size, so

mean number of gametes per parent is k = 2, the probabilities

. ., P, are constant for all generations, so that Q is the

By

all generations and (8.2.4) holds for all consecutive genera-

t+l. The initial vector is 26 =[1, 1, 1].

an equal chance gametic distribution, (k = 2), the values of

, Pp were given in equations (7.4.4), ., (7.4.10) and

7

tion of these into equation (8.2.5) gives the following transi-

tion matrix (equation 8.2.6).
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(1+x)2 A (N—l)(l-lg) (N-l)(l-l)g
- ~o 2§ LN
ey o (e (ea-2)) (8- (-M (28-3) | g a6
& LN lI-Ng 2N2 LLN2 (8.2 )
(2N-1) (N-1) (2N-1) (N-1) (&N-1) (2N-3)
uNB N° e

The common size of each generation has been written as N. The
recurrence formula for the two locus panmictic coefficient goes back

three generations. For complete linkage however it reduces to:

t

£+1 _ ,2N-1
L R
or:
£+l 2N-1 t
Foo = o) Foo -

which is the usual (one locus) panmictic coefficient equation (Wright,
19%1). Setting A = O however does not lead to an equation satisfied
by Fo F o 28 was the case for pedigree systems of mating (section 5.3)

For any group mating scheme, for an offspring A of parental groups

B and C:
Fooa™ = ©00pc(M = > P X000
where the sum is over a number of individual measures Xi which may be

di-, tri-, or quadrigametic. The coefficients P, are just the prob-

abilities introduced in section 7.4, Since



2
> P X;00(0) # (f Py Xi00(W)7 5

then

Fooal0) # (Foo(1)®
This matter will be discussed later.

The equal chance system was studied numerically, and values of
the dominant root of the transition matrix are listed in Table 8.2,
There the root is clearly a monotone function of N as discussed pre-
viously, It is also a monotone increasing function of N, agreeing
with the general result that larger populations are less inbred.

Values of the two locus inbreeding function F are displayed in

11
Figure 8.2.

If the gametic distribution is such that every parent gives

« « «, P are given by
J J

Bl 37

equations (7.4.11), . . ., (7.4.17), and the transition matrix takes

exactly two gametes, the probabilities P

the following form (equation 8.2.7).

(1+)\)2 )y (1-x2)(N-1) (1-x)2(N-1)
N ~ 2(eN-1) 2Nl 2{2N-1)

7

_ 1+ 1 AMN=2) (1-2) (LN-7)
=1 oD R o) L{oN-1) - (8.2,7)
1 LN-T7 168° - 56N + 51
2(2N-1) (2N-3) (2N-1) (2N-3) {2N-1) (2N-3)

For complete linkage, the recurrence formula for the two locus

pammictic coefficient reduces to:



Table 8,2 Dominant root

T8

of transition matrix for monoecious popula-
tions with equal chance gamete formation

Linkage Parameter, A

0.0

0.1

002

o o
= W

(@]
o 1 O U

1.0

. 57908
. 58104
. 58425
. 58912
. 59626
.60650
.62100
.64120
.66865
. 7T0L68

. 75000

Population Size, N

L

. 76956
. 77021
-T7119
77265
LTTH85
.T782k
. 78361
. 79246
.80759
83353
. 87500

8

.87959
.87972
. 87992
. 88023
.88070
. 881k7
. 88277
. 88521
. 89037
.90329
93750

16

.93858
.93860
.93863
. 93868
93877
.93890
.93915
93965
. 9408k
L9l
.96875

32

. 96901
. 96901
.96902
.96902
. 9690k
. 96906
.96910
.96918
. 96940
.97031
.98438
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t+l _ ,LN-3, _t
Foo = md) Foo »

but for the other values of A, it goes back three generations.
Numerical values of the dominant root of Q are listed in Table
8.3 where, once again, p()) increases with both A and N. Values of

Fllt are shown in Figure 8.3.

8.3 Monoecious Populations: Independent Sampling Scheme

From section 7.4 it is known that there can be no difference
between gametic set measures and group measures for an equal chance
gametic distribution, However, the expansion of group measures is
independent of the gametic sampling plan, so that independent sampling
of gametic sets is the same as combined sampling for an equal chance
distribution,

The results of the previous section for equal chance thus also
hold for this section. In particular, equation (8.2.6) gives the
appropriate transition matrix, and Table 8.2 and Figure 8.2 give
numerical characteristics of the system.

The two gametic sampling plans do differ however when the gametic
distribution is such that every parent gives exactly two gametes. In
this independent sampling plan, every parent is supposed to contribute
one male and one female gamete to the next generation. It is this
system that shows up the differences in the general equations, (8.1.1),
(8.1.2) and (8.1.3) according to which particular measure is being
discussed. The differences arise between measures when the gametes for
which the measure is defined are located in the same or different out-

put sets,
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Table 8,3 Dominant root of transition matrix for monoecious popula-
tions with combined sampling and two gametes per parent

Linkage Parameter, A

O.
0O.

0.

©C O 0w N O W

0

1

2

=

69769
. 69800
-69909
.70126
.70501
. 71106
. 720357
- 73523
7575k
. 789k
.83333

Population Size, N

L

.97670
.86236
. 86249
.86276
.86326
. 86418
. 86588
. 86916
. 87607
.89213
.92857

8

.93Lk45
.93U4k5
.93Lh7
93450
93456
.93468
.93493
193547
.93683
.9k155
. 96667

16

. 96800
. 96800
. 96800
.96801
.96802
.96803
. 96807
. 96814
. 96837
.96938
.98387

32

.98419
.98419
.98419
.98419
.98Lk19
.98h19
.98k20
.98k21
.98k2)
.98l
.99206
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For gametes going to the same set (the set of male or female
gametes), the probabilities for one gamete per parent (equation
(7.4.18)) are appropriate. For gametes going to different sets, the
probabilities for two gametes per parent (equation (7.4.11), . . .,
(7.4.17)) are appropriate. Combinations of the two sets of prob-
abilities must be used when the gametes for the measure are such that
some go to one output set, and some to the other., As an example,

consider the three cases of equation (8.1.2):

Iy = 2pr, prp
1 1 N-2
Lo "%, B85 "N 1B, B'B' * W I, B'B" ’
L5 * W 2s, 88" * N Zs, B'B"
J )

With the proper probabilities in equations (8.1.1), (8.1.2),
(8.1.3), using the expansions of Table 8,1 leads to the 9 x 9 transi-
tion matrix in equation (8.3.1).

With complete linkage, there are only two equatians to coneéider
since the complete set of measures is then just (Tl’ T2). This can be
seen from the matrix by substituting A = 1. The two transition equa-

tions are:

t+ t t
T, L. Tl/2 + (N-1) T2/2N s
t+l t t
T, = Tl/2 + T2/2 ,
so that

t+l _ .t t-1
T, =T - T /N,
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ot t-1
Foo = Foo - Foo /M,

which is the result given by Cockerham (1967). For non inbred initial

FOOO = 1 and FOOl = 1/2N. Values of the dominant root .

for the 9 x 9 transition matrix are displayed in Table 8.L4, while

populations,

values of Fllt are given in Figure 8.4,

Tables 8.2, 8.3 and 8.4, together with Figures 8.2, 8.3 and 8.4
allow conclusions to be drawn for monoecious mating systems and com-
parisons to be made between the three systems studied here. In each
system inbreeding starts in the first generation.

Firstly, the graphs show immediately that an equal chance gamete
formation scheme leads to a more inbred population than do either of
the two gametes per parent (controlled mating) schemes. For any
generation, in populations of the same size and between loci for which

there is the same amount of linkage, the value of F_. for equal chance

11
gamete formation is greater than that for either scheme of two gametes

per parent, For these two controlled systems, for the combined

Fll
sampling plan is initially less but later greater than Fll for the
independent sampling plan., The generation in which inbreeding is equal
increases with population size., Since these comments apply for all
linkage values, including complete linkage, they are also true for the
one locus coefficient F., and as such may be termed "first order"
effects.

The "second order", or linkage, effects are indicated by the

three lines for each population size in the graphs. The greatest



Table 8.4 Dominant root of transition matrix for monoecious popula-
tions with independent sampling and two gametes per parent

Linkage Parameter, A

0]

.

0.

.0

1

2

- 73689
LT3TLT
73817
. 74015
- Th354
. 74897
-T75739
.TT0LL
. 78908
.81628
.85355

Population Size, N

L

.87067
87072
. 87085
87112
.87161
.872%0
87413
87727
.88385
. 89897
.93301

8

. 93646
.93647
.93648
.93651
.93658
. 93670
. 9369k
93746
93879
94338
L9671

16

. 96850
. 96850
.968%0
.968%0
. 96851
. 96853
. 96856
. 96864
.96886
.9698L
.98k12

32

.98431
.98431
.98431
.98431
98431
.98432
.98432
.98L33
.98L37
. 98457
- 99213
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effect due to linkage, (1) - Fll(O), is seen to have a maximum in

Fll
an early generation and decrease to zero at complete double identity.
For any population size, this maximum (effect of linkage) is least for
equal chance gamete formation and greatest for two gametes per parent
with independent sampling. The curve for X = 0.9 is seen to lie about
midway between the two extreme lines (A = 0.0, A = 1.0) in the first
few generations and then tend towards the X = 0.0 line., This demon-
strates the non-linear way in which linkage effects inbreeding: 90
per cent linkage gives only about half the effect of 100 per cent
linkage. Whereas the rate of increase of Fll(l) is monotone, the
curve for Fll(O) first has a decreasing rate and then an increasing
(or at least non-decreasing) rate. The same is true for other small
linkage values. This results in populations of different sizes being
able to be equally inbred at the points where, say the Fll(o) line of
one intersects the other lines of another.

The generation at which combined and independent sampling plans

with two gametes per parent have equal values of F__ is altered by

11
linkage. As linkage decreases from complete to zero, this generation
is later. In other words, as linkage decreases the combined sampling
controlled plan avoids inbreeding for a longer time than does the
independent sampling controlled plan, The final behavior is unchanged.
Limiting behavior for the three systems is summarized by the
values of the dominant roots of the transition matrices. In keeping
with the higher rate of inbreeding for equal chance gamete formation

shown in the graphs, the dominant roots are less than the correspond-

ing ones for either system with two gametes per parent. Of these two
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systems, combined sampling gives smaller roots than does independent
sampling, The difference between the latter two sets of values how-
ever is less than that between either one and that of equal chance
gamete formation--which is reflected in the greater similarity of the

graphs for the two controlled systems.

8.4 Dioecious Populations: General Sampling Scheme

The next group pedigree involves two groups (males and females)
per generation. Population size is assumed constant at Nm males and

Nf females per generation, The mating scheme is shown in Figure 8.5,

where groups are labelled with m or f for males or females. Measures
will be superscripted according to generation.

When Nﬁ = N_. = 1, the system is a full sib pedigree, which has

f
been studied by Cockerham and Weir (1968)4.

t+1
m f

Figure 8.5 Dioecious mating

uibid.




With two groups per generation, there are nine group measures
(assuming equal inbreeding of males and females), and twenty-three
gametic set measures, These latter, together with abbreviated nota-

tion, are now listed.

i1 " Yas, o
IElz-ly-mm
m f
E"E‘Qz(Imm +Ef~mm)/2’
m m ff
T =y
~11 -, fmff’
r.,= (v + )/2
=12 -, fmfm -, ffff ’
r‘ —

Top = Wy 51 ", m /2
m’ m, £2 f

—1:51 - (l/mm’ mom. * me, mfmf)/2 ?
£32 - (me’ mm * sz, ﬁl_;lq)/2 ’
£33 - (l/-mf, mm i me, mfmf)/2 ?

8= Cum, £5 Yhom, £6)/25
mm’ mmn m f°f
= ( + )/2
élB Srnmmm, fmff =m.m., £ ff )
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mm’ ff

By = (& f,mf T Emfff, mfff)/2 ,
= (-gmmfm, m £ + Emfff’ mffm)/2 ’
by~ G 5T * na, a0/
52 = nu, 5t *lam, w2
935 i (Emmmf, mmf. ! Emfmm’ mff.)/2 ’
éhl = (& mo, mm * Emfmf, mfmf)/ ’
éhE B (smmmm, E—EE + Emfmf, ﬁ;ﬁ;)/e ’
éhB - gmmpm, mem,

5,y =68
=l 2mme, mm

f
Every quantity in these equations is understood to have the same

(t+1) superscript indicating generation,

Because there may be unequal numbers of males and females in each

generation, it is not possible to equate such measures as Im n and

m m
¥ . However, each has a very similar expansion, so it is convenient
—m.m,

to work with their average. There is another average implicit, but
not expressed, in the above equations. Each gametic set measure listed
there represents the average of itself and that measure obtained by re-

placing m by £ and f by m in all positions of the subscripts.
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A dot subscript indicated that the gamete from that group goes to
either male or female offspring groups. As any male gamete and any
female gamete--i.e. a gamete from the male group, and a gamete from
the female group--from a generation may unite to form an individual

in the next generation.

+ + +
Ftl tl=Ttl

- =V, 5 11

Hence the measure T. . is just the inbreeding function, and this is the

11
quantity to be determined for all generations.

Each of the twenty-three gametic set measures will now be ex-
pressed in terms of individual measures, making use of the probabili-
ties defined in section 7.4, As for the monoecious case, some of the
digametic, trigametic or quadrigametic set measures have the same
general expansions. Differences do not appear until the gametic
sampling plan is specified.

For the digametic measures, T4 has the form of (8.4.1) and both
T,, and T,, have that of (8.4.2). 1In these equations, m, m' are any

distinct males and f, f' are any distinct females in generation (t),

T = Onf (8.4.1)
Top = (P 8o + Pe 85p)/2 + ((1-P )€+ (1-P¢ )8¢c1)/2. (8.4.2)
1 1 1 1
i=1,2.

For the trigametic measures, where m, m', m'" are any three
distinct males and f, f', f" are any three distinct females in genera-

tion(t):
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Dp = (e 2 gp v By Zp /2t (B )y gpr + (0B D2 pt)/2)
1 1 1 1
i=1, 2. (8.4.3)

Tpy = (By 2%y aF * 2, /2 + ((l-Pml) Yo', wE * (l-Pfl) 2 me)/2

i=1,2. (8.4.4)

I31 = o Zo, wm ™ Pe 2, ge)/2 (Pm5 Za, m'm * Fe, I, gre)/6

* (Pm Zm, mr T Pe Lg, ?TT)/5 * ((l-PmE—ij) Zn, m'm"

5 5

+ (l-Pfg-PfB) .Zf’ f'f")/e 2

i=1,2, 3. (8.4.5)

For the quadrigametic measures, where primes indicate distinct indi-

viduals in generation (t):

By = Fuf | Bom, ££ ¥ Fmt, Om', ££ * me3 B, £f'
+ (:L-mel-meg_Pm%) ) TT i=1,2,3 (8.46)
A, =P _ (5 + B )/2 +P . & . +P _ B ,
=21 mfl —mf, mf —fm, fm mf2 -mf, m'f me —mf, mf
¥ (l—mel-meE-meB) (Cug, me' *2em, £1m)/2 (8.4.7)
i = l, 2, 30
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Bay = (Pm2 Oom, & * Fr, tf, /2 (Pm5 Om, &F T Pf5 Bee, />

By Cop me * B, fm S¢sr, fm * Berg, me))/12

) +P. (B
3 £

1"t - -P B [ 1 2 8-’*.8
. 3—m,mf+(le2 fj)—ff,fm)/’ ( )

i=1,2, 3.

Byy = (th L — "t Beg, ee)/M + (By By mmr ¥ Pf5 Bse, 7rr)/2

)

+(P S 3+Pm6'§mm',m

me E’mm, m'm' * Pf6 —ff, f'f')/

P Beer, gg0)/6 ¥ (Pm7 S, m'm" " Pf7 Beg, grgn)/3
* (Pm7(§mm;mm" " §m'm, m"m) * va(§mm; ma" * §m'm, m"m)

7

* Pf7(§ff', ggn ¥ Sf'f, f"f))/12 * ((l-Pmu—Pm5-Pm6-Pm7)§mm',m"m"'

+ (1-P. ~P_ -P_ ~P_ )®_._, cnem)/2. i=1,2 L, (8.4,

In these nine equations, every group and individual measure is
understood to have the superscript (t+1).

There are thus 57 individual measures to expand back in terms of
gametic set measures of the previous generation. However, there are
only 28 distinct expansions--a result of the averaging that took place
in defining the gametic set measures. These 28 expansions are listed
in Table 8.5 for the fourth component of each measure. Of the 28
individual measures listed there; 3 have subscripts symmetric in m and

f, 23 represent the average of that measure and that obtained by
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replacing m with f and f with m in the subscript, and the remaining 2
are the averages of four measures, These last two, and the averages

they represent are:
S, mt ¢ Bam', me * Besr, fm " Bum, fm * 26, me)/M

Bum', m" Cum', mm * B£r, ££" * Sa'm, m'm * Berg, £re)/H -

As in the monoecious case, values for the Pm, P me probabili-

f)
ties can be given when the gametic sampling plan is specified. Special

cases are considered in the next two sections,

8.5 Dioecious Populations: Combined Sampling Scheme

As in the monoecious case, great simplification arises when
combined sampling of gametes from each group is considered. Since the
gametic set measures are equivalent to the group measures in this
case, the following relations hold. The first term in each of these

nine equations will be the notation used for the remainder of this

section.
LI T O
T = = Cpm * 85 /2 i=1,2
ntor - (7;;1 £f Z;;} am) /23 i=12
U ES:I = (1;;,1 —= + ;;’l =)/2, i=1,2.
B G L e oo
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A =2 " O, ge i-1,2 3
57 =251~ Oy, e - 1=1, 23
85" = 85" = Clom, wE * Bptt, w0)/2 5 =123
AR (5;:;, mn 5;&, ££)/2 0 i=1,2 3 h

By adding together appropriate columns as for the monoecious
case, Table 8.5 will now have only nine columns. The expansions
represented by that table, together with equations (8.4.1), . . .,

(8.4.9) lead to nine simultaneous transition equations:

=Qu

Yen B 0

t
where u' = [T, T,, I, T, Iz, A, s , &) and uw! =1(21, 1, 1, 1,
1’ T2 T e’ T3 Tl L -0

1, 1, 1, 1, 1]. The two locus panmictic function is T The form of

1t
this transition matrix is displayed. First however, some new notation

must be introduced to reduce the size of each element. Let:

P, = (P +P_)/2 P = (P +P_)/2
1 m, fl ? 2 m, f2 ’
P), = (th+Pmu)/2, Pg = (Pm6+1=f6)/2 s
P = (P +P )/2: Q, = P )

7 7 f7 1 mf

Q, =P 5 Q; =P , @ = 1-P - P - P .
2 mf2 3 mf5 n mfl mf2 me

The matrix follows in equation (8.5.1). 1In the matrix, use has
been made of the relations between P , P, , Pg and the other meas-

5 > >

ures, as given in section 7.k,



99

(1°6°9)

-8 . P S
Lgs9g Lg%z

8 e
MageZan-T MageCan-1

8 ul
Bartag-1 Tac-Caere
8 —n
iy TorTo-1
— . S
TorTo-1 T To-1
T2 M
0 (a¢ mm+avx-a
0 (fa-1) mm&
0 (*a-1) mm&

0 0 AH
0 0
L__

_he. . e o

L3 La92z

8 9

Nag+Can-1 Zan-Tag+1
8 P
Ta-1 Ta-1
8 i
:0 T
8 _8
t ot

T,c-2 8
(tag mm+avx-ﬁ

o

8
-1

Aﬂmm-mmm+avmmm
(o)
2

T
A.mm...mvl|w|

S(eT)

(-T)

d-'d

T.cC 8
(tag mm+avg+ﬂ

2

T..
(Cam) +T

8

Ts-
(4D &%

PR S
To=toit

Tyey © S
(Tag+ mm+ﬁv<+ﬁ

+ Ammuamv

Ma-%q + &L AN
Ly %a
s 0

R¥
0 0
_8 8
“0+% S

(fac- mmm+ﬁvmmm
IO 2. Ty 8
+ R (®a--4a) T

Ty 8, K
LD T 0
Ty B T, 8.
A d Hv X+T d +T
Toory—.8 _
o (ta HVNAA+HV
0 _.8 _
NAA+HV

\.Ql(‘d
[P P

8

S+ Cata) &




100
Two checks on this matrix are possible. When N\ = 1, the system
should reduce to a one locus dioecious scheme for the combined sampling
plan., This value substituted into the matrix shows that (Tl, T,) form

a complete set, and that the two transition equations are:

t+l t t
= +
T, Tl/l T2/2 ,
t+l _ t t
o7 =pTy/2s (l’Pl) T2/2 ’
so that:
t+l _ ot t-1 t
T, =T+ (Tl - 2T1)Pl/u ,

or, using the symbol F. for (one locus) pammictic function:

0

t+1 t
= +
0 Eo + (F

t-1

F 0

_ 2F8)Pl/u ) (8.5.2)

This is the form of the result given by Wright (1931), where 2/Pl is
the "overall (digametic) effective number."

The other check comes from setting Nm=Nf=l. This implies that
Pl=Ql=l and that the other Pi and Qi are zero. These values in the
matrix show that the complete set is now (Tl, Ty Ty Tps 85 Aé):
and the 6 x 6 matrix for these measures is just that given by Cockerham
and Weir (1968)5 for a sib mating pedigree--as it should be.

For an equal chance gametic distribution (k=2), the values of

.« ., P and P P_. are given by equations (7.4.k4),

. £ " - f7
.« ., (7.4.10). From equations (7.4.1), (7.4.2) and (7.4.3) then the

>
Ibid.
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values of mel, meg’ me5 can be found, The following quantities,

needed for the matrix, are given values then:

P, = (N *N.)/2N;Ng

P, = (N§+N§)/2NiN§ ,
P, = (N2+N2)/2N£N2 s
Pg = 3(P-Py)
97 = 6Pl-18P2+12Ph ,
Q = 1/NNg

(Nf-l)/Nme s

QO
M)
1l

(Nm-l)/Nme s

L
N
I

[ 3
L
=
1]

(Nm-l)(Nf-l)/Nme .

From the value of P, it can be seen that the "overall (digametic)
effective number" is thNf/(Nm+Nf), as given by Wright (1931). Now
equation (8.5.2) shows that the limiting rate of inbreeding for
complete linkage (1-u(1)) is a monotone increasing function of P,
Hence u(l) will be an increasing function of the overall effective
number Ne=thNf/(Nm+Nf). The system was studied numerically and
dominant roots displayed in Table 8.6, where the relation between the
root and effective population number is seen to be the same for all
linkage values, The values of Ft for four populations with equal

11

numbers, N/2, of males and females are displayed in Figure 8.6.
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Table 8.6 Dominant root of transition matrix for dioecious populations

with equal chance gamete formation

Linkage Parameter, A

0.00 0.25 0.50 0.75 1.00
Population Size
Nm Nf Ne

1 1 2.000 .65451 .65699 .66879 . 70645 .80902
1 2 2.667 STLThT .719%0 .72735 .T5463 .84650
1 3 3.000 . 7409k . 74293 .Th965 .TT7320 .86038
1 10 3.636 .T76L6 LTT8LT . 78380 .80198 .88106
2 2 4,000 .79koL . 7951k . 79913 81476 .89034
2 3 4.800 .82281 .82366 .82657 .83832 . 90657
2 b 5.333 .83791 .83866 .84108 .85097 .91496
3 3 6.000 .85365 .85420 .85608 .86410 .92356
3 L 6.857 . 8698L .87027 87172 .87800 .93237
3 5 7. 500 L8791k .88019 .881k0 .88671 93776
b 4 8.000 . 88660 .88691 .88795 .89262 .9413%9
3 6 8.000 .88658 .88692 .88799 .89268 .94139
L 5 8.889 .89693 .89718 .89801 .90180 . 94690
i 6 9. 600 . 9039k .90k15 .90k486 .90809 .95062
5 5 10.000 .907L48 .90767 .90831 .91127 .952L9
5 6 10.909 .91L63 .91479 .91531 .91778 . 95626
3 30 10.909 .91458 .91481 .915kh .91802 . 95626
5 7 11.667 .91980 .91994 .92038 .92252 .95898
6 6 12.000 .92188 .92201 .92242 .92443 . 96007
7 7 14,000 L9324 .93250 .93279 .93421 . 96556
8 8 16.000 .ololk .94051 .9LoT71 .9k176 .96973
9 9 18.000 .oL6TT7 .9L682 .9L697 LObTTT . 97299
10 10 20.000 .95189 .95192 . 95292 . 95266 .97562
100 100 200.000 .99%02 .99502 .99502 .99%02 .99751
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Table 8.6 shows two cases where different numbers of males and

females give the same effective population number. These combinations
are: Nm=Nf=h and N =3, No = 6 both giving N, = 8 and N =5 N = 6
and Nm = 3, Nf = 30 both giving Ne = 10.909. For complete linkage the
dominant roots must be equal for each pair because of this equality of
effective number. The roots also stay close for other linkage values
but the relation is not a simple one, and must depend on the three and
four gamete effective numbers also. These latter numbers are dif-
ferent for the different pairs of Nm, Nf.

With unequal numbers in each sex, Nm < N_ say, it is not possible

£
for every parent to contribute the same number of gametes-.males con-
tribute an average of (Nm+Nf)/Nm and females an average of (Nm+Nf)/Nf.

For integral values of (Nm+Nf)/Nm however, the moments of the gametic

distribution for males may be made zero. From equations (7.L4.11),

vy (Toka17):

P = N

- J
m, Nm(Nm+Nf-15
. Nf(Nf-Nm)
m

2
2 Nm(Nm+Nf-l)(Nm+Nf-2)

. Nf(Nf-Nm)(Nf-2Nm)
m .5 ’
L Nm(Nm+Nf-l)(Nm+Nf-2)(Nm+Nf-5)
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o
5(Nm-1)(Nm+Nf)Nf

L )
6 Nm(Nm+Nf-l)(Nm+Nf-2)(Nm+Nf-5)

2
. 6(Nm+Nf) Nf(Nm-l)(Nm-2)
m7 (Nm+Nf-l)(Nm+Nf-2)(Nm+Nf-3)
One distribution of female gametes in this case is for Nm of the
females to contribute two gametes each, and the remaining (Nf-Nm) to
contribute just one each. The probabilities Pf , P P_. and P_ are

J
5 f3 fh f5
all zero, and the remaining probabilities found using the moments:

2
g = Np(Ng-N)/NG

g
i

3
g = N (NN ) (Ng-2N ) /N

m =
3
m, =N (N2-3N N +5N2)(N -N )/NLL
fh m*'f " fm- " mYf m'E?
- 2 , 2 2, 6
mfgg_ 2Nm(Nf-Nm) (Nf+Nme-Nm)/Nf .

It is then possible to calculate the P, and Qi needed for the transi-

i
tion matrix.
Matters are simplified for an equal number, N, of males and

females in each generation. Each parent may be supposed to contribute

exactly two gametes, so that:

and the common value comes from setting N = NB in equations (7.k4.11),



106

.., (7.4.17). From equations (7.4.1), (7.4.2), (7.4.3) then:

1/(2n-1)2

Q =
2
Q = Qg = (2N-2)/(2N-1)7 ,
so that
Q, = (2N.2)2/(2N-1)2 .

This case of equal numbers of males and females was studied
numerically, and the dominant root of the transition matrix shown in
Table 8.7. 1In that table, the population size is the number of males
plus the number of females. Figure 8.7 shows values of the two locus

inbreeding coefficient F for N/2 males and females,

11

8.6 Dioecious Populations: Independent Sampling‘Scheme

For equal chance gamete formation, both the combined and the in-
dependent sampling schemes lead to the same equations. This case was
discussed in the last section and the results displayed in equation
(8.5.1), Table 8.6 and Figure 8.6.

For a system with as little variation as possible in the number
of gametes per parent the algebra for independent sampling is very
complex. The complexity was suggested for combined sampling, even
when it was possible to work with 9 group measures instead of 23
gametic set measures.

To reduce the complexity the simplifying assumption of equal
numbers, N/2, of each sex will be made. Each male and each female is

supposed to contribute one male and one female gamete, The
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Table 8.7 Dominant root of transition matrix for dioecious populations
with combined sampling and two gametes per parent

Linkage Parameter, X\

O.

0.

0.

© v o N U

0

1

2

=

65451
. 65484
.65600
.65832
.66231
.66879
.67906
.69524
. 72031
.75758
.80902

Population Size, N

L

.85299
.85%02
85315
.853k3
.85395
.85491
.85668
.86011
.8673k
. 88445

.92356

8

.93231
.9%231
.93232
93236
.93242
.93255
.93280
.93335
-93475
. 93961
. 965%6

16

. 96749
. 96749
96749
- 96750
. 96751
. 96752
- 96756
. 96764
.96786
. 96889
. 98361

32

.98k4a7
. 98LOT
.98L0T
.98k0T7
.98Lo7
. 98407
.98Lko7
.98k08
.98k12
.98L32

» 99200




TT

mm judaed asd ssjzouwed omy vcw Sutridwes paurqwod yiim suorzeyndod snords01p 103 i L°g @an81g
UOl1BISUDD
oS ov 0] Oc Ol o
= | “ . \ 00
10
O00°= il
50 =X
ol . 1¥0
@,
190
LL
a=N + A
180
=N 1
Lol




probabilities needed in equations (8.4,1), . . . , (8.4.9) may be
determined from equation (7.4.11), . . . , (7.4.18). As in the
monoecious case, distinction must be made, on the basis of whether
the gametes in question are in the same or different output sets,
between using a mean number of one ((7.4.18)) or two ((7.4.11) . . .
(7.4.17)) gametes per parent,

By way of illustration consider the two cases of equation

(8.4.3):

L N2
Zn, ££ ° N Zm, ££' 7

—~
t
=zl

-11
Lo = 2, g5

Substitution of the values of these probabilities, and the
combining of the equations with the expansions of Table 8,5 leads to
23 simultaneous transition equations, The corresponding transition

matrix, Q, will be displayed, but because of its size will be sub-

divided:
|
& | &
10 x 10 : 10 x 13
0 N i
Z | mmmememem——— e o v o e e e .
23 x 23 :
93 : Qh
13 x 10 : 13 x 13

Each of the four sub-matrices is now displayed with the appropriate

measures listed along the edges of each.
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Here again, two checks are possible for these equations. For

complete linkage (A=1), the complete set is (T T22) and the

110 o1

corresponding transition matrix is:

1 1
3 3 0
I (N-2)
@ = |3 0 N
1 1
3 0 3

This leads to the following recurrence formula for the (one locus)

panmictic coefficient:

t+l _ .t t-2
Fy =F, - F, JUN

which is just that given by Cockerham (1967).

By setting N=2, the complete set is (Tll’ Ty Typo Tops B4y A?l)
and the 6 x 6 transition matrix is the same as that given by Cockerham
and Weir (1968)6 for a sib mating pedigree.

Table 8.8 shows the dominant root of the 23 x 23 transition matrix

while values of F,, are graphed in Figure 8.8.

1
The three tables of dominant rpots (Tables 8.6, 8.7 and 8.8) and

the three graphs of Fip (Figures 8.6, 8.7 and 8.8) may now be employed
to evaluate the three dioecious systems here, Substantially the same
conclusions apply as were made in section 8.3 for monoecious mating

systems, although inbreeding now starts in the second generation, and

Ibid.
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Table 8.8 Dominant root of transition matrix for dioecious populations

with independent sampling and two gametes per parent

Linkage Parameter, A

o @) O o

@)
(@] O o [C 2NN

65451
65484
. 65600
.65832
.66231
.66879
.67906
. 69524
. 72031
.T5758
.80902

Population Size, N

N

.85617
.85641
.85676
.85729
.85810
.85938
.86152
.86537
.8730L
.89005
.92732

8

9332k
93327
93332
.93338
.93349
93367
93398
.93k62
.93612

.9h111

196655

16

96773
L967TH
L9677
96775
.96776
- 96779
.96783
96793
.96818
.96925
. 98386

32

.98413
.98L13
.98k413
.98k13
.98k13
.98413
.98L41L
.98415
.98419
.98kl
. 99206
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all systems are identical for N = 2 (just one male and one female each
generation).

As far as first order effects are concerned, once again the
equal chance gamete formation scheme has smaller dominant roots and

greater F__. values than do the controlled mating schemes. Although the

11
combined sampling plan with two gametes per parent has greater late

values of F (and hence smaller dominant roots) than does the corre-

11
sponding independent sampling plan, initially it does not. To a
greater extent than even in the monoecious systems though these two
plans are very similar.

Linkage effects also present a similar story. The logistic-
type curve for Fll(o) provides an early maximum for Fll(l) - Fll(O)
and enables populations of unequal sizes and unequal linkage values to
be equally inbred in early generationms,

Finally, comparisons can be made between monoecious and
dioecious populations of the same total size,

For equal chance gamete formation schemes, the smaller dominant
roots for the monoecious populations indicate larger values of F than

11

for dioecious populations, The graphs of Fl values confirm this, and

1
show that the relation holds for all generations. This relation is in
no way affected by linkage, and holds equally well for Fl'
When each parent is constrained to produce exactly two gametes
(with either sampling plan) the dioecious populations have smaller
dominant roots and greater final rates of inbreeding. The graphs are

not sufficiently large to illustrate this relation, for in the larger

populations the roots are very close in value, However the graphs do
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illustrate the higher initial rate of inbreeding for monoecious popula-
tions--which is largely a result of inbreeding starting a generation
earlier. These observations are also independent of linkage., The
generation in which a dioecious population becomes as inbred as a
corresponding monoecious one is a function of the linkage parameter

though. As linkage decreases, this generation becomes later.
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9. DISCUSSION

The machinery to allow the analysis of any inbreeding system when
two linked autosomal loci are considered has now been developed and
demonstrated. In contrast to the one locus case where only two gametes
need be taken account of, genes for two loci are necessarily carried
on two, three, or four gametes between generations. The analyses thus
make use of digametic, trigametic or quadrigametic measures--each being
a probability statement concerning the identity of descent of genes at
the two loci on the appropriate gametes,

For pedigrees of individuals, just these three types of individual
measures are needed. When pedigrees of groups are involved though,
additional analogous quantities--group measures, and gametic set
measures--must be used and related to the individual measures,

The methods of determining one of the digametic measures, the in-
breeding function, in given situations were specified in Chapter 5. At
any stage, it is the inbreeding function for one individual that is to
be determined, and the analysis of all systems depends upon the expan-
sion of this measure into a combination of measures involving indi-
viduals of the previous generations. 1In specific pedigrees the
expansions are taken back to the initial population while for pedigree
systems of mating a set of simultaneous transition equations connecting
values in successive generations of a minimal, complete, set of meas-

ures is derived,

Detailed instructions for expanding the measures were given in

Chapter 4. Each of the pairs of genes ab, a'b' in the argument of
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E(ab, a'b') may be replaced by the gametic array which identifies the
individuals from which the pairs came. These arrays are used as head-
ings in a two-way table, the cells of which are filled with the meas-
ures appropriate to the marginal genes for that cell, This method is
formally correct, and is the basis for all of the work of Chapter L,
In particular cases, the results given there may be consulted and
applied. Measures which do not involve repeated subscripts (or one
individual supplying more than omne gamete) may be expanded directly
however.

Such direct expansions are performed for one gamete at a time,

The individual, B say, from which it came is replaced by its two
parents, (DE) in parentheses in the subscript. For example, ©

—BC

becomes E(DE)C and ZG, HB becomes ZG, H(DE)’

the bracketed pair (DE) is re-

If both genes on the
gamete are being considered, as in Opc?
placed by D, E, DE or ED with probabilities (1+\)/4, (1+1)/4, (1-2)/k,

or (1-2)/h,

. 1+A 1eh
= +
Leees  Copye T TF e T8 W (2, e * 2, mD)

This is merely a statement that a gene from B has two ways of being
parental and two of being recombinant, If only one gene on the gamete
is being considered, the pair (DE) is replaced by D or E with prob-

ability 1/2 each,

- * i
i.e., e, u(pE) ~ Z (ZG, wp g, me) -

Each of the subscripts is treated in the same way. Such general rules

cannot be given though when a subscript is repeated.
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For the specific pedigrees, expansion through all generations back
to the original population completes the problem--the required inbreed-
ing function has been found. For the pedigree systems of mating, the
transition matrix for the fourth components of the complete set of
measures also essentially completes the problem. The matrix acts upon
a vector whose first component is FOO’ and the one locus coefficients
are assumed known, Hence the matrix leads to the whole function F,
but the particular way in which it is used can vary.

If only the first few generations are of interest, the first few
powers of the matrix can be calculated to provide algebraic expressions
for FOO’ and hence F. This is only practicable for small matrices.
When the whole course of the inbreeding process is to be studied the
characteristic equation of the matrix provides a recurrence formula for
FOO and thus all values of FOO can be found. The number of generations
this formula goes back is given immediately by the number of measures
in the complete set, or the size of the transition matrix. There is
some question as to the purpose to be served by displaying the re-
currence formula, especially when the order of the equation is large.
For example, calculating all the coefficients in the equation of degree
23 for the dioecious system of section 8.6, would be of little use, On
the other hand an adequate picture of the system can be drawn by cal-

culating F .. numerically for specific linkage values by taking succes-

00
sive powers of the matrix with a computer. A final use for the matrix
is in using it to characterize the limiting behavior of the system.

Any inbreeding system has its limiting behavior completely specified

by u()) and p(l) when X # 1; no two systems will have the same values
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for both of these quantities. The stage at which equation (5.3.8)
becomes appropriate varies with the iinkage parameter. In the
monoecious population with equal chance gamete formation for example,
the ratio between successive values of FOO is constant to 5 decimal
places (and hence equal to p(L))) after no more than 10 generations for
A =0. For 0 < A<0.5, the number of generations is not greater than
20, but for higher )\ the number rapidly increases, It can take 60
generations to reach the steady decrease when N\ = 0.9,

It has been shown that the complexity of the analysis, as indi-
cated by the size of the transition matrix, depends on the number of
measures needed to form a complete set. There seems to be no way in
which this total number of measures can be written down for any mating
system, although the maximum number needed depends only on the size of
each generation, These maxima are shown in Table 9.1,

The table shows, for example, that if each generation has only two
members, no mating system can lead to a matrix greater than 9 x 9. The
number of measures for a dioecious system is shown in Table 9.2,

The results of applying these techniques and determining the
effects of linkage on inbreeding can now be discussed, although some
comments have already been made earlier.

The obvious quantity to characterize the effects of linkage on the
identity of two pairs of linked genes in an individual of genotype

ab/a'b' is:

i.e. nll(l) = Prob(a=za',b=b') - Prob(a=a')Prob(b=b') .
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Table 9.1 Maximum number of measures needed for regular pedigrees and
monoecious populations

Population Size, N

1 2 3 u*
Number of Digametic Measures 1 2 2 2
Number of Trigametic Measures 0 3 by Y
Number of Quadrigametic Measures 0 b 6 7
Total Number of Measures 1 9 12 13

Table 9.2 Maximum number of measures needed for dioecious populations

Number in Each Sex, N/2

1 2 3 Lt
Number of Digametic Measures 2 3 3 3
Number of Trigametic Measures 3 T 8 8
Number of Quadrigametic Measures N 13 16 17

Total Number of Measures 9 23 27 28
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This quantity, the "identity disequilibrium function' was used in
discussing sib mating by Cockerham and Weir (1968)7. The four compo-

nents of the function have the same numerical value:
}\. S - K = - =4 N
1) == (M) = - g () = (V)

For pedigree systems of mating, as discussed in section 5.3,
Fij(o) has the same value as FiFj’ so that the identity disequilibrium
function may also be written as Fij(l)-Fij(O). Both initially and
finally this quantity is zero. It reaches a maximum quickly and then
decreases, but not at a constant rate, The maximum value and genera-
tion of its attainment for successive parent-offspring mating is shown
in Table 9.3. For complete linkage, nll(l) = Fl(l-Fl) which has a
maximum of 0.25.

For group mating systems it was shown in section 8.2 that Fij(o)

is not equal to FiF It becomes convenient then to divide the iden-

i
tity disequilibrium function into two components:

Fij(l) - FiFj = (Fij(O) - FiFj) + (Fij(k) - Fij(O)).

The first component gives the disequilibrium in the absence of linkage
and will be designated nNij' It is a function of the population size
N. The second term, written as nLij(X), shows the effects of linkage

on the identity disequilibrium. Hence:

N () =gy * g (V)

or:

i

o
F o) =F] # gy + gy ()

T1bid.
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Table 9.3 Maximum value of identity disequilibrium and generation of
attainment for successive parent-offspring mating

Linkage Parameter, A

0.0

0.7
0.8
0.9

l.o

Maximum Value

.0069
.0155
.0261
.0390

.05%0
.07L48
. 1037
. 1394
. 1883
.2500

Generation

R BN | N W
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For any group mating system the family of Fll(l) curves for a
particular population size has the same characteristics. The family

is bounded above by the curve for F__(1) = Fl’ and bounded below by

11
Fll(o)' Now Fll(O) is at a distance N1l above Fi, and this difference
has an early maximum after which Fll(o) converges to Fi. The maximum
value of nLll(l) (the difference between Fl and Fi) occurs when Fl=0.5,
but at this stage N1l is small. This accounts for the divergence of
Fl and Fll(O) in the graphs of Chapter 8 until about the time when

Fl = 0.5, whereupon they converge. As linkage increases, nLll(h)
becomes increasingly greater than anl and the generation of its maxi-
mum value moves later in time towards that of nLll(l). Finally it
should be noted that the overall identity disequilibrium nll(k) has a
maximum value greater than either of those of its two components and

at a time between those of the components. These concepts are illus-

trated in Table 9.L where nll(k), (\) are shown for a

Ny 209 Ty
monoecious population of size eight with equal chance gamete formation.
In that table asterisks denote maximum values.

Table 9.4, the graphs, and tables of dominant roots in Chapter 8
all show that the effects of linkage do not increase linearly with the
linkage parameter A--which was not to be expected since both E(l) and
() involve polynomials in N of degree greater than one. It is only
for high values of A (say 0.9) that linkage produces significant
effects, and even then the effects are not as great as those of popula-

tion size, At best then, linkage plays a transient role, and is most

important at high values, small populations, and early generationms,

»
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. Table 9.4 1Identity disequilibrium functions for a monoecious popula-
tion of size eight with equal chance gamete formation

=0.5 = 0.9 A= 1.0
Generation my) gt gt ngy oy gt np”
1 L0274 .0078 .0352 .0253 .0527 .0312 .0586
2 .0308%  .0187 .0k95 .0600 .0908 L0756 . 1064
3 .0292 .0248 .0540% 0886 L1178 .1158 . 1450
L .0266 .0271 L0537 . 1094 . 1360 L1491 1757
5 .0240 .0272% L0512 . 1237 . 1h77 L1758 .1998
6 .0215 .0261 0ouT6 .1335 . 1550 . 1965 .2180
7 . 1092 .12h7 .0439 L1373 .1565% L2122 .231h
8 .0171 .0229 .0koo .1388%  .1559 .2235 .2ko6
. ‘ 9 L0154 .0210 L0364 L1379 .1533 .2311 . 2465
10 L0138  .0292  .0330 .1352  .1490 .2356  .249h
11 .0122 .0176 .0298 L1313 L1435 L2377 L 2kg9¥
) 12 .0110 .0160 .0270 . 1263 <1373 L2375 .2485
13 .0097 .0146 .0243 . 1207 . 130k L2357 .2hsh
1L .0087 .0132 .0219 . 1147 L1234 .2323 .2k10
15 .0078 .0120 . 1098 . 1086 L1164 .2278 .2356
20 .00kL .0073 .0117 .0783 .0827 .1950 . 199k
30 .0015 .0025 .00k0 .035h .0369 .1220 L1235
Lo .0005 .0009 .001L .0148 .0153 .0695 .0700
50 .0001  .0003  .0004  ,0059 .0060 .0380 .0381
. 2 % _ Maximum values.
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The discussion of genotype frequencies (or at least the frequen-
cies of double identity and double non-identity) in the presense of
linkage is one use for the inbreeding function found in this work.
Another was discussed by Schnell (1961).

For a random member of a group of individuals with the same history
of inbreeding, each with n loci under consideration, the number, m, of
loci carrying genes identical by descent has expected value Em = nFl.
If each pair of loci, p and q, has linkage parameter kpq’ the covari-

ance between the numbers of the two loci identical by descent among

individuals is:

%Bq = Fraltg) - F1 -

so that, as given by Schnell, the variance of m among individuals is:

2
= - +
o nFl(l Fl) T c

pfq P4

The summation is over all distinct pairs p, q and thus has n(n-1)
terms. As Schnell says, this variance is a desirable supplement to Fl
in describing the effect of a mating scheme on the homozygosity by
descent in resulting individuals. The variance can be seen to increase
with the amount of linkage.

Complete descriptions though can only be given by an n-locus in-
breeding function. Certainly a vector valued measure X with 2n compo-

nents could be defined. As discussed in Cockerham and Weir (1968)8,

8Ibid.
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such measures must now be x-gametic, where x may range from 2 to n

subject to x < 2N for a population of size N, The preliminary algebra

would follow in the same manner as in this work but would be very ex-
tensive, and a computer could be employed to solve the resulting

transition equations numerically. Haldane and Waddington (1931) do

show how some three loci results can follow from these for two loci.
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10, SUMMARY

Various systems of inbreeding, including specific pedigrees,
pedigree mating systems and group mating systems are studied when two
linked autosomal loci of a diploid organism are considered.

A general function with four components, each of which is a prob-
ability statement concerning the identity by descent of any two pairs
of genes is defined. Three broad classes, digametic, trigametic and
quadrigametic, of the function are Jiscessed. When the two pairs of
genes are on uniting gametes, ithe digametic function is called the two
locus inbreeding function, and this is the quantity to be determined
for the inbreeding systems,

For pedigree and group mating systems transition equations connect-
ing values in successive generations for one component of each member
of a complete set of functions are derived. The complete set includes
the inbreeding function. The equations are displayed in matrix form
for each system of inbreeding. The characteristic equation of the
transition matrix furnishes a recurrence formula for the two locus
panmictic function, and the largest eigenvalue, which is tabulated,
affords a characterization of the limiting values of the inbreeding
function. Values of the two locus inbreeding coefficient for the
systems studied are presented in either tables or graphs.

Some general conclusions regarding the effects of linkage on in-
breeding are drawn and some applications of the inbreeding function

are discussed,
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