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ABSTRACT

An analytical solution is presented for the elastic interaction of fuel pellets and
cladding in the limiting case of zero interface shear. In particular, expressions are
developed for the contact stress between cladding and fuel in the neighborhood of a pellet-
to-pellet interface. The formulation assumes a pellet description which is exact within the
classical theory of elasticity while the cladding is approximated by ; simple shell theory.
Extensive numerical results give interface pressure distributions for various ratios of the
occurring elastic and geometric parameters, Of interest are the areas of reduced local
pressure slightly away from the pellet edge due to the "bridging" effect of the cladding
caused by the local high curvature of the pellet. Deformed shapes of the fuel element are
given for various strengths of cladding ranging from very soft to infinitely rigid. Included
is the stress concentration factor applicable to the plane strain value of the interface

pressure to give the true localized maximum normal stress.

1. INTRODUCTION

In all existing integral fuel element modeling codes, expediency has demanded the
assumption of a plane state of strain in fuel and cladding. Axial variations are usually
considered by ignoring compatibility and solving a sequence of plane problems whose mechani-
cal interactions are treated in a manner not requiring recourse to exact, continuum theory
solutions. While this is a reasonable procedure when one is interested in producing a com-
prehensive computer code of moderate running time, it is often an approximation made with
little associated study of the exact problem one is attempting to model. This lack of exact
analysis makes it difficult to obtain quantitative information about the degree to which a
plane strain assumption agrees with the true deformation state in any geometry typical of
current fuel element designs. For example, even a single, completely free, heat-generating
pellet of length-to-diameter ratio near unity exhibits a large non-plane region of deforma-
tion (e.g., Valentin and Carey [1], Veeder [2]). Thus, when modeling a fuel element
consisting of a stack of such pellets, one already has qualitative knowledge concerning the

non-plane stress state at pellet interfaces. Since, however, there do not exist any exact
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solutions for the elastic stress state at such interfaces, there is no way to replace this
knowledge with a quantitative estimate of degree of approximation. Further, the rational
treatment of phenemena such as cladding ridging at interfaces is precluded within the con-
text of a plane strain assumption since it occurs in a region where, by definition, such an

assumption is invalid.

For the above reasons, it seems reasonable to attempt exact elastic solutions for at
least some rotationally symmetric two dimensional problems relating to the behavior of clad
stacks of heat-generating pellets. In formulating such problems it immediately becomes
evident that an exact treatment is extremely difficult due to the nature of the boundary
conditions at the shell-pellet and pellet-pellet interfaces. Not only are the boundary
conditions of mixed type over both surfaces but the regions over which different conditions
act must themselves be determined as a portion of the solution. Rather than attacking the
full mixed problem, we have made several simplifying assumptions and concentrated on one
aspect of the interface problem - that of the contact stresses between cladding and fuel in
the region near a pellet-to-pellet interface.

There exist a class of somewhat similar problems relating to the study of stresses due
to shrink fits. In particular, Hill, Cakmak, and Mark {3], in studying the shrink fit of
a thick sleeve onto a solid shaft has shown that the resulting normal pressure distribution
is relatively insensitive to the assumed shear stress distribution on the interface. One
would expect this result to carry over to the fuel element problem and hence expect that for
both perfect slip (zero interface shear) and perfect bonding (equal shell and pellet dis-
placement at every interface point) the stress state would be quite similar in the pellet.
Since the perfectly bonded case can be treated by finite element methods while the case of
perfect slip would be very difficult to treat in this way, an analytic solution for the
latter case was completed.

The specific problem which has been studied assumes a description of the pellet which
is exact within the classical theory of elasticity while the cladding is taken to be suffi-
ciently thin to be approximated by a simple shell theory. Cladding and fuel are assumed
stress free at some reference temperature and a typical radial temperature profile is used
in computing the stress and deformation resulting from zero applied tractions and a
vanishing interface shear.

2, PROBLEM FORMULATION

Consider a fuel element consisting of a clad stack of fuel pellets as shown in Figure 1.
Cylindrical coordinates (r,8,z), with origin at the center of a typical fuel pellet, are
introduced to define position within the fuel element. The fuel pellets are assumed to be
gsolid circular cylinders of radius a, and length 22.* The cladding is modeled as a thin
shell of uniform thickness ts and mean radius ag. Pellets and cl;dding are considered to be

homogeneous, isotropic, elastic materials,

The fuel pellets are separated by a small axial gap g, (g/ac << 1), of sufficient size

to prevent contact of adjacent pellets during deformation. In addition, the lateral surface

*Subscrip:s c and s indicate parameters associated with the cylinder (fuel pellet) and shell

(cladding) respectively.
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of a fuel pellet is assumed to be coincident with the inner lateral surface of the cladding

in the stress free, undeformed state.

Deformation of the fuel element is due to a prescribed radial temperature variation and
the assumption that the radial displacement of pellets and cladding at the interface r = a.s
is identical. In addition the contact surface r = a, is assumed to be perfectly smooth,
having only a normal traction denoted by P(z). These conditions define the case of "perfect

slip" between fuel and cladding. A sketch of fuel element deformation is shown in Fig. 2.

Elastic interaction of pellets and cladding is assumed to be due to uniform internal

heat generation within the fuel which results in a radial temperature variation. Axial
*
temperature gradients will be neglected in the present analysis. In dimensionless form ,

the temperature field in the fuel, Tc, can be written as

f=e+-0D , 0spsl , W

2 -1

where Tc ('1‘c - TR)To ,

p = ra;1 (2)
is the dimensionless radial coordinate, and

-1 2,,..-1 '

0= [Tc(ac) - TR] TS, T, Qac(Ak) , (3)

with TR the reference temperature of the undeformed state, Q the internal heat generation

rate, and k the thermal conductivity. Within the cladding the temperature field, Ts, is

linear and is given by
t
Ts -T, = T + T, . - Ei £r_ <
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where T and T, are constants and r, = a, + 32 - r defines the radial position relative to

the cladding middle surface. In dimensionless form, this becomes

fs =8+ 1(1 - p) (5)
- -1
vhere T, (Ts - TR)TO and
- -1
T=ta T (6)

is a measure of the radial temperature gradient in the cladding. The stresses due to a
uniform temperature rise throughout the element describe an elementary plane strain state

and hence will not be included in the present analysis. Thus 8 = O and the dimensionless tem-
perature field becomes

A 2
T () =1-0p , O
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3. ELASTIC ANALYSIS OF FUEL PELLETS

The elastic analysis of the fuel pellet is conveniently treated in terms of Youngdahl's
stress functions, Youngdahl [4], which, in dimensionless form, satisfy
=0,
2 (8)
PR ame—m——"E-F , (O<ps1 , lg]lsw

*® -
In general, the dimensionless form of any function, f, will be written as f.
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where v is Poisson's ratio of the pellet material, = za :I.s the dimensionless axial

coordinate, and h = a. 18 the length to diameter ratio. In terns of the functions {i and
@, dimensionless displacements and stresses are given by
. B ) ., A
ur a % ° uz a (3{ + 2 35) H - (9
2 2 -
K C R R K N e AL R T
rr 35 ) L] 3€ ap2
) (10)
2 .
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where the relationship between dimensionless and physical quantities is given by
(ur) Q-v, ) Ur . 1-v, )
" —-ﬁ-———. s 4,, E o y . (11)
u, acucTo 1+v) z 1) acEcTo 1)

with a. the coefficient of thermal expansion and Ec the Young's modulus of the pellet. The
boundary conditions on the stress functions follow from eq. (10) and the stress boundary

conditions
f“-f)(z) » 8,205 (=1, gl <n a
°zz"°'5rz"° 3 (0<ps1, E=+h)
where
" 1- v,
P(E) = E T, £ p(z) (13)

is the normal traction due to contact with the cladding.

From symmetry and the nature of the boundary conditions, eq. (12), the solutions of (8)

are taken as

Mo,c) = A2 - 269 + Z A (ap)cosha € + Z B,1,(8 p)cos B E ,
n=1
s

a 2 2 2 <1, % ;
Q(p,E) = B(p“ = 2E) + 2A¢°(1 - vc) + 121 Jo(uip) \Ci cosh aiz

h!
Aiu £

S LA \
70 - 5 sinh a,€) + nZ1 cos B (D I (80) + 53— Il(Bnp)}
CIY . )

- J x r y T (y)dyex , (14)
o o

where A, B, {Ai)’ (Bn], are unknown coefficients to be determined from the boundary condi-
tions, Jo is the ordinary Bessel function of the first kind and zero order,-}o and 11 are

modified Bessel functions of the first kind of order zero and one, Bn = nth =, and a, are

the ordered zeros of J,. That 1is

Jl(ai) =0 , 0¢«< 8) € eee € a, NPT ATy (15)

The procedure for satisfying the boundary conditions is similar to that employed in the
free pellet case solved in Valentin and Carey [1]. After substitution of (14) into (10),
application of the boundary condition on rz at p = 1 gives a relation defining D in terms
of B . Similarly the vanishing of the shear at the plane ends defines ci in :erms of Ai.
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The stresses 3“ and Gzz are rewritten by expanding cosh uic and uie sinh uie ag cosine
series and Io(Bnp), oIl(Bno) as expansions in Jo(aio). The interface normal stress is then
expressed as '

B(e) -f-"-+ ‘f B cos B E (16)

2 =l " n

and the boundary condition on Grr 18 thereby reduced to a relationship between A, B, and f‘o
together with an infinite system of linear equations relating Ai’ Bn' and Pn. Similarly,
by writing the temperature field as

Tc(o)=1-o 1§ tJ (@p) , o =0 , a7

1 -2 =1
con-z- N :1=-4a1 Jo (ui) s, 1=1,2, ...,

the boundary condition on azz gives a second relationship between A and B plus an infinite

linear system relating Ai’ Bn’ and ti'

Summarizing these results we first introduce the parameters

* uih *
A= a,J (a,) e » B = annxl(gn)
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The infinite systems derived from the boundary conditions are then

L)

* * * X -
1 a, A +bB -P =0, (a=12..) (19)
i=1
aA+{b B =t @ =1,2...) (20)
11 L LT 28 ver

The constants A and B may be eliminated since
3 - v - -
a+2)-v) v -1 P 1 vc)

Ao—————————. | B = -2 ( (21)
4(1 + \)c) 8(1 + Vc) 4 1+ Vc
In termms of the above relations, the pellet displacements and stresses may then be written as
— - " a* ay (€-h)
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Additional equations necessary for determining the unknown coefficients An' Bn' Po and Pn.
(n=1,2,,,) are established by considering the deformation of the cladding under the radial
stress P(f) together with the condition of continuous radial displacement at the pellet—

cladding interface.
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4, ELASTIC ANALYSIS OF CLADDING

The cladding is considered as a thin cylindrical shell of infinite length having a
linear temperature variation through its thickness, zero resultant axial load and a periodic
radial load P(z). For simplicity, the radial load P(z) is assumed to be continuous and the
effect of the unloaded region over the axial gap between adjacent fuel pellets is neglected.
In terms of displacements, the equilibrium equations for the shell are

a%a_ ai_

-¢c, —==0 , (23)
dcz 1 dg
and

a“a, @, . .

F - C2 ?C— + C3ws + C&Tl - CSP = 0 (24)
where Gs, ;'s are the dimensionless axial and radial displacements respectively, of the
middle surface of the cladding, .

. -1 . -1, -1.2
cl = vsacas , C2 = 12\;5.3‘:3‘s (acf.s ) .
= -2 - ~1
03 g °1°2"s . Cl' = szs N (25)
2 3
c. =12 ~ "% (a—c) Ze , T = (% 91 - Voot
3 1+ v2 r's E 1 a+ vc)ucTo
The actual shell displacements are found from
(“s) 1+v, (“s
o = acuc T-v To a . (26)
s c s
For the case of zero axial stress resultant, eq. (23) is replaced with
du
s A *

F A I 27
and, with the aid of equations (16) and (27), (24) becomes

d[“ﬂ's N * i;o T A
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The boundary conditions on Gs and GS, which follow from symmetry, are
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The solutions of eqs. (27) and (28) which satisfy (29) may be written
-~ Go - -
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With the aid of eqs. (22) and (30), the condition of continuous radial displacement at the

pellet-cladding interface (p = 1) implies
-1
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5. NUMERICAL RESULTS AND CONCLUSIONS

The system of equations (19), (20), and (32) defining the unknown coefficients A:. B:
and Pn' (n =1, 2,...) was truncated at some number of terms (usually n = 20) and solved by
a standard double precision subroutine based on the Crout method. These coefficients were
then used to calculaﬁe stress and displacement components in the fuel element. Examination
of these results and others based on n = 30, indicated that sufficient convergence was
obtained with 20 terms. The three traction-free boundary conditions on the surface of the
fuel pellet were, in all cases, satisfied to within 6D accuracy. Approximately 2 minutes
of machine time on the IBM 360/50-75 were required to evaluate all stress and displacement
components at 21 axial positions on each of 11 radii within the fuel element.

The solution for the elastic state in the fuel element depends on the following
parameters:

h = Fuel pellet length to diameter ratio

act; = Fuel pellet radius to cladding thickness ratio
BCB;1 = Ratio of Young's modulus of the fuel pellet to Young's modulus of the cladding

v, = Poisson's ratio of fuel pellet
v, E Poisson's ratio of cladding
usuzl 2 Ratio of linear thermal expansion coefficient of cladding to linear thermal
expansion coefficient of fuel pellet
T= Dimensionless temperature gradient in cladding.
Due to the large number of parameters involved, a limited amount of data was obtained,
primarily for the following nominal values of the above parameters: h = 1, ac/cs = 10,

ECIBB al, v v = 0.3, ua/ac = 1, and T = 0.25.

Typical dimensionless surface displacements of the fuel pellet are presented in Fig. 3,
for various degrees of radial restraint as measured by Young's modulus ratio Bc/Es' In~
creased cladding stiffness results in reduced radial displacements coupled with increased
axial expansion of the pellet. The maximum dimensionless radial displacement on the contact
surface occurs at the plane ends of the pellet and is shown in Fig. 4 along with the corre-
sponding value obtained from the assumption of plane strain. Similarly in Fig. 5, the
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maximum dimensionless axial displacement aﬁa.the ébrresponding plane strain value are
plotted as a function of ECIES. for a given set of fuel element parameters. Fig. 6 gives
these maximum displacements as a function of the pellet radius to cladding thickness

parameter ac/ts.

The central region of pellets, having a length to diameter ratio h 2 1, are in essen-
tially a state of plane deformation, however significant'deviation from plane behavior occurs
near the ends of the pellet. The maximum dimensionless axial displacement Gz(o,h) is for
these and other cases considered, approximately twice the value predicted by conventional

plane strain analysis.

The dimensionless axial stress distributions presented in Fig. 7, on several axial
planes in the pellet, indicate the variation of axial stress through the pellet. The dis-
tribution of axial stress on the mid-plane £ = 0, is essentially as obtained from the
assumption of plane strain., Near the edge of the pellet the magnitude of the axial stress
component diminishes and is identically zero at the plane edge, as required.

A typical interface pressure distribution P(f) is shown in Fig. 8., Significant
departure from plane results are noted, and an area of reduced local pressure near the
pellet edge 1s observed which appears to be due to the "bridging" effect on the cladding
caused by the local high curvature of the pellet. The maximum contac£ stress, shown in
Fig. 9 as a function of the ratio Ec/Es’ always occurs at the edge of the pellet and is much
larger in magnitude than the corresponding plane strain result. In particular, for the fuel
element parameters of Fig. 8, the maximum contact pressure is approximately six times the
plane value,

Dimensionless stress resultants in the cladding are shown in Fig, 10 and 11 as a
_ function of axial position, for a given set of fuel element parameters. The axial and
circumferential bending moments and the circumferential force in the cladding increase
substantially near the edge of the pellet and obtain maximum amplitude at pellet edges. The
maximum dimensionless bending moments are presented in Fig. 12, as a function of Young's

wodulus ratio Bc/Es and substantially increase in magnitude as cladding stiffness decreases.

These and other results for various values of the fuel element parameters, give a
quantitative estimate of the state of stress and deformation in a fuel element in the
vicinity of pellet-pellet interfaces, which differs greatly from conditions at the center of
pellets as determined by the assumption of plane strain., Design criteria for pellets and
cladding should allow for the localized stress concentrations which exist in the neighbor-
hood of pellet-pellet interfaces.
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DISCUSSION

(@ X D. OLSHAUSEN, Norway

1. What are the actualvalues of E./E4 occurring in fuel pins, e.g., UOz/Zircalloy ?
It seems that pellets behave as if they were "free' already for rather small values of
E./Egsl.

2. Do your ''free pellet" results agree with the calculations of Veeder ?

; A R.A. VALENTIN, U.S. A.

1. It is true that most real fuel pins have E_ /Es values small enough to allow one to closely
model the deformation with the free pellet deformation. It is true, however, that there are
cases where one inserts special pins of non-standard properties to test specific responses
of new materials, new geometries, etc. For these cases it is important to have some theo-
retical results for wider ranges of various parameters.

2. Our "free pellet" results are essentially similar to those of Veeder but contain more
details concerning the stress distributions. The "free" results were done several years ago
(see R. A. Valentin, D. F. Schoeberle : Transient thermal stresses associated with sudden
initiation of internal heat generation in an axial segment of a circular cylinder. Nuclear

Engineering and Design, 9 (1969) p. 63-80) primarily to test our solution methods, numerical

convergence properties, details of the shear stress field near the pellet corners, etc..
They were intended as the first problem in an extensive series of interaction studies of

several types of contact conditions.

Q R.W. WEEKS, U.S. A.

Did you consider any frictional interaction between the fuel pellet and the clad ?
A R.A. VALENTIN, U.S. A,

shear existed between fuel and cladding. The reason for this was that existing finite-element

No frictional interaction was considered. It was assumed that zero interface

codes can handle the case of perfect bonding very easily. Ours was an attempt to provide
analysis for the other limiting case. It has since become possible to treat zero interface
shear problems in finite-element codes in a more rational manner so perhaps such exact

analyses as ours are now of use only for checking computer codes.



