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CHAPTER T
INTRCDUCTION

The theorems and lemmas in this paper were developed in an at-
tempt to find a "best" way of analyzing the results of an experiment
of the type which Barnard Z-l._7 calls a "2 x 2 comparative trial”.
For instaice, suppose there are two manufacturing processes such that
for each process a particular unit of product will be defective with
some fixed but unknown probability, In order to decide in which ~ -
process this probability is the least (or possibly to decide that the
probabilities ard equal) we will takg samples of sizes m and n from
the‘two, and count the numbers u and v (say) of defectives, The re-

sults of the experiment may then be put in tabular form.

Defective | Not Defective | Totals
Process I u m - u m
Process II v n-v n
Totals S N -3 N

Thus,we are led to a 2 x 2 contingency table with 222_gg§_3£_f3£g}25£
totalsrfixed. The analysis of such tables has occupied the attention
iof statisticians for more than half a century /12 7,

In the terminology of Barnard /~ 1 7 such a table contains data
resulting from one of three kinds of experiments:

(i) Indeperdence Trial (Both sets of marginal totals variable),

(11) 2 x 2 Comparative Trial (One set of marginal totals variable), .

1 Numbers in square brackets refer to bibliography



(iii) Double Dichotomy (Marginal totals fixed),
The first kind (i) is exemplified by the Winoculated or not-imocu-
lated, infected or not-infected ™ problem, where the sample is chosen
at random from the population. Fisher's /6 7 lady tasting tea is an
example of the third kind (iii).

One of the vuzzling questions for a long time was whether or not
the same test should be used in all three situations. The'apprpfigigima
X? test,which Cochran /” 3_7 calls the 32 test, is equally valid in

all three cases for large samples, as Cochran points out. This is not

so in small samples because the distribution of X2 is then different

in the three cases. The Cochran article cited, incidentally, has an

excellent bipliography of the whole history of the 2 x 2 contingency
table problem.rwgzéher_[-S._7 recommended that the same ﬁgﬁggﬁﬂ_§g§§“be

used in all three situations, Finally, Tocher / 1l_7 showed that a medi-
fied form of Fisher's test (Fisher-Tocher test) is a most powerful onew~

tailed test (in the Neyman-Pearson sense) with any of the three types

of data, One result which we here obtain is that the two-sided Fisher-

Tocher test and the/»xzx.test are‘boyhﬁggzggyggigﬁgiz§efficient in a

certain sense,

Let the nrobaililities of defectives in the two populations be &

and M respectively, We define three types of problems for 0 < § < 1:
Type I a)l(ﬁ)'—‘ {g-nf-éj vs. w2(6)= 3 g-n > 6& ,
{le;-n; 3_53 )

ia-n_>_5§ .

B

Type IT @ 5 = 1E-n= O; vs. c02(5)

i

Type TII @ 5 = }g-nso% vs, m2(6)



e obtain varicus tests, all depending only on linear functions of the
sample percentages, which are asymptotically "efficient! in certain
senses (as subisequently defined), for the following situations in which
we have preassipned upper bounds a and @ to the error probabili-
ties.
(a) For Equal Sample Sizes
Type I, Uxact efficient test when a = 8 (Chapter II).
Tvpe ITII. Asymptotically efficient test where Z remains
fixed and a tends tec zero (Chapter V).
(b) For Unequal Sample Sizes m and n, g Fixed

Tyves I, II, and III., Asymptotically efficicnt tests where

a, B remain fixed and © tends to zero., Asymptotic expressions
for the most “economical’ ratios %,which minimize the total
cost of sampling when such tests arec used (Chapter ITII).
Iype I, Asymptotically efficient test where £ remains

fixed and a tends to zero, Asymptotic expression for the
minimum sample size (Chapter V),

V// We define a class of bayes tests which have certain desirable
properties, and in some special cases where the sample sizes are equal
and small, compare these bayes tests with the corresponding Fisher-
Tocher tests previously mentioned (Chapter IT).

Finally, we show (Chapter IV) that the Fisher~Tocher test is

asymptotically efficient for the type III problem as 6§ —> 0O, and that

2

the two sided Fisher-Tocher test and the X° test are both asymptoti-

cally efficient for the type II problem as & —> 0 .



We will begin by formulating a slightly mere general problem than
the one posed above,

Let X, = (yi, Tos «ves yk) represent k indepandent observations
of a random variazble Y. Suppose the random variable Xk has the gener-

alized density fg(x, k) with respect to a fixed measure By for x in

9€k and all € in some closed Euclidean space __(_)__ .

Suppose there are two alternative courses of action associated
with two decisions Do, D,, and subsets 10 @, of (7)., =ich that
Di is preferred for & in “)i(i =1, 2), and it does not particularly
matter which decision is taken for & in (7) - o 1= @ 5. The de-
cision is to be taken on the basis of a sample of size k and a critical
function ¢ﬁ ¢ when the sample size is k and x is observed, take D2
with probability ¢l’{(x) and D, with probability 1 - ¢l'<(x). For this
sample .size the error probabilitieé are EOVQ when € 1is in 1 and
Eg ’ 1-¢£} when & is in @ ,. In general,we will require that these
probabilities be bounded above by preassigned numbers a and B . We

will choose k large enough so that

! 1
(1.1) sup Efy <a , supEg 1-¢k}_<_ B,
wl (,02

where a >0, 8 >0, anda + <1,

In order to simplify the notation we will define the following
risk functions for any test based on k observations, and related use-

ful concepts,



Eg¢' for € in

1
1.2 (e,p') = |
(1.2) ric(e,0") 2 By § 1-¢'} for 6 in w, )
0 otherwise /’
rgk(ﬁ‘) = sup r£(6,¢') for i = 1, 2 ,
. ‘ Wy .
Lo t :
a=p/(a +B), b=ala+8) s

2] t =
Tk( @) bEg{.l"¢,} for € in Uy )

-0 otherwise

.(/

rik(¢') = sup r (8,f!) for i=1,2 s
wi
T (1) = sw r(e,) = max ry (#1),ry (0]

L

r, = i;f rk(¢‘)

e will show that conditions (1.1) are equivalent to the following con-

dition:
(1.2.1) n () 5 2
To prove the statement, suppose rk(ﬁé) = max grlk(¢£)‘
- * _ .1 3
r2k(¢&)} < aa = bB. Then rlk(¢£) = (a)rlk(¢é)~f a and r2k(¢}) =
1 . . ¢
(S)er(ﬁﬁ)-f B,which imply (1.1), On the other hand, rik(¢ﬁ) <ag im-

plies rlk(¢ﬁ)'f aa, and r;k(¢£) < B implies r2k(¢£)'f bg = aa. Hence



rk(;fl!{) <aa.

We can therefore restrict ourselves to finding tests satisfying
(l.?.l),and in what follows we will assume there is at least one finite
k and a test ¢é satisfying the condition (1.2.1). There will, in gen-
eral, be many tests and sample sizes for which this condition is safé
isfied. One optimal way of choosing among these is to pick a test, not
necessarily unique, satisfying (l.?.l),for which the sample size k is
a minimum,

(1.3) Definitions.

N* = least sample size k for which condition (1.2.1) can be sat-

isfied,

Let {ﬁi% be a sequence of tests, one for each finite sample

size k = A,
Let T be the set of sequences {¢{ 3 s Such that g di } is in
T if and only if there exists a finite k such that ¢£e {¢; k
satisfies condition (1.2.1).
Let N*; Q{k = least integer k such that ¢£512¢§“}satisfies
condition (1,2,1),
It then follows that

(1.3.1) = omin g }
e

Let N = least integer k such that r, <aa.

Our first problem is to find a test ¢N% which is based on a

size N* and at the same time satisfies condition (1.2.1), We will now



define an efficient test,
(1.3.2) A test will be called efficient if it is based on a sample size
N* and satisfies condition: (1,2,1).
We now present some lemmas,
Lorma (1.1)

For fixed k, if there is a test ¢k suck that rk(¢k) =1, then,

(B = Ty ()

Proof of Lemma (1.1)

Suppose the lemma is falsc, Then there exists e > 0, and a test

¢k’ such that rik(¢k) +g = rjk(¢k) =r, for i #3 (=1,2). We may

#

suppose without loss of generality that i =1, j = 2,

let @, =y + (1-y)f . This is a test for 0 <y <1. Then
1- ¢yk = (1-y)(1-¢,) . ODetermine y so that rlk(¢yk) = r2k(¢yk) .
£
Then, ay + (1-y)r) (%) = (1-y)(ry, (A ) + &), or y = ==, and O <y<1,
7 )= = - -
For such y, rk(/k) rk(¢yk) ro (%) r2k(¢&k) yro (#) 2y e >0,
Hence, rk(¢§k) < rk(¢k) = r,, which is impossible,

Lemma (1.5)

If, for some fixed k, there is a test which satisfies con-

¢lk
ditions (l.l),and for the same k there is a test ¢k such that

rk(¢k) = 1), then ﬁk also satisfies the conditions (1.1),

Proof of Lemma (1.,5)

( (/, - a . . N .
rk\¢k).5 (”lk) < aa = bB because ¢ik also satisfies condition



(1,2.1), Therefore, ¢k satisfies condition (1,2.,1), which is equiva-
lent to conditions (l.l). The proof is complote,

Tt is clear that there is a sequence {w’}\ } in T such that
¥ s ¢ '
(1.6) awih )

Lemma (1,7)

If, for every positive integer k,therc is a test ¢k such that
#*
rk(¢k) = r,, then N = N,

Proof of Lomma (1.7)

By definition of N*, there 1s a toest ¢§* such that Ty =
rN%.(¢§*)'f aa, Hence, N <N¥, By definition of N and assumption of
the lemma,there 1s a test ¢ﬁ such that 1 (¢N)-f aa, Hence, N* <
N* { ¢i'} <N, This completes the proof,

An Extended Problem

Suppose we may bake any numbor of obscrvations from cach of 4 pop-

ulations, The cost of a single obscrvation from the ith population is

Cy > 0, indepcndont of the number of ohservations, for i = 1, 2y vury Y.
The problem is to minimize the total sampling cost subject to conditions
(1.1) or analogous conditions, It will be convenient in what follows to
assume fixed ratiosrawong the sample sizes, For instance, let ni/nl =
vy for 1i=1, 2,_.‘., ¥y, where n, is the number of obsservations from
the ith populction, Then we may bs able, for sach fixed v = (vl, Vo
coes vY), to dotermine our best tost and minimum sample size., Subse-

quently wo might boe able to choose v in such a way that thc total cost

of sampling is minimized, For such a setup the total cost of sampling



(if n, = k) is

1
Clk,v) = cln1+02n2+...+cYnY=n1(clv1+...+chy)=k(c1vl+. .+cyvy).

We may assume Ves vees VY are integsrs, since, for k = k'nl(k’, ny
positive integers), we have C(k,v) = ki(ogng + cony + 4., + CYnY) .

Let V be the y-dimensional spacc of vectors v with non-nega=-
tive integral gomponents and vy = 1, and such that for each v in V,
condition (1.?.1) can be satisfied for some finite k, whers n, = kvi for
i=1, .., ¥o For each v in V we define quantities like those in
sections (1.2) and (1.3). For instance, we replace N by Ni s T by Tv’

ﬁi by ¢§V) s T, by rﬁv), etc,

We assume conditions (1.1) can be satisfied with finite cost and
define C +to be the minimum cost for which condition (1,2,1) can be
satisfied, Then,

N #* 3t
(1.8) C = 13$ C(N,v) = i%; (NV)(clv1+..,+oYvY) .

Lerma (1,9)
If, for all positive integral k and all v in V, there are tests
v (v) f Av) (v)
¢§ ), such that 1 ( ¢k ) =71 " , then,
(a) C = 1,‘1}]‘1' (NV)(01V1+'..+CYVY) 3
(b) There is a test which satisfies conditions (1.1 or 1,.2.1)

with cost C,

Proof of Lemma (1.9)

The truth of statement (a) follows directly from lemma (1,7),

To prove part (b), let Vl = Ev: Civi.f G+l § . Since a + B <1,

we have Nv > 1, Hence, v in V - V., implies
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Nv(clvl+...+chY) > ¢(C+l) > ¢

Hence, C = min C(Nv,v) = C(NV ,vo) for some v_ in Vl(a finite set).
v o
1

(v.)

0
N

v A

0 o} 0

(v)
By assumptions r i.¢N ° &5 aa, and £ satisfies condition
4

N
v

(1.2.1) with cost C; This completes the proof,

The guestion naturally arises, "hen can conditions (1.1) ve sat-
isfied?"  The following simple lemma gives some information on this
point,

Lemma (1.10)

If, for any test ¢£, Ee¢é is a continucus function of 6 ¢

i_l_, a+ B <1, and wy and @, have a limit point in common, then

conditions (1.1) cannot be satisfied for any finite k.

Proof of Lemma (1.10)

If the lemma were false there would exist a test ¢ satisfying
(1.1) for some firite k., There cxist sequences ;Siji & Wy for

1, 2 and 211 j =1, 2, .., such that eij —>8 as j—>oc0 for

i
i =1, », Then,

B g < sw Ee¢ < a for j=1,2, ... ,

1j ¢L1

and

g (1-%) < sup ES1-¢) < 8 for 3 =1, 2, ...
23 LC?

Taking the limitson the left in the two przccding equations as j —> o,

A

and making use of the continuity property of EQ¢, we have EQ¢ < a and

Ee(l-¢) <B. Hence a+ p >1, a contradiction.



CHAPTER IT

CHOOSING BEIWEEN TWO BINOMIAL POPULATIONS
WHEN THE SAMPLE SIZES ARY EQUAL AND THE

LOSS FUNCTION IS SYMMETRICAL

In this chapter we consider tests based on two samples of squal
size from two binomial populations, and we assume that the loss func-
tion satisfies certain symmetry conditions., Ve show that, when look-
ing for minimax tests, we may restrict ourselves to a class TO of

tests having certain symmetry properties, and we show (Theorem 2.3)

that there is a unique test in T, which uniformly minimizes the risk

0

among all tests in TO.

When the loss function is of a certain simple type we show that
the above mentioned test is a bayes test and can differ from any other
minimax test only on the set where the two sample percentages are equal,
We obtain (Theorem 2,6.7) simple upper and lower bounds to the maximum
risk of this bayes test.

We conclude by comparing the risk of a certain bayes test with
that of a randomized version of Fisher's "exact! test as defined by

Tocher Ztlh 7, obtaining some general results and considering some

special cases.in which the sample sizes are smdll,

2,1 The Problem,
Let Yi, Y2, o.. ad, inf, be a sequence of independently and i-

dentically distributed random wectors Yi = (Xli’ X2i)’ where Xli and
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X are independent for all i, and

{ O with probability 1l-mn

21
1 with oprobability &
(2.1.1) Xy = A
0 with probability 1-& |
1 with probability m }
X2. = { .
i )

Lot e=@m)mdjj_=§m05g,n51§.

On the basis of an observation, (yl, Vo5 eees yk),we want to make
one of the two decisions (Dl’ D2). We consider test functions @' based
on sample size k& when (yl, vy yk) is observed, take D2 with prob-
ability ¢'(yi, +e+s ¥y)s and take D, with probability 1 - ¢'(y1, ceus
i) Let wi(e) be the "loss" associated with taking decision Dy

(i =1, 2) wvhen & is the true parameter.

(2.1.2) We will consider only loss functions which have the following
propertiess:
(2.1.2.1) wy(g,m) = wy(leg,1-m)
(2.1.2.2)  wy(g,m) = wy(n,E) s
(2.1.2.3  (g=n)/"w (g, m)-w,y(g,m) _7 2 0 for all (g,m) ¢ (7),
and insquality is strict for sems © = (&,n), where © is in the in-
terior of (7).
In particular, the following loss functions satisfy conditions
(2,1.2),
1 if 86 o

(2,1.3) w, (8) = Jt forif =1, 2
0 otherwise

N hY

whers O<5<l,ml=zegg-nf-5§, and 0.)2 ={e:g-—n35} .
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The risk functions when the sample size is k and the test ¢!

is used are given by

(2.1.1) XCHORENORRCE DERACHX I

r (§') = sup r, (8,4') ;

€L
k k :
Let Uk = .Z Ali and Vk = .Z Xpse Then Uy has the frequency
i=1 i=1

function ?g(u,k) = (E)gu(l-g)k-u,and Vk has the frequency function
ky v K=v '
—3 - == U -
fn(v,k) (In (1 M) . Lot X = (U, vk). Then X, has the fre

quency function fe(x,k) = fg(u,k) fn(v,k). Since Xk is a sufficient
statistic for € 8_£~2JW8 may and shall confine ourselves to tests
gt = ¢’(Xk), depending only on X)ee

Our aim is to find a test ¢f, based on sample size k, satisfying

(2.1.5) rk(¢) = %?f rk(e,éi) for every k .

We will show that the test
1 if u>v 'Z
3

1/2 ifu=v

¢

!

0 if u<vw J

satisfies the condition (2,1.5) for every k whenever the loss functions
satisfy conditions (2,1,2),
We first introduce a lcmma,

Let X be a random variable with the generalized density fe(x)



1

with respect to a fixed measure u for x ¢ :,‘{ and © in some para-
meter space ( ) . Lot g and g* be transformations of (7) onto
_(")_ and 3{ onto ’—)( respectively, with the properties:

(a) g(go) =8, g*gk)=x ,

(b) fgg(g*x) = fe(x) almost everywhere (W) on x for all € & (7),

(c) the loss functions have the property, Wl(6)= w2(ge) for all
o ),
(d) the mcasure p is invariant under g%,
Lomma (2.2)
If conditions (a) through (d) hold and @' is any test, then
there is a test @ belonging to the class T = §¢':¢'(x) =1 - Q’(g%x)},
with the properties:
(e) I‘(ﬁl) <r(g") ,
(£) r(8,p) = r(g6,¢1) for all 8 e () , where r(e,¢') and
r(f!) are defined by (2,1.4).

Proof of Lemma (2.2)

- 3
Let ¢! be any test and define Qfl(x) = .,¢'(x)+12¢'(g x) . Then

- sty )41 =1 ( g3 g
1-¢(g")=1=/ Qfl(g“x)+12¢f(g g'x) _7, and by assumption (a),

1l - Q’l(g*x) = ¢‘(X)+:-¢(g*x) = ¢1(x). Hence ¢l e T, Now

2r(e, @) )= (8)F; /701 (g¥X)¥1~F1(x)_T¥wy(8)B [ F1(x)+1-g1(g"x) 7,
=r(8,d! )+W1(e)f(é'(g"“x)fe(x)dpﬁwz(e?j_['l-gﬂ’(g"“x)_?fe(x)dp .

By assumption (b),
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2r(e,d, )=r(8,4 iy (8) f g g*x)fge(g*x)du+w2(e)f[1-¢ ' (g%x)_]fge(g"%c)m.
By assumption (d),
2r(6,¢l)=r(9,¢' )+Wl(e)Ege¢?+W2(e)Ege(l-¢’ ) .
By assumption (c),
2r(8,f; J=r (8, Jru (g8 )E o 14wy (g8)E o(1-0)
=r(e,q" )+I‘(g8,¢)') .
Now , 2r(g6,¢1)=r(ge,¢‘)+r(gge,¢')=r(g@,¢!)+r(8,¢'),by assumption (a),

Hence,r(ge,¢l)=r(e,¢l), which proves assertion (f), Finally, .
2 Sup r(é,¢1)= Sup Z‘r(6,¢!)+r(ge,¢')_7'f 2 Sup r(8,@!), which completes
0 ) L1
the proof,
In order to applyihe lemma to our problem,let gl(g,n) =
(1-,1-m), g?(u,v) = (k-u,k-v), gz(g,n)=(ﬂ,g)e and gg(u,v) = (v,u).
Let T, = i gre grlu,v) =1 - ¢!(k-u,k-v)} » Iy = §¢': gr(u,v) =

1 - gr(v,u) } , and Ty = T1 (} To.

Theoren (2.3)

For the binomial problem {2.1) with loss functioms satisfying
conditions (2.1.2), the class T, has the properties of the class T
of Lemma (2,2), The test

1 if u>v

(a) ¢ 1/2if u=1v { s

0 if u <vw J

is the unique momber of Ty which minimizes the risk uniformly in
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e (). Morcover, rk(¢) = inf rk(¢'). These results hold for every
gt

k.

Proof of Theorcm (2.3)

Since conditions (2.1.2) hold,and the condifions of lemma (2.2)
arc satisfied for both pairs of transformations (gl,gi’) and (gz,g*e"‘),
the classes Tl and T2 both possess the properties of the class T
of the lemma., The same is therefore true of To.

Any member of T, has the property that gru,u)= 1 =g (u,u) =

1/2 for u=0, 1, ..., k. Hence, § ¢ Ty implies

(2.3.1) g(u,u) = 1/2 for uw=10,1, ..., k.

Clearly, Ty L) f 7 =1y /(1-g,1-m),¢ 7 for g e T,s and in
minimizing the risk we may suppose that € = (Eyg+e) for 0 8 <1 - ¢,
0<e<1.

We want to choose ¢f & T, so as to minimize

r(8,f) = w,(9)Eg(1-g) + wy(€)EgS .

w. (8)+w,(8)
1 2 P, {U = V} + 3 wl(e)[l-Qf(u,V)jfg(u,V)

2 udv

[

+ 0z w2(9)¢(u,v)fe(u,v)
uFV N
(e)+w,(8)
(E——é—yg———) Pe(U = V) + wy(8)Py(U > V) + w,(8)Fg(U < v) 7

- 1
+ Z s Wo(8)-w, (8 fo(u, v)-fo(k-u,k= .
/ u>V¢(u v) i 2( ) l(e)j i e(u v) glk-u k v)}_]

The first term in squarc brackets is independent of @, and we want to
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minimize the second cxpression in square brackets. Now 6 = (g,£+¢)
implies & - m <0 and by (2.1.2.3) we have W2(@) - wl(e) >0 ., Hence
we can solve our problem by determining g so as to minimize S(8) uni-
formly for © = (£,k+e), where 5(8) = Sl(e) + 82(8), and
Sl(e) = 3 @(u,v) Z‘fe(u,v) - fg(k~u,k-v) 7
usv
u=k-v
32(8) = 2 @g(u,v) [-fe(u,v) - fG(k-u,k-v) 7 .

u>v
UFk=-v

In sl(e) we have u = v + ¢, where ¢ > O, and thc coefficient

of @(u,v) has the same sign as

£V(1) " (gre) (1g-e) " [EC(1g-e)° = (1-8)%(k4e)® 7,
which non-positive for all # and & , and is strictly negative for
0<&<1lwg, 0<g <1, For some & and ¢ satisfying the latter con-
ditions we have wz(e) - wl(e) > 0, To mininize sl(e) and Z-W2(e) -

wl(e)_7sl(e) uniformly in @ = (¥,f + &),we must take

(2.3.2) #(u,v) =1 whenever u>vand u=k=-v .

In order to minimize sz(e) we first write it in the form:

S,(8) = uiv gu,v) Z-fg(u,v) - £ (k-u, k-v) _J +
u<k-v
+ 3 Pu,v) [Eg(u,v) - fe(k-u, k-v) .
wv
wk-v

The sccond sum in thc last expression is equal to
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5 f(u,v) [E(k-v, k-u) - fe(v,u) 7,
u>v
u<k-v
and
5,(8) = 2 g(u,v) [-fe(u,v)—fg(k-u,k-v)+fg(k-v,k-u)-i‘e(v,u)_7.
u>v
u<k-v
In S2(e) we have u=v+c¢c and k -u = v + d, where both ¢ and d

are positive, The coefficient of @(u,v) in Se(e) has the samc sign as
[E(LE) (gre) (1gme)_T" /T8 ) (1og e ) (2 4e) 7/ (1800 (1-8) (4,

This last cxpression is non-positive for all ¥ and e, and is strictly
negative for 0<f <1 -~¢, 0 <g <1, ©For somec ¥ and e satisfying

these last conditions we have wz(e) - wl(e) >0, To minimize SZ(Q)

and ['wz(e) - wl(e) 7 Sz(e) uniformly in © = (£,z+e), we must take

(2.3.3) #(u,v) =1 whenever u>v and u<k-v .

The test satisfying (2.3.1 - 2.3.3) and belonging to T, is

clearly the test defined by (a) of the theorem,and is unigue, That

rk(¢) = inf rk(ysz) is obvious from the above arguments. The results ob-
!

tained do not depend on k or &, The proof is complete.

2.4 Points of Maximum Risk for thc Best Tcst when the wi(e) are given

by (2.1.3).

Here we may restrict ourselves to wq whcre the risk is now
simply EQQ'(X‘{). Any @ in ®q is of thz form (gl,g-va) for 0 <& < 1l-¢

and Gfefl.
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(2.4.1) &-
de

Eg,EMQ‘(::k)-——ku?v[gz(u,wl)-¢(u,v)__7fg(u,k)f€+8(v,k-1) <0,

and the maximum risk occurs on the boundary of ml, that is, for © =

(2,6+6) whore O <¥§ <1 =-56.

2
2 e

=k/" quDl(u,v)fg (u,k-l)fg+5(v,k)_7+k_/_-quD2(u,v)fg(u,k)fg +6(v,k-—1)_7,
3 E]

where
{1/2 for u = v or u= v-1 ?

Dl(u,v) = F(url,v) = #lu,v) = j s
{ 0 otherwise J
(‘-—1/2 foru=voru=v+l\

D2(u,v) = Plu,v+l) - Hu,v) = ¢ .
5 0 otherwisc J

We can factor out k/2 from every termyand the derivative is proportional

to

= z= - - =V - —~ =
(2.1.2) P(Uy 4 v,) + P(U_q= V-1 P03V, 1) = F(Uml = Uy 4)

Let U=10_, V=1 _qs W =X and Z = AEk‘ A1l these are independent,
and omitting thc subscript © temporarily,we may write (2.4.2) in the

form:
(2.1.3) ( P(U=V)P(Z=0) + P(U=V+1)P(Z=1) + p(1+1=V)P(2=0)+P(U=V)P(Z=1) }
- P(U=V)P(W=0) - P(U+1=V)P(W=1) - P(U=V)P(W=1) - P(U=V+1)P(LJéO)J

= P(U=V+1)P(Z=1) + P(U+1=V)P(2=0) -~ P(U+1=V)P(W=1) ~P(U=V+1)P(W=0) .

Hence,
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(2.5.4) §£ E #=(k/2)(1-25~6} [ Py (U, _1+1=V, 1 )-To(U 1=V 1+1) 7,

g;E+8

which is negative for ¥ =1 -8 and k >1, For k = 1,the doriva=
tive (2.L,l) vanishes identically, For k > 1, let k' =k -1, Then

the factor in squarc brackets in (2.h.h) is, for 0 <g < 1-58,

ge6 ok k'=3(y45Yd
T My Ea £ eyl 1e-)" > 0

Hence, the dsrivative (2.L.L) has the same sign as (1-22-8), By Theorem

(2.3), Ty Z-(g,n),ﬂ_7 =T, Z"(n,g),¢'_7. ‘s havc proved the following

theorem,

Theorem (2.&:5)

For k>1 and 0<6 <1, rk(e @) attains its maximum only at

1-5 l+5) (l+5 -6
2

the points &, = ( and 8, Wy .

2,5 Admissibility and Almost-Uniqusness of the Best Test.

Iet P(8) assign probability 1/2 to cach of the points 6y and

6. as defined in (2.4.5). Tt is easy to show that the test @ given

2
in (2.3) is bayes with respect to P, and can differ from any other

bayes solution only on the set % (u,v): u = v,}- . »ny minimax test
must also be baycs with respsct to P, and can differ from ¢ only on
this sames set,

To show that ¢ is admissible, we assume that @ is not ad-
missible., Then therc is a test ¢1 with rk(e,¢) - rk(e,¢l) >0 for
all 8, and incquality is strict for some 6 which,wc may assume with-

out loss of generality, lies in (nl. The point of strict inequality is
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then 6 = (g,g+e), where 0 <g<l-¢ and 6 <e¢ <1. ¢l differs
from ¢ only on the set i(u,v): u=v } s and we have
E g - B.g, = 3(5)%a.d(1-0)Izre)d(1-2-e)59 5 0,
2] e'1 i J J

1
where aj = ¢(3,3) - ﬁl(j,j), for j=0,1, ..., ke Let & =

(E+e,k) ¢ tys Thon,
r(e',¢) - r(e')dl) = Ee'(¢l-¢)

2 . ) )
J

contradicting our assumption, We have proved the following theorem, when
the loss functioms are given by (2.1.3).

Theorem (2,5,1)

The test ¢ is admissible for all k, For any k, the test ¢

can differ from any other minimax test only on the sct } (u,v)su = V’} .

2.6 Bounds to the Maximum Risk and Minimum Sample Size for the Best Test,

We again assume that the loss functions arc given by (2.1.3). Let
rk(é) = Eg ¢, where 8, 1s given by (2.4.5), and the sample size is k.
1

Using the notation of (2.4.1) and (2,4.2) we have,
(2.6.1) #,.,(8) = Pel(waz)Egl¢(Uk,vk)+Pel<w > Z)E61¢(Uk+l’vk) +

+ Pglog < Z)Eelﬁ(Uk,Vk+l) .

= . - i
71 (8) rk(6)+Pel(N+1,z O)Bngl(Uk,Vk) +

+ Pelam=o,z=1)EelD2(Uk,Vk) .
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T (8) = rk<5)+lpg (T T g (#1,050) = Pg (+0,270) 7

I

r (8) + 2 [(-1--?) - <1*6> TP (U= v

k
r(6) - 2 z(k) (=8 ) <1"6 .

ll

2 k
(5.6.2) Py () = 1 (8) = 2 (VA <7 (8)

It is casy to show that rl(é) = (1-8)/2, and wc havo,

k<l

(2.6.3)  n,(6) = (1-6)/2- § 3 (B

J 00 . 23
5 6 2 -8
: Y= 2 x Gh&"

je1d 2 2 sk

Definc @(x) by the relation: xi = /2n XX+1/2 e xr e(x)

Then ( J) (nj 1/2 hJ D(J), where D(3) = ¢(23) - 2¢(3) . Uspensky
Ve 15_7, page 353, gives results which imply that =~1/8j <D(j) <O, for

J=1, 2, vevs s Lit a=- 1og(1-62) and f(x) = (nx)-1/2e-ax. Then

.6.1) s (1-1/8k) 5 f(,j) <r (5)<- 5 203 .
=k 3 =k

Now f£'(x) <0 and f£f'(x) >0 for x >0, A straight line tan-
gent to f at x! >0 1lies below f for all other positive x. Let
n(t) = £x) + (t-x)f’(x) < £(t), Inequality is strict for all t # x

where % and x arc assumed positive,

x+1 x+1/2 ~x+1/2
(2.6.5) J £(t)dt < £(x) =/ n(t)dt < 1 £f(t)at
x-1/2 v'x-1/2

for x >1/2,
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o8] 00
(2.6.6) —;-3(1-1/81{)/ £(t)dt < r (8) <-2§[ £(t)at .
k

7 k-1/2
0]
Now / £(4)dt =

c

[1-0(Vaeg ) 7 for ¢ >0, Iet

S

a

S -
.(6,k) = (1 ~ 1/8k) 7 31 -9 \/3;12)} s

U(s,k) = \7.2{1-§(\/27£«:’-E) .

We have proved the following theorem,

Theorem (2.6.7)

For a1l k=1, 2, ..., and all 0<8<1,
L(8,k) <1, (8) < u(s,k) .
Simpler but cruder bounds may be cbtained by using the faét that
5}/1-5% <Va<s.
We define N(&) as the least integer k such that rk(ﬁ) < a,

where 0 <a <1/2, Lot N'(8) =nN(8) -1 and

kl(G) = largest integor k such that L(8,k) >a,

k2(6) = least integer k such that U(5,k)|§ o .

The relation (2.6,2) shows that rk(é) is strictly monotone decreasing
in k., H:mco, N!'(8) is the largest intsger k such that rk(é) > a,

Now a < L(S,kl) < rkl(ﬁ) implies kl_f N1, and a > U(B,kz) > rk2(6)

implies k, Z N, We have proved the following theorcm.

Theorem (2.6.8)

For every 0 <8 <1 wc have
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k (8) + 1 < M(6) = ky(8) ;

2.7 Comparison of a Rayes Test with the One-Sided Fisher-Yochcr Test

when the Sample Sizes are Equal and « < 1/2.

The bayes test discussed in the preceding sections is a member of
the class of tests defined by
1 ifu-v>4d )x

b ifu-v=4d / .

=
it

(2.7.1)
0 otherwise ,}

Our previous rcsults suggest that such tests might have some optimum

properties, 1In particular, suppese that thc samplc size is k, and that

¢ is of level o for testing 6 = (1/2,1/2). Then d and b arc

defined by the relations?

: 2k ., =k
(2.7.2) gld) = (jyq7h )
2eli) sa< 2gld)
j>d J=d
z g(3) + pgld) =a .
j>d

We will show that if o < (1/2)(1 - g(0)), then ¢ 1is of level
a for tosting W, = §@: E-m3S0 } . Then it sesms reasonable to
compare § with thc Fisher-Tocher test, ¥, which is most powcrful
unbiased /714 7 for testing &) against (), = iG: E -m> O}. W

is defined by the relations:
1 if u - v > c(s)
(2.7.3) V = a(s) if u - v= c(s)‘g, where s=u+v ,

0 otherwise
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n(3,8) = (GE/ED

2 h(j,s) <a< 3 hlgs) ,
j>c(s) jzcls

5 h(3,s) + a(s)n(c(s),s) = a
j>els)
onc way to compare the two tests is to compare their power func-

tions, 4s we will show, ¢ suffers by such a comparison because E6¢ <gqg

in tnlgexcept at a single point where equality holds, while Ey ¥ o=aqa
everywhere in L =(e:g = n}, In three of the special cases trcated be=-
low we show that E@(\y -#) > 0 everywhere in W, except at the points
(1/2, 1/2) and (0,1),where the expected valuc vanishes,
It we say that a test ¢1 is "bettcr" at @ than anothcr test ?z,

we will mean that Ee(qjl ~§,) >0 if 9 lwy,and Eg(f - g,) <0 if
6 e ), Roughly speaking,we will show that @ is “better" than
if e is gloso" to L¥ ={es E =1 - n§ or & is "close" to L and
in Gy, and W is tbettor” than g if 8 is m"close™ to L and in

W 5e If 6 is Mclose™ to I and also closc to L¥, then @ 1is

close to (1/2, 1/2) where Eé(¢ - \J ) is close to zero, and one test
is about as good as the other,

We will define a class of contours such that any point inside_f-l
is on one of the contours of the class, and show that Ee(¢ - \P ) can
vanish at most once on any such contour, By studying spscial cases we

will obtain some idea of how large a differcnce in power may be expected
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in certain subsets of (7) .

We begin with two lermas.

Temma (2.7.0)

et W be a discrete random variable assuming with positive prob-

abilities only the values O©, + 1, + 2, ..., + k, and such that

1+

(a) P(W=3)="P(W=-=3)>0 for j=0,1, ..., k ,

(b) 0<j <k implies P(W=J - 1) >PFU =3j) .

Let Z Dbe another discrete random variable independent of W
which assumes with positive probabilities only the values O, + 1, and
such that

(¢) P(z=0)>1/2

(d) P(4=-1)=p(Z=1)>0,

Then T = (W + Z) assumes with positive probabilities only the
values 0, + 1, ..., + (k + 1) ond

() P(T =1) =P(T=-1)>0 fori=0,1, ..., (k+ 1),

]

(f) O <i<(k+ 1) implies P(T =141 -1) > p(T = 1) ,

Proof of Lemaa (2.7.4)

To prove statement (e) we note that W has the same distribution
as =W and Z has the same distribution as - Z, Since W and Z
are indepcndent, (W + Z) has the same distributicon as (- W - 2Z) .

To prove statement (f),we first assume ti:at j > O and compare
P(T = j) with P(T = j+ 1).

P(T=j) = P(W=j+1)P(Z=-1) + P(W+j)P(z=0) + P(W=3j-1)P(Z=1) .

P(T=j+1) = P(W=j+2)P(Z=~1) + P(W=j+1)P(Z=0) + P("=3)P(Z=1) .

t
Applying (b) to ecach pair of terms in the above expressions we conclude
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that
1 <is<k+1 implies P(T=i-1l) > P(T=i) >0 ,

Now we want to show that (f) holds when i = 1, that is, to show that

g = P(T=0) - P(T=1) > 0,
g = hP(Z=1) + P(Z=0)/"P(W=0) - P(W=1) _7 ,
where h = 2P(W=1) < P(W=2) - P(W=0) > P(U=1) - P(W=0), Hence,

g > /P(2=0) - P(2Z=1)_7/ P(3=0) - P(w=1) _7

- /-,3P(Z;O)-¥_Zz'p(w=o) - p(W=1)_7 >0 ,

which completes the proof.

Lemma (2,7.5)

Let ¢ be any non-negative integer and

N

: 1 if u~-v>c &
g, = F(a,v) = (
0 otherwise )

Let H(z) = E£E¢E(U?,Vk) where k is fixed, Then H(z) has a unique
maximum for £ e (O, 1) at the point £ = 1/2, or else H(y) =0 for

all z e (0, 1),

Proof of Lemma (2.7.5)

Iest U=1T X=X and Y=X The four variables

k k-1’ 1k 2k’

are mutudl 1y independent,and it is easy to show that

a0 VTV

H(2) =k/P{U-(v+1) =c}-P{U+X-V=0c+1},
H1(E) =K1 -2) [[PU-V=2¢) =PU=-V=c+1) 7 |,

(2.7.5.1) H1(z) = k(1 - 28) [/ P(T=¢c) ~p(T=c+1)_7 ,
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k-1

where T =U=~V= 2 Z,,and
. i
i=1

i -1 with probability &(1-&)

0 with probability 52+(1-g)2 .

=

2y =Xy - £p5

:’”ww—.

{ 1 with probability £(1-g) J

The %'s are indepcndent,and finite induction using lemma (2.7.l) dis-

closes that the factor /P(T =c) - P(T = ¢ + 1)_/ in (2.7.5.1) is
strictly positive for ¢ < k - 14 and vanishes identically for ¢ >k .
In the latter case it is cloar from the delinition that H(Z) vanishes
identically. For ¢ < k - 1 the derivative has the same sign as (1 - 2)
and vanishes uniqucly at & = 1/2, which is a true maximum point. This
completes the procf,

(2.7.6) ¢ and Eg(\ - ) in felabion to a Class of Contours.

(2.7.6,1) Definitions:
1-g, 2 )

. § o (1eky, 1 ;
UJ(QC) = {6 ( EE)( nﬂ) = ( - Y;0< EqsEsm <1 } ,
w(o) = % g1 0<E<1l,m=0 } ,

((1) = jerEg=1,0<m<1lf .

For any twe distinct points, el = (gl, nl) anc 82 = (gz, nz),both in

ta(gg), Wwo say 6 <8, if and only if & <&, .

The test @ dofined in (2.7.1) may b written in ths form
g’ = b¢d—l + (1"b) ﬁ 3

whoere the two tests on the right are defined by ILemma (2.7.5). We will

assume in what follows that a < (1/2) /71 - (2i)h-k 7y which tends to
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1/2 as k becownes infinite, This implies that d > 1, In particular

d>1 if a < 1/L or if k> __...]:-_.é. + Then we have from lemma
n(1-2a)

(2.7.5) ,

(2.7.6.2) E ¢ has a unique maximum at & = 1/2 .

914
It follows dircctly from (2.4.1) that ¢ dis of level o for testing
= {aer = ol
w; = {erg-n= { -
For any two points el and 9, of (,\)(go) , where 91 < 02 and

0 =< E‘O <1, it is easy to show that ¢ is a most powerful test of level

EG @ for testing ©, against 92. It is clear that @ differs from \L’

1
at both of the values (u,v) = (0, 0), and (u,v) = (k, k). Using the

1l

Neyman-Psarson lemma as formulated by Lehmann /I0 _7, we obtain Eg <
1

E. ¢ and
°

(2,7.6.3) E91~41 < E61¢ implies Eeg y o< E62¢ .

Therefore ES( U/~ @) can vanish at most once in Lﬂ(go). Since
\“/ (0,0) = a and @0, 0) = 0 we also have,because of symmetry,
Eg(\/»’ -¢)>O for ea{G:g'—‘-O; O_f'r]<l} or 93{9: 0<g <1
n=1 A

From the above arguments we conclude that there is a region con-
baining the set {81 & =1 -7, 1/2 <k < 1}, throughout which E.§ >
ES\}/, and # has highcr power than \l,/ . Therec is a region containing

the set {6' E=1-m 0<g<1/2 }9 within which ¢ 1is "better™ than
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\/, booausc it has smaller first kind of error, Finally,there is &
region, R, containing the set { 8t E =my E# 1/2} such that

Eg 41 > Ee¢ in this region,and therefore W/ is more powerful than ¢
if 8¢R and E >m,but @ is "better" than \J if € ¢ R and

£ <m, because then ¢ has smaller first kind of error. In the special
cases studied below (2,7.8) we will graph the contours Ee(\y - g) =0,

and obtain some idea of the shapejof thesc various regions,

2.7.7 Some Local Properties of E8¢

For ¢c defined by lemma (2.7.5) and ¢ >0, let G(n) = E9¢C(Xk)7
where 8 = (n+ 8, m), 0<m<1-8 and 0 <56 <1, A little manipu-

lation similar to that carried out in section (2.L) leads to

GYm) = k(L - 2~ 8)L7Pg(U, ; = V4 = c) -
Polley = Veex = v D7
It we evaluad e the expression in square brackcts at Mg = lég,we obtain
1+5 ke 1-6 ko _ 145 ko4, 16 k=01

(20 2 B §) is nega-

which is negative, zero, or positive according as
tive, zero or positive, Since G’(ﬂ5) = 0, it follows that G(m) has
a local maximum ab Mg for small & and a local minimum at ﬂ& for
large ©&.

Now ¢ = b¢d-l + (l-b)¢d, where d-1 > O, and we conclude that
for fixed & and © = (n+ 6, 1), Ee¢ has a local maximum at 7 = mg

for small valucs of &, and a local minimum at = = Mg for large values
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of 6.

2.8 E9(¢- V) for Selected Small Sample Sizes and a = ,05 ,

ol

Let eA = (% > A9% - A), where 0 < A.f . In the special cases

(k =1, 3, 6 and 10) below,we will find the approximate value of

S= . Sup Eg (@ = \}/ ), and approximate the unique value AO at
0<a<1/2 b

which it occurs, In each case we will also determine a few points on the
contour Ee(¢ o 4 ) = O, and present a graph.

We definec:

g.= Z ()( )¢(uv) )

J u.LV'=J

V;

4§

2 OO Y,

u-v=j
Dy =i~ VY
B, = (3,0) - (3,0,
_1-98
y NEVTN .
Then,
1 2.k ko 142p
B (F - §) <G - 80 { RN L2 o s/

For O <A <1/2, we may write Eg (¢ - W) in the form,
A

T - b |
gly) = ESA(¢ ~Y) = {y(l ) {ﬁoDJy ! % )

where m is the largest integer j such that D, # 0., If Eg (§- \P)
A

has its maximum for A& in (0, 1/7), then g'(y) vanishes at
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Yo © (0, 1),and the required maximum is g(yo), provided Yo is unique.
g'(y) vanishes on (0,1) if and only if
mel 3
£(y) = jio /[ (k-m+3) Dppy = (k=m+1-3) D1y /7" =0

where we define D-l =D = 0, We may also write,

m+l

rh+l
(2.8,1) f(y) = Ag # Ay +oee ) oy =0

In the three examoles (k = 3, 6 and 10) for which the maximum of

Eg (g - \’—’ ) occurs for A in (O,% ), we will show that the coefficients
A
in the polynomial (2.8.1) satlsfy the conditions:

(2.8.2) Za;<0, n>0if 341
i

These conditions imply £(0) > 0, £(1) < 0, and i‘"(y) >0, for all y on
/0, 1 _7. Hence,thcre is a unique Yo on /70, 1 _7 such that £y, )=

l-yo
0. Hance AO = ﬁz}% .

Let m(g) be the value of m > 1 - £ for which EE n(Qf- V)= 0,
2
In the cases k =1, 3, and 6,we have: n(g) exists and is unique for
1/2 <& <1, The results of our investigations of the special cases arc

tabulated below, A sketch of the computations will be found in the

appendix,



(2.8.3)
TABLE OF RESULTS IN SPECIAL C.\SES

k 1 3 6 10
By .500 345 ;28h ,230
S .100 .0LO .030 .028
n(;S) .500 .500 .500 .500"
n(.6). . .571 .50 530 .525™
n(.7) ,611 .53 .513 5oL *
n(.8) 636 .53L 475 LsL*
H.9) ek .50 oS Ll
n(.10) 667 500 112 .000"

% These wvalues have not been proved uniqus,

On the following page we present the above material in the

form of a graph,
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Graph of he(¢ =) =0

8 = (1/2+AO,, 1/2-AO) for Sample Size k
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CHAPTER IIT

ASYMPTOTIC SOLUTIONS AS THE DISTANCE BETWEEN

THE ALTERNATIVES TENDS TO ZERO

Now we want to investigate the case where the sets ®q and w5
depend on some positive quantity 8, Suppose we have a continuous func-
tion h(8) defined for all 6 in the closed Euclidéan parameter space

(—2_. Our theorems will apply to three types of problems.

Type I wq(8) = {8:h(0) =8} ; u,(8) = fe:rn(e) 28} .

I

Type IL: @ (6) = wqy = §6: h(6) S0} ; o,(6) = fer n(e) > 5}.

[}

Type TII. asl(ﬁ) =w, = {6: h(g) = O} 3 a>2(6) {92 h(e) > 5} .

Throughout we will assume that & is confined to some set (0 < & < 60,
for instance) so that neither of the sets @, is empty. We will judge
a test @', based on a sample of size k, on the basis of its maximum risk,
rk(¢',6), as defined in (1.2) ef Chapter I, where the additional argument
6 is included to reflect the fact that the sets a:i = a;i(ﬁ) may depend
on & (i=1, 2),
We will derive some theorems which will rest on the following as-

sumptions expressed in the terminology of Chapter I,

Assumption (a); For every k and every W -measurable set A of jEk we

haw

PG(A) = ‘bee(x,k)dpk is continuous in o for all € in (7).
N
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Assumption (b). 0 <a3; O <p; a+ B <1 (end of assumption (b) ) .

Let Zk = Zk(Xk) be a random variable defined for every k and X, € ;Ek.

Let Mlk(x,é) = inf PQ(Zk-f x); M2k(x’5) = swp PQ(Z <x)
=) 8<u1(5) 8 ¢ ﬂ2(5)

Assumption (c). There exists a constant r!(0 < rt < v0) and functions

Hl(x,d),rHQ(x,d),such that for every d > 0,
b 3 . -
Mlk(x,dk'g ) —— Hl(x,d) as k —> oo at every continuity point of Hl(x,d»
-1
M2k(x,dk Yy — Hz(x,d) as k —> o0 at every continuity point ef Hz(x,d).

Note that Mik and Hl are non-decreasing in d, M2k and H2 are non-in-
creasing in d for problems of types I, IT and III. Alsa Mlk’ Mék are

non-decressing in x,

Assumption (d). The simultaneous equations, Hl(x,d) = l—a,HQ(x,d) =B,

have the unique soluticn (x,d) = (c,D)(both firite). The functions Hy
and H, are continuous in (x,d) in some neighborhood of (c,D), and in
particular continuous in d at x = ¢ in some neighborhood _ﬁ? of D. (Bnd
of assumption (d)),

Let Pk,a(e) be an a priori distribution which assigns probability

one to a finite set in () . More specifically let Pk 5 assign prob-
- ]

ability pij(k,ﬁ) to eij = eij(k,a) £ u:i(ﬁ); i=1,2;3=1, 2, TR

By R,

Tet o(k,8) = 3 plj(k,ﬁ) >0; 1 -plk,6) = z

p,.(k,8) >0 .
51 j=1 %

Let £ =¢ (Zk) be defined by
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lifz>c z
( where c¢ is defined by assumption (d).

#(z) = 3
0if z <¢ 3 |

ST

Assumption (e). For every (k,5) the test ¢ is bayes with respect to

Pk 5(e), where for any test @' based on a3 sample of size k the risk
b4
function is

Y

]
"
3

['aEe¢‘ for Se “i<6); £

o

!
(x

r (8,01,6)= "/bEe(l-QJ') for ge wp(6); b= Ly / -
i

{ C otherwise y,

Assumption (f). TFor every k, eli(k,ﬁ) —> 6, and ng(k,é) —_— eks‘ﬁﬁl

as 8"‘—>Of0ri=l, vos s R1;j=l, 204 Rzo

For every X, p(k,8) ——>b = a/(a+p) as & —> 0 .

Assumption (g!). For every pair of positive sequences 35X§ and ikX¥

1
such that k, ——> 0o and 5Xk§ —> D! <D as N ———> 00 we have,

A

Every limit point of r,_ (P » $,6, ) is greater than ax .
S S O N

Definitions.

I’k(ﬂzﬁ) = é.l_lp I'k(G, @/’; 6 ) ;

oot

r (8) = ;r,lf sup r (8, @, 6) ,

L

N(8) = least integer k such that rk(ﬁ) <ag =Dbp = ap/(a+s) »
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rk(P,ﬁ',ﬁ) = ( rk(G,ﬂ',G)dP(Q) for any a priori distribution P(8)y
)
N (6) = least integer k such that = (P, ., #, 6) < aa,
p K\, 5 3
Nc(é) = least integer k such that rk(¢, 8) < aa.

Lemma (3.1)
If assumptions (a), (b), and (f) hold, then Np(&)-——> 00 as & —> 0@,

Proof of Lemma (3,1)

s

Suppose the lemma is false, Then there exists a sequence g&x
such that 8, —> 0 as A —> 00, and fer kx = Np(ék),we have kk —> k

(finite) as A —> oo, Since kX takes on only integral values we have
- (3.1.1) ky, =k for x> A, 1. e, for N sufficiently large.
rk)\'(Pk—}\,s)\,¢’6X) = rk(Pk,ﬁ)\’Q,’a)\)
= Jp..(k,5, )aE g + Zp,.(k,5, YoE (1-9)
5 1O (k,8,) F 25852 % 92j(k,5X)
S aa for A > Xo .

Now by assumption (f), ©y4(k,8y) and ?Qj(k’ax) tend to 8, for
i=1, ..., Ry3 J =1y «..s Rys @8 N —> 00, Taking the limit as A —> oo

in the above inequality, and appealing to the continuity assumption (a)

“ we obtain-

G.1.2) (aE@kyﬂ)(X Mn zi:pli(k,w)-»(bsek(l-m)(xl_i_mm S?pgj(k,éx)) s aa
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The two sums are pl(k,éx) and 1 = pl(k,ﬁk), respectively, and

their limits are b and 1-b = a; by assumption (£f). We sbtainthe

relation abEg 7 + abE, (1-¢) = ab < aa, contradicting assumption (b) .
k k

Lemma (3.2)

If assumptions (c¢) and (d) hold, then NC(G) is finite for every
6 >0,

Proof of Lemma (3.2)

If the lemna were false there would exist 6 > O such that:
(3.2.1) : rk(¢,5) >aq for all k .,
Here, we know that Mlk(x,é) is non-decreasing in &; Mzk(x,é) is

non-increasing in 8., Hence, Hl(c,d) is increzsing in d at d = D,by

the uniqueness assumption (d). There exists d e j} , d > D, such that

(3.2.2) Hl(c,d) > Hl(c,D) = l=a , Similarly, H2(c,d) <B .

!
Fer k sufficiently large we have dk < 8, and because a)i(é) are non-

expanding in & (i = 1,2),

-1! £ e . ~p! - :
(3.2.3) 1,(¢,6) <r (d,a™" )omax . o/ 1ty (c,d™" )7, b, (o ak™ ) },

4

for k sufficiently large.

By assumption (c) the last expression on the right converges to
max éa/"l-Hl(c,d) 7, bH?(c,d) } , which by (3.2.2) is less than

-p!
max(aa, b3). Hence,  lim r (#,dk™" ) < max(aa,b). Taking limits
K ~——> 00 ,
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on both sides of (3,2,3) and applying (3.2,1),we obtain the

result, max(aa,bp) >  lim rk(ﬁ,s) > aa(=bp),which is impossible,
kK ——> o0 -

Lemma (3.3)
If assumption (e) holds we have: Nb(6) S N(8) <= Nc(ﬁ) for all
6>O¢

Proof of Lemma (3.3)

rk(Pk,S:ﬁ,ﬁ) = rk(Pk’5,¢'36) ffrk(¢', §) for all @' by assump-

tion (e) and a proporty of a priori distributions, Hsnce
T (P, o50) = it r (#',6) = r,(8) < ,(4,6),
Np(6) s N(8) s N (8) for all &> 0 .

Theorem (3.hAl

If assumptions (a) through (f) and assumption (g!) hold, then asymptoti-

cally as &6 —> 0,

(1) N(8) v (D/S)l/r; where D = D(a,B) defined by assumption (d),

(2) The test @ is asymptotically efficient, that is, NC(S) ~ N(8) .

Preof of Theorem (3.L4)

We have to show that 6Nr, —>D as & —> (0, and NC/N —>1 as

— . G = N H = H =
5 —> 6,where N = N(8); N, Nc(ﬁ); Nb Np(é) .

Assumption (e) implies that Lemma (3.3) holds, and we can prove both

assertions of the theorem by showing two things, as & —> 0,
t
(3.4,1) Every limit point of 6N£ is less than or equal to D,

t
(3.4,2) Every limit point ef BN; is greater than or equal to D,



L1

We first prove (B.h.l). For every positive sequence i§x§ converging
to zero, mny+l = NC(GX) is finite by lemma (3.2) for all A, Now suppose
(3.4.1) is false, Then for some positive sequence {SX} converging to

Zero as A ——> 30, We have-sx(qx+1)r'~—> Dt and therefore

(3.4.3) anii ~—>D' 5D as A —> o0 .

Choose D" such that D < D" < D!; D"e 53 (which can be done by assumption
(d)). For A sufficiontly large, &ni > DU The monotonicity of

wi(é) in 8(1 = 1, 2), and the definition of n, yield

—r' s .
(3.h.L) aa < rnx(¢,éx)‘f rnx(¢,D"nx )} for N\ sufficiently large.
By lemmas (3.1) and (3,3), ny becomes infinite with A, By assumption
(¢) and equation (3.2,3), the right-hand side of (3.L.L) converges to
max {a(l-HI(c,D")),bHQ(c,D") } » which, by the monotonicity of H, and H,

in l), is less than Max(aq, bB) = aa. Hence aa < aa, and (3.4.1) is

verified,

To prove.(B.ﬁ.Z),we note that for any sequence {BX} converging to
zero, lemmas (3,3) and (3.2) assure finite existence of Np(ﬁx) =m, for
every X._ Now suppose (3.&.2) were false. Then there would exist some
sequences, {SX’ mx} H SX"__> 0 as X\ —> oo, such that meix —

D! <D as A —>o00. We also have

R ‘
SRR ao > rmx(me, 5, * ¢f6X)~for all X

But by assumption (g') every limit point of the expression on the right
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is greater than aa, We again obtain aa > aa, which completes the proof,
We now state two more assumptions.

Assumption (g). For every k, B, f# and B { 1-¢} are non-increasing

11 23

in & for 1=1,2, ..., R and j= 1, 2, .5 Ry (e1i and 62j are

functions of 6.)

. 7 ¢ )
Assumption (h). For every 'd 1in {[) we have,

!
Eei’¢ —_— 1 - Hl(c,d) as k —> oo, where eii=eli<k’dk r );i=l,2,...,Rl,
i

and

E 21-¢} —_— H2(c,d) as k —> 00, where eéj=92j(k,dk'r');j=l,2,...,R2.

6'2j

Theorem (3.L)

If aseumptions (a) through (h) are satisfied, then asymptotically

as O ~—> 0,

(1) N(8) ~ (D/6)1/r1 where D = D(a,8) as defined by assumption

(d),
(2) The test ¢ is asymptotically efficiont, that is, N (&)~ N(8).

Proof of Theorem (3.L)

To prove the theorem we need only show that conditions (g) and (h)
imply condition (g!), Suppose assumptions (g) and (h) hold but that (g!)
is false, Then there exist positive sequences {6K§ and {kx } such

!
that Sxki —> Dt <D as A —> o0, kk —> 00 with A, and at the same

time,

(3.4.5) rkX(ka,ax,Q,Gx)-——> r <aiasA—>o00 ,
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By an argument similar to that following (3.h.3) we have D¥ in Cfﬁ such

that Dt <D®" <D and for N large enough,

(B.h.é) & < D"k;r' .

Now

13Bg i¢ + ?ijbEQ {1-¢ },

r, (P #,6,) = p
6.5, * I s

1

and by assumption (g) the expectations in this last expression will not
-r!

be increased if we replace 6X by D”er s provided A 1is largs enough.

If we consider any arbitrary subsequence ?X'% of {XAf such that the

sums* ?pli(mX'?skl) and §p2j(mX"5Xf) converge to limits p! and
(1~pt),we have by assumption (n),
(3.L.7) aa > ap! g 1- Hl(c,D")} +b(1 - p')Hz(c,D") .

By the unigueness assumption (d) and the monotonicity properties of H1
and H2, the right-hand side is greater than aa. The proof is complete,
In the applications of the preceding theorems to particular cases,
the following lemmas and theorems will be useful,
Let Uk and Vk

nomial frequency functions (ﬁ)gu(l—g)m"u and (g}nv(l-n)n-v for

be independent random variables with the bi~

€ o s
n=g+ vﬁz , where m = km!, n = kn'; mt,nt and k are positive in-

tegers.

Lot W =Yk (v [ - /) ;

it/ W -E, W 7
and ‘é (t55,5) = E e k ",k — .
k Es€
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Temma (3.5,1)

If B= {(g,e):afgfl-a; aofe_fel} where 0 < a < 1/2;

2
-~ 00 < g, < e, <00, then for every fixed real t, g{k(t.,g,e) e~ (t0)/2

uniformly in B as k —> oo, where o = g(l—g)é——l-- + .-.].'—73 .
m! n'

Proof of lemma (3,%.,1)

Cramer /li_7, page 199, gives results which yield

ylE) Jdamt oy, (E,e) kn!
¢k(t;g)6) = {1 + km! 1 1+ '.Tn-r'—' 3

where
2 . - I
Ylk(i) = -t ‘E(l"g)/em' * 0&11{ 1/25 Iv[Od-("‘-r 1) <1 3

° £ /e F L) <
Yo(Ese) = =t n(1-n)/2nt + %k /2 Med(£,) <1

-tzg(l-g) /2m! uniformly in B,

i

For y,(x) = -t%(1)/2n,

2, =1/2 {
) 71/2 t k - _ 2, -1/2
{ygk(i,e)-yz(é); ot ok + --———-2n' (e - e(1-2) + ek /)|
-1/2 - £2 S (o | 2 2.1
< k [ 1+ o Max | (2!so; + eo),(2§51§+ al)f_7’

and ¥, (£,8) —> y,(¢) uniformly in B as k —> oo, Hence,

b (b55,8) —> o e (e

uniformly in B as k —> oo,
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Lemma (3,5,2)

Ir Wk is a random variszble and a = Ewk ~> 400 as k —> 00,

012( = wrk < M < oo for all k, and Xk

in probability to a value x < #oo0, then,

is a random variable converging

Piwkka}——>0ask—-> oo .

Proof of Lemma (3.5,2)

Given ¢ > 0 and 8 > 0, there exists K, = Kl(a,ﬁ) such that

1
k> K implies P{X <x+ 51 >1-¢/2,
¢ v 1 _ By : N PW \
P<wk5‘{kj = Pswkka, X Sx+ 6. + Pz kS X Xk>x+5f5
{ ) 5 = P W o )
<P{,Wk_<-x+6) + g/2 Pf,.wk ak_<_x+5 a §+ e/2.
For k sufficiently large we have x + & = 2 < 0, For such k,
‘ 3 ¢y i b M
YOt - - - [ S,
Pzwkka { <P ! !'Tk akt > ay X 6: + 5/?5 (ak-x_ﬁ)z +e/2.
For k sufficiently large we have —-——]'\—/I-——-—é- <¢/2, Then,
(a, =x=8)
k
P §Wk < Xk} < &, which completes the proof,

Lemma (3.5.3)

Let g(y); gl(y), g2(y), ... ad, inf., be functions defined for

yeA, and let B < A & A for all k., If

k
(1) 1im gk(y) = g(y) uniformly for y in B,
k —> 00
(2)  lim inf g (y) > inf g(y),
k > 00 Ak-B B
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then,

(3) lim inf g (y) = inf g(y) .
k —> o0 Ak B

Proof of Lemme (3.5.3)

For any sufficiently small positive g we can choose K 80

that k> K 1mpliles

‘ 8k(Y) - E(Y)l< € for ell y in B .
inf gk(y) > inf g(y) + ¢ .
Ak-B B
Also,
{
inf g (y) = min : inf g (y), inf g (y) } .
k i k k )
Ak - B Ak-B
For k>K, inf g, (y)= 1nfi e(y)+/ g (3)-&(y) _7§ =i]r31f a(y)+e e |9 = 1.
B B
Hence, inf gk(y) = inf gk(y) end we have, k> K implies
A B
k
tinf g (y) - inf g(y)|< e, which implies (3) .
A B
k

Lemma (3.5,34)

Let h(y); hl(y), h2(y), ... ad, inf, be functions defined for

yeA, and let B A ¢ A for all k, If

A.k
(1) 1im hk(y) = h(y) uniformly for y in B,
k —> 00

(é) Tia sup  h (y) < sup h(y) ,
k —> 00 Ak-B B

then,

(3) lim  sup hk(y) = sup h(y) .
k —> 00 Ak B
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Proof of Lomma (3,5.34)

et gly) = =h(y)s gg(y) = -hy(y) (for i =1, 2, ...). Then
conditions (1) and (2) are equivalent to the corresponding conditions
of Lemma (3,5.3), Condition (3) is equivalent to the corresponding
conclusion of Lemma (3.5.3).
We state without proof a theorem due to Parzen _/_‘il_]:

Theorem (3.5.1) (Theorem 7c of Parzen)

Let Fo(x,e), Fl(x,e), F2(x,9), ... ad, inf,, be distribution
functions defined for all x in /=00, oo 7 and all 6 in ()
(Euclidean), Let the Fo(x,e) form an equicontinuous @-family for
all x in /"=c0, ®_7. Lot ¢, (t,8) = Eeritx for 1=0,1,2, ... .

Then the necessary and sufficient condition that, at each x in
/- o, 0_7, Fk(x,e) — Fo(x,e) uniformly in 6e (7) as k —> oo, is:

(1) for every real t, ¢k(£,e) —_— ¢0(t,e) uniformly in 9e (7) .
It then follows that convergence is uniform in (x, 8) .

Note: F(x,0) are equicontinuous at x= + oo if 1lim F(x,8) =
X-—>100

F(+ o0, 8) uniformly in 8.

toma (3.5.5)

If Fk(x,e) are distribution functions for all € in some set
Band k = 0, 1, ... ad inf, such that P, §wklf x:} = Fk(x,e) for -
k=1, 2, ad inf,, and

(1) Fk(x,e) _— Fo(x,e) uniformly in @ for each fixed x as

Kk > 00,

(2) The functions Fo(x,O) for © in B are an equicontinuous
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family,

(3) There is a function o(8) defined for all €eB such that,
given any ¢ > O and & > O, there cxists K = K(e, §) in-
devcndent of @, with the property,k > K implies
P { ‘Dk - o(e)l > 5} < ¢ for all 0eB ,

then it followé that at each fixed x,

(4) P (xD,,8) —> F_ ["xn(8),0 7 wifornly in .

Proof of Tcmma (3.5.5)

For x = 0 or + co the lemma is trivially true, Otherwise we
‘may, without loss of gencrality, assume that 0 <x < oo. For any
86 >0,
(% {
(3.5.5.1) Py < KDy |

= J In - - . iD. -
Pe{LUk < x0,,|D~0(6)l< 67 4B "y < 3Dy, Dy a(8)| > 5_} .

Now given € > O,we can pick K; = Kl(s,ﬁ) such that k > Kl

implies
( ~ )
P 1 }D - o(8) > 6} < ¢/3 for all & in B

e k

(3.5.5.2) Py 3 I, < XD, D -e(®)] < 6}

(t,.r i | \\ »
< Pg{wk < ka} < Pg ¥ <, D-ol@)j6f + e/3 .

(3.5.5.3) By {1, <x [To(6)-6 7, |p, ~o(8)| = 5}

5y 2By} = Tl L) ¢ 07 o

8 {

-~ ' t ¢ )
Pe{wk <x/ o(e)-a_]} ~e/3 5 By {3 xok}_f Py fi, = x[c(e)+6]3 + /3,

uniformly in 6 for k > Kl .
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By the rcemark of theorem (3.5.)4) (which is casily proved) con=
vergence of Fk(x,e) is uniform in the vector (x,e), and we may choose

Kz(e) = K, such that Fo{ x_[er(s)-§7 ,9} ~g/3 < Pe{Wk < x[a(e)-ﬁ_]} and

Py {Wk < x_[cr(e)+6__7} < FO{XZ-O‘(6>+5_7,Q} + /3

for all & when k > K2.

For all 8, when k > Kl’ Kps We have

(3.5.5.0)  F_ix/o(e)-67,0% - 22 < By W <}
< Fof\ x_/_-'cf(e)+5__7,@§ + -32-5’- .

Because of the equicontinuity of thc family we may pick A(e)
such that iyl - yz} < #{e) implies .!Fo(yl’g) - Fo(y2,9)! <g/3 for
all ® in B.

Up to this point the ‘only requircment on & has been that it be

positive, and we now specify that b = Aé}e{) which is positive because

x is finite and positive, Now take y,; = xo(8) and Yp = xo(8) + x6 .,

Then tyl - yz‘ = x0 = A(?e) , and we have

(3.5.5.5) P_{x0(e),6} -& < F,(xd,,6) < F_{x0(8),8} +e,
for k > K]_,K2 and all 8¢B

This completes the proof,

Tn preparabion for the next lemma consider the equation

wv . 2uv . . _
ﬁbe for fixed v¢ O < v & .

The left-hand side 1s monotone. decroasing in u = v and passes from +o0o
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to 1, while the right-hand side is monotone increasing and passes from

2
e2v to +00, as u goes from v + 0 to +oo, Hence the equation
e2uv+l
SV oy )
e -1

has a unique root u(v) > v for every fixed v such that 0 <v < o0,

LemmagB.S;é)

For 0 <wv<oo0, let u(v) be the unique root u> v of the

2uv '
equation, u = V'E?Evil . Z_u(v) > v is uniquely defined._/ Let
RN |

a(v) = 2'§:(-v); B(v) =-$—(u+v) -Jér(u-v) >-O for finite w; R(v) = a(v)

+ p(v). Then R(v) >1/2 for 0<v<oo,

Proof of Lemma (3.5,6)

We may assume v > .67 bvecruse afv) > 1/2 for O sve 67,

2v
W= V= < 2v/2uv

e .=l
1/2, If R(v) $1/2 for finite v, then there is some f inite

|

1l/M<1l/v—>0 as v —>o00 , Hence

1

R(oo)

v such that Rt(v) = 0, The supposed value of v must be greatsr

than .67,
2 2
NoW, g% = % (1 - u2 + v2) and if Rr(v) = O, we have
(1 +u° - v%)
2
(3.5.6.1) 2u(g+V) 5 = QUV F U /2 .
‘ 1+ (u° - v9)

Now u<v+ 1/(u(1+v2)) and u > 2v implies 2v° < l/(l+v2) which

implies v < ,6l, Hence we may assume that u < 2v, We have from
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(3.5.6.1),

2
(3.5.6.2) gtV /2 < 2u2 + 2uv < 3(uv + u2/2),
which implies /713 7,

3v2/2 < (quu2/2) <1,5122 or v <1,009 < 1.01.
z = u/v is monotone decreasing in v and v < 1,01 implies

u/v > u(1.01)/(1.01) > 1.2/(1.01L) or u > 1.188v,

from the same table /13 7. Combining with (u > v),we obtain:l +

(@fv?) > 1 + L1s3lhv? > 1+ JL3hl(.67)2 and (1 + (uP=v?))t < .65 .

From (3.5.6 .1) we obtain

2
(3.5.6.3) QUVHU/2 (.85)(2u2+2uv) < 2.55(uku2/2),

which is impossible.

3.6 Application of Theorem (3.4) to a Particular Problem .

(3.6.1) The Problem
Let Xk = (Um,vn) where (m,n) = (kn',kn') and k,m!, and n' are

positive integers. Uﬁ has the frequency function fE(u,m) =
(E)g(l-g)m’“ and Vn has the frequency function fn(v,n) =
(3)nv(l-n)n'v. let ¢=(g,m) in (7) = 5 e: 0 <g,m< l} . We
assume that Um and Vn are indepandent, Then Xk takes on values

x= (u, v) i? i;f;, where ;kk = % (u,v): u=0, 1, ..., my v = 0,
1, ..., n } . X, has the frequency function fe(x,k) =

fé(u,m)fn(v,n) .
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Note that X 1is not of the form suggcsted in Chapter I but
is a sufficient statistic based on an obsorvation which is of that
form., In this and the succeeding cxamples we may and will confine
oursclv:s to tests based on such sufficient statistics,

For 0<6=<1 and h(8) = (z-n) lot ®,(8)= }e:n(8) < -5
and <n2(6)= i 8:h(8) > & } . Suppose our problem is to decide that
O is in onc of these two sets whore it does not matter which decision
ismade if 8 dsin (7) - @, - ®, . We want to find a test which
is asymptotically efficient in the sensc of Theorem (B.h), where
0<a<1f2 and 0<p <1/2. We will do this by showing that the
conditions of the theorem can be satisfied,

lssunptic=s (a) and (b) are satisfied, This is obvious,

(3.6.2) Assunption (c) is satisfied,

Lot 7, = zk(xk) = Yk (Um/n - vn/n) and r! = 1/2 , First we

study

(3.6.2,1) My (x,8) = dnf  p(z <x) ‘

wl(G)

Now ®e ®, is of the form o = (£,& + g) where 6 < e <1 and
0=&=<1-e6. Yewill first show that thc minimum in (3.6.2.1) occurs

for & =56, Lot (x,k) be fixed and definc

=

(3.6.2.2)R(u,v) =

:

{ (1ir 2.3
slifzk(u,v)fx(’ [1if o= =<
1 ;

|

0 otherwise / 0 otherwise f

/

Now R(u,v) is non-increasing in u and non-decreasing in v, We have

- (3.6.2,3) Pg(zk.f x) = uzv R(u,v) fg(u,m) fg+a(v,n) s
]
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and the derivative of the last expression with respsct to & is

n{ 2 /R(u,v+1)-R(u,v)_7 f (u,m) £ (v,n—l)]z 0
Lou,v
Hence
(3.6.2.L) M, (x,6) = inf P (2, =x) .
W 0 <g <. EETOTKS
* 7!
We are intcrested in the limiting properties of Mlk(x,dk ) =
-1/2,
Mlk(x,dk )
, 1/2
For the case x +d <0, let 6, = (c, dk By %y = -d,
ok
K P ~1/2 : . '
and Vé Zk 1/ (1-dk 1/ )/nt —> 0 as k —> . Therefore
ok

Zk —> «d in probability as k —> o, whcn eok is the parameter,

Hence, for x + d <0,

(3.6.2.5) i (x,dknl/z) <P 5 7. <x —>0 as k —> oo .
1k = eok( k =

For the case x + d > 0, let 02(5) =g (1)(1/m' + 1/n') and

o = o(1/2). Then there exists some constant a, 0 < a < 1/2, such that

2 _
0'2(3) <.QE'££)_. } .Z{(X+d . Let B = < Z:a <E= l-a} and

x+d . .
Hl(x,g,d) = @’ e } . It is easy to verify that the Hl(x,i,d) form
an equicontinuous family for ¥ in B. Z T Zk has, for ek =
'k

(g,g+dk"1/2), the characteristic function of lomma (3.5.1) which con-

- G - TV 2 H. ] it
verges uniformly for ¥ in B to e (to iz} )7/2. Honce by Parzen's

Theorem (3.5.4), P 3 2, < x}' —> H.(x,2,d) uniformly in B as
o 1%k =%, 1
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k—>c0, Let A={g10<&<liandt=(x+d)/2>0, Now x> t-d

L

and P (z $%) g2 F (-t-d <z st -a) z1-(y )/t°, Hence
Gk = k" k 4
2 ‘ . -
lim  inf P (Z < x) 21 - ko (a) > @ (Eig) = inf Hl(x,g,d) = Hl(x,d).
k =Soo0 A-B (x+d)° ° B

The conditions of Lomma (3.5.3) are satisficdyand for x + 4 > 0,

-1/2

Mlk(x,dk ) —> Hl(x,d) as k —> o, Finally, M]k is monotone non=

decrcasing in x and Mlk(x,dk'l/2

) —> Hl(x,d) as k —> o, where
(x+d) #0, d >0, and

Zero ifx+d<0

(3.6.2.6.)-1'{ (x,d) = ) _
1 _ ® x+d) if x+d > 0, whore 02=(1/h)(1/m!+1/n')

We can usc arguments anslogous to those just completed to show
that if M (x ,6)= sup Pe(Z < x), then M2k(x dk~ /2) —_> Hz(x,d) as
w,(8)
k —> ooy at cvery continuity point of H (K d) where d > 0, and
Q (X“d) if x <d
(3.6.2,7)  Hp(x,d) = :
1 ifx>4d

(3.6.3) Assumption (d) is satisfied,

We want to domonstrate the uniqueness of the solution to the si-
multaneous cquations, Hl(x,d) = l-a and H (x,d) = B, Wc have assumed
that « <1/2 and p <1/2, Henco, § (‘*d) = 1~ and § (x‘d =B 1is
an equivalent set of equations, Thce solution (x,d) = (c,D) is given by

e =2 1§ T § )] 0 - £ |1 Faa-d M) S0
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It is clear that the solution is unique and that =D <c <D, The

I3

neighborhood }?4 is determined in an obvious way.

(3.6.1) Assumnticns (e) and (f) are satisfied.

In order to construct the a priori distribution we first define

E=£(8) for 0 <& <1/2 by the equation:

m! n! -

(3.6.1.1) () - & .

It follows that 1/2 - 86<g <1/2 , ILet

(3.6.4.2)  8,(8) = (8,2 +5), 8,(8) = (1-g,1=£-b), S

(3.6..3) o(,0) = | — i ,
Z a(-gj%——) +b

where ¢ is defined by (3.6.3), & =£(8), a= agg , and b = Egﬁ .

a Priori Distribution
Let P, 5(8) assign probability p(k,8) to 91(6) and prob-
>

ability 1 - p(k,8) to o?(a).

Bayes Solution

i)
"k, 6

paE91¢' + b(l~p)Ee2(l~¢‘), and it is easy *o show that

The averare risk with respect to (8) and any test ¢! is

£

-Eg - £v6 2n{u/m=v/n)
fel T-E-8

Since ¥ + & > 1/2, it follows almost immedictely that the test ¢ is
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bayes with respect to Pk,é(@)’ where x = (u, v), and
(3.6.0.14) g =9(x) = LA el 2o .
0 otherwise
Thorefore assumption (6) is satisfied.
From the remark following (3.6.4.1) we conclude that E(8) ~>
1/?2 as 8 —> 0, Hence, 91(6) and 92(6) both converge to Gk=(1/2,1/2)

as 8 tends to zero, no matter what the positive values m' and nt may

1-¢-5,20 VK n!
be, Heznce (-*7§-\ —>1 as 8 —> 0 for each fixed n = n'k,

Therefore, formula (3.6.4.3) implies that p(k,8) —> Eg‘ b as 6§ —> 0,

for each fixed k, and assumption (f) is satisfied.

(3.6.5) issumption (g) is satisfied,

Since ¢ is non-decreasing in u and non-increasing in v,

(3.6,5.1) %%g s Pem 2 /P urd,v)-f(u,v) 7f (u m-l)f (v,n) >0,

u,v
Q. ¢=n 3 [P, ve1)-glu,v)_ /f (u,m)f (v,n—l) <0,
Dn u,v

Now if m(8) = £(8) + 6, formula (3,6.4.1) yiclds the identity
t §
™ o 1) (Qem)®

Differentiating both sides of the last expression with respect to &

and doing a little algebra reveals that
dn s~ n! nt 1 1
— 2 o P (e F —m—) <
a‘?_{ 7 T“‘_.n _7 (E; 1*;,5) 0

1
which implies 5? <0, By differcntinting the identity (3.6.4.1) with
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respect to 8§, factoring, and rearranging terms we obtain
d ,~ m! nt n!
AR =

! -
rE ./ = -0 L gt T - <O -

Hence g% < 0., Thus (&) is a decreasing function of &, and m(6)
an increasing function of 8, Iet 6 >0, A >0y

fine & = g(86+4), &t = £(8), n = n(&+A), 7!

6§ + A <1, and de~
<
Eg,,nﬁ = Byy

-

8) . Then E <
m(8) Em¢‘
%, and Eel¢ is a non-increasing function of 8, where

%

= '61(6) . Similarly Ej (1-f) is a non-increasing function of &,
2

where 92 = 92(6). Assumption (g) is therefore satisfied.
(3.6.6)

Assumption (h) is satisfied,

For elk = (£(8), ¥(6)+8) and & = dk-l/.,we have Eg

Z,= ~d

1K K
and £(8) —> 1/2 as k —~> oo, From our study of the characteristic
function in (3.6.2),We conclude that for ¢ > «d, Ee g = Py

(Zk > ¢)
ik 1k
converges to 1 = §(E§2) = 1-H1(c,d) as k =—> 00, Similarly, for

c<d, E (1-gf ) —> écﬁ:ﬁ) = H (c,d) as k -—> c0. The neighbor-
hood | has just the properties, -d < ¢ <d, and assumption (h) is
satisfied,

We have proved

Theorem (3.6.7).

The test ¢ defined in (3.6.4.L) is asvmptotically efficient in
the sense of Theorem (3.&),

An asymptotic expression for N(6) as
8 => 0 is given by
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N(8) ~ (D/8)°
where D is dofined in section (3.6.3).

3.7 Application of Theorem (3.4A) to a Particular Case.

(3.7.1) The Problen.

Iet X, be defined as in (3.6.1) with the sams frequency func-

k
tion, (7) , ote, Iet h(8) = (g-n), ®,(5) = w = §em(e) =0 I
and m2(6) = 26: }h(e)i.z 5 } , whoare 0 < § <1, Again we want to
decide that & is in one of these two scts where it does not matter
which decision is made when 6 is in (7) = ®, - ®,, We will find

a test which.is asymptotically efficient in the sense of Theorem (3.hA),
where 0 <a, O0<p, and a+ f <1/2. e will show that the condi-

tions of the thcorom can be satisfied.

Assumptions (a) and (b) are satisfied, This is clear,

(3.7.2) Asswaption (c¢) is satisfied.

Let W, = Vk (Um/n - VnA) and 7, = | V|

Now

(3.7.2.1 M, (x,6) = inf P, (%, <x )
) 0 = o B RS

is independent of 6, and may be writton Mlk(x)'
For x <0, M;, (x) = 0 for all k and Ylk(x) —~>0 as k ~> oo .
For x >0, lot 6 = (£,8), o°(&) = £(1-£)(L/nr+1/nt),0%=0"(1/2),
and h(x) = é(x/o) - §(~x/b). Then thore cxists some constant a, 0 < a

< 1/2, so that

(3.7.2.2) 0< cz(a) < x° 3 1- h(x)} .

-
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let B = {«E: afgfl-a} s, and " A = %g: Ofgfl?s . We note
that the functions é(y/cr ﬁé;% ) form an equicontinuous family for £

in B. .Jpplication of lemma (3.5.1) with Ay = &, and Parzen's Theorem

(3.5.L), shows almost immediately that, as k —> oo, Py M < y} —_—
é(y/o {¢} ) uniformly for ¥ in B, Hence for x > O, Pq 5 ‘Wk; < x}
— Hl(x,g) = é(x/o fel) - é(-x/c {2} ) uniformly for ¥ in B, as

k —=> 00, It is now evident that

(3.7.2.3) H (x) = h(x) = inf Hl(x,g) .
R

- 2
i
For any positive x, inf P HW l < X } > inf |1- o) > h(x) for
A-B O ' k - - .A'B t‘ X2

all k, and the conditions of Lemma (3.5.3) arc satisfied. Therefore
Mlk(x) —_— Hl(x) = h(x) as k —> oo, for all x > 0, Mlk(x) is monotone

non-decreasing in x,and
0 if x=<0

_ {
(3.7.2.4) Mlk(x,dk‘l/?)=M ) ~> H (x)=‘} _ as
¢

1k(* 1

k —> oo, where o = (1/4)(1/m* + 1/nt) .

We now consider Mzk(x,dk'l/ 2);, where d 1is positive, and

. 14
(3070205) M?k(x,ﬁ) = Sup Pe tzk f X } .

ub(a)

The set (.a2(5) is closed,and we may write

Mek(x,dk'l/ %) = Pek(Zk <x)

where Qk = (gk,'r]k) is some point in w2(dk~l/2). In studying the

limiting behavior of this latter probability, we may assume that @k is
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-1/2} - (Mz(dk-l/2). To prove this,we assumec

-1/2

in the set {63 n-& > dk
that @, = (1-£,1-¢~-e), where 0 <g <1 - ¢, dk <e<1l, Then &

is not in the above mentioned set,but does bslong to (w,(dk” 1/2

Pek(Zk <x) = z fl_E(u,m)fl_E_e(v,n) ,
oY X
m Njew VE
- : (nut,m) £, (n=v',n)
“’m-u' n-v'! ' < X - A geg UV 0T
1™ T Tm - -\/.l:c
= z fr(u,m) fg+e(v,n) s
LYo X ¢ ’
mn n e VE

. whers (-'.-) = (£,k+e) does belong to the set in question,

For x <0, P é 'Wk’ < x} = 0 for all © and all k, Hence

M2k(x,dk"l/2) -> 0 as k ~> o, for all x < 0.

For x>d >0, let eok ] (O,dk"l/2). B wk = -d for all k,

. eok
V%k/\fk dk—l/z(l a2 )/nt —> 0 as k —> o0, Therefore Wy > = a
in probability as k ~> oo, when on is the parameter, Since M2k
is a supremum, MZk(x,dk'l/z) >P !(w | = %] —>1 as k —> o0, for

O LK~
all x>d > 0,

. For 0 <x<d, let 8, =(1/2, 1/2 + dk-l/Q). We have, from

1k
(3.7.2.5),and the definition of 8,

YN
‘. (&W&QM%&ﬂk )4%{q<w <ﬁ3P ?Xf%sx}fwank’



. 1/2 e o
where e {e. £ =-m < -dk and o,k -d,
Lete
by = g} k < -d for all k,
2
o = V. W s
k= 'e k

o(y) = £(1-)(1/mt + 1/nt)

Then, V., ¥, —> 0% a5 k ——> 0, wherc o° = 02(1/2). Ye now
glk k

assert that the limit points of W are becunded, If this were not
true, we could pick 2 subsequsnce %k'} of %k]; such that byt —> =00
and O —> 0y (finite) as k' —> co. The inequality (3.7.2.6) holds
for the sequence ch' "., and the left-hand side converges to zero as

k! =—> o0, by leara (3.5.2)., On the other hand, an application of lemma

(3.5.1) shows that the right-hand side of (3,7.2.6) converges to
d+x 5 . s
%(—-—\ - é(-——) >0 as k' —> 00, and we gct a contradiction. Hence,

there exists a finite d', 0 <d <d', and o sct A = {(g,e):,o <t <

1; d <e <d! } , such that for 0 <x <d nad n=1%¢ + s/fE",

(3.7.2.7) 1lia i 1(x dk 1/?) = lim sun P} ﬁFJkt <x ! .
k —> ¢ kK —~—>o00 4 228 J

( "
et B = a (g’s): 2 < < l-ay 0 <a < 1/2}! ‘A’ and 8(530) = 9(%%?3

L E=X e d Mhe n s
- Q(ETET) . "¢ can apply Lemma (3.5.1) and Theorem (3.5.4) to obtain
(W, <y)—~—> é(%) uniformly in R as k —> oo,

P
£,8
The condition of cquicontinuity of the family é{g%%j) is easily demon-
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strated, Since the convergence is also uniform in y we have
PE c { T*Tf <x} —~—> g(e,0) as k —> oo uniformly in B ,

where o = c(z—;). The function g is decrcasing in & and we have

2
sup gle,0(2)) = sup gld,o(z)), For fixed d, % = CZ-(d-x)edx/o -
B £ eB

2
(d%-x)e-dbc/Or /s where C >0, Thus if 0 <x < d,

| \
dg ik 0 sro? | o | (2%
do | _ | N N T,
T\ < | > ) log(gx =)

This implies almost immediately that

) f—— ]
(3.7.2.8) sup g(s,c(g))=g(d,o’é), where ¢ = min /———2-d—15——-- R c(-]=)
B log(S2X) ;

The precise value of the number a plays no role in the foregoing argu-

ment and we may; in particular, choose a so that 0'2(a) <£—qﬁ}f—)-g(d,q*).

Let t=.§.'1.}5>0 and v, = EW < -d, where 9=(£,3§+-—5-)and (z,e)e A
2 k 8k - VE

For all k and all € we have

V. LV

ol , e LT
Pef’wk'ijfPeﬁt’wk“’kl>t}f""z“' = 7 -

t (d=x)

LV 2 '
But .._9._12_ — M) ks o, This implies

(d-x)° (9-x)?
(3.7.2.9) Tin sup P é\w l <XS y.q._(.f‘..).<g(d0 ) .
K—>0 86 iB © ki - "(-x)
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We may now apply lemma (3.5,3a) with Ak = 4 to obtain, fer 0 <x <d,

-1/2

(3.7.2.10) M2k(x’dk ) —> g(d,c*) as k —> oo ,

MQk is monotonec non-decreasing in x and we conclude that for every
fixed d, 0 <d < oo, M?k(x,dk-l/z) —_— H2(x,d) as k —> o0, at cvery
continuity point of HQ(X’d)' Hz(x,d) is given by

/ 0 if x<0
d

v

if x

It

(3.7.2.11)  Hy(x,d) = 1/2 if x=4d ,

E{dzi) - é(d'x) for 0 <x <4q

ST
-t
\

12
where o = o'(x,d)=.min S ( ——2—d-2c-—- ) 3 (1/2)(%—,- + %7)1/2 .

Assumption (c) is thercfore satisfied,

sssumption (d) is satisfied,

We have assumed that 0 <ag <1/2, The cquation Hl(c,d) = lag
is, according to (3.7.2.L), the same ss 3&3) -1§K:3 = l=g. A unique
2 il Y el eColi/y o o « &k
positive solution cleerly exists. HNow we want to show that, given c,
we can find a unigue D such that H2(c,D) =B. We have 0 <p <1/2,
and it is clear from (3.7.3.6) that our D, if it exists, has the pro-
perty D >c¢ >0, We will, in what follows, consider only valuss d > ¢,

In the first place,

L FE -3 7 L /b a2y 7 <o
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It is clear from the definition that o%* = o(c,d) is continuous and mono-

tone non-dccreasing in d, Hence, d' > d implies

o G+c T, d=c
1 > - !
hZ(C’d) - E‘CZC,G'S) Qﬂaic,d'i) > H2(0’d ) ?
and Hg(c,d) is continuous and monotone deccreasing in 4,
For d large enough, c(c,d) is independent of d. Therefore,

;(%?%7 and ar%fgy both become infinite with d, and Hz(c,d) -0

as d—>o0c0, .S d approaches c¢ from above, c(c,d) —> 0 and

—'(———70_ i-g o > O. HGHCG, HQ(C,d) ——> é_(OO) L _§(%) =% as g ~=> ¢ from
s .

above,

Therc isaunique value D of d such that H.(c D) = B. .Assump-
2 3

tion (d) is satisfied.

(3.7.3) issumption (¢) is satisfied.

For 0 <6 <1, lst & = £(8) be given by the equation:

nt

1-£-5 '
(ﬁ) -<g§5> :

Then % - 5 <(8) <-% . Define;

2] 1 = (g,g+6) and 822 = (1—5,1—5-6) R

a  =p/(e+p) and b = af(a+p)

w) = 2m+n"l(%)gm(g+5)n.-i(i%g)mw/yE . (}?Q)mW/VE % )
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p = p(k,8) = %—é% .

The a priori distribution is given by

p if & = 91 “>

= 1"p = = (

deja(e) ) - if 8= 6,4 OF 8 65, (
[ 0 othorwisc ﬂ)

For any test @' based on k observations the bayes risk is

b{1-p
(- = : \ L1
rk(Pk,S’/?’ﬁ) apEel¢' =3

[

!
Lezl(L—¢->+E622(l~¢‘) 5 .

(-\-—‘L =

A 1ittle algebra, using the definitions of Q(c) and &(68), shows that

the test ¢ miniaizes the bayes risk, where ¢ is given by

mv nv
U e

. U~
S 1 if Qle) < (§)2m+n‘lgm(g+6)n[(1§€) n +(%‘E-) "7
( 0 otherwise

u vy mwo_ - R

Iet w= Vﬁ(ﬁ - 3). Then vl mv/n , and we have
1 if Q(e) < o(w)
g = .
‘L 0 otherwise

Now Q(w) is of the form Q(w) = constant-(e¥" + e—YW), where y > O,
Q!(w) 4is proportional to (eYW - e-YW), which has the same sign as w.,
Therefore, Q(w) is a monotonc incrcasing functiom of 2z = lw‘ .

Our bayes solution is

(3.7.3.1) g=9¢(z) = . )
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whers ¢ is given by Hl(c) =1~q and 2z = } VE (u/m ~ v/h)i .

Assumption (¢) is therefore satisfied.

(3.7.4) isswaption (£) is satisfied.

First wc want to show that @1, 921,and 922 donverge to a
common limit as & —> O, 8; = (1/2, 1/2) iz independent of &, 6,,=

Z-‘E(G): g(ﬁ) + 8 -—7 and 622 = _!.'Nl - 5(6)9 1- L(S) -8 _7, where

1/2 - 8 <z(8) <1/2, The result follows immediatcly.
To show that p(k,8) —>b as 6 -—> 0, we notec that QAc) —>

, . . ole) .
as E =((8) ~~—>1/2, Honce plk,8) = T$5?§§ — 325 =b as

AN

b
a
8 —> 0, and assumption (f) is satisfied.

Asswmotion (g') is sstisficd.

It follows from the symmetry argument following (3.7.2.5) that

Eq (1-¢) = E, (1-¢¥) . Hence
21 22
rk(Pk,6’¢’6) = paEel¢ + b(l~p)E921(l—¢) .

' A S RN ,.
Now Eglwk = 0, and vel(wk) -(1/@(50- +Zy) =0 for all k, .lso,

By W, = Yk & and Vg

(Wk) —_— ° as k —> o0 .
21 21

Now suppose that there is a pair of positive sequences %6k.g and
/
%.kk g s Such that kx ~—3> @ and ﬁx e s D! <D as x —> oo,

Then 8, —>0 as kee>o00 . ILgt 8., = Ql(éx) and @?X = 921(6x).

A 1A
By applying Lemme (3,5.1) we can readily obtain: E ¢ =P, (W <=-c)
& 6
1x Ix
> B8 4128 (S) 2 s ks
+ Pelk(”kx> ¢) —> A%;\G ;) + 1 ,Q\(o) a o8 k ®, and
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'+c Dia

@( )a.a k —>004

(3.7.4.1) E (1-f) =P, (wc <¥ <) —> (
’ 2\ o - k= s

In order to complete the proof in this section we must prove the
two statoments:
(1) Bvery limit voint of plk ,57\) is lsss than unity,
() 9222y - §RL=e) > g,

q
Since p(k,8) = ﬁ%% , We can prove statcment (1) by showing that Q(c)

is bounded, Q(c) is given by

_ smneL b PR PPN
Q(c)= 2™ (E)Em(€+5)n é(—:g) + (-‘g—') 7k jz .
For all & in (0, 1) and g = #(6) we have, £(1-£) < 1/4 and (£+8)

(1-£-8) < 1/L., Also, by dofinition of & ,

£2(246)2 = (1) ?(1£-8)"/2

Hence,
£"(ev6)" = TE(18) ] /2 f(w)(l-a-a)sn/? <2,

and 1.b mcﬁ-c- 1
o(e) < 2R T+ () 1K 7
=2 1 1'5) /_]

The relation, 1/2 - 8 < & < 1/2, implies (——-) <8 1mwovso,

then mc/E-)\ = mlc )/E{ < m*cD"/’G)\, for N\ suffiiciently large. For such

valucs of kj



68

The right-hand sidc of the above incquality is bounded. Hence Q(c) is
bounded and statement (1) is verified.
. 0 ,~T,Dl+c Dt-g
Now, we wish to provc statement (2), 3DT_Zi§k—a~—)- g&—;r—)_7
<0 becwse D' >0, and inequality is strict if D' > 0, Hence D' <

D implics

L

[ I =S I

i

Our proof will bc complcted by showing that the right-hand side of the

last inequality is greater than or equal to B, Suppose Ekggg - 5(259)
< g, By the definition of HQ(C,D)(3.7.2.11) this implies o(e¢,D) <o ,
By the definition of o(c,D) this in turn implies that D < do(c) whero

do is defined by

5 d +c
2cd) = o 1og( ) > .

Our supposition lcads to thc inequalities,

- . +. da¥c + G =C
(3.7.1.2) > Q) - 9 > H(E=) - (=) =" .

Let u = do/c and v=1cf/o. u=ulv) amd v satisfy the conditions
 of Lomma (3.5.6), and an application of the Lemme leads to the inequal-
ity, a + B! > 1/2, Therefore, a + 8§ > 1/2, contrary to the assumption

of the problem. Hgnce,
TRrey. fRizey o FRiey T,
.@f o )-_9< Gc) ) Q( > s

and statement (2) is verificd, Tharcforc, assumption (g') is satisfied,

The assumptions of Theorem (3.4A) arc satisfied in this case, and
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we arc led to the following theorem,

Theorem (3,7.5)

The test @ defined by (3.7.3.1) is asymptotically efficient in
the sensc of Thoorem (3.4.) for the problem of this section. An asymp-

totic exprossion for N(8) in this case is

N(8) ~ (D/6)°

where D is defined by Hz(c,D) = B, and Hy(c,d) is given by (3.7.2.11).

3.8 Application of Thooram (3.h) to a Sscond Problem,

Let X, = (Um’vn) be defined as in section (3.6.1). igain, we

k
let h(8) = (¢-m), 0 <8 <1, and supposc wc want to decide that 8 is
in 0)1(5) =0, = g e:h(6) <0 % or that 6 is in 0)2(6) =
2 8:h(e) >5 S . ‘e suppose that it doas not particularly matter which
decision is made whon ® ¢ (7) - P

We will find a test which is asymptotically efficient in the
sense of Theorem (3,1) by showing that thc conditions of the theorcm

can be satisficd, We again assume that O <a, B <1/2 .

issumptions (a) and (b) are satisficd,

This is obvious,

(3.8.1) .ssumption (c) is satisfied.

We will docfine our test in terms of the random variable Zk =
. - G . Q.,_‘. A .
VE (Um/ﬁ Vn/g). The argument of scction (3.6.2) shows immediately

that
-1/2 .
Mlk(x,dk ) inf Pe(Z

<x)= inf
wl(dk'l/g)

(Zk.f x)
0<g= 1

k Pg,g
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and the argument of the section ®till holds good for d = 0, Hence
Mlk(x,dk'l/e) — Hl(x,d) = Hl(x) as k ——> o0, at every continuity

point of H,(x), whore ; Hl(x) is given by

(% for x>0 ~l
)

(-

(3.8.1.1) Hl(x) = §
{

0 otharwisc

2 1 1
where o =@./l;,>(-;n-,‘ ¥ -E;) .

Similarly, for

-~

-1/2 I j l
My, dk™€) = wg(:;?l/e) 2Pe(zk < X)J{ )

we have ,(x,dk-l/e) —> H,(x,d) as k —> co, at every continuity
k 2

point of Hz(x,d), where Hz(x,d) is given by

é 6kx'd) for x <4

( 1 otherwisc

~

(3.8.1.2)  Hy(x,d) =

Therefore, assumption (c) is satisfied,

(3.8,2) _ssumption (d) is satisfied.

The solution of the simultanecous systcm: Hl(c) =1 -qa and

Hz(c,D) = B,is given by

_l(l-a) s
"-1<1-a>-5 Ly 7>c .

(3.8.3) .Assumptions (e) and (f) arc satisfied.

Lot & = £(8) be decfined by the squation
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where O < 6 <1/2, Then 1/2 -5<f <&, Lot Gll(k,ﬁ) =8y = (1/2,1/2)

éniezék33==62(6) = (1~¢,1~2-8) . Let a = p/(a*+f) , b=a/ (a+p) and
mz/E
oz) = (2 )2’“”“5’“(«54«6) ( 2) ,

= p(k,ﬁ) = T_‘Tg(‘(%% .

A Priori Distribution

Let

[
®

p(k,8) for ©

Pk,S(G) = 1-p(k,8) for 8

Y
D
N
—~
[o4]
S’

(_ 0 othcrwise

Bayes Solution

The bayces risk for any test @' bascd on k observations is

apEe gr + b(l-—p)Ee (1-¢')., To minimize th: bayes risk we can use the
1 2

test
¢ i 1 if 1-?-((,-‘{%7 2 (b)(m-c—)(l £)e™ ™ (1-2-6)" (g+8)"
( 0 otherwise .

Substituting u = mzég + mv/n from the definition of z = /k(u/m-v/n),

we obtain

mz/E+mv/n (1-g-6)v

5 1 if Q(c) < (§)2m*ngm(£+6)n(5§§) 5

¢ =

Z_ 0 othcrwisc
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But from thc dcfinitions ef g and Q(z),this is equivalcnt to

1 if Q(c) < @(z)

0 othorwise

The function Q(z) dis monotone increasing in 2z because (}gé) > 1,

Hence
1l if Zk >c gm v
(3.8.3.1) ¢ = s where z, = Y& (ﬁr - EE) .
0 otherwise

¢ is thc roguircd bayes solution,and assumption (e) is satisfied,
It is clear that 92(6) —> 8, (indepcndent of k) as 6 —> O,
Now Q(q) e > g as ¥ -—> 1/2, and thereforec p(k,8) ——> 325 =b as

6 —> 0. ssswiption () is thorefore satisficd,

Assumption (g) is satisficd,

ES ¢ is independent of 8. That Ee (1-¢) is non-increasing in
1 2

& follows immediatcly from the argument of scction (3.6.5),

Agsumption (h) is satisfied.

This follows directly from the commcnts of scction (3.6.6).
e have shown that the assumptions of Theorcm (3.&) are satisficd,
and we conclude this section with a theorem,

Theorem (3.8.4).

The test @ defined in (3.8.3.1) is asymptotically efficient in
the sense of Theorcm (3.l)., The constants ¢ and D are given by (3.8.2),

and an asymptotic expression for N(5) as & ——> O is

N(s) ~ (0/8)° .

3,9 Asymptotically Economical Sub-Samplc Ratios.
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Supposc that wc are s tudying a group of populations, ¥ in num-
ber, and that we may take as many indepcndent observations as we like
from cach population, Let the number ef obscrvations from the ith pop~
ulation beo ng >0y, for i=1, ..., v« Let k be the largcst common
divisor of thc n,, and define v, = ni/k for i =1, ...y 7.

Supnosc that the cost of a single obscrvation from the ith PopU=~
lation is c; > 0, for 1 =1, 2, ..., ¥, indcpcndontly sf the number
of such observations, The total sampling cost is then k(clvl+ ces
chY). We will st?dy the asymptotic cost as the n, become infinite
and v = (vl, Vos eees VY) remains fixcd, Vo will then try to choose
v so that thc asymptotic expression for the cost is minimized, This
may lcad us to consider non-integral or cven irretional values of
(vl, ceey vY). Such a situation will causc no difficulty since our only
requirement is that (nl,..;,nv) be proportional to (vl;.,.,vy). We can
achieve this proportionality to any desired degrce of accuracy by tak-
ing the n, large cnough.

If, for t?c class of decision functions based on (nl, Doy vees
nY) = k(vl, Vos esos vk) obscrvations, thcere is a minimum attainable
risk, rk(v,é), depcnding on some positive quantity &, lct us define
N(v,8) as the lc~st integer k such thaot rk(v,é).f a. VWe may definec
¢(v,8), for cach fixed v, as the minimum cost for which rk(v,ﬁ)‘f a.
Then C(v,58) = N(v,ﬁ)(clvl+ .. ¥ CYVY)' It is clear that for any posi-
tive integral A we have, AN(Av,8) = N(v,58), end therefore, C(Av,8) =

C(v,8). Thus, the cost is determined by a set of ratios vl/vj, for § =

2y vees Yo
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Lemma (3.9.1)

If there is a constant r!' > 0 and a function D(v) = Z—‘% +

!
% ol + % _Z * g, where g 1is independent of v for every
2 '
v g VO = ?v: v has positive integral components j s and such that
- 1
(2) N(v,8) ~/D(»)/6 T as 5—>0 ,
Then v
Pt
(b) inf c(v,8) ~ (5)1/r( z Ve, ) = C(6) as 6 —> 0,
v 5] fe] i
0
and

(¢c) ©(vt,8) ~ C(6) as &-—>0, if and only if vi/vt =
J
ch7cl for j=2, 3, .. ¥ o

Proof of Lemma (3.9.1)

The relation (a) implies

(3.9.1.1) ¢(y,s) N(%)l/f"[ %_

1 ,
+ aeet -\’-;‘-7‘/‘-clvl+ ooo+c'~YVY _7 .

1
By Cauchy's inequality |,
1/2.2 - (o v y1/2, =1/2 2 -1
(2 cy )=/"2 csvy ) vy J =< civi) (2. v )

1/2

and equality holds if and only if v, = const, c; for i =1, ...,v.

This condition is the same as vl/'vj = ch7cl for J = 2,3,...5%,
which establishes the truth of (c). The condition vl/'vj = ch7cl

can be approximated with any desired accuracy by some v g Vb, which
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implies (v), The proof is complete,

(3.9.2) Applications of Lemma (3.9.1) to the Examples (3.6), (3.7), and

(3.8).

Tn all three cases the sample sizes are km' and kn' where

m', n! and k, are integers. The sampling cost is cqm + Cpn. In all
three cases we may divide the risk by the constant a = ﬁ/(a+p), and
write N(6) = least integer k such that :‘uzxf rk((zf',é) < a. This has
ne effect on the results, 7

The constant r'!' = 1/2 in all three cases and the function D(v)
is of the proper form, For the three cases, the best sub-sample ratios

are

(3.9.2.1) m/n o= fe 7],

and the asymptotic cost as & —~—>0 is

| (gla,p) 1° 2

(3.9.2.2) o(s) ~ <& 6, ( Ycl + Vc2) , for suitable g .
- (

We give the definitions of g(a,p) for the three cases below.,

For the example in (3.6) ,

-1 -1
gla,p) = (l/h)% § (1~a) - 0 () } .

/2
For the example in (3.7) we show that o(c,D) = (1/2)(%'1' + %—1,).

—
i
For yy= 9 (1~c¢/2), g(a,p) is defined by

E (2g+y0) - § (2g-y5) =B

For the example in (3.8),

_ I .
gla,p) = 1/2 {E,g_ (1-a) ',éi 1 (p)} .



CHAPTER TV

ASYMPTOTIC EFFICIENCY OF FISHER-TOCHER TESTS

AND THE APPROXIMATE CHI SQUARE TEST

In this chapter we will be dealing with samples from two binom-
ial populations in which the prebabilitiss of "rejection" in a single
trial are & and 1 respectively, We assume that sampling is carried
on in such a way that the ratio of the two sample sizes remains fixed.

We first consider the one-sided Fisher-Tocher test /71l _7 as a
method of deciding either that & <m or that £ - > 8, where 0 <
8 <1, We show that this test is asymptotically efficient as & tends
to zero (Theorem L.2.4).

Next we treat a two-sided version of the Fisher-Tocher test as a
method of deciding either that & =m or that & «m>8 for 0<6<
1. We show that this test is asymptotically efficient as & tends to
zero (Theorem L.3.2), It follows as an immediate consequence of this
last result that the approximate chi square test (L.lL) is also asymptot-
ically efficient as & —> 0 ,

The structure of the tests considered makes the proofs of the
theorems somewhat complicated., In order to usc some results of Hoeffding
([ 7_7 and /~ 8_7) we first show that the Fisher-Tocher tests are also
tests based m permutations of observations, Using these results we obtain
certain convergence properties which are ssscntial to the proofs, These
convergence properties do not necessarily hold when (&,n) is close to

the boundary of () = {93 0<g,n=<1 } . When (z,m) is close
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to th: houndary of _(—l , cortain alternative mcshods may be used. The
proofs of Theorems (h.2.L4) and ().3,2) ars thireforc divided into two
parts, treating thc cases (¥, m) away from the boundary and (E, n) closc

to the boundary separatecly.

(L.1) Introduction,

Lot Xll’ X12’ e..s and X21, Xpos eees be two scqucnces of

mutually indepcndent random variables where

(1 with prebability &
{ , for i =1,2,...,

s

L. =
11
Z O with probability 1-g }

and
1 with probability n
X2j= ,fOI‘j=l, ?, evs o
C with probability 1l-n
et & = (Em) € _(")_ = {ego.f £ < n} . If Wy and W, are disjoint

subsets of (7 ) we may, in certain situations, ccmpare a most powerful

unbiased test of Wy against w, with onc of the asymptotically effi-
m
cient bayes tests obtained in Chapter IIT., Let Um = iélxli and

n
= 2 ho | ) i 3 ] i s
v e ij. Lot the test \V/ be defined by the rclations
g 1 if u-v > cls)
(h.1.1) Ji(u,v) = ! a(s) if u = v = c(s) J , where s=ut+v ,

(_ 0 otherwise -~

n(j, s) = (?)(Sfj)/(m;n) s
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Z h(jss)fa < Z h(jys) s
j > c(s) j > cls

z h(j,s) + a(s) h [Te(s)y s/ =a .
j > cls)

The Fisher-Tocher teost, \P s 1s most powerful unbiased of level
a for tssting E 8t E-n<0 % against i 8ty ~-mn> 9}.Z-lh 7.
For & close to zero we may regard vU as g good test of % B: £ -1
< O} against ? 81 & ~-m> 6_} and comparc it with the asymptotically
efficient bayes test for this problem found in scction (3.8) of Chapter
ITI.

A two-sided cxtension of the tcst kp with /2 assigned to each
ttail" may be regarded as a good tust of i 8t ¥ -m= O‘} against
g e: & -n| 2 6‘§ for small values of 6, and compared with the
corresponding asymptotically efficient bayes tcst obtained in section
(3.7) of Chantcr ITI. We may also comparz the test called the X2 test

by Cochran /~ 3_7 with this latter bayes tecst.

(h.Z) Asymptotic Efficicneyof the One-Sided Fisher-Tocher Test.

We begin with some definitions., '/c have a sample of m = km! Xl's

and n = kn' Xg's where m', n' and k are positive integcrs. The number
of observations, N = k(m' + n'), depsnds only on k where m' and n!

are fixed. Lct

(h.2.1) X = X, =(Y1,Y2,...,YN) = (XK ppseeesXy s XogseensXp )

W= = VE (Uﬁ/m»— v/no) o,
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2_2_ , N1 1 ] ]
b Dk (N_‘_‘I)(;&T * T )'N'(l - 1—\1) ’

t£(X) = tk(Xk) = w(xk)/D(:-:k) .

Let ZZ = g[/kbe the permutatio group of (yl, Jos eves yN). gi/ contains
M = N} elemcnts, t(l)(x)lf t(z)(x).f vee < t(H)(x) be the ordered
values of t(gx) for g inlgz . Define

/Mo_7= largest integer less than or equal to Ma , y = M~/ Ma 7 ,

M*(x) = numbcr of values t(j) which arc groatcr than t(Y) s
M%(x) = number of values t(J) which arc ecual to t(Y) s
+
a(x) = MG.(-)'M (X) .
M (x)

It is easy to show that the test Y/ (L.1.,1) has the alternative defin-
ition

1 ar b)) > 2 (x) l
(L.2.2) qJ = a(x) if t(x) = t(Y)(x) 'J .

O otherwise

(4.2.3) Risk Function and Asymptotic Efficiency of the One-3ided Fisher-
Tocher Tcst,
We arc given two positive quantitiss o and § with a + B < 1.

When the sample size is k, the risk function for \}4 is
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aEe\,l/ for o in ®q

r (8, {/ ,8)= { BEG(1-P) for O in @ ,(8) ,

kO otharwise
where @ = w,(8) = { 81 & -n=0 } , wy(6)={eEn > 5} ,
a=p/(a*B), and b = a/(a+p) .
Define
(L.2.3.1) Bk = _g-?_ lq i -7 Qk_B/h < E, m < 1_2]{'3/)4 } ,

A.k = (—) - Bk s

I'Ak( V/ :5) =Ak ﬂsipz(ﬁ) I'k(e’ »1/ 35) D)
ro, (Y ,8) = Sup r (8, W ,8) s
Bk ‘71 Bk mw2(5) k \7[/
I'k( \/’/:5> = OSup rk(S, \;L” »8) s

L

Ny (8) = least integer k such that rAk( \/,8) = aa,
NB\V (8) = lcast integer k such that er( k/,x‘,ﬁ) < aa,
N\y (6) = least intcger k such that rk( \f/ ,8) < aa,

N(8) = lo-st integer k such that 1;15‘ ?31; rk(e,;zh,s) <as

Now \{/ is unbiascd, and it follows almost irmediatzly that
- Max § N 3 .
Ny (6) = Max 3 Ny, (B); My (B)

We obtained an asymptotic expression for N(6) as 6 tends to zero in

Scetion (3.8) of Chaptcr III. We will prove thc following theorem,
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Theorem (4.2.L4)

NE) 1 as 8-~—>0, Inwords, thc one-sided Fisher-
N\4/(5)
Tochar test is asymptotically efficicnt in the scnse of Theorem (3.4).
The rcmainder of this section (L.2.L) is decvoted to proving the
theorem just statcd,

For fixed k 1let MFk(y,s) bc the number of elements of ;&; Such

that t(gx).f ywhon s = u+ v. But t(x) <y if and only if Vk Nu/mn

- (M
<y + VK (s/m). For nh(j,s) = J NS J , a little algebra shows that
(é)
/[ mnyD/NVE +ms/N_7
Fk(ZY:S) = Z h(j,s) .
J=0
Let
{1 for 1 = 1, ..., s
aN(i,s) = for k=1,2,,.., aad S=0,...,N,
0 for i =s+l,..., N
(1 for i=ford=1,...,m
by (1) = - .
[ O for ir= for i = mtl, ..., N

Let 15 Tpy eews Ty = (rll’ ceus rlN)’ (r21’ cees r2N), ..,(er, cees

rMN) bc the M = N! pcrmutations of (1, ..., N), and let Zy; be a

random vector, indepcndent of (Y., ..., Yﬁ), which takes on thc valucs

. Tys ...y Ty With equal probebilities /M., Let

N
TN(S) = 131 aN(l,S) by (Zyy) .
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Wg now consider the conditional distribution of TN(S) for 8 =
s (fixed). 'I‘N(s) = j with probability h(j,s). ILet EN(S) =
N

N
z aN(i,s)/N and By = Zb
i=1 i=1

N(i)/N. By Thcorcin (L) of Hocffding /=7 7

we havg? TN(S) is asymptotically normally distributcd if

(L.2.4.1) , _ g2 - 12
-~ e _( 3 - s b . _-b
Lin LT {on(is0)Ry(o)} "7[1 <is Ngl w4 N% 7 .
T _N . _ 2N _ 2 =0.
[2 Amtnoag)) 703 o5} 7

Condition (h.?.h.l) is egquivalent to the condition:

1

Max fsg,(N-s)2§
" 1im

N —> 00 Ns(N-s)

= 0, This last is true whoncver

lim Max { T ° -:;: g = 0, Now ETN(S) =:r1%—s- and Var TN(s) =

N —~> 00

mns(1-s/N) _ 2 Loe¥y o ) .
N(N-1) CTNS . Lot TN(S) 3TN(S) ETN(S)§ /ch . It follows

that

(4.2.5L.2) F(y,s) = P ET;\;(S)_Sy } .

We conclude that Fk(y,s) - 3;) (y) ~>0 as N ~> o0 (i.¢. as k —> 00).

Iaot gk(s) = Max 2’ _I\T::L‘s- s -3-5'- l& . Now we will show that for every sequence

of points €, & B, we have gk(Sk) —~> 0 in probability as k ——> co .

1

Now, P /Max 35"1,(N—S)-1_§ >g /< P?S <-5§+ sz (N-S) <%‘-3 , and
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becéuse of symmctry it will be sufficient to provc that one of the terms

I ‘ 1, 1
on the right tends to zero. 5 = U, * Vs and P(Sk<.-£)5(P(Uk<-g), For @, =

(& nk) in By , a = EU = knlf,, where 2k-3/h g . <1- 2k"3/)4 ,

and crf{ = Var(U, ) = km'g (1, ). Lot o = 1&/8 /51—,(1_1{-3/h)-1/2> o

Then

-2

P(a, ~c, O <Uk)31-ck .

k "k'k -

It is casy to show that

£ 3/

1/ - W2
a,~c, 0 > 2m'k /1 -/ ;—1?—/’:—-; ] for all k

Therefore a -~c, 0, —> + 00 as kK =~> 00 , For k sufficicntly large

1,.

1 1 >
we have a0 > = . For such k, P(U, > 5) > ¥y, > a-c,0.) 21 -

=2 . 1 '
¢, . But o tends to oo with k and PéUki-g% —~>0 as k —>

00. Hence, gk( Sk) —_— O_ in probability as k —> oo for evcry se-
guence of points Sk € Bk'

We now apply Theoram (9.1) of Hoeffding /8 _7/, which asscrts,
"if gk(Sk) —~=> 0 implies i‘k(Sk) —~> 0, then gk(Sk) —> 0 in prob-
ability implics ‘£, (5, ) —> 0 in probability." Let fk(Sk) = ¥ (7,5,)
- § (y). Then, for every y and every ssquence of points Sk € Bk’ we
have |

(4.2.4.3) Fk(y,Sk) — E§ (y) in probability as k —> o ,

Now we apply Theorem (3.1) of Hoeffding /~ 8 7, which may be

statod in the form, "If (4.2.4.3) holds and ﬂﬁ_ (y) =1 - a has the
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unique solution y = Yo then t1(<Y)(Xk) _ Yo in probability as k —>

oo, for every scquence of points 6 e Bk'"

o - (v) .
Lot ’of{(Xk) = tk(Xk) - by (Xk) + ¥po Our test in (4.2.2) may

be written in the form

( 1 i 8>y
(h.2.0L.L) Vo= ) alx) if & =y, .
' 0 otherwise

X - I -1/2 . s _
Let B2k Bk ) mz(dk ) wherc d >0 is fixed, The set sz

is closed and thero exist Gk and G;{ such that

Sup Pe(tk <x)= Py (tk < x) s

BQk k
and
Sup P.(t, <x) = Py,(t. <x)
B e 'k~ el:: k- '
2k
Let MB2K(:;,d) = Pe'(tlxc < x), We want to show that if

k

Pq (tk < x) —> H2(x,d) as k —> o0, and X is a continuity point of
. k=
Hz(x,d), then Msz(x,d) —_— H2(x,d) as ¥k —> oo, By definition of

and ©! we have

® k

k

t ' ! a
Pel,((tk <x) > ng(tk <x) for all k .

We have shown above that %, - tltc —> 0 in probability fer cvery se-

quence of points in Bk’ and in particular for thec sequence %ekg as
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defined ahove, Hence, by Theorem (20.6) of Cramér 27, Pg (t, < x)
o k-
—_— Hg(x,d) implies Pgl({t;{ <X) —> Hz(x,d), as k -——> oo, Therefore,

all the limit points of Pe'(tl'c <x) arc grcatcr than or equal to
k

Hg(x,d). Supposc one of the limit points is actually greater than
Ha(x,d). Then there is a subsequence 23’%} of Zk% and & > 0 such

that
Pgn.(t:; S X) —> Hz(x,d) + 26 as j=—>o00 .
J

Given any & >0 it is casy to show that for J sufficiently large,

Psé(t;] <x) < P@:,j(’sj <x+e)+ b .,

For ¢ sufficicntly small we have

1im Pg,(ts _<_x) _<_H2(x +g,d)+86
J=—>00 7J

where x  1is assumed to be a continuity point of H2 . But Ho is mono-
tone non-decreasing in x and we obtain

& < H2(x ¥ g,d) - Hz(x,d) for all sufficiently small e ,

Hence, x is nct a continuity point of Hg(x,d) and we get a contra-
diction,

We will now show that Pe (t, <=x) converges. It is sasy to

k
demonstrate that PS (Dk =0) —>0as k —> oo for any sequence of
k
points ek in ng. By definition of tk, we may therefore restrict
ourselves to the consideration of  Sup Pgy(i, <xD) = B, (W <xD) ,

B2k k
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where the new scqucnce ek € sz may differ from thc old,

Lat e = (1/2, 1/2 - dk'l/z). 8y © B, for large enough k .

8y

We have

(4.2.1.5) ng(wk <xD) > Pglk(wk <xD) for all k. It is casy

to show, using Lormas (3.5.1) and (3.5.5), that the right-hand side of

the last inequality converges to E’D;:(x - %) >0, as k —> oo, where
2 1.1 2 _ 2 )
o (g) = g(l-—g)(m + '1'17) and o = o (1/2) .

We now asscrt that the limit points of Eg (wk) arc bounded.
k
Suppose the statement is false. Then there exists a subsequence 535

of zki such that Eg (Wj) —> + 00 88 J —> 00, and Dj tends to
J

some constant in probdbility as j —> co. By Lcmma (3.5.2) this im-

plies that Fg (Wj < xDj) tonds to zero as j —> oo, Hence the left-
3 -

nand side of (L.2.h.L) tends to zero (with j replacing k). But the
right-hand side of (L4.2.11.5) has a positive limit, and we obtain a con-

tradiction, Hence the limit points of Eg (Wk) arc bounded.
k
As a consequence of thc above argument there exists d', 0<d<
d' < o0, end a soquence of sets Cp = i(g,e)=2k‘3/h <g<1l- 2k"3/)4;
&
dfafd'j , such that for m =& ——ﬁcwe have,

1im P, (W <xD )= 1lim Sup P, (W _<xD ) .
k-——->ooek k k k —> 00 G 8 Kk k

We can definc a positive constant a, a < 1/2, so that fg(a) <
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~ d2 d2 by d
nmin / ————=, == 0 (x = =) /, where x and d are assumed fixed., Let
= oaexf L o+ o -

which contains the point & = a

B=§(g,e):a_<_gfl-a} N Cp s
and is indepcndsnt of k for k sufficiently large, The characteristic

function of ﬂWk - ngk) = a~(Wk -~ ¢) 1is of the form given in Lomma

T y=¢ . \
(3,5.1) for ® ¢ B. Hence, P%,a(wk-f y) —> 0 (grgj) uniformly in B
as k —>o0q .
An applicotion of Chebyshev!s inequality shows that given any

A>0 and 6 >0, we can take k large cnough so that
P S}D - 8(x) | >0} &5 for all (z,e) in C
g’s z k s - > 3 2

where C = . 1im Cpe By Lomma (3.5.5) this implies that, as k —> oo,
—_—

€

o(&

- -
F%’S(ﬂk,f XDk) ——>.8 (x - )) wniformly in B .

The function %ﬁ(x -~ y) 1is decreasing in positive y, and we have

™ d By d

. d(g(x-o(g))=i(x-;), Let H2(x,d)=:(?_(x--&-). Let
d
L

x| and & >0, For k sufficiently large we have, PE G{QDk—U(g)g
3
< A} >1 -8 for all (g,e) in C.

P (wk < xD

t,e <P (0 =ix|p)

k) - "E,¢

5 B, o (W B < |x] D, -4d)

S Py of Wi S [xiDea, [y -ole)] < a} .5
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= P%,ai.wk'Ewk'S)X | Lolg) + 8 7 - d} 4 5.

Now suppose (g,e) g C - B, Then 62(«5) = 0‘2(8.) <-i2—§ . Hence,
16x

for large enough Kk,

PE,eﬁwkfXDk‘%f PE,EX'LWk - Ewk_<_--§}+ & .

Now V«E awk —> 62(5) as k —> o, Hence, for k large enough and 6
’ i

small enough,

2
. Lho®(a)
CSug P&,s iwk < ka}f 26 + -——-—-—-d2 < Hz(x,d) .
k-

We now apply Lemma (3,5.3a) and obtain

Py ('bk < x) = Sup Pe('bk =< X) > Hz(:c,d) as kK —=> 0o ,
k BZk

But H2(x,d) is everywhere continuous in x, and consequently, for every

d >0,

(4.2.4.6) Pe;{ (b <x) = gup Pe(t;{: < X) —> H2(x,d) as k —> o ,
2k

where Hz(:c,d) is given by
(h.2.L.7) Ho(x,d) = § (x - 9) .

In virtue of (L.2.4.L) we can use arguments similar to those of
Lemmas (3.1) and (3.2) of Chapter III, to show that Né\p(ﬁ) is finite
for every positive & and becomes infinite as & —> 0., We may now
apply the proof of Theorem (L4.1) of Hoeffding-Rosenblatt /  9_7 to show

that, asymptotically as & —> O,
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(14.2.1.8) oy (0 ~ (00)°

™
where 6‘(370 -Dfo)y =8, © (yo) =1-aqa, and o = (1/4)(1/mt + 1/n).
This asymptotic value is the same as that of N(8) given in (3.8.4) of

Chapter III,

e now consider N (6). We first note that for any sequence of

A

points 8, in ® (dk'l/g) we have Ps (D, =0) —> 0 as k —> o0 .
k 2 ? Gk k

Let Wl({Y) =D t(Y) Since we are concerned only with limits as k ——> oo,

'k °

we may assume that \,L is given by

L - .(r)
1 if Wk > Wk
\;/ = / a(sk) if W, = wl({Y) .

{

(‘ 0 otherwise

Omitting subscrints k we observe that if G is a random variable taking
on the values g ¢ &\}:L' with equal probabilities, then, Et(Gx) = 0 and
Etz(Gx) = 1. By Theorem (2.1) of Hoeffding [' 8_7, we conclude that

- ~1/2 o1 1 1/2
t(Y) </[(1-a)a_7 / . Let C=/ 2(= + H‘i‘)(l -a)/2 7 / and

R, = /(50 = 5 /) 7 | Then,
Eg(1~ W) = Py = Wf{Y)) < pg(W, < CR), for all k.

let Ek(d) = Akﬂ we(dk-l/z), where A is defined by (4.2.3.1)
and d 1is fixed. It is an essy matter to show that, given e > 0 and

& >0, we can take K large enough so that k >K implies,

Pek( | R |>e) <6 forall 6 sE .
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Hence, given & > O we have,

ng(wk SOR) s By (w - @1 <cr - d)

k

P, (U
8, k

1A

CRk) < pek(wk - B, S-~3 )+ 6,

1
=
CD<:
_
=
-

Pek(‘-:-fk SCR) < ——=p— +6, for all @ e E_ .

The right-hand side of the last inequality tends to & as k —> oo,

uniformly for ek € Ek s and & 1is arbitrary. Hence

(Lh.2.4.9) Sup Ee(l - qj) —>0 as k—>00 forall d>0 .
£, (d) 7

We wish to show that ¢ > 0 and & suffiociently small implies

N, (8) -
ﬁéﬁirgj < 1l+g, Suppose this last statement is false, Then there exists
By

A ! .
a positive sequence éék | converging to zero as k —> o0, and a

positive quantity e, such that for k sufficiently large,

N, (&) ;
_lgﬂ_nkn > 1 + ¢ .
Nqu(ﬁk)

This implies Bi NA\U(ﬁk) > D2 for k sufficiently large, where D is

defined by (L.2.4.8). Let n + 1= NA\/,j(ak). Clearly, n, tends to

infinity with k, and for k sufficiently large we have & > Dnil/z .

The risk functions arse monotone non-increasing in 8, and by definition

of N, (8) we have, for k sufficiently large,

W

r, ( %ﬁ,DnEl/?) >r, (Hb,ak) > .

oy g"



91

Considering the definition of the risk function we obtain

Sup Ee(l - QJ) >p for all k,
“k

which implies, from (4.2.4.9), that B = O, contrary to our assumption,
Hence, N% (8) = Max / NAK}/(G)’ NB L}}(5) 7 o~ NBK_{/(S) as & —>0,
We have shown in (4.2.4.8) that NB\b(s) ~ N(8) as & -—> 0O, This

completes the proof of Theorem (4.2.L).

(1.3) The Asymptotic Efficiency of the Two-Sided Fisher-Tocher Test.

We assume that O <a, p and a + B <1l. Our random variable

X, is the one defined in section (4.2.,1). Let a>1(6) = a)l='{e:£=n§,

k
0}(6) = for fen|Z 0}, and wy(0) ~{ewmz o) .
et
1 ifu_v<cl(5)

al(s) ifu-vs= cl(s) s

0 otherwise

a2(s) ifuevs= 02(8) .

Vo =

0 otharwise J

;’ 1 ifu=~v> cz(s)
.

We suppose the definitions of LHl and L?Q to parallel the definition

of \// in (L.1.1) so that cach has size o/2 in ®q. The test we con-

sider in this section is

(4.3.1) L[Lf = Yo+ Y,

The rest of this section will be devoted to proving the follow-
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ing Theorem,

mheorem (L.3.2)

N(8)
Nw(8)

test is asymptotically efficient in the sense of Theorem (3.L4).

—>1 as & —>0, TIn words, the two-sided Fisher-Tocher

In proving the theorem we will use many of the results and most
of the notation of the previous section in which we treated the one-
: ded Fisher-Tocher tc ; ite \U. and U
sided Fisher-Tocher tcst, For instance, we write #/l and \T/Q by

analogy with (l1.2.2), in terms of the group ,22 .
, ()
( 1 if t(x) <t T (x)
( )
(x) if t(x) = ! (x)

0 otherwlse

i
/
L
g 1 if t(x) > t 2
/ (

\‘,‘_.’——_

\%% a,(x) if t(x) = (x) .
otherwise )
(YQ)
A1l the arguments leoding to (L.2.L4.3) hold here, and tk —_—

-1 : s (vy) : -
0 (1 - af2) = Yo in probability, t, =~ —>=-7y, in probability, as

——

k —> oo, for any sequence of points 6, & ka}w ;(dk'l/e),

It is clsar that tk(u,v) = m-u, n-v), and we readily deduce

-t (
that rk[-(g,rﬂ, v/,é =1 Z-(1~§,1~ﬂ), HU , & 7. Inwhat follows
we may and will replace a:?(&) by 032(6) everywhere, and then use all

the definitions of (L.2.3.1).

( (Yl) (Yz)
Let b, = min(=t, ) and by

(ry) (¥p)

" ’tk . Let

Ko max(-t
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t,, = max (O, tlk) and ), = max (0, t,,)s It is easy to show that

3k
Bty ] <) = Eg(1-9) = Pl [t | =%, .

Lot t' = |t | =ty + ¥, t" = |t | =~ ¥, * g end
K 3k * Y0 k Lk Y0

' 1 i b >y )

" = 3
0 otherwise I

L 1 if t > yO Z

\r 0 otherwise B

Tt follows from the definition of the risk function and from (L.2.3.1)

that

(!4--3-2012 1(6) <N \\}/(6) 31(6) .

By

We will obtain an asymptotic expression for

By

(8) by finding one for

g\
NB\}/"(S) and showing that BW'(S) has the same asymptotic value.
We begin by considering gup Pg( ,tkl < x) , where sz =

2k
B (\ -1/2)1 T . o P thi
K lwz(dk . We will show that for zvery positive d this suprem~
un tends to a function Hz(x,d) which is sverywhcre continuous in x.

Since t;{' - tk —~> 0 in probability for every sequence of points ek

in B, a8 k —> 00, an argument like that following (Lh.2.L. L) will
show that Sup Pe(tlz < x) —> Hy(x,d) as k—> oo,
Box
: i ; =0
For every sec_;uence of points ek in B2k’ we have Py (Dk )

k
—>0 as k —> oo, Hence, in all the limiting arguments, we may re-
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place Pek({tk| <x) by ng (Iw, | <x0) for © e B, . Now By, iS
closed and there exists ek € B2k such that
(h.3.2,2) P, (|4 gfxnk)=gup Pe( [ W, | ==0,) ,
2k
where d is fixed, ek is not necessarily unique.

In order to show that (L.3.2,2) converges, we begin by defining
8y, = (1/2, 1/2 - a2y ¢ By, for all k sufficiently large, and

assuming x > 0, From the arguments following (h.2.4.5) we may con-

clude immediately that Pe W f < ka) has a positive limit as

k —> 0o, and also that the limit points of Eq (wk) are bounded, Hence,

k
thereexists d', 0 <d <d' <oo and a scquence of sets Ck =

§ (2,0)1 a3 <y <1 L g <e<a! } , such that for m =

€
£ = —= wWe have
Vi

(b.3.2.3)  lim P (|W |<xD )= 1im Sup?® (I | <xD ).
k —> 00 Ok k k k —> oo Cy £, k k

Let 02(5) = 6(1-5)(-!-]’;-,- + %—,—), and o° = 0‘2(1/2). Choose the posi-

tive number a so that 02(a) < min Z(-d——- z

(;7»((1er ( ) Let B = m {E:af E<1l-a } . By lemma (3.5,1),

h(x, d)} where h(x,d) =

PE,e( }wk{ <y) ——> a(“y ) =0 (T)) as k—=>00, uniformly in' B(y > 0).

Given any A >0, 6 >0, we can find a value of X independent of (&,e)

sC--,kilzoo Ck,such that Pg,sgka—c(g)(>A%<5 for all k=>XK,
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Hence, by lemia (3.5.5), as k —> 0,

€ ). 0 (- x + ~E)uniformly in B .
Y 1-( 3 ETET)unl ormly in B

P (W | < Er(
E,s( fik‘ = xD,) —>INE7

2

o]

The function on the right in the last expression is decreasing

, and its maximum in B is h(x,d)., Now take A = %E'

o(x)

<X'Dk) 2

B, e |w | <xD,) < Pg,a('i'lk

<R W T sx [o) e s J-des,

for large values of k. For such values of k we have,

uv, (W)
Fe Kk
B el | D) <6+ 72 .
Sup P, (]w | <=xD) <6+ b Sup V. _(W,) .
B 5 KT ?Ck-B Ese K

2
&+ EE:%EZ <

h(x,d) as k —> o0, provided & is small enough., We now apply lemma

The right-hand side of the above inequality converges to

(3.5.3a), and conclude that for x >0,
(4.3.2.4) Sup Pe( fWk‘ < ka)-—-> h(x,d) as k —> o0 .
B ]
2k
For x <0, the left-hand side of the last expression clearly
tends to zero, The same expression is monotonc non-decreasing in X,
and h(0,d) = 0, Hence,

* Sup Pe( ltkl<f X) —> Hz(x,d) as k —> o ,
Bk

where
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(0 if x<o0

(1.3.2.5)  Hy(x,d) = X .
/ 77 dex T d=Xy .
( 9 -0 () x>0

But Hz(x,d) is sverywhere continuous in X, Therefore,

S
Bup Pe(
2k

4]
{ tk{ <x) —> H2(x,d) as k —> .

Now we may use arguments like those of lemmas (3.1) and (3.2)
of Chapter III to show that NB\}/"(M is finite for positive & and
becomes infinite as & —> 0, By using the proof of Thsorem (L.1) of

Hoeffding - Roscnblatt [9___7 almost verbatim, we can now show tha
D+y
0
) ~

NB\/,n(S) ~ (D/5)2 as & -——> 0, where D is defined by 5( =

D-y .
0 T -1
‘§ (-—-—c ) =8, and y5 = Si (1 ~ a/2).

Tt is clcar that we can apply all of the foregoing arguments to
the tcst k‘l/' and obtain the same result. Hence NB\{J(S) has the same
asymptotic expression,and from (3.8.2) of Chapter III we get an identi-

cal result for N(8), We have therefore shown that

(4.3.2.6) -;\-1\-]—(—6-2—- —_—>1 as 8§ —>0 .
O

In order to complete the proof of Theorem (4.3.2) we have te
show that for every sequence of &'s converging to zero, the limit points
Npy (8)
Ty )

1ast statement by the methed of contradiction, first making some defi-

arc all less than or equal to unity. We will prove this

of

nitions and establishing some preliminary results,

For G e 22’ we have Etk(Gx) = 0, Eti((lx) = 1, and by Theorem
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\ /2= - t(Yl) (‘Y2 1/?_

(2.1) of Hoeffding /~8 7 this implies - V= =%

Hence,

y \ /2=a
Bo(1-) = Telty = =ty st © ) s BglW, <Dy /== )

Let Ry = ),F(sk/lg)(lwsk/N) and C = .‘)/E(%T + ?F)(Q-cc)/a .

Then,
Eg(l- 5b) < Pe(wk < ch) .

The result (4.2,L.9) holds, with the same supporting argument, and we

have

(L.3.2.7) Sup  Bg(l-y) —>0 as k—> 00,
Ek(s)

where

E (8) = Akﬁ m2(dk-l/2) .

Now suppose there is a positive sequincec {6kg tending to zero as
k ~> 60 and soie €& > 0O such that NAU}<5k) >1+¢g fer k sufs
NBqJ(ak)
ficiently large. That portion of Section (Li.2) which follows (L.2.4.9)

may be taken verbatim to yield B = 0, which is a contradictien, This

cempletes the proof of Theorem (4.3.2).

(4.4) Asymptotic Efficiency of the Approximate X2 Test.

For the problem (l.3) of testing w, = % 81 £ = 7 S against

w§'=-§ otlg -z 8 } , the approximate 2 test which Cochran 37

calls the X° test, is sometimes used, Let Y {fy_(u/m - v/n)} /Ck,

2 1 .1, 5 S\ N-l 2 ~
where G = (3r + &) ﬁ"'(l --N--.) =~ Dy + Then kl_)/'ﬁ:i'
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T .
Ity =9 1(1 - a/2), the X° test is

.2 2

1 if Kk > Yo

T = ’
& otherwise

e

e ——

or g 1 if ttk(X)‘ > yzﬁéi 5

N,

T =
8 0 otherwise

Theorem (h;h.l)

The X2 test is asymptotically efficient in the sense of Theorem

(3.44).
Proof of Theorem (L, h.1)

The theorem is an immediate consequence of Theorem (h.3.2) be-

cause of the fact that y‘ﬂﬁz Vo —> Vo 28 k —> oo, This completes

the proof,



CHAPTER V

ASYMPTOTIC SOLUTIONS AS THE ERROR PROBABILITIES

TEND TO ZERO

We will treat the case where the risk functions are defined as
in (1.2) of Chapter I, We define a =p/(a+8), and will let a« and
tend to zero in such a way that a/p remains fixed. For an a priori
distribution P(8), and bayes solution @ with respect to P(8) we de-

fines

)

(5.1.1) Np(a) least integer k such that rk(P,¢) saa

i

Nc(a) least integer k such that rk(¢)‘f aa ,

[

N(a) = least integer k such that r, < ac .

It then follows that Np(a)‘s N(“).f No(a) for all a, Our object is to
N(a)
choose P and ¢ so that ﬁ;(&7 —>1 as « —>0, 1In such case we

will say that ¢ 4is asymptotically efficient as ¢ —> 0 ,
We begin with some lemmas.,

Lemma (5,2)

Let 0 <ty <1, a>0, n(a) > m(a) > 0 for all a. If
tm(a)
(a) lin  ( ) = 0 whenever 0 <t < ty
a —> 0
and tn(“)
(b) lin 20y .
a —> 0 a ?
then

log a

LY to as a —> 0 .

(¢) mla) ~ nla) and m(a) ~

Proof of Lemma (5,2)
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_ log a - log a ,
Let w(a) = m(a)log tO and  2(%) n(a)log to

Then 2z(a) <w(a) for all a. We can prove the lemma by showing that
(d) The linmit points ef w(a) are less than or equal to unity

as CL—-—>O,

and
(e) The limit points of z(a) are greater than or equal to unity
as g —>0 .
Suppose statement (d) is false, Then there is a sequence %_ajg
tending to zero as -j —> co, and & > 0, such that if mj = m(aj) we
have

m,

3
(5.2.1) 1im (g——) =0 for all te (0,t,) |,
j....>ooj

and lim w(aj) =1+ 2, For Jj sufficiently large we have
J—> 0

log oy < mj(l+a)1og ., = m log t, for some *t & (O,to). Hence,

0
m,
b J/aj >1 for j sufficiently large. This contradicts (5.2.1).

Now suppose statement (e) is false, Then there is a sequence
gaj:} tending to zero as j —> 00, and a positive number b such that
for n. = nla,) we have n,

3 j b3
lim () =b

§—> o0 %

md

lim z2(a,) <1 .
j—>o00

Let
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( loa(2/b) if b2 )

) Tog > )
A=

\ )

[ 0 if b>2 g

and né = nj + N\, Tt then follows that

(5.2.2) ' tOJ

Now A\ is finite and log ay has the same limit points as z(aj) as

——————————

ni log tg
n}

j —> oo. Hence for j large enough, tog aj <1, and aj > tOJ .

n1 ng log tg
t J
This implies —— <1 for all j, a contradiction of (5.2.2).
3
Lemma (5.3)
(1/t=t)

et 0<6<1/2, =~6<s<8, t(s) =8 =s, glt) = (F=)

3

.

and y(s) = 2BE §t(s)}7 . It follows that
log g $t(=8)§

-

1 - 26 < y(s) < (1-26)—l .

rroof ef Lemma (5,3)

For s & (=5,6) we have t(s) s (0,1) and (1/t-t) > 0, Hance

g $t(s)t >1 and dg g(t) £(t) has the same sign as £(t), where
d

25(t) = (-1-t°) 3 1og(1+t)-10g(1-t)} +(1-%2) i ng - i§£ } ,

[}

(1+t2) %log (1-t) + log (1+t)§ + 2t

{-2t3/3—2t5/5- iee } + '{-QtB -2t5/3- e }' <0,

(!}
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It follows that g(t) is monotone decreasing in t ¢ (0,1) and g%ht(s)g

J
monotone increasing in s ¢ (-6,5). Hence y(s) is monotons increas-
ing in s & (=6,8), It is clear that y(s) = 1/y(-s), and the lemma

. . . 1
will be proved if we can show that lim  y(s) < T8 that is,

8 w—> 0
2 < i
1 1406, 1/20=20 = 126~
og Z.(T:gg) 7

Let x =28, then 0 <x <1, and we want to show that log(%{%)‘z

2x/(1+x), Since x/(1+x) <x on (0, 1) it is sufficient to observe

that (%;%) - ¥ 5 0 for x on (0, 1), This completes the proof,
The main result of this chapter is a theorem in which the follow-
ing definitions and assumptions will be used,
Let Xq5 Los eee ad, inf, be a sequence of real valued, inde;
pendent, and identically distributed random variables, each cf which
has the moment gencrating function M(t,8) = Eeetxl for all 6 in

some parameter space (") ., Let Ll and L, be closed subsets of

)L 55 w0, I, € o, anddefine

(5.4.1) M(¢,8,t) = o~ M(t,8) ,

m(c,8) = inf M(c,8,t) ,
t

m,(¢) = sup m(c,8), for 1 =1, 2 ,
+ L
i
Iet P(8) be an a priori distribution assigning probgbility
p! = pt(a) to 8, ¢ Ll and probability 1 - p! +to 8, & L2. Let
S

and



103

1 if 8} > ke

(5.4.2) ¢ = ¢(sk) = .

0 otherwisc

Assumption (a)

The test ¢ is bayes with respect to P(8), that is,it minimizes

rk(P,ﬁ‘) = ap'Eg¢' + b(l—p’)E9(1—¢!), for all k,

where @' is any test based on k observations, a = B/la+p), and b =

a/(a+g).

Assumption (b)

ml(c) = m(c,sl), mz(c) = m(c,ez), and 0 < ml(c) = m2(c) =
m(e) <1,

Assumption (c)

Sup rk(e,gl) = Sup rk(e,¢) for i =1, 2, and all k.

wy Li

Assumption (d)

Bg X, 1is finite for all @ e (7). e¢ L, implies BgXy < ¢

1 1

and € ¢ L2 implies Ej X1 > c,

Assumption (e)

As a tends to zero, every limit point of p‘(a) is less than
unity.

Assumption (f)

Np(a) —> 0 as a—>0 ,

Theorem (5.5)

If assumptions (a) through (f) hold, then the test @ is asymptot-
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jcally efficient as o« —> O, That is,

N(aq

N
c

a

where N(a) and Nc(a) are defined by (5.1.1), An asymptotic ex-

pression for N(a) is

N(a)~ Oéofmac as a—>0 ,

Preof of Theorem (5,5)

From assumption (d) and Theorem (1) of Chernoff /~ 2 _7 we have:
' . ( k
6ely implies Py Sk > ke) < {m(c,e) E R

?m(c,e) 3 k .

1A

8e L, inplies Pe(Sk < kc)

Applying assumptions (c¢) and (v},

.k
{
sup rk(e,¢) <a sup PQ(Sk _>_.kc) <a im(c) T

®2 L

k
r2k(¢) = saglz rk(9,¢) b izp Pe(Sk < ke) <D z m(c) }

N0

We may assume without loss of generality that b = a, hence

k
rk(¢) = ZEI; rk(e,s?f‘)__f a {m(c) k , for all k

Let - NL = Né(a) = Nc(a) - 1. Then for every a Wwe have
R
c
aa <1y, (f) < a ém(c) | } .
c

_ Né+l
Henceé, {m(c) } > am(c) for all a, and



(a)
(5.5.1) lim {m(c) }Nc )
a

g >0

> m(c) >0 .

From Theorem (1) of Chernoff /72 _7 we also obtain for all
0 <¢ <mlc,d) ,

. k
lim i_________Jm(c,G)-e =0 for all 8 ¢ L

k —> o0 PeiSkaCE 2

Hence, for 8 =6, and 0 <e < m(c), assumption (b) implies that

(5.5.2) R LORTI S

=2 TP, {8 <ke ]
, Uk S

By definition of Np = Np(cc), we have

aa > Ty (rs%) = ap’Egl¢ + b(l-p')E92(1~¢) s

p
and b(l--p')Pe (SF < cN.) < aa. Hence,
!
1 _>_—(—-——-bip) for all a >0,
Py (Sy <eoN ) e
2 p~ P

By assumption (f), Np —> 00 a8 @ > 0, and ccmbining the last inequal-

ity with (5.5.2) we obtain

N
- b
v 1im £ 1-p*(@)_7/ mc)-e 7 .
5 dA-0 .
By assumption (e), every limit point of 1 = pl(a) > G as a —> 0,

Hence, for every 0 <ée <mlc) ,
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N _(a)
(5.5.3) lim 3 m(c)-e} Y .
o —-—>0 Q :

Let by = nlc), t =mlc)-g, Np(a) = m(a), and Nc(a) = n(a).

By assumption (a), m(a) < n(a) for all a. Then from (5.5.1) and (5.5.3)
we see that the conditions of Lemma (5.2) are satisfied., Hence

N_(a)

P — —_— 0 . . . N(U- — | — O
ﬁ:(E7 >1 as a-—-—> 0, which implies that EZTES >1 as a —> 0,

An asymptotic expression for Nc(a) and N(a? as g —> 0, is given

log a

Tog  m(e)] o This completes the proof

by Lerma (5.2) and is, N(a) ~
of Theorenm (5;5).

(5.6) An Application of Theorem (5.5) to a Particular Problem

Iet X X12’ e.. ad. inf,, and X21, X22, ...ad, inf,, be

11°

mutually independent random variables as defined by

(1 with probability £
X, = for i
0 with probability 1 - &

i

1, 2, ves

and
1. with probability n h

]
I

23 = for j =1, 2, .., .

O with probability l-m
let 8= (z,m) ¢ (7) =%G:Of£,nfl§, 0<6<1,
‘”1’"‘5@35’7]5“5% s and a)2=§ G:E-n_EﬁE .
On the basis of a sample of m Xl's and n X2's, we want to find

a test which is asymptotically efficient. in the sense of Theorem (5.5).

We will keep %‘ fixed as a —> 0, and show that a test which depends
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only on a linear function of the sample percentages is asymptotically
efficient, This linesar function depends on the ratio % only.
Tet m =km! and n = kn!', where m', n', and k are positive

integers, Define:

ml
(5.6.1) Ui ifl X;Z(r-l)m'+i;7, for r =1, 2, ...,
k
U = z U_, fork=1, 2, ,.,
k r=1 1r
nt
Vop = ji XZZ_(r-l)n'+j 7y for r=1,2, ...,
k
V = 2 V fOI‘ k:l’ 2, ceey .
k r=l 2r

The linear function we wish to use in defining our test is yUk/g-Vk/g
-c , where y and c¢ are constants. We will first define some con-
stants y and c¢, and then show that the resulting test is asymptoti~
cally efficient,by demonstrating that the assumptions of Theorem (5.5)
are satisfied,

Let ¥, be the unique root on the interval /70, 1 - &_7, of the
equation
(5.6.2) gz,m',nt )emi(£+6)(1g-8)(1-2)-n'z(1-g) {2(5+8)-1} =0 .
We have; g(=8) = -n'8(1+6)<0, g(0) = m18(1-8) > 0, g(1/2-8) =m' 8/2 >0,
g(1/2) = - nt §/2 <'O, g(1-8) = - n1 8(1-8) <O, Hence &, exists, is
unique, and lies on (1/2 - 8, 1/2) . It is casy to show that g1(-8) >0,

g'(1/2 - 8) <0, and g1(1/2) <0, Hence g(£) is monotone decreasing on
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(1/2 - &, 1/2). For m" >0, glzg, m' + n", nt) > g(g, n', n1) for all
£ e (1/7 - 6, 1/2), Hence £, 1s a monotone incressing function of

m!
———

= In what follows we will assume that m' > n', Then it is easy

to verify that

1-6 1 n!'sé
(5.6.3) =5~ <Ey <3 - o~
Define: '
(5.6.14) 0, = (L )/eg>1
1- -8
0
Qy = <1 s
2 go+6
-m! log Ql
’ y = ZY(EO) = nl log Q2 .

¢
prom (5.6.2) we have B\ = EO7E) {2(g+6)-1 1

! .
P (ee)(1E-8)(1-22) |, £

let E, = (1-8+s)/2. Then s & (~6,8), and for 0 <6 <1/2, y = y(s)

satisfies the conditions of lemma (5.3) and we have
(5.6.5) 1-28<y <'Tg?5 , for 0<8&<1/2 ,

The random variable Xk = (Uk, Vk) is a sufficient statistic for
8 ¢ L_z_ and we will confine ourselves to tests based on this statistic.
X, has the frequency function fe(u, vy k) =~(ﬂ)&u(l-g)m-u(g)nv(l-n)nnv.
Assumptions (a) and (e) are satisfied.




Let

1/2 if 8=, = (gO, £y * 5) \

i

dpr(e)

0 otherwise

109

L

/2 if 8 =6, = (1&g, 1-%, - 5)’J

For any test @' based on k observations of the form (ulr’ v?r), the

bayes risk with respect to P is

rk(P,ﬁl) =1/2+1/2 I ¢!'Z'fgl(u,v;k) - fez(u,v;k) 7 .

u,v

A test ¢ minimizing the above risk is

078, ‘v

12, 2u g4*8 =2v 1= m 1-g
. 0 0 >0
1 if (we— e —— >
1 ( EO ) (1-50'5) ( EO ) ( £O+6
¢ =
0 otherwise
Let p=1u/m, g =v/n, andy= y(g,), Then
' go+5 2nyp-2nq £O+5 n(y-1)
1 if (T:g—:g) > (l E
¢ - ’ o~
0 otherwise
¥ +8
>0 _ ol it
But (1325:3) = Q2 > 1. Hence, for c > »
;' 1 if yp-~g>¢ ;
g = ( 0 otherwise *
k
Let 2, = 30 [ - Vopfpr 204 8 = ril Z,

we have

Then for Skzs

k



110

1 if s >c h
¢ -1
(5.6.6) g = , where ¢ = &m= |
0 otherwise

Hence ¢ 1is bayes with respect to P and is of the proper form.
Assumption (e) is satisfied because p' = 1/2 independently of a.

Assumption (b) is satisfied.

The moment generating function of Zr is

tZ,, ty/mt _m! ~t/n!'  n
M(4,0) = Ege T = /[(lg)ge 7 [(Imdme 7 .

Let L = § e n=g+a} and L, = 7@ g=ﬂ+5f . In L, Mc,6,t) is

of the form
M, (7,8,8) = o8I/ /(1 g/ P (1) (240)a ™/ 7 B

In Ly, 8 1s of the form (1-£-8,1-¢), and we may write M(0,8,t) in the

form

_ Tt n!
i, (y,5,1) = & T2 S(ie)e(1g-6)™ 7 fraap)e M
Now y = Y(EO) = -m! log Ql/h' log Q,, and we have

(1 oyt 7 ™ £ -
M (y,E,2ntt Llog Q) = [(Qg)Qpee0y™ 7 /(1-8)0y +(g+8)Qy" 7

mt
Mz(y,g',2n't log Qg) = 1'(g!+5)Q§+(1.g!-6)Q£t—7 Z-€1Q2+(1~51)Q5?—7 nr'
Now it follows that inf Mi(y,g,t) = inf Mé(y,l-g-ﬁ,t), and taking the
t t

suprema for & € (0, 1-8) we obtain
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m,(¢c) = sup inf M(c,8,t) = sup inf Mlc,8,t) = m,(c).
1 Lt L, & 2

To complste the proof that assumption (o) is satisfied we need

only show that sup inf M, (y,E,t) = inf Ml(y,go,t). Since y is fixed,
r b %

we can simplify the notation by writing Mg, t) = Mi(v,g,Qn't log 0,) .
t

.— ml _ h
Let f£(&) = /"2 VE(T-£) ./ /[ 2V{g+6)(1-E=8)/ . What we want to

show is that sup inf M(,t) = inf M(£,,%) = 2(zy)
E 0t t

By Schwarz'!s inequality, M(g,t) > £{g) for all & and t. Hence

sup inf M(g,t) > sup g) .
E g

Now £(0) = f(l-ﬁ), and it is easy to show that f£'(§) is proportional
to glg) for £ ¢ (0, 1-8), whers g(g) 1is defined by (5.6.2). Now
£ is positive on (0, 1-8) and f'(g) =0 if and only if ¥ =&,

Hence sup ) = f(go), and

g .
sup inf M(E,t) > f(éo) .
E ot -
Now sup inf M(z,t) < sup M(§,-1/2), and 3% M(g,~1/2) has the
gt 4

same sign as U(E), where

-1/2 1/2
U u? Z‘Q%-—/Q-Qzl/z_]_[(l-i-ﬁ)Q2 w(g+8)2, 7 +

N ar e Ll Tt A

But U'(z) < 0., Therefore, the vanishing point<fa§ M(¢,-1/2), if any,

is unique, and represcents a true maximum of M(g,-1/2)., Wow
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(1/?) Vgo(l-go)(go+6)(l-go-6) IKgO) = g(go) = 0, which implies U(¥,)
= 0, Hence

sup inf M(x,t) < M(g,, -1/2) .
r b

It is easy to show that (g,t) = (g, -1/2) implies that equality

holds in Schwarz's inequality, and M(go,-l/z) = £(gy) . Let

(5.6.7) n(e) = sw /2 B/ Vigeeyies) J
» 0<g<1-8

It follows that 0 <m(c) = sup inf M(z,t) = ¥(y,-1/2) = inf M(go,t)< 1,
£t £

and assumption (b) is satisfied.

Assumption (c) is satisfied,

We have shown in section (3.6.2) of Chapter IIT, that tests which
are monotone non-decreasing in . and monotone non-increasing in Vie
attain their maximum risks rlk(¢) and r2k(¢) on the boundaries L, and

L,. Hence assumption (c¢) is satisfied,

Assumption (d) is satisfied.

Ee(yUlr/g! - V2r/;') = u, clearly finite for all 8e () .
Suppose & > 1/2. Then in L, WY -E-0Sy -k - 1/2 < y(1-8)
- 1/2,§-z§}=e~.ln Ly,u=(y=1)E+y8 > yo= > 8(y+1)-1 3-251 = ¢,

For 0<86<1/2, 8 in Ly implies p = (y=1)¢ - & and (y-1)¢ - &

<c = Z%l, because, by (5.6.5), we have (1-28) <y < (1-26)-1. A sim-

iler argument shows that p 2 c fer @ in L,
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Assumption (f) is satisfied.

Suppose the assumption is not satisfied, Then there exists a
sequence {aj g tending to zero as j ——> oo, and a finite N, such that

Nb(aj) —~—>N as j-—>o00, For Jj large cnough we have Np(aj) =N

and
a. b
= = - -g) <
n(®) = § 5 0 3B (1) Say
Taking the limit as J —> oo, we obtain
Pbli Sy > Nej = PGQZ‘SN < Ne :}= o,

which is clearly false, All the assumptions of Theorem (5.5) are satis=

fied and we obtain the following theorem,

Theoren (5.6.8)

For the problem of this section, the test ¢ defined by (5.6.6)
is asymptotically efficient as a ~—> 0 and % remains fixed, The

constant y is given by (5.6.L4). An asymptotic expression for N(a)

log a
log { m(c) §

as a—~>0 is N(a) ~ , where m(c) is given by

(5.6.7);

(5.7) Application of Theorem (5.5) to a Second Problem.

Let Xll’ Xl2’ ... ad, inf, and K21’ X22, ... ad, inf. be mutu-

ally independent random variables where

§ 1 with probability g

1i /

( for 1=1,2,... ,
{0 with probability 1-¢ .
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g 1 with probability m 1
( fOI‘i""l,?,... K] )

K Z 0 with probability l-m
Let e=(€,n)e__(")_=fe:0_<‘g,n_<_l} , O0<86<1, o=
{81 gm0} , and wp = ? 8 gom > ajb ., We want to find a test
based on k observations from each population which is asymptotically

efficient in the sense of Theorem (5.5), where the risk function is

k
rk(e,¢) as defined in (1.2) of Chapter I. ILet U, = iflxli s V=
k
21X2 , and Z =Ty - Xpis for i, k=1, 2, ..., ad, inf, We will
=

1 v
show that a test based on the linear function (EE - EE - ¢) ,for suit-

ably chosen constant ¢, is asymptotically efficient, by showing that the

conditions of Theorem (5.5) are satisfied,

Assumptions (a) and (e) are satisfied.

= = > fine
Let = 7 and define P(8) by
+ p if e =8, =(1/2, 1/2) ¢ I
P(6) = l-p if €=, = (—l——}@,

( 0 otherwise

109 Vk) is a sufficient statistic with frequency function fs(u,v;k) =

(™1

(U

k-u v )k-v

7 (1= , and we may restrict ourselves to tests depend-

ing on (Uk’ V,.). Tor any test g' based on k observations the bayes

risk is
r (P,§1) = apEg g1 + b(1-p)E, (1-9t)
h 1 2
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= ap(arp)™ [og 1+ 5 (90) T

A bayes solution is given by
[ 14r gy [ty >1 /
RS 2 1 .
g = ) ” )
( 0 otherwise J
U=V 3
/ 1+8 2k
{ i -
1if [ T > (1-87)° |
g = :
{- 0 otherwise ’

Define ¢ Dby the equation

-1
~ 1+6 © 2
(5.7.1) _/_ =% _7 = (1~ 8) .
k
It is easy to show that ¢ is unique and 0 <c¢ <&, Iet Sk = Z Zg
: i=1

Then for Sk =85,

1 if Sk > ke

0 otherwise

i

(5.7.2) ¢

and assumption (a) is satisfied. Assumption (e) is satisfied because

1 . . a .
p = m is fixed for -é- fixed.

Assumption (b) is satisfied.

Let L1‘= rZe: g-"n}c: wq and L2='29: E=T}+5%C @, . The

moment generating function of Zi is

;4 t -t
M(t,8) =Ege = (lg+e )(l-m#me” )

In L, M(c,8,t) is of the form
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Ml(csg :t) = e-Ct(l'€+€et)(l'i+ge-t).

In L,, M(c,8,t) is of the form

2,
i (comt) = =%/ (1onp-8)+(m8)e 7/ -t
52 CsMs e LT +(nF e_Z[ l-mtme 7
We first consider ml(c) = sup :u;f Ml(c,g,t). ml(c) >
g
d

iif My (c,1/2,t)0 3¢ Ml(c,1/2,t) has the same sign as [—-c+et/(l+et) -

e't/(l-ve't) _7, and can vanish only if ob = ,(.];tﬁ% . This is possible

only if -1 <c¢ <1, which is true. The vanishing point is clearly a

true minimum and we have
1

C C -
n(e)z by S 7 EHa B - L TR 7 (1-c%) .

t -
m,(c) < sup Ml(c,g,t )}, where e O_1*¢ | It is easy to show that
1 o 0 1l-c

gg Mi(c,g,to) =0 4if and only if & =1/2 ,

2 ~ct
d 0 ,1l+c 1-c
-w*-:—é' Ml(c,g,to) = Dg (.._:..E - 1)( — - l) s

1 1+c
dg
which has the same sign as -02/(1-02)<G because -1 < ¢ < 1, Hence
(c) <M (c,1/2 - 1e 7%, and
mlcflc,l/,to)=1 -1-;3__7 1-¢“) , an

(e) = l-c ¢ 2 -1

mlc)’['j_:;gj (1=c™) .

Now we consider mz(c) = sup ir;f Mz(c,g,‘b). m2(c) =<
g

' ) .
sup M,{c,z,51), where e = (%;%)(%Ig) >0 . Tt is not difficult to
g
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MQ(G,E-,’O') =0 if and only if & = -]-':-§ .

a
2

verify that
4 &

2
—95 MZ(C,E,t') = ZG-Ct'[-(et'—l)(e-t?‘l) 7
dg

which has the samc sign as (1-cosh t') < O becausc t! # 0, Hence

1-6

my(c) > iﬁf M,(c, iéé, t).

d 1.6 1-6 -
-a-%' MZ(C, T, t) = M2(C, —-é— 9 t)_l -C +

0t /(1+00%) =~ 1/(240e") 7, where 0= %ig . This derivative vanishes

only if Qet = (%i%), that is,if t = t', This t! is clearly a true
s . ( ( 1~6
minimum point and we have mylc) > Mylc, = t1), Hence
_ 15 |
mg(c) = Mz(c, = gt)

A little algebra using the definitions of %' and c¢ reveals that

1~6 1ec (7. 2y=1
M2(C, =5 t1) = ( I7o Y (1-c“) . Let

-1 -
(5.7.3) ey = &%) (=c?) L

We have shown that O <mlc) = sup inf M(c,8,t) = sup inf M(c,e,t)
Lot L

and m(c) = iﬁf M(G,Gl,t) = iif M(c,ez, t) . To complete the proof that

assumption (b) is satisficd we need only show that m(c) <1 . Iet

=

a 3 [}
J o 3(23-1)

>0 for 3=1,%2,..., . Loz m(c)= ¢/ log (1-c) -log(1+c)_7~
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00 o
leg (1-02) = - 2 C2Jaé < 0, and assumption (v) is satisfied,
J=1

Assumption (c) is satisfied.

The test ¢ is monotone non-decreasing in Uy and monotons non-
increasing in vy, We may again use the results in (3.6.2) of Chapter
IIT to conclude that the maximum risks rlk(d) and r2k(¢) occur on the

boundarios Ii and L2 .

Assumption (d) is satisfied,

n =0 . = . »
AeZl for @ in Ll and Eezl 5 for & in L2. To show

that assumption (d) is satisfied we merely point out that 0 <c <58 .

rssumption (£) is satisfied.

The corresponding argument of Section (5.6) applies directly to

the pressnt case,

All the assumptions of Thsorem (5.5) are satisfied in this case

and we prescnt the results in the form of a theorem,

Thcorem (5.7.4)
For the problem of this section, the test ¢ defined by (5.7.1)

and (5.7.2) is asyuptotically efficient as o —> O and a/p remains

fixed., An asymptotic expression for N(a) as a —>0 is

N(a) ~ 10% 9‘ , where mnlc) is given by (5.7.3).
log { m(c) }
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APPENDIX

1. General
The expression Eg n(9‘- W), for fixed £, is a polynomial in m
)

k-1, . .+Po(g).

which we can write as P%(ﬂ) = pk(i)(l-n)k+pk_l(g)n(l—n)
If Py(n) = 0 for some 0 <n <1, then such m is unique and we call
it m(1). Otherwise, let m(1l) = O, We define w(z) by the relations:
l-r < <1 and Pg(n) = 0, The considerations of (2.7.6) tell us that
n(g) exists for 1/2 <& <1, and that n(1) # O implies m(z) is unique
for 1/2 <& <1, Pl(n) is given by
k . .
2 [8,(1n)n 7
=0~
where Ej is defined in section (2.8), If n(1) # 0, there are no points
8 in 3 8: £ <m, fg,n) # (0,1)3 for which Eg(f-\) vanishes.

In determining mn(Z) for values k = 6 and k = 10, we determine
two values, n'=c/1OO and 7'=(c+1)/100, such that Pg(ﬂ') <0< Pg(n"),
where 0 < ¢ < 100 is an integer. Our approximate value of n(z) is
then n(g) ==f(lOc-|-cz-yr)/1000, whers c* is obtained by linear interpola=-
tion. The polynomials Pg(n) are not presented here.

In determining Ao(see gsection 2.8) for k > 1, we solve equation
(2.8.1) for Yo, by the same method we used in finding m(&). Then we
round yg off to two significant figures, and set AO = (1-y0)/(2+2yb).

We obtain S = [yo/(l»fyo)a_]k p Djyaj by substitution,
K

We present below ths constants used in determining n(l) and Yo

For k > 1, the columns headed 'Aj show that conditions (2.8.2) are
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satisficd, and o is unique,
2. (o)

Let T(u,v) = @#(u,v) - yf(u,v). Then 0 <a <1/ implies
7(0,0) = 7(1,1) = = o, 17(0,1) = 0, and T(1,0) = 2«. 1/4 <a <1/2 im-
plies T(0,0) = T(1,1) = ¢ - 1/2, T(0,1) = O, and T(1,0) = 1 - 2a,

Hence the function m(¥) is independent of «, and is given by

n(g) = (3¢ - 1)/(kg - 1)

For 0 <a <1/, E.T is increasing in A, and Ay = 1/2, 1n

e
A
such case, § = I, @ =) =2, o =,05 implies § = ,10.
,0

3. (k=3

J Yy % A3 B
0 10 -1 .7 =.05
1 .60 -6 -l 7 ~.30
2 1,50 2,2 N 2. .35
3 1.00 1.0 3

Totals 3,2 3.2 0 -1.6 0

n(1) # 0 is given by h(1~n) = =057 = .3n°(1-n)+.35m(1-n)?=0,
and n(l) = 1/2, The function v(¢) is determined by semi-graphical
means from the relation

h(z) _ =h(l-n)
g (1-m)°

- -1, 2
f(yo) = AO+...+A3y3, Yo ¥ 16, yo w625, yo/(1+yo) = 119, and



o

AO x 03’45,

s % (,119)3 =

J

j(é.A?S)'j % 0396 ,

b (k=6)
J ¥y 5 0 Ay i
0 1 -1 109.8 -.05
1 1.2 -1,2 =1170,6 -.60
2 35.3 -35.3 2764 -3.30
3 89,2  125,8 36.6 7.8 (2L/55)
ly 66.0  66.0 6
5 12,0 12,0
6 1,0 1.0

Totals 20).8 204.8 0 -76,0 XX

(4.1) (1) = ;112

Here, y, =~ .28, 1/yy % 3.57, y/(1+y)2 ~ ,17, and

AO ~ 028)4’

s = (a° m,0.5n)7 = 02,

J
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s E
O "'01 S?,BO“-O "'005
1 -2,0  ~201,966,8 -1.00
2 ~83.5 123,929.2 -9.50
3 ~9,5h80 h 98"1‘00 "'57¢ OO
" 30,728.8
I 9,634.0 21.0 210 §-§§:735— -1
5 - 1.0 -
Totals 0 -19,227.6

Since all the Ej are negative, we have
(5.1) n(1) = 0
Here, y, =~ .37, 1/yo¢é 2.7, y/(l+y)2:; 197, and
by = . 230,

s = (910 »,(2.3 ~ o285
3
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