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ABSTRACT

Yideki ORIGASA. Statistical methods for the analysis of longitudinal
data with binary responses. (Under the direction of

JAMES D. KNOKE).

Medical researches often involve a time factor. Each subject has
observations at several occasions. These are called longitudinai data.
This work is only concerned with those with binary responses. The
main issue of interest is to test the treatment effect incorporating the
time factor with respect to the frequency of having responses.

The purpose of this work is to present two models for longitudinal
data with binary responses and develop statistical methodology for
analysis under these models. The first model is referred to as a
Markov Logistic Regression Model (MLRM) which models the
transition probabilities as a logistic function of covariates including the
orevious outcome. This model has advantages over other models in a
different way. Its advantage over the multivariate linear model is to
delete less incomplete observations. Allowing time dependent
covariates is the advantage over the Zeger, Liang, and Self’s (1985)
model (abbreviated as ZLS model). Finally, the advantage over the
Grizzle, Starmer, and Koch’s (1969) model (abbreviated as GSK
model) is to allow continuous covariates as well as discrete ones.
Based on this model, the maximum likelihood estimate and the
likelihood ratio test criterion are derived. Some asymptotic theorems

are also proved.



The second model is referred to as a Markov Product Binomial
Model (MPBM) which is a direct extension of the product binomial
model proposed by Cochran (1954). This extension allows to include
the autocorrelation across time. It is a submodel of the MLRM.
Based on this model, a nonparametric test statistic for the treatment
effect is proposed. This statistic is shown to follow an asymptotic chi-
square distribution with one degree of freedom. This test is called a
logrank test because of its similarity to that used in survival analysis.

A simulation study is also conducted. Its purposes are 1) to
evaluate statistical properties of the methodology based on the MLRM,
2) to evaluate the effect of incomplete data, and 3) to quantify the
effect of model misspecification with respect to the ZL.S model.

Finally, the methodologies based on the MLRM, the ZLS model, the
MPBM, and the GSK model are applied to a single data set involving
longitudinal binary responses which is modified from a clinical trial
of a new agent used to treat a skin condition (Stanish, Gillings, and

Koch, 1978). The numerical results are then compared among those.

iii




ACKNOWLEDGEMENTS

I wish to thank first to my adviser, Dr. James Knoke for his
careful advices, pertinent suggestions, and constant encouragement to
accomplish this work, even though he has moved to the Biostatistics
Center of George Washington University since last fall.

I would like to express my appreciation to the members of my
committee, Drs. David Kleinbaum, Gary Koch, Michael Symons,
Timothy Wilcosky for their efforts. Especially, Dr. Symons has served
as my coadviser since Dr. Knoke left.

I am also grateful to the constant and unmeasurable support from
my parents, Kikuko and Hideo, who have lived in Japan.

Finally, I would like to express my thanks to the Rotary Foundation
for me to start studying biostatistics here at UNC and to colleagues in

the Biostatistics Department for useful discussions and guidances.

iv



TABLE OF CONTENTS

Chapter 1. Introduction . . . . . . . . . . . .

1.

[

1

2
.3
.4
.5

Definition of longitudinal study .
Examples of medical applications .
Problem characterization

Problem solving outline

Importance .

Chapter 2. Literature Review . . . . . . . . . . .

2.1 Longitudinal data analysis with continuous responses .

2.1.1 Mathematical models .
2.1.2 Univariate approach
2.1.3 Multivariate approach .
2.1.4 Mixed-effects model

2.1.5 Time-series regression model

2.2 Longitudinal data analysis with binary responses .

2.2.1 GSK model

2.2.2 Logistic regression model .
2.2.3 Probit regression model
2.2.4 Markov chain model

2.2.5 Generalized linear model

2.2.6 Nonparametric methods .

PAGE

-

(o) TN V) BN LS AV

O O O ®



2.3 Incomplete data .
2.3.1 Definition

2.3.2 Treatment

Chapter 3. Markov Logistic RegressionModel . . . . . . .
3.1 Motivation

3.2 Definition
3.3 Illustration .
3.4 Characteristics of the model .
3.5 Comparison with ZLS model .
3.6 Comparison with Markov product binomial model
3.7 A case of having time dependent covariates .
3.8 Additional comments on the model
3.9 Extensions of the model
3.9.1 Ordinal response

3.9.2 Multiple responses

Chapter 4. ParametricInferences . . . . . . . . . . . .
4.1 Parameter estimation
4.1.1 Conditional likelihood
4.1.2 Maximum likelihood estimation
4.1.3 Computation algorithm .
4.1.4 Simple example
4.2 Hypothesis testing
4.2.1 Comparison among the tests
4.2.2 LR test

4.3 Asymptotic theorems in estimation .

vi

34
34
36

39
39
40
42
43
45
48
48
50
57
57
59

61
61
62
64
67
68
71
71
73
77




4.4 Asymptotic theorems in hypothesis testing . . . . . 84

4.5 Testing for Markov property . . . . . . . . . . . 90

4.5.1 Illustration . . . . . . . . . . . . .. . 90

4.5.2 LR test for Markov property . . . . . . . . 91

4.5.3 Heuristic approach . . . . . . . . . . . . 93

4.6 Handling Incompletedata . . . . . . . . . . . . 96
Chapter 5. A Logrank Procedure . . . . . . . . . . ... 99
5.1 Introduction . . . +« « ¢ « « « « o o v . . . . 99
5.2 Definition . . . . . . . . . . . . . . ... . 100
5.3 Evaluation of covariance terms . . . . . . . . . 102
5.4 Estimation of autocorrelation coefficient . . . . . 105

5.5 Handling incomplete data . . . . . . . . . . . . 112

Chapter 6. Simulation Experiments . . . . . . . . . . . 113

6.1 Random number generation . . . . . . . . . . . 114
6.2 Simulationdesign . . . . . . . . . . . . . . . 115
6.2.1 Estimation . . . . . .« . . . . . o .. . 115
6.2.2 Hypothesis testing . . . . . . . . . . . . 123
6.3 Results . . . . . . « « « « v« o .. ... 124
6.3.1 Efficiency . . . . . . . . . . . . .. .. 124
6.3.2 Incompletedata . . . . . . . . . . . . . . 125

6.3.3 Model misspecification . . . . . . . . . . . 126

Chapter 7. Illustrative Example . . . . . . . . . . . .. 128
7.1 Datadescription . . . . . . . . . . . . . . . . 128
7.2 Application of the logrank test . . . . . . . . . . 129

vii



7.3 Application of the MLRM
7.4 Comparison with results from other approaches .
7.5 Extended MLRM to allow ordinal data .

7.6 MLRM with time dependent covariates

Chapter 8. Conclusions . . . . . . . . . .. ... ..
8.1 Summary and related discussions

8.2 Future research .

viii

130
131
135
136

137
137
139




Chapter 1

Introduction

Medical data are often collected in the context of a dynamic
structure, that is, data involving a time factor. Such data are
described as longitudinal and will be defined in more detail in Section
1.1. Time series analysis is one of the traditional methods for
analysis of such data, but may not be adequately applied due to a
relatively small number of occasions in longitudinal data. It is also of
interest to examine data with binary responses, which often occur in
medical investigations. A statistical model called Markov logistic
regression model (see Section 3.2 for more detail) is proposed to
analyze binary longitudinal data. A methodological development with
the proposed model is an interesting and current issue in biostatistical

sciences.

1.1 Definition of longitudinal study

There are different definitions available to describe the type of



research. Bailer, Louis, Lavori et al. (1984) provide a classification
which distinguishes longitudinal studies from cross-sectional studies.
Anderson, Anquier, Hauck et al. (1980) distinguish cohort studies
from case-control studies. Such distinctions are based on the primary
focus of the researcher. Bailer, Louis, Lavori et al. focus on the
relevance of time, whereas Anderson, Anquier, Hauck et al. are more
concerned with the origin of research. Kleinbaum, Kupper, and
Morgenstern (1982) provide a combination of both, which includes a
distinction among retrospective, cross-sectional, and prospective
studies.

While Goldstein (1979) mentions that the prospective study is a
narrower definition of longitudinal study, a retrospective study may
also be included if it involves more than one occasion. Survival
analysis is excluded from the definition of longitudinal data analysis, as
with Cook and Ware (1983), since a typical survival analysis deals
with assessment of unrenewable event such as death. This study is
essentially concerned with a renewable event, or repeatedly collected
measurements or observations. For this reason, longitudinal study can
be sometimes replaced by a study with repeated measures. In the
social sciences, panel study is often used instead of longitudinal study.
Thus, a longitudinal study is defined as one in which data are collected
on several occasions, regardless of the direction (retrospective or

prospective) and type (experimental or observational) of study.

1.2 Examples of medical applications

Longitudinal data could be produced from clinical trials,




epidemiologic investigations, regular health examinations, and even
clinical studies. They can be either experimental or observational.
Observational studies tend to have an unbalanced structure of data
array, since they do not restrict a time when a subject has an entry
for observation. Also, medical research tends to have categorical
responses rather than continuous ones.

Several well-known longitudinal medical/epidemiological studies
have been published from the viewpoint of statistical analysis. An
example is the EPA-CHESS (Community Health and Environmental
Surveillance System). Its purpose is to investigate the influence of
weather and air pollution on bronchitis, cardiopulmonary symptoms,
asthma attacks, and so forth (Stebbings and Hayes, 1976; Hasselblad,
1978; Whittemore and Korn, 1980). Another example, the so-called
six-city study, sought the health effects of air pollution on pulmonary
functions, involving the risk factors of gas stove, passive smoking and
so forth. (Tager, Weiss, Munoz et al., 1983; Dockery, Berkey, Ware
et al., 1983). There is ancther longitudinal study on the change in
pulmonary functions for children (Strope and Helms, 1984;
Fairclough, Helms, and Strope, 1985). In a third example, Weiss,
Munoz, Stein et al. (1986) show that lead exposure could significantly
decreases systolic blood pressure, using a cohort of 89 policemen.
Fourthly, the National Institute on Aging is conducting a multicenter
longitudinal study entitled EPESE (Established Populations for
Epidemiologic Studies of the Elderly) which began in 1982 (Brock,
Evans, Lemke et al., 1986). There are several other examples of

longitudinal studies in which the data are analyzed by a special
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statistical method to allow a repeated measures situation.

1.3 Problem characterization

The problem can be characterized by the following three statistical
issues: dependent observations, binary observations, and incomplete
observations.

The first involves a statistical treatment of dependent
observations. A statistical theory usually assumes an independently
identically distributed (i.i.d.) variable with an option of normality. If
normality is not assumed, a distribution-free methodology can be
substituted in almost all situations. However, a statistical analysis
without the assumption of independence may be quite difficult to
pursue. Longitudinal data are likely to violate the assumption of
independence within an individual. If we ignore an autocorrelation,
small within-individual variations are mixed up with a large among-
individuals variation. A traditional method for dealing with dependent
observations is known as time series analysis. However, this method
is often inappropriate for medical studies since data are usually
collected at relatively few occasions, say 2 to 6. An alternative
method is to utilize a multivariate linear model in which covariance
matrix has an unspecified structure (Grizzle and Allen, 1969;
Jennrich and Schulechter, 1986). Another alternative is to utilize a
mixed-effects univariate linear model in which the within-
individual variation is separated from the among-individuals variation
(Laird and Ware, 1982). The final model considered is a mixture of

time-series and linear models (Rosner, Munoz, Tager et al., 19895).
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The second involves a statistical treatment of binary observations.
Medical research is sometimes involved with categorical responses.
In particular, the binary response will be discussed herein since it is
the simplest and most common case with the categorical responses. A
brief discussion will address the possibility of extending the model for
binary longitudinal data to allow ordinal and multiple responses.

The third addresses the issue of incomplete data. Environmental
and epidemiologic investigations often involve incomplete data since
they tend to be collected from observational studies (Hunter, 1982).
Analysis of such data via most of the previous methods can prove
difficult. If one specifies a simpler structure for the time series with
an additional assumption, e.g., Markov property, then it can be

prevented from deleting many observations.

1.4 Problem solving outline

In order to solve a problem involving the above three
characteristics, an extension of the time-series regression model
proposed by Rosner, Munoz, Tager et al. (1985) to binary responses
will be developed. This method will deal with binary responses using
a logistic regression model, and is similar to the model proposed by
Korn and Whittemore (1979). The difference lies in whether one
adopts a fixed-effects model or a random-effects model. All the
explanatory covariates in the proposed model will be treated as fixed,
partly due to a computational feasibility.

Based on the proposed model, Markov Logistic Regression Model

(MLRM)-, a maximum likelihood estimation and a likelihood ratio test



are applied to the statistical inferences. The asymptotic normality of
the estimator and the asymptotic power of the test under local
alternatives will be also presented. Furthermore, a preliminary test
for Markov property is provided. With respect to incomplete data, the
MLRM prevents the deletion of an entire set of observations for an
individual even if there was a missing observation during the study

period.

1.5 Importance

Almost half of medical studies involve a time factor (Bailer,
Louis, Lavori et al., 1984). Therefore, methods for analysis of such
studies, specifically of the time course of a treatment and its
interaction with other factors, are quite important. Needs of such
analysis have been often emphasized in medical journals such as
Circulation Research, Circulation, and New England Journal of
Medicine.

In longitudinal studies, statistical variation must be distinguished
between a large among-individuals variation and a small within-
individual variation. This problem can be partially solved by adopting
an autocorrelation within an individual.  With such a pertinent
treatment, a longitudinal study could be more efficient than a cross-
sectional study (Berry, 1974).

Medical investigations often involve binary observations, such as
the existence of a symptom. So, it is necessary to adapt an
appropriate model for static binary data (for example, logistic model)

to a longitudinal situation. It is also desirable for the proposed model




to be extended for use with ordinal data with a natural operation.

Since it is a new area in biostatistical sciences and there is little
established software available, we demonstrate some computer
programs to perform a proposed methodology. It is actually

performed under the SAS PROC LOGIST (SAS Institute, 1983) by a

simple modification of the data structure.



Chapter 2

Literature Review

The following is an extensive review of the statistical models
useful for Longitudinal Data Analysis (LDA) by the type of response
variable. Although our interest lies in binary response, it might be
worthwhile to review the case of continuous response as well.
Continuous response includes i) classical mathematical models,
ii) univariate linear model, iii) multivariate linear model, iv) mixed-
effects model, and v) time-series regression model. Binary
response includes i) GSK (Grizzle, Starmer, and Koch, 1969) model,
i1) logistic regression model, iii) probit regression model, iv) Markov
chain model, v) generalized linear model, and vi) Markov product
binomial model which is a modified version of the product binomial
model (Cochran, 1954). Finally, a definition and statistical
treatments for incomplete data, which often occur in observational

longitudinal studies, will be presented.




2.1 Longitudinal data analysis with continuous responses

2.1.1 Mathematical models

Statistical analysis involving a time factor started with curve
fitting of population growth. The first keynote is the well-known
Thomas Malthus’s geometric law of population growth in which a
population tends to increase in a geometric ratio (Malthus, 1798).
[ater, Pritchett (1891) proposes a third-degree polynomial equation to
fit a population growth with time. The idea is adopted in a growth
curve model by Grizzle and Allen (1969). Pearl and Reed (1923)

utilizes a well-known logistic curve

k

@4 Y= — b

to fit the growth curve, where Y = objective index such as weight;
t = time or age; and the coefficients (a,b,k) are unknown parameters.

Winsor (1932) applies a Gompertz curve

(2.2) Y=exp (- (a/b) e ].

A main purpose of mathematical modeling approach lies in fitting
a better and more interpretable curve to growth. Although it is useful
from the viewpoint of descriptive or exploratory data analysis, it lacks

the advantages of statistical inference.

2.1.2 Univariate approach

One may utilize a univariate analysis of variance for longitudinal



data if some correction is provided for the violation of independence.
Although there are several methods, Box’s correction of degrees of
freedom for autocorrelated errors will be presented below (Box,
1954).

Suppose that there are T repeated measurements for N individuals

and construct a linear model

(2.3) Y, = X, B + e, i=1,..,N,

where Yi (T><1) is a vector of responses; Xi (T><r) is a design matrix;
B (r><1) is an associated vector of parameters with Xi; and e; (Tx<1)
is a vector of errors which is asymptotically multivariate normal with
mean 0 and covariance matrix Z (7><7). If the error is independently
(2 = I) and normally distributed, then a standard analysis of variance
using an f test could be applied. More generally speaking, if the
sphericity assumption, i.e., compound symmetry (Huynh and Feldt,
1970) is satisfied, the usual F test is valid. In the randomized block
ANOVA design with k treatments and n blocks, this assumption is
interpreted to demand that the variances within the treatments must be
equal, and the correlation between the measures under all pairs of
treatments must be equal (Huynh and Feldt, 1976). If this
assumption is violated, Box proposes to make a correction of usual
degrees of freedom (for example, T-! for the time factor) for ANOVA
table, which takes account of a departure from the sphericity

assumption. Thus, Box’s correction factor (e) is defined as
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2

(1) ($30,, - 2TS &+ Ta)
tJ J )

.o

where p=T - 1, Zp is the p > p covariance matrix of a set of mutually
orthogonal contrasts, i.e., Zp = C’ 2 C in which C is a pth order
orthonormal contrast matrix, o .. is the mean of entries on the

JJ
diagonal of Z (T > T), 6_ is the mean of all entries in =, and 0. is

the mean of entries in row j of Z. He then proposes to apply tiwe F
test with degrees of freedom of €(7-1) and €(T-1)(N-1) for the time
effect. The quantity e equals ! if Z satisfies the sphericity condition.
This correction procedure works well when € is low; but the estimate
is seriously biased when this is not the case (Huynh and Feldt, 1976).
Collier, Baker, Mandeville et al. (1967) mention that Box’s F test is

-~

conservative when € is 0.9 or higher where

T .-
R ( Sij = S )
(2.5) € = Z —Z 77 ’
(T-1) (?JZS i 2T?s ;+ T s ”)
in which S j» gjj’ §i., §“ are the sample values of I j &J'j’ &i.’ &”,

~

respectively. If the parent population is multivariate normal, € is the

maximum likelihood estimate for € (Anderson, 1958).
In the special case of equicorrelated structure of Z, the usual F

test is valid, i.e. € = | from simple algebra. In the case of first-

11



order autoregressive (or Markov) structure of Z, the value of €
decreases as either 7 or p increases (Elashoff, 1986). Wallenstein
and Fleiss (1979) investigate the behaviour of € under the Markov

situation. They algebraically show that

(2.6) e=A/B,
A= (1+p) {TUp) [T () -(I+p) ]+ 20 (1D},
B=(T-1) { 4p (1-p])(I+p) [ pll+p)(1-p) + T(1-p)(1+p) -

ToU-pU+pl) 1-T (-0 (20 (1-62T) + (14p) " +

2 3 3 2
4(1+p) p 114 T (1-p) (14p) (U+p) },
and
2
1-p
(2 7) lim e = EE— S
T->® 1+p

2.1.3 Multivariate approach

The T repeated measurements might be regarded as T-dimensional
random variate Yi for i=1,2,...,N, with a common and unknown T><T

covariance matrix 2. The model is written as
(2.8) E(Y,) = xijpj + xi2p2 + ...+ xiqﬁq , i=1,2,-—,N.

Let the q < T matrix B = (ﬁj,...,ﬁq)’ be the matrix of unknown
parameters; the N < T observation matrix Y = (YI’“”YN)’; and the
N > q known design matrix X = (x, ). Then the expression (2.8) is

tJ
simply rewritten as

12




29 EM=X§8,
and the variance of Y is expressed as
(2.10) Var (Y) :IN®Z,

where the symbol ® represents the Kronecker product of two matrices.
Any set of (T-1) linearly independent constrasts is chosen and a

score is computed for each subject on each constrast, for example,

(2.11) Zij: YiJ.- Yz‘-’ J=1,...,T1-1,

where Yi' is the mean over T occasions for the ith subject. For
N

testing the hypothesis Ho: 2 Zij = 0 (j=1,...,7-1), Hotelling’s
2 i=1

generalized T, statistic could be utilized. Under the Hy and the

multivariate normality,

N-T+1 2 @
(2.12) —————— To ~ F (T-1, N-T+1),
(T-1)(N-1)

can be approximately achieved (Davidson, 1972; Elashoff, 1986). As
most of the textbooks do, other statistics like Wilks® A, Lawley-
Hotelling’s trace, and Pillai’s trace could also be applied to the
hypothesis testing.

The term growth curve has a special meaning in statistical
literature. It applies to data consisting of repeated measurements of

some characteristic, obtained from each member of a group of

13



individuals. The rubric of growth curve comes from Box (1950).
Later, Potthoff and Roy (1964) define the growth curve problem, for
which a polynomial curve model in time is a particularly important

example. The growth curve model is specified as
(2.13) E(Y) =XBP, Var () =1;® %,

where Y (N><T) is an observation matrix; X (N><q) is a known design
matrix; B (g<p) is the matrix of unknown parameters; P (pxT) is a
known matrix of full rank psST; X (Tx<T) is positive definite; and the
rows of Y are independently and normally distributed. It implies that

each response variate can be expressed as a linear model, such as
(2.14) E(y) =P B; .

where y, (Tx1) is the observation vector of the ith subject and Bl. is a
vector of unknown parameters.

Although the structure of the within-individual covariance matrix
(2) is not specified, Rao (1965) considers the special structure, i.e.,
Z=BI'B + 02 I. It corresponds to the variance of a response under

the following random-effects model (2.15) since

(2.15) Y=BE+E,
E~N (0, o 1),
§~N (0, N,
ELf

14




gives
(2.16) Var (Y) =BT B + 1.

Finally we briefly comment on a comparison between univariate
and multivariate approaches. A univariate test without any correction
to the degrees of freedom is not robust with respect to the uniformity
assumption.  Therefore, either modified univariate or multivariate
tests should be used. A multivariate test is usually somewhat more
powerful provided that N exceeds T (Davidson, 1972). However,
Barcikowski and Robey (1984) mention that the univariate overall F
test is generally more powerful, even using e or ;, compared to
Hotelling’s generalized Toz. The reason the unadjusted univariate test
is generally most powerful is that while both tests have the same
numerator of degrees of freedom (T-1), the univariate test has larger
denominator of degrees of freedom: (7-1)(N-1) as opposed to (N-T+1)
for the multivariate test, where (T-1)(N-1) > (N-T+1) for T>2. Also,
Rogan, Kesselman, and Mendoza (1979) mention that the e-corrected
procedure provides the most powerful and robust test of within-

individual factors when € is greater than 0.75. However, as € departs

from 1, multivariate tests are consistently more powerful.

2.1.4 Mixed-effects model

Laird and Ware (1982) propose the application of a random-effects
model to longitudinal data, which can be generalized as a mixed-effects

model. The mixed-effects model consists of two stages of modeling.

15



This model has several advantages over the multivariate model.
First, it allows estimation of parameters for each individual by setting
two modeling stages. Second, there is no requirement for balanced
data, whereas the multivariate model with general covariance structure
is often difficult to apply to highly unbalanced data due to a large
covariance matrix.  Third, it provides a special form for the
covariance matrix, unlike the general multivariate linear model. This
may also be considered as a limitation since a special form of the
covariance structure, consisting of both within-individual and among-
individuals variations is automatically assumed.

Laird and Ware (1982) present a model formulation based on
Harville (1977), consisting of two stages to distinguish a within-
individual variation from an among-individuals variation. The first
stage involves population parameters, individual effects, and within-
individual variation. The second stage considers an among-individuals
variation. Although Laird and Ware present a model for the case of
univariate response, it could be easily extended to the multivariate
case. The model is now reviewed in detail.

Stage 1: For an individual i (i=1,...,N),
(2.17) yi:Xia + Zi bz’ + € ,

where y; is a T, > 1 observation vectors; X, is a T, < p known design
matrix; a is a p >< ! unknown population parameter vector linking with
Xi; Zi is a Ti < k known design matrix; bi is a k < ! unknown

individual effect linking with Z; and €, is normally distributed with

18




mean 0 and covariance matrix R;, independent with respect to i. At
this stage, the parameters a and b, are considered as fixed, and only
the error term ¢, is regarded as a random variable.

Stage 2: Now b, is considered as random, and independently normally
distributed with mean 0 and covariance matrix D. Combining this with

the first stage,

Q
(2.18) y, ~ MVN (X, a,R;+Z, DZ/),

where MVN stands for multivariate normality.
Statistical inference for the mixed-effects model can be based
on least-squares, maximum likelihood, or empirical Bayes. In the

case of known variance, Ri and D,

(2.19) Var (y,

A

)Evi:Ri+ZiDZi/'

The estimates of a and bi are

~ N 1 q N 1
2.20) @ = (S XV ix )yt s xwvity,
& e T R
~ _ -1 i ~
(2.21) b, = DZ/ 'V, (y,-Xa).

~

The estimate a is a maximum likelihood estimate based on the
marginal distribution of the data, and also a minimum variance

unbiased estimate (MVUE). The estimate bi is derived from an

extended Gauss-Markov theorem which considers a random effect as

17



well as a fixed effect (Harville, 1976). It also corresponds to an

empirical Bayes as

~

(2.22) b = E(b,/y,a0),

where 0 is the vector of independent components of V,. In the case of
equicorrelated covariance matrix, 0 = ( 02, p ). The variances of
these estimates are also obtained in Laird and Ware (1982).

In the case of unknown variance, if an estimate of 0 is available,

then
(2.23) fli = ﬁi+z.6z.',

and we obtain (; (é) and ‘;i (é) by replacing all the terms of (2.20) and
(2.21) by the estimates.

Finally, consider estimating the covariance matrix (V,) or the
vector of independent components (6) of V,. There are two different
estimates: an MLE, OM and a restricted MLE (REML), GR. When the
MLE is adopted, a ( 9 ) and GM jointly maximize the marginal
likelihood of (a, 0), and bz ( OM )} is an empirical Bayes estimate of
bi' In a balanced ANOVA model, however, ML estimates fail to take

into account the degrees of freedom in estimating a. In the REML

estimation, éR is obtained by maximizing the likelihood of @ based on

any full-rank set of error contrast uy such that E (dy) = O.
Therefore the REML gives a standard ANOVA unbiased estimate for a
balanced ANOVA model. The REML estimate can be derived by either

18




the sampling theoretic argument as above or Bayesian approach
(Harville, 1976). For a further argument on the computational
aspects, see Dempster, Laird, and Rubin (1981) and Laird and Ware

(1982).

2.1.5 Time-series regression model

As Armitage (1971) mentions, time series analysis has not been
used often in medical research, largely because it is rare to find a
long series generated under sufficiently stable conditions. A mixture
of time-series model with linear model, namely a time-
series regression model, can be useful for the analysis of longitudinal
data.

For a simple illustration, suppose we have a linear model
(2.24) yt=a+bxt+et,

where {yt} is a response variable; {Xt} is a covariate; and {et} is a
noise term for each time point t (¢=1,...,T). An example of a Markov

model in which an observation dependé only on the previous one is

*
(2.25) yy=cy 1 *te

for t=2,...,T. The combination of these two models produces

(2.26) Ye* XYy g = B X, + € t=2,0.e5 1,
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which is called a time-series regression model.

Anderson and Hsiao (1981, 1982) present two different time- .
series regression models which are more flexible and appropriate for
actual data. The first is referred to as a serial correlation model. It

is expressed as
(2.27) Yie = M * ‘y’xit + oWy,

(2.28) Wi = g Wi -1 + Uy, i=1,...,N, t=1,...,T,

where y;, is a response variable; x,, is a covariate depending both on an

it

individual and on a time point; n; is an individual effect; w;, s an

error term which relates to the prior one (w; ) with an

autocorrelation of B; and u,, is an independently distributed error. -

Summarizing the two equations (2.27) and (2.28),
(2.29) vy = BYipg ¥t Y X B X gy

The second time-series regression model is referred to as a state

dependence model, expressed by

(2.30) Yie = My + Wi s

(2.31) Wi = B Wieg t Y X F Uy i=1,...,N, t=1,...,T.

b

In this model, the error term at time t is correlated with the one at
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time t-1 with B of autocorrelation; however, it is also related to time
varying covariates (or states) x,. Summarizing the equations (2.30)

and (2.31),

(2.32) y,, = B Yie-1 P T Y X T Uy

Rosner, Munoz, Tager et al. (1985) modify the state dependence
model (2.32) for medical and epidemiologic situations. In doing so,
they utilize AR(p) structure instead of AR(1), as with Anderson and
Hsiao, and then consider several factors for the individual effect. The

model is expressed as

K »
:zjﬁk Zie t G

J
2.33) y,, = + . + X, +
( ) Vit a léjyl Yit-1 .:EIBJ szt K

J
where {yit} is a response; {Xijt} is a time varying covariate such as
blood pressure; {Zik} is a time independent covariate such as sex; and
{eit} is an independently normally distributed error term with a
constant variance 02.

This model has already been applied in several studies. Tager,
Weiss, Munoz et al. (1983) apply it in assessing pulmonary functions
due to air pollution. Weiss, Munoz, Stein et al. (1986) use it to
investigate the relationship between lead exposure and blood pressure.
They also mention that it is necessary for the mixed-effects model of

Laird and Ware to provide a special program; however, their mode!

could be easily executed using an ordinary regréssion package.
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2.2 Longitudinal data analysis with binary responses

A simply structured longitudinal binary data set is shown in Table
2.1. Six different approaches to analyzing such data are reviewed.
Most approaches allow for a more complex situation and could be easily

extended to ordinal responses (Origasa, 1987).

2.2.1 GSK model

Grizzle, Starmer, and Koch (1969) develop a linear model for
categorical data which is usually called a GSK model. Although the
original GSK model is restricted to linear models, the generalized GSK
methodology permits other usages. If a response is binary, the
extension of the GSK model to a logit model is straightforward. Koch,
Landis, Freeman et al. (1977) also extend the GSK model to allow a
situation in which each subject in the experiment is observed T times,
where each outcome is one of L categorical values. In their
formulation, each individual is classified into one of R‘:I_T categories.
In the case of binary responses, there are ZT distinct profiles. As
mentioned by Wei, Stram, and Ware (1985), a sample size problem
could arise because the size of contingency table is as large as 2T+1,
even when there are no missing observations. Although there are
limitations such as this in the GSK approach, it is one of the accepted
procedures for analysis of longitudinal binary data.

Let us mention a formulation of the GSK model for the example in
Table 2.1. Let Yi jt represent the response of the jth subject in the
ith treatment group for the tth occasion (i=1,2, j=1,...,ni, t=1,...,7).

Since the Yije are indexed by either O or 1, there are ZT possible
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multivariate response profiles, as illustrated in Table 2.2 (for T = 3).

A GSK model is written as

(2.34) F = X B + E,

where F (277 1x

1) is a vector of frequency of responses over

two treatments where 2T profiles are multiplied by 2 due to the

T+I><2) is a design matrix specifying the

T+1

number of treatments; X (2
type of treatment; B (2X1) is a parameter vector; and E (2 x<1) is
a vector of residuals. The GSK procedure usually applies the weighted
least squares (WLS) to obtain an estimate and its variance, which are

asymptotically unbiased and consistent. The WLS estimate of B is

235 =X Vvix)yixvlF,
where V is the covariance matrix of E. The variance of é is

(2.36) Var (B) =X Vix?t,

which is a consistent estimate of the covariance matrix (Koch, Amara,
and Singer, 1985). Koch, Singer, Karr, et al. (1986) provide various

applications.

2.2.2 Logistic regression model

Korn and Whittemore (1979) apply a logistic regression model to

the analysis of serial observations of the presence or absence of
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asthma symptoms on successive days for asthmatics participating in
panel studies. For each individual i, let y,=I if there is some
symptom on day ¢, and y;,=0, otherwise. Let p,, = Pr (y,,=1). Then
the logistic regression model is expressed as

p k

T _
1-pn) = logit (py) = a; + b, y; ;4 +l§1°il Xel

(2.37)  log (

where the probability of having a symptom on day t depends on the
status of previous day and on k characteristics such as air quality and
weather conditions (x”, ceey xtk) on day t. The coefficients a;, bi’ Ci s
++4sC;) are assumed to be normally distributed in the population, with
covariance matrix D. This model is referred to as a logistic-normal
model. Their analysis requires an iteratively weighted least squares
procedure with reestimation of the covariance matrix, D, at each
iteration. The advantages of their methods is that a separate logistic
regression of the response against environmental covariates could be
applied for each individual, and also each panelist is assigned to a
vector of regression coefficients which represents one’s susceptibility
to various environmental factors. A drawback of their model is its
analytic intractability, although Korn and Whittemore prepare an
approximate analysis based on the separate logistic regression for
each sub ject.

Stiratelli, Laird, and Ware (1984) generalize the logistic-normal
model (2.37) and develope an empirical Bayes approach to statistical
inference. They consider a larger and more flexible family of models

referred to as a general logistic-linear mixed model. Let Y; (Ti><1) be
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a vector of binary observations for the ith individual, and p; (T;x1) be
the expectation of y;, that is, a vector of probabilities for an event to

occur. At Stage 1, a model for the logit of p; is written as
(2.38) log [p;/(1 -p}) ] = logit (p,) = X, a + Z b,
and at Stage 2 assume

(2.39) b, ~ MVN (0, D).

When Xi = Zi Wz., bi =V, - Wi a, the model (2.38) loses a term for

fixed effects and thus reduces to a logistic-normal model (2.37).
Zeger, Liang, and Self (1985) propose another logistic regression

model. They use a logistic regression model only for the initial

occasion,
(2.40) logit (pyy) = z’ 4,

where Z, (g > 1) is a vector or covariates for the ith individual and
é (g < 1) is a vector of the parameters. For t 2 2, it is assumed that
binary observations within an individual follow a stationary first-order

autoregressive (or Markov) process; thus,
(2.41) iy =Py  * P (¥ ey Py ) T U PP * P Vg
where p = Corr (Yit’ Yi t-I) is an autocorrelation between the
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successive observations. They then obtain the MLEs of &, p and show
their asymptotic normality. The model defined by (2.40) and (2.41!)

is called a ZLS model, for convenience.

2.2.3 Probit regression model

The standard method of probit analysis is based on a representation
of the probability that an individual manifests the quantal responses as

a function of the levels, X:
(2.42) p = O (XB),

where ®(') is the standard normal integral. Ochi and Prentice (1984)
extend this method to the repeated measures design referred to as a
correlated probit model.

Let w= (WI’ wz,...,wT)’ be a normally distributed variate with
common mean p, variance 02 and correlation p. Then the density for

w can be written as

2.43) op(ws po,p=2m /2 |V Bexp(-t (wrpt )V et )

where

2

(2.44) V=0 {(U-p I +pip 1/},

Binary variates may be defined according to whether or not the

components of w exceed a common threshold. A vector of binary
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variates is denoted as y = (yi,...,yT)’ . In contrast to other fully
specified models, the correlated probit model can accommodate
underdispersion as well as overdispersion of data (Ochi and Prentice,

1984). Letting y = pu clandy=53 ¥,» then

(2.45) E(M)=T6,Var(M)=T6(1-6) {1 +(T-1)J},

where 8 = | - ®(-y) = ®(y) is the response rate parameter, and the

correlation parameter is given by

(2.46) 6 = (Y [Y oalw; 0,1,0) dw - ® ()} [y {1 - ()} 1 7L

-0 -~

Covariates may be entered into the equicorrelated probit model by

setting y(X) = X B instead of the constant (y).

2.2.4 Markov chain model

Although a g-dependent Markov chain model with two states (e. g.,
Yes or No) of response needs 29 parameters (Cox, 1970), a g-th order
autoregressive process only needs q+! parameters. The latter seems
to be a more efficient model. A simple Markov chain may also be

practical, given a transition probability matrix

No Yes

No | p p
(2.477 P = NN-ENY

Yes | Pyn Pyy

where p , = Pr (Y =b/7 Y, =al)pyn?t PNy = ! and
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Pyn * Pyy = 1. Cox (1970) reparametrizes the above formula into

the logistic representation

% ea+A
248 PNy = T Pyy T T ara

where A represents a departure from the independent trial. Under the
assumption that all the transitions are independent and that the

stochastic process is stationary, the MLE of P is obtained by

- T T
(2.49) Pij =t§1yij (t) /t%yi(t-f) ,

where Yij (¢) is the number of subjects for whom the state is j at
time t, conditional on the state being i at time t-1, and where yi(t—I)
is the number of subjects for whom the state is i at time t-1 (Bishop,
Fienberg, and Holland, 1975, Chapter 7).

Muentz and Rubinstein (1985) extend the model (2.48) to allow

covariates, as follows:

/

exp ( b'x)

(2.50)  ppy (B'x) = ’
NY { +exp (b'x)

and

exp (d'x)

(2.51) pyy (d'x) =
Yy { +exp (d'x)

where x is a vector of covariates which explain the transition. Based

on these specifications, a likelihood equation is constructed as
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T-1 TNNE O ONY:e Tyae "y vyt

where ny\ g, stands for the number of individuals with NO responses at

times ¢, t+1, and so forth.

2.2.5 Generalized linear model

With a single observation for each subject, a generalized linear
model (McCullagh and Nelder, 1983) can be applied to a variety of
continuous or discrete outcome variables with distributions from an
exponential family. Liang and Zeger (1986) propose an extension of
the generalized linear model to allow longitudinal data. Their model
will be reviewed below.

Let a response variable y,, have a value of 0 or 1, and let x,, be a
p > ! vector of covariates, where i=1,...,N and t=1,...,7. Also let
y; = (y”,...,y”-)’ be the T > ! vector of response values and
Xi = (x”,...,xi-r)’ be the T x p matrix of covariates for the ith subject

(i=1,...,N). Assume that the marginal density of Yip 18 expressed as
(2.53) fy;) =exp [{y; 0;p-a(8,) +bly,) Yo l,

where 6, = h (n;, ), n xit, B, and h (*) is a link function. For this

it

formulation, the first two moments of y,, are given by

da(6,,) dza(eit)
(2.59) E (y,) = —&, Var (y,) = —5—/ ¢
d it deit
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In the context of longitudinal studies, let R (a) be a T < T
symmetric correlation matrix across time, where a is a vector of
independent parameters characterizing R (a). In the case of the

2
equicorrelated matrix, a = (o, p)’. The covariance matrix of Y; is

then expressed as

2.55 V, (TxN =A R (@ A} /¢,
where A, (TxT) = diag { da(6,)/d6,, } and a(6) = (a(®,,), ...,

a(®;7) )’. The general estimating equations are defined as

(2.56) 2 D NAVAL

z_.

S, = 0 (px1),

where Di (T<p) = d {da.(e)/de} / dB = A, Ai Xi;
A, (Tx<T) = diag ( d6,,/d n;); and S; =y, - {da (6)/d6}. By letting
U@, a= D Vv, -1 S, and replacing a by a (Y g YN Bi9)s (2. 56)

becomes

N A ~
257 2 U (B alB oB)}]=0 (<D
i=

The solution of B in (2.57) is defined as EG' Liang and Zeger show
that Né (kc - B) is asymptotically multivariate normal with mean

zero and covariance matrix

Z

(2.58) vG_th(gn'v p) SV, covyy v,
N->o i=l i=1

D. }

t

ny i o
(2D/v, o),

i

.',LMZ ~
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under several mild regularity conditions. To compute BG’ they iterate

between a modified Fisher scoring for B and moment estimations of a

and ¢. Define
(2.59) Z=DB-S,

where D = (Di,""’DN,), and S = (SI,""’SN’),‘ Also let \Nl be a
TN > TN block diagonal matrix with Vi [ B, a{B,®(B)} ] as the diagonal
elements. Then the above iterative procedure is equivalent to

performing an iteratively reweighted linear regression of Z on D with

the weight vi

2.2.6 Nonparametric methods

Longitudinal binary data (Table 2.1) can be reduced into a series of
2 = 2 contingency tables (Table 2.3), although information is lost on
subject transitions. This suggests utilizing the logrank procedure
(Cochran, 1954; Mantel and Haenszel, 1959), assuming that each table
is mutually independent.

Suppose there are two groups to be compared, either control or

intervention. The null hypothesis can be stated as

(2.60) Hp: PC= Py

which means that the incidence rates of a symptom for both groups are

the same in the context of prospective studies. Cochran (1954)
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assumes a product binomial model such that the probability of having

the Table 2.3 on the tth occasion (suppressing the subscript) is

expressed as
N/2 a N/2-a N/2 c N/2-¢c

where Pc is the probability of having a symptom in the control group;

p; is the probability in the intervention group; and only N is a fixed

number-.

When the product binomial model is valid, the logrank test is known
to be consistent. Liang (19885) shows this fact for a Markov product
binomial model, which could be defined to satisfy the additional Markov
assumption (2.41) to the product binomial model (2.61). He proposes

another test statistic, which is a modification of the logrank test

statistic, as

(n'_‘
IM~
L
'
m
>
ﬁv

(2-62) T1 =

M~

2

or
il
!

the distributional property for which is fairly free from an underlying
true model from his simulation study.
Donald and Donner (1987) also provide a new test statistic for the

same hypothesis (2.60), under the following assumption

(2.63) p = Corr (Y,,, Y,J,
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for any t * s, under the product binomial model (2.61) for each ¢
(¢.=1,...,7). Although this assumption (2.63) may be valid for the
members of the same family, it may not be true for repeated
measurements of the same individual, since there wusually is a
decrease in correlation as a time interval becomes wider.

Recently, Lachin and Wei (1987) propose a very general test for
the hypothesis (2.60), in which they consider an autocorrelation within
an individual, based on T consecutive 2 > 2 contingency tables under
the product binomial model for each occasion. They propose the

following statistic

T 2
[ w, Cpee = ppe) ]

2 t=1
(2.64) ¥ Lw = s

~

w Yo W

where \;lo is the covariance matrix of the difference under Ho (2.60) and
W= (W Woseens wT)’ is a vector of weights. A possible problem lies
in the precision of the parameters, since the number of parameters
which must be estimated becomes relatively large as T increases.
The assumption of simpler structure, such as Markov structure, could
be made for the covariance matrix. A test based on the Markov

2
structure (see Chapter 5) would be more efficient than x from the

practical viewpoint.
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2.3 Incomplete data

Incomplete data often occur in medical and epidemiologic
investigations. They arise most often from observational rather than
experimental studies because the data collection process is better
organized and controlled in the latter. Since longitudinal studies in
health sciences are often observational, where human beings are the
objects of observation, it follows that longitudinal data tend to contain
incomplete data. Thus it is necessary to review the basics and
statistical issues involving incomplete data. Missing data is
considered synonymous with incomplete data, as with Little and Rubin

(1980).

2.3.1 Definition

The incompleteness in a certain individual’s response vector may
be explained by a number of factors. Woolson, Leeper, and Clarke
(1978) present possible causes as follows: i) the responses are
missing at random, e.g., a person misses a clinic visit; ii) the time
period of follow-up has been truncated or censored; and iii) the study
was designed to provide an incomplete response vector for certain
groups of individuals.

Hartley and Hocking (1971) provide another classification of
incomplete data. The first key is whether or not a response is
missing at random or by design, such as in i) and iii) above. The
second is whether a response is completely missing or the range of a
value is known, such as grouped data. The third is whether a response

is continuous or discrete. Any missing data could be characterized by
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a combination of the three classification keys.

Rubin (1976) defines two fundamental concepts: missing at
random and observed at random. The missing data are missing at
random (MAR) if the conditional probability of the observed pattern of
missing data, given the missing data and the value of the observed
data, is the same for all possible values of the missing data. The
observed data are observed at random (OAR) if for each possible value
of the missing data, the conditional probability of the observed pattern
of missing data,-given the missing data and the observed data, is the
same for all possible values of the observed data.

Rubin mentions the following three cases. First let y, be the
value of blood pressure for the ith subject (i=1,...,N). If the process
leading to missing values (i.e., the probability that a particular value
of y, is missing) does not depend on the value of y,, then the missing
data are called MAR and the observed data are called OAR. Suppose
z;, = * (missing) if y; is less than a priori specified value M, i.e., we
record blood pressure for subjects whose blood pressures are greater
than some threshold value M. Since the process leading to missing
data depends on observed values of {yi}, but not on missing values of
{yi}, the missing data are still MAR, but the observed data are not
OAR. Only if all the data are missing, i.e., less than M, then the
situation is called OAR though none of the data are observed. Finally,
if the process depends on observed values of {yi} and on missing values
of {y;}, then the missing data are not MAR and the observed data are
not OAR. Using the above example, suppose there are N subjects in

which N is observed and N, is uncbserved, i.e., purely missing. The
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m, out of N; is missing because the observed value is less than M. In
this case, the process leading to missing data depends on both observed
values (due to less than M) and purely missing values of {yi}. Thus, a
particular care is required in deriving inferences.

The above three classification methods for the incomplete data
possess distinct philosophies. Woolson, Leeper, and Clarke focus on
more practical situations in which data are collected. Hartley and
Hocking focus on the attributes or characteristics of data. Rubin
concentrates on the construction of the distribution of missing
observations, as he classifies them from the viewpoint of randomness
and dependence of data. Almost all the literature on multivariate and
longitudinal incomplete data assume that the missing data are missing
at random, and much of them also assume that the observed data are

observed at random.

2.3.2 Treatment

It might be useful to review the four methods for the
treatment of incomplete data. In the first method, units with data
missing in some variables are discarded, and analysis is performed on
the remaining complete data. In the imputation-based procedure,
missing values are replaced and the resulting complete data are
analyzed by a standard method. @A commonly used procedure for
replacing missing values is the hot deck imputation, where recorded
units in the sample are substituted by means or predicted values from
a regression on the known variables for that unit. The third method,

the weighting procedure, applies a weighted mean of imputed means in
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subclasses. The design weight ni_i is defined as the inverse of the

probability of selection for unit i. The last procedure is model-based,
and is formulated by defining a model for the incomplete data and
making inferences on the likelihood under that model. The advantages
are flexibility, the avoidance of adhocery, and the availability of large-
sample estimates of variance based on the second derivatives of the
log-likelihood. ~ The disadvantages are that i) it requires a large
computational demand, particularly for the complex patterns of
missing data, and ii) little is known about the small-sample properties
of many of the large-sample approximations (Little and Rubin, 1980).
Finally, the issue of missing data existing by design, rather than at
randomn is briefly mentioned. Kleinbaum (1973) extends the growth
curve model by Grizzle and Allen to allow missing data by design.
First partition the N subjects into s disjoint subsets, Sj""’Ss’
depending on each subject’s pattern of observations. Assume that Tj
of the T repeated measures are available for the Nj subjects in Sj
(Ny+...+ N, = N). Let an incidence matrix Kj (TXTJ.) indicate the
time points with observations for subjects in Sj’ Kleinbaum then

constructs the following model
(2.65) y; = K, P B,

where Ki (T=xT)is the incidence matrix; P (p < T)) is the matrix of
orthogonal polynomials; and B, (p > ! ) is a vector of the parameters.
Suppose that there are two groups with a different pattern of occasions

observed, say S and S,. The subjects in group S, are measured at
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all the five occasions; however, the subjects in group S2 are measured

only at times 1,3 and 5. Then ‘
1 00
000

(2.66) K, =1, K,= |0 1 0]},
001

since the total number of occasions are 5. He also discusses the

statistical inference problem relating to his proposed model (2.65).
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Chapter 3

Markov Logistic Regression Model

The proposed model (MLRM) and its submodels are presented in
the discussion below. First, a motivation for use of the MLRM is
described, and a legitimate definition is provided, thereafter. We then
show an illustrative example of how the model is constructed.
Furthermore, an extensive comparison with the MLRM is made for
each of two different models, the ZLS model (see Section 2.2.2) and
the Markov product binomial model (see Section 2.2.6). It is also
indicated that the MLRM is a modeling for transition probabilities, and
that it is closely related to a modeling for joint marginal probabilities.

Finally, two extensions of the MLRM will be briefly outlined.

3.1 Motivation

In Chapter 2, statistical models for analysis of longitudinal data
were reviewed. These included the univariate linear model with a

correction of degrees of freedom, the growth curve model, the mixed-



effects linear model, the time-series regression model, and the
generalized linear model. Among these, a time-series regression
model is adopted simply because it can be easily performed in
ordinary statistical software packages. The model can also be easily
interpreted by regarding the effect of a previous outcome as one of
explanatory variables.  Although an application of this model in
econometrics usually considers a higher-order regression which
includes effects of more past outcomes, it may not be necessary to
consider such a complex situation for the application to health
sciences. A regression involving only the previous outcome is
practical, simple, and sufficient in most cases.

Rosner, Munoz, Tager et al. (1985) utilize this time-series
regression model (2.33) for normally distributed longitudinal data.
Our interest lies in dealing with longitudinal binary data. A natural
modification is to replace an original response by a logit of the
probability of response. This leads to a logistic regression model in
which the past observation is one of the covariates. The coefficients
of the regressors are regarded as fixed, although Korn and Whittemore
(1979) provide a formulation in which a vector of the coefficients has
a muitivariate normal distribution with mean 0 and unspecified
covariance matrix. Advantages of the fixed-effects logistic regression

model will be mentioned in detail in Section 3.4.

3.2 Definition

Suppose there are N individuals, where the ith individual has a Tz’

binary repeated measurements for i=1,...,N. Let y; denote a T, <1
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binary response vector for the ith individual; that is,
y; = (in""’yiT), for i=1,...,N. An ordinary logistic regression
i

model involving time dependent covariates is written as
: — 4 I4
(3.1) logit (p;,) = X,/ ¥y + Z, 4,

where p., = Pr (y;p=1 I Xipr Z))3 X, is an r-vector of time dependent
covariates for i=1,...,N and t:]""’Ti; Y is an r-vector of the
parameters; Z, is an s-vector of time independent covariates for
i=1,...,N; and & is an s-vector of the parameters. All the covariates
in the model (3.1) are assumed to be fixed although this may not
always be true. When the assumption is violated, it is called errors in
variables or measurement error model in statistical literature. This
problem will not be addressed at this time.

Time dependent variables can be classified into three different
types (Kalbfleisch and Prentice, 1980, Section 5.3). The first one is a
defined variable, such as SEX = TIME. The second is an ancillary
variable, such as an air pollution index at time ¢, which does not
depend on an individual. The third is an internal variable generated by
each individual, such as blood pressure or heart transplant status of
the individual at time t. These time dependent covariates are
specified in X,, of (3.1).

An Lth order autoregressive model for a response (y;,) of any type

is expressed as

(3.2) yyy = @+ Byt By Vit BL Yie- T €t
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where €, is a residual term. Although it is usually assumed that €

¢ t
is distributed independently and identically, no structure is assumed
for that. An autoregressive model with L=1 is called a Markov
model, and might be simple and practical. An empirical procedure for
the validity of Markov property will be shown in Section 4.5. The
proposed model is one which is a mixture of both fixed-effects logistic

model (3.1) and the Markov model (3.2) with L=1, a Markov Logistic
Regression Model (MLRM):

: —_— / /
(3.3) logit (p,,) = a+ B Yig-g t X, y+2/4,
where Pie = Pr (yit =1 | yi,t-]’ Xit’ Zi) = conditional probability of a
symptom existing at time ¢ for the ith individual, given the past

observation (yi - 1) and the covariates (xit’ Zi)'

3.3 Illustration

For illustration purposes, suppose a clinical trial is conducted to
assess the effect of an intervention program on cough frequency
(response) as compared with a control group. An outdoor temperature
(denoted as TEMPt) and a physiological index, such as blood pressure at
that time (denoted as BP;,), are measured. These vary with time and
are the explanatory variables for the proportion of having a cough. In
addition, there may be time independent covariates, such as age at
baseline (denoted as AGE}), which may be related to a transition in
cough frequency. An indicator variable of treatment (denoted as TR Ty

is also considered as a covariate. Finally, a presence/absence of
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response at the previous occasion t-1 (y; , ;) is included in the model.

Thus, a full model without any interaction terms is:
(3.4) logit (p;) = a + B Yi,t-1 + vy (TEMP,) + v2 (BPit) +
dy (AGE)) + [P (TRT) ,

where p;, = Pr (y;e = 1| Y; t—I)' It may be considered as an extended
version of ordinary logistic regression model (3.1), which allows for
a situation with repeated measures. The simplest model, which will

be used for illustration many times later, is presented as:
(3.5) logit (pit) =a+f Yi,t-1 +y (TRTz.) ,
which will be called a simple working model.

3.4 Characteristics of the model

There are many possible alternatives to our model (3.3) for
dealing with binary longitudinal data, most of which were reviewed in
Section 2.2. The MLRM involving fixed effects is compared to
the random-effects logistic regression model proposed by Korn and
Whittemore (1979) and Stiratelli, Laird, and Ware (1984) from the
viewpoint of characteristics.

There are three main reasons for the choice of a fixed-effects
model. Choice of fixed or random factors should depend on the

characteristics of experiment. Factors such as subjects and days are
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usually considered as random, whereas factors such as sex and race
are considered as fixed. A treatment factor is usually considered as
fixed, except that its levels are representatives of a much larger group
of possible levels. A fixed-effects model can be mostly applied. Even
for cases in which a random-effects model is more appropriate, the
variation due to the random factor could be reduced by adding more
fixed factors. For example, in the case of subject factor, the
variation due to the subjects can be reduced by including factors
characterizing the subject, e.g., sex, age, and race.

Another reason for choosing a fixed-effects model is that in the
random-effects model, the parameter vector must be estimated for
each individual. This may be difficult and inappropriate in medical
investigations, since there are often a small number of occasions for
each individual.

Third, it is easy to apply existing software to the fixed-effects
model. The previously proposed methods by both Korn and Whittemore
(1979) and Stiratelli, Laird, and Ware (1984) are analytically
intractable. Korn and Whittemore assume a separate logistic
regression model for each individual. From N (= number of
individuals) different parameters to have been estimated, they
estimate the among-individuals covariance matrix D through the
iteratively weighted least squares method with reestimation of D at
each iteration. Stiratelli, Laird, and Ware apply an empirical Bayes
to estimate the parameters through the EM algorithm. In any event, a
special program is needed to apply these computations.

Although an approach using the random-effects model is intuitively
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appealing, the more simple approach proposed may be acceptable for
the above three reasons. In conclusion, the proposed model could be

satisfactorily applied in analyzing binary longitudinal data.

3.5 Comparison with Z1.S model

The ZLS model defined by (2.40) and (2.41) does not allow time
dependent covariates which sometimes arise in longitudinal studies.
In that sense, the MLRM (3.3) is more general than the ZLS model,
although the ZLS model may be simpler, more interpretable, and have
fewer parameters.

The following is a comparison between the ZLS model and the
MLRM, from the analytical viewpoint. ~The case is restricted to the

exclusion of time dependent covariates. The MLRM is expressed as

exp ( B Yig-1* Zi, d)

(3.6) p; =
1+9XP(5)’1-,£,1 +Z, d)

On the other hand, the ZLS model is written as

exp ( Z §)
<+

3.7) p, = (1-p) oy
Pit 1+ exp ( Zi, 6* ) e

where § may be algebraically different from 8. When the time is

increased by one,

(3.8) Py gps " P = P ig ™ Yie-t)
for the ZLS model, whereas
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exp (B Yig t Zi’é) exp (B Yit-1 + Zi’é)
I+exp By, + Z/8)  l+exp By, . ; +Z/8 ’

(3-3) Py et ~ Py =

for the MLRM. In a special case in which no covariates are included,
i.e., d =0, (3.9) reduces into

xp By)  ep By, )

(3-10) Py ppg " Py =

1+ exp By, I+exp By, )
exp (B yit) - exp (ﬁ yi,t'l)
(1+exp By} (1 +ep By, )}

the numerator of which is similar to (3.8) with an additional
exponential transformation. Thus, the MLRM allows a more complex
structure for the transition of response than the ZLS model.

The p in the ZLS model can be expressed in the MLRM.
Substituting p;. (3-6) into equation (2.41),

exp By, ¢ 1729
I+ exp By, o +2,'9)

(3.11) TPip T P Wer TP

Hence, an autocorrelation p is expressed as

(3.12) p=

Py 1/ [yz',t-I “Pig b

which depends on the baseline probability of having a symptom (p; ;)
and the parameters (8, 4 in the MLRM. It implies that an
autocorrelation is a complex function of the covariates in the MLRM,

although it is just a constant in the ZLS model. It was also shown
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that the MLRM was more general and flexible than the ZLS model.
With respect to the expression of risk of having a symptom at the
previous occasion, it may be appropriate for the MLRM (3.6) to adopt

a multiplicative form:

Prly,=1 | Yit-17~ 1)

(3.13) R, =
Prly =1 1 ¥ 4-1 = 0)

1 +exp(Z/6) 8
C f+exp(Z/8+B)

eﬁ+exp (Zi’6+ B)
1 + exp (Zi’6+ B) .

IfB=0thenR,=1. If 8> 0thenR;> 1 and vise versa. For the
ZLS model (3.7), however, it might be appropriate to express the risk

in an additive way:
(3.14) Rz =Pr(y;,=1 | yi,t—I:” -Pr(y;, =1 l yi,t—I:O) =p.

Except for the null value for no risk, i.e., one for R, and zero for R,
the same argument as above is true for an excess or a reduction of the
risk.

In conclusion, the ZLS model is a submodel of the MLRM. It
means that, even for the same number of parameters, the MLRM is

more flexibly fitted to any longitudinal binary data than the ZLS
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model.

3.6 Comparison with Markov product binomial model

The definition of @ Markov product binomial model ‘s summarized
by (2.41) and (2.61). This model involves a combined feature of the
product binomial model at ¢ = ! and the Markov property with an
autocorrelation for ¢t 2 2. The MLRM is compared to this model
below, again in the case of no time dependent covariates.

The first comparison is that of the Markov product binomial model
to the ZLS model. It is easily shown that the Markov product binomial
model is actually a submodel of the ZLS model. Recall that the ZLS
model satisfies (2.40) and (2.41). Since the Markov property (2.41)
is actually common for the both models, it is necessary to show that
assumption (2.40) is broader than (2.61). Actually (2.61) is a

special case of (2.40) in which Z of (2.40) is the identity matrix

Pc £ 0 Pc
(3.15) logit =2Z'é = - logit
Pl 0 1 P

Second, as shown in Section 3.5, the ZLS model is a submodel of
the MLRM. Hence, the Markov product binomial model is also a
submodel of the MLRM. Notice that there is a single explanatory

covariate (treatment) for the Markov product binomial model.

3.7 A case of having time dependent covariates

In the previous section, the ZLS and the Markov product binomial
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models were shown to be submodels of the MLRM in the case of no
time dependent covariates. These two models do not basically allow
the inclusion of time dependent covariates. But Zeger, Liang, and Self
(1985) suggest a modification to allow time dependent covariates by
an alternative approach to their model (3.7). They propose the

following multivariate linear model for a vector of T binary responses

(3.17) E (ei) =0 (Tx1), Var ( e, ) = Vi (py 6, Y)s

for each individual i (i=1,...,N). Notice that any variation from the
initial probability of having a response (p,,) is regarded as an error
term (ei). The matrix Vi is actually a within-individual variance
matrix. Zeger, Liang, and Self assume that the within-individual
variance matrix is determined by the parameters relating to an
autocorrelation, time independent, and time dependent covariates.

Their model expressed by (3.16) and (3.17) is essentially different
from the proposed model (3.3) with respect to the basic form. One of
the problems related to their model is the specification of reasonable
structure of within-individual variance matrix using p, 4, and y. Also,
a method of estimating the parameters is unclear in terms of

desirable statistical properties. Furthermore, they regard any
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variation from the initial probability as an error term, which might
lead to a worse fitting to the model. It is preferable to specify a
more plausible model with explanatory covariates. Thus the MLRM
may be more reasonable and general than their multivariate linear
model.

With respect to the Markov product binomial model, there is no
available generalization for allowing time dependent covariates,
although there may be a possible regression model involving time
independent covariates, such as the one proposed by Breslow (1976).

In conclusion, the MLRM is a very plausible and general model to
incorporate with time dependent covariates. Even without time
dependent covariates, it is a more general model than the ZLS and the

Markov product binomial models.

3.8 Additional comments on the model

In this section, the MLRM is additionally discussed from the
viewpoint of modeling. First, the MLRM is shown to be nothing but a
modeling for transition probabilities. Consider a simple case with
two occasions and no covariates. To make a comparison with a

modeling for marginal probabilities, let

(3.18) mwyy = joint mar‘ginal probability of the profile in which
response ‘0’ occurs at time ! and response ’1°
occurs at time 2,

and mg, My, Ty are similarly defined. Hence,
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(3.19) mgo + Moy + W0 + My = 1.

Also, transition probabilities are defined as

(3.20) poy=Pr(Yz=1]Y,

0),

Poo=1’Pon
Pn:Pr‘(Yz:I | Yy = 1),

Pio = ! - pyy-

The MLRM (3.5) is now expressed as

(3.21) log { } = a+ By,

1‘P2

where p, is the probability of symptom occurrence (coded 1!),
conditional on the previous outcome (y;). The probability, p; may also
be considered as a transition probability from the status y,(0 or 1) to
the status I. Actually, the model (3.21) can be rewritten by two

separate models:

P2 Po1
(3.22) log { } = log { } = a+B8x0 = a,
1-p2 Poo
P11
= log { } =a+Bx1 = a+ B,
Pio

in terms of transition probabilities. Since
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(3.23) myy =Pr (Y =1) X% pyy,
Ty = Pr (Yy = 1) X pyo,
Moy = {1 - Pr (Y, = 1)} < poy,
Tao = {1 - Pr (Yy = 1)} = poo,

the model (3.22) is reexpressed in terms of joint marginal

probabilities as

P2 Moy ,
(3.24) log { } = log { } = «a
! - P2 Moo
LY
= log{—1} = a+ 8.
Tyo

In summary, the MLRM (3.21) is essentially a model for transition
probabilities. It is equivalently expressed by a model for joint
marginal probabilities, regardless of the initial probability.

Second, the model (3.21) or (3.22) based on conditional (or
transition) probabilities is closely related to the model (2.46), as
shown in Cox (1970). The parameter, A, in (2.46) corresponds to S
in the model (3.22). Furthermore, the extended model (2.50-51) is

equivalent to the model (3.22) by expressing

a
Po1
(3.29) log{—) =a+yIRT = (4, 1, TRT) - {0 |,
Poo Y )
P11t (@
(3.26) Iog{——} = a+B8+yTRT = (1,1, TR | B
| P1o Y
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Third, analytical comparison between modeling for joint marginal

probabilities and that for transition probabilities is made.

delete the treatment effect and consider only two

Transition probabilities are expressed as

a
e
(3.27) por = Pr(Y,=1 | Yi=0) = a0’
1 +e
1
(3.28) poo = 1 -pox = q
1 +e
ea+B
(3.29) p = Pr(Y,=1|Yy=1) = y
11 2 1 I—F—B—
!
(3.30) pyo =

1-pyy = W,

from (3.22). One can express the initial probability as

!

(3.31) Pr(Y,=0) = T (0scs1),

Similarly

occasions.

where ¢ indicates an extent of the effect from previous outcome to be

supposed. Then, joint marginal probabitilies are expressed as

(3.32) 7oy = Pr(Y,=0& Y,=1)
Pr(Y,=0) xPr(Y,=1] Y, =0)

1 e

vy ’
1+eacﬁ 1+ e

ea+cﬁ ea+B
(3 . 33) My, =

1 +ea+CB . 1 +ea+3’
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ea+cﬁ 1

(3.34) my = . .
1 1+ %P 14 tF
1 !
(3.35) moe = . s
% 1+t 4T

in which the sum of four probabilities is equal to one. Hence,

Ty Moo
(3.36) log { ——} = B.

M0 Moy
Similarly, we obtain

Moy

(3.37) log {

} = a.

Moo
The model expressed by (3.36-37) based on joint marginal
probabilities is equivalent to the model (3.21) for conditional
probabilities, or equivalently the model (3.22) for transition
probabilities. Notice that the expression (3.36) is also derived from

(3.24), since (3.24) is rewritten as

(3.38) moy = €% Mooy y = B

Tyo-

Finally, for three dependent dichotomous variables without any
covariates, one can similarly express joint marginal probabilities.
Since the initial probability does not affect related ratios, we simply

set as ¢ = O in the expression (3.31). Then,
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(3-39) Moo = 1+ €% . 14—e0(.1+e(x ’
1 ! e
n°°1:1+ea'1+ea.1ﬂ-ea’
1 e? 1
"°*°=1+ea'1+ea'1+ea+8’
1 e a+p
S R 1+ B
e’ ! !
nioo:1+ea.1+ea+ﬁ.1+ea,
e” 1 7
T T 1P A
e? ea+5 1
e = 1+ e% 1+ea+B 1+ea+’8 ’
e ea+ﬁ a+B
T T 1+ &% 1+ea+B 1+ea+ﬁ

If one takes a natural logarithm of odds ratio with respect to either

time 2 and time 3 or time ! and time 2, then

To11 M100 T111 Tooo

(3.40) log { ————}=log { ——— } =8,
To10 Mio01 Ti10 Moot
Ti11 Tooo Tii0 Moot

(3.41) log{——————}zlog{-—————}zﬁ
Tott Mio0 Mo10 Mio1

From a simple algebra, we generally obtain
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Ty, Too. T.11 T 00
(3.42) log { ——— } = log { ——— } =8,
Moy, Mo, Moy Mo
where m,,, is the sum of m,;y and m,,,;, and so forth. The reason that

any odds ratio leads to the same value (8) lies in the stationarity of the

time series which directly comes from the Markov property.

Similarly,
Moy, T, o0t
(3.43) log { } = log { } = a,
Moo. T .00
T101t Moot
(3.44) log { } = log { } = a.
T100 To00
However,
To11 Toi10
(3.45) log { } ¥a, log { } ¥ a.
Moot Moo

Notice that the effect from previous outcome (at time !) is the same
between both numerator and denominator in (3.44), since the response
at time ! for the numerator is the same as the one for the
denominator. Whereas the effect from previous outcome (at time 2) is
different between the numerator and the denominator in (3.45), since
the response at time 2 for the numerator is different from the one for
the denominator.

Thus, the parameter for previous outcome (f) in the MLRM (3.21)
is explicitly expressed as a log odds ratio of corresponding joint

marginal probabilities.  Similarly, the parameter of intercept is
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expressed as a simple log ratio of corresponding joint marginal

probabilities.

3.9 Extensions of the model

Although this study is entirely involved in longitudinal data with
binary univariate responses, the MLRM can be immediately extended
to allow a more complex type of responses. In this section, two
extensions to ordinal and muitiple responses will be briefly outlined.
With respect to the extension to multiple responses, there are

statistical and computational issues to be left for a future study.

3.9.1 Ordinal response

Suppose there is a response with ordered scales, such as worse,
unchanged, or better. Since there are several models to deal with
ordinal data of fixed-time, all of those could be extended to a
longitudinal situation (Origasa, 1987). However, the most standard
method using a logistic regression model with the assumption of
proportional odds ratio (Walker and Duncan, 1967) is adopted to
illustrate this extension.

Let y;, be the L ordered outcome for the ith subject at time ¢; that
is, y;, is integer valued between O and L-!. The reason for allowing
Y; to range from O to L-! instead of 1 to L is to allow the binary
response model (3.3) to be a special case (L=2) of the model for

ordinal response. Furthermore, let w;, j be a dichotomous variable:

57



(3.46) w,, . =1, if the ith subject has the response valued more than
*J Jj at time ¢,

= 0, if the ith subject has the response valued less than
or equal to j at time ¢,

for i=1,...,N; t=1,...,T; and j=0,1,...,L-2. In case of a trichotomous

response, y;, has a value between 0 and 2, and

(3.47) Wi = 1, if yit=1 or 2,
Wiey = 1 if yit=2.
Hence, the Markov logistic regression model with L ordinal responses

is expressed by

(3.48) logit { Prob (witj =1)}= AP Yyt X/ ¥+ 2/,
where orJ. is the cut-point between the j and j+! categories for
i=1,...,N; t=1,...,T; and j=0,1!...,L-2.

The case of binary response is considered as L=2, so that it
involves a itself rather than aJ. for j=0,1,...,L-2 where L ordered
responses are involved. Based on the model (3.48), statistical
inference can be similarly performed to the binary case. A numerical
example of applying the MLRM with ordinal responses is shown in
Section 7.5 in which data can be analyzed by the SAS PROC LOGIST
(SAS Institute, 1983) as well.
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3.9.2 Multiple responses

Suppose there are p distinct binary responses for each ith

individual and the tth occasion. Let

(3.49) y,,(px<1) = (ym,---,ypit)’,
a (px<1) = (orj,.--,ap)’,

B (pXP) = diag (B]a’ﬁ )’

P
Y- Y1r
Gixr)=|. . . . s
ij .. 'Yp,—.
611 C. 6151
D/(pxS) = . . . . J ’
6P1 . 5ps

Then, the p-variate Markov logistic regression model is written as

: — 4 7
(3.50) logit (pzt) —a+B Y t-1 +G Xit +D Zi’

where

= ’ —_ -
(3.51) iy = (pyyprenaPpy)” = Py = 1),
and Xit(r‘><1), Zi(s><1) are the vectors of covariates, as defined in
(3.1).

Two possible reductions of the model (3.50) might be made in
practice. First, assume that the effect of covariates is unchanged over

the p distinct responses; that is,
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(3.52) (y”,...,yir)’ = (YI""’Yr), =Yy,
(6i1”“’6z‘r~), = (61,...,6r)’ z 4,

for any i=1,...,p. Second, the coefficient for regressing to the
previous observation is assumed to be the same for all p responses;

that is,

(3.53) B, =B, for i=1,...,p.

Under the two assumptions (3.52-53), the model (3.50) becomes
(3.54) logit (p,,) =a+ B Y1t (X, ¥ Ip + (Zi’é) Ip’

where Ip is the identity matrix of order p.

When one utilizes an approach based on the likelihood, one of the
problems is how one specifies the information of correlation among the
p variates (e.g., correlation or covariance matrix) in the likelihood

function of the model.
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Chapter 4

Parametric Inferences

Based on the Markov Logistic Regression Model (MLRM) (3.3),
parametric inferences will be provided, specifically maximum
likelihood estimation and likelihood ratio testing. Then asymptotic
theorems on both estimation and hypothesis testing will be presented.
Also a procedure to test for Markov property is described. Finally,
methods for dealing with incomplete data under the MLRM will be

discussed.

4.1 Parameter estimation

In this section, a conditional likelihood based on the MLRM (3.3)
is characterized and then a maximum likelihood estimate (MLE) from
the conditional likelihood is derived. A computational algorithm for

obtaining the MLE will be outlined.



4.1.1 Conditional likelihood

In general, the function of unknown parameters obtained by

considering the p.d.f. of a random variable V at the observed value v
4.1) lik v (6; v) = f'v (v O)

is called the marginal likelihood. On the other hand, the distribution of

W conditional on V = v
14.2) lik WY; (6; w/v) = FW/V (w/v; 6)

is called the conditional likelihood (Cox and Hinkley, 1974, pp.16-17).
Note that the MLRM (3.3) can be also expressed as

exp (a + B Yig-r * X v+2Z's)

(4.3) Pig = !+ ’ ’§ )
explat By o™X ¥+t 2]

For simplicity, define
(4.4) K(i,t) = a+ 8 Yi eq Xit’y+ Zi,é .

The observation at time ¢ (y,4) is regressed by the previous observation
at time ¢t-1 (yi t-1) which also follows a Bernoulli distribution
possibly with a different parameter. Thus the conditional likelihood of

the model (4.3) given baseline values {y”} for i=1,...,N, is defined as
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T,

N i y. 1-y.
49 =TI mt opy "
i=lt=
T. K{i,t)
- I[yI l'Tl [ € ]ylt r 4 ]I_YZC
- : K{i,t) ¢ Klit) -

i=1t=2 I +e

N Tz' exp [yit K{i,t)]

111 RT6)

i=1t=2 I +e

Notice that the vy, are conditionally independent binary random
variables. If a distribution of the observations at the initial occasion
is specified, then the unconditional (or full) likelihood is constructed

as
N

(4.6) ucL =CL - Hf (Vz') ,
i=1 ‘

where UCL indicates the unconditional likelihood; CL indicates the
conditionai likelihood (4.5); and f (yu) indicates the distribution of
values at the initial occasion.

If a set of parameters for t 2 2 is mutually exclusive from that
‘or t = 1, then the maximum likelihood estimate based on the
conditional likelihood will still be valid with additional parameter
estimates for the initial state. However, the initial distribution may
include a subset of the parameters in the conditional likelihood. This
implies that some risk factors affect both an initial state and a
successive transition. Such a complex situation will not be discussed

in this paper since it requires further definition of a type of initial
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distribution.  Thus the only concern is the conditional maximum
likelihood estimation later on, although the label "conditional" is not
used except a case in which a particular distinction is needed. For
some purposes, when the number of occasions gets moderate or large,
a sufficient approximation to the unconditional likelihood is obtained by
using the conditional likelihood (4.5) with suitable values substituted
for elements of {y“} (Efron, 1975). One procedure is to set the
elements of {y,,} equal to their unconditional expectations. In this

case, however, values of actual observations will be used.

4.1.2 Maximum likelihood estimation

Based on the likelihood (4.5), which is the function of parameters
conditional on the choice of initial values {y”}, maximum likelihood

estimates of the parameters are derived. Taking a natural logarithm of

the likelihood (4.5),

T, T.

N i N i K(it)

4.7) lzlogCL)= > > yip " Kit) - > > log (147107,
i=1t=2 i=1t=2

and differentiating the log-likelihood by each parameter,

(4- ) al/aa = Y, - . ,
165271 Z1sn 1+ LY
. K(ist)
( é\/ ' EN}T:z Yit-1 €
4.9) 3l/3p = Yoy Yoo - _ ,
i=1 C:Z l’t 1 i z:jt:z 1 + eK(lyt)
” g ; g ; K00
10)  al/3y = y., X - —— X,
i=1¢t=2 it i=1t=2 1 + eK(l,Cj it
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§3,2 -5
(4.11) 81/38 = y., L, -
S1eE2 7 S1E2 1+ e

Tz' eK(i,t)

K(i,t) Zz’ )

Hence, the maximum likeiihood estimates may be obtained by letting
(4.12) 3l/3a = 3l/9f = 0,

(4.13) 3l/3y = 0 (rx<1),
(4.14) 31/38 = 0 (sx1).

Denote the MLE to be obtained as

~ ~ ~ ~ ~ ~ ~

(4.15) 0= (8,, 65,00, 5) = (o, B, ¥, &) .

Also denote the variance of the ith element of €@ as V;i, for

-

i=1,...,(r+s+2). Then, from the Cramer-Rao inequality,

(4.16) v, 2 3 T 1" (3g,/36 ) (3g,/88,)
m n
where

(4.17) g (0) = (g4, 854 -+ rsyp) =E (O

~

- (E(a), EB), E(Y), E(&) ),

and I.(O)_1 = (Imn) in which L. (0) is the Fisher’s information matrix

(4.18) 1.(©)

I
m
B
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where the dot indicates the overall information from all the
observations. The MLE (4.15) is shown to be asymptotically efficient
and unbiased (see Section 4.3). The asymptotic variance of the MLE
(4.15) is given by

(4.19) Var (6) = L.(6)"*,
since

(4.20) agi/aem =0 ifi*m,
and
4.21) agi/aei = aE(éi)/aei = aei/ael. = 1.

The observed variance of @ is given by

(4.22) var (6) = i.(0) "},

A

where 1i.(0) is the matrix consisted of the negative of second partial
derivatives, evaluated at the value of the MLE (é).

Since maximum likelihood estimates of the parameters are
implicitly expressed, some iteration procedure is needed to obtain the
estimates and their variances. A description of computational
algorithm for solving a set of these nonlinear equations is provided in

Section 4.1.3, and an actual process for the simple working model

(3.5) is presented in Section 4.1.4.
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4.1.3 Computation algorithm

There are many algorithms for solving a set of nonlinear equations
iteratively (Kennedy and Gentle, 1980, Ch.10). For the purpcse of
applying the proposed methodology in a real problem, we recommend
the SAS PROC LOGIST (SAS Institute, 1983), which adopts a Newton-
Raphson method. The SAS PROC LOGIST, however, does not require
the gradient vector (4.32) and the Hessian matrix (4.31) since the
expression form is unique for the logistic regression model. One of
the advantages of using the Newton-Raphson method is to keep a
quadratic rate of convergence near a stationary point. The general
disadvantages are that i) the Hessian matrix may not be positive
definite at each iteration, and that ii) it is sometimes difficult to
obtain.

For the purpose of simulation, the IMSL subroutine called ZXMIN
is used. This program minimizes a nonlinear function using a quasi-
Newton method (Kennedy and Gentle, 1980, Ch.10). It is based on the
Harwell Library Routine VA10A (Fletcher, 1972). The iteration
formula is the same as the one for Newton-Raphson method (4.28),
except the Hessian matrix is substituted by an appropriate
approximation in a quasi-Newton method. Davidson (1959) first
considers the possible use of approximations to the Hessian matrix,
which become closer to the true matrix as an iteration progresses. A
refined version by Fletcher and Powell (1963) has often been used. It
is quadratically convergent when reasonably good starting values are
used (Kennedy and Gentle, 1980, p.456). It is also said to be the best

among available first-order gradient methods. Furthermore, it
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maintains a positive definite Hessian matrix at each step, if an initial
matrix is positive definite.

The ZXMIN subroutine assumes that the gradient vector and the
Hessian matrix exist, although the user is not required to supply a
formula for their evaluation. The Hessian matrix is approximated at
each iteration. Input of the gradient vector should, however, still be
required for the quasi-Newton method. This subroutine does not
require the gradient vector, either. Actually, it is provided by a
numerical differentiation which may be called a finite-
difference approximation (Powell, 1965), although there are several

alternative methods without derivatives, such as a simplex method

(Nelder and Mead, 1965) and the DUD (Ralston and Jennrich, 1978).

4.1.4 Simple example

Below is an explanation of the actual iteration process for solving a
set of nonlinear equations using the Newton-Raphson method, in the

case of simple working model (3.5) for i={1,...,Nand t=1,...,T7. Let
(4.23) K(i,t) = a + ﬁyi t-1 +y TRTi .

where a is an intercept; y is a realization of response at time

i,t-1
t-1; and TRTi is an indicator variable of the treatment group, say -!
for control and ! for intervention. Then the log-likelihood of the

model is

K(i,t))

M2

T
(4.24) I= 22 {y;e K(1,t) - log (1 + e
t=

1

l
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from (4.7). The equations satisfied by maximum likelihood estimates

are

N T | |
4.25) 81/3a=0=3 S {y, -0 /(14800
i=

1t=2
N T , .
(4.26)  3l/3p -21 ?z Vi Y, t_]eK(z,t)/ (1 + Kty
izlt= ’ ’
N DL K{(i,t) K{i,t)
4.27)  8l/8y =0 =2 > (TRT; vy - TRT; €70 /(1 + bty
i=1lt=

These nonlinear eguations can be iteratively solved with the following

recursive formula

a.28) ok+D = ok _ i)y gol),
where

4.29) g+ = (kD) glkrt) tkxd)

@.30) oK) = (oK glk) G y"

2 2 2 2
(8 1/3a) (3 1/3adB) (3 1/3ady) )

4.31) H = @188 (81/383Y) |
2 2
L @°1/3y)

(4.32) g =[ (8l/3a) (B1/3B) (Bl/3y) )
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using a Taylor expansion. At the kth iteration, to satisfy

IIG(k+”-9(k)II < € for a specified small number e, we set an MLE (é) .

to O(k). The second-order derivatives are

2 2 Nl wae . Ki,e?
(4.33) 3 l/3a =- e /(147 7)
23

N T

(4.34)  3'1/30dB = 2.3 Vi e Kiist) /(1 4eKM08)°
=1t=
NT

(4.35) 3 1/8ady=-S 3, TRT,, K1) /(g4 KB)?
i=lt=

N T | |
(4.36) 3 1/88 = =3 v K0 (1 K102,

i t=2

N T | |
(4.37) 8 1/3pdy=-3 3 51 TRT, K10) KLt
i=1lt= 4

Z

2 2 T . 2
=1 t=

The sample (observed) variance-covariance matrix of the parameters is
expressed as (4.22) in which i (6) is the matrix consisted of the
negative of second-order derivatives, as shown in (4.33) to (4.38),

evaluated at 8. The standard errors of the parameters are provided by

~ 4o~ 4
(4.39) se (a) = (@]
) G4
(440) s.e. (B) = [i (6) ](2,2)’
. a4
(4.41) s.e. (y) = [1i (6 ](3,3)
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g,

and so forth. These sample standard errors are consistent to the

where [ i_i(é) ](1,1) indicates the (1,1) element of the matrix i

asymptotic standard errors which are obtained as (4.39) to (4.41) by

replacing the MLE of @ by a true value of 0.

4.2 Hypothesis testing

In this section, a comparison of the likelihood ratio (LR) test to the
alternatives, and reasons for choosing the former, will be summarized.
Then a description of the LR test, in the context of the problem of

interest, is provided.

4.2.1 Comparison among the tests

The comparison of hypothesis testing procedures is limited to three
methods, namely the LR, the Rao’s score, and the Wald test statistics.
The LR test proposed by Neyman and Pearson (1928) is closely

related to the ML method. It uses

(4.42) A=2 (logL(@) - logL (60)) =2 log LR,

where 6 is the unrestricted MLE of 6; éo is the restricted MLE of 6
on the null hypothesis; and L(*) denotes the likelihood function. The
LR test minimizes the deviance between two models. To obtain the
LR test statistic, two different maximum likelihood estimates are
needed. On the other hand, the Wald test only uses the unrestricted
MLE and its standard error, which will be obtained by a single

nonlinear optimization. Rao’s score test does not need any MLE
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although it needs explicit forms of efficient score (3logl.(6)/36) and
information matrix with their evaluations at the null hypothesis. From
the computational viewpoint, the Rao’s score test is the most feasible,
followed by the Wald test and the LR test, irregardless of the
statistical property.

In terms of asymptotic property, these three test statistics are
equivalent and follow the same limiting chi-square distribution with
degrees of freedom equal to the number of addtional parameters (Rao,
1965). However, the LR and Wald test statistics are attainable from
most statistical programs. The score test statistic, while not
routinely calculated by standard programs, is also valuable. In simple
statistics it is identical with the elementary test statistics, thus
providing a link between the two approaches (Day and Byar, 1979).
Also, the nominal chi-square distribution is known to approximate that
of the score statistic more closely in small samples, so that its use is
less likely to lead to erroneous conclusions of statistical significance
(Lininger, Gail, Green et al., 1979).

It is empirically known that the Wald statistic has an undesirable
property. When the absolute value of the parameter becomes very
large, the standard error estimate becomes too large, so that the Wald
statistic becomes too conservative (Hauck and Donner, 1977).

Thus, a best choice for our problem is either the LR test or the
score test. In the case of simple null hypothesis and simple
alternative, LR critical region is the best critical region, as a direct
result from Neyman-Pearson lemma (Cox and Hinkley, 1974, p.92).

Although the score test looks attractive because there is no need to
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calculate a MLE, the MLE is needed for other purposes. Thus, it is

better to use the LR test for the current problem.

4.2.2 LR test

The LR test can be shown to have various optimality properties for
large sample sizes. These results are analogous to those obtained for
maximum likelihood estimates (Bickel and Doksum, 1977, p.225). It
needs two different maximum likelihood estimation procedures to test
a single null hypothesis, under both full and reduced models.

Based on the simple working model (3.5), a process to obtain a LR
test statistic is illustrated. Suppose it is of interest to test for the

effect of previous outcome; that is,

(4.43) Hyp: £ =0.

First compute a maximum log-likelihood [ (é) based on the full model
(3.5), where é = (cAr, é, ;)’ is an unrestricted MLE of the vector of
parameters in the model (3.5). A reduced modei by (4.43) can be

written as
(4.44) logit (pit) = a+y (TRTi) .

Second compute a maximum log-likelihood for the model (4.44),
[ (éo), where éo = (cho, 0, ;0)’ is the restricted MLE upon the null

hypothesis (4.43). Then let
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(4.45) X = 2[1(8) - 1 (6 ],

which follows the asymptotic chi-square distribution with one degree of
freedom under Hy (4.43). Hence, if A 2 3.84 then the Hy (4.43) is
rejected at the 5§ % significance level. Since the MLE is implicitly
expressed, this statistic cannot be expressed in an explicit form. The
procedure is similar for other hypotheses such as a = 0 or y = 0.

Furthermore, suppose there is a broader model than (3.5), such as

(4.46) logit (p) =a+ By, , , +y (TRT) +6( <TRT) ,

Yi,t-1
where (yi,t- 1><TRTi) denotes an interaction term and ¢ is the
coefficient thereof. Notice that a model containing interaction terms
without the corresponding main effects corresponds to hypotheses of no
practical interest (Nelder, 1977). Suppose that the interest lies in
testing for the interactive effect. = Then the null hypothesis is

expressed by
(4.47) He: § = 0.

The LR test statistic for (4.47) can easily be obtained in the same
manner.

In general, a vector of the parameters is expressed as

(4.48) 0= (8, 8.,
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where r + s = 3, r 2 1, s 2 0 for the first example, i.e.,

@ = (a, B, y)’. Suppose the null hypothesis of interest is

(4.49) He: ©_.=6

(4.50) HA: - f‘x o'

For example, the hypothesis (4.43) turns out to be a composite

hypothesis. Another hypothesis
(4.51) HO: (O’, ﬁ’ Y)/ = (O’ O, O),

is a simple hypothesis since it completely specifies the density due to
s = 0. There is generally no UMP test in the situation involving a
composite hypothesis, although there may be a UMP unbiased test
(Kendall and Stuart, 1979, p.240). For a simple hypothesis, if a
UMP test exists, it is defined by the LR criterion (Cox and Hinkley,
1974, p.313). In this sense, the LR test statistic is a reasonable
choice for testing any hypothesis. The critical region of size « for the

LR test statistic is
(4.52) AN2c_,
a

where ¢ is determined from the chi-square distribution with r
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degrees of freedom, g(l), which the LR test statistic A follows; that is,

w o
(4.53) [ g dl = a.

c
a

The general linear hypothesis:
(4.54) Hp: C 0 = ¢y,

may also be tested, where C (r > 3) is a contrast matrix; c; (r >< !)
is a vector of constants; and r < 3. When r = 3, C’C is non-singular

and Hy (4.54) is equivalent to
(4.55) Hy: 8= (CC)! C

A critical region may be developed for the hypothesis by a similar .

procedure to the above.
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4.3 Asymptotic theorems in estimation

In the following paragraphs, the asymptotic properties of the
maximum likelihood estimator satisfying a system of the nonlinear
equations, (4.12) to (4.14) will be investigated for the simple working
model (3.5). A main result is to present the asymptotic normality of
the estimator with its asymptotic variance. The main concern is a
linear approximation to the log-likelihood function (4.7), but a
second-order property of the MLE is also briefly mentioned.

An i.i.d. is commonly assumed for the asymptotic theory, whereas
our problem is concerned with Markov dependent (or correlated)
observations. However, the asymptotic theory can still be shown for
those data subject to additional suitable conditions on the type of
dependence. The point to show the asymptotic theory is to examine the
applicability of the central limit theocrem and the weak law of large
numbers. To prove a large sample theory for dependent observations
from a stochastic process, the Martingale theory is usually applied
(Basawa and Rao, 1980). Although it may be formal and general, it
can be proved to be a simple modification of the i.i.d. case. Further
details will be examined in Theorem 4.1.

Another distinction between our problem and usual theory is that
our problem involves the conditional likelihood given the initial
information. The decomposition of the unconditional likelihood into
two parts: conditional likelihood and initial information is shown in
(4.6). With a large sample of occasions, the estimate of the
parameter and its variance are equivalent between UCL and CL, as

shown iﬁ Section 4.1.1.
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In the case of the simple working model (3.5) with 6 = (a, B8, y)/,

the log-likelihood from the ith individual is expressed as .
T

(4.56) I, (6) = c§2 L, (0
T

(v, K(t) - log (1 + &bty ),

where
(4.57) K(i,o) =a+ By, , 4 +Y TIRT,.
The overall log-likelihood from N individuals is defined as

N
(4.58) 1 (6) 5‘21 L, (0). )
i=
The column vector of first-order derivatives and 3 > 3 Fisher’s :
information matrix involving second-order derivatives of the log-

likelihood are defined as
(4.59) U. (6) = 3 | (8)/36,
(4.60) L (6) =E{-3°1(8)/30 } =E {- 3 U.(6),/30 }.

The explicit expressions for (4.59) have been shown in (4.25)
through (4.27). The Fisher’s information matrix can be obtained from

the negative expectations of all the second derivatives shown in (4.33)
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to (4.38). The diagonal elements of the inverse of the matrix (4.60)
correspond to the asymptotic variances of the parameters.
The so-called general regularity conditions are needed to prove the

asymptotic theory of the MLE. They are:

i) The parameter space has finite dimension, is closed and compact;

il) The probability distributions defined by any two different values of
0 are distinct;

iil) The first three derivatives of the log-likelihood [(6) with respect
to O exist in the neighborhood of the true parameter value;

iv) 1.(B) is composed of elements of finite values and is positive

definite for all 0,

’

where 0 = (a, B, y)’. These conditions can be used to justify the use
of the Taylor expansions and other similar techniques (Cox and
Hinkley, 1974, p.281). These are, however, unnecessarily
restrictive. For example, a simple median is known to be
asymptotically normally distributed although the likelihood is not
differentiable. A full mathematical discussion of regularity conditions

is given by LeCam (1970). In our case, it is easily shown that all the

regularity conditions are satisfied.

Theorem 4.1 For the simple working model (3.5) with the above

regularity conditions and

(4.61) lim Cov { I,
|t-s| >



implying that the dependence is not sustained through a long sequence of
likelihoods within each individual, the MLE (6) satisfying (4.25)

through (4.27) satisfies the following asymptotic properties:

-~

a) O is asymptotically consistent, i.e., é =0+ op(I);

b) é is asymptotically normally distributed;

c) 0 is asymptotically unbiased, so that lim E (é) = 6
n->o

-1

d) 6 is asymptotically efficient, so that Var (é) -> 1.(8) * as n -Dw;

e) 6 is asymptotically sufficient;

where the effective sample size, n = N(7-1) for a simple case with

complete data. The sample size can be generally defined as

N
(4.62) n =3 (T, - 1),

i=1
since the effective sample size is (Ti - 1) for the ith individual. The
asymptotic normality incorporating (b), (c), and (d) can be stated as

34 : -1
(4.63) nc(06-6 ~ MVN3(0, 1.()

)s
where MVN3 denotes a three-dimensional multivariate normality.

A proof under the assumption of i.i.d. observations with p.d.f. f(y)
can be found in Kendall and Stuart (1979, Ch.18). It is necessary to
adapt the proof to Markov dependent binary data. A brief outline of the

proof of asymptotic normality (4.63) based on Markov dependent data is
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provided by Cox and Hinkley (1974, pp.299-301), although they discuss
it based on the unconditional log-likelihood. Basically, one utilizes
a first-order Taylor expansion of the log-likelihood equation about the
true parameter, the weak law of large numbers, and the central limit
theorem. The contribution from initial conditions {yu} (i=1,...N) is
negligible with a large number of occasions (Cox and Hinkley, 1974,
p.301). So, with large Nand T, (i=1,...,N), the asymptotic normality
based on the conditional likelihood can also be proven by tracing the
outlined proof {Cox and Hinkley, 1974, pp.299-301).

Asymptotic consistency can be achieved under more mild
regularity conditions than as shown in the above, i.e., satisfying only
i) and ii) (Wald, 1949). The argument for consistency depends on a
weak law of large numbers for the sum of (4.56) over the index i. A
necessary condition for that is given as (4.61), which is the assumption
that information accumulates rapidly. rurthermore, the inequaiity
L (6) L (6)

} < logE { 2} <0,
L (6) L (6)

(4.64) E {log

for all @, + @, which is central to the proof of consistency, can still be
applied in our problem.

A proof of asymptotic sufficiency is also implicit in the argument
for proving the asymptotic normality. Provided that each element of
(6, -0) is equal to O (n—J"), a Taylor expansion of | (é) about @, is

written as
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(4.65) 1(6) = 1(6) +(0-0) —= +4(0-0) —F—

A

(9-9)+0P(1),

a

under the regularity conditions. Since 31 (6,)/39, is of order op(I),

2
~ ~ al@) .
(4.66) 1(0)=1(8)-4 (6-8) {——7—}(0-8) +o(1).
36 P

Given that the likelihood L (8) = exp [ [ (0) ], it follows that

-~ -~

(4.67) L (Oa) =L (@) exp[%(O- ea)' I.(6) (6 - Oa) + op(I) 1,

which is a factorization of the likelihood (Cox and Hinkley, 1974,
p.307). |

Thus, the MLE for our original problem has several desirable
properties in large sample sizes. However, it is not the only method
guaranteeing the asymptotic optimality. When a UMVU estimate
exists, it usually has the same property as the MLE. An advantage of
the MLE is that it exists more frequently and is easier to compute
than the UMVU estimate.

A brief mention of the second-order property of the MLE must be
made. Taking the one-parameter variable case for simplicity, the
first-order derivative around the true value of the parameter is

expanded as

82




(4.68) 0= U.(6) = U.(6) + (6 - 6) {3U.(6)/38) +
1(0-6) (3U.(6)/36) + Op(n-é) ,

although further differentiability assumptions about the likelihood are

needed. By taking the expectations, (4.68) becomes

(4.69) E (6-6)E (3U.(6)/36} - Cov {6, 3U.(6)/30 ) +

SE(6-6) E(8U.(8)/30 ) -3Cov{(6-6),3U.6/36]
oY,

using the basic formula

(4.70) EXY)=E X +E(Y)-E X)E(Y) +Cov (X, Y) .

Since Cov {é, U.”(6)} is obtained to order n! and Cov { (é - 6)2,

-~ ~

U.”(6) } is o(n °), we can evaluate E (6), Var (8) as a second-order
approximation from (4.69). As a result, the MLE is neither
asymptotically unbiased nor asymptotically efficient using a second-
order approximation to the log-likelihood (Cox and Hinkley, 1974,
pp.309-10).  Although it is possible to show the bias-corrected
versions of efficient estimates having larger second-order variances

than the MLE, it is beyond the scope of this paper.
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4.4 Asymptotic theorems in hypothesis testing

The focus of this section is on the asymptotic properties of
hypothesis testing with respect to the LR test statistic. It will be
shown that this statistic is asymptotically equivalent to the two test
statistics previously discussed, i.e., Wald’s and Rao’s score, with
respect to the first-order approximation to the log-likelihood. Then the
asymptotic efficiency and consistency of the LR ‘test will be
established. The asymptotic power calculation under local alternatives
will also be presented. Finally a brief mention will be done on a
second-order property of the LR test.

The null distribution of the LR test statistic (4.45) generally
depends on the effective sample size (n) and on the form of p.d.f. of Y
for finite n. The asymptotic distribution of LR statistic depends
especially on the regularity conditions necessary to establish the
asymptotic normality of ML estimators. For references, see Kendall
and Stuart (1979, Ch.24). The following discussions of the LR test
apply to Markov dependent variables. For non-Markovian dependent
random variables, however, the LR may not have the same limiting chi-
square properties (Cox and Hinkley, 1974, p.320). This section is

closely related to the Section 4.2 in terms of notation.

Theorem 4.2 (Bickel and Doksum, 1977, p.229) Under H, (4.49), the

LR test statistic has an asymptotic chi-square distribution with r

degrees of freedom.
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A proof of the asymptotics for the i.i.d. case can be easily
modified to allow Markov dependent data using the decomposition of the
full likelihood (4.6) and the negligence of baseline information

asymptotically (see the discussions followed by Theorem 4.1).

Theorem 4.3 (Cox and Hinkley, 1974, pp.312-5) The LR, Wald, and

Rao score test statistics are asymptotically equivalent under Ho.

Notice also that this theorem may be violated when a second-order

approximation to the log-likelihood is used.

Theorem 4.4 (Cox and Hinkley, 1974, p.337) The LR test statistic

and its large-sample equivalents are asymptotically efficient under Ho.

This asymptotic efficiency is directly related to that of the MLE,
since the LR test has critical regions asymptotically equivaient to
those determined by large values of * né(é - 6) (Cox and Hinkley,

1974, p.337).

Theorem 4.5 (Bickel and Doksum, 1977, p.245) If the MLE is

asymptotically normal and efficient, then the LR test is uniformly most

powerful in large sample sizes.

The consistency of a test is defined as follows: For any fixed level
a, a power goes to ! under any fixed alternative, as n —> o (Cox and

Hinkley, 1974, p.317).
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Theorem 4.6 (Cox and Hinkley, 1974, p.317) The LR test is

consistent. .

Notice that the inequality (4.64) holds when replacing 6 and 6 ., by Oro
and Orl, repectively. The proof thereof is straightforward.
The asymptotic power calculation under local alternatives is

outlined below for the case of a simple hypothesis.

Theorem 4.7 For a local alternative

- -3
(4.71) t =6 _+n?,

the LR test statistic (A\) is asymptotically equivalent to the square of a

N(p, 1) variable, i.e., non-central chi-square with r degrees of freedom

and non-central parameter ¢, where

4.72) o ={nld 1.6 ) &)

g

Proof Let { t } be a set of sequences such that t  converges to Oro (null
hypothesis). With a regularity of the likelihood in some interval

surrounding 0 _,
o

~ Qa

y @ -1
(4.73) (Or - tn) n N[Ol (6,,.0) ].

The expansion for the LR criterion (A) can be written as

86



(479 A= 2(1(6)-1(6.))

= 2{1(8)-1(6.)} Idue tothe simple hypothesis]

0

. - aU.(tn)
= 2{l1 (tn) + (er - tn)’ U.(tn) + 3 (er - tn)’ —a_

t

n

(9,, -t) 4+ oP(I) -1 (9,.0) }
- , aU.(tn) -
= 2{1t)-1(6))+ (6. -t) ” (0. -t)
+ o0 (1), n

since the second term is of order op(]). It is also verified that (4.74)

becomes

au.(6_ )

o
)

(4.75) A=2{1(6.)+(t -6)U.O )+3(t -6 ) 5o
To

- aU.(t )

7 n
(= 8, - 118,) 1+ (6 - t) ——= (6, t) +o,(1)

n

=2 (t.n - ero)’u.(ero) + (tn‘ - Oro)’ L. )t - Gr)

o 0

+ (ér ) L6) (ér -t) + o (D).

0

Ift - Oro) rzé converges to &, then the equation (4.75) implies

(4.76) A = (ér -6, )" L(6,) (ér -8,) + o1,
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2
which is approximately x with non-central parameter ¢ as defined in

(4.72) (Wald, 1943). a

From Theorem 4.7, the asymptotic power of the LR test under a

local alternative (4.71) is expressed as

[0 o)
4.77) [ h () dl,

C
a

which is a function of n and &8, where h (l) denotes the density
function of chi-square variable (d.f.=r) with non-central parameter ¢
and ¢ is defined as (4.53). Notice that A in (4.76) follows the
central chi-square distribution under the null hypothesis.

The LR principle is intuitively appealing when there is no optimum
test. It is of particular value in tests of linear hypotheses (Kendall and
Stuart, 1979, p.262). Apart from the case r={, there is no UMPU
test of a general linear hypothesis (Kendall and Stuart, 1979, p.272).
Nevertheless, the LR test for the hypothesis has certain optimum
properties; for example, it has a maximum power on any surface
(Wald, 1942).

Finally a second-order property of the LR test, which is defined as
a property using the second-order approximation to the log-
likelihood, is mentioned. As shown before, three statistics for testing

Ho: . = 0_ vs. H,:

# . .
- o A 6. Gro are equivalent with respect to the

first-order approximation. However, their second-order properties

under Hy are generally not the same.
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Theorem 4.8 (Cox and Hinkley, 1974, p.339) Considering the second-

order approximation to the log-likelihood,
*
4.78) N =A/ {1+ r*(ero)/n}

has a chi-square distribution under the null hypothesis where r(@_) is
0

a correction factor and X\ is the LR test statistic defined in (4.495).

Notice that the usual LR test statistic (A) still has a chi-square
distribution as n —> ®. The correction factor merely speeds
convergence to the asymptotic distribution. For a power calculation,

an Edgeworth expansion for the joint distribution of U.(Gr,o)/n%

{8U.(6r0)/86r°}/n is needed. Peers (1971) has given a detailed

and

analysis and has shown that no single statistic is uniformly superior.
Finally, notice that the asymptotic theorem is mixed up by the
number of individuals (N) and the number of occasions (7) in our
problem. Therefore a determination is needed with respect to which
factor, N or T, might be more influential in terms of achieving the

asymptotics faster. This will be extensively explored in Chapter 6.
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4.5 Testing for Markov property

In this section, the reasons for testing for the Markov property are
discussed, and an LR test is provided for this purpose. An heuristic
approach using the AIC (Akaike, 1974) is presented, as well. This
approach is approximately equivalent to the LR test. The AIC is well-
known to be one of the tools of model selection, often appeared in time

series analysis.

4.5.1 Illustration

The MLE of a vector of the parameters and the related LR test, as
defined earlier, is based on the assumption that any observation can be
regressed by the only previous outcome except the first observation.
A reason for choosing this assumption is the simplicity and
practicability of the model. There usually is a small number of
r‘epeat‘ed observations within an individual in medical applications.

Suppose there are T observations for each individual. If such a
Markov structure is assumed, then T-! observations may be utilized,
where the first observation is lost because it cannot be regressed by
anything. As a higher-order structure is assumed, fewer observations
are available, which gives less precision in parameter estimates.
This consideration is one of the reasons for choosing the Markov
property. Therefore, it may be pertinent to present a statistical test
for the plausibility of Markov property from the data, which is
provided.
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4.5.2 LR test for Markov property

Given the simple working model (3.5), suppose there is a model

regressed by p previous outcomes as

(4.79) logit (p;,) = a + Bjyi,t—l + 0+ ‘pri + vy (TRT)),

)t'P

for i=1,...,N; t=1,...,7; and 1 < p < T-1. Then a test may be

performed for the null hypothesis
(4.80) He: p= 1.,

versus a well-specified alternative
(4.81) Hp:p=k> 1.

The maximum log-likelihood under H, (i.e., reduced model) as

~

{ (c;, éj, ;; p=1) can be computed using (4.24), where a, éj, ;are the
MLEs. Under HA’ the likelihood of the model is

N T Y I-y,
4.82) CL (k) =TI p, -py T,
\ izltl—lﬂ i it
where
exp la+ By, oy + By e Y TRTY)
(4.83) p;, =

! +exp {a+ 'Biyi,t-1+ 4 Bkyi,t-k +y (TRTi)}
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With a similar procedure to that for the reduced (i.e., Markov) model,
maximum likelihood estimates of the parameters can be obtained, and
related maximum log-likelihood | (é; p=k) where é is the MLE of

0 = (a, ’31"”’ ﬁp’ Y)'. Also, éo is defined as the MLE of

0, = (a, 81, Y)’ under H, (4.80).
From the principle of LR test, Hg (4.80) can be tested if a value
of k (k = 2,--+, T-1) is specified under HA (4.81). We form

(4.84) AN=2{1(B;p=k -1(Osp=1}

which follows an asymptotic chi-square distribution with (k-1) degrees
of freedom. If the null hypothesis is rejected then another model,
except the MLRM, may be chosen.

From an operational viewpoint, the starting p must be determined.
There are two ways to proceed. The first, a sequentially forward
decision rule, starts with the smallest model under the alternative
hypotheses, i.e., p = 2. If it is non-significant, then the process is
stopped and the MLRM is kept; otherwise one continues checking for
more complex model, say p = 3. Again, if the test is non-significant
then the final model is that with p = 2; otherwise the process is
repeated. Thus, this process is continued until non-significant result
is obtained.

The other approach is to test the null hypothesis versus all the
(T-2) alternative hypotheses. Then, a comparison is made at each
significance level for p=2,...,7-1. A final model is chosen such that

the most overall significant result is obtained. If every test turns out
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to be non-significant at some level, then the original MLRM is chosen.
Of these two approaches, the former is preferred simply because the
immediate interest lies in whether a MLRM is valid; a model is
desired with an order as low as possible; and the situation of multiple

tests is prevented.

4.5.3 Heuristic approach

Although the LR test provides information on the existence of
significance, it does not give an order of appropriateness among
models, except for differences in the significance level for each
model. An heuristic approach appeared in the usual model
identification problem is utilized.

Linhart and Zucchini (1986) mention six different criteria for the
discrepancy from a true model. A method is presented herein which
is based on the Kullback-Leibler criterion (Kullback and Leibler,
1951), also known as the AIC criterion (Akaike, 1974). The choice is
supported by three points. The first point is that it is closely related
o the likelihood ratio (LR) test. Second, it is simpler than the LR
test since AIC is a single value by which model fitness can be
assessed, whereas the LR needs to use both chi-square value and the
degree of freedom, which is more complicated. Third, conventional
model identification tools are based on some criterion with an
empirical procedure, not a rigorous statistical test (Chatfield, 1984,
pp.231-3), and the AIC is true of this.

The AIC criterion determines the appropriate order using 2

combination of the maximum likelihood and the number of parameters
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to be included. This consists of choosing the number of parameters, p

to minimize the AIC. The AIC is defined as

(4.85) AIC (p) = - 2 log ( maximum likelihood ) + 2 p

= - 2 [ log ( maximum likelihood ) - p ],

where the maximum likelihood is the value of the CL with k = p in
(4.82) to maximize the CL with respect to the parameters 31,...,BP.
Below is a discussion of the statistical property of the AIC. First

we present a theorem.

Theorem 4.9 (Akaike, 1974) Define

(4.86) S (6,; ) =/ L () logL (6) dY ,

for the underlying likelihood function L (8) in which 6, = (a, Bi,
0,...,0, y)’ and 0 = (a, B“...,ﬁp, Y)’; then

(4.87) AIC(p) = -2n E[(S(8,;0) ],

where n is a the number of effective observations, as defined in

(4.62).
There are two reasons that the AIC is one of the best criterions

for the goodness of fit. The first comes from the relationship with the

likelihood. A log-likelihood is one of the criterions for the goodness
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of fit: the larger it is, the better the fitness is. The averaged log-
likelihood

N T
-1
(4.88) n ., (6)
igltg it

is an alternative criterion to the log-likelihood. Since it tends to
S (@; 6) with probability ! as n increases infinitely, S (8y; 6) is also
a criterion for the goodness of fit. The AIC is actually related to this
quantity through (4.87), and can be considered a criterion for the
goodness of fit. Another reason comes from the relationship with the
Kullback-Leibler criterion, which is well-known for the goodness of fit.

The Kullback-Leibler criterion is expressed as
(4.89) 1 (60; 8) =S (605 0o) - S (6g; ),

where the right hand is closely related to the AIC.
Akaike (1983) also demonstrates that the relationship between the

Pearson’s chi-squared LR statistic and the AIC is

2

reduced

where | is the difference between the number of parameters in the full
model and that in a reduced model (I = p-! for the case presented in
Theorem 4.9). The use of )(2 is dependent on the degrees of freedom,
whereas the AIC incorporates the degrees of freedom; thus assessment

can be made by the single value of AIC. Akaike (1983) also
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demonstrates that the AIC based decision is almost the same as the
LR test based decision by simulation.

The maximum likelihood tends to increase as the number of
parameters increases. However, a model of having a larger maximum
likelihood may not be a best model, just like R2 in the regression
analysis. The number of parameters must be taken into account, which
the AIC does under the Kullback-Leibler criterion. The AIC has been
utilized in many applications, particulariy in time series problem. In
our example, the maximum likelihood is computed for each model with
order p 2 !. Then the AIC(p) is computed using the formula (4.85).
The number of parameters to be included in the model is determined
by choosing the order p which minimizes the AIC.

Practically speaking, the order should be as small as possible
since observations are effectively lost as p increases. The first p
observations are regarded as covariates in an AR(p) model; thus they
cannot be the dependent variables. For exémple, if T =25, only two
observations may be used for p = 3, whereas four observations are
used for p = 1. That kind of consideration might be useful since a
medical longitudinal study may involve a small number of occasions,
say 2 to 6. In an extreme case, i.e., T = 3 and p = 3, no data are

used for the analysis.

4.6 Handling incomplete data

We often observe incomplete data from longitudinal observational
studies, irregardless of their type discussed in Section 2.3. Thus, it

is very important to provide a principle for allowing incomplete data
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in the model (3.3). Actually, the MLRM easily deals with incomplete
data, mainly because the Markov structure is assumed. The principle
is simply that the data can be used if they are adjacently non-missing.
All of an individual’s data need not be discarded if the individual has
any missing observations during the study period. This can be easily
implemented into a computer program.

A demonstration of this principle is provided using artificial binary
repeated data, shown in Table 4.1. With complete data (as in sub ject
#1), seven consecutive observations can be used since the total number
of adjacent pairs is seven. With respect to the second subject, only
one observation may be used; (1,0) for time 3 and 4, where the
observation at time 3 is considered as a covariate to explain the logit
of proportion having a symptom at time 4. It is not necessary to
delete the whole observations, even in the individual with at least one
missing during the study period. Likewise, three observations are
available for the third subject. But all observations must be deleted
for the fourth subject, since there are no observations with adjacently
non-missing.

This principle works very easily since no imputation procedures
are needed. But much data are still lost since adjacently incomplete
pairs cannot be used. Even given data like subject #4, they provide
some information on the time course. It may be possible to use such
data if an additional assumption is placed on the effect of previous
outcome, incorporating the length of time from the previous

observation. One intuitive solution is to extend the model (3.3) to
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(4.91) logit ( Pie ) = a+ {p/(t-s)} Yig * Xn’y + Zi’é ,

where s = time point of the previous observation. Then all the non-
missing pairwise observations can be used, even though there are some
gaps between successive observations. The model (4.91) also includes
the model (3.3) as a special case, where s =t - 1. Such extensions of
the model (3.3) will not be discussed any more since they are

essentially different from ours.
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Chapter §

A Logrank Procedure

A new nonparametric procedure to test the treatment effect which
incorporates the autocorrelation within an individual, based on a
submodel of the MLRM, is proposed in the following sections. The
statistical properties of this procedure are then explored, and a

treatment for incomplete data is suggested.

5.1 Introduction

Based on the Markov product binomial model satisfying (2.41) and
(2.61), a nonparametric statistic to test for the treatment effect with
binary longitudinal data can be constructed. This nonparametric test
is referred to as a logrank test, since it is a simple modification of
the Cochran-Mantel-Haenszel asymptotic chi-square test (Cochran,
1954; Mantel and Haenszel, 1959) which allows an autocorrelation
within an individual over occasions. This statistic can be extended to

any categorical data, either ordinal or nominal, possibly with another



extension of including other factors than the treatment effect.

Since the Makov product binomiai model is a submodel of the
MLRM (see Section 3.6), it would be worthwhile to compare results
from the logrank test with those from the LR test based on the MLRM.
Also, this test would be valuable as a tool of preliminary checking for

the treatment effect before constructing the explanatory model

(MLRM), seen in Chapter 3.

5.2 Definition

Suppose that all the subjects are completely followed over T
occasions, with N/2 subjects in both the control and the intervention
group, and the data are summarized into a series of T 2>2 tables with

cell counts (a,, b d,). Assume that a, and ¢, are independently

¢ e t t
binomially distributed, i.e., product binomial model, and that each

observation follows the Markov property (2.41). Then

T 2
2 t=1

e
Var, ( 2 At )
t=1
where

N/ 2
(65.2) q = EIYCzc’

(5.3) Yeie = 1» if aresponse with respect to the ith individual in
the control group exists on time t,

= 0, otherwise,
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and A, represents a random variable for the count of the A cell. Both

expectation and variance are evaluated at the null hypothesis:

(5-4) pcy = Ppg

where p-, is the probability of having a response on time t (t=1,...7)
for the control (C stands for control) and p; is that for the
intervention group (/ stands for intervention).

However, if independence over the consecutive tables is assumed

rather than the Markov property (2.41), (5.1) becomes

2

[ {at_EO(At)}]

.

t

M-~

2
(5.9) X omH =

Varg (A,)

¢

M-

which follows an asymptotic chi-square distribution with one degree of
freedom under Hy (5.4). The subscript (CMH) refers the Cochran-
Mantel-Haenszel.

For longitudinal data, however, the successive contingency tables
may be correlated with each other since a subject with a symptom on
a particular occasion tends to have the symptom at the next occasion
with higher probability than randomly chosen subject. The

denominator of (5.1) then becomes

T
(5.6) 21 Vary (At) + ztz Covg (As’ At) .
t= s¥t
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This statistic (5.1) with replacement of its denominator by (5.6) is

referred to as )(2*, which may be utilized in our problem.

5.3 Evaluation of covariance terms

The expectation and variance of A ¢ under Ho (5.4) are computed as
(5.7) Eo (A) = IN/2] = [m, /N =m,, /2,

under the product binomial model for each occasion t (¢=1,...,7).
Before evaluating the covariance terms in (5.6), we must present

the following lemma.

Lemma A The unconditional probability of having a symptom at time ¢,

E g git

at time 1!, Pg under the Markov property assumption (2.41).

it) = P, for g=C and /, is equal to the unconditional probability

Proof From the Markov assumption (2.41), the conditional probability

on a previous outcome can be written as
-9 Pgie = Pgt P (Vg i1 PP

= (1-p) Pg = Po> Fy, 6109
= 1.

= (I -p) Pgt PEPys ifyg,i,H
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Let t = 2. Then, the unconditional probability of having a symptom at

time t for a control group is written as

(5.10) E (ygiZ) = Pr (symptom present at t = 2)

= Pr (symptom present at t = 1) > Pr {symptom
present conditional on symptom present) +

Pr (symptom absent at t = 1) < Pr (symptom
present conditional on symptom absent)

=pgPy+L-pJ Py

=pglli-ppgtpli-p) {U1-p)p,]

- pg.

We recursively perform the similar step and obtain
for g=0C, I, i=1,...,N/2,and t 2 I. 0

Now the covariance matrix may be defined as follows:

Theorem 5.1 For the T correlated 2x2 contingency tables with the

Markov assumption (2.41),
(5.12) Covo (AL A) = (N/2] p175 (v v,

t

where
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(5.13) p =Corro ( yrip YC,it+1 )
and

2
(5.14) Ve = Var, (yCit) = [2/N] Var, (At) =my, my, / N,

for i=1,...,N/2 and t=1,...,T under Hy (5.4).
Proof Using Lemma A,

= olt-s|
(5015) Com"o ( ,YCiS, )’Clt ) =P

Bo Veis =P ey ~ PO

{ Var, (yCis) Var, (yCit) }é

2
Eo (Yeis Yoid) ~ Pc

(v v)?
Equivalently,

2y p

t_
(5.16) Eo ypyg veyd =25 (v v, 1t 4 pa .

S

Hence,

(5.17) COVO (AS, At) = Eo [ (AS - Eo AS) (At - Eo At) ]
=Eo [ (A - [N/2] po) (A, - IN/2] pp) ]
2 2
=Eo [ (EyCis) (.EYCU:) ] - [N /4] Pc
l l
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=Eo [ 12 Yois Yoie T 21#22 Ycis YCi’e I-
2 2
(N /4] Pc
2

= 2y (ol (v vt pe )+

[N/2) [N/2 - 1] PCZ - IN/4) Pc2

This expression (5.12) is equivalent to:

(5.18) Covo (A, A) = o185 (Varg(A ) VargiA) 2.

5.4 Estimation of autocorrelation coefficient

The logrank test statistic with an autocorrelation coefficient was
constructed by inserting (5.18) into (5.1) and (5.6). We now propose
an appropriate estimator for the autocorrelation coefficient. This
estimator is similar to a Kendall-type correlation coefficient.

Let Ygit be defined as a binary observation of the ith individual
from the gth group at time, as before. Then, the proposed estimator is

expressed as

T-1 1 N2
C,.,-D
A9 py, = TT I N2 :
C,+ D
t=1 gng‘—'I {Cgie T gt
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where

PR W, (n)
(5:20)  Cpyp=(1-yp ) 8’ +7, .8, ",
- W, - (n)
(5:20) Dy = (1 -y, ) S + ¥ e Spie >
1 N/ 2
5.22) y_,= e (&G D,
( ) yg.t (N/2] iz__jyglt (g= )
57 I = =
= 0, otherwise,
(5.24) ‘ngt(n) =1 iy =0andy, 4y =0
= 0, otherwise,
5.2 Y =1 iy =lady, =0,
= 0, otherwise, :
) _ 4 . = =
(5.26) ggit =1, if Yoit = 0 and Vg it+1 = 1,

= 0, otherwise,

where g = C, [; i= 1, ..., N/2; t=1,...,T-1; and w stands for the

weighted estimator with the weights (1 - }g () and ;'g ;- This estimate
(5.19) is inserted into (5.12) or (5.18).

Before investigating the statistical properties of the estimator

(5.19), the following lemma must be defined. It is an adaptation of the
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fundamental fact on Bernoulli sequences to our problem.

Lemma B Under Hy (5.4) with the Markov property (2.41),

(5.27) Varg (ygit) = v, = pe (1 -pC) = Py (1 -pp,

where g = C, I} i=1,...,N/2; and t=1,...,71.

Proof The formula for Bernoulli sequences can be simply written as
(5.28) Varo (ygy) = Py U~ Py Varo by = Py U7 Py

From Lemma A, p~, = Po and p;, = p; under the Markov property
(2.41). Under Hp (5.4), Pce = P From these, we obtain (5.27). O

Theorem 5.2 The weighted estimate F:w is unbiased for p under the

null hypothesis Hq (5.4) with the Markov assumption (2.41).
Proof Under H, with the Markov assumption,

(V) — (y)_
(5.29) Eo (8py, Y = Pry (Seie Y= 1
= Pro (ypie = ! and YC b+l = 1)

=Eo (ycyy yC,i,t+1)

2 )é

=pe + P (Vv s lapply expression (5.16)]
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(n)_
(5.30) E, (6Cit(n)) = Pro (8, M=1) o
=Prolycyy =0 andyq; \y =0

= Pry (I—ycit = ! and I-yC,i,t+1 = 1)

=Eo Uy U oveieed

=Eo (1 - yry - Ye,i,t+1 T YCit yC,i,tH)
2 3
=1 Pc Pctpe PV vy

: 3
=g vy

9

(y) =
(5.31) Eo Gy = Pro € = 1)
=Prolycye=1andyc; 4y =0

=Prolycy=1tand -y, g =1)

=Prolycy =0andye; oy =1
=Proll-yey =1 andye; pyy = 1)
=B LU - yed ve,i,e4 1)
=pcplnc +p vt

3
=pc U -po) mplvp vy g)*
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It is also easily found that

(5.33) Eo ()’g.t) = Pgt = Pg,

for g=C, I using (5.11). Applying (5.29) to (5.33) through (5.19),

the following is obtained.

- UH
(5.34) E.-0 (Pw) s LH L}
where
T-1 N/2 3 N/2
)

(5.35) UH = > { > 2p (v, vy

+> 2p (v, v )é }s
=1 =1 =1 t et

T-1 N/2 N/2

(5.36) LH = 21 {EJZPC(J-pC)+212p1(1-p[) ).
t= i= 1=

From the Lemma B,

(5:37) vy = vy =pc U -pd =pp il -pps

under H, (5.4) with the Markov property (2.41). Hence,

~

(5.38) Eo (p,) = ps

~

which shows the unbiasedness of the estimator p . O
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To show the consistency of the estimator (5.19), another
important lemma concerning the asymptotic theorem for Kendall-type ‘ ,

correlation coefficient is presented.

Lemma C (Quade, 1971, adapted to our problem) Under H, (5.4) with

the Markov assumption (2.41),

R 2 -1 I N/2
(5.39) SEo (p,) = {Tﬁz éN/Z : { (t_I 2 g} Wi
M . =1 g=Ci=
t=1 g=C i=1 8

T-1 I N/2 . T-1 1 /
( M) -2 W) M)
:% gzzCizzl git t% g=zC' git 12 2,

T—Ei IENE/Z T-1 é N/2 zr-zz ﬁN/Z P
( W)+ ( W ) o M )b,
=1 g=C i=1 8% 8 (=) gcizi &Y &) gc st 8¢

and

“ o a
(5.42) —X
SEolp,)
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Theorem 5.3 (Consistency) Under Hq (5.4) with the Markov assumption

(2.41),

(5.43) Pro{|p,-p|>e}—>0,
as N —> o for every € > 0.

Proof For any € > O,

(5.44) Pro (| p,-pl>e)=2Prolp,>p+e)

~

o " P €
=2 Pry { - > - }
SE, (PW) SE, (PW)
€
=2 Pro (2> ———)
SE, (Pw)
=0,
since SE, (p,) —> 0 as N = . 0

The following is a fundamental lemma of limiting theorem of
probability.
p L L
Lemma D (Rao, 1965) If X_-Y_ — 0 and X, —> Xthen Y —» X.

Finally, define the proposed logrank test statistic as
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T z
[ S{a,~Eo(A)}]
t=1

(5.45) Y_ = .
" Ev (A,) + 1&ST{ Varg(A ) Vary(4,) }¥
e arg gp To t

2
Also, the test statistic which has already been appeared as x, is

_2 2 - Eo AY } T’

2
(5.46) X_=xu = T .
" Vary(A) + 1ES1{ Varg(A ) Varg(A,) 1
tgl aro(A, %;tp aro(A ) Varo(A,

Since Theorem 5.3 has shown that p - p;w —> 0 (in probability),
Xn - Yn —> 0 (in probability). Furthermore, Xn is shown to follow

the chi-square distribution with one degree of freedom under the null
hypothesis (5.4) with the Markov assumption (see Sections 5.2 and
5.3). Hence, the proposed logrank test statistic (5.45) asymptotically

follows the same distribution as above from Lemma D.

5.5 Handling incomplete data

The principle of handling incomplete data is exactly the same as
that for the parametric procedure based on the MLRM. That is, all
the adjacently non-missing pairs can be used among those who have
missing data during the study period. This is an advantage over the
standard multivariate approach in which all of the data for a subject is
lost if the subject has at least one missing observation during the

study period.
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Chapter 6

Simulation Experiments

The large sample properties of the maximum likelihood estimator
and its related likelihood ratio test under the MLRM were presented in
Sections 4.3 and 4.4. An empirical resuit in small samples,
however, must be alsc important to know since it must represent the
practical situation. To investigate the above objective, we will utilize
a simulation technique to be demonstrated as the Monte Carlo
experiment (Kleijnen, 1974) which is defined as a technique for the
solution of a model using (pseudo)random numbers (Hammersley and
Handscomb, 1964).

The objective may be divided into three separate issues. The first
one considers the efficiency of the MLE and the LR statistic which
were recommended to utilize in the study. Bias and precision of the
MLE must be considered. Regarding the hypothesis testing, the
significance level and power function of "the LR statistic are

considered.



The second issue involves the existence of incomplete data. This
can be investigated by examining the effects of incomplete data on the
estimate and power (or significance level) of hypothesis testing.

The third issue is robustness under model misspecification. This
will be performed only with respect to the ZLS model (Zeger, Liang,
and Self, 19835) satisfying ‘2.40) and (2.41). First the data are
generated from the ZLS model which is supposed to be a true model.
Then, the study focuses upon how the result obtained by fitting a
misspecified model (MLRM) to the data is close to the true resuilt

obtained by fitting a true ZLS model to the data.

6.1 Random number generation

The most frequently used recursion formula is

6.1) x -—-axn+b {(mod m), for n 2 0,

n+1
where a, b, and m are suitably chosen fixed integer constants, and an
integer x, is called a seed. Since each number lies in the O to (m-1!)
range, it is necessary to set u_ = x_/m in order to obtain a uniformly
distributed random number in [0,!]. In some applications, a seed may
be required to rerun a simulation using the same sequence of random
numbers as in a previous run. Xnowledge of the seed enables one to do
SO quite easily.

Although many researchers have proposed a different set of

parameters for a, b, and m, the well-known package /MSL adopts
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6.2) x,, = 397,204,094 x; (mod 27N,

in the subroutine GGUBT. Fishman and Moore (1982) investigate the
statistical properties of this generator. The SAS functions, RANUNI
and UNIFORM also use this formula. Thus, the formula (6.2) is also
used for our simulation study. We choose a seed (xo) as 1,234,567
arbitrarily so that anyone can repeat the same experiment as conducted
here. See Morgan (1984) for an extensive list of generation routines
available currently.

To create Bernoulli sequences, we use the acceptance-
rejection method proposed by von Neumann (1951). Given a
probability (p) of having a symptom, we set either O or ! depending on

whether or not a generated (0,1} number is greater than p.

6.2 Simulation design

6.2.1 Estimation

There are three main objectives in estimation. The first one
involves statistical efficiency. It is desirable to decrease the variance
of the estimator, while preserving its unbiasedness and minimizing the
cost of obtaining the estimate (Kenredy and Gentle, 1980, pp.233-5).
Thus, the interest lies in the trend of bias from a prespecified true
parameter value and the variance of the estimate, with varying sample
sizes. The mean squared error, an index incorporating both the bias
and the variance, is also utilized.

Let us define the evaluation tools. The bias of an estimator is

defined as the difference between the average value of the estimates
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obtained in many replications of the study and the true value

(Anderson, Anquier, Hauck, et al., 1980, p.11). So,
(6.3) Bias (6) =E (8) - 6,

where 6 is the true value and 6 is the estimate. The mean squared
error of an estimator is defined as the mean value of the square of the
difference between the estimate and the true value in the hypothetical

replications (as above, p.12). That is,

i
m
<
)
<D

(6.4) M.S.E. (6)

where

6.5) Var (6) =E[(6 - E(68)],

which is an index for the precision of an estimator.

These indices must be replaced by observed ones, as shown in
Table 6.2. The observed (empirical) bias can be computed as the
difference between the average value of estimates over 500

replications and the true parameter value. That is,

A A 500 .
(6.6) bias () = 6-6 = (> ei /500) - 6,
i=1

where 6 may be a, S, or y for the simple working model (3.5). It

should approach zero as sample size goes to infinity. The empirical
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variance of an estimate can be computed as

A 500 - .~ ,
(6.7) wvar (8) = {21 (6,-96) } / 500
i=

500 ., ~
= { ('21 8,) - 500 6"} /500,
z:

since é is the average over the éi’s (i=1,...,500). A reason of

using 500 as a denominator is to keep the consistency with the

definition of (empirical) mean squared error:

A 500 . 2
(6.8) m.s.e. (8) = { > | 6,-6) } /500
i=1

500 . , 500 . )
(S8, - 26 > 6, + 5006 }/500.
i=1 -

i=1

i

An index called the average asymptotic variance or simply the
asymptotic variance is also utilized. For each replication, we obtain
the asymptotic variance of a parameter (denoted as asymp. var below)
using the formula (4.39) to (4.41). The average over 500 asymptotic

variances of a, B, or y (in general, we call 6) can be denoted as

- 500 R
(6.9) asymp. var () = > asymp. var (6,) / 500.

i=
A reason of showing this index is to evaluate how the asymptotic
variance by formula is close to the empirical variance with respect to
varying sample sizes under the precision of 500 replications.

A detailed description of the simulation design follows. The study
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is confined to the simple working model (3.5). The sample size is
chosen as one of four combinations by N (30 or 60) and T (3 or 6). .
Nine different experiments determined by three parameters, i.e.,
a (=0.0), B (=0.0, 0.3, or 0.6), and y (=0.0, 0.3, or 0.6) are
conducted for each of four sample sizes. Thus, it is necessary to
conduct 36 different experiments in order to pursue the objective of
efficiency. The initial probabilities of symptom present for both
control and intervention groups are set to po(=0.6), p1(=O.6),
respectively. This decision turns out to be reasonable. Given the
range of parameters (see Table 6.1), the expected unconditional

probability at the second occasion for the control group is

(6.10) Pr{y.=1}=Pr{y.=1and (y; = ! or y, = 0)}
=Pr{y= 1, y1=0}+Priy,=1, y, = 1}

=Pr{y,=1|y1=0}xPr{y=0}+
Pri{ya=1 |y =1} <Pr{y =1}
=0.5734 < 0.4 + 0.6418 < 0.6 = 0.614,

assuming that the initial probability of having a symptom is 0.6.

Whereas the probability for the intervention group is
(6.11) Pr{y.=1}=0.4266 <x 0.4+ 0.5 %<0.6 =0.471,

again assuming that the initial probability is 0.6.  Since the
probability for the intervention group is expected to decrease faster

than that for the control group, it may be acceptable to let the common
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initial probability of symptom occurrence be 0.6 for both groups.
Then there will be a 13% reduction (= 0.6 - 0.471) in symptom
occurrence for the intervention group at the second occasion from the
initial occasion, although there seems to be very little change
(1.4% = 0.614 - 0.6) of symptom occurrence for the control group.

The acceptance-rejection method is used to generate binary
observations, as described in Section 6.1. First we generate a
pseudorandom number of the uniformly distributed variate in [0,1]. At
the initial occasion, if it is less than or equal to pC(:O.6), then

inZI; otherwise yu:O for the control group (i=1,...,N/2). The

Y

same procedure is app.izd to the intervention group for
i=(N/2)+1,...,N. At the second occasion, a value of P;> is calculated,
given y, , as

exp (a + B Yi1 +y TRTZ.)

(6.12) p;5 =
1 +exp(a+ By, +y IRT))

which is equivalent to (3.5) setting t=2, for the ith individual. We
independently generate a pseudorandom number of uniformly
distributed variate in [0,1]. If it is less than or equal to Pios then
Yio = 1 otherwise y,, = 0. The process is repeated until the time T
for each individual. Hence, T autocorrelated binary observations are
generated over the N individuals.

This generation process is repeated 500 times. Each dataset
generated is fitted to the MLRM (3.5). The quasi-Newton method
(Subroutine ZXMIN in the IMSL statistical package, as mentioned in

Section 4.1.3) is applied to solve a system of the nonlinear equations
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(4.12) to‘(4.14) using generated N(T-1) observations, where (7-1)
comes from the Markov assumption in which the observation at time !
is not used as a dependent variable. Since the number of replications
is 500, a vector of the 500 parameter estimates and its asymptotic
variance are obtained. Empirical statistics shown in (6.6) through
(6.9) are computed in order to evaluate the statistical property of
estimates.

The second objective is to resolve the issue of involving
incomplete data. We consider only the case of a = 0.0, § = 0.3, and
Y = 0.3 since the other cases are similar with respect to a general
trend. More interest lies in the trend of bias and variance (or MSE)
with an increasing missing rate for 4 different sampie sizes as
before. Data are generated at random, including a specified proportion
(10%, 20%) of incomplete data. Again the acceptance-rejection method
is utilized to make a specified proportion of the generated binary
observations be incomplete. Thus, the actual proportion of incomplete
data may not be exactly equal to the specified one.

The purpose of this part is to evaluate the effect of incomplete
data to the decrease in estimation efficiency. In order to do this, the
same kinds of evaluation indices are utilized, as shown in Table 6.3.

The third objective is to consider robustness against model
misspecification with respect to the ZLS model. Although a
legitimate study on model misspecification must focus upon both ways,
that is, misspecifing the ZLS model as the MLRM and the other way
around, we only focus upon the former since a more interest lies in

the effect of applying the MLRM even when the ZLS model is supposed
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to be true. Data are created based on the ZLS model in which the

parameter set is provided by

(6.13) N =30 or 60,
T=3o0r6,
a=0.0,
c=0.00r 0.3,
p=0.0o0r0.2,

which gives us to conduct 16 different simulation experiments.
With respect to the data generation process under the ZLS model,

we use

exp (a+c TRT))

(6.14) p,, = (i=1,...,N),

! +explatc TRTi)

for the first occasion. Then, for the following occasions, we use the
formula (2.41) depending on the previous outcome on the same
individual. Again we utilize the acceptance-rejection method to make a
binary observation. The guasi-Newton method as before is applied to
maximize the log-likelihood (6.15) of the ZLS model. Since it
sometimes provides a large value of estimate for p, the absolute value
of the estimate is restricted to be less than 1.

Since there is no unique one-to-one correspondence between the
parameter set of the ZLS model and that of the MLRM, a comparison
of the quantity of estimates is impossible. Only possibility may be to

compare each other in terms of empirical variances. Notice that it is
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also impossible to compare MSEs since there is no information about
the true value in MLRM.
The full log-likelihood of the ZLS model (2.40-41) is given by

Z

6.15) 1=3[1ly,,Z/8-log(t + &% 9} +

i=1

;
tgyit log {p;y + P(yz,t—fpu)} + (T-yy) 1°g{I'Pi1‘P(>'i,t-1'Pu)} s

where

Q

6.16) Z/8= (1 TRT) - [ ] = a+cTRT,

(9}

6.47) p,, =20/ (1+409).

For the study of model misspecification, we show an index of model
fitness. Since the both models have three parameters, it will be
suitable to utilize a maximum log-likelihood. Recall that the log-
likelihood of the MLRM was computed by using the data from time 2 to
time T due to the conditional one. In order to make the index

comparable to that, we utilize a part of the full log-likelihood (6.15),

that is,

6.18) | =3 2 log lI+p(yi,t-1-P21)}+

i=1t=2

(1-y;) - log {1-pyy = ply; o y7Py)bs

—

instead of | (6.15).
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6.2.2 Hypothesis testing

Hypothesis testing can be performed partly in accordance to the
simulation experiments in the estimation section. First, the
efficiency issue is considered as an examination of the power function
in hypothesis testing. We conduct 36 experiments with 9 for the
parameter set and 4 for the sample size, as in the estimation section.
The results are shown in Tables 6.5(1) to 6.5(9). To test for a null
hypothesis, such as a = 0.0, 8 = 0.0, or y = 0.0, it is desirable to
obtain the Type-l error rate close to the specified nominal rejection
value. The four Type-I error rates, i.e., 0.2,0.1, 0.05, and 0.01 are
considered. On the other hand, it is desirable to achieve power as
much as possible to test for an alternative hypothesis.

With respect to robustness against incomplete data, the objective
is to assess the amount that the resuit of significance changes as the
oroportion of incomplete data increases.

In considering the robustness against model misspecification given
that the ZLS model is supposed to be true, consider the same
parameter set as (6.13). Data generated by each of the 16 different
parameter sets in the ZLS model are fitted to the MLRM, the result
of which provides the effect of model misspecification to altering the
significance level of parameters. Notice that the null hypothesis for

the treatment effect is written as
(6.19) He(1): ¢ = 0.0,

for the ZLS model and equivalently
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(6.20) Ho (1): y = 0.0,

for the MLRM. Another null hypothesis for the effect of previous

outcome is written for both the ZLS model and the MLRM as

(6.21) He(2): p=0.0,
Ho (2): B = 0.0,

respectively. For alternative hypotheses, an interest lies in the

change of power.

6.3 Results

6.3.1 Efficiency

Tables 6.2(1) to 6.2(9) show the overall efficiency of estimation,

with varying parameter values and sample sizes. The conclusions are
summarized as follows: i) The bias decreases as sample size
increases; ii) There are no findings in that either N or T might be a
more substantial factor for decreasing bias; iii) The bias of B8 is
always negative; iv) The precision increases as sample size increases;
v} The number of occasions, T contributes more than N to increasing
the precision; and vi) The empirical variance generally approaches the
asymptotic variance as sample size increases.

Tables 6.5(1) to 6.5(9) show the overall figure of hypothesis
testing property. The results on significance level (indicating t in the
tables) are summarized as follows: i) Both the LR test and the Wald

test are achieving a true nominal level within 10% accuracy; ii) As
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sample size increases, an empirical rejection level approaches the
level specified; and iii) There are no major tendency in the inflation of
rejection level depending on the tail, i.e., almost equally achieving the
level for each of the four Type I error rates.

Tables 6.5(1) to 6.5(9) also indicate the power by examining the
parameter with non-zero value. The results are: i) Both tests are
so close with respect to achieving power; ii) For the Type I error of
0.01, the LR test is a bit more powerful than the Wald test; and
ii1i) The number of occasions, T is more effective than N to increasing
power. Finally notice that the power of J is larger than that of g
under an alternative with the same value (e.g., 0.3). The reason lies
in the difference in scoring, i.e., a treatment is scored as -1 or !
(range 2), whereas a previous outcome is scored as O or I (range I).
In other words, the power of g under HA: B=0.6 is close to that of y

under Hjy: y = 0.3.

6.3.2 Incomplete data

The result of the estimation property is shown in Table 6.3. In
summary: i) The bias generally increases as the proportion of
incomplete data increases; ii) The precision unproportionally
decreases (variance increases) as the proportion of incomplete data
increases; iii) There are no changes in the trend of the bias (negative
or positive) as the proportion of incomplete data changes; and
iv) Incomplete data has little effect for larger sample size.

The result of hypothesis testing is shown in Table 6.6. The

summary is: i) The decrease of power of y due to incomplete data is
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larger than that of 8; ii) The decrease of power due to incompleteness
is relatively a little for larger sample size; and iii) There are a little
more decrease of power due to incompleteness in (N,7)=(60,3) than
(N,T)=(30,6). This suggests that power for a longitudinal study with

few occasions is much more affected by incomplete data.

6.3.3 Model misspecification

The results of estimation are shown in Tables 6.4(1) to 6.4(4)
with four different parameter sets. In summary: i) Even if a true
model is specified as the ZLS model, the generated data are equally
fitted between the MLRM and the original ZLS model (look at the
maximum log-likelihood), which was previously suggested in the
discussion of .inclusion/exclusion relationship of models in Section
3.5; and ii) Empirical variance of the estimate (especially 8) in the
MLRM is much larger than that in the ZLS model, indicating that data
from a specific ZLS model can be fitted to the MLRM with a wide
range of parameters.

The results of hypothesis testing are shown in Tables 6.7(1) to
6.7(4). Only the result by the LR test is presented. In summary:
i) We obtain a level close to the true nominal rejection level, even in
the analysis under the misspecified model in which the null hypotheses
Ho*(i) and Ho*(2) are involved; ii) A severe anti-conservativeness of
the LR test for p under the ZLS model is seen for smaller sample
sizes (Tables 6.7(1) and 6.7(2)); iii) The power of y under the
misspecified model is a bit smaller than the power of ¢ under the true

model (Tables 6.7(2) and 6.7(4)), although the difference may be
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negligible in larger sample size; and iv) The power of B under the
misspecified MLRM is almost the same as the power of p under the
true ZLS model (Tables 6.7(3) and 6.7(4)).

Hence, the effect of model misspecification from the ZLS model to
the MLRM is very small for a relatively small autocorelation with
respect to statistical efficiency in both estimation and hypothesis
testing, even though the MLRM may not be the best model for the

analysis of binary longitudinal data.
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Chapter 7

Ilustrative Examples

The description of sample data is presented with exploratory
graphical analysis. The logrank test is first applied to the data using
the BASIC program. Then the Markov logistic regression model
(MLRM) is constructed and executed under the SAS PROC LOGIST.
These numerical results are compared with those from the ZLS model
(see Section 2.2.2) and the GSK approach (see Section 2.2.1).
Furthermore, the MLRM is applied to ordinal responses with an
additional assumption. Finally, a treatment of time dependent
covariates in the MLRM will be briefly illustrated although data

analysis is not involved.

7.1 Data description

We utilize the data illustrated by Stanish, Gillings, and Koch
(1978). The data come from a clinical trial of a new agent used to

treat a skin condition. The new agent and the standard therapy were




compared in a randomized clinical trial. Patients were assessed on
three occasions after treatment started, based on a five-point ordinal
response scale. The data are summarized in Appendix A. In our data
analysis, they are dichotomized as O for same(3), worse(4), or much
worse(5) and ! for improved(2) or much improved(!). Missing data
are indicated as dots. There are 172 subjects, where 84 for the
control group and 88 for the drug group.

Exploratory graphical representations are shown in Figures 7.1,
7.2, and 7.4. Figure 7.1 shows a time trend of the probability of
improving by two treatment groups. The drug group consistently has a
higher probability of improving the skin condition than the control
group. Figure 7.2 shows a transition of the probability by treatment
by taking the difference between adjacent probabilities. Although one
can figure it out from Figure 7.1, Figure 7.2 directly addresses the
issue. The control group holds a steady trend in the probabilities over
the occasions, while the drug group has an increase of improvement
from time ! to time 2 and the probability stays until time 3. If one
assumes a linear time effect, one can expect the line indicated by a
square in Figure 7.3. The line indicated by a circle means an

increase more than linearly.

7.2 Application of the logrank test

The original data need to be reformed into a series of 2x2 tables,
as shown in Table 7.1. The drug group consistently holds a much
higher proportion of improvement than the control group over the

occasions. The autocorrelation coefficient (5.19) is estimated as
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0.73. Such a highly positive autocorrelation was expected from the
transition information for each individual. Hence, it leads to a large
difference between the Mantel-Haenszel statistic (5.5) assuming
independence across the tables and the proposed statistic (5.45). The
treatment effect which is a major focus of the study is highly
significant, controlling for the effect of autocorrelation. The BASIC

program (see Appendix B) can be utilized to compute these statistics.

7.3 Application of the M. RM
The data can also be fitted to the MLRM. The logit of the

probability of improving a skin condition is regressed by some
covariates, such as previous outcome and treatment group. First, a

simple main-effect model:
(7.1) logit (pz't) =a+f Yieg v Y TRTZ. (i=1,...,172; t=2,3),

where p,, is the probability of improving the condition for the ith
individual at time ¢, conditional on Yit-13 Vit is a binary
observation for the ith individual at time ¢-1; and TRTi is the
indicator for the treatment (! for the control group, -! for the drug
group), is fitted. The result of analysis based on the model (7.1) is
shown in Table 7.2. The treatment effect is highly significant as well
as the effect of previous outcome. A positive coefficient of previous
outcome indicates the positive autocorrelation among serial
observations within an individual. A negative coefficient of treatment

effect indicates that the drug group (coded -1) contributes to improving
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the skin condition more than the control group (coded !).

One may construct another model:
(7.2) logit (p,) =a + B8 Vi1t Y TRT; +4 (yi,t-j = TRT),

where (yi,t—f > TRTi) indicates the interaction term of previous
outcome and treatment. This is called an interactive model. Figure
7.4 indicates little interaction between the effect of previous outcome
and the treatment effect. Data anaiysis also shows an insignificant
result of the interactive effect (see Table 7.3). Whether one chooses
the main-effect model (7.1) or the interactive model (7.2) is also

determined by the LR test. Since
2
(7.3) x =-2 {logL(ME) -logL(IA)}=0.51,

where L (ME) is the likelihocd of the main-effect model (7.1) and L(/A)
is the likelihood of the interactive model (7.2), the interaction term is
not significant. The program list for obtaining Table 7.2 is shown in

Appendix C.

7.4 Comparison with results from other approaches

The other two approaches, i.e., the ZLS model and the GSK model
are also applied to the same data set as before. These results are
compared with the above resuits.

The ZLS model for the problem is written by
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(7.4) logit (p“) =a+ C‘TRTi (i=1,...,172),
and
(7.5) Pit =Pijy TP (yi,t—I - p”) (i=1,...,172; t=2,3),

where a, p, and ¢ are the parameters. The result of fitting the data to
this model is shown in Table 7.4. The autocorrelation is estimated as
0.787 which is close to the one (0.73) estimated by the logrank
procedure. The treatment effect. is also highly significant, i.e., the
drug group has a significantly higher probability of improving the skin
condition than the control group. The ZLS model fitting provides
smaller p-values for both effects from previous outcome and treatment
than the MLRM fitting. However, the ZLS model is fitted worse than
the MLRM from the maximum likelihood information obtained. To
make a reasonable comparison between the two models, the conditional
log-likelihood (6.18) is presented for the ZLS model. The reason
comes from the discussion in which the ZLS model is a submodel of
the MLRM.

The difference in chi-squares for the treatment effect between the
MLRM and the ZLS model (see Tables 7.2 and 7.4) is explained
below. The magnitude of the treatment effect is larger in the MLRM,
since the MLRM utilizes the information at times 2 and 3 rather than
at time ! for the ZLS model (see Figure 7.1). The standard error for
the treatment effect, however, is much larger in the MLRM. First,
recall that the model specification for the treatment effect is different
between the two models. In the ZLS model, the treatment effect is

present solely in the first occasion, whereas it is an average effect
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over the occasions for the MLRM. Also, the variation of the previous
outcome affects the estimation of the treatment effect, which may
result in more variation of the estimate than in the ZLS model.

The GSK approach can also be applied to the data, incorporating a
Markov property. It uses joint marginal probabilities instead of
transition probabilities. The data are reformed for the analysis, as in

Table 7.5. Define

(7.6)  Trppp = Joint marginal probability of having "000" profile
control group,
Trogg = Joint marginal probability of having "001" profile
control group,
Thyyg = Joint marginal probability of having "111" profile
drug group,
and

(7.7) Tepoo T Tcoor Tt T = 0
Tpooo Y Tpoor T T T D11t T

Focusing on the first and second occasions, the main-effect MLRM

(7.1) can be reexpressed by

( Tco10 T Tcott }
Tcooo T Tcoot

(7.8) log

:a+y,

( Tcr10 T TCrd \
Tc100 Y Tcio1

(7.9) log

=a+ B+,

for the control group. Similarly,
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T +
D010 T TDOI Ly _ o ®
0000 ¥ "poo1t

(7.10) log {

o110t D111
o100 ¥ D101

(7.11) log {

}:G+B'Y9

for the drug group. Focusing on the second and third occasions, a
similar model can be easily constructed.
To execute the model, it is appropriate to utilize the GENCAT

(Landis, Stanish, Freeman et al., 1976). The response vector is then

(7.12) Y = Az log A m,

where
(00110000)
11000000
000000 ! 1

713 A= 199098000 | @k
10100000
0000010 !
(00001010
(1-1000000

(7.14) A, = ggg;fﬂ%% Q1L,,
(000000 1 -1

(7.15) ® = (Tp00> Tcoo 12> TC111°
T5000° TD00 1> D111,

We construct a linear model as
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(7.16) Y=X0+ €,

where
(1 0 1) -
1 11 I
10 1 contro
_ 1 1 1 -
(7.17) X = 1 0-1 o,
1 1-1
10 -1 drug
! 1-1 -

\

[

and @ = (a, B, y)’ is an associated vector with X and € is a vector of
residuals.

The result is shown in Table 7.6. Both the coefficients and the chi-
squares obtained by the weighted least squares (WLS) method under the
GSK model are close to those obtained by the method based on the
likelihood under the MLRM (see Table 7.2). In applying the GSK
model, zero frequency was changed to 0.! to avoid the division by
zero, which might make the result a little different from one by the
MLRM.

The evaluation of Markov property is also performed urcer the
formulation of GSK model. The details are shown in Appendix D

which indicates that the Markov assumption may be valid for the data.

7.5 Extended MLRM to allow ordinal data

As discussed in Section 3.9.1, the MLRM can be directly extended

to allow data with ordinal responses if the assumption of proportional
odds ratios is added. The addition of K=" option (K is the number of

ordinal scales minus one) is only required in the SAS PRQC LOGIST,
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as in the usual logistic regression analysis. The result based on the

original five-point ordinal scale is shown in Table 7.7, where both the
treatment effect and the effect of previous outcome are highly
significant. Use of the original ordinal scale makes the analysis more

powerful than using a reduced binary scale.

7.6 MLRM with time dependent covariates
One of the advantages of the MLRM over the ZLS model is to allow

time dependent covariates in the MLRM. This section will briefly
illustrate a Markov logistic regression model building with time
dependent covariates and its interpretation, although data analysis is
not involved.

The same example as shown in Section 3.3 is used for the
illustration. The cough occurrence data for the ith subject at time ¢
are regressed via the logistic model (3.4) by the previous outcome,
temperature at time t, blood pressure (e.g., systolic) at time ¢, age,
and treatment. Age and treatment are specific to a subject, but they
are not dependent on time. Whereas, temperature and blood pressure
are the time dependent covariates since they generally change with
time. Finally, only the temperature is not dependent on a subject.

From the operational viewpoint of data analysis, these time
dependent covariates need to be arranged for the analysis, as shown in
Table 7.8. Since the temperature does not relate to a subject, it only
changes with time. The SAS PROC LOGIST deals with such a data

set.
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Chapter 8

Conclusions

A summary of this study and related discussions are provided.

Future research related to this study is also proposed.

8.1 Summary and related discussions

Longitudinal studies have advantages over cross-sectionai studies,
which are: i) to detect dynamic effects of the treatment; ii) to predict
individual’s time courses of response; and iii) to provide a higher
power under a well-specified model. Thus, statistical methodology for
the analysis of those studies has been highly demanded. This study
concentrates on the models and related statistical inferences for
longitudinal studies with binary responses.

As far as modeling is concerned, the proposed parametric model
(MLRM) has been shown to be plausible, interpretable, and general.
Although it is essentially based on transition probabilites, the

relationship with modeling for marginal probabilities has been



carefully investigated. In summary, some features of the MLRM are:
i) plausibility of the model; ii) to allow time dependent covariates;
iii) easiness to extending it to a more complex situation than the
Markov property; iv) effective use of incomplete data; and v) computer
software accessibility. The second point is an advantage over the ZLS
model, although Liang and Zeger (1986) have proposed a use of
generalized linear model to allow time dependent covariates. The
fourth point is an advantage over any multivariate approaches including
the GSK model.

Inferential methods are the maximum likelihood estimate and the
likelihood ratio test. Fundamental theories and asymptotic properties
have been extensively investigated. Also, a simulation study has been
conducted to evaluate statistical properties empirically.  Although
Bonney (1987) has recently applied the same model as the MLRM, this
study further pursues both asymptotic and small-sample properties of
the MLRM methodology.

Furthermore, the effects of incomplete data and model
misspecification with respect to the ZLS model are investigated by
simulation. ~ With larger sample sizes, incomplete data do not
appreciably affect estimation and hypothesis testing. There is very
little difference in the results of significance and power between the
application of MLRM and that of ZLS model, even if data are generated
from the ZLS model for relatively small values of autocorrelation.
With a large autocorelation, the MLRM results in less power for
testing the treatment effect than the ZLS model. Thus, the MLRM

methodology is shown to be a general and r Hust way of data analysis.
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The logrank test is valid under the submodel of the MLRM, i.e.,
Markov product binomial model. The test allows us to estimate the
coefficient of autocorrelation, as in the ZLS model. However, it
restricts to the Markov structure. For a more general structure,
Lachin and Wei (1987) provide a test in which the covariance matrix

across time must be estimated from data.

8.2 Future research

This study has provided a solution: to the analysis of binary
longitudinal data. The proposed model (MLRM) is very interpretable
and general. Statistical inference under the model is also
straightforward, with a nice property. However, one can find future
issues with respect to this topic.

As far as a model building is concerned, there will be much room
to create a new model, as shown in Section 2.2. Especially, the
application of generalized linear model to longitudinal data analysis
has been extensively investigated (Liang and Zeger, 1986; Wei,
Stram, and Ware, 1985). Even the MLRM itself can be generalized to
allow a more complex structure than the Markov (or first-order
autoregressive) property. Although the extention of MLRM to allowing
multiple responses has been outlined in Section 3.9.2, its statistical
properties with computation are left for future research.

The MLRM deals with incomplete data effectively. The principle
is to utilize every adjacently complete pair with respect to time. It
might be possible for the extension (4.91) to deal with even adjacently

incomplete pairs. However, real data are sometimes missing by
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design. Then, a special consideration must be taken into account. A
mixed longitudinal study design is another example of that. Thus it
will be necessary to adapt the MLRM to allowing such special study
designs.

Although only the extensive comparison between the MLRM and the
ZLS model has been conducted by simulation in this study, other
comparisons with the GSK model, the generalized linear model, and

the logrank procedure will also be necessary to persue by simulation.
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Table 2.1

Longitudinal data with binary responses.

Treatment Subiect ! 2 3
Control 1 1 0 O
2 1 1 {
N~ 0 O O
Intervention 1 1 ! 0
2 t 0 O
n 1 0 O
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Table 2.2 ®

Data reformed into the one useful for the GSK model.

Treatment Profile #Sub ject (frequency)
Control 000 £y
0 01! f5
010 fq
011! fq
1t 00 fe
1 0 1 fe
1 10 f5
1 11 fg
Intervention 000 fq
0 01t fig
010 fiy
011 fio
1 00 fi3
1t 0t f,
1 10 fis
1 11 f
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Table 2.3

Data reformed into a series of 2>2 contingency tables.

Yes No Yes No

Control a, b 1 N/2 Control ar bT
Intervention cy d1 N/2 Intervention CT dT
time 1 time T
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Table 4.1

Handling incomplete data under the MLRM.

T [ E

Sub ject 1 2 3 6 7
I P P P P P P P P
2 P A P P A P A A

missing
missing
usable
missing
missing

missing
missing
3 P P P P A P

4 P A A P A P

t P = Symptom present

¥ A = Symptom absent
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Table 6.1

f
The expected probabilities of having a symptom in various
categories by a set of parameters, treatment, and previous outcome.

Intervention
Parameter Control(TRT=1) (TRT=-1)
a_ B X »w=0 »n=1 »w=0 y=1
0.0 0.0 0.0 0.5 0.5 0.5 0.5
0.3 0.5744 0.5744 0.4256 0.4256
0.6 0.6457 0.6457 0.3543 0.3543
0.0 0.3 0.0 0.5 0.5744 0.5 0.5744
0.3 0.5744 0.6457 0.4256 0.5
0.6 0.6457 0.7109 0.3543 0.4256
0.0 0.6 0.0 0.5 0.6457 0.5 0.6457
0.3 0.5744 0.7109 0.4256 0.5744
0.6 0.6457 0.7685 0.3543 0.5
Average 0.5734 0.641:8 0.4266 0.5

t These probabilities are calculated from the following formula:

P=zexp{a+ By +yTRT) /[l +exp(a+ By + Yy TRN].
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Table 6.2 (1) ®

Statistical efficiency in the parameter estimation for the MLRM
witha = 0.0, 8 = 0.0, and y = 0.0.

b i a s (6.6) empirical MSE (6.8)
N T alpha beta gamma alpha beta  gamma
30 3 .0571 -.0934 .0069 .1736 .3290 .0820
30 6 .0332 -.0549 -.0089 0852 .1185 .0278
60 3 .0393 -.0496 -.0084 .0748 .1545 .0369
60 6 .0178 -.0301 -.0034 0279 .0525 .0131
empirical variance (6.7) asymptotic var'iancef(6.9)
N T alpha beta gamma alpha beta gamma
30 3 .1704 .3202 .081!9 .1622 .2966 .0720
30 6 .0841 1155 .0277 .0576 .1106 .0274
60 3 .0733 .1521 .0368 .0773 .1409 .0346
60 6 .0276 .0515 .0131 .0282 .0543 .0135

t It is computed as a mean of 500 estimates of asymptotic variances.
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Table 6.2 (2)

Statistical efficiency in the parameter estimation for the MLRM

with a = 0.0, B = 0.0, and y = 0.3.

b i a s (6.6) empirical MSE (6.8)

N T alpha beta gamma alpha beta gamma
30 3 .0521 -.0727 .0306 1672  .3260 .0863
30 6 .0431 -.0595 .0006 0612 .1294 .0276
60 3 .OSiZ -.0552 .0034 .0806 .1569 .0336
60 6 .0203 -.0277 .0008 .0305 .0587 .0133

empirical variance (6.7) asymptotic vcu*ianceT (6.9)
N T alpha beta gamma alpha beta gamma
30 3 .1645 .3208 .0854 .1675 .3067 .0747
30 6 .0593 .1259 .0276 .0595 1150 .0285
60 3 .0780 .1539 .0336 .0795 .1449 .0356
60 6 .0301 .0579 .0133 .0291 .0564 .0140

t It is computed as a mean of 500 estimates of asymptotic variances.
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Table 6.2 (3)

Statistical efficiency in the parameter estimation for the MLRM
witha = 0.0, 8 = 0.0, and y = 0.6. -

b i a s (6.6) empirical MSE (6.8)

N T alpha beta gamma alpha beta gamma
30 31= .0820 -.1164 .066! .2466  .4392 .1044
30 6 .0450 -.0678 -.0116 .0635 .1415 .0321
60 3 .0600 -.0752 .0149 .0900 .1782 .0387
60 6 .0211 -.0235 .003! .0337 .0652 .0145

empirical variance (6.7) asymptotic variancg (6.9)
N T alpha beta gamma alpha beta gamma
30 3* 2399 4256 .1000 - .1850 .3470 .0856
30 6 0615 .1369 .0320 0652 .1291 .032!
60 3 .0864 .1726 .0384 .0860 .1586 .0391
60 6 .0333 .0647 .0145 .0319 .0630 .0157

t It is computed as @ mean of 500 estimates of asymptotic variances.

* Since there are severely bad situations for the matrix of second
derivatives, the seed was changed from 1234567 to 234567.
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Table 6.2 (4)

Statistical efficiency in the parameter estimation for the MLRM
with a = 0.0, 8 = 0.3, and y = 0.0.

b i a s {6.6) empirical MSE (6.8)
N T alpha beta gamma alpha beta gamma
30 3 .0499 -.0518 .0117 .1767 .3303 .0783
30 6 .0326 -.0437 -.0115 .0600 .1302 .0284
60 3 .0358 -.0332 -.0072 .0800 .1586 .0372
60 6 .0189 -.0284 -.0013 .0309 .0579 .013!
empirical variance (6.7) asymptotic vaz”iczrzce:r (6.9)
N T alpha beta gamma alpha beta gamma
30 3 .1742 .3276 .0782 .1723 .303: .0729
30 6 .0590 .1283 .0283 .0622 .1130 .0278
60 3 .0787 .1575 .0372 .0818 .144t .0350
60 6 .0305 .0571 .0131 .0304 .0554 .0137

t Jt is computed as a mean of 500 estimates of asymptotic variances.
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Table 6.2 (5)

Statistical efficiency in the parameter estimation for the MLRM
witha = 0.0, 8 = 0.3, and y = 0.3.

b it a s{6.6) empirical MSE (6.8)
N T alpha beta gamma alpha beta gamma
30 3 .0622 -.0702 .0354 .1838 .3512 .0924
30 6 .0478 -.0642 .004S .0686 .1324 .0267
60 3 .0535 -.0564 .0072 .0868 .1623 .0331
60 6 .0226 -.0260 .0042 .0334 .0573 .0137
empirical variance (6.7) asymptotic vczr~i<1nceT (6.9)
N T alpha beta gamma alpha beta gamma
30 3 .1800 .3462 .091! .1778 .3133 .0758
30 6 .0663 .1283 .0267 .0642 .1170 .0288
60 3 .0839 .1591 .033! .0839 .1477 .0360
60 6 .0329 .0566 .0136 .0314 .0575 .0142

t It is computed as a mean of 500 estimates of asymptotic variances.
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Table 6.2 (6)

Statistical efficiency in the parameter estimation for the MLRM
witha = 0.0, 8 =0.3, and y = 0.6.

b i a s (6.6) empirical MSE (6.8)
N T alpha beta gamma alpha beta gamma
30 3 .0618 -.0597 .0516 .2238 .4002 .1030
30 6 .0489 -.0527 .0087 .0674 .1361 .030!
60 3 .0600 -.0492 .0114 0913 .1637 .0360
60 6 .0239 -.0225 .0017 .0365 .0644 .0142
empirical variance (6.7) asymptotic var*ianceT (6.9)
N T alpha beta gamma alpha beta  gamma
30 3 .2200 .3967 .1003 .1943 .3448 .0847
30 6 .0650 .1334 .0301 .0701 .1302 .0323
60 3 .0877 .1613 .0358 .0904 .1598 .0393
60 6 .0359 .0639 .0142 .0342 .0636 .0158

t It is computed as a mean of 500 estimates of asymptotic variances.

153



Table 6.2 (7)

Statistical efficiency in the parameter estimation for the MLRM
witha = 0.0, 8 = 0.6, and y = 0.0.

b i a s (6.6) empirical MSE (6.8)
N T alpha beta gamma alpha beta gamma
30 3 .0581 -.0448 .0143 .1924 .3482 .0807
30 6 .0427 -.0491 -.0107 .0663 .1296 .0292
60 3 .0442 -.0382 -.0048 .0872 .1583 .0378
60 6 .0205 -.0222 .0006 .0335 .0555 .0136
empirical variance (6.7) asymptotic varz'ance? (6.9)
N T alpha beta gamma alpha beta gamma
30 3 .1890 .3462 .0805 .1835 .3182 .0763
30 6 0645 .1272 .029! .0681 .1188 .0289
60 3 .0852 .1569 .0377 .0865 .1505 .036S
60 6 .0330 .0551 .0136 .0332 .0582 .0142

t It is computed as a mean of 500 estimates of asymptotic variances.
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witha = 0.0, 8 = 0.6, and y = 0.3.

Table 6.2 (8)

Statistical efficiency in the parameter estimation for the MLRM

b i a s (6.6) empirical MSE (6.8)
N T alpha beta gamma alpha beta gamma
30 3 .0617 -.0415 .0348 .1910 .3635 .0886
30 6 .0521 -.0533 .0053 .0732 .1348 .0271
60 3 .0561 -.0412 .0108 .0912 .1567 .0348
60 6 .0257 -.0282 .0048 .0368 .0649 .0138
empirical variance (6.7) asymptotic var‘iancef (6.9)
N T alpha beta gamma alpha beta gamma
30 3 .1872 .3618 .0873 .1881 .3268 .079!
30 6 .0705 .1319 .0270 .0703 .1227 .0300
60 3 .0880 .1550 .0347 .0889 .1542 .0376
60 6 .0362 .0641 .0138 .0342 .060! .0148

t It is computed as a mean of 500 estimates of asymptotic variances.
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Table 6.2 (9) o

Statistical efficiency in the parameter estimation for the MLRM
with a = 0.0, 8 = 0.6, and y = 0.6.

b i a s (6.6) empirical MSE (6.8)
N T alpha beta gamma alpha beta gamma
30 3 .0708 -.0571t .0521 .2413 .4319 .1094
30 6 .0581 -.0583 .016! .0820 .1548 .0344
60 3 .0643 -.0468 .0168 .1031 1775 .0412
60 6 0266 -.0222 .0043 .0404 .0659 .0153
empirical variance (6.7) asymptotic vczr‘z'czncelr (6.9)
N T alpha beta gamma alpha beta gamma
30 3 2363 .4286 .1067 .2059 .3556 .0885
30 6 .0786 .1514 .0342 .0767 .1351 .0338
60 3 .0990 .1753 .0409 .0957 .1655 .0410
60 6 .0397 .0654 .0153 .0372 .0658 .0164

t It is computed as a mean of 500 estimates of asymptotic variances.
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Table 6.3

Robustness of the estimator for the MLRM (a=0.0, £=0.3, y=0.3)
with incomplete data.

bias(6.6) empirical variance(6.7)

N I_C:rT alpha  beta gamma alpha beta gamma
30 0% .0622 -.0702 .0354 .1800 .3642 .0911
10% .0738 -.0653 .0212 .3081 .4928 .1044

20% .0806 -.0725 .0296 .4614 .6852 .1278

30 0% .0478 -.0642 .0045 .0663 .1283 .0267
10% .0462 -.0602 .0038 .0859 .1667 .0386

20% .0586 -.0690 .0196 .1249 .2230 .0490

60 0% .0535 -.0564 .0072 .0839 .1561 .033!
10% .0279 -.0251 .0050 .1162 .2118 .0468

20% .0301 -.0258 .0047 .1532 .2594 .05885

60 0% .0226 -.0260 .0042 .0329 .0566 .0136
10% .029: -.0370 .0032 .0409 .0795 .0164

20% .0254 -.0283 .0060 .0540 .0995 .0203

t We only present the simulation experiment for the set of parameters

tt Proportion of existing incomplete data

157

since the trend does not change much among different sets of
parameters.



Table 6.4(1) o

Effects of the model misspecification on the estimate and its variance,
assuming the ZLS model (2.40-41) with a=0, p=0.0, ¢=0.0.

emp. estimate in ZLS emp. variance N
- - - - Max.
N T a P c a P c log-lik.
30 3 .002 -.046 -.010 .066 .030 .062 -39.8
30 6 .009 -.015 -.010 .024 .008 .025 -102.5
60 3 .008 -.013 -.011 .024 .010 .026 -81.8
60 6 .002 -.007 -.003 .011 .003 .01t -206.7
emp. estimate in MLRM emp. variance +
- - - - - - Max.
N T a g Y a B Y log-lik.
30 3 .050 -.085 .006 052 .116 .028 -40.0
30 6 .030 -.050 -.009 .065 .142 .036 -102.5
60 3 .029 -.031 -.009 .154 .320 .083 -81.7
60 6 .016 -.028 -.004 .027 .0583 .013 -206.5

t [t is computed as an average of 500 maximum log-likelihoods,
where the small it is, the more fit the data show. The formula
is given as (4.24) for the MLRM and (6.18) for the ZLS model.
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Table 6.4(2)

Effects of the model misspecification on the estimate and its variance,
assuming the ZLS model (2.40-41) with a=0, p=0.0, ¢=0.3.

emp. estimate in ZLS emp. variance 1
- - - - - - Max.
N T a p c a P c log-lik.
30 3 .009 -.034 .304 .050 .023 .0§87 -39.4
30 6 .017 -.017 .296 .025 .009 .024 -100.8
60 3 015 -.019 .298 .028 .013 .026 -80.3
60 6 .006 -.007 .299 .013 .004 .011 -203.3
emp. estimate in MLRM emp. variance +
- - - - - - Max.
N T a ot Y a B Y log-lik.
30 3 .054 -.076 .330 .148 .316 .088 -39.4
30 6 .041 -.058 .30! .057 .128 .0.8 -100.9
60 3 .044 -.043 .303 .069 .152 .034 -80.4
60 6 .020 -.029 .30¢ .029 .058 .013 -203.2

t It is computed as an average of 500 maximum log-likelihoods,
where the small it is, the more fit the data show. The formula
is given as (4.24) for the MLRM and (6.18) for the ZLS model.
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Table 6.4(3) ®

Effects of the model misspecification on the estimate and its variance,
assuming the ZL.S model (2.40-41) with a=0, p=0.2, ¢=0.0.

emp. estimate in ZLS emp. variance +
- - - - - - Max
N T a P c a p c log-lik.
30 3 .007 .175 -.007 .061 .019 .060 -39.2
30 6 .019 .187 -.010 .031 .007 .034 -99.6
60 3 .01t .189 -.010 .029 .009 .029 -79.6
60 6 .006 .194 -.005 .014 .003 .016 -200.7
emp. estimate in MLRM emp. variance N
- - N - - - Max.
N T a B Y a B Y log-lik.
30 3 -.384 .795 .009 161 .332 .083 -38.8
30 6 -.377 .776 -.009 .058 .128 .030 -99.4
60 3 -.386 .801 -.009 .072 .150 .038 -79.2
60 6 -.390 .793 -.006 .028 .060 .014  -200.5

t It is computed as an average of 500 maximum log-likelihoods,
where the small it is, the more fit the data show. The formula
is given as (4.24) for the MLRM and (6.18) for the ZLS model.
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Table 6.4(4)

Effects of the model misspecification on the estimate and its variance,
assuming the ZLS model (2.40-41) with a=0, p=0.2, ¢=0.3.

emp. estimate in ZLS emp. variance +
- " - - - - Max.
N T a p c a P c log-lik.
30 3 .015 .167 .299 .060 .018 .063 -38.6
30 6 .018 .182 .289 .033 .007 .034 -98.3
60 3 .014 .186 .287 .029 .008 .03! -78.6
60 6 013 .191 297 .014 .003 .01!6 -197.7
emp. estimate in MLRM emp. variance +
- - - - - - Max.
N T a B Y a g Y log-lik.
30 3 -.369 .772 .19! .174 .328 .095 -38.2
30 6 -.370 .765 .245 .058 .123 .03t -98.!
60 3 -.378 .799 .242 .073 .152 .039 -78.1
60 6 -.385 .792 .247 .028 .058 .014 -197.5

t It is computed as an average of 500 maximum log-likelihoods,
where the small it is, the more fit the data show. The formula
is given as (4.24) for the MLRM and (6.18) for the ZLS model.
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Table 6.5 (1) o

Empirical power of Wald and LR tests for the MLRM
witha = 0.0, 8 = 0.0, and ¥y = 0.0.

beta (by Wald)t gamma (by Wald)f
Type | error T'ype I error
N T .01 .05 .10 .20 01 .05 .10 .20
30 3 .006 .060 .106 .230 .008 .066 .114 .210
30 6 .006 .050 .114 .226 .012 .054 .106 .184
60 3 .010 .056 .110 .238 012 .054 .110 .214
60 6 .010 .044 .092 .202 .010 .052 .092 .184
t t

beta {(by LR) gamma (by LR)

['ype | error Type [ error
N T .01 .05 .10 .20 01 05 .10 .20
30 3 .012 .064 .116 .232 016 .072 .122 .214
30 6 .006 .054 .114 .230 .014 .054 .110 .184
60 3 .012 .060 .110 .240 .012 .054 .112 .216
60 6 .010 .048 .092 .202 .010 .054 .092 .:184

t This gives a significance level.
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Table 6.5 (2)

Empirical power of Wald and LR tests for the MLRM
witha = 0.0, 8 =0.0, and y = 0.3.

beta (by Wald)' gamma_(by Wald)
Type | error T'ype | error

N T .01 .05 .10 .20 .01 .05 .10 .20
30 3 .008 .050 .092 .218 .080 .208 .322 .502
30 6 .014 .068 .126 .210 .188 .422 .560 .690
60 3 .010 .050 .102 .222 .140 .360 .490 .628
60 6 .010 .050 .110 .212 .480 .748 .832 .926

beta (by LR)T gamma (by LR)

Type | error 'ype | error
N T .05 .10 .20 .01 .05 .10 .20
30 3 .010 .052 .100 .226 .094 .228 .328 .506
30 6 .014 .070 .128 .212 .196 .434 .568 .690
60 3 .014 .050 .106 .222 .164 .368 .498 .628
60 6 .010 .050 .112 .212 .492 752 .834 .926

t This gives a significance level.
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Table 6.5 (3) ®

Empirical power of Wald and LR tests for the MLRM
witha = 0.0, 8 =0.0, and y = 0.6.

beta (by Wald)T gamma (by Wald)
['ype [ error Type [ error
.01 .05 .10 .20 .01 .05 .10 .20

T
3 .014 .060 .110 .226 .350 .654 .754 .84¢6

30 6 .014 .056 .110 .228 .812 .958 .982 .992
3
6

60 .012 .058 .102 .242 .718 .902 .956 .980
60 .008 .056 .112 .198 .994 .998 .998 .998

beta (by Z_R)f gamma (by LR)
~Type | error Type [ error
N T .01 .05 .10 .20 .01 .05 .10 .20
30 3$ .022 .070 .126 .230 .400 .666 .758 .848
30 6 .014 .058 .116 .228 .824 .964 .982 .992
60 3 .014 .058 .108 .244 .728 .906 .956 .980
60 6 .008 .088 .112 .198 .994 .998 .998 .998

* This gives a significance level.

+ Since there are severely bad situations for the matrix of second
derivatives, the seed was changed from 1234567 to 234567.
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Table 6.5 (4)

Empirical power of Wald and LR tests for the MLRM
witha = 0.0, 8=0.3, and y = 0.0.

beta (by Wald)

gamma (by Wald) '

Type [ error

Type [ error

N T .01 .05 .10 .20 .01 .05 .10 .20
30 3 .014 .070 .142 .242 .008 .050 .102 .196
30 6 .048 .140 .208 .340 .014 .060 .098 .:88
60 3 .046 .116 .190 .294 .014 .058 .098 .194
60 6 .086 .200 .294 .438 010 .058 .094 .156
beta (by LR) gamma (by LR)'
Type [ error Type | error
N T .01 .05 .10 .20 .01 .05 .10 .20
30 3 .022 .084 .152 .246 012 .056 .104 .202
30 6 .052 .140 212 .342 .016 .062 .100 .188
60 3 .050 .116 .190 .296 .016 .058 .106 .196
60 6 .090 .204 .294 .440 .010 .060 .094 .156

t This gives a significance level.
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Table 6.5 (5)

Empirical power of Wald and LR tests for the MLRM
witha = 0.0, §=0.3, and y = 0.3.

beta (by Wald)

gamma (by Wald)

I'ype | error

I'ype | error

N T .01 .05 .10 .20 .01 .05 .10 .20
30 3 .010 .070 .124 .242 .086 .238 .344 .490
30 6 .040 .114 .198 .314 .180 .426 .584 .692
60 3 .028 .110 .176 .298 .148 .382 .508 .654
60 6 .076 .206 .304 .436 472 .730 .836 .916
beta (by LR) gamma (by LR)
l'ype | error l'ype [ error
N T .05 .10 .20 .01 .05 10 .20
30 3 .018 .078 .130 .254 .104  .252 .352 .500
30 6 .040 .120 .198 .314 .186 .436 .586 .698
60 3 .032 .116 .180 .298 .170 .390 .516 .654
60 6 .078 .208 .306 .438 .482 .730 .840 .916
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Table 6.5 (6)

Empirical power of Wald and LR tests for the MLRM

witha = 0.0, 8 =0.3, and y = 0.6.

~

beta (by Wald) gamma (by Wald)
Type | error Type | error

N T .01 .05 .10 .20 .01 .05 .10 .20
30 3 .018 .068 .140 .244 .336 .632 .740 .846
30 6 .034 .112 .198 .304 .828 .954 .986 .994
60 3 .022 .092 .162 .280 716 .898 .946 .978
60 6 .074 .198 .312 .428 .996 .998 [1.000 1.000

beta (by LR) gamma (by LR)

Type | error Type | error
N T .0I .05 .10 .20 01 .05 .10 .20
30 3 .026 .074 .148 .248 .388 .650 .746 .848
30 6 .040 .112 .198 .304 .834 .960 .986 .996
60 3 .028 .094 .166 .282 724 .902 .948 .978
60 6 .073 .196 312 .426 .996 .998 1.000 1.000
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Table 6.5 (7)

Empirical power of Wald and LR tests for the MLRM
witha = 0.0, 8§ = 0.6, and y = 0.0.

beta (by Wald)

gamma (by Wald) !

{ype | error

Type [ error

N T .01 .05 .10 .20 .01 .05 .10 .20
30 3 .048 .152 .252 .396 .008 056 .104 .216
30 6 .170 .348 .476 .610 .016 .052 .110 .186
60 3 .122 .310 .408 .550 .010 .054 .100 .196
60 6 .428 .680 .768 .874 .008 .048 .094 .186
beta (by LR) gamma (by LR)T
Type [ error T'ype [ error
N T .01 .05 .10 .20 .01 .05 .10 .20
30 3 .064 .164 .256 .398 .012 .062 .106 .220
30 6 .176 .348 .478 .612 .016 .058 .110 .186
50 3 .128 .312 .410 .550 .012 .056 .100 .196
60 6 .432 .684 .768 .874 .008 .048 .094 .186

t This gives a significance level.
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Table 6.5 (8)

Empirical power of Wald and LR tests for the MLRM
witha = 0.0, 8 =0.6, and y = 0.3.

beta (by Wald)

gamma (by Wald)

Type | error

Type [ error

N T .01 .05 .10 .20 .01 .08 .10 .20
30 3 .062 .148 .264 .398 .068 .218 .330 .496
30 6 .156 .346 .476 .618 .172  .420 .556 .704
60 3 .110 .282 .424 .576 .166 .370 .504 .624
60 6 .396 .636 .738 .858 .468 732 .812 .900
beta (by LR) gamma (by LR)
Type I error Type | error
N T .01 .05 .10 .20 .01 .05 .10 20
30 3 .078 .156 .268 .406 .090 .232 .348 .498
30 6 .162 .356 .480 .618 .186 .424 .558 .704
60 3 .116 .288 .424 .576 176 372 .504 .624
60 6 .402 .636 .738 .858 476 .732 .814 .902
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Table 6.5 (9)

Empirical power of Wald and LR tests for the MLRM
witha = 0.0, 8 = 0.6, and y = 0.6.

beta (by Wald)

gamma (by Wald)

Type [ error ['ype | error

N T .05 .10 .20 .01 .05 .10 .20
30 3 .058 .170 .260 .382 326 .602 .706 .818
30 6 .150 .314 .420 .580 .814 .938 .980 .996
60 3 .104 .282 .404 .550 .680 .860 .934 .972
60 6 372 .622 .730 .846 .994 1.000 1.000 1.000

beta (by LR) gamma (by LR)

I'ype | error Type [ error
N T .0! .05 .10 .20 .01 .05 .10 .20
30 3 .068 .178 .262 .384 .380 .614 .716 .828
30 6 .154 .312 .418 .580 .820 .938 .980 .996
60 3 .110 .284 .406 .552 .700 .868 .934 .974
60 6 .374 .620 .730 .846 .994 1.000 1.000 1.000
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Table 6.6

Robustness of Wald and LR tests under the MLRM (a=0.0, £=0.3,
¥=0.3) with incomplete data.

Wald power of beta Wald power of gamma
+4 Type | error [ype | error
N T [C .01 .05 .10 .20 .01 .05 .10 .20

30 3 0% .010 .070 .124 .242 .086 .238 .344 .490
10% .008 .072 .i148 .282 .040 .182 .282 .412
20% .010 .050 .116 .248 .038 .130 .230 .354

30 6 0% .040 .114 .198 .314 .180 .426 .584 .692
10% .036 .110 .150 .300 .164 .350 .462 .602
20% .020 .098 .174 .294 .102 .308 .402 .538

60 3 0% .028 .110 .176 .298 .148 .382 .508 .654
10% .022 .104 .186 .330 .104 .284 .422 .554
20% .018 .084 .162 .288 .078 .230 .354 .488

60 6 0% .076 .206 .304 .436 .472 .730 .836 .916
10% .060 .178 .266 .402 .386 .634 .744 .858
20% .044 .144 .234 .364 .252 .570 .668 .788

t We only present the result from the set of parameters since the trend
does not change much among different sets of parameters.

tt Proportion of existing incomplete data.
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Table 6.6

(continued)
LR power of beta LR power of gamma
+ T'ype | error T'ype | error
N T IC 01 .05 .10 .20 01 .05 .10 .20

30 3 0% .018 .078 .130 .254 .104 .252 .352 .500
10% .020 .080 .162 .288 .060 .192 .294 .416
20% .018 .070 .136 .258 066 .152 .252 .366

30 6 0% .040 .120 .198 .314 .186 .436 .586 .698
10% .042 .114 .166 .302 .170 .358 .468 .602
20% .024 .102 .178 .298 .106 .316 .404 .538

60 3 0% .032 .116 .180 .298 .170 .390 .516 .654
10% .024 .112 .186 .330 .118 .296 .424 .554
20% .020 .090 .166 .288 .090 .240 .364 .492

60 6 0% .078 .208 .306 .438 .482 .730 .840 .916
10% .060 .178 .268 .402 .388 .640 .746 .858
20% .046 .150 .234 .364 262 .572 .670 .790

t Proportion of existing incomplete data.




Table 6.7 (1)

Effects of the model misspecification on the significant results,

-f
empirical LR power of

assuming the ZLS model (2.40-41) with a=0, p=0.0, ¢=0.0.

?
empirical LR power of

p in ZLS model B in MLRM

Type | error Type | error
N T .01 .05 .10 .20 .01 .05 .10 .20
30 3 .084 .112 .148 .240 .014 .054 .116 .228
30 6 .018 .064 .114 .242 .008 .056 .112 .238
60 3 .020 .056 .114 .216 .008 .052 .100 .204
60 6 012 .054 .110 .200 .012 .054 .108 .200

empirical LR power*of empirical LR powerfof

c in ZLS model y in MLRM

Type [ error Type | error
N T .01 .05 .10 .20 .01 .05 .10 .20
30 3 066 .110 .148 .226 012 .068 .1249 .224
30 6 .028 .074 .110 .180 .012 .058 .110 .184
60 3 .030 .068 .110 .182 012 .054 .112 .2!8
60 6 .010 .046 .108 .200 .012 .050 .090 .190

t This shows a significance level.
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Table 6.7 (2) o

Effects of the model misspecification on the significant resuits,
assuming the ZLS model (2.40-41) with a=0, p=0.0, ¢=0.3.

empirical LR power‘fof' empirical LR power*fof
p in ZLS model B in MLRM
Type | error Type | error
N T .01 .05 .10 .20 .01 .05 .10 .20
30 3 .058 .096 .138 .226 .010 .060 .110 .214
30 6 .020 .074 .138 .232 .006 .066 .140 .236
60 3 .032 .072 .124 .222 .004 .054 .128 .214
60 6 .014 .056 .120 .216 012 .056 .120 .212
empirical LR power of empirical LR power of
¢ in ZLS model Y in MLRM
Type [ error Type | error
N T .01 .05 .10 .20 .01 .08 .10 .20
30 3 .162 .254 .418 .570 .088 .220 .320 .496
30 6 .242 .500 .630 .740 .190 .438 .564 .676
60 3 .244 .500 .630 .738 .160 .364 .498 .632
60 6 590 .822 .900 .954 .480 .736 .838 .922

t This gives a significance level.
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Table 6.7 (3)

Effects of the model misspecification on the significant results,

empirical LR power of

p in ZLS model

assuming the ZLS model (2.40-41) with a=0, p=0.2, ¢=0.0.

empirical LR power of
B in MLRM

Type | error

Type | error

N T .01 .06 .10 .20 .01 .05 .10 .20
30 3 .136 ..298 .422 .572 .134 .294 .432 .606
30 6 .404 .620 .744 .830 .400 .618 .746 .836
60 3 296 .538 .674 .806 .310 .564 .704 .814
60 6 .768 .918 .950 .980 770 .918 .960 .980
empirical LR powerTof empirical LR powerTof

¢ in ZLS model Y in MLRM

Type | error Type | error
N T .01 .05 .10 .20 .01 .05 .10 20
30 3 .018 .060 .112 .190 016 .054 .106 .222
30 6 .012 .054 .108 .210 .010 .056 .110 .200
60 3 .010 .052 .100 .202 .006 .058 .098 .208
60 6 .014 .054 .104 .194 .014 .052 .092 .194

t This gives a significance level.
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Table 6.7 (4) ®

Effects of the model misspecification on the significant results,
assuming the ZLS model (2.40-41) with a=0, p=0.2, ¢=0.3.

empirical LR power of
p in ZLS model

Type | error

empirical LR power of
B in MLRM

Type | error

T .01 .08 .10 .20 .01 .05 .10 .20
3 .102 .256 .388 .536 122 .274  .392 .540
6 .362 .634 .736 .830 364 .632 .736 .828
3 .292 .570 .666 .778 .304 .588 .674 .788
6 .754 918 .952 .984 756 .920 .952 .984
empirical LR power of empirical LR power of
¢ in ZLS model Y in MLRM
Type [ error Type | error
N T .01 .05 .10 .20 .01 .05 .10 .20
30 3 .102 .236 .338 .478 .060 .186 .274 .440
30 6 .174 .368 .480 .596 .130 .288 .394 .556
60 3 .182 .386 .522 .654 116 .248 .352 .480
60 6 .398 .674 .770 .874 .282 .538 .686 .798
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Table 7.1

Three consecutive contingency tables for illustration of applying
the logrank procedure.

Time | Time 2 Time 3
t t t $ t +
Imp Worse Imp Worse Imp Worse
c 19 65 84 17 59 76 12 51 63

et

D 56 29 85 67 13 80 66 13 79
75 94 169 84 72 156 78 64 142

2 2 2
x =16.11 x =30.30 x =32.76

~

P (5.19) = 0.73 t improved or much improved
* samme, worse, or much worse
XZCMH(S'S) = 74.89 * control group
, ** drug group

Proposed x (5.45) = 32.18

Table 7.2
Summary result of applying the main-effect MLRM (7.1).
Variable Coefficient  Standard error  Chi-square p-value
Intercept -2.388 0.418 32.56 0.000
Prev.outcome  5.855 0.790 54.89 0.000
Treatment’  -1.883 0.382 24.27 0.000

t Improving = 1, Same or worsening = 0

-2 log L.=99.18 * Control = 1, Drug = -1
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Table 7.3

Summary result of applying the interactive MLRM (7.2).

Variable Coefficient  Standard error  Chi-square p-value
Intercept -2.548 0.531 23.06 0.000
Prev.outcome 5.768 0.770 56.10 0.000
Treatment -2.096 0.531 15.60 0.000
Interaction’ 0.563 0.770 0.53  0.465
-2 log L = 98.67 t interaction between the previous outcome and

treatment effects

Table 7.4
Summary result of applying the ZLS model (7.4-5).
Variable Coefficient  Standard Error Chi-square  p-value
Intercept -.190 .178 1.14 0.286
Prev.outcome  .787 .050 247.75 0.000
Treatment -1.234 .192 41.31 0.000
-2 log L*——- 117.45 t [t corresponds to the autocorrelation

coefficient in the model.
t Conditional likelihood (6.18)
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Table 7.5

Profile representation for the GSK approach.

f

Group 000 001 010 011 100 1014 110 111
Control 45 0 i 0 2 0 2 i1
Drug 12 i 0 12 0 0 { 50

t For example, 000 indicates the profile of all O at three
consecutive occasions, where O is scaled as same or worsening and
{ is scaled as improving.

Table 7.6
Summary result of applying the GSK model with Markov pr*oper‘tyjr
Variable Coefficient  Standard Error Chi-square p-value
Intercept -1.658 .454 13.36 0.000
Prev.outcome 4.392 .750 34.30 0.000
Treatment’ 1735 .375 21.41  0.000

t It was performed by the weighted least-squares method. Goodness of
fit test indicates a good fit (chi-squares with 5 d.f. = 4.454 and its
p-value = 0.486).

% The control group is coded as ! and the drug group is coded as -1.
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Table 7.7

Summary result of applying the main-effect MLRM to
ordinal longitudinal data. -

Variable Coefficient Standard error Chi-square p-value
Intercept (a,) 0.336 0.649 0.27 0.604
Intercept (a) -2.732 0.660 17.15 0.000
Intercept (aj) -6.293 0.766 67.49 0.000
Intercept (ay) -9.885 0.907 118.87 0.000
Prev.outcome 3.074 0.247 154.61 0.000
Treatment -1.589 0.320 24.65 0.000

-2 log L = 433.41

Table 7.8

Source data array for the analysis of binary longitudinal data
with time dependent covariates.

Subj Time Cougf;r Pr‘ev.outcome.: Temp(°F) SBPTmmHL) AGE TRT*

1 2 1 0 80 120 20 C
1 3 1 1 85 125 20 C
1 4 1 1 80 128 20 C
2 2 1 0 80 140 35 D
2 3 1 1 85 165 35 D
2 4 0 1 80 160 35 D

L Bpr'esent; O absent
¥ SBP = Systolic Blood Pressure
* C Control; D Drug

180



7.2
7.3

7.4

LIST OF FIGURES

Time trend of the probabilities of improving the skin
condition by treatment

Transition of the probabiiities by treatment

Illustrative example of examining the transition of
the probabilities

Evaluation of the interaction tetween the effect of
previous outcome and the treatment effect

181

185



Figure 7.1

Time trend of the probabilities of improving the skin condition
by treatment. -
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Figure 7.2

Transition of the probabilities by treatment.
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Figure 7.3 ®

[llustrative example of examining the transition of the probabilities.
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Figure 7.4
Evaluation of the interaction between the effect of previous
outcome and the treatment effect.
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A.

Data for evaluating drug for skin condition (Stanish, Gillings,

ix
and Koch, 1978).
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420

ix B.

A BASIC program to execute the logrank procedure.

REM

REM A BASIC program of the logrank procedure for analyzing
REM longitudinal data with binary responses in which data are
REM provided as a series of data statements, except N and T.

REM

DIM GP(200),R(200,6),0(2,2,6},E(2,2,6) ,MG(5,6),TR(2,4,5)

DIM BL(2,5),MD(2,5),V(1,1,6)
REM
REM GP(]), I=1,...,N --> Group indication

REM R(L,J), I=1,...,N and J=1,...,T --> Response matrix

REM Initial setting for the number of individuals (N)
REM Initial setting for the number of occasions (T)
REM

N=172: T=3

REM

REM Data input as a serial form

REM

FOR I=1 TO 172

READ GP(I)

FORJ=1 TOT

READ R(I,J)

NEXT J

NEXT 1

REM

I}%Em Create a series of 2>x2 contingency tables
LPRINT "Observed frequencies:":LPRINT

FOR J=1to T

FOR I=1 TON

IF GP(I)=1 AND R(I,J)=! THEN O(1,1,])=0(1,1,J)+1
IF GP(I)=1 AND R(I[,J)=0 THEN 0O(1,2,])=0(1,2,J])+1
IF GP(I)=2 AND R(I,J)={ THEN 0O(2,1,])=0(2,1,J)+1
IF GP(I)=2 AND R(I,J)=0 THEN 0(2,2,])=0(2,2,J)+1
NEXT I
REM Calculate marginal frequencies
MG(i,J)'—-"O(i,i,J)+%(1,2,J)
MG(2,])=0(2,1,])+0(2,2,J)
MG(3,J)=0(1,1,0)+C(2,1,J)
MG(4,])=0(4,2,])+0(2,2,J)
MG(S,3)=0(1,1,7)+0(1,2,3)+0(2,1,7)+0(2,2,J)
LPRINT "Time",J:LPRINT:

)

)




440
450

470
480

500
510
520
530
540
550
560
570
580
590
600
610
620
630
640
650
660
670
680
690
700
710
720
730
740
750
760
770
780
790
800
310

830
840
850
860
870
880
890
900
910
920
930
940

LPRINT MG(3,J),MG(4,J),MG(S5,J)
LPRINT:LPRINT:LPRINT

NEXT J

REM

REM Transition calculation for both groups

REM

LPRINT "Transition information (Control):":LPRINT
FOR J={ TO T-1

FOR I=1 TO 84

IF R(I,J)=1 AND R(I,J+1)=1 THEN TR(1,1,J)=TR(!,1,J)+1
IF R(I,7)=1 AND R(I,J+1)=0 THEN TR(1,2,])=TR(1,2,J)+!1
IF R(I,J)=0 AND R(1,J+1)=1 THEN TR(1,3,7)=TR({,3,0)+1
IF R(I,J)=0 AND R(1,J+1)=0 THEN TR(1,4,])=TR(!,4,])+!1
IF R(1,J)=1 THEN BL({,J)=BL(1,J)+1

IF R(1,J)=9 THEN MD(1,J)=MD(1,J)=1

NEXT 1

BL(1,7)=BL(1,])/(84-MD(1,J))

LPRINT "Time";J;"to Time=";J+1

LPRINT

LPRINT "better to better',TR(1,1,J)

LPRINT "better to worse"',TR({1,2,J)

LPRINT "worse to better';TR(1,3,J)

LPRINT "worse to worse; TR (1,4,J)

LPRINT:LPRINT

NEXT J

LPRINT "Transition information (Drug):":LPRINT

FOR J={ TO T-!

FOR 1=85 TO {72

IF R(I,))=1 AND R(I,J+1)={ THEN TR(2,!,])=TR(2,1,J)+1
IF R(I,J)={ AND R([,J+1)=0 THEN TR(2,2,1)=TR(2,2,])+1
IF R(I,J)=0 AND R(I,J+1{)=1 THEN TR(2,3,1)=TR(2,3,])+1
IF R(I,J)=0 AND R(I,J+1)=0 THEN TR(2,4,J)=TR(2,4,J)+!
IF R(I,J)=1 THEN BL(2,J)=BL(2,J)+1

IF R(I,J)=9 THEN MD(2,])=MD(2,J)+1

NEXT I

BL(2,])=BL(2,])/(88-MD(2,J))
LPRINT "Time";J;"to Time=";J+1
LPRINT

LPRINT "better to better",TR(2,!,J)
LPRINT "better to worse",TR(2,2,J)
LPRINT "worse to better',TR(2,3,J)
LPRINT "worse to worse",TR(2,4,J)

LPRINT:LPRINT

NEXT J

REM

REM Expectations and variances computation

REM

LPRINT:LPRINT "Expected frequencies and variances:"
FORJ={ TOT

E(1,1,0)=MG(1,3)*MG(3,]) /MG(S,J)
E(1,2,7)=MG(1,1)*MG(4,]) /MG(5,])
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950 E(2,1,1)=MG(2,N)*MG(3,J) /MG(S5,J)

960 E(2,2,))=MG(2,])*MG(4,]) /MG(5,])

970 V(4,1,7)=MG(1,])*MG(3,J) /MG(5,]))*MG(4,]) /MG(5,J))
980 LPRINT:LPRINT

990 LPRINT "Time";J

1000 LPRINT
1010 LPRINT E(1,1,0),E(1,2,] 1,]
1020 LPRINT E(2,1,0),E(2,2,]) ,MG(2,])
1030 LPRINT MG(3,J),MG(4,),MG(5,)
1040 LPRINT

1050 LPRINT "Var[A(";J;"]=";V({,1,])

1060 LPRINT

1070 NEXT J

1080 REM

1090 REM Test for a common odds ratio across tables

{1100 REM

{11{10FCR J={ TO T

1120 FOR K=1 TO 2

1130 FOR L=1 TO 2

1140 H=H+OK,L,N-EK,L,)))"2/E(K,L,J)

1150 NEXTL

1160 NEXT K

1170 BD=BD+(O(4,1,D)-E(1,1,I)"2/V(L,1,])

1180 NEXT J

1190 LPRINT:LPRINT:LPRINT

1200 LPRINT "Test for a common odds ratio:":LPRINT

1210 LPRINT "Halperin et al. chi-square statistic=";H,"d.f.=";T-1
1220 LPRINT "Breslow-Day chi-square statistic="; BD 'd.f.=" T 1
1230 LPRINT:LPRINT:LPRINT

1240 REM '

1250 REM Calculate a serial correlation (rho)

1260 REM

1270 FOR J={ TO T-{

»9),MG(1,])
M

-

1280 CC=CC+(1-BL(1,IN)*TR(1,1,1)+BL({,1)*TR({,4,])+
(1-BL(2,I))*TR(2,1,0)+BL(2,]))*TR(2,4,])
1290 DC=DC+(1-BL(1,J))*"'R(i,2,J)+BL(1,J)*TR(1,3,J)+
(1-BL(2,]))*TR(2,2,7)+BL(2,))*TR(2,3,J)
1300 NEXT J

1310 RO=(CC-DC) /(CC+DC)

1320 LPRINT "Estimate of serial correlation:"
1330 LPRINT

1340 LPRINT "Rho=";RO

1350 LPRINT:LPRINT:LPRINT

1360 REM

1370 REM Calculate Mantel-Haenszel and Origasa )( statistics
1380 REM

1390 FOR I=1 TO T

1400 UP=UP+(O(1,1,D)-E(1,1,]))

1410 LO=LO+V(1,1,])

1420 FOR J=I+1 TO T

1430 L2=L2+RO"(J-*V(1,1,))".5*V({,1,1)".5
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1440 NEXT J

1450 NEXT I

1460 MH=(ABS(UP)-.5)"2/L0O

1470 HO=(ABS(UP)-.5)"2/(LO+2*L2)

1480 LPRINT:LPRINT:LPRINT

1490 LPRINT "Two asymptotic chi-square statistic with d.f.=1:"
1500 LPRINT

1510 LPRINT "Mantel-Haenszel=";MH

1520 LPRINT "Proposed logrank test statistic=";HO
1530 END

1540 DATA 1,0,0,0

1550 DATA 1,0,0,0

3250 DATA 2,1,1,1
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Appendix C.

A program to execute the MLRM (7.1) using the SAS PROC LOGIST.

DATA SCK;
INPUT SUBJ TIME Y TRT;
CARDS;

{source data from APPENDIX A)

TITLE1 "MARKOV LOGISTIC REGRESSION ANALYSIS’;
TITLEZ "USING THE DATA BY STANISH ET AL (1978).°;
DATA ONE TWO A;
SET SGK (KEEP=SUBJ TIME Y TRT);
[F1<{=Y<=2THENZ =1; /* improving */
IF3<=Y <=5 THEN Z = 0; /* same or worsening */
[F TIME NE 1| THEN OQUTPUT ONE;
2 IF TIME NE 3 THEN OUTPUT TWO A;
RUN;
DATA TWO; SET TWO A;
TIME = TIME + 1;
RUN:
PROC SORT DATA=0ONE; BY SUBJ TIME;
PROC SORT DATA=TWO; BY SUBJ TIME;
DATA FIN;
MERGE ONE (RENAME=(Z=ZT))
TWO (RENAME=(Z=2T 1));
BY SUBJ TIME;
RUN;
PROC LOGIST DATA=FIN PCOV PCOR CTABLE PRINTIT;
TITLE3 *APPLICATION OF PROC LOGIST.?;
MODEL ZT = Z2T_1 TRT;
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Appendix D.

Evaluating the Markov property.

Based on the data reduced into the binary scale from the ordinal
data of Appendix A, a test for the Markov property is presented under
the framework of GSK methodology.

Since the number of occasions is three, there are 23(=8) profiles
with 7 degrees of freedom. These degrees of freedom come from (D1),
(D2), (D3), (D4), (D6), (D7), and (D8), as shown below. Focusing on

the third occasion given the first and second occasions,

Moot

(D1) log {

} = a,
Tooo0

Mot

(D2) log { } = oa+ By

Moo

Tio01

(D3) log { } = a+ B

T 00

Ty

(C4) log { } = a+ B+ B2+ Bz

Mi10

which are equivalent to expressing

Pele-1,6-2
(DS) 108{ } :a+Bl yt-j +BZ )’t_2+512 ()’t_f()’t_z),
P=peje-1,t-2
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where m. . . indicates the joint marginal probability; is
J19J29J3 J rg p Ys ptlt-I,t-Z
the conditional probability given the most recent two outcomes; a is the
intercept; B, is the parameter for the most recent outcome; B, is the
one for the second recent outcome; By, is the parameter for the

interactive term ( > ). Focusing on the second occasion given
Yt-17Ye-2 g g

the first occasion,

To10 + Mory
(D6) log { }=a+d,
Tooo + Mooy
M0 + Miy
(D7) log { =a+d+ B+ (8,9,
Tio0 + Tiot

where & is a parameter reflecting lack of stationarity, i.e., a
coefficient for variation between pairs of adjacent occasions; (8,d) is
the interactive term between the most recent outcome and the lack of

stationarity. The last degree of freedom comes from

Moo + Moy + Myg0 + Myyy
(D8) log { }s

Tooo + Mooy + Moo + Mory

which is irrelevant to the Markov property. The null hypothesis to

test the Markov property is

(D9) He: B2=B12=9d= (B9 =0.

Results of applying this test for each of the two treatment groups are

shown below.
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CONTROL DRUG

Param Estimate S.E. xz Estimate S.E. xz

a -6.109 3.166 3.72 -2.303 1.049 4.82
B 3.807 4.585 0.69 7.090 3.344 4.50
B2 3.114 4.530 0.47 2.303 4.594 0.25
B2 0.894 5.667 0.02 -3.178 5.675 0.3!
é 2.396 3.310 0.52 2.398 1.129 4.51
(B8 1.730 4.744 0.13 -1.644 4.047  0.17

Although all factors are not significant for the control group, the effect
from the most recent outcome and the lack of stationarity parameter
are significant for the drug group. However, the null hypothesis (D9)

is shown to be non-significant for each group where

(D10) )(2(4) = 2.078 (p=0.722), for the control group,
x(4) = 4.99 (p=0.288), for the drug group.

Hence, the Markov model (7.1) involQing only the effect from the most

recent outcome might be reasonable for this data set.
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