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SUMMARY

The use of numerical integration for the analysis of practical shell of revolution struc-
tures was documented almost simultaneously in the United States by three independent
groups of researchers (Cohen, Kalnins, Mason et al.). These early efforts have been refined,
reformulated, and increased in scope and applicability to become major program systems
(SRA, Kalnins, STARS). While all three programs utilize basically the same mathematical
formulation for integrating the shell differential equations, the matrix solution procedures
from this point are basically different. The purpose of this paper is twofold as follows:

(1) present the differences in solution procedures of the largest system (the Grumman —
NASA “STARS”) from the other two, and point out the inherent advantages of this
approach;

(2) compare the numerical integration procedure, as utilized in the “STARS”, with finite
difference and finite element procedures, noting the relative advantages of each in the
analysis of shells of revolution for static, buckling, and dynamic loadings.

To fulfill the above purpose, a brief review of the numerical integration procedure for
the analysis of shells of revolution is presented, and the matrix solution procedures of the
SRA, Kalnins, and STARS programs are contrasted. The limitations imposed by the relative
procedures are discussed. The unique formulation utilized by STARS for the solution of
stability and vibration problems, and its advantages, are discussed in detail.

The STARS program’s analytical capabilities, capacity, and user options are compared
with those of other major systems utilizing either finite differences or finite elements for
the analysis of shells of revolution. Comparisons are made in terms of program size, program
accuracy, number of degrees of freedom required for analysis, ease of idealization and user
inputs, limitations imposed on analysis capability or output, running time, and so forth.

All advantages and differences are demonstrated by use of solutions for realistic shell
problems in the areas of statics, stability (including dead and live load distributions), vibra-
tions, and dynamic response of shells subjected to time-dependent loadings.

G1/1*



G1l/

1. Introduction

Recent innovations in digital computer technology have enabled engineers to analyze
shell structures of complex configurations without unduly restrictive approximations. The
basic techniques making this possible in shell of revolution analysis may be classified as
finite difference methods, numerilcal integration methods, and finite element methods. A
number of versatile computer programs, based on the various methods of analysis are presently
availeble to the engineer. Many of these programs are checked out, documented, and of
sufficlent slze and scope in analysis capability, capacity, and user optilons, so as to be
readily useable outside the originating organization. The purpose of this paper is to
compare the various programs now generally available from the point of view of the
advantages of the relative techniques utilized, as well as the programmed state of the art.
Much of the comparisons are based upon sample problems solved by the STARS-2 system of pro-
grams. These examples indicate both the structural detail which can be analyzed by, and the

analytical capabilities available in the numerical shell-of-revolution programs.

2. The Numericael Integration Method
2.1 The Theory

The basic numerical integration procedure for shells of revolution was first pre-

sented by Goldberg [1,2] for conical shells, The application of this technique to the
analysis of general shells of revolutlon was d«cumented almost simultaneously by three
independent groups: Cohen [3] , Kalnins [h] , and Mason et. al. [5] . Since that time
the latter three efforts have been expanded and reformulated into major program systems:

SRA [6] , Kalnins [7] , and STARS-2 [8,9] .

All three of the above systems utilize the same basic approach to the numerical
integration procedure. The shell equations are first cast (after Fourier expansion in the

8 coordinate) in the form of eight coupled first-order equations of the form

Y(n)(
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P

where ¢, € are the meridional and hoop coordinates respectively, and n signifies the

Pourier harmonic. These equations are then integrated by using some standard procedure such
a6 the Runge-Kutta method. Eight influence coefficient solutions are thus obtained corres-
ponding to eight independent initial condition vectors, and a particular solution for zero
initial variables may be obtained for each Independent loading pattern to be investigated.
Due to the numerical difficultiles caused by exponential growth or decay of th; influence
coefficient solutions, the shell must be segmented into pieces of limited size to obtain a
satisfactory solution. Thus for each shell segment a set of (8+P) solutions is obtained,
where P is the number of individual load patterns beilng considered. The total sets are then
combined to satisfy the segment continuity conditions, and the overall boundary conditions
for the shell, thus yielding P solutions for stresses and displacements in the case of a

statlic analysis.

The SRA program formulation presently utilizes a refinement of the above procedure

due Zarghamee and Robinson [lO] . In this technique only four independent vectors are
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utllized in the homogeneous integrations. The vectors are chosen so as to satisfy automat-
ically four conditions, such as contlnuity conditions at the shell segment ends. However
this technique will not analyze different load patterns simultaneously, nor is it capable of

handling shells with topologies including closed branches.

2.2 Different Matrix Formulations

It is the requirement of routine analysis capability for shells with arbitrary
branching, that first led to a different matrix formulation for the STARS program [ 5] as
opposed to the other numerical integration programs. Both the SRA and the Kalnins programs
utilize influence coefficient matrices in the formulation, and Gaussian elimination in the
solution of the matrix problem. The STARS approach is to form stiffness and load matrices
for the shell segments, and thence utilize a flnite element direct stiffness procedure for
solution. The immediate advantages of this procedure are twofold. First, even with the
most recent updates for branching analysis made to the other programs, the STARS is still
the most comprehensive in this area, as illustrated in Fig. 1. Second, the procedure allows
for the use of STARS as a very accurate stiffness matrix generator in problems where shells
of revolution must be coupled to other structures [11] Less obvious advantages revolve
around the fact that in keeping STARS compatible with finite element technology, all the
methods developed for finite element matrix procedures, both past and present (such as

Guyan reductlon [12] , for example) become directly applicable.

In the area of stabllity or vibration analysis of shells of revolution each of the
numerical integration programs utilize different procedures. The Kalnins program uses a
determinant plotting procedure. The determinant of the equations describing the pre-
stressed shell is evaluated for different assumed values of the prestress, until a zero
determinant value is found indlcating that the assumed prestress is a root of the equation
system. There are several ilmportant drawbacks to this procedure. In analyzing a complex
shell of revolution the prestress load (or frequency) must be stepped in small increments,
from zero, using substantial computer time. Even so, closely spaced roots way be skipped,
and thus no guarantee can be made that the lowest root has been found. The SRA program, on
the other hand, utilizes a Stodola-type iteration procedure equivalent to the power method
[13] favored by large finite element programs. In this procedure, the lteration is per-
formed upon the shape of the eigenvector, and there is a guaranteed convergence to the
lowest elgenvalue. Basically, the homogeneous equations resulting from stability (vib-
rations) analysis are converted into a serles of nonhomogeneous equations by assuming a
buckled (vibration) shape and, thus, creating nonhomogeneous terms from the prestress
(accelerations). This reduces the problem solution to a serles of static problems, each in
turn, providing a better estimate for the eigenvector. The drawback in this procedure is
concerned mainly with finding more than one eigenvalues, such as the many frequencies which
may be of interest in a vibrations problem. To obtain higher frequencies with any accuracy
or speed, all the lower roots must be swept out, or origin shifts used [14] . In addition,
the whole procedure may encounter slow convergence depending upon the Initial choice of the

three displacement eigenvectors u, v, w for a complex-geometry shell [14, 15

To eliminate the above drawbacks, and in order to take advantage of the fact that
the numerical integration procedure allows the reduction of a large shell problem into a

small matrix problem, a different eigenvalue solution procedure was adopted[ 16] for the
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STARS program. It i1s first recognized that the stability or vibrations problem for the
shell is actually transcendental in the eigenvalue. Then, in successive passes through the
program, the elastic stiffness matrix of the shell, KO], and the prestressed shell stiff-
ness matrix, [KP(K)] , for an assumed prestress value, are calculated. The two matrices

are subtracted to isolate a matrix containing the effect of the prestress

o] fsw] - [x) 2

and a linear elgenvalue approximation is formulated

[KO] + xli [KI“‘i-l)] [A] [o] (3)

i-1

where [A] is the deflection vector. As evident from the notation, eq. (3) is solved by a
serles of lterations, with convergence being signaled by Ai/ki_l-v 1l. In this fashion the
nonlinearity of the eigenvalue problem is retained. The iteration procedure has been found
to exhibit quick convergence. A single iteration is equivalent to the process utilized in
most flnite element programs, whereas further passes include the refinements of accounting
for the nonlinear dependence of the incremental stiffness matrix upon the eigenvalue. The
formulation of eq. (3) includes the effects of all "consistent" 17 nonlinear terms,

including predeformation.

In staying compatible with finite element theory, the STARS stability and vibrations
programs are able to utilize matrix reduction schemes prior to solving elgenvalue problems.
This allows the use of a fast in-core matrix algorithm such as the Householder-Givens [ 13
technique for eigenvalue extraction. Furthermore, the nonlinear nature of eq. (3) allows
for the solution of many eigenvalues without the use of many degrees of freedom, by merely
varylng prestress or frequency estimates to get different mstrices. A demonstration of the
procedure 1s provided in Table I which documents the overall stability analysis of the
reinforced cylinder shown in Figure 2. The first guess for the critical compression load
provides an elgenvalue multiplier of 6.01777. Adjusting the load by this multiplier
provides the second multiplier of .9706. The load is then adjusted by the cumulative
product of the multipliers in future passes through the program. It is important to note
that although the only buckling load accurately extracted is the first or critlcal load, the
very same computer passes provide estimates to higher buckling loads. The accuracy of these
estimates 1s noted- in Table I in comparison with solutions of Refs. [ 18, 19 ] . Thus in a
vibrations problem it may take three or four program passes to establish the first
frequency. However, the accuracy of the estimates to the higher frequencles established in
these same passes insure that only one addltional pass will be satisfactory for the extrac-

tlon of each higher frequency.
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2.3 Comparison of the Numerical Integration Programs

The present capabilities of the STARS-2 system of programs are presented in Table II,
and compared to the SRA and Kalnins programs in Table III. In Table III the comparisons are
split into three grouplngs: general capacity and capabllity, elgenvalue programs, and
special capabilities of each system. It is clear that the STARS system holds the advantage

in both theoretical scope, and completeness for engineering user requirements.

3 Numerical Integration versus Finite Differences and Finite Elements

3.1 General Comparilsons

The theoretical comparison between the three basic numerical methods 1s presented in
Table IV. It appears that the numerical integration method holds most of the theoretical
advantages in this comparison. However, 'theoretical" should be emphasized, since these
advantages may not be apparent to an engineering program user, if through programming the

advantages are lost or are not able to be utilized.

In recent years there have been several comparisons |20, 21] made between finite
difference and numerical integration procedures. The drawbacks in these comparisons arise
from the fact that in the discussions the theoretical advantages are confused with actual
programmed procedures of the programs under comparison, i.e. SRA for numerical integration
versus SALORS [20] and BOSOR l22] for finite differences. One such confusion involves
the term "segment". The original definition, coined in numerical integration terminology,
1s the length for which numerical integration can proceed along the shell before encount-
ering numerical inaccuracies. There is no dependance on wall crossection changes except
insofar as they influence thils length. In finlte difference terminology the same term is
ldentified with a discontinuity in wall geometry, or material properties, or mesh size. The
STARS program segment will accept tabular input at up to 30 points. This is sufficient to
describe up to 28 different "slope changes in wall geometry, or up to 14 points of discon-
tinuity within one segment. The so called segment in all other programs (including SRA and
Kalnins) can only accept a two point input for the segment. Thus in a comparison for very
complex problems, the STARS segment capacity may still be multiplied by 14 for a one to one
correspondance. Furthermore, the thermal dependence of material properties 1is accepted in
STARS in & separate tabular form, and the program automatically interpolates for the pro-
perties as a function of the applied thermal loading. In finite difference programs, such
as BOSOR, the material propertles are set for a "segment". Thus a shell with a complex
thermal loading variation along the meridian will require many finite difference '"segments"
while the STARS idealization remsins unaffected in such problems.

Another point of confusion relates to the conclusion [21} that in the finite dif-
ference solution of an eigenvalue problem, detailed prestress and predeformation information
is available at every difference statlon, whereas this 1s not so 1n numerical integration.
This conclusion actually results from eomparing a self-contained finite difference eigen-
value program with the SRA.numerical integration program, which 1s not self-conteined. The
SRA (end the Kalnins) program requires a computer run with the static analysis program to
provide prestress card input, at 100 polnts, for the stability anelysis program. The STARS

elgenvalue programs, however, are self-contained and automatically supply prestress and
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predeformation information at every integration point used, and thus are as consistent in

accuracy as the self-contained finite difference programs.

Figure 3 illustrates the comparison of numerical integration segments with revolved
finite elements. The segment, as buillt and utilized within STARS, can result in a massive
reduction of the degrees of freedom which would be necessary to solve the same problem,
with equivalent accuracy, using either revolved finite elements or finite differences.
Unfortunately computer running time is not reduced in proportion, due to the extra time

needed to first form the segment stiffness matrices.

3.2 Comparisons of Specific Programs

A comparison of the STARS-2 system with the best representative of finite difference
programs, BOSORL | 22| , is presented in Table V. As can be seen from the comparison, the
BOSORL program is substantially closer to the STARS-2 system capability than the other
numerical integration programs listed in Table ITI. A comparison with finite element prog-
rams is somewhat more difficult. The most logical candidate for comparison is NASTRAN,
However, being a general purpose program, NASTRAN has substantially greater capebilities
then STARS-2 for general analysis, while its shell of revolution capability is somewhat
limited (considering the revolved elements alone). Comparisons of analyses with shells
idealized by flat triangles or quadrilaterals are not altogether fair as will be shown in
some examples, The most analytically extensive finite element shell of revolution programs
are those of Texas A & M University [23] , however these are small special purpose programs
in spite of their analytical sophistication. Thus again comparisons as functions of capabi-

lities or capacities would not be valid.

It appears that here is no program based on revolved finite element technology which
contains a comparative capacity in size and options to BOSORY4 or STARS-2. The finite
element analysts prefer more general elements and capabilities, rather than the specialized
programs for shells of revolution. While this point of view has many merits, it results in
higher costs when such a program is used to analyze a speclalty structure such as a shell of
revolution. An illustration of this is presented in Figure 4 and Tables VI and VII. Fig. b
presents the analysis of a model motor casing using variois programs. The pertinent facts
from the point of view of economy in computer time are presented in Table VI. As can be
seen, NASTRAN, an extremely fast general purpose finite element program, is still not
competitive with a specialty program like BOSORH, for shell of revolution structures. The
MARC program, based on sophisticated curved triangular finite elements, is totally non-

competitive even using an unrealistic coarse idealilzation.

The 1900 node idealization in NASTRAN could not be run for stability or vibration
analysis without the use of reduction procedures. Table VII compares NASTRAN and STARS-2
running times for eigenvalue problems. Again the specialty program is much faster. 1In
addition, it should be noted that matrix reduction in NASTRAN requires a substantial amount
of time compared with the actual eigenvalue extraction. The actual comparison in Table VII
is shown in a favorable nature to NASTRAN, since the program was allowed to use the results
of STARS in order to determine the search ranges for the elgenvalues. When denied this

information in the initial run, the search terminated without finding an eigenvalue.
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In all fairness it should be noted that by removing one element we can create the
problem of a shell of revolution with a cutout, which cannot be solved by a specialty
program. On the other hand even such a problem may be solved more efficiently as follows.
First the problem (without the cutout) is solved utilizing a shell of revolution program.
Second the local cutout ares is idealized with a fine grid using a program such as NASTRAN,
and using the shell of revolution analysis results as specified displacement inputs suf-
ficlently far away from the cutout. In this combined procedure the discrete element program
can be utilized in a more efficilent fashion to analyze the local cutout problem for which it

is best suited.
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Table VI

Table V. STARS-2 System Versus BOSOR4 System

STARS-2
900 Segments/800 Rings/No Limit
on Integration Points
10 Simultansous Load Cases
No Limits
Arbitrary Branching

Many Wall Reinforcings

Thermal Interpolation of Praperties

Eigenvalue Solution:
1. Transcendental Iteration
2, Determinant Plotting

No Set Limit

Live Prassure Availabla
Eigenvelue Programs Self-Contained

Boundary Condltions Varlable in
Harmanic Search

Machanical and Thermal Loads =
Simultaneous Eigenvalue

Not Availatle

Critical Speed Analysis
Inelastlc Analysis

Transient Dynamic Analysis
Not Available

Program

STARS-2V
n=0,1

n=2-4

BOSOR4

1

50 Constraints

Many Branching Options

Nons

Many Wall Reinforcings

Not Available

Materlal Propertiss Set for Segment

1. Power Method
2. Determinant Plotting

20 Eigenvslues/Harmonic
> 6 Not Recommended

Yes
Yes
Yes

Meachanical and Thermal Loads #
Simultaneous Eigenvalue

Program

NASTHANI
{Version 12)
NH)IHHNZ
Version 15}
BOSOR4

MARC

STARS-28

STARS-28F
(Special Fast
Version for

G1l/

Comparison of Analytical Results for

Model Motor Case
Idenlization

855 Nodes/6 DOF
per Node

1900 Nodes/6 DOF
per Node

346 Mesh Pts/4 DOF
per Pt./20 Harmonic
Runs

40 Nodes/9 (7} DOF
Node

65 Segments/4 DOF

per Pt./5tP per Seg-

ment/20 Harmonic

Runs

As Above

70 Min

3 Min

Shells Involving
Long Cylinders}

Nonlinear Prebuckling Option in Eigen-

value Program
Not Available
Not Available
Not Available

Buckling mparfection Sensitivity
(Not Checked Qut)

Table VII Comparison of Frequency Analysis for Free Cylinder

|dealization

40 Segments/101P per
Segment

40 Segments/101P per
Senment

378 Nodes/6 DOF per Node

252 Nodes/6 DDF per Node

Structure Analyzed:

Analytical Results

B Frequencies; 4 Mode Shapes;

Run Time

2.7 Min

160 Frequency Estimates

30 Frequencies; 6 Mode Shapes; 3.93 Min
222 Freouency Estimatas

1 Frequency; 1 Mode Shape
{Search in Range of n= 2

STARS-2)

No Results - Search in Range

7.7 Min {No Reduction)

1 Frequency; 1 Mode Shape
{Saarch in n = 2 Range}

12 6 Min {No Reduction}
30 Min Cutoff Exceeded

$Sat Prior to STARS:2 Results

g —— —— -

[ 254 cm.
t=0.508 cm.

Aun Time

~ 360 Min

8 Min {IBM 360)

21.3 Min (With Reduction)

Max. Deflection

~33.cm.

32.766 cm.

8.61 cm.

32.9cm.

1.6 Min {1BM 360) 329
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€
Applicable Programs Applicable Programs
STARS STARS
Kalnins SRA
SRA BOSOR4
BOSOR4
a) Tank - Skirt b) SATURN Tanks
[}
Applicable Programs Applicahle
STARS Progrems
BOSOR4 STARS
]
'
©) Nuclear Contai S d) Arbitrarily Branched Shells

Fig, 1 Shell Progrem Branching Capabllities

0.279 ¢m, 3.38cm.

50.8 cm,
cm
cm,
External Rings 4
Rings And Stringers 0.2286 cm.
Are ““Smeared Out.”
1 -
2.56¢cm.
360.68 cm.
External Stringers
a. Overall Shell
Notes:
em. Loading
1) Compressive End
Load: N
360.68 cm. 2) Internal Stabilizing 2
b. Pane! Shell Pressure: 213.7 kN/m

Boundary Conditions:
Ends Ara Simpl
Stringers Are “Smesred Out” S:p;or;:d P

Fig. 2 Stiffened Cylinder
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