lll-‘ W . W ™ - e ‘|I;r W N N e s '!l-ll lll:i"lllf -

SOME RESULTS IN ROTATABLE DESIGNS OF ORDER TWO
by
Philip V. Piserchia
University of North Carolina

Institute of Statistics Mimeo Series No. 501

January 1967

This investigation was supported
by the Air Force Office of Scienti-
fic Research Contract Number
AF-AFOSR-T60-65.

DEPARTMENT OF STATISTICS
UNIVERSITY OF NORTH CAROLINA
Chapel Hill, N. C.



ACKNOWLEDGEMENT

I would like to thank Dr. I. M. Chakravarti for his suggestions,

encouragement and guidance during the preparation of this thesis.

ii



iii

This thesis is an attempt both to explore some general properties of
rotatable designs of order two and to comstruct some new designs by a gen-
eralization of a metﬂod given by M. N. Das and V. L. Narasimham in [9].

Chapter II is concerned with observing properties that transformed
rotatable designs of order two possess. By a transformed rotatable design
we simply mean that every point in the design is obtained by a transformation
of a point in a rotatable design of ordei two.

More specifically, section 2.2 gives a method of obtaining constancy
for the variance of %(x), vhere §{§) is the estimated response of a second
degree polynomial in k factors &t a point x, on k-dimensional ellipses.
Section 2.3 deals with the use of rotatable designs when there are linear
restrictions among the factors and section 2.1 gives a theorem showing that
every rotatable design of-order two in k factors has, in a sense, embedded
within it ( i ) rotatable designs of order two in k-r factors.

In Chapter III we consider the rows of association matrices of a
partially balanced association scheme as points in a v-dimensional factor
space and, by appropriate algebraic manipulation, are able to construct

rotatable designs of order two based on these matrices.
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Chepter 1
Introduction

1.1 Definition of Rotatable Designs of Order Two

Suppose we are interested in fitting a quadratic response surface in k
factors to N experimental points.
] th . . ‘- . _ :
Let the w ~ experimental point be denoted by X () (xlw, Xpgr 005 ka)

and define the matrix of experimental points Dy by:

1

mo et ()
D =1. . = .
h |

v Tow et *xw £ (m)

Also let y_ be the observed response corresponding tc the point X' .
W : - (W)

Hence, we take as our model:

k k x2
(L.1.1) e(y(x)) =B + = B, %X, + = B,, X, + L I B, ,
° s 7t am MY raqgex MO

with observations
(1.1.2) ; 3 s, 2
1.1.2 yv..= B+ Z B, X, _+32 B, . + X T B..X X +E& ,

w ) jop 1AW 40 Tiodw 1<i<i<k id diw gw o w
where it is assumed that & (8w) = 0, var (8w) = ¢ for w= 1,2,...,N and
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that the 6w are independently distributed.

We are interested in estimating the response surface l.1l.1 and the
veriance of this estimate at all points in ourvk dimensional = factor space.

A matrix of experimental points Dk which has the property that the var-
iance of the estimated response at any point, x, in our factor space is a
function only of the distance, 3?35 of that point from the origin is called
a rotatable design. More specifically, if our assumed response surface is
quadratic then Dk is called a rotatable design of order two. That is, if
E(y(x)) is a quadratic response surface and if x, and x, are both points in
our factor space (not necessarily experimental points) and if 5& X = Eé %
implies that var'§'(§1) = var § (52), where ?(5) represents the estimated
response at the point X, then Dk is said to be a rotatable design of order
two.

In what follows we shall refer to rotatable designs of order two and
rotatable arrangements of order two (defined in section 1.4) as rotatable
designs and rotatable arrangements respectively.

It is the intention of this thesis to present new methods of using
rotatable designs and to construct some new designs by a generalization of
a method due to M. N. Das and V. L. Narasimham in [9].

The remaining portion of this chapter is purely expository and is given

in order to facilitate the reading of the following chapters.,

1.2 Schlaflian Vectors and Matrices [5,8]

Although the notion of Schlaflian vectors and matrices are not original
in references 5 and 8, excellent discussions and further references are

given therein and are hence reccommended.
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1.2.1 Definition of Schlaflian Vectors and Matrices

Let x' = (Xo,xl, cees Xk)' Then the Schlaflian vector

9_(".2] of X is defined such that:
K .
i=o T o0<i<j<k T 9

=

1
For example, if k=1 then 35[2] 5[2] = (_J_c' 3_!)2 = (_xg + le)‘2

N o711
=X::+X_L+2>§X§ andweta.ke_ff[] =(x§’x§.’\,é_x‘oxl'

In general, if X' = (X.O, X5 eeey X.k) then 5[2] is the % (k+1)(k+2)

dimensional vector consisting of all powers xﬁ, X?. ceay x‘i and all

cross=products of the form\/é— Xg %y i<J=o0,1, 0., k, and is

written as: .

2] 2
(1.2.1.2) x[ I"- (xi’ Ry oeees {"E—xoxl’ ""‘/é—xoxk’\/é_xlxe’ ‘":fe_xk-lxk)-

Suppose H is a matrix defining the transformation HX = y. Then the

(2] of H is defined such that

(1.2.1.3) 2] x[1_ 42l

Schlaflian matrix H

hoo hol
For example, if k = 1 and H=' h n -
' 100 11
then H[z] is given by:
2 . .
ho . Por . 2 ng,hyy
2] _ 2 2 )
i = 1o ! + V2 Iy by
LE- hoo By 2 hghyy 1 (Bgy by By hyy)
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1.2.2 Some Theorems in Schl aflian Vectors and Matrices [5]

The following theorems will be convenient for our purposes and are

stated without proof.

Theoren l.2.2.1 If H and K are matrices then

Gy (2] - 2] g2,

Theorem l.2.2.2 If H is a matrix then
(H[2])' - (H')[E].

Theorem 1l.2.2.3 If H is a matrix then
-1y [2 21\-1
@ hB! - @l

)
Theorem l.2.2.4 If H is a matrix and HH' = I then H[e] H[2] = 1[2]

(2]

where I is the identity matrix of proper order.

1.3 The Model Expressed in Terms of Schlaflian Vectors

In 1.1.1 we saw our model expressed as:

k k
el ) = & E AT R P " +lE_<_ i< }:J: <k Py ¥ %y
Rewriting 1.1.1 we have:
e (1) ) = L By 2+ % = B/ ) oxyx
_‘ i%o il i 0o<i<j<k i3 /2 X3 Xy
wherexo = 1 and Boi = 60 ifi=o0

By if i # o0
Hence we may write our model as:

(1-301 t
) e(¥(x) ) =}_c_[2] 8

B B g B
where B' = (ﬁoo, oo By Ol/,/é_, cer ok/ m= 12/ S, e, k'lak//é—)

. X
and x_ (2] 5 the Schiaflian vector of (..X?.) = (vwee o) «
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Similarly we write our observations as:

[2]"
vLTE(1) BTe

_ [2]'
72 T ¥(2) B+e,

L
Y = _(n) B + Sn

(2] (___ a2l

Where X(l) = —(1)

or equivalently

(1.3.2) e (7 =x'8, (rﬂ' |

h V= (y,s eeey ¥ ) and X' = .

where y Yy X, [23'
) |

Now, assuming the matrix XX' to be non-singular the least squares
estimates of the PB's are given by:

(1.3.3) 8 = ()t xy ;

-and the estimated response ’3}(?_{_) at any point, x' = (xl,...,xk) in our factor

space is given by:

(1050)'4') y(.}_(-) - §r2]’ E - £[2] (XX')-]’ Xx ,

1 2
where -}EFQ] = ['}'{-] (2] .

The variance of S\r(_)_;) is seen to be:

(1.3.5) var 3'}(5) - §[2]' (XX’)']‘ 5[2] 2

Hence it is seen that the problem of constructing rotatable designs
reduces to the problem of finding points in our k dimensional factor space
such that XX' is non-singular and that the quadratic form x[2] (XX )-l [2]

is constant on hyperspheres defined by §'§ = const.
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1.4 Necessary and Sufficient Conditions for Second Order Rotatability.

Let us define the "moments" of our experimental points as:

N

o Q o o o

1, 2 %, 1 1 A %
(Lbk.1) M1 5,2 <, ..., k. ) = § Z X Xouw o0 Ky

Q,
with the convention that if . = 0 we shall drop the symbol i 1 from
%4 % % :

then N

M(lh) =

=]
A
p

With the "moments" of our experimental points so defined, necessary

conditions for second order rotatability are given in [8] as:

(Lho2) (1) M(lal, aaa, cos kak) =0if a + ... +oak_<_h

and at least one of the ai is odd.

(i1) M(i2, 32) =N > 0 (say) for 1 #3j and i,j =1,2, ... , k

M(il‘)

3A), fori=12 ...,k

M(iz)

Mo (say) for i =1,2, ..., k.

If in addition to (1.4.2) being satisfied we have:

(1.4.3) 7=M/7§ # /(i)
then the conditions (1.4.2) and (1.4.3) are both necessary and sufficient [8]
for a set of experimental points to be a rotatable design.

A set of points which satisfies (1.4.2) will be called a rotatable

arrangement of order two.

@%-nu-nsn—‘
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1.5 Some Well-Known Results in Rotatability

The notion of rotatable arrangements is introduced in section 1.4

because of the following simple but important theorem.

Theorem 1.5.1 Given a rotatable arrangement with N points, it can be

made into a rotatable ‘design by the addition of n, center points.
In the above, a center point is merely the point

X' = (0,0, ... , 0) =0' and n is completely arbitrary.
Another theorem which we will find useful is:

Theorem 1.5.2 If Dk is a rotatable arrangement then 7= 7\%22 > k/k+2

Ay and A o are as defined in (L.4.2).

For completeness the following two results are inculded [5]:

yt E © i ©
(1.5.3) (&)™ = § |0 |3 7‘211{% °
o T o 1y T
| 5N, Ix(x-1
i 2
where
. U-l =
- I | [ ! |
2(k+2)y° : -2v/x, : -2y/A, : : -2Y/M,
| | !
-2Y/A, : {(k+l)'Y—(k-1)]/>\-2 NS EL V2 (1-v)/75
. . I . ’ .
[ . | . : : .
. | \ 2 f R I . 5
-2v/h, i (1-v)/75 L)/ 1 e 1 {(eL)y-(6-1)3/AS
_ ! : i _
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and
I
A2
a =
2
2 Kh{(k+2) Ay -k )\2}
The matrices I and I are the identity matrices of order k and

k k(k-1)/2

k(k-1)/ 2 respectively.

(1;5.4)

2(x2) 7 + 2(2) 7 (7-1)(7A,) *+ [(k41)7 -(x-1) ("2 )
2

Y2 var§ (x) =
2y[(k+2) 7-x]

where
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Chapter II

Some Theorems Concerning the Structure of Rotatable Designs

2.1 An Embedding Theorem

The following theorem gives some insight into the structure of
rotateble arrangements by showing that every rotatable arrangement in

k factors has, in a sense, embedded within it rotatable arrangements in
k-r factors.

Theorem 2.1 Xil Xél"' Xkl

If D

is a rotatable arrangement in k factors then the set of points

FX X cee X
11 21 k-r,1

= X X
Dy r 12 Faprer Fppo

x: X . cee X
2n k-r,n

.. —d

is a rotatable arrangement (in fact a rotatable design) in k-r factors.

Qi Qé O'k-r

Proof: Suppose M(1 ~, 2 %, ..., (k-r) ) is such that

a, + Oy + eu. + ak-r < 4 and at least one o is odd. Then define

1
_ o, o o Q.
Oy = ¢+ = & =0 and we have M(1 l, 2 2, cees (k_r)ak'r) = M(1 l,-,,,, k k)

=0
since Dk is a rotatable arrangement and Oi + Qé + ... + Qk < 4 with at least
on ¢, odd.
i

Now, if Dk is a rotatable arrangement then by 1.4.2 we have:



2

M(i") =M, >0 fori=1,2, «.. , k

2

-l N e

M(iE’ 32) =\, for i £jeandi, =1, 2, «u., k

M(il*) =3N fori=1,2, ..., k

But if this is true then certainly

M(ie) = >\2 >0 for i

u(i%, ) =n, forifJemdt, J=1,2, ..., ket

1, 2, e ey k-I‘

M(iL‘) =3 M, for i =1, 2, 4es, k-r

Hence, 1.4k.2 is satisfied and D r is a rotataeble arrangement.

k-

The fact that D r is a rotatable design is shown by observing that

k-

A k k-r
Y = ”/xg > Tws2) > (xr2)
That is, by using theorem 1.5.2 condition 1.4.3 is also satisfied.

It will be noticed that Dk-r was defined by excluding the last r

columns of the matrix Dk’ However, this was done merely for notetional

convenience and, in fact, any r columns of Dk may be omitted and the

4

theorem will still stand. Hence, we conclude that any rotatable arrange-
ment in k factors has embedded within it (i) rotatable arrangements in

k-r factors.

ment Dk consisting of N points embedded in some arrangement Dk" k' >k,
also consisting of N points?
The answer to this question is, "not in general." For consider the

following. We know by theorem 1.5.1 that if Dk is any rotatable arrange-

ment then by adding a center point the arrangement is a rotatable design;

- f- -

that is, the matrix XX' is non-singular. But, if Dk with a center point

is a rotatable design then N + 1 2-1/2 (k+2)(k+1) or N >»§ (x+3)

10

A natural question, it seems, now to ask is: Is every rotatable arrange-
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for any rotatable arrangement in k factors. Now, for k=2 we have N > 5 and
for kX' > 2 we must have N > 9. However, there does exist a rotatable
arrsngement in two factors with exactly five points (the vertices of & regular
pentagon centered at the origin). Hence, this afrangement is not embedded

in any arrangement Dk" k' > 2, and the question is answered.

A
2.2 Constancy of var y(f) on k-dimensional Ellipses

Part of the appeal of rotatable designs stems from the fact that quite
often the statistician does not know the orientation of the assumed response
surface. Because of this lack of knowledge having the var 9(5) be only a
function of the distence of x to the origin has a great deal of heuristic appeal.

If, however, the statistician knows that the assumed response surface is
constent on contours other than hyperspheres then rotatebility no longer has
quite the same appeal.

The following theorem gives a method of utilizing rotatable design when,
in fact, the statistician knows the response surface is constant on a
particular family of concentric and coexial k dimensional ellipses. That
is, the statistician knows that if X Ax =§; A x, then Ely (’-‘-1) ) =
&(y (ﬁz) ) where A is a known positive definite matrix and x' A x = const. is

the particular femily of ellipses.

Theorem 2.2 Suppose A is a known positive definite matrix defining the
. 1
family of ellipses x' A x = const. Further suppose that D = %(1)
1
Zw)
L .

is any rotatable design in k - factors. Then there exists a matrix B such

. 1
that the set of experimental points Ek = #1) where x(i)-= BZ
: - (1)
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A A
if X X = x' X =
has the property thgt if X, AX) =X, A X, then var y(:il) var y(}_c_e).

Proof: If A is a positive definite matrix then by [1] there exists a

non-singular matrix B such that B'AB = I. Now consider the transformation

B'l}i = z. We immediately see that if x satisfies x' A x = c then
x' Ax =3z' B' ABz = _z;'g = ¢; that is, all points on the ellipse
x' Ax = c are mapped into the sphere z'z = c.

1
Now suppose Dk = f (1) is any rotatable design in k factors.

Z(n) |

Then define:

(1) B = X-:-‘(l) where X(3) = E(i)
E(n)
(11) 2] _ 1._)[2] ZEe]_ (,;,)[2]
= _}i L - z
) ricg
o.8 |°F
g
-1
(iv) X' = PR - )[2]
: 3 __-(i) = \eee
2] 2(1)
%(n)
A S
SRR IOl P I O A L
‘[2]" )
| 2(n) |
Now assuming % and Xy both satisfy 5‘ A X =c we write 2z, = B-l f_‘_l and
=gt x, where z, and z, both lie on the sphere z'z = c.

12



Also, Egij - Rtelztil and §[§]= 2] E[g]

Hence we write:

var /3\, (%) = E__[Le]'(x x )L lcEre] -2

Egel' R[e]" [R[elzz, REE]']R[QJZ:EEJO'Q

_ E[ij'( 7 711 Z[2] -2

1
(2], oiy-1 [2] 2
=z} (z 2") Z5 o~ since
1 — 1
Zy 2y =2y Zp and Dk is a rotatable design

3522]' (3[2])-1' (z Z,)-l(R[E])-l fgelcz

I

EEEJ'(R[?] 7 7 R[E]‘)-l i{.gel -2

(2]

= % (X X‘)-l ggzj' 02

A
=var y (Eé) and the theorem is proved.

15

2.3 Rotatable Arrangements and Quadratic Response Surfaces with Linear

Restrictions among the Factors

2.3.1 The Model and the Problem

In this section we deal with the model:

(2.3.1.1) k k A
E(y(x) ) =B +Z B, x, +Z B, X +5 b2
- © 1=l Pt ial MM 1<i< gk

_ 35[2]'@

with the r linear restrictions: among the factors A x=0.

Here it is assumed that A is an r x k matrix (r < k) of full rank

1
with orthogonal rows and 3}2] B is defined as in 1.3.1.
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It is our intended purpose to find designs

f‘ll oyt Hn %‘{1)
D= |: = : 3Ry =28
*In *on % Ezn)

which satisfy the following two criteria:
(2.3.1.2) If x is any point in our factor space then the response surface
must be estimable at the point x. That is, if A X = 0 then Dk should have
L2l B. Again 5[2]'

the property that 8(/3\f(§) ) = B is as defined in
1.3.1 and 9(5) represents the estimated response surface at the point x,
(2.3.1.3) If %, and x, are both in.our factor space and if X] X = X)X,
then the design D should be such that var @(51) = var /3\’@2)-

To explain the above perhaps a geometric argument will suffice.

Our factor space can be looked at as a k-r dimensional plane passing
through the origin. Since this is 80, we are restricted in our choice of
experimental points; that is, each experimental point must lie on the plane
A x = 0. Now, condition 2.3.1.2 simply says that the response must be
estimable for every point in the plane while condition 2.3.1.3 requires
that the var 9(5) be constant on the family of k-r dimensional spheres
defined by A x = 0, x' x = const.

Having explained the problem we now give the s olution.

2.3.2 Solution of the Problem

Theorem 2.3.2 ILet B be the orthogonal completion of A; that is let B be

such that AB' = 0 and BB' = I. Also let S =]z Z ese Z

k-r 11 21 k-r,1
12 Zpp Zgr,2 | =
“in Zon %g-r,n
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be any rotatable design in k-r factors. Then the matrix of experimental

points
%y %pp ot R

X Xy

“n *on o T | ~(n)
defined by E(i) = B! g(i) setisfies conditions 2.3.1.2 and 2.3.1.3.
Proof: First we must show that every experimental point.f(i) does,
indeed, lie in our factor space.
However, this is obvious since B is the orthogonal completion of A and we have
Ax, .\ =AB'z,.\ =0z,,\ = 0,
A1) £1) T TR(1) T =

Now, before proceeding with the proof we make the following definitions:

il
-1
(1) x =] I ARG
el i)
| "(n) j
e 1 (2] 1. [e]
AN :Z_(l> s Z(i) = (_Z_(i))
‘[2]
| %n) |
110"
(i1) C' = 8 "'B,
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; X' o= (Xl’ cie, xk)

- — Ol. . | B
z "= ( 2) 58 = (e e gy )
Continuing with the proof we know from [3] that condition 2.3.1.2 is
satisfied if and only if the set of equations X c = z[egA X = O,has

a solution.

However, X = (_Eig s e _Eig )
_ (clel L2l (2] el
"( _(l) 3 e ,C ( ) )
_ C[E]'Z '

Also, for any X such that A X = 0 we can write x = B'z for some

| .
z' = (Zl’ cee Zk-r)'

Therefore, 2.3.1.2 is satisfied if and only if the set of equation
1 3
el 2] Z[2]

has a solution. But, BB' = I implies

t
CC' = I and by theorem 1.2.2.4 we have 0[230[2] = I[EJ., Hence,

condition 2.3.1.2 is satisfied if and only if the set of equations

[ ]

Zec = has a solution. However, Sk-r is a rotateble design.

A [2]

Therefore, Z is of full rank which implies that Z c =23z does have
a solution. Hence, condition 2.3.1.2 is satisfied.
Now let us consider condition 2.3.1.3.

J _ 1
First let us notice that if Axl A§2 =0 and X X =Xy X then

-— — ] —_ ]
2y = B§l and 2, = B§2 have the property that 2,02 = 25 Zpe
This is easily shown by the following:

212 = (2, ) () =x, @ 1a) (P x

9

= 5'1 51 since ('i‘) is an orthogonsal matrix.



17

— 1 - t
Similarly, 22 o = X5 %, and we have El 2y = 2y Zpe

A
Now, let us consider the variance of y(f )

[2] ( [2] 42

A
var y(§l) =%/ XX')* x where (XX')* is the conditional inverse

N
(3] of XX! Hence, var y(zl) = % o

EEE] C[e] (0[2]' 77t 0 [2]) [2]' _52] 2

1 1 T

_ E:[Le] cl2lplelt (i1 (Lol le] _Ee] 2
= EEQJ (ZZ')'l [2] o from theorem 1.2.2.4
_ o2l vy-1 [2] 2 !
= z; (zz') Z5 ~ o since zl Zy = 2, 02,

and Sk—r is & rotatable design.

Therefore,
A _ el -1 [2] 2
var y(él) =z (zz') Z5 o
1 1 - '
_ Egzl o2l (zz )" C[e] 522] 52

- 5éQ]! (xx" )% 5&2] o2

A
= var y(§2) and the theorem is proved.
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Chapter III

Construction of Rotatable Arrangements from the Association Matrices of

Partially Balanced Association Schemes

3.1 Partially Balanced Association Schemes and Association Matrices [4]

Given v objects, 1,2, ..., v, a relation satisfying the following
conditions is said to be an m-class partially balanced association scheme:
(i) Any two objects are either 1st, 2nd, ..., or m-th associates, the

relation of association being symmetric; that is, if the objJect o is the

i-th associate of the obJject B, then B is the i-th associate of the

object Q.
(i1) Each object has n, i-th associates, the number n, being independent
of «.
(iii) If any two objects are i-th associates then the number of objects
which are j-EE associates of ¢ and k-th associates of B is pjk and is
independent of the.pair of i-th assoclates « and B.

The parameters of the association scheme are given by:
(3.1.1) (v, n, Pi)si= 1,2,000, m
where B = ( (pﬁk) ) 5 3, k=1,2,..., m.

The following indentity is easily established
(3.1.2) pf]:k - plj;j for any 1, J, k.

We now define the association matrices of a partially balanced
association scheme as:

(3.1.3) By = ((bg) ) 54=12,...,m

t =1 if a,B are i-th associates and bé =0

and o,B8 = 1,2,..., v where boﬁ 3

otherwise,
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The following two results are easily verified:
(3.1.4) 1If B, = (Eli’ cen Evi) is an association matrix then

)/

i1 if o and B are J-EE associates. It is assumed o # B.

1 =
b . EBi _'p

(3.1.5) If B = (p_l, Bos ooy gv) =cB +c, By + ... v B

where the Bi are association matrices then

b! b, = ; 02 p.& +2 Z z e, c ;f
= N a s 3
B g 37 k< j<m k3 "kJ

if o # B are £-th associates.

In this chapter we consider the rows of the matrices Bi as points in a
v dimensional factor space; that is, as v-tuplets. By generalizing a
method given in [9] (where the authors consider a more restrictive kind
of matrix) we use these v-tuplets to construct rotatable arrangements in v
factors.,

3.2 Notation and Definitions

| R
I &y = (alw, ow’ 't avw)

k
zero co-ordinates then the notation g& x 2 vrefers to the 2k distinct

a is a v-tuplet consisting of k< v non

points of the fogm ( + Byys F 8oy e 5t avw)'
&1

If A= . is a n x v matrix
ot
-n

each of whose rows contain exactly k non-zero elements, then A x 2k is the

set of N=n x Ek points {gi X Qk, gé X Qk, ceny gh X Qk} where
' k .
al, X2, w=1, 2, ..., n, is defined above.
It (Xlw’ Xog? *0eo wi) is a typical member of this set then
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1 N 1 2 v
T Ky Xoy e X, is the (al, Qs wees a§) -th "moment” of that
w=1

set of points where "moment" is defined in 1.k.1 and the summation extends
over all members of the set.

3.3 The Union Method of Construction

The following theorem gives & method of constructing rotatable
arrangements which we call the union method.

Theorem 3.3 Suppose we have an m-class association scheme with parameters

(v, n, Pi)’ i=1,2,..., m, and association matrices B,, ... B .

Then if there exist real number 815 By eevy B, not all zero, such that
Lk Lk L x
8) Pjy * 8, Py ¥ eee tB D =D (say) for k = 1,2,..., m then

the following sets of points form rotatable arrangements:

(1) - -
; {la, o 1/ B,1 X enl, [e, 2 “e/h B, ]X 2n2, e [a_2 m/“Bm]xenm}

. b 4 4
if 3p = al nl + a2 n2 + se. F am nm
(i1) "R/ ol T/, T
{[al 2 Bl] xe ", ..., [a 2 Bm]X 2%, pI, X2 ]
: 4 4 4
if 3p > &, n; + &, 1, + 00 + a n.
-n n - e}
11 1/h 1 By /1y m
(111) {[al o 1/ B k27, ..., [g 2 / B x2",
(b, b, +o., b) X 2"}
if'3p < au n, + a4 n. + + al'L n_ where b in (ii) and (iii) is
171 22 e m m

8 real number determined by the moment conditions for rotatable arrange-

ments. '
al Oé ' 09
Proof: In all three cases % Xlw X2W seo X&w =0 if any 0& is odd since

if the v-tuplet (xi, xh, ceey = Xi’ toey xv) appears in the set then so does

the v-tuplet (xl, Xps wees Xy

l) .-.',AXV).

' b
Case (i) 5P = af'nl + ap Dy 4+ ove ai nm

0
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We have:
' n. n
s el L s am/R,
W iw 1 1 m m
for all i.
I 4 4 I .
z Xiw = al n. + a2 n2'+ ees + 8 o nm for all i

1
. T ok o
z X? KE =8; P; t 85 Poo + o0l + a pmm if 1, J are k-th associates

from 3.1.k4.

Hence, by assumption we conclude that Z X? Xi =p for all i, J, i # J.

w w
. L
However, if 3p = al nl + oee. + am nm then
by .
3 3 Xeiw Xejw = 5 X', forall 1,1,k 1 # 3.

Hence, 1.L4.2 is satisfied and the set of points is a rotatable

arrangement.
. 4 4 4
Case (ii) 3p > a, n, +ta,n, + ... ta
We have:
n
Z X2 =n a 2 1/2 + vee + 1 a 2 m/e + 2 b2
iw 11 m

for all i and any b.

4 4 4 4 b ,
5 Xiw =8, 1 ta, ny toe.. + a, o + 2 b for all i and any b.
Lk L k ' L k .. ’
3 X?w X%W = a pll + a, p22 + ee. + 8 m mm if i, J are k-th associates

by 3.1.4. But, by assumption we conclude & X?w X?w =p for all i, J.
W

L
Now, if 3p > ay nl + eee ¥ ai n_ then there exists a real number b

such that 3 3 X?w X?w =»€ ka for all i, j, k, 1 # j. That is,

L

3p = a; my + eee + ai n + 2 bLL has a real solution in b and we conclude
that the set of points in case (ii) with b so determined form a rotatable

arrangement.
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Case (iii) 3p < au n, + ah n, + eo. + ai n

171 2 2
We have:
s =222, s a2/ 4RV
w i'w_ l nl LN ) m m
for all i and any b.
4 b 4 b hwv .
z Xiw = nl aq + n, &, + ees + n e, + b 2 for ell i and any b.

h k b k L k b v
= cs + i i -
; Xy Xiw 8 Py T B P T By By v D2 A0, J are k-th

associates by 3.1.L
Hence, % X? X2 =p + bu2v by assumption.
W iw v
L

| 4 | 4 .
However, if 3p < N, & + 0,8, + ...+ & then there exists a

real number b such that 3 Z X2 X? =X Xiw for all i,J,k,i # J. That is,
W iw T Jw W

3(p + 27 blF ) =n au +n zstlF teee +n ai + 27 bl‘L has a real solution

1 1 2 2
in b. Hence, we conclude that the set of points in case (iii) with b so
determined form a rotatable arrangement.

It is to be noticed that if a; = O then the set of points

n

-1,
/h Bi Ix 2 i need not be included for the entire set to be a

[ai 2 1

rotatable arrangement.
With the theorem now proved, it will be our concern in sections 3.4

and 3.5 to find real numbers 815 Bpy eeey B such that:

(5.3.1) ai pil + ag pgé + o + ai pﬁm =P (say) for all k, for particular

association schemes.

3.4 The Union Method and Some Two-Class Association Schemes.
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3.4.1 Two-Class Group Divisible Association Schemes [6]

In this scheme v = mn, and the objects are divided into m groups of
n each such that any two objects of the same group are first associates
while any two objects from different groups are second associates.

Here we have an assog¢iation scheme with parameters given by:

(3.4.1.1) n, =n-1, n, = n(m-1), v = un,

1 2
n-2 0
Pl= )
0 n(m-1)
- )
0] n-1
P =
2 n-1 n(m-2)

Hence, we wish to find real numbers 815 85 such that:

(3.4.1.2) o (n-2) + ot n(m-1) ] = ot (0) + ah n (m-2) 1.
1 2 1 2
Equivalently, we wish to find real numbers 815 8 such that:

(3.4.1.3) ai (n-2) + ag (n) =0

For n = 2, choose &, = 0 and &y arbitrery

Then, v = 2m (m is ofcourse arbitrary) and n. = 1, n, = 2(m-1).

1
Immediately we see that p = O and we determine the number b as in
case (iii) of the theorem.

Also, no other rotatable arrangement is possible by the union method

from this scheme.



3,4.,2 The Triangular Association Scheme [6]

An association scheme is said to be triangular if it is an array of n
rows and n columns with the following properties:
(i) The positions in the principal diagonal (running from upper left hand
to lower right hand corner) are left blank.
(i1) The n(n-l)/2 positions above the principal diagonal are filled by
the numbers 1, 2, ..., n{n-1)/2 which are the objects.
(i11) The n(n-1)/2 positions below the principal diagonal are filled so
that the array is symmetric about the principal diagonal.
(iv) TFor any object i the first assogiates are exactly those obJjects
which lie in the same row (or in the same column) as i. The second
associates of i are merely those objects which are not its first associates.

We then obtain an associetion scheme with parameters:

(3.4.2.1) n, = 2n -k, n, = (n-2)(n-3)/2, v =n(n-1)/2 and,

1
- ]
n-2 n->3
Pl = »
| n-3 (n-3)(n-4)/2 }
L 2n-8
P =
2 | en-8 (n-b)(n-5)/2 | .

For example, with n = 4 we have

i

(CURNE DY SV
g ok
O % &
x ON U W

ok
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and the first associates of 2, for instance, are 1,3,4,6,

Now we find real numbers 815 85 such that:

L
(3.4.2.2) 2 (0-2) +1/2 8} (n-3)(n-b) = bay +1/2 &) (n-b)(n-5),
or equivalently:
(3.5.3.3) e (n-6) + &} (a-h) = O
Consequently we see for n > 7 or n < 3 no rotatable arrangements are possible.

However, for n = 4, 5, 6 we do get the rotatable arrangements given

in the following:

v n nl n2 al a2 he) b

6 L L 1 0 arbitrary 0 case (iii)
10 5 6 3 arbitrary 8, hai case(ii)
15 6 8 6 arbitrary 0 Mai case (ii)

3.4,3 The L, Association Scheme [6]

Consider v = k2 objects set forth in a kxk square. Now take r-2
mutually orthogonal squares (if such a set exists) agd define the Lr
association scheme by the following: |
Two objects are first associates if they occur in the same row or
column of the square scheme or correspond to the same symbol of one of the
latin squares. Otherwise two obJjects are defined to be second associates.

The parameters of the schemé are:

2

(3.4.3.1) v =%, n, = r(k-1), n, = (k-1)(k-r+1),

1
(k-2)+(r-1)(r-2) (r-1)(k-r+1)

P. =
1 (r-1)(k-r+1) (k-r) (k-r+1)



R

_ -
r(r-1) r(k-r)
P2 = .
r(k-r) (k-r)° + (k-2)
For example, with k = 4, r = 4 we have:
0 1 2 3
b 5 6 7
8 9 10 11 with the two mutually orthogonal
12 13 14 15

latin squares

and

(SR VIR SIS
N WO
- o W W
O MW
H oW Do
SR IS R
W H O M
N O W

Here, for instance, the first associates of 6 are,

4,5,7,2,10,14,3,9,12,0,11,13.

After some simplification, the above scheme gives a rotatable

arrangement 1f the equation
(3.4.3.2) - ag (k-2r) + ag (2-r) =0
has a real solution in 8y5 e

Some values of ), & along with the associated value of p and the

2

method of determination of b are given below for particular values of

kX and r.

v k r ai ag nl n2 P

9 3 2 0 arbitrary b L Eag

16 L 2 arbitrary arbitrary 6 9 Qal{ + 68.:
25 5 2 0 arbitrary 8 16 lEag

L9 7 2 0 arbitrary 12 36 BOag

26

b

case (ii)
case (ii)
case(ii)

case (ii)
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- N = B W

L lll:.’illl} " e N N W aw

27
L I
v k r ay a, n, n, P b
. L L .
L9 7 3 arbitrary a; 18 30 26al case (ii)
N 8 2 0 arbitrary 14 e hEag case (ii)
) N L .
6l 8 3 arbitrary 2a, 21 Lo 68al case (ii)
S & i arbitrary 0 28 35 lQai case (ii)
81 9 2 0 arbitrary 16 n 56ag case (ii)
)
&6 9 3  arbitrary Bai 21 59 135a{ case (1i)
) ' .
gL 9 kL 2a£ arbitrary 28 52 56a: case (ii)

3.4t Pseudo-Cyclic Association Schemes [6]

Let the obJjects be denoted by the v integers, 1, 2, ..., v. Suppose

we can find a set of nl integers dl, dg, seey dnl satisfying the following

conditions:

(i) The d's are all different, O < ay < v.

(ii) Among the nl(nl—l) differences dj - dj' (5, 3" =1, 2, ..., n, and j £3")
reduced mod v, each of the numbers dl, dg, oo dnl occurs g times; — r\)

whereas, each of the numbers e oo en occurs h times, where

2
are all the different integers
2

17 %2
dl, d2, oo dnl, €15 €55 cves e
L, 2, .., v-1.

Then, the first associates of the object 1 are defined to be 1 + dl,

i+ d2, eeey 1+ dn . The remaining objects are said to be second
1
associates.

The parameters of such & scheme are:

(3.4.5.1) ~, n,, n ( all defined above)

2
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g nl-g—l
Pl =
nl-g-l n2-nl+g+l
b - J nl-h
o =
- -n. +h-
nl h n2 nl 1

Now, all the known cyclic association schemes are such that
v = hw+l, nl = n2 = 2w and g = w-1 for some positive integer w. Hence,
we call any association scheme with the following parameters a pseudo-cyclic

association scheme:

(3.4.4.2) v = hw+l, n, =1, = 2,
w=-1 w
Pl =
W W
m .
P2 =
W w~1l

Hence, for any pseudo-cyclic association scheme we wish to find real

numbers aq; 8, such that:

4

; W) + ) (wl),

(w) = &

(3.4.4%.3) ai(w-l) + a

or equivalently:

N L
(3.4.4,4) -a, + 8, =0,

28
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That is, we must merely choose ai = ag and a pseudo-cyclic association
scheme gives rise to a rotatable srrangement. Bl
However, in [2] it is shown that the matrix N = éé" is the incidence

matrix of a balanced incomplete block design. Now, the case of obtaining
rotatable arrangements from the incidence matrices of balanced incomplete
block designs is covered in [9]; hence, this scheme is no longer of any interest

to us.

3.5 The Union Method and Some Three-Class Association Schemes

%3.5.1 Three-Class Group Divisible Assoclation Schemes [10]

Ay

Consider ordered 3-tuplets (X ), X, =1, 2, «v., N,

1’ Xé’ 3 i i

and define a relation of association as follows:

(XlJ XQ} X3

%-i co-ordinates alike.

) and (Yl’ Y, YB) are i-th associates if they have the first

We then obtain a three-class association scheme with the following

parameters:
(3.5.1.1) v= NlNENB, n, = Ni-l, n, = (Ne-l)NB, ng = (Nl-l)N2N5,
- T
N3-2 0 0
P,= 0 NE(Ng-l) 0
0 0 NsNe(Nl'l)
0 N5-l 0
P. =
| 2 0 NB(NE-E) 0
N5-1 0 N3N2(Nl-1)




- - W o= &8 e

U (- -
;

/i

N &G SR W s am B Ay B

0 0 N5-1
Py = 0 0 Ns(Ne‘l)
N5-1 NB(NQ-I) | N3N2(Nl-2)J

After some algebraic manipulation it is seen that 3.5.1.1 gives a

rotatable arrangement if the set of equations

(3.5.1.2) ai(NE-Q) + ag (N3) =0

L4 L
a2[N3(Né-2)]+ 8 (NENB) =0
has a real solution in al, 8y
Therefore, we see that if N3 > 2 no arrangements are possible while
if N3 = 2 we may take al arbitrary and a2 = a5 = Q,

Notice that if N, = 2 then p = O and b is determined as in case (iii)

3
of theorem 3.3.

3.5.2 The Rectangular Association Scheme [12]

Consider a rectangle with n columns and® rows. Let an object
correspond to one of the #n cells.

Now define:
(i) Two objects are first associates if they are in the same row.

(ii) Two objects are second associstes if they are in the same column.

(iii) Two objects are third associates if they are not first or second associates.

We then obtain a three-class association scheme with the following

parameters;

=4-1, n, = v-n_-n,_-1,

(3.5.2.1) v =4£n, n 3 1%

=n-1, n

1 2

30
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[ pe2 0 0 i
P, = 0 0 L1
0 L-1 (£-1)(n-2)
i 0] 0 n-1
P, = 0 L-2 0
n-1 0 (¢ -2)(n-1)
I n
i 0 1 n-2
= -2
P, 1 0 2
n-2 2-2 (£-2)(n-2)

It is seen that the rectangular associastion scheme gives rise to a

rotatable arrangement by the union method if the equations:

(3.5.2.2) ai (n-2)- g(z-e) + a;(n-t) =0
ag(g-e) + a;(L-Q) =0

have a real solution in &5 85 aB.

We now notice that if# > 2 we must take 8,

a non-trivial solution for n = 2,4 > 2 where &

in an arbitrary fashion. Also, for n = 2,4 > 2

o =

]
o
1

= 0, Hence, we get

0 and a. is chosen

3 1
we see that p = 0 and

I
o
it

must be determined as in case (iii) of theorem 3.3.

Now, if £= 2 we take a, = a

173

and b is determined as in case (iii).

= 0 and a, arbitrary. Again we see p =0

Concluding we state that the rectangular association scheme gives

rotatable arrangements for any v dimensional factor space where v is even,

v = 24(say).

31



3.5.3 The Cubic Associlation Scheme (11]

Let each object correspond to the ordered triplet (Xl, X2, XB)’

X, =0, 1, .., S-1.

Define (,{l, X, XB) and (Yl, Y, Y5) to be i-th associates if they

have i co-ordinates different.

We then get an association scheme with parameters:

I (3.5.3.1) v = s5, n, = 3(s-1), n, = 5(s-1)2, ng = (s-1)3,
l [ s-2 2(s8-1) 0 )
P, = 2(s-1)  2(s-1)(s-2) (s-1)%
. 0 (s-1)2 (S-l)E(S-Q) ’
l . 2 2(8-2) (s-1) ]
l. P, = o(s-2)  2(8-1)+(8-2)° 2(s-1)(s-2)
) (s-1) 2(8-1) (s-1)(s-2)2
o 3 3(s-2)
5 " 3 6(s-2) 3(5-2)°
3(s-2)  3(s-2)%  (s-2)°

After some calculation we see the above scheme gives us a rotatable
arrangement if the equations

(3.5.3.2) al;(s-h) + ag (sg-us + 2) + a;*(s-l)(s-e) =0

4
3

L

o (s-2)(28-3) =0

ali(S-E) + 2a_ (8-2)(8-4) + a
have a real solution in al, 855 aj.
Now, for S > 4 it is easy to verify that no real non-trivial sclutions

are possible.
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However, for S = 3 the equations become:

Lok L
(3.5.3.3) e, -8, * 2a3 =0

b b L
al - 2a2 + 3a3 = 0.
By substitution we see that a real solution exists if we choose a5
. . 1/ bk /
arbitrary and a2 = a5 with a; = 28.5 -a2 3

Here, we get a rotatable arrangement with v = 27, n, = 6, ny = 12, and

L L L L L
— o ao— 1 - .
n3 = 8, Also, p =11 a5 while n,a, +n, a8, + n5 a5 30 a.3 Hence,

b is determined as in case (ii).

For S = 2 the equations reduce to:

b b
(3.5.3.4) -2a; -2a, =0

Hence, for S = 2 we choose 8 =85 = 0 and a5 arbitrary and we obtain
a rotatable arrangement with v = 8, n5 =1, p =0 and b is determined
as in case (iii).

3.5, The Tetrshedral Scheme [71]

Consider the integers 1, 2, ..., m and the v = (?) sets of size 3
that can be formed from then.
Let an object correspond to each one of these sets and define

{x, X5 X3} and {Yl, Y., Yf} as i-th associates if their intersection

has (3-i) integers in common.

We then get an association scheme with parameters.

m

(3.5.4.0) v = (3, ny = 3(w3),

ny, =3/2 (m-3)(m-k), ny =1/6 (m-3 3) (m-4) (m-5),

i m-2 2(m-4) 0 ‘ ]
P, = 2(m-b)  (m-2)° 1/2 (mek)(n-5)
| o 1/2 (m-b) (m-5) 1/6 (w-4)(w-5)(n-6) i



[
=
}

2(m-4) (m-5)
P, = 2(m-4) 1/2(m-5)(m+2)  (w-5)(m-6)
(m-5)  (m-5)(m-6) 1/6(m-5) (m-6) (m-7)
0 9 3 (m-6)
P, = 9 9(m-6) 3/e (m-6)(n-T)
3(m-6)  3/2(@m-6)(w-7)  1/6(w-6)(m-7)(m-8)

The sbove associstion scheme gives us a rotatable arrangement if the

equations:
(3.5.4.2) allL(m-6) v 1/2 8)(m-6)(n-7) + 1/2 a§<m-5)(m-6) -0
b ai + 1/2 ag(m-7)(m-lh) + 1/2 ag(m-é)(m-7) =0

have a real non-trivial solution in 815 8, 33'
It is obvious that for m > Torm<>53 that no real solutions are

possible.

However, for m = 6 the equations reduce to:

L L
(3.5.4.3) hal + hag =0
Hence, for m = 6 if we choose &) =a, = 0 and a5 arbitrary we get a
rotateble arrangement in v = (g) = 20 factors. Again we notice that

m = 6 implies p = O and b is determined as in case (iii)

3,6 Construction by Linear Combinations

In the theorem which follows, we derive a method of constructing
rotatable arrangement from association matrices which we call the method

of linear combinations.
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‘ Theoren 3.6 Suppose we have an m-cless association scheme with parameters
(v, n, Pi), i=1,2,..., m, and association matrices B, B,, ..., B . Then,

if there exist real numbers e,, 2., ..., & , t of which are
e m

non-zero (a, , &, , ..., a. (say) ), such that:
i i i
1 2 t
T a% p.. +2 X X ag a? pg, =p (say) for k =1, 2, ..., m,
421 1 ii 1-i<j<m . Jd T 1d

then the following sets of points form rotateble arrangements:

: ~k/b k
(1) {2 (alBl + a232 .+ amBm) X 27}
o b
if 3p = al nl + a2 n2 + vea + am nm

k ,
£2+...+a$%)x2,bg,m}

/

o=k /h
) \
(11) {2 (alBl +a

Nl b 0 an 8 =y B e om
=
<3

. L L L
if 3p > al nl + &, n, + e F am nm

k oV
ot ees v aB ) X2, (b, b, w.u, b) X2 }
4

(1ii) {2'k/u(alBl + 8B

if 3p < al‘L n. +a. n. + +a n
TIOR8y By T 8y My T e T Sy Hy

where k =n, +mn, + ... +n and b in cases (ii) and (iii) is determined

1 T2 %
by the moment conditions for rotatable arrangements.
al Q@ G&
b4 i i i ) ), ce e X =O
Proof: As is explained in theorem 3.3, 3 Xlw sz W

if any‘a& is odd.

Now, we show that the other necessary moment conditions are satisfied.

. b L
Case (1) 3p = a;n, + 8, n, + ... ta n

Here:

™M
>4
!

2 _ . kf2,. 2 L .
=2 (al n, o+ ey nm) for all i =1, 2, see, V.

L L i .
alnl+ asny, + ee. + an. for all i =1, 2, «.., V.

-as o
M
>

l—J
=
1]
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a?a?plzj if 1, J are K-th associates by 5.1.5.

[
5
()

=
e

[N
()
<.
=
IA
ISy
In ™M

m

= p by assumption.

. L L
But, if 3p = a,lnl t e ta n then

I N : ’
3% X?w X?w =% ka for all i, J, k, i ;é j and we conclude that the set of

points form a rotatable arrangement.

s 4 L
Case (ii) 3p >a;n ta,n, e tan

We havetr
):X2 =2k/2 (azn +...+a2n)+2b2forall i and any b.
W iw 11 m m

I L L L .
ixiw=alnl+a2n2+...+amnm+2h for all 1 and any D.

m

s ¥ =3 ah plf +2y % ai o2 Pl;d if i, j are k-th associates by 3.1.5
WlW Jv =1 J "iJ 1<s<i<m J

= p by assumption

. L L L b
But, if 3p>alnl+ +amnmthen 3p—al n1+a,2 n2 + oeae

<+

by L
&, nm + 2b has a real solution in b and the arrangement is rotatable.

L

L
Case (iii) 3p <e n *ta,n,t ... ta,

Here:

k/f2 , 2 2 2 v 4 .
2 (a] ny + 8y Dy Feuot Ay nm) +2 b for all i and any b.

i

z X

iw

Ly by b b v bk .
fvxiw =a, n + ay Iy teoot a, B +2 p for all i and any b.
z X?w X§W =P + bh 2v by 3.1.5 and assumption.
W

4 b L 4
i + coe
But,1f3p<alnl a2n1+a2n2+ +:a,mn]m then
4 v . h .
n n +2 b has a real solution

3(p +bLL 2V) = a.)i n, + a.lL n, *ooota o n

1 2



37
in b and we conclude that the set of points in (iii) with b so determined
form a rotatable arrangement.

With the theorem now proved, we will try to obtain in sections 3.7
and 3.8 real numbers such that:
(3.6.1) 2 ai p?i +2.% z a? a? p?j =p (say)

i=1 1<i<j=<m

for allk =1, 2, ..., m, for.particular association schemes.

However, the equations for determining al, 8o eees am are quite
often intractable and, as a result, not many examples are given.

Also, it is worth noting that if we choose &) =8, =... =8 =2 (say)

then we always get a rotatable arrangement from the linear combination

method. This is apparent since the matrix N = Bl + 32 + .. * Bm =

=d - I , where J_ is the v x v matrix
v v \%
vhose elements are all 1 and Iv is the v x v identity matrix, is the
incidence matrix of a balanced incomplete bleck design [2]. Since this

case is covered in [9], such solutions will not be of interest to us.

3.7 The Method of Linear Combinations and Some Two-Class Association Schemes

3.7.1 Two-Class Group Divisible Association Schemes

If we consider the assoclation scheme explained in section 3.4.1 of this

thesis, we see a rotatable arrangement can be obtained from it by the method

of linear combinations if the equation:

(3.7.1.1) al_{ (n-2) -Qai ag (n-1) + ag (n) =0

has a real solution in Y a5.

Now, if we choose al = O then we immediately conclude no arrangements

are possible.



If we choose a2 = 0 with al arbitrary then a solution exists if n = 2.

However, the arrangement obtained is identical with that given in section
Z.,4,1 and is of no interest here. o
81/ 2
Now, assuming a., &, £0let y = a-
Then the equations 3.7.1 become:
(3.7.1.2) yg(n-z) -2y(n-1) +xn =0
Solving 3.7.2 for y we get:

ﬁ/(n-Q).

The solution y = 1 corresponds to ai = ag and as was explained before

(5-7-103) y = lJ y

is not of much interest here. 5
o :
However, 1f we choose y = i/gg = 7/ -2 with n > 2 then we obtain

rotatable arrangements in any number of factors., Here it is noticed that

k = nl + n2 = nm-1.

3.7.2 The Triangular Association Scheme

The relation of association and the parameters for this scheme are
given in section 3.4.2.

The problem of finding numbers a1, 8, 80 that 3.6.1 will hold reduces
to solving the equation:

(3.7.2.1)  8:(n6) + aji(n-h) -2a° a2 (n-5) = 0

38

Notice that for n = 6, &k we obtain the same arrangements as in section

3.6.1 and for n = 5 we must have ai = aé which is of no interst.

2
a
Nov, assuming &, a, £ 0 and letting y = i/ég the equation 3.7.2.1
becomes:
2
(3.7.2.2) v (n-6) - 2y(n-5) + (n-4) =0

Upon solving for y, we get y = 1, as expected, and y = n—i/n-é.
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Hence, for n > 6 and v = n(n-lb/e we can always obtain a rotatable
arrangement by the method of linear combinations from this scheme.

3.7.3 Pseudo-Cyclic Two-Class Associstion Scheme

The relation of association and the parameters of this scheme are
given in section 3.4.4.
Now, we wish to find &y, 8y such that

(3.7.3.1) ai (w-1) + a“(w) + Eai g (w)

i L 2 2
= a, (w) + & (w-l) + 2 8y 8, (w).

2
This is equivalent to:
(3.7.3.2) -ai + ag = 0 and is of no interest to us as was explained

previously.

3.8 Linear Combinations and the Three-Class Group Divisible Association

Scheme

In section 3.5.1 the relation of association and the parameters for this

scheme are given.
After some algebraic manipulation it is seen that 3.6.1 is satisfied

if we can find a real solution to the equations:

2 2

a) 8y (Ny-1) =

(3.8.1) ai (N3-2) + ag (N3) - 2a

gtmg( 2-2)] + ag (NQN') + 2 al - (N -1)
-2 al 5 (N -1) -2 a [N (N -1)]=0
We see that if a3 = 0 then the second equation reduces to:
(3.8.2) 1 +2 ai (N5-l) = O vwhich has no real solutions.

ai 2 ag 2
Hence, assuming a.3 # 0 and letting X = a5 any Y = a3

the equetions become:



Lo

(3.8.3) XQ(NB-Q) + Y2(N5) - 2XY(N3-1) =0

2
[N3

-EYENB(NE-l):H N, N, = 0

(N2-2)] + 2 XY(NB—l) -2X(N3-1)

Solving the first equation of 3.8.3 for X in terms of Y we get as

N5 Y
solutions X = Y, X= e , N, >2,
N,-2° 73
p)
Substituting X = Y in the second equation of (3.8.3) we obtain the two
N2 N3
gsolutions X =Y =1and X =Y = .
(N2 N_-2)

The solution X = Y = 1 implies a; = ag = a; and as explained

previously, is not of much interest.

N. N
However, if we choose X = ¥ = 2 i/QNé Ns -2), N, > 2, then we

)
obtain a rotatable arrangement in any number of v = Nl N2 N3 factors.
N3 Y
If we substitute X = ¥o5 l\T3 > 2, in the second equation of
3

3.8.3, the expression becomes unmanagesble and is omitted.

3.9 Concluding Remarks Concerning the Two Methods of Construction.

The methods of construction given in theorems 3.3 and 3.6 although
interesting mathematically do not always lead to arrangements with a small

number of experimental points.

If we call N the number of points obtained by using the methods of

theorems 3.3 and 3.6 and if a, , &, ;, ... , &, are the non-zero numbers of
1 e tt

... 5 & satisfy 3.3.1 or 3.6.1

the set (B, 8, .-, am] vhere a,, &

2’ 25

then we see that by the union meﬁhod we havg: 1

12 l’t

i
Case (i) N=vx2 *4iyxo + ee. +V X2

. VX2 + 2v

il
<
]
N
+
<
]
no
+

Case (ii) N
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n, n, n,
Case (iii) Nevx2 T4vx2 2+ .. +vx2 oY

and by the method of linear combinations we have:

[t}
<
>
M

Case (i) N
Case (ii) N=vx2 +2v
Cose (1i1) N=v x 2% +2"

where k = n:.L + ni + o.. F n:.L .
1 2 t

Hence, we see that if t is large and if ni s J =1, «o., t, are large
then N is extremely large and not of much practical value.

Therefore, it seems that any future work employing these two methods
should, of course, deal with finding more arrangements from assoclation
schemes other than those already discussed and, perhaps more importantly,
finding methods of reducing the number of points in the arrangements already

constructed. Some of the notions used in fractional replication seem to be

of some use in doing this; however, we will not discuss these methods in

this thesis.
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