
 

 

 

ABSTRACT 

LI, DONG. Molecular dynamics Simulations: Analysis for characterizing simulated atomic-scale 

defects in crystal, and Kinetic Analysis of Ethylene-Propylene Diene-Terpolymer(EPDM) 

pyrolysis using ReaxFF (Under the direction of Prof. Donald W. Brenner.) 

Molecular dynamics is a valuable tool in studies of materials science. Recent advances in parallel 

computation and developments of open source simulation software have significantly boosted 

the popularity of this technique. In the past decade, molecular dynamics has been applied in most 

state of art research areas, such as nanomaterials, semiconductors and biomaterials. The rapid 

increase of interest in molecular dynamics has led to many challenges and opportunities. This 

dissertation contains researches on two of its applications. 

The first part consists of two data-driven methods designed for simulation data analysis. 

Conventional molecular dynamics analysis methods focus on either atomic attributes (e.g. 

coordination number and viral stress) or macroscopic physical properties (e.g. temperature and 

pressure), and their results are based on subjective human judgements, which contain bias and 

cannot be automated for a large set of data. Here we refer to such methods as algorithm-driven 

methods, which are specifically designed and hard coded. In comparison, data-driven methods 

rely on relationships established between simulation data, and analysis is done based on a 

molecular dynamics simulation database with labels. Data-driven algorithms are light-weighted, 

easy to generalize and autonomous, which is especially appealing when the amount and 

complexity of simulation data increase. We experimented our analysis methods with a test 

database built from more than 1000 stretching molecular dynamics simulations from different tilt 

angles, materials, strain rates and temperatures. Our goal is to gain information from an unknown 

simulation based on the collective knowledge from the test database, which can also be phrased 

as a prediction/classification problem. Two major problems are solved in this research: data 

reduction and similarity measurement. First, coarse-graining is done on top of chosen atomic 

descriptors. This process reduces simulation data (half a million atoms) to a manageable scale (a 

50x50x50 matrix), without losing critical information in defect geometries. Second, two data-

driven methods are implemented to measure the similarity between simulations. In Chapter 2, a 



 

 

cross-correlation based methods was adopted as a direct description of similarity. In Chapter 3, a 

Linear discriminant analysis model was used to classify unlabeled simulation data based on 

likelihoods. Despite the simulation classification task, in Chapter 4, the Linear Analysis model is 

reversed to generate completely fresh defect structures. A few variations were compared to 

improve the quality of generated data. 

The second part is on the development of a ReaxFF force field of C, H, O, Al, Cl system and its 

application in high temperature molecular dynamics simulations of EPDM polymers. ReaxFF is 

a bond order based force field, which is capable of simulating chemical bond breaking. 

Compared with quantum chemistry calculations, ReaxFF offers an appealing trade-off between 

computation expense and kinetics fidelity. As required by the Naval Air Weapons Station at 

China Lake for a highly-detailed chemical kinetics reference model for composite materials 

exposed to high temperature, high pressure and oxidizing environments, we extended a C, H, O 

ReaxFF with Al and Cl. The developed force field is optimized exclusively with a training set of 

chosen molecules, which covers typical bond types and atomization energies. The force field 

parameters are optimized by the one-parameter-a-time approach, with constraints of bond 

lengths, valence angles and atomization energies from quantum calculations. Then EPDM is 

used as a surrogate to test the developed force field. High temperature oxidation simulation data 

are analyzed with the isoconversional method. 
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1. Introduction  

Computational materials science is a mature and indispensable branch in materials science. 

Through numerical computer simulations we can calculate materials properties and visualize 

microstructures. Generally, a simulation is an imitation of a functioning system. In materials 

science, simulations are numerical ñexperimentsò based on mathematical models. But like 

experiments, they suffer uncertainties due to simulation configurations, e.g.  model 

approximations, system sizes and boundary conditions. Nonetheless, computational materials 

science stands on its own as a unique way to characterize microstructures and predict 

macroscopic properties apart from theoretical and experimental approaches. Simulations also 

fills the gap between theories and experiments. On one side, computation techniques provide 

trivial and numerical solutions when theoretical models become too complex to solve 

analytically, as in most non-linear systems. On the other side, the time/length scale of 

simulations and experiments have met each other in the past two decades, because of the 

dramatic decrease in computation cost and continuous advancement in experimental 

characterization. Especially, as the complexity of modern materials increases rapidly, 

computational methods are playing a more important role in materials design, processing and 

analysis in order to reduce research cycle and save experiment costs. 

In the utopia of computational materials science, we can freely pick atoms from the element 

table, design materials microstructures and measure macroscopic properties. But computational 

materials science is still hindered by the current computer performance, and a trade-off must be 

made between speed and accuracy in practice. Depending on the level of approximations and the 

time/length scale, computational methods can be divided into four categories. In quantum 

calculations, few approximations are made and atomic behaviors are retrieved with high fidelity. 

But the computation cost is too high that a typical simulation system contains up to hundreds of 

atoms. Molecular dynamics and Monte Carlo methods leave out electron states and use empirical 

functions to approximate atomic interactions. Their system sizes are up to micrometers, and 

simulation time up to nanoseconds. Coarse-grained models and mesoscale models are common 

in polymer and biomaterial simulations, where unnecessary atomic structure details in large 

molecules are grouped into larger building blocks. At last, continuum methods and Finite 
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Element Methods can simulate real-time macroscopic phenomena, but microscopic features are 

completely lost. 

1.1 Molecular dynamics simulation  

The focus of this dissertation is on molecular dynamics and two of its applications. Molecular 

dynamics is a full atomic simulation technique, which approximates quantum mechanics with 

empirical potential functions1. Compared with quantum calculations, molecular dynamics can 

simulate much larger systems. Compared with Monte Carlo methods, molecular dynamics is 

deterministic and reproduce kinetic processes in non-equilibrium states. Molecular dynamics 

assumes that atoms follow classical mechanics, and positions are updated by discrete time 

integration. An instantaneous state is described sufficiently with atom coordinates and momenta. 

Electron states are approximated with partial atomic charges and Columbic interactions. To 

simulate bulk materials, a periodic boundary condition is applied so that an atom near the 

simulation box surface interacts with another atom in an imaginary replica of the same 

simulation box. The energy of a simulation system is divided into a kinetic energy and a 

potential energy. The kinetic energy is a sum over all atomic kinetic energies. The potential 

energy is calculated with respect to nuclei coordinates. Based on the degree of electron states 

approximation, potentials are divided into three categories, empirical, semi-empirical and ab 

initio methods. Empirical potentials simplify electron states approximation, in return for the 

fastest computation speed. Semi-empirical and ab initio methods are used when a more precise 

representation of energy calculation is needed. Depending on the number of neighbors in energy 

parameterization, potentials are divided into pair potentials and many-body potentials. Pair 

potentials, like Lennard-Jones and Columbic, are non-directional and used for simplistic non-

bonded systems. Such interactions are long-range, and tail cut-offs are used in practice to speed 

up computations. Many-body potentials are more accurate but more compute-intensive. Some 

examples are Tersoff, EAM and AMBER.  

1.2 The Big data challenge in molecular dynamics 

Molecular dynamics has become a recognizable and affordable tool in engineering and scientific 

researches (Figure 1.1). With the development in parallel computation and GPU acceleration, 
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molecular dynamics simulation systems are growing larger and larger. In 2013 the Leibniz 

Supercomputing Centre in Germany conducted a molecular dynamics simulation with 4.125 

trillion atoms with up to 146016 CPU cores2. Besides, the commercializing of quantum 

computers has just begun in recent years3,4, which is promising to increase the current 

computation capacity exponentially.  

 

Figure 1. 1 Annual publications mentioning molecular dynamics simulations (blue). 

Computation expense represented by the cost per GFLOPS (orange). (Data based on 

Google Scholar Search and Wikipedia.)  

If the simulation time and length scale grows linearly, the size of simulation data will grow at 

least quadratically. This is because data size is proportional to both the system size and 

simulation time, and we did not yet consider the increasing number of simulations annually and 

an increasing interest from the industry field. As a result, the problem to handle and analyze an 

ever-growing number and size of simulation data is going to be practical and urgent. On the 

other hand, with a huge number of simulations done every year, there is an opportunity to collect 

existing data and even establish public data mining databases to promote reusing data and aid 

new discoveries5. Conventional simulation analysis techniques are algorithm-driven, which 

depend on either visualizing microstructures with atomic descriptors or summarizing a system 

with a macroscopic parameter. In general, algorithm-driven analysis use well-defined properties 

and focus on each single simulation. Manually checking each simulation cannot be free of 

subjective bias and becomes tedious and impractical for a large data set. Macroscopic parameters 
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lack details of microstructures. There is a need for a set of data-driven algorithms, where data are 

used to shape analysis models and results depend closely on the amount of available data. Data-

driven algorithms scale efficiently with a large data set and embrace the abundance. 

In Chapters 2 and 3, two data-driven algorithms are proposed to deal with the challenge of the 

simulation data explosion. The first algorithm utilizes the cross-correlation algorithm common in 

image analysis to measure the similarity between simulations. The second algorithm is based on 

a Linear discriminant analysis model to build relationships between different groups of 

simulation data. To test both algorithms, a series of parameterized constant engineering strain 

rate stretching simulations were conducted to build an experimental database. This type of 

simulation is well studied and related resources are readily available. The goal of our analysis is 

to gather information of a given simulation based on the collective information from the 

experimental database, which can be further phrased as a prediction/classification task. In 

Chapter 4, the possibility of generating new simulation data with the two data-driven algorithm 

is discussed, in hope to further reduce computation cost in computational materials researches. 

1.3 ReaxFF development for a C, H, O, Al, Cl system 

Reactive simulations used to be a forbidden area in Molecular dynamics. As such energy 

calculations are sensitive to the accuracy errors of several kJ/mol. Most force fields in late 1980 

failed to reproduce energetic features of the bond breaking, because they overlooked two crucial 

factors in reactive simulations: local atomic environments and charge transfer. Around that time, 

computation intensive quantum calculations were done to retrieve chemical kinetics energies. 

In 1985, Abell introduced a bond order parameter to formulate a generalized potential for both 

metallic and molecular bonding6. In 1988 Tersoff incorporated the bond order concept and 

formulated a silicon potential ñin reasonable agreement with experimentsò7. In 1990 Brenner 

extended Tersoffôs formulation with additional correction terms for carbon radicals8. Continuous 

work ended up as Adaptive Intermolecular Reactive Empirical Bond Order (AIREBO) potential9 

and a second generation reactive bond order (REBO) potential10 for reactive Molecular dynamics 

simulations. Bond order is intimately linked to bond strength, and its appearance is 

revolutionary. For example, with bond order, carbon radicals (less than 4 bonds) can be 

distinguished from fully bonded carbon atoms. Thus, subsequent energy parameterization can 
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selectively penalize specific structures. Because there are no electron states in Molecular 

dynamics, Columbic interactions are calculated with partial atomic charges as an approximation. 

charge equilibration (QEq) method11 or Electronegativity Equalization Method (EEM)12 is 

commonly used to automatically redistribute atomic charges depending on local connectivity and 

geometry. ReaxFF13 and Charge Optimized Many Body (COMB)14 potentials are two modern 

bond order based candidates for reactive simulations. Two potentials share common 

parameterization features but are different in many details and applications15ï17. In terms of high 

temperature hydrocarbon simulations, ReaxFF is more productive due to the success of 

Chenowethôs C, H, O potential18ï22.  

As requested by the Naval Air Weapons Station at China Lake, a highly detailed chemical 

kinetics reference model for surface reactions associated with C-SiC-SiO2 is needed. To fulfill 

the requirements, a ReaxFF potential for C, H, O, Al, Cl was developed with a tailored training 

database, high temperature Molecular dynamics simulations of EPDM (as an experiment 

surrogate) were conducted, and reaction kinetics were analyzed with the isoconversional 

method23. Chapter 5 contains a detailed discussion of ReaxFF parameterization and related force 

field training works by the reliable one-parameter-a-time approach. Chapter 6 contains a 

summary of the optimized force field and the analysis of high temperature EPDM oxidation 

kinetics with the developed potential. 
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2 Spatial cross-correlation based method on defect classification 

2.1 Introduction 

The first part of this chapter contains details to reproduce our molecular dynamics (MD) 

simulations to generate plastic defects. MD simulations of metals have been conducted in early 

1970s1. Along with the success from density functional theory (DFT) calculation of metal 

properties, e.g. lattice parameter, bulk constant, surface energy and vacancy energies2,  

researchers were interested in fitting empirical and semi-empirical force fields to quantum 

calculation data in order to simulate much larger systems in MD simulations. However, early 

force fields like Lennard-Jones, Morse and Born-Mayer potentials failed because electrons are 

nonlocal in metals, and defects in metals, like vacancies, impurities, surface energies cannot be 

approximated without considering the local electron environment. Daw and Baskes developed 

the embedded-atom method (EAM) force field in the early 1980s3,4. Its embedding energy takes 

account of the local electron gas environment in MD simulations, and can reproduce defect 

energies accurately. EAM was first applied to FCC metals, such as Cu, Ag and Au5,6. Later 

Johnson extended EAM to BCC structures7, FEC and HCP structures8, and diamond cubic 

structures9. EAM was used to study a broad range of metal properties10, such as thermal 

expansion11, phase transition12, grain boundary13,14, segregation15,16, crack propagation17,18, 

stacking fault19,20 and dislocations21,22. In our simulations, we generated bicrystal structures and 

applied the EAM force field in our MD simulations. 

The second part of this chapter deals with a cross-correlation based method to classify defects 

inside MD simulations of Cu and Ag. As MD simulations are widely used in scientific 

researches, numerous data were generated and complicated analysis algorithms were invented. 

To study defects in metal simulations, many analysis techniques are helpful to extract defect 

information, such as coordination number, centrosymmetry paramter (CSP), common ceighbor 

analysis (CNA)23 and Dislocation Extraction Algorithm (DXA)24. Eventually, it will cause a 

problem that there are too many data to analyze, which is a also practical problem in other 

research areas25ï27. As a first step toward the solution, we find a way to measure the similarity 

between different simulations. We borrowed the cross-correlation technique from computer 

image analysis28. Then we tailored the method for our coarse-grained 3D simulation data using 
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existing atomic descriptors, and improved its calculation efficiency. We tested our method with a 

moderate database of 1900 simulations, but this method scales well with even larger databases. 

2.2 MD simulation setup 

The MD simulations were done via LAMMPS29 codes, and Embedded-Atom Method force 

fields for Cu19 and Ag30 were used. Grain boundaries were generated by rotating two pieces of 

crystals symmetrically around an axis. In Figure 2.1, the left shows a perfect fcc lattice with <1 0 

0> all along x, y and z-axes before rotation. A grain boundary (dark area) was formed in the 

middle x-y plane, where the rotated top and bottom lattice met. Due to the periodic boundary 

condition, another grain boundary was formed around the top-bottom intersection. Then close 

neighbors (less than 0.2 nm apart) were removed within the grain boundaries. Simulation box 

dimensions in x- and y-direction were chosen to match the supercells after rotation because of 

periodic boundaries. Due to this, simulation boxes of different tilt angles had slightly different 

dimensions. Each generated grain boundary was labelled by the rotation angle of the top crystal 

piece with respect to the bottom (or twice the rotation angle of each piece of the crystal). A total 

of 19 tilt angles (from 0Ј to 90Ј every 5Ј apart) were used to generate grain boundaries. For 0 Ј 

and 90Ј tilt angles, two crystal lattices perfectly match and there are no actual grain boundaries. 

No tilt angles higher than 90Ј were used, because a tilt angle (— larger than 90Ј is identical to a 

tilt  angle (180Ј -—). The generated simulation boxes contained between 377,260 and 484,549 

atoms, and had dimensions ranging from 16.67nm to 18.89 nm (for Cu). 

Before deformation, each generated system was equilibrated in two steps. First, an energy 

minimization was done at zero temperature and zero pressure. Then the system was equilibrated 

using a Noseô-Hoover thermostat at 300K for 100ps. Plastic damage was generated by applying a 

constant engineering strain rate in the z direction.  

Other simulations (for different materials, temperatures and strain rates) were conducted in a 

similar manner. All simulation configurations are summarized in Table 2.1. For Ag, initial 

structures were generated by rescaling each Cu simulation box with respect to the ratio of two 

materialsô lattice parameters. For slower strain rate simulations, the computational expense was 

too high so we chose only 3 angles from all 19 angles. For simulations with different 

temperatures, initial structures of Cu were reused and systems were equilibrated at the desired 
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temperatures beforehand. To extract atomic information about defects, we used two atomic 

descriptors discussed in the following. 

 

Figure 2. 1 Illustration of initial grain boundary generation from two pieces of crystals. 

The x-axis points rightward, the y-axis points inward and the z-axis points upward. 

Table 2. 1 Parametrization of MD simulations 

Number of runs Materials Tilt angles /Ј Strain rates Ⱦί  Temperature /K 

50 Cu 0 to 90 every 5 109 300 

50 Ag 0 to 90 every 5 109 300 

30 Cu 15, 45, 90 108 300 

30 Cu 15, 45, 90 107 300 

30 Cu 0 to 90 every 5 109 600 

30 Cu 0 to 90 every 5 109 900 

 

2.2.1 Centro-symmetry parameter (CSP) 

CSP is a useful parameter to measure the local distortion in crystals with symmetric lattices31,32, 

e.g. FCC or BCC. A non-negative value is calculated for each atom to indicate whether it is part 
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of a perfect crystal or a defect (Equation 2.1). The CSP value increases with the distortion around 

the atom. 

#30 В Ὑᴆ 2ᴆ Ⱦ
Ⱦ

        Equation 2. 1 

where there are N nearest neighbors for each atom and Ὑᴆ and Ὑᴆ Ⱦ  are pairs on the opposite 

side. The number of nearest neighbors depends on the crystal lattice, e.g. N=12 for FCC 

structures and N=8 for BCC structures. 

In Figure 2.2, there is an atom from a planar square lattice (N=4). We can see the left and right 

neighbors are symmetrically distributed and thus Ὑᴆ Ὑᴆ ḙπ. But the top and bottom 

neighbors are off-symmetry and CSP value represents the degree of the distortion, 

Ὑᴆ Ὑᴆ ḻπ. In our simulations of Cu, the CSP value is less than 2 for non-defect 

atoms(not exactly 0 due to thermal vibration), around 6 for internal defects, and even higher for 

free surfaces. In the right of Figure 2.2, a cross-section of a MD simulation of FCC Cu is colored 

by CSP. The black atoms reside in crystalline regions. The stacking faults are gray, grain 

boundaries are brighter and the two free surfaces are mostly white. Also, the transition between 

defects and non-defects is short-ranged. 

In Figure 2.3, we used CSP to distinguish different types of defects. In the left figure, most atoms 

are in the first peak (CSP<2), in crystalline regions. The second peak (CSP in the range from 4 to 

7) contains internal defects. In the right figure, we zoomed in the histogram on the y-axis and 

two extra peaks are found around 18 and 30, corresponding to two successive close-packing 

planes terminated on top and bottom free surfaces. 
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Figure 2. 2 (Left) Illustration of neighbors in CSP calculation for the center atom in a 2D 

square lattice. (Right) Cross-section of a simulation box colored by CSP. Dark colors 

stand for low CSP values. Top and bottom faces are free surfaces. The simulation box is 

periodic otherwise. 

 

Figure 2. 3 CSP histograms for an MD simulation. (Left) CSP in range [0,10] with two 

major peaks corresponding to crystalline regions and internal defects. (Right) CSP in 

range [0,40] with two minor peaks corresponding to free surfaces. 
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2.2.2 Hydrostatic stress (HS) 

   

Figure 2. 4 Illustration of normal stress components. (90Ј tilt angle, run 1, Cu, strain rate 

= 109 
S
-1.) The left, middle and right demonstrate „xx, „yy and  „zz respectively. Color map 

from -106 (black) to 106 (white) (unit in eVẗA2) 

HS is a natural choice of the atomic descriptor for the analysis of materialsô mechanical 

properties33,34. Equation 2.2 calculates the stress tensor for a given atom35,36. 

3 ÍÖÖ В Ò& Ò&         Equation 2. 2 

where a and b stand for x, y, and z directions. The first term comes from the temperature 

contribution and the second term comes from the EAM potential contribution. Usually Ὓ  needs 

to be normalized by the volume of simulation box. Here as all simulations have similar volumes, 

so such normalization is not important. 

For cross-correlation, we combined „ , „  and „  into a hydrostatic stress term, ὌὛ

„ „ „  , instead of dealing with all 6 stress tensor components, Figure 2.5. 

Compared with CSP, textures in HS are chaotic for all three stress tensor components as in 

Figure 2.4 and Figure 2.5. Even though with HS no clear patterns appear, we show later our 

method can still classify simulations. 
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Figure 2. 5 (Left) Hydrostatic stress of atoms. (Right) Histogram of HS for a simulation. 

(90Ј title angle, run 1, Cu, strain rate = 109 
S
-1) 

 

Figure 2. 6 (Left) Atomic visualization of atoms with CSP>2. (Right) Isosurface 

reconstruction of coarse-grained CSP data with the threshold set to 2. 

2.3 Coarse-graining 

Each simulation is coarse-grained into a υπυπυπ matrix to reduce the data size. Each sub box 

was not strictly cubic and the dimension changed during the simulation. However, as all 

simulations were designed to have a similar simulation box size, we consider such difference 

insignificant and used the same grid density for convenience. For each voxel in the matrix, CSP 

values are averaged over all atoms inside each sub box(about 3-4 atoms). Four voxel layers near 

the grain boundaries were set to zero, because initial grain boundaries were considered as prior 
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information. After the removal, we only used defects generated during simulations in our 

analysis. In Figure 2.6, the coarse-grained data (right) look similar to atomic data (left). 

2.4 Spatial Cross-Correlation  (CC) analysis  

Here cross-correlation is used as a measure of similarity between two MD simulations. A cross-

correlation matrix ὅὲȟάȢὰ between two matrices ὪὭȟὮȟὯ and ὫὭȟὮȟὯ is defined as below, 

#ÎȟÍȟÌ        ÆÉȟÊȟË Çz)ȟ*ȟ+      Equation 2. 3 

where 

Ὅ άέὨὭ ὲȟὔȟὐ άέὨὮ άȟὔȟὑ άέὨὯ ὰȟὔ , and mod() is modulo operation. 

Each voxel in the cross-correlation matrix is a measure of the similarity between a pattern 

ὪὭȟὮȟὯ and a shifted pattern ὫὍȟὐȟὑ . This shift of ὫὭȟὮȟὯ is done by wrapping any voxels 

outside the υπυπυπ matrix back under the periodic boundary condition. Thus, the cross-

correlation matrix contains matching information for all possible translation operations between 

two infinite periodic matrices. 

As a coarse-grained matrix with large means usually have large correlation values, both ὪὭȟὮȟὯ 

and ὫὍȟὐȟὑ  are normalized before the cross-correlation to neutralize such effects. The 

normalization for a matrix is done by subtracting its mean and rescale all voxels to have the sum 

of squares equals one. More specifically, the voxels in the cross-correlation matrix are 

regularized to values from -1 to 1. As a result, the cross-correlation is 1 and only when 

ὫὍȟὐȟὑ ὪὭȟὮȟὯ and -1 only when ὫὍȟὐȟὑ  ὪὭȟὮȟὯ.  

Before the cross-correlation, each coarse-grained matrix was auto-correlated (a cross-correlation 

with the matrix itself). In auto-correlation matrices, each voxel measures the overlap with the 

shifted replica of itself. As a result, it emphasizes repeating patterns and penalizes non-periodic 

local structures. Figure 2.7 demonstrats two coarse-grained matrices and their auto-correlation 

matrices. In their auto-correlation matrices (right column), the ñremovedò grain boundary region 

reappeared (in the middle and on the top-bottom boundary). This is because we set those voxels 

to 0 CSP values, which does not consider the thermal vibration at 300K. So the auto-correlation 

captures the patterns in ñremovedò grain boundaries. But they are not informative and do not 

influence our analysis. Besides the grain boundaries, the most apparent patterns in auto-
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correlation matrices are related to stacking faults in their original coarse-grained matrices. We 

find the CC method combined with auto-correlations worked better in the classification tasks. In 

the latter discussions, we refer a cross-correlation between two matrices to a normalized circular 

cross-correlation after the auto-correlation unless mentioned otherwise. 

One practical problem was the efficiency of the cross-correlation calculation. For example, in the 

leave-one-out cross-validation (in section 2.5), for a set of simulations with 19 angles, 2 

materials and 50 runs (1900 simulations in total), there are a total of 1900*1899/2 = 1804050 

unique cross-correlation matrices to be calculated. The direct sum algorithm by Equation 2.3 has 

a time complexity ַײὔ , and it would take about 20 days (assuming each cross-correlation 

takes 1 second in MATLAB). To solve this problem a FFT-based algorithm was used instead. 

The relationship between the convolution matrix, ὢὲȟάȟὰ, and the cross-correlation is defined 

in Equation 2.4. 

8ÎȟÍȟÌ        ÆÉȟÊȟË 'z)ȟ*ȟ+       Equation 2. 4 

where ὋὍȟὐȟὑ  is ὫὍȟὐȟὑ  flipped in all three dimensions. So an efficient algorithm for 

convolution calculation is also a cross-correlation algorithm with an extra ַײὔ  flip operation. 

The efficient covolution calculation is done by the convolution theory, 

ꞈÉȟÊȟË &ÏÕÒÉÅÒ4ÒÁÎÓÆÏÒÍÆÉȟÊȟË      Equation 2. 5 

꞉ÉȟÊȟË &ÏÕÒÉÅÒ4ÒÁÎÓÆÏÒÍÇÉȟÊȟË         Equation 2. 6 

ÉȟÊȟËת ꞈÉȟÊȟËᶻ꞉ ÉȟÊȟË                              Equation 2. 7 

8ÉȟÊȟË ÉÎÖÅÒÓÅ&ÏÕÒÉÅÒ4ÒÁÎÓÆÏÒÍתÉȟÊȟË       Equation 2. 8 
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Figure 2. 7 (Top row) Coarse-grained CSP matrix of tilt angle 45, Cu, highest strain rate 

simulation, and its auto-correlation matrix. (Bottom row) Results for another simulation 

with 90Ј tilt angle. 

The overall time complexity is dominated by Fast Fourier transform (FFT) = ַײὔẗὰέὫὔ . 

Additionally, Fourier transform also takes account of the periodic boundary condition by nature. 

In Figure 2.8, the direct sum (blue) and FFT-based method (red) were both tested with coarse-

grained simulation data. For a total of 10 cross-correlation calculations, the direct sum (blue) 

took 172 secs and FFT-based method (red) took just 2 secs. With the improved algorithm, a 

storage matrix was created to store the maximum value from each cross-correlation. So we only 

query the matrix instead of performing expensive cross-correlation repeatedly. This diagonal 

symmetric matrix has a dimension of ρωππρωππ. 
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Figure 2. 8 Running time of cross-correlation calculation. (Blue) The direct sum from 

cross-correlation definition. (Red) FFT-based method. To estimate a practical time usage 

each call includes three cross-correlation operations (2 autocorrelation operations and one 

cross-correlation operation afterward). 

2.5 Leave-one-out cross-validation 

Leave-one-out cross-validation was done to summarize the quality of the CC classification. In 

each classification, the largest value with other simulations is used to determine a match (Figure 

2.9). For example, if the largest value of each CC matrix for a given MD simulation is to another 

MD simulation that started with a tilt angle of 40Ј, the prediction is that the MD simulation being 

analyzed started with that angle. Similarly, with simulations of different materials and different 

strain rates, the same workflow can be applied. The cross-validation result can be summarized in 

several ways. First, we can calculate a success rate of an exact match between actual angles and 

predicted angles. Second, we can lower the criteria and allow a 5Ј mismatch. Third, we can plot 

the mismatch distribution between the actual angles and predicted angles. For data with multiple 

labels (e.g. data from different angles and strain rates), we can repeat the above for an overall 

summary with each label, and one single summary for label combinations. 

In Figure 2.10, two examples demonstrate how the classification decision is made in the leave-

one-out cross-validation. 10 simulations were used for each angle and material. There is always a 
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peak value = 1, which corresponds to the autocorrelation. Thus a prediction in leave-one-out 

cross-validation is to pick the next largest CC. In the left figure, all CC values with the 

simulation of angle=45Ј, Cu, 1st run are plotted. The data has a dome shape centered around 45Ј. 

But for this simulation a false match was made because the largest CC value was from a 40Ј, Cu 

simulation. In the right figure, a correct match was made for a simulation of angle=90Ј, Ag, 1st 

run. In both examples, CC increases toward the actual angles. In terms of material predictions, 

both examples are correct.

 

Figure 2. 9 Cross-validation workflow to determine a match for a given configuration 

with the rest of the database. 
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Figure 2. 10 Largest elements from each CC matrix generated using two example MD 

simulations. These were generated using the database of 10 runs per tilt  angle for each 

element. The squares correspond to Cu; the crosses correspond to Ag. (Left) Matches of 

45Ј, Cu, run 1 simulation. (Right) Matches of 90Ј, Ag, run1 simulation. 

2.6 CC classification result discussion 

2.6.1 Classification of tilt angles and materials 

Table 2.2 summarizes classification results with CSP data, and Table 2.3 with HS data. The 

trends in these tables are interesting. First, success rates of the CC approach benefit from more 

data. This is because, with more runs per tilt angle, there is more likely to have a similar 

simulation from one with the same label. Second, with a small number of runs (10 runs) the CC 

approach still worked much better than a random guess for both angle and material. Third, even 

though it is hard to pick up any patterns visually in coarse-grained HS matrices (Figure 2.4 and 

2.5), the CC approach still managed to classify simulations of different tilt angles and materials. 

But CSP is clearly a better descriptor than HS for visualization and pattern matching. With CSP, 

Figure 2.11 shows the angle mismatch distribution for leave-one-out-cross-validation with 10, 

20, 30, 40 and 50 runs. All distributions are zero-centered, which suggests that a mismatch was 

often made to a close angle. 
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Table 2. 2 Success rates for matching angle and material type with the CC approach using 

the CSP data. 

Method Data Type 10 

runs 

20 

runs 

30 

runs 

40 

runs 

50 

runs 

Cross-

Correlation 

Exact angle 0.64 0.69 0.71 0.74 0.75 

Angle within +/- 5o 0.88 0.93 0.94 0.94 0.95 

Correct material 0.67 0.72 0.72 0.73 0.74 

Correct material & exact angle 0.47 0.52 0.54 0.56 0.58 

Correct material & angle within +/- 5o 0.60 0.66 0.68 0.69 0.73 

 

Table 2. 3 Success rates for matching angle and material type with the CC approach using 

the HS data. 

Method Data Type 10 

runs 

20 

runs 

30 

runs 

40 

runs 

50 

runs 

Cross-

Correlation 

Exact angle 0.36 0.37 0.39 0.39 0.40 

Angle within +/- 5o 0.58 0.59 0.59 0.61 0.62 

Correct material 0.67 0.67 0.68 0.68 0.68 

Correct material & exact angle 0.29 0.29 0.32 0.30 0.32 

Correct material & angle within 

+/- 5o 

0.42 0.42 0.44 0.44 0.45 
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Figure 2. 11 Distribution of the difference between the predicted initial grain boundary 

tilt angle and the actual angle calculated using the CC approach. (A)-(E): Database sizes 

of 10, 20, 30, 40 and 50 MD simulations per angle, respectively. 

2.6.2 Classification of strain rates 

Table 2. 4 Success rates for matching angle and material type with the CC approach using 

the CSP data. 

 Exact angle Correct strain rate Correct strain rate & exact 

angle 

Success rate 0.9926 0.6963 0.6963 
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Table 2.4 summarizes success rates with simulations of three different tilt angles and three 

different strain rates. As 15Ј, 45Ј and 90Ј are far apart, they share few defect patterns, and 

success rates for exact angles are close to one, 0.9926. Success rates for ñcorrect strain rateò 

(0.6963) and ñcorrect strain rate &exact angleò (0.6963) were determined mostly by just strain 

rate prediction. Therefore, we focus discussions on strain rates.  

 

Figure 2. 12 Distribution of matching between different strain rates. Left is for leave-one-

out cross-correlation result for simulations with fastest strain rates; middle is for 

simulations with medium strain rates; right is for simulations with slowest strain rates. 

The yellow bars stand for correct matchings. 

Figure 2.12 shows the distribution of matching results for each group with different strain rates. 

Each histogram shows the matching results of all simulations with respect to each strain rate. The 

yellow bars stand for correct matches, and blue bars stand for false matches. First, simulations 

from all three strain rates were matched to their correct strain rates mostly. Second, defects from 

the two slower strain rates were more similar. The fastest strain rate (left) has the most correct 

matches, a few matched to the middle strain rate and even less matched to the lowest strain rate. 

The mediate strain rate (middle) has a low success rate because it is similar to both the fastest 

and slowest strain rate simulations. The false matches to the lowest strain rate simulations is 

higher than to the fastest strain rate. This means mediate strain rate defects are closer to lowest 

strain rate defects. Comparing the right figure and left figure, there are more false matches at the 
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slowest strain rate to mediate strain rate than at the fastest strain rate, which suggests a higher 

similarity between the two slower strain rates.  

2.6.3 Classification of temperatures 

Table 2.5 summarizes success rates of the leave-one-out cross-validation for simulations of 19 

tilt angles, 3 temperatures. Compared with classification 2.6.1, this set replaced simulations of 

different materials with simulations of different temperatures. Some interesting details can be 

seen by comparing these two classifications. Success rates for exact angle match are about 10% 

lower with the same number of runs used in Table 2.5. But success rates of the match for angles 

within +/- 5Ј are on the same level with classification 2.6.1. Success rates for correct temperature 

are also 10% lower than success rates for correct material in classification 2.6.1. An interesting 

conclusion is that it is more difficult to separate simulations of different temperatures apart than 

simulations from another material based on our cross-correlation measurement. Figure 2.13 is the 

overall angle mismatch between prediction and true angle for 30 runs and 3 different 

temperatures. Compared with distributions from classification 2.6.1, the mismatch distribution is 

much narrower. 

 

Table 2. 5: Success rates for matching angle and temperature with the CC approach using 

the CSP data. 

Method Data Type 10 runs 20 runs 30 runs 

Cross-

Correlation 

Exact angle 0.54 0.60 0.61 

Angle within +/- 5o 0.85 0.89 0.90 

Correct temperature 0.59 0.58 0.60 

Correct temperature & exact angle 0.33 0.35 0.38 

Correct temperature & angle within +/- 5o 0.50 0.52 0.55 
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Figure 2. 13 Distribution of angle mismatches using the CC approach (30 runs, 19 angles, 

3 temperatures) 

2.7 Variations of CC picking criteria  

All classification methods above only used the largest CC value. In this section, we utilized k 

largest CC values, instead of only one. We refer to this k-Largest Neighbor (kLN). This helps us 

make use of more data and make better predictions. At last, we discuss the case when the angle 

to be recognized is outside the training set. 

2.7.1 kLN -mode 

In classification 2.6.1, we treated both tilt angle and material as categorical data. To make a 

prediction, only the largest CC value was picked while the rest of the CC values were discarded. 

A better prediction is to use the mode (most frequent candidate) of angles and materials of kLN.  

Then classification 2.6.1 is a special case when k=1. A small k is less effective. If k is too high, 

the classification is influenced by the data noise. Table 2.6 summarizes success rates with k=5. 

Compare this table with Table 2.2, most success rates increased but not significantly (1~2%) 

except for ñ10 runsò results.  
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Table 2. 6 Success rates for matching angle and material type with the CC approach using 

the CSP data. 

Method Data Type 10 

runs 

20 

runs 

30 

runs 

40 

runs 

50 

runs 

Cross-

Correlation 

(kLN-

mode) 

Exact angle 0.62 0.70 0.71 0.74 0.76 

Angle within +/- 5o 0.87 0.92 0.93 0.94 0.95 

Correct material 0.66 0.72 0.75 0.76 0.76 

Correct material & exact angle 0.43 0.53 0.55 0.58 0.60 

Correct material & angle within +/- 5o 0.57 0.67 0.70 0.72 0.72 

 

2.7.2 kLN -mean 

In another variation, we took advantage of that the tilt angle is a continuous variable and used the 

mean of kLN as a prediction. Compared with kLN-mode, this method is less sensitive to the 

choice of k value. (In Figure 2.14, k=10 was used.) In the left of Figure 2.14, matching results of 

each tilt angle group are fit to a normal distribution, then means and 95% credential interval were 

plotted. (The purpose is to visualize the distribution of predicted angles, despite whether the 

normal distribution is proper or not.) The red diagonal line is a reference for exact angle matches. 

In the figure, there is a significant overlap between close angles. But for angles 15Ј apart, the 

credential interval overlap is rare. The right figure is a histogram of angle mismatch for all 50 Cu 

simulations. The mismatch between the predicted angle and the true angle is within +/-10Ј.  
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Figure 2. 14 (Left) Accuracy for each group with the same tilt angle, represented by 

group means and 95% confidence intervals based on the normal distribution. (Right) 

Histogram of angle mismatches for all 19 angles and 50 Cu simulations. Angle mismatch 

calculated as (predicted angle ï true angle). 

2.7.3 kLN -mean to predict angles outside the training set 

To test this method, we removed data of one tilt  angle from the training set, predicted their 

values by kLN-mean. Similar results were summarized in Figure 2.15 below (k=10). Compared 

with Figure 2.14, credential intervals are much wider, meaning a higher uncertainty in angle 

prediction. For 0Ј and 90Ј, because neighbor angles exist only on one side due to no available 

training set data less than 0Ј or higher than 90Ј, their group means skewed upwards and 

downwards respectively. With a smaller k value, those two group means would move closer to 

the red diagonal.  From the right figure, angle mismatch is confined within +/-20Ј. 

In conclusion, kLN is a useful extension to the CC approach and allows us to predict angles 

outside the training set with an accuracy of +/-20Ј. This variation of CC can be easily applied to 

other continuous variables (e.g. strain rates and temperatures) used as labels in the training set. 
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Figure 2. 15 (Left) Accuracy for each group with the same angle, represented by group 

means and 95% confidence intervals based on a normal distribution. (Right) Histogram 

of angle mismatch for all 19 angles and 50 Cu simulations. Angle mismatch calculated as 

(predicted angle ï true angle). 
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3 Linear discriminant analysis classification 

3.1 Introduction 

Linear discriminant analysis (LDA) is a supervised classifier to discriminate or classify data with 

labels1. The labels are sometimes called classes. They can be categorical variables (such as 

species of animals, whether pass an exam or not and country of origin) or continuous variables 

(such as body heights, test scores and the temperature in a room). LDA is a popular classifier in 

many areas. Some examples are credit card fraud detection2, Hungarian wine classification3, 

bankruptcy prediction4, speech recognition5 and gene selection6. This method is usually 

compared to Principle Component Analysis (PCA)7, which is an unsupervised classifier. 

Sometimes the two methods are combined in classification problems. This is convenient when a 

classification is needed on a small labeled database accompanied by a larger unlabeled database8.  

Here LDA is applied to handle the same classification task in Chapter 2. Figure 3.1 is an 

overview of LDA approach to classify simulations. This approach first applies a rank transform 

to all coarse-grained matrices (υπυπυπ) in the training set. Fast Fourier transform (FFT) was 

performed to transform data into the frequency domain. Real and imaginary components of FFT 

voxels were combined into a single vector (ρςυππππ). Then with the model assumptions, a 

likelihood is calculated for each group of labeled data. Each voxel follows an independent 

normal distribution,:ͯ .ʃȟʎ ȟÌ ρȣςυππππ. The prediction is to match the group with the 

highest likelihood. Each step in the workflow map is explained with more details later in this 

chapter. Classification results are discussed afterward. Here simulations of 19 tilt angles, 30 runs 

of Cu simulations from the fastest strain rate were used to test the classification method. Leave-

one-out cross-validation was used to summarize success rates in the same way as in Chapter 2. 
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Figure 3. 1 Workflow of LDA predication. This approach first applies a rank 

transformation to all coarse-grained matrices (υπυπυπ) in the training set. FFT was 

performed to work with data in frequency domain. Real and imaginary parts of FFT 

voxels were combined into a single vector (ρςυππππ). Then with the model 

assumptions, a likelihood is calculated for each group of labeled data. Each voxel follows 

an independent normal distribution, Zl ~ N(—,„2),  = 1é250000. The prediction is made 

to the group with the highest likelihood. 

3.2 Rank transformation 

The rank transformation is used to map a random variable, X, with an arbitrary distribution to 

another random variable, Y, with a normal distribution. The relation between X and Y is defined 

by their Cumulative distribution functions (cdf). 

ὧὨὪ ὢ  ὣȠπȟρ         Equation 3. 1 

Forward: ὣ   ὧὨὪ ὣȠπȟρ      Equation 3. 2 

Inverse: ὢ ὧὨὪ  ὣȠπȟρ       Equation 3. 3 

where ÃÄÆ is the cumulative distribution of random variable X, and ɮ9Ƞπȟρ is the cumulative 

distribution of a random normal variable, Y. Coarse-grained data do not have a well-defined cdf, 

but an empirical cdf can be built conveniently. The purpose of rank transformation is to 

normalize data for better statistic properties. 
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3.2.1 Two implementations of rank transformation 

 

Figure 3. 2 Histograms of data after rank transformation. (Left) Data transformed by 

tiedrank(). (Right) Data transformed by ecdf(). 

In our earlier stage, the forward rank transformation was done via a rank function (tiedrank() in 

MATLAB). This function sorts ranks and adjusts tied ranks with an average. This is a one-time 

transformation, so we cannot transform new data in the same manner. (But it works for the leave-

one-out-cross-correlation situation.) 

Another way to do rank transformation is to build an empirical cdf from data first. Then the 

empirical cumulative distribution function (ecdf) can be reused to transform any new data in a 

consistent way. Usually, the ecdf is built by evaluating a series of quantiles from data, and any 

queried quantile in between can be calculated by interpolation. It is less accurate but reusable and 

faster in practice. 

Figure 3.2 compares the results of two rank transformations. Coarse-grained CSP data were both 

transformed into a bell shape. The peaks in the left are due to zero boundary voxels set manually. 

In the table below, the two implementations of rank transformation were compared following the 
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workflow (Figure 3.1). We can see the success rates are similar. But in the following section, we 

are going to see the LDA classification result is sensitive to the choice of ὧὨὪ. 

Table 3. 1 LDA classification success rates for two implementations of rank 

transformation 

 Rank Transform 

(tiedrank) 

Rank Transform 

(empirical cdf) 

Exact angle 0.95 0.93 

Angle within +/- 5o 0.99 0.99 

Correct material 0.93 0.92 

Correct material & exact angle 0.89 0.86 

Correct material & angle within +/- 5o 0.93 0.91 

 

3.2.2 Sensitivity of rank transformation 

This section answers the question how should the rank transformation be used. To test it, 

simulation data were divided into a training set and a validation set. The training set contains the 

first 30 runs were the training set and were used to fit model parameters. The last 20 runs were 

validation set and were used to summarize success rates.  

Three schemes were suggested to conduct the rank transformation. Here we denote the cdfôs for 

the first 30 runs, last 20 runs and total 50 runs as cdf_1, cdf_2 and cdf_3 respectively. In Scheme 

1, we built cdf_1 and used it to transform both the training set and the validation set. In Scheme 

2, we used cdf_1 for the training set and cdf_2 for the validation set. In Scheme 3, cdf_3 was 

built for both the training set and the validation set. Success rates on the validation set are 

summarized in Table 3.2. Both Scheme 1 and Scheme 2 failed and had success rates close to 

random guessing. Only Scheme 3 has normal success rates. In conclusion, the rank 

transformation has to be done with both the training dataset and validation dataset (cdf_3). 
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Table 3. 2 LDA classification success rates for three different rank transformation 

schemes. 

 

 

 

 

 

 

 

3.3 LDA classification algorithm 

To introduce LDA, we start with a toy example for simplicity. Then we apply the same idea to 

our MD simulation data. At last, we demonstrate the Bayesian derivation of the same result. 

3.3.1 Explanation of LDA with a toy example 

Assume some samples were drawn long time ago, ὼȟὼȟȣȟὼ, from a distribution, but the 

researcher has forgot whether a normal distribution, ὔ‘ȟ„ , or a gamma distribution, 

Ὃὥάάὥ‌ȟ‍ was used. Here ‘, „ , ‌ and ‍ are fixed and known values. The question is how 

to guess which distribution was used given the drawn samples. A simple answer is to draw the 

histogram of samples and see what the shape looks like. Or we can measure the sample mean, ὼӶ, 

and variance ὠὥὶὼ. Then compare it with the normal distributionôs mean ‘ and variance „ , 

and with the gamma distributionôs mean ‌Ⱦ‍, and variance ‌Ⱦ‍ . Both methods require 

subjective judgements: the first one involves judging on the shape of the distribution; and the 

second one requires judging on how close the sample mean and variance are to those of the two 

distributions (which is not always easy because mean and variance would not match either 

distribution exactly, especially with a small sample size). Consider a real case shown in Figure 

3.8. The top row shows two candidate distributions used to draw data (left is a normal 

distribution, and right is a gamma distribution). The second figure shows 100 samples drawn 

 Scheme 1 Scheme 2 Scheme 3 

Exact angle 0.0513 0.0487 0.9684 

Angle within +/- 5o 0.1553 0.1566 0.9961 

Correct material 0.4947 0.4908 0.9408 

Correct material & exact angle 0.0079 0.0053 0.9145 

Correct material & angle within +/- 5o 0.0211 0.0184 0.9368 
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from one distribution and its histogram on the right. To decide which candidate distribution was 

used, we first try to apply the two discussed methods. The histogram shape is unbalanced, one 

may guess it is probably from the gamma distribution. By the second method we need to 

calculate the mean and variance of drawn samples. The two candidates, N(5,1) and Gamma(5,1), 

were carefully chosen to have the same mean. So we can only infer from the variance. 

LDA turns out to be a more objective measure for this question. First, we assume that all sample 

draws are independent. Then, we can calculate the likelihood if the data were drawn from 

ὔυȟρ, 

ὴὼȟὼȟȣȟὼ ȿὪὶέά ὔυȟρ ὴὼ  ẗὴὼ ȣẗὴὼ ὩВ Ὡ Ȣ   

          Equation 3. 4 

In the same way, if data were drawn from Ὃὥάάὥυȟρ, 

ὴὼȟὼȟȣȟὼ ȿὪὶέά Ὃὥάάὥυȟρ Ὡ Ȣ    Equation 3. 5 

The interpretation of likelihoods, ὴὼȟὼȟȣȟὼȿὪὶέά ὔυȟρ

 ὴὼȟὼȟȣȟὼȿὪὶέά Ὃὥάάὥυȟρ , is that a sequence of data ὼȟὼȟȣȟὼ are more likely to 

appear if they are drawn from the normal distribution. 

If we normalize the likelihoods, we get the probability of each candidate distribution. 

 ὖίὥάὴὰὩί ύὩὶὩ Ὠὶὥύὲ Ὢὶέά ὔυȟρ
Ȣ

Ȣ Ȣ ḙρ Equation 3. 6 

ὖίὥάὴὰὩί ύὩὶὩ Ὠὶὥύὲ Ὢὶέά Ὃὥάάὥυȟρ

ρ ὴίὥάὴὰὩί ὥὶὩ Ὠὶὥύὲ Ὢὶέά ὔυȟρ ḙπ 

Equation 3. 7 

Now we are sure that the samples were drawn from the normal distribution, without any 

subjective judgement. In another example, assume we only have 10 samples from normal 

distribution, N(5,1), (5.05, 5.40, 1.87, 5.79, 4.35, 5.89, 5.93, 3.46, 5.07, 4.34). 

ὖίὥάὴὰὩί ύὩὶὩ Ὠὶὥύὲ Ὢὶέά ὔυȟρ πȢψφςτ, and 

ὖίὥάὴὰὩί ύὩὶὩ Ὠὶὥύὲ Ὢὶέά Ὃὥάάὥυȟρ πȢρσχφ. LDA also struggles for lacking data, 
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but we still have a probability distributed between the two distributions as our guidance. In this 

situation, we have more confidence to say the data are more like from the normal distribution. 

The exactly same result can also be derived from a Bayesian approach with a noninformative 

uniform prior which assumes ὔυȟρ and Ὃὥάάὥυȟρ are equally possible. Besides a point 

estimation of the probability, ὴίὥάὴὰὩ ύὩὶὩ Ὠὶὥύὲ Ὢὶέά ὔυȟρ , it is flexible to summarize 

the 95% confidence interval in a Bayesian approach. However, as the sample size is quite big in 

the first example, the confidence region would be too narrow to show; the confidence region is 

more useful with a smaller data size (the second example), when it is harder to determine which 

distribution was used. Here we do not illustrate the Bayesian approach as we are going to 

demonstrate it later with the coarse-grained simulation data. 

3.3.2 Explanation of LDA on simulation data 

Before discussion, we first clarify the notation for variables. For a coarse-grained system of size 

50x50x50 from the ith run, there are 125000 voxels, ὣ ὣȟὣȟȣὣ ȟὲ ρςυπππ. After the 

rank transformation and the FFT transformation of ὣ we get ὤ ὤȟὤȟȣȟὤ ȟὔ

ρȟςȟȣȟςυππππ. The size is doubled because the real and imaginary FFT components are 

separated. 

 ὤ ὔͯὤӶȟȟȟίȟȟ ȟὰ ρȟςȟȣȟςυππππȟ      Equation 3. 8 

where ὥ ὥὲὫὰὩ ὰὥὦὩὰȟά άὥὸὩὶὭὥὰ ὸώὴὩ ὰὥὦὩὰ. 

Here ὤӶȟȟ  and ίȟȟ  are the estimated mean and standard deviation from 50 runs in the training 

set. In the cross-validation, we need to calculate the likelihood for each label and pick the largest 

as our educated guess. For an observed sequence ὤ ὤȟὤȟȣȟὤ , the likelihood with a 

given label (a,m) is  

ή ὴὤ ὤȟὤȟȣȟὤ ȿὨὶὥύὲ Ὢὶέά ὥȟά    Equation 3. 9 

ὴὤ ẗὴὤ ȣὴὤ   

Б•ὤȠὤӶȟȟȟίȟȟ   
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Figure 3. 3 (Top left) Normal distribution candidate, mean = 5, standard deviation = 1. 

(Top right) Gamm distribution candidate, alpha = 5, beta = 1. (Bottom left) Data drawn 

from one of the candidates. (Bottom right) Histogram of drawn samples. 

Like the prototype example, we can get the probabilities by normalizing all likelihoods. The 

normalization factor in the denominator is simply the sum of likelihoods from all labels,  

ὲέὶάὥὰὭᾀὥὸὭέὲ ὪὥὧὸέὶВ В ὴὤȿὪὶέά ὥȟά  ȟέὶ В В ή  Equation 3. 10 

and the probability of ὤ ὤȟὤȟȣȟὤ  drawn from (a,m) is 
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ὗ ὴὤ Ὥί Ὠὶὥύὲ Ὢὶέά ὰὥὦὩὰ ὥȟά
 

  Equation 3. 11 

As we are only interested in picking the most likely label, we only need to calculate the 

loglikehoods. 

3.3.3 Explanation via a Bayesian approach 

Assume ὤȟὤȟȣȟὤ  are independent, we have 

ὖὤ ὤȟὤȟȣȟὤ ȿὥȟά Б •ὤȟȠ ὤȟȟȟίȟȟ . Equation 3. 12 

 This is equivalent to ή  in Equation 3.10. To make a prediction, a noninformative prior was 

used, ὖὥȟά ᶿρ. After applying Bayesô rule,  

ὖὥȟάὤ ὤȟὤȟȣȟὤ ᶿ ὖὤ ὤȟὤȟȣȟὤ ȿὥȟά  ẗρ.  Equation 3. 13 

The normalization factor is  

В В ὖὥȟάὤ ὤȟὤȟȣȟὤ
ȟ

,    Equation 3. 14 

which is equivalent to В В ή . This posterior joint distribution has the same form as 

ὗ  from Equation 3.10. 

So with the joint posterior distribution, ὖὥȟάὤ ὤȟὤȟȣȟὤ , we can pick the pair, 

ὥȟά , with the largest probability. These results are the same as in section 3.3.2. 

3.4 Discrete Fourier Transform 

Named after the French mathematician and physicist in early 19th century, Fourier Transform is 

undoubtedly one of the most fundamental algorithms and have changed the entire human history. 

We use FFT in both spatial cross-correlation (CC) method and LDA method, so it is worth to 

discuss some of its basics9.  

Fourier transform can be taken as mapping a function from space domain (Ὢ) to another in 

frequency domain (Ὢ), as usually suggested by the following definition,  
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Ὢ‚ ᷿ ὪὼὩ ẗ 
Ὠὼ       Equation 3. 15 

or vice versa, 

Ὢὼ ᷿ Ὢ‚Ὡẗ Ὠ‚         

          Equation 3. 16 

The common form of discrete Fourier transform can be written as, 

ὢὯ В ὼὲὩ ẗ Ⱦ ȟὯ πȟȣȟὔ ρ    Equation 3. 17 

and the inverse transform, 

ὼὲ В ὢὯὩẗ Ⱦ ȟὲ πȟȣȟὔ ρ    Equation 3. 18 

where ὼὲ is a zero-indexed discreet sequence/vector in space domain, and ὢὯ is the 

corresponding sequence in frequency domain with the same size, ὔ. In fact ὢὯȟ is an 

unnormalized form but is adopted by convention, thus ρȾὔ is used for normalization in the 

inverse transform. Or in terms of energy conservation, the normalization term can be written as  

В ὼ ὲ В ὢ Ὧ       Equation 3. 19 

The transform can also be expressed in a more concise matrix form as below, 

╧ ╦●ȟ          Equation 3. 20 

and the inverse transform is, 

● ╦╗╧         Equation 3. 21 

where ╧ ὢȟȣȟὢ , ● ὼȟȣȟὼ , ὡ

ὡ ȟ ȣ ὡ ȟ

ể Ệ
ὡ ȟ ὡ ȟ

 and ὡ ȟ

Ὡ ẗ Ⱦ .  (╦╗  denotes conjugate transpose.) The square matrix, ╦, with a fixed data length 

ὔ, and does depends on neither ● nor ╧,  so discrete Fourier transform is a linear transform 

between space domain and frequency domain.  
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We can find the relationship between the continuous and discrete worlds with some tricks. Any 

discrete sequence can be converted to a continuous function by interpolation. If we interpolate a 

sequence with ίὭὲὧ functions conveniently, 

Ὢὼ В ίὭὲὧὼ ὼ        Equation 3. 22 

where ίὭὲὧὼ ρ ὭὪ ὼ π otherwise ίὭὲὼȾ ὼ, where ίὭὲὧὭ π for any non-zero integer 

Ὥ 

If we use the analytical form to derive Ὢ‚ we have ὢ  Ὢ‚ ὯȟὯ πȟρȟȣȟὔ ρ. On the 

other hand, if we sample Ὢὼ efficiently at ὼȟὼȟὼȟȣ, and approximate Ὢ‚ by rescaling 

Discrete-Time Fourier transform (DTFT), defined as 

ὢὩẗ В ὼὲὩ  , periodic on ς“.    Equation 3. 23 

Discrete Fourier transform is often preferred in engineering fields because of its speed and 

accuracy. 

A simple deduction of discrete Fourier transform in one dimension can be obtained by a change 

of the basis set in the Hilbert space. Complex number sequences of a fixed length N naturally 

forms a complete Hilbert space, with complex number inner product defined as ὼȟώ  

 ώȟὼ . An arbitrary finite sequence ╧ ὼȟὼȟὼȟȣ  that can be explicitly expressed as 

ὼ
ὼ
ὼ
ể

ὼẗ

ρ
π
π
ể

ὼẗ

π
ρ
π
ể

ὼ

π
π
ρ
ể

Ễ В ὼẗ♯▪   Equation 3. 24 

Here the collection of ♯▪ is called a basis, and it is easy to see (a) ♯▪s should be orthogonal, or 

♯░ȟ♯▒  π Ὥ Ὦ; (b) В ὼẗ♯▪▪  can represent all possible ╧ sequences.  

A Fourier basis set also satisfies the two constraints mentioned above, 
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◌

ụ
Ụ
Ụ
Ụ
ợ
ρ
ρ
ρ
ể
ρỨ
ủ
ủ
ủ
Ủ

ȟ◌

ụ
Ụ
Ụ
Ụ
Ụ
ợ

ρ

Ὡẗ ẗ

Ὡẗ ẗ

ể

Ὡẗ ẗ Ứ
ủ
ủ
ủ
ủ
Ủ

ȟȣȟ◌░

ụ
Ụ
Ụ
Ụ
Ụ
ợ

ρ

Ὡẗ ẗ

Ὡẗ ẗ

ể

Ὡẗ ẗ Ứ
ủ
ủ
ủ
ủ
Ủ

ȟȣ   Equation 3. 25 

which is orthogonal and spans throughout the space. To express the sequence ╧ in the Fourier 

basis set is straight by inner product, ╧ В ώẗ◌ . We can get Fourier coefficients, ╨

ώȟώȟώȟȣ , by projecting ╧ to each Fourier basis,  

ώ ╧ȟ◌▓  В ὼ ♯▪ȟ◌▓ В ὼὩ ẗ
   Equation 3. 26 

and ╧

◌
◌
ể
◌╝

╨        Equation 3. 27 

With the Fourier basis set, the inverse transformation is also straightforward. 

ὼ ╧ȟ♯▪  

◌
◌
ể
◌╝

╨ȟ♯▪  В ώ ◌▓ȟ♯▪ В ώὩẗ   

          Equation 3. 28 

As the above suggests, in space domain any vector ╧ can be viewed as a linear combination of a 

series of delayed impulse response sequences, Ɑ▪; in the frequency domain the same vector can 

be obtained by combining a series of sinusoid series with discrete frequencies, ◌▓. Such back 

and forth transformation are lossless. 

For an infinite sequence, we can approximate its frequency response by using only a finite part 

of the sequence. It is ideal for two types of infinite sequences, (a) finite-support sequences, 

which are non-zero only for a continuous region of the sequence; (b) periodic sequences, in 

which one period contains all information. Discrete Fourier transform naturally considers the 

finite sequence periodic, thus for (a) type sequences, it is often desirable to pad zeroes or 

preprocess with a moving average style filter to break the periodicity.  
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To visualize the result of discrete Fourier transform, it is useful to represent coefficients in the 

amplitude and phase form, as ώὯ ὃ ẗὩẗ , where ὃ  π and ‫ ᶰ “ȟ“. Also as the 

frequency does not have any unit, we should rescale it to one half of the Nyquist frequency. For 

real-valued sequences in space domain, their Fourier coefficients are Hermitian symmetric, 

namely ώὯ ώᶻ Ὧ. This also means ὃ ȿώὯȿ ȿώᶻὯȿ ὃ , a mirror symmetry 

around the zero-frequency, so all information can be represented with a half of the series. 

3.5 Leave-one-out cross-validation  

 

Figure 3. 4 Leave-one-out cross-validation in LDA classification 

Figure 3.4 shows how each prediction is made in leave-one-out cross-validation. A simulation 

from the training set, for example, 40Ј is picked to be classified and follows the previous 

workflow to gather real and imaginary FFT components in a vector. Then the 250000 normal 

distributions for FFT voxels associated with 40Ј is refitted without the picked simulation. (This 

removed any information of the picked simulation from the classification model.) A log-

likelihood (for numerical stability) for each tilt angle is calculated as the product of 250000 

probability density functions. Then the prediction was made to the label (e.g. the combination of 

an angle and a material) with the highest log-likelihood.  
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Figure 3.5 shows how a prediction was made in the LDA classification. The y-axis is normalized 

log-likelihood. Blue squares are log-likelihoods for Cu, and red crosses are for Ag.  The left 

shows a correct match for simulation of angle =45Ј, Cu, 1st run. The second best match is tilt 

angle=50Ј, Cu, with a probability < exp(-1000). Like CC match distribution figure of the same 

simulation, likelihood data points form a dome centered at the correct angle value. The right 

figure is a false match for the simulation of tilt angle =90, Ag, 1st run. The first match is 90Ј, Cu, 

correct angle but wrong material. The correct match is the second one. For log-likelihoods for an 

angle, less than 70Ј were so low that they even exceeded the lowered limit of floats. Still , the 

likelihood increases as the tilt angle approaches 90Ј. Like the CC approach, LDA can be easily 

extended to classifications of other types of simulations, e.g. strain rates and temperatures. 

  

Figure 3. 5 Normalized log-likelihoods of two simulations from the leave-one-out cross-

validation. Blue squares are log likelihoods for Cu and red crosses for log likelihoods for 

Ag. Data points for two materials were shifted in the x-axis for visualization. The 

prediction is made to the highest likelihood. (Left) Data from tilt45, Cu, run1. (Right) 

Data from tilt90, Ag, run1. 

 

3.6 LDA classification results 

3.6.1 Classification of tilt angle and material 

Table 3.3 summarizes the LDA success rates with CSP coarse-grained matrices, and Table 3.4 

summarized results with HS coarse-grained matrices. In each table success rate by accuracy to 
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predict the material type independent of angle, and the accuracies with which the two methods 

can predict both material type and angle. This data is further broken down by the number of runs 

used in the training set. 

First, success rates with HS data are lower accuracy than with CSP data. Second, LDA shows a 

large dependence on the number of runs up to about 30 runs per angle. Third, compared with the 

CC approach, LDA is more accurate with more than 20 MD simulations per angle, and the 

maximum mismatch between the predicted angle (with CSP) is 15Ј. With even more runs, LDA 

achieves a success rate higher than 90%.  

Table 3. 3 Success rates for matching angle and material type with the two methods using 

the CSP data. 

Method Data Type 10 

runs 

20 

runs 

30 

runs 

40 

runs 

50 

runs 

Linear 

discriminant 

analysis 

Exact angle 0.43 0.85 0.95 0.96 0.97 

Angle within +/- 5o 0.94 0.99 0.99 0.99 0.99 

Correct material 0.61 0.89 0.93 0.94 0.94 

Correct material & exact angle 0.15 0.74 0.90 0.91 0.92 

Correct material & angle within 

+/- 5o 

0.59 0.88 0.93 0.93 0.94 
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Table 3. 4 Success rates for matching angle and material type with the two methods using 

the HS data. 

Method Data Type 10 

runs 

20 

runs 

30 

runs 

40 

runs 

50 

runs 

Linear 

discriminant 

analysis 

Exact angle 0.12 0.30 0.42 0.57 0.66 

Angle within +/- 5o 0.41 0.60 0.72 0.80 0.86 

Correct material 0.51 0.63 0.74 0.83 0.91 

Correct material & exact angle 0 0.13 0.30 0.49 0.63 

Correct material & angle within 

+/- 5o 

0.16 0.34 0.51 0.67 0.79 

 

3.6.2 Classification of strain rate 

Table 3.5 summarizes the classification of data from 3 angles (15Ј, 45Ј and 90Ј) and 3 

engineering strain rates (107 ί , 108 ί  and 109 ί ), 30 runs each. Like with the CC 

approach, tilt angles can be easily classified. But the strain rate classification only reached 0.69 

even though 30 runs were used. In comparison, material classification in classification 3.6.1 

reached 0.90 with just 20 runs. This is most likely because LDA is sensitive to the data size used 

in the rank transformation.  As we have discussed earlier, the rank transformation is done on all 

data in the training set. Thus, the training set in 3.6.2 has only 3 angles, much less data compared 

to the classification 3.6.1. So in 3.6.2 with 30 runs for each simulation, the accuracy is not ideal. 

Table 3. 5 Success rates for matching angle and material type with the LDA approach 

using the CSP data from different strain rates. 

 Exact angle Correct strain rate Correct strain rate & exact angle 

Success rate 0.9963 0.6926 0.6926 
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3.6.3 Classification of temperature 

Table 3.6 summarizes the classification of simulations from 19 angles and 3 temperatures (300K, 

600K, and 900K).  The trends here are similar to that in classification3.6.1. For a small number 

of runs in the training set, LDA does not work well except for angle within +/-5Ј, but success 

rates improve rapidly with more runs. In Table 3.6, with a small number of runs, the temperature 

is more difficult to predict than the tilt angle. With 30 runs the classification for both tilt  angles 

and temperatures are more accurate.  

Table 3. 6 Success rates for matching angle and temperature with the LDA approach 

using the CSP data from different temperatures. 

Method Data Type 10 runs 20 runs 30 runs 

Linear 

discriminant 

analysis 

Exact angle 0.38 0.85 0.94 

Angle within +/- 5o 0.92 1.00 1.00 

Correct temperature 0.61 0.92 0.97 

Correct temperature & exact angle 0.07 0.77 0.91 

Correct temperature & angle within +/- 5o 0.54 0.91 0.97 

 

3.7 Variations of LDA classification 

In the following discussion, two variations of the LDA approach are discussed, which also gives 

an insight on how the normal distribution model works internally. In the process, an interesting 

difference between the material prediction and the angle prediction is discussed. 
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3.7.1 Divide a FFT matrix into different frequency regions 

 

Figure 3. 6 A scheme of dividing voxels into three frequency regions, with the roughly 

equal amount of voxels. The blue region is for the low frequency. The cyan region is for 

the middle frequency. The yellow region is for the high frequency. 

Table 3. 7 Leave-one-out cross-validation for three different frequency regions. 

LDA Variation Correct Material Correct Angle Correct Both 

Full frequencies 0.9316 0.9474 0.8851 

Low frequencies 0.9579 0.9289 0.8939 

Middle frequencies 0.8404 0.8947 0.7640 

High frequencies 0.7526 0.6851 0.5579 

 

Instead of using all FFT components to calculate the likelihood, each FFT matrix was divided 

into three groups. Figure 3.6 illustrates the division of a 50x50x50 matrix into 3 successive 

cubes. The boundaries are chosen so that each region has a similar number of voxels. The 

outmost layer (blue) is the low-frequency region (90986 voxels, 36.4%), the middle layer (cyan) 

is the middle-frequency region (78094 voxels, 31.24%) and the innermost layer (yellow) is the 
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high-frequency region (80920 voxels, 32.37%). The leave-one-out cross-validation is tested with 

data from 19 angles, 2 materials, and 30 runs. 

Afterward, the likelihood calculation was done for each frequency region separately. The success 

rates are summarized in Table 3.7. The ñfull frequenciesò is also listed as a reference. From the 

table, we can conclude not all voxels are needed for a reasonable success rate. Among the three 

frequencies, the low-frequency region has the highest success rates. 

3.7.2 Pick one FFT component out of every N 

In this variation, only ρȾὔ of the 250000 FFT component vector was used to calculate likelihood 

(Table 3.8). As the number of voxels used decreases, success rates for the angle prediction also 

decreases but the material prediction success rate increases. For example, in the last row, 

1/10000 voxels are used (25 voxels in total), which gives the highest success rate in the material 

classification. 

In following extreme cases (Table 3.9), only one voxel is used for classification. Of the three 

voxels chosen, only the first row has abnormally high success rates. Combined with Table 3.89, 

the first voxel looks suspicious. It seems as long as the first voxel is picked, the material 

prediction has a high success rate. 

The reason is obvious if  we understand the zero-frequency FFT voxelôs meaning. First, Cu and 

Ag have different lattice parameters, and CSP values of Cu are smaller than Ag for a given 

structure, so the zero-frequency FFT voxel of Ag is always higher than Cu. Second, the first FFT 

component is always real, and it equals the sum of the matrix in the space domain. In Figure 3.7, 

the top left histogram is the sum of coarse-grained CSP matrices. We can see the distributions for 

Cu and Ag are already separated. The top right figure is the histogram for the calculated 1st FFT 

voxel. It is different from the left because of the rank transformation. The two figures in the 

bottom row are the histograms of two other voxels for comparison (the 100th FFT and 1000th 

FFT), and in both bottom figures the distributions of Cu and Ag overlap significantly. As a 

result, with the 1st FFT voxel itself, we can separate simulations of Cu and Ag successfully 

already. Voxels like the 100th and 1000th would not add more helpful information to the LDA 

prediction. 
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Table 3. 8 Leave-one-out cross-validations for different voxel picking schemes. 

 

 

 

 

 

 

 

 

 

 

 

 

 

LDA Variation Correct Material Correct Angle Correct Both 

Full frequencies 0.93 0.95 0.90 

Every 2 0.9456 0.9404 0.8912 

Every 5 0.9641 0.9167 0.8842 

Every 10 0.9789 0.8825 0.8658 

Every 20 0.9904 0.8754 0.8675 

Every 50 0.9921 0.7140 0.7088 

Every 100 0.9956 0.6702 0.6675 

Every 200 0.9974 0.6667 0.6658 

Every 500 0.9956 0.5325 0.5307 

Every 1000 0.9982 0.5123 0.5114 

Every 5000 0.9974 0.3526 0.3526 

Every 10000 0.9974 0.3570 0.3570 
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Table 3. 9 Leave-one-out cross-validation for three different voxels (for material 

prediction only). 

 

 

 

 

 

 

 

 

Figure 3.8 shows means and 95% confidence intervals for 19 angles and two materials. Less 

overlap in the y axis indicates better classification results. In LDA a joint likelihood distribution 

with two parameters, angle, and material was used for predictions, a total of 38 labels. As 

univariate normal distributions were assumed for each group of (angle, material), the figures 

below plot mean and 95% confidence interval from fit parameters. The joint distribution matches 

the trends observed in Figure 3.7. The 1st FFT voxel has confidence intervals of Cu and Ag 

separated for each angle. This means it is easy to classify Cu and Ag for all angles in LDA with 

1st FFT voxel. On the other side, for 100th and 1000th FFT voxels, means of Cu and Ag only 

varies occasionally and the confidence intervals overlap significantly. It means 100th and 1000th 

FFT voxels carry less information to classify Cu and Ag, not necessarily means 100th and 1000th 

FFT voxels are useless in LDA predictions. We can see the 100th FFT voxel has less overlap in 

confidence intervals than 1000thôs and from Table 3.9 above it did work better alone than the 

1000th in material prediction. In the last row of Table 3.9, we used 100th and 1000th FFT voxels 

together, and the success rates are close to results of 100th, and the success rate for angle 

prediction is even higher. This means 100th and 1000th voxels are collaborating in LDA 

prediction, and if one voxel does not perform well in classification, there is little penalties on 

other voxels due to its large variance. 

LDA Variation Correct Material Correct Angle Correct Both 

Only 1 voxel (1st voxel) 0.9982 0.1711 0.1711 

Only 1 voxel (100th voxel) 0.5123 0.0868 0.0561 

Only 1 voxel (1000th 

voxel) 

0.4693 0.0482 0.0175 

2 voxels (100th and 

1000th) 

0.5070 0.0904 0.0544 
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Figure 3. 7 (Top left) Histogram of the sum of each CSP matrix. (Top right) Histogram of 

the 1st FFT matrix component voxels, which equals the sum of each FFT matrix. (Bottom 

left) Histogram of the 100th FFT matrix component voxels. (Bottom right) Histogram of 

the1000th FFT matrix component voxels. Blue bars for Cu data and red bars for Ag data. 
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Figure 3. 8 Means and 95% confidence interval for each group of (angle, material) based 

on univariate normal distribution fitting. The blue line is for Cu and the orange line is for 

Ag. The x-axis of data points of Cu and Ag were shifted a bit for readability. 

We have only discussed the material prediction so far. With Figure 3.8 we can also apply the 

same thinking process for the angle prediction. In this case, instead of separating the blue and 

orange line (vertically) we can compare data point from different angles (horizontally). Visually, 

the 1st FFT voxel has the least overlap of confidence interval across all angles and the 1000th FFT 

voxel has the most overall overlap. This also matches the success rates table above for angle 

prediction. In fact, with the 1000th FFT voxel alone, success rates are close to a random guess 

(material prediction = 0.5, angle prediction = 1/19= 0.0526). 

As the 1st voxel is most informative for material prediction, it would be interesting to see what 

happens if we exclude the 1st FFT voxel from LDA. Here the 50th voxel is used as an starting 
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offset to pick interpolated voxels. Compared with Table 3.8, success rates for material 

predictions decreased as fewer voxels are used in LDA. Success rates for angle prediction are 

similar for ñevery 100ò as in Table 3.8. As the number of voxels used decreased, success rates 

for angles are lower than the values in Table 3.8. The last row in the table is success rates with 

all frequencies (from the 2nd to the 250000th voxels). The success rate for material drops a little 

as the most informative FFT voxel is excluded. But success rates for correct angle and correct 

both are not influenced much. 

Table 3. 10 Leave-one-out cross-validations for three different frequency regions with 

offsets. 

 

In LDA, the prediction for materials and for angles stand for two situations. For the prediction of 

materials, using the 1st FFT voxel is enough to classify simulations. The other FFT voxels are not 

capable by themselves. But they do not penalize the prediction of the 1st FFT voxel much. For 

the prediction of angles, no voxels can classify simulations alone and all voxels have to 

collaborate. 

LDA Variation Correct Material Correct Angle Correct Both 

Every 100 0.7904 0.6667 0.5623 

Every 200 0.7535 0.5588 0.4737 

Every 500 0.6754 0.4447 0.5307 

Every 1000 0.6149 0.3325 0.2640 

Every 5000 0.5851 0.1561 0.1114 

Every 10000 0.5684 0.1404 0.1035 

Full frequencies except 1st 

voxel 

0.9298 0.9497 0.8833 
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3.7.2 Classification of data outside the training set 

In our test cases, LDA is used to classify categorical tilt angles, instead of continuous data. We 

tried to extend LDA to classify simulations of tilt angles not listed in the training set, like the CC 

approach. The following approach was tested with simulations from 19 tilt angles, 2 materials, 

and 30 runs. But the classification matched all simulations to tilt angle = 0, material = Cu.  

We start from the classification process in LDA. As long as we have means and standard 

deviations of the 250000 FFT voxels within a group, the likelihood for an unknown tilt angle can 

be calculated. For any intermediate angle outside the training set, we tried to interpolate 

parameters from its neighbor angles. In the test, we replace parameters (means and standard 

deviations of 250000 voxels) of one tilt angle by parameters from the linear interpolation. Then a 

classification was done on all simulations of that tilt angle. In Figure3.14, we picked 3 FFT 

voxels from a Cu tilt angle and plotted both their normal distribution mean and standard 

deviation versus the tilt angle. In the left figure, the mean is not continuous with respect to the tilt 

angle. In the right figure, the standard deviation curve is smoother, but it is still hard for 

interpolations. 

  

Figure 3. 9 Means (left) and standard deviations (right) from normal distributions are 

shown for three FFT voxels (the 100th, 101th, and 102th FFT voxel from a group of Cu 

simulations). 
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3.8 Comparisons between CC and LDA 

CC and LDA classifications can be generalized into a common workflow. First, training set 

simulations are separated into different groups. Then for classification, each group calculates a 

single parameter used for comparison with other groups. A prediction is then made by picking 

the group with the largest value. In the CC approach, the compared parameter is the maximum in 

the cross-correlation matrices, and in the LDA approach it is the log-likelihood. The following 

discussion compares CC and LDA based on this relationship. To simplify notations, we assume 

coarse-grained matrices are single voxels, of size 1x1x1, and the difference between 

preprocessing of CC and LDA are not considered to the discussion below (even though voxels in 

CC are from auto-correlation and voxels in LDA are from rank transformation and FFT). For a 

given group, we assume the training set contains 30 runs for each group and ὺȟὭ ρȣσπ 

correspond to coarse-grained data of a group after preprocessing. The discussions below can 

easily be applied to other cases. To classify a target simulation,ὺ, a parameter is calculated in 

CC and LDA following the pseudo code block below. We are going to show that CC and LDA 

are interchangeable in some sense. 

 

 

 

CC approach 

for i = 1 to 30 { 

cross-correlation with i:  ὅὅ ὺ ὺ   

} 

Pick largest ὅὅ from 30 

LDA approach 

fit a normal distribution with 30 runs: 

ὔ‘ȟ„  

 

Pick largest log-likelihood = ‰ὺȠ‘ȟ„   
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3.8.1 View CC as a variation of LDA 

In LDA, ὺȟὭ ρȣσπ are taken as samples from a univariate normal distribution. As ὺ is fixed 

in this case, ὅὅ only depends on ὺ. In another words, picking the largest ὅὅ equals picking the 

largest ὺ, denoted as ὺ . Assume ὠȟὭ ρȣσπ are independent variables following 

ﬞ ‘ȟ„ ,  and ὺ  is an observation of the random variable ὠ άὥὼ ὠȟὠȟȣȟὠ . 

ὠ  is can be approximated by the central-limit theory. So instead of calculating all 30 ὅὅ and 

picking the largest value, it can be simulated by drawing samples from ὠ , which is built 

based on parameters from LDA. ὠ  has a smaller standard deviation than ὠ, thus CC works 

better than LDA with a small number of runs. LDA benefits from more accurate estimations of 

standard distributions with more runs. But CC still uses only one ὺ  as an estimate. As a 

result, the CC classification become less accurate than LDA with more runs. 

In another sense, without even thinking about fitting ὔ‘ȟ„ , ὅὅ ὺ ὺ works like a rough 

estimate of the log-likelihood from some unknown distribution, because both ὅὅ and log-

likelihood increases with a higher similarity between two simulations. Picking the largest ὅὅ is 

the same as picking the largest likelihood from those 30 estimates.  

3.8.2 View LDA as a variation of CC 

Given ὺ, the maximum of the cross-correlation matrix (ὺ ὺ) only depends on ὺȟὭ ρȣσπ. 

From another perspective, CC is ὺ weighted by ὺôs. For LDA, ﬞ ‘ȟ„  can be taken as a 

generator of coarse-grained matrices. Instead of a cross-correlation with each ὺ, LDA uses the 

log-likelihood, ὰέὫ ‰ὺȠ‘ȟ„ , as an estimate, and ὰέὫ ‰ὺȠ‘ȟ„  is a parabola centered 

around group mean. Figure 3.10 illustrates this with the 1000th FFT voxel for tilt angle 45Ј, Cu 

simulation of 30 runs. Left shows all 30 data points and the right figure shows pdf of a normal 

distribution fit from those points. As ‘ and „  are estimated from ὺȟὭ ρȣσπ, by the meaning 

of likelihood function, it has large values only if it is close to the group mean of ὺȟὭ ρȣσπ. 

In the standard CC, ὺ  is used to calculate cross-correlation to measure the similarity of ὺ to 

the group. In LDA, a matrix generated by ὔ‘ȟ„  is used to calculate cross-correlation with a 

uniform matrix, which adapts all 30 voxel values as well as the target voxel value Ö. In a more 

uncommon form, the log-likelihood ÌÏÇהÖȠʈȟʎ πȢυÌÏÇςʌʎ  can be 
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factorized into a product of two terms. Here assume Á πȢυÌÏÇ ςʌʎ , where Á is a complex 

number. The log-likelihood became  Ö
Ѝ

Á Ö
Ѝ

Á, which falls in a cross-

correlation form. 

 

Figure 3. 10 View LDA as a CC variation. (Left) 30 data points from the 1000th FFT 

voxel of coarse-grained data (45Ј, Cu). (Right) The fitted normal distribution from the 

LDA model for 30 data points. 

 

3.8.3 Fundamental differences between CC and LDA 

The discussion above aims to help understand both CC and LDA work in the same general 

direction, but it would be cumbersome to implement one approach with the other in practice. CC 

and LDA are still different in implementation details. CC takes care of the periodic boundary 

condition by a circular shift operation, but LDA uses the frequency domain. LDA needs a rank 

transform beforehand to transform data into normal distributions, and CC requires an auto-

correlation to bring out repeated patterns. More fundamentally, for CC matrix similarity means 

match of voxel patterns, but for LDA it is the sum of likelihoods. 
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4 Data generation 

4.1 Introduction 

Another goal of this project is to find a way to generate simulation data based on existing data, 

without actual molecular dynamics (MD) simulations. To be specific, data generation schemes 

must use less computation power compared with MD simulations. Also, generated data should 

represent real simulations well, which should be usable for researches in other studies. Similar 

data generation ideas have already been reported in other research fields. For example, in 

aerodynamics, a digital filtering method was used to generate pseudo turbulent inflows1. In 

meteorology, a weather generation method is reported to feed data for a soil corrosion model2. In 

computer science, data generation has been used to automate software testing3ï5. More recently, 

advancements in neural networks have brought interesting reports on speech generation6, 

handwriting generation7 and instrumental music generation8. Here we designed our data 

generation schemes to reproduce major features of plastic defects and aid future discoveries in 

the material science. 

Data generation is generally a reverse process of the classification task. We are going to discuss 

possibilities of extending cross-correlation (CC) and linear discriminant analysis (LDA) 

approaches for data generation purposes. For data generation tasks, we used a training set with 

19 angles (0Ј to 90Ј every 5Ј), 2 materials (Cu, Ag) and 30 runs. Compared with the 

classification task, which is a process from simulations to labels, data generation is the reverse 

process. We are going to show first why it is hard to reverse the CC approach for data 

generation. Then we are going to discuss different variations of LDA data generation models. 

4.2 The obstacle of CC approach data generation 

To generate new data from the CC approach, we need to reverse the auto-correlation operation at 

a certain point. With a numerical example, we are going to demonstrate that it is irreversible.  

We assume a real temporal series ÆØȟØ ρȣρππ of the space domain, and &ËȟË ρȣρππ 

of the frequency domain. We denote its auto-correlation series as ÁØȟØ ρȣρππ of the space 

domain, and !ËȟË ρȣρππ of the frequency domain. To reverse the auto-correlation, we 

need to compute ÆØ from ÁØ, we can apply the convolution theory again, 
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ὃὯ  ὊὯẗὊ Ὧ ρ       Equation 4. 1 

where & Ë ρ is the flipped &Ë (+1 adjusts its index). !Ë is calculated from ÁØ, so we 

have a set of 100 second order polynomial equations from Equation 4.1. This equation set does 

not have a unique solution. 

To constrain the equations, we assume Ὢὼ is normalized. A numerical solution can be found by 

defining a cost function and minimizing it by the gradient descent method. But we found the 

solution is still not unique. We are going to demonstrate this point with an example. This 

algorithm starts with a random guess ÇØȟØ ρȣρππ, its normalized-auto-correlation series 

ÂØȟØ ρȣρππ and a cost function #. The left part lists analytic form used, and the right part 

illustrates the algorithm with pseudo codes. For convenience, we assume superscripts were 

periodically wrapped back outside the range [1,100]. 

 

The test result is shown in Figure 4.1. In the top right figure, two series are apparently different, 

but we show later that they have the same autocorrelation series. In the test, we arbitrarily 

generated a series of data (blue) and used the algorithm to reverse its autocorrelation series. In 

the top left of Figure 4.1, the cost function dropped continuously and reached ρπ  after 10000 

iterations. In the top right figure, the red series was recovered by the algorithm, but it is not close 

to the shape of the blue series. In the bottom left figure, the autocorrelation of the red and blue 

series overlap completely. With a different random initialization of ÇØȟØ ρȣρππ, we would 

end up with a different solution. In conclusion, even with the normalization constraint, there are 

Gradient: В ẗ ẗ  

ὅ ὧ 

ὧ ὥ ὦ  

‬ὅ

‬ὧ
ρ 

‬ὧ

‬ὦ
ςὦ ὥ  

‬ὦ

‬Ὣ
Ὣ Ὣ  

 

initialize {Ὣ} by a uniform distribution 

while  step < MAX_INTERATION 

 Ὣ Ḋ ὒςͅὲέὶάὥὰὭᾀὩ Ὣ  

 calculate ὦȟὮ ρȣρππ 

 for i = 1 to 100 

  calculate   

update Ὣ with learning rate ‌ 

 end 

end 
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still an infinite number of solutions to deconvolute the auto-correlation and any possible CC data 

generation scheme should avoid auto-correlation in the first place. 

  

 

Figure 4. 1 (Top left) Cost function decreases during algorithm iteration. (Top right) A 

target data series (blue) and a recovered data series (red). (Bottom left) Autocorrelation 

series of target series (blue) and recovered data series (red), which overlap completely. 

 

4.3 LDA data generation 

Because there is no way to circumvent the auto-correlation in the CC approach, all data 

generation approaches in this chapter are based on the LDA approach. Figure 4.2 shows the 
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general scheme to reverse the LDA classification approach for data generation. Depending on the 

statistic model used, it is divided into a non-Bayesian and a Bayesian approach. But the overall 

workflow is shared. 

 

Figure 4. 2 Workflow for data generation. 

Unlike the classification, we have to deal with matrix symmetry of frequency domain directly. 

After FFT, a real-valued coarse-grained matrix is Hermitian anti-symmetric. After fitting normal 

distributions, the means and standard deviations of real FFT components are both symmetric. For 

imaginary FFT components, the standard deviations are symmetric but the means are anti-

symmetric. Overall we only have half unique parameters in LDA. (All likelihoods are doubled 

but it does not affects the classification task.) For data generation, we need to make sure 

generated matrices are Hermitian anti-symmetric before inverse-FFT. To apply the symmetry, 

we simply overwrote half matrix with their symmetric counterparts, and remove imaginary 

components for all voxels of the three coordination axes. 

Based on the forward rank-transform mentioned in Chapter 3, the reverse rank transform is done 

by first calculating quantiles in a normal distribution. Then they are mapped to CSP values with 

the same quantiles. Reverse rank transform is done with data from the same training set. 

The following sections, we start with the discussion of a non-Bayesian model and some 

variations. Then we discuss a hierarchical Bayesian model and a trick to speed up its calculation. 

4.3.1 Generation with normal distribution models from LDA classification 

We follow the same assumptions made in Chapter 3 and start from the 250000 independent 

normal distributions. In the LDA classification approach, all operations are reversible and 

samples can be independently drawn from these distributions. 

To generate new data, we draw one sample from each voxel. Figure 4.3 shows drawn samples of 

the 2500000 FFT voxels for tilt angle = 90Ј, Cu. Hermitian symmetry is applied to the real 

 



65 

 

components and imaginary components. In Figure 4.3, the real components and imaginary 

components are separated and reshaped into υπυπυπ matrices for visualization. The voxel 

average in real FFT matrix is -1.63, and is 0 for the imaginary FFT matrix. Both matrices look 

chaotic and no clear patterns can be recognized. In Figure 4.4, the power spectrum (amplitude 

squared) is shown for the same data. A higher power means the associated FFT frequency is 

more important in the data generation; a larger amplitude for the sinusoidal function. So the low-

frequency region (cube corners and faces) is more important than the high-frequency region in 

data generation. 

Figure 4.5 contains details of the next two steps in data generation. The left is after inverse FFT. 

There is still no visual similarity with real data. The right is final result after reverse rank 

transformation. We can see some patterns resembling internal stacking faults. 

 

Figure 4. 3 FFT data samples were drawn from tilt angle = 90°, Cu material model. Real FFT 

components (left) and imaginary components (right) are separated. Hermitian symmetry has been 

applied to both matrices. Isosurface with threshold at zero. 
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Figure 4. 4 Power spectrum a drawn FFT matrix. Isosurface constructed at a threshold of 105. 

  

Figure 4. 5 (Left) Generated data after inverse FFT. Isosurface constructed at a threshold of 0. 

(Right) Generated data after rank transformation. Isosurface constructed at a threshold of 2. 

Figure 4.6 and Figure 4.7 organize a series of data generation results for comparison. Figure 4.6 

shows Cu generation results. The first column is for reference, it contains coarse-grained CSP 

data from actual MD simulations. The middle column contains generated data. In the third 

column, we applied a 3D Gaussian filter to filter noises. Three angles were picked 0Ј, 45Ј and 

90Ј. For 0Ј simulations, there is no plastic deformation in both real data and generated data. For 
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45Ј and 90Ј, stacking fault planes are discontinuous in the generation data. But if we compare 

generation data by row, the distinction between tilt angles is obvious. 

Figure 4.7 shows the generated data for Ag. Overall, defects in these generated data are larger 

compared with Cu. At 0Ј tilt angle, defects appear in both the generation data and real data. At 

90Ј, the data generation has continuous stacking faults inside. Because stacking faults in 90Ј 

simulations are wide-spread planes, its representation is simpler in the frequency domain and can 

be captured more accurately by the statistic model.  

Even though generation data are visually different from real data, their overall distribution is 

close to real data. In Figure 4.8, the CSP distribution of real coarse-grained CSP data and 

generation data are compared. The left column is from 30 real runs for reference. The 

distribution for generation data is based on 30 independent draws. Generated data have CSP 

distributions close to read data. So our statistic model did reproduce overall distribution, but its 

capability is also limited. 

There are two major assumptions in the LDA classification model. First, there is no correlation 

between FFT voxels. (No correlations either between different frequencies or between real and 

imaginary components.) Second, each voxel can be approximated by a univariate normal random 

variable. To optimize our model, we first added correlation terms between FFT voxels. Then we 

implemented a Bayesian model to adjust the normal distribution assumption. 
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Figure 4. 6 Data generation illustration for Cu. The first column lists 1st run in the training set 

for reference. The second column lists generated data respectively. The third column lists 

Gaussian filtered data respectively. The filter uses a standard deviation of 0.8. The first row 

lists data generation for tilt angle=πЈ. The second row lists data generation for tilt angle=τυЈ. 

The third row lists data generation for tilt angle=ωπЈ. Isosurface construction threshold at 

CSP=2. 

 






























































































































































