ABSTRACT

LI, DONG. Molecular dynamicSimulations: Analysis for characterizing simulated atestale
defects in crystal, and Kinetic Analysis of EthyldPpylene Diend erpolymer(EPDM)
pyrolysis using ReaxFF (Under the direction of Prof. Donald W. igrep

Molecular dynamicss a valuable tool istudies of materials sciendeecent advansen parallel
computation and developmermif open source simulation software have significantly boosted
the popularity of this techniqun the past decadejolecdar dynamicshas been applied in most
state of & research areas, such as maaterials semiconductors and biomaterial$ierapid
increase of interest imolecular dynamickas led to many challenges and opportuniiiéss
dissertatiorcontains reseahes ontwo of its applications.

The first part consists a@fvo datadriven methods designed for simulation data analysis.
Conventionamolecular dynamicanalysis method®cuson either atomiattributeg(e.g.
coordination number and viral stresg)macoscopicphysical properties (e.g. temperatarel
pressure)and their results are based on subjedtiveanjudgemens, which contain bias and
cannotbe automatetbr a large set of datdlerewe refer to sucimethods as algorithwdriven
methodswhich ae specifically designed and hard codedcomparison, datdriven methods

rely on relationships established between simulation datba@alysis is done based on a
molecular dynamicsimulation database with labels. Dalidven algorithms arkght-weighted,
easy to generalizend autonomous, which is especially appealing when the armodnt
complexityof simulaton data increas&Ve experimented our analysis methods with a test
database built from more tha000stretchingmolecular dynamicsimulatiors from different tilt
angles, materials, strain rates and temperatures. Our goal is to gain information from amunknow
simulation based othe collectiveknowledgefrom the test database, which can also be phrased
as a prediction/classification problefwo major problems are solved in this research: data
reduction and similarity measurement. First, cogrséning is done on top of chosen atomic
descriptors. This process redssenulation datal{alf a millionatoms) to a manageable scale (
50x50x50matrix), without losingcritical information in defect geometries. Secotvdp data

driven methods are implemented to measure the similarity between simulations. In Chapter 2, a



crosscorrelation based methods was adopted as a direct description of simite@tyapter 3, a
Linear discriminant analysimodel was used to classify unlabeled simulation data based on
likelihoods. Despite the simulation classificatiask in Chapter 4, theinear Analysismodel is

reversed to generate completely fresh defecttstres. A few variations were compared to

improve the quality of generated data.

The second part is on the development of a ReaxFF force field of C, H, O, Al, Cl system and its
application in high temperaturaolecular dynamicsimulations of EPDM polymerfeaxFF is

a bond order based force field, which is capalblemulatingchemicalbond breaking
Compared with quantum chemistry calculations, ReaxFF offers an appealinrgffrbdeveen
computation expense akuaheticsfidelity. As required by the Navalir Weapons Station at
China Lake for a highkgetailed chemical kinetics reference model for composite materials
exposed to high temperature, high pressure and oxidizing environments, we extentie®a C
ReaxFF with Al and Cl. The developed force fiedabptimized exclusively with a training set of
chosen molecules, which covers typical bond types and atomization enérgiderce field
parameters are optimized by the guragametesa-time approach, with constraints of bond
lengths, valence angles aatbmization energies from quantum calculations. THRDM is

used as a surrogate to test the developed force Hadt.temperature oxidationmsulation data

are analyzed witktheisoconversional method.
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1. Introduction

Computational materials science is a mature and indispensable branchrialmatience.

Through numerical computer simulations we can calculate materials properties and visualize
microstructures. Generally, a simulation is an imitation of a functioning system. In materials
science, simulati ons aroamahematicalimodels. Buil&kex per i men
experiments, they suffer uncertainties due to simulation configurations, e.g. model
approximations, system sizes and boundary conditions. Nonetheless, computational materials
science stands on its own as a unique wayéoacterize microstructures and predict
macroscopic properties apart from theoretical and experimental approaches. Simulations also
fills the gap between theories and experiments. On one side, computation techniques provide
trivial and numerical solutionshen theoretical models become too complex to solve
analytically, as in most nelmear systems. On the other side, the time/length scale of
simulations and experiments have met each other in the past two decades, because of the
dramaticdecreas@ compuation cost and continuous advancement in experimental
characterization. Especially, as the complexity of modern materials increases rapidly,
computational methodweplaying a more important role in materials design, processing and
analysis in order toeduce research cyclndsaveexperiment costs.

In the utopia of computational materials science, we can freely pick atoms from the element
table, design materials microstructures and measure macroscopic properties. But computational
materials science isikthindered by the current computer performance, and a-tsiideust be

made between speed and accuracy in practice. Depending on the level of approximations and the
time/length scale, computational methods can be divided into four categories. In quantum
calculations, few approximations are made and atomic behaviors are retrieved with high fidelity.
But the computation cost is too high that a typical simulation system contaio$updreds of
atoms.Molecular dynamiceind Monte Carlo methods leave olgatron states and use empirical
functions to approximate atomic interactions. Their system sizes are up to micrometers, and
simulation time up to nanoseconds. Coagsned models and mesoscale models are common

in polymer and biomaterial simulations, @&k unnecessary atomic structure details in large

molecules argroupednto largerbuilding blocks. At last, continuum methods and Finite



Element Methods can simulate réiahe macroscopic phenomena, but microscopic features are

completely lost.
1.1 Molecular dynamics simulation

The focus of this dissertation is arolecular dynamicand twoof its applicationsMolecular
dynamicss a full atomic simulation technique, which approximates quantum mechanics with
empirical potential functiotls Compaed withquantum calculationsnolecular dynamicsan
simulate much larger systems. Cargd with Monte Carlo methodsolecular dynamics
deterministic andeproducekinetic processes in negguilibrium statesMolecular dynamics
assumes that atoms follasasscal mechanicsand positions are updated by discrete time
integration. An instantaneous state is described sufficiently with atom coordinates and momenta.
Electron states are approximated with partial atomic charges and Columbic interactions. To
simulate lilk materials, a periodic boundary condition is applied so that an atom near the
simulation box surface interacts with another atom in an imaginary replica of the same
simulation box. The energy of a simulation system is divided into a kinetic energy and a
potential energy. The kinetic energy is a sum over all atomic kinetic energies. The potential
energy is calculated with respect to nuclei coordinates. Based on the degree of electron states
approximation, potentials are divided into three categories reapisemiempirical and ab

initio methods. Empirical potentials simplify electron states approximation, in return for the
fastest computation speed. Seampirical and ab initio methods are used when a more precise
representation of energy calculatiomeeded. Depending on the numbeneighborsn energy
parameterization, potentials are divided into pair potentials and-b@hypotentials. Pair
potentials, like Lenard-Jones and Columbic, are ndirectional and used for simplistic non
bonded systems$uch interactions are lonrgnge, and tail cedffs are used in practice to speed
up computationdMany-body potentials are more acate but more compuiatensive. 8me
examples are Tersoff, EAM and AMBER.

1.2 The Big data challenge imolecular dynamics

Molecular dynamicéias become a recognizable and affordable tool in engineering and scientific

researches (Figure 1.1). With the development in parallel computatioc@RU acceleration,



molecular dynamicsimulation systems are growing larger andéardn 2013 the Leibniz
Supercomputing Centia Germanyconducted anolecular dynamicsimulation with 4.125
trillion atoms with up to 146016 CPU cofeBesides, the commercializing of quantum
computers has just begun in recent y&anghich is promigig to increase the current

computation capacity exponentially.
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Figure 1.1 Annual publications mentioningolecular dynamicsimulations (blue).
Computation expense represented by the cost per GFL@&%8)8. (Data based on
Google Scholar Search and Wikipedia.)

If the simulation time and length scale grows linearly size ofsimulation data will grow at

least quadratically. This is because data size is proportional to botfstemsize and

simulation time, anave did rot yet consider the increasing number of simulations annually and
an increasing interest from the industry field. As a result, the problem to handle and analyze an
evergrowing number and size of simulation data is going to be practical and urgent. On the
other hand, with a huge number of simulations done every year, there is an opportunity to collect
existing data and even establish public data mining databases to promote reusing data and aid
new discoveries Conventional simulation analysis techniquesalgorithmdriven, which

depend on either visualizing microstructures with atomic descriptors or summarizing a system
with a macroscopic parameter. In general, algortiiiven analysis use wetlefined properties

and focus on each single simulation. Maltyichecking each simulation cannot be free of

subjective bias and becomes tedious and impractical for a large data set. Macroscopic parameters



lack details of microstructures. There is a need for a set cfidatn algorithms, where data are
used to shpe analysis models and results depend closely on the amount of availalidatdata.

driven algorithms scale efficiently with a large ds¢éh and embrace the abundance.

In Chaptes 2 and 3, two datdriven algorithms are proposed to deal with the chalerfthe
simulation dataxplosion The first algorithm utilizes the crossrrelation algorithm common in
image analysis to measure the similarity between simukafidre second algorithm is based on
aLinear discriminant analysimodel to build relatioships between different groups of

simulation data. To test both algorithms, a series of parameterized constant engineering strain
rate stretching simulations were conducted to build an experimental database. This type of
simulation is well studied and rédal resources are readily available. The goal of our analysis is
to gather information of a given simulation based on the collective information from the
experimental database, which can be further phrased as a prediction/classification task. In
Chapte 4, the possibility of generatingew simulation data with the two dadaven algorithm

is discussedn hope to further reduce computation cost in computational materials researches.
1.3 ReaxFF development for a C, H, O, Al, Cl system

Reactive simulationssed to be a forbidden areaNfolecular dynamicsAs such energy

calculations are sensitive to the accuracy errors of several kJ/mol. Most force fields in late 1980
failed to reproduce energetic features of the bond breaking, because they overlookedigho cr
factors in reactive simulations: local atomic environments and charge transfer. Around that time,

computation intensive quantum calculations were done to retrieve chemical kinetics energies.

In 1985, Abell introduced a bond order parameter to fortrawayeneralized potential for both

metallic and molecular bondifign 1988 Tersoff incorporated the bond order concept and

formul ated a sréatonablegr pement i wl %Ifi19808BweEneri ment s 0
extended Ter sof f dtienalcovrection terag for carbonwadital€ontindalis

work ended up as Adaptive Intermolecular Reactive Empirical Bond Order (AIREBO) pétential

and a second generation reactive bond order (REBO) pot@faiateactiveMolecular dynamics
simulationsBond order is intimately linked to bond strength, and its appearance is

revolutionary. For example, with bond ordearbon radicals (less than 4 bonds) can be

distinguished from fully bonded carbon atoms. Thus, subsequent energy parameterization can



selectively penalize specific structures. Because there are no electron stdtdscualar

dynamics Columbic interactions are calculated with partial atochi@grges as an approximation.
charge equilibration (QEq) methbdr Electronegativity Equalization Meod (EEMY? is

commonly used to automatically redistribute atomic charges depending on local connectivity and
geometry. ReaxP£and Charge Optimized Many Body (COMBpotentials are two modern

bond order based candidates for reactive simulations. Ttents share common

parameterization features but are different in many details and appli¢afions terms of high
temperature hydrocarbon simulations, ReaxFF is more productive due to the success of

Chenowet hdos CG¥2 H, O potenti al

As requestethy the Naval Air Weapons Station at China Lake, a highly detailed chemical
kinetics reference model for surface reactions associated w8ilC-SiO; is needed. To fulfill

the requirements, a ReaxFF potential for C, HAIDCI was developed with a tailed training
database, high temperatielecular dynamicsimulations of EPDM (as an experiment
surrogate) were conducted, and reaction kinetics were analyzed with the isoconversional
method®. Chapter 5 contains a detailed discussion of ReaxFF pararatiteriand related force
field training works by the reliable ormarameteia-time approach. Chapter 6 contains a
summary of the optimized force field and the analysis of high temperature EPDM oxidation

kinetics with the developed potential.
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2 Jatial crosscorrelation based method on defectlassification
2.1 Introduction

The first part of this chapter contains details to reproducenolecular dynamics (MD)
simulationsto generate plastic defectdD simulations of metals have been conducted in early
19708. Along with the success fromiensity functional theory (DFTalculation of metal
properties, e.qg. lattice parameter, bulk constant, surface energy and vacancy?nergies
researchers were interested in fitting empirical and -senmirical force fields tgquantum
calculationdata in order to simulate much larger systems in MD simulations. However, early
force fields likeLennardJonesMorseand BoraMayer potentials failé because electrons are
nonlocal in metals, and defects in metals, like vacancies, impusitiface energiesannot be
approximated without considering the local electron environment. Daw and Baskes developed
theembeddeeatom methodEAM) force field n theearly 1980% Its embedding energiakes
account of théocal electron gas environmenthMbD simulationsand can reproduce defect
energies accurately. EAM was first applied to FCC metals, such asgGund AL, Later
Johnson extended EAM to BCC structdré<=C and HCP structurfésnddiamond cubic
structured EAM was usedo studya broad rangef metal properti€’$, suchasthermal
expansioft, phase transitidf, grain boundary?'# segregatiol?*® crack propagatioii®

stacking fauft®2°and dislocatiorié:?2 In our simulations, we generated bicrystal structures and
applied the EAM force fieléh our MD simuldions.

The second part of this chapter deals with a ecoselation based method to classify defects
inside MD simulations of Cu and Ags MD simulaticns are widely used in scientific
researches, numerous data wgeaerated and complicatadalysis algorithma/ereinvented.

To study defects imetal simulations, many analysis techniques are helpful to extract defect
information, such as coordination nher,centrosymmetryparamte(CSP),common eighbor
analysis (CNAY3 and Dislocation Extraction Algorithm (DXA). Eventually it will causea
problem that there are too many data to analyze, whichlsogractical problem in other
research are&$?’. As a first step towarthe solution, wdind a way to measure the similarity
between different simulatien\We borrowed therosscorrelation technique from computer

image analysf§. Then we tailbbredthe method for oucoarsegrained3D simulation dataising



existing atomic descriptorand improved its calculation efficiendye tested our method with a

moderate database of 1900 simulatjdng this method scales wellith even larger databases.
2.2 MD gmulation setup

The MD simulations were done via LAMMPRodes, and Embeddedtom Method force

fields for Cut® and Ag° were used. Grain boundaries were generated by rotating two pieces of
crystals symmetrically arourah axis In Figure 2.1, the left shaa perfect fcc lattice with <1 0
0> all along xy andz-axesbefore rotationA grain boundary (dark area) was formedhe
middle xy plane, where the rotated top and bottom lattice met. Die fmeriodicboundary
condition, another grain boundary was fornaedundthe topbottomintersectionThen close
neighborgless tharD.2 nmapart)were removedavithin the grain bandariesSimulation box
dimensiorsin x- andy-directionwere chosen to match the supeceliter rotatiorbecause of
periodic boundariePue to this, simulation boxes of different tilt angles had slightly different
dimensionsEachgenerated grain bodary wadabelledby the rotatiorangle of the togrystal
piece with respect to the bottqr twice the rotatiomngleof each piece of the crysjalA total

of 19 tilt angleqfrom 0Jto 9QJ every S apar) were used tgenerategrain boundaries. ForD
and 9@tilt angles, two crystal lattices perfectly match émere are nactualgrain boundaries.
No tilt angles higher than 90vere used, becausdilt angle (— larger than 90is identical to a
tilt angle (180-—. The generated simulation boxes contaibetiveen 377,260 and 484,549
atoms, and had dimensions rangirgm 16.67nm to 18.89 nm (for Cu).

Before deformation,ach generated system was equilibdatetwo stepsFirst, an energy
minimization was done at zero temperature and zero pressure. Then the system was equilibrated
usingaN o s-Hobver thermostat at 300K for 100ps. Plastic damage was generated by applying a

constant engineerirgjrainrate inthez direction.

Other simulationgfor different materials, temperatures and strain rates¢ conducted in a
similar mannerAll simulation configurationsaresummarized in Table 2.1. For Ag, initial
structures were generated by rescaling each Cuaiomu boxwith respect tdhe ratio of two
mat er i al setelsaortslowersstram asfienulationsthe computationabxpense was
too high so we chose only 3 angfesm all 19 angles. For simulations with different
temperatures, initial struates of Cu were reused and systems weeprglibrated athe desired
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temperaturebeforehandTo extract atomic information about defects, we used two atomic

descriptors discussed in the following.

Figure 2.1 lllustration of intial grain boundary generation from two pieces of crystals.
Thex-axis points rightwardthe y-axispoints inward andhe z-axispoints upward

Table 2.1 Parametrization d¥ID simulatiors

Number of runs | Materials Tilt angles J Strain ratedi Temperature /K
50 Cu Oto 90 every 5 | 10° 300
50 Ag Oto 90 every 5 | 10° 300
30 Cu 15, 45, 90 10° 300
30 Cu 15, 45, 90 10 300
30 Cu Oto 90 every 5 | 10° 600
30 Cu 0to 90 every 5 | 10° 900

2.2.1 Centrosymmetry parameter (CSP)

CSP is a useful pameter to measure the local distortion in crystals symmetric latticed -2

e.g. FCC or BCCA non-negative value is calculatédr eachatomto indicatewhether it is part
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of a perfect crystal or a defd@quation 2.1)The CSP value increases with the distortion around

the atom.
#30B7 Y P 4 Equation 21

where there are N nearest neighldorseach atom an® and? y are pairs on the opposite

side. The number of nearest neighbors depends on the taytital e.g. N=12 for FCC

structures and N=8 for BCC sttuces.
In Figure 2.2, there is an atom fronplanarsquare lattice (N=4). We can see the left and right

neighbors are symmetrically distributed and thds 4 e Tt But the top and bottom

neighbors are offymmetry and CSP e representshe degree of the distortion,

Y P | 1t In our simulations of Cuhe CSPvalue is lesshan 2for nondefect
atomgnot exadly 0 due to thermal vibration), around 6 for internal defesmtsl even higheof
free surfaces. In the right of Figure 2a2¢rosssection of a MD simulation of FCC Cu is colored
by CSP. The black atormsside incrystalline regions. The stacking faults are gray, grain
boundariesrebrighterandthe two free surfaceme mostly whiteAlso, the transition between
defects and noedefects is shoitanged

In Figure 2.3 we usd CSP todistinguishdifferent types of defects. In the left figure, mosiaso
are in the first peak (CSP<2), in crystalline regioftse second peak (CSPtirerangefrom 4 to
7) containsinternal defects. In the right figure, we zoedin the histogranon they-axisand

two extra peks are found around 18 and 30, corresponding to two succelss#packing
planes terminated on top and bottom free surfaces.
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Figure 2.2 (Left) lllustration of neighbors in CSP calculation for the center atom in a 2D

square lattice. (Right) Cros®ction of a simulation box colored by CSP. Dark colors

stand for low CSP value$op and bottom faces are free surfaces. The simulation box is

periodic otherwise.
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Figure 2.3 CSP histogramfor an MD simulation. (Left) CSP in range [0,1@jth two

major peaks corresponding to crystalline regions and inteefietid (Right) CSP in

range [0,40}vith two minor peaks corresponding to free surfaces



13

2.2.2 Hydrostatic stress (HS)

Figure 2.4 lllustration ofnormalstresscomponents(90J tilt angle run 1, Cu, strain rate
= 1Ps?) The left, middle and right demonstrats, ,, yy and » zz respectively Color map
from -1CP (black) to 16 (white) (unit in e\fA?)

HS is a natural choice tiieatomicdescriptorfor the analysis oma t e rmiechdnisab

propertied®34 Equation 2.Zalculates the stress tensor for a given &tdfn
3 66 -B 0& 0& Equation 22

where a and b stand for x, y, and z directions. The first term comeshfedemperature
contribution and the second term comes ftbeEAM potential contribution. UsuallyyY needs
to be normalized bthevolume of simulation box. Here as all simulations have similar volumes,

sosuchnormalization is not important.
For crosscorrelation, we combined ,,, and, intoa hydrostatic stress teri@"Y

- . ” . ,instead of dealing with all 6 stress tensor components, Figure 2.5.

Compared with CSP, textur@s HS arechaoticfor all three stress tensor componeag
Figure 2.4 and Figure 2.&Even though with HS no clear patterns appear, we showolater
methodcan stillclassify simulations
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Figure 2.5 (Left) Hydrostatic stress of atoms. (Right) Histogram offblSa simulation
(90Jtitle angle run 1, Custrain rate = 1%?)

Figure 2.6 (Left) Atomic visualization of atoms with CSP>2. (Right) Isosurface

reconstruction o€oarsegrainedCSP data withhethresholdset to 2.
2.3 Coarsegraining

Each simulation is coarggraired into av TTu TTU TMatrix to reduce the data siZéach sub box
was not strictly cubic and the dimension changed during the simulbtoomever, as all
simulations were designed to have a similar simulation box size, we consider such difference
insignificant and usedhe same grid density for convenienEer each voxel ithe matrix,CSP
values are averagewerall atoms insideach sub box(about8atom3. Four voxel layers near
the grain boundaries were set to zero, becasal igrain boundaries weiconsidered as prior
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information. After the removal, we only used defects generated during simulations in our

analysisIn Figure 2.6, the coarsgrained data (right) look similar to atomic data (left).
2.4 Spatial CrossCorrelation (CC) analysis

Here cosscorrelation is used as a measure of similarity betweerMid@imulations A cross

correlation matr> &hi 81 betweertwo matriceSQ@RAQ and"Q"@HQ is defined as below,

#1H A AHEE 2 C)htht Equation 23
where

O aeEMEM M G a Y aé& X &) , and mod() is moduloperation.

Each voxel in the crossorrelation matrix is a measuretbe similarity betweera pattern

"Q'AAQ and a shifted patteri@ @i . This shift of Q'G@AQ is done by wrapping any voxels
outside they Ttv 1L TMatrix backunderthe periodic boundary condition. Thuthecross
correlation matrix contains matching information for all possible translation operations between

two infinite periodic matrices.

As a coars@rained matrix with large means usually havegdacorrelation values, botR @G0
and'Q'@h) are normalized beforthe crosscorrelationto neutralize such effect¥he

normalization for a matrix is done by subtracting its mean and rescale all voxels to have the sum
of squares equals ondore specifically the voxelsn the crosscorrelation matrix are

regularized to values frorl to 1.As a resultthe crosscorrelation is 1 and only when

QAN  QAAQ and-1 onlywhen Q@M QEAQ.

Before the crossorrelation, each coarggained matrixwas autecorrelateda crosscorrelation

with the matrix itself. In autecorrelation matrices, each voxel measihe overlap with the

shifted replica of itselfAs a result, it emphasizes repeating patterngpandlizesion-periodic

local structuresFigure 2.7 demonstrat®/o coarsegrained matrices and their autorrelation

matrices. Intheirauto or r el ati on matrices (right col umn),
reappearecin the middle and on the tdmttom boundary This is becausee sethose voxels

to 0 CSP valug which does not considénethermal vibration at 300KSo the ato-correlation
capturesthe patr ns i n fAr e mov e dubthegareanot mformativera@o note s . B
influence our analysidBesides the grain boundariése most apparent patterns in auto
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correlation matrices are related to stacking faults in their original cgeasgedmatricesWe
find the CCmethod combinediith autacorrelations worketbetter inthe classificationtasks In
the latter discussions,enefer a crossorrelation between two matrices to a normalized circular

crosscorrelationafterthe autecorrelationunless mentioned otherwise

Onepractical problenwasthe efficiency of the crossorrelation calculation. For example, in the
leaveoneout crossvalidation (in section 2.5Jor a set of simulations with 19 angles, 2
materials and 50 runs (1900 simulations in total), there are a total of 1900*1899/2 = 1804050
uniquecrosscorrelation matrices to be calculated. The direct sum algorithBgbgtion 2.Jas

a time complexity* 0 , and it would take about 20 days (assugeach crosgorrelation

takesl second in MATLAB). To solve this probleenFFT-based algorithm wsaused instead.
Therelationship between tlenvolution matrix(d &€ it ftx, and thecrosscorrelationis defined

in Equation 2.4.
8TH R AEE ' )iht Equation 24

where'O"@h) is" Q@) flipped in all three dimensions. %a efficient agorithm for
convolution calculation is also a cressrrelation algorithm with an extta 0 flip operation.

The eficient covolution calculation is done by thenvolution theory,

 HEFE &1 OOEAO4 @a#BEO A O Equation 25
BFE &1 OOEAO4 QEAREOC £l O Equation 26
n EBEE  BEE z: BEE Equation 27

SHEEE ET OAOOA&T OOMAHEE OAT O &I OI Equatbn 2.8
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tilt45,Cu,CSP tilt45,Cu,auto-correlation

tilt90,Cu,auto-correlation

Figure 2.7 (Top row) Coarsagyrained CSP matrix of tilt angle 45, Cu, highest strain rate
simulation, and its autoorrelation matrix. (Bottom row) Results for another simulation
with 9QJtilt angle.

The overall time complexity is dominated BgstFourier transform (FFT) # 0 ta € (Q .
Additionally, Fourier transform also takes account of the periodic boundary corujticature

In Figure 2.8, the direct sum (blue) and Hsdsed method (red) were both tested with cearse
grained simulation data. For a total of 10 srogrrelation calculationghedirect sum iplue)

took 172 secs and FFhased method (re¢dook just 2 secsWith the improved algorithima
storage matrix was created to store the maximum ¥edoeeach crosgorrelation.So we only
guery the matrix insted of performing expensive cressrrelation repeatedlyrhis diagonal

symmetric matrix has a dimension@fw 1T @ w 1T 1T
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Figure 2.8 Running time of crossorrelation calculation. (Bluéljhe drectsum from
crosscorrelation defiition. (Red) FFTbased method. To estimat@ractical time usage
each call includes three cresgrrelation operations (2 autocorrelation operatemmdone

crosscorrelation operatioafterwardg.
2.5 Leaveone-out crossvalidation

Leaveoneout crossvaidation was done to summarize the qualityhe CC classification. In
each classificationhe largest valuwith other simulationss used to determine a matgfigure
2.9). For example, if the largest value of each CC matrix for a given MD simulgtioranother
MD simulation that started with a tilt angle ofJ4€he prediction is that the MD simulation being
analyzed started with that ang&milarly, with simulations of different materials and different
strain rates, the same workflow can be agapliThe crossalidation result can be summarized in
several waysFirst, we can calculate a success ratamméxactmatchbetweeractual angles and
predicted anglessecondwe canlower the criteria and allow aJBnismatch.Third, we can plot
the mismath distribution between the actual angles pretlicted angles-or data with multiple
labels (e.g. data fromlifferentangles and strain rates), we can repeat the above for an overall

summary with each labedndone single summary for label combinations.

In Figure 2.10, two examples demonstrate tlos\classification decisiors made in the leave

oneoutcrossvalidation. 10 simulations were uskx each angle and materidhere is always a
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peak value = 1, which correspondgheautocorrelationThusa prediction in leav@ne-out
crossvalidation is to pick thaextlargest CC. In the lefigure, all CC values with the
simulation of angle=4% Cu, F'runareplotted. The data has a dome shape centered around 45
But for this simulation a false matefas maddecausehe largest CC value wéom a40J, Cu
simulation In the right figure, a correct match was made for a simulation of angleA§01

run. In both examples, CC increadesvardthe actual angles. In terms of material predictions,

bothexamplesarecorrect.

(40°) Prediction 40°

Pick Largest Value

N\

Cross-Correlation

Figure 2.9 Crossvalidation workflow to determine a match for a given configuration

with the rest of the database.
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Figure 2.10 Largestelemens from each CC matrix gerated usingwo example MD
simulations. These were generated usingidtébaseof 10 runs petilt angle for each
element. The squares correspond to Cu; the crosses correspandlieft) Matches of

45], Cu, run 1 simulation. (Right) Matches 0fJ98g, runl simulation.
2.6 CC classification result discussion

2.6.1 Classification of tilt angles and materials

Table 2.2 summarizes classification results with CSP data, and Table 2.3 with HS data. The
trends in these tables are interesting. First, success rateaff #ygproach benefit from more

data. This is because, with more runs per tilt angle, there is more likely to have a similar
simulation from one with the same label. Second, with a small number of runs (10 runs) the CC
approach still worked much better th@nandom guess for both angle and material. Third, even
though it is hard to pick up any patterns visually in cogrsened HS matrices (Figure 2.4 and

2.5), the CC approach still managed to classify simulations of different tilt angles and materials.
But CSP is clearly a better descriptor than HS for visualization and pattern matching. With CSP,
Figure 2.11 shows the angle mismatch distribution for lemesout-crossvalidation with 10,

20, 30, 40 and 50 runs. All distributions are zeeotered, whichugygests that a mismatch was

often made to a close angle.
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Table 2.2 Success ratdsr matching angle and material type with (b€ approach using
the CSP data.

Method Data Type 10 20 30 40 50

runs runs runs runs runs

Exact angle 0.64 0.69 0.71 0.74 0.75
Angle within +£ 5° 0.88 | 0.93 094 | 094 | 0.95
Cross .
) Correct material 0.67 0.72 0.72 0.73 0.74
Correlation

Correct material & exact angle 0.47 | 0.52 054 | 056 | 0.58

Correct material & angle within +5° | 0.60 0.66 0.68 0.69 0.73

Table 2.3 Success ratdsr matching angle and material type with &€ approach using

the HS data.
Method Data Type 10 20 30 40 50
runs | runs | runs | runs | runs
Exact angle 0.36 | 0.37 0.39 | 0.39 0.40
Angle within +/- 5° 058 | 059 | 0.59 | 0.61 | 0.62
Cross Correct material 0.67 | 0.67 0.68 | 0.68 | 0.68
Correlation _

Correct material & exact angle 0.29 | 0.29 0.32 | 0.30 | 0.32
Correct material & angle within 0.42 0.42 0.44 0.44 0.45

+/- 5°
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tilt angle and the actual angle calculated using the CC approaefkE)A)atabasesizes

of 10, 20, 30, 40 and 50 MD simulations per angle, respectively.

2.6.2 Classification of stram rates

Table 2.4 Success ratdsr matching angle and material type with € approach using
the CSP data.

Exact angle Correct strain rate| Correct strain rate & exact
angle
Success rat¢ 0.9926 0.6963 0.6963
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Table 2.4 summa&essuccess rates with simulations of three different tilt angles and three

different strain rates. As 1545 and 90 are far apartheysharefew defectpatternsand

success rates for exact angl es arse rcalions e attoe 00
(0.6963) and Acorrect strain rate j&stswaanct angl

rate prediction. Therefore, we focus discussions on strain rates.

1 : : : 1 : : : 1
0.8 1 08¢ 1 08¢
0.6 1 E 0.6t j 06t
04t 1 04t 1 04t
02 {1 02t 1 02t
102 10%® 10’ 10°  10% 10’ 10°  10% 10’

Figure 2.12 Distribution of matching between déffent strain rates. Left is for leavae
out crosscorrelation result for simulations with fastest strain rates; middle is for
simulations with medium strain rates; right is for simulations with slowest strain rates.

The yellow bars stand for correct maitegs.

Figure 2.12 showthedistributionof matching results for each group with different strain rates.
Each histogram shows the matching results of all simulatwthsrespect to each strain raféhe
yellow bars stand fororrect matches, and blue batand for false matches. First, simulations
from all three strain rategsere matched to their correstrain rate mostly. Secondjefects from
the two slower strain rates were more similar. The fastest strain rayé@efthe most correct
matchesafew matched to the middle straiateand even less matched to tbeseststrain rate.
The mediate strain rate (middle) lew successatebecause it is similar to both the fastest
and slowest strain rate simulatiofiie false matches to th@wveststrain rate simulations is
higher tharto the fastest strain rat€his means mediate strain raefectsarecloserto lowest
strain ratedefects Comparingthe right figure and left figuré¢here are morélse matcheat the
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slowest strain rate to mediattrain ratedhanat the fastest strain rate, which suggestgher

similarity between the two slower strain rates.
2.6.3 Qassification of temperatures

Table 2.5 summarizesiccess rates of the leavpeout crossvalidation for simulationsf 19

tilt angles, 3 temperatures. Compared with classification 2.6.1, this set replaced simulations of
differentmaterias with simulations of different temperatures. Some interesting details can be
seenby comparing these two classifications. Success rates faraxgle match are about 10%
lower withthe samenumber of runs used Table 2.5 But success rates thfe matchfor angles

within +/- 5Jare on the same level with classification 2.6.1. Success rates for correct temperature
are also 10% lower than succeates for correct material in classification 2.6.1. An interesting
conclusion is that it is more difficult to separate simulatiordiftérent temperaturegpart than
simulations from another materiahsed on oucrosscorrelation measuremeriigure 213 is the
overall angle mismatch between prediction and true angle for 30 runs and 3 different
temperatures. Compared with distributions from classification 2.6.1, the mismatch distribution is

much narrower.

Table 2.5: Successatesfor matching angle and temperature with @@approach using
the CSP data.

Method Data Type 10 runs | 20 runs | 30 runs
Exact angle 0.54 0.60 0.61
Angle within +£ 5° 0.85 0.89 0.90
Cross
_ Correct temperature 0.59 0.58 0.60
Correlation
Correct terperature & exact angle 0.33 0.35 0.38
Correct temperature & angle within-&° 0.50 0.52 0.55
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Figure 2.13 Distribution ofangle mismatchessing the CC approach (30 runs, 19 angles,

3 temperatures)
2.7 Variations of CC picking criteria

All classification methods above only udhe largest CC value. bhis sectionwe utilized k
largest CC values, instead of only owée refer tathis k-Largest NeighborkLN). This helps us
make use of more data and make better preditidtiast we discusshe casewhen the angle

to be recognized isutsidethe training set.
2.7.1kLN -mode

In classification2.6.1, we treated both tilt angle and material as categorical Gatmake a
prediction only the largest CC value was picked lghthe resbf theCC values werdiscarded

A betterpredictionis to usethe modgmost frequent candidatej angles and materials REN.
Thenclassification 2.6.1 is a special cagleenk=1. A small k is less effective. If k is too high,
the classiftation is influenced by the data noi$able 2.6 summarizsuccess rates with k=5.
Compareghistable with Table 2.2, most success rates increased but not significantly (1~2%)

exept for A10 runso results.
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Table 2.6 Successatesfor matching angle and material type with th€ approach using
the CSP data.

Method Data Type 10 20 30 40 50

runs runs runs runs runs

Exact angle 0.62 0.70 0.71 0.74 0.76
Cross Angle within +£ 5° 0.87 0.92 0.93 0.94 0.95
Correlation
Correct material 0.66 0.72 0.75 0.76 0.76
(KLN-

mode) | Correct material & exact angle 0.43 | 0.53 0.55 | 0.58 | 0.60

Correct material & angle within +5° | 0.57 0.67 0.70 0.72 0.72

2.7.2kLN -mean

In another variation, we took advantagfehat thetilt angleis a contnuous variable and udehe

mean okLN as a predictionCompared with KLNmode, his method is less sensitivette

choice ofk value (In Figure 2.14, k=10 was usédh the left of Figure 2.14natching resultsf

eachtilt anglegrouparefit to a nomal distribution, then means and 95% credential interval were
plotted.(The purpose is to visualizee distributionof predicted angles, despite whethe
normaldistribution isproperor not) The red diagonal line is a refererfoe exactanglematcres.

In the figure, here is a significant overlap between close angles. But for anglepds, the
credential interval overlap is rare. The right figure is a histogram of angle mismatch for all 50 Cu

simulations.The mismatch between the predicted amgldthetrueangle iswithin +/-10J.
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Figure 2.14 (Left) Accuracy for each group with the satiieangle, represented by
group measand 95% confidence intengdbased orthe normal distribution. (Right)
Histogram of anglenismatclesfor all 19 angles and 50 Cu simulations. Angle mismatch

calculated agpredicted anglé true anglé.
2.7.3KLN -mean to predict anglesoutside thetraining set

To test this method, ewremoved data of orit anglefrom the training setpredicedtheir

valuesby KLN-mean. Similaresultswere summarized iRigure 2.1%elow (k=10). Compared

with Figure 2.14credential intervals are much widereaninga higher uncertainty in angle
prediction. For 0and 9@, because neighbor angles exist omyome side due to no available
training set data less thad @& higher than 9l their group means skewed upwards and
downwards respectively. With a smaller k value, those two group means would move closer to

the red diagonal. From the right figure, anglismatch is confined within -20J.

In conclusionkLN is a useful extension to the CC approach and allows us to predict angles
outsidethe training set witlanaccuracyof +/-20J. This variation of CC can be easily applied to

other continuous variablée.g. strain rates and temperatutesgd as labels ithetraining set.
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3 Linear discriminant analysis classification
3.1 Introduction

Linear discriminant analys{$.DA) is a supervise classifier to discriminate or classify data with
labeld. The labels arsometimesalled classes. By can be categorical variablesi¢h as

species of animals, whether pass an exam or not and couptiigiof or continuous variables
(such as body heights, test scamad the temperature in a roprhDA is a popular classifier in
many areasSome examples are credit card fraud detegtidongarian wine classificatidn
bankruptcy predictioh speech recognitiSrand gene selectiénThis method is usually
compared to Principle Component Analysis (PGMhich is an unsupervised classifier.
Sometimes the two methods are camed in classification problems. This is convenient when a
classification is needed on a snalbeleddatabas@ccompaniety a larger unlabeled datab&se

Here LDA is appliedo handle the sam@assification taskn Chapter 2. Figure 3.1 is an

overview of LDA approach tolassifysimuations.This approach first applies a rank transform

to all coarsegrained matrices)( Ttu TTL Jtin the training set-ast Fourier transfornET) was
performed to transform datatathe frequency domain. Real and imaginemynmonentsof FFT

voxels were cmbined into a single vectop (¢ v 1T 1).7Then with the modeassumptions, a
likelihood is calculated for each grouplabeleddata. Each voxel follows an independent
normaldistribution; x . [ H p8 ¢ v T 1 Tha prediction is to match the group with the
highest likelihoodEachstep in the workflow map is explainedth more detaildater in this
chapterClassification results are discussaterward Here simulations of 19 tiingles,30 runs

of Cu simulations from the fastest strain rate were used to test the classification method. Leave

oneout crossvalidationwasused to summarizeuccess rates in the same way as in Chapter 2.
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Figure 3.1 Workflow of LDA predication. This approach first applies a rank
transformation to all coarsgrained matricesy( Ttv 1TV Jtin the training set. FFT was
performed to work with data in frequency domain. Real and imaginary parts of FFT
voxels were combined into a single tacdp ¢ v 1T 1).7Then with the model
assumptions, a likelihood is calculated for each grodabmsleddata. Each voxel follows
an independent normal distributiah~ N(—; ) , = 1 ‘&h2 prédigtiorDisnade
to the group with the highest likelihood.

3.2 Rank transformation

The anktransformations used to map a random variable, X, watmarbitrary distribution to
another random variable, With anormal distribution. The relation between X and Y is defined

by theirCumulative distribution functias (cdf).

~

SR OXN W Equation 31
Forward:® oM@ & Nip Equation 32
Inversexdy &M@ i Equation 33

whereA £Eis the cumulative distribution of random variable X, &1®Mtp is the cumulative
distribution of a'andomnormal variableY. Coarsegrained data do ndvave a wekldefinedcdf,
butan empiricakcdf can be built conveniently. The purpasferank transformation is to
normalize data for better statistic properties.
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3.2.1 Two implementations of rank transformation
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Figure 3.2 Histograms oflata after rank transformation. (Left) Data transformed by
tiedrank(). (Rght) Data transformed by ecdf().

In our earlier stagehe forward rank transformation was done via a rank functiedrank) in
MATLAB). This functionsorts rank&nd adjusts tied ranks witdmaverageThisis a onetime
transformationso we cannotransform new data in the same manfRut it works forthe leave

oneout-crosscorrelation situation.)

Another way to do rank transformation is to build an empigdafrom data first. Then the
empirical cumulative distribution functiofecdf) can be rased to transform any new data in a
consistent wayUsually, the ecdfis built by evaluating a series of quantiles from data, and any
gueried quantilén between can be calculated by interpolation. It is less accurateusatble and

faster inpractice.

Figure 3.2compareshe results of two rank transformatienCoarsegrained CSP data were both
transformed into a bell shape. The peaks in the left are due to zero boundary voralsusdty

In thetablebelow, the two implementatiord rank transformadn were comparetbliowing the
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workflow (Figure 3.1) We can see the success rates are sirtdrin the following section, we

are going to see the LDA classification result is sensitive to the choio&f

Table 3.1 LDA classification success ratéor two implementations of rank

transformation

Rank Transform Rank Transform
(tiedrank (empiricalcdf)
Exact angle 0.95 0.93
Angle within +£ 5° 0.99 0.99
Correct mataal 0.93 0.92
Correct material & exact angle 0.89 0.86
Correct material & angle within +5° 0.93 0.91

3.2.2 Sensitivity of rank transformation

This section answers the question how should the rank transformation be used. To test it,
simulation dataveredivided into a training set and a validation set. The training set contains the
first 30 runswere thetraining set and were used to fit model parameters. The last 20 runs were

validation set and were used to summarize success rates.

Three schemeswee suggested to conduct the rank trans
the first 30 runs, last 20 runs and total 50 runs as cdf_1, cdf_2 and cdf_3 respectively. In Scheme

1, we built cdf_1 and used it to transform both the training set and thati@idet. In Scheme

2, we used cdf 1 for the training set and cdf_2 for the validation set. In Scheme 3, cdf 3 was

built for both the training set and the validation set. Success rates on the validation set are
summarized in Table 3.2. Both Scheme 1 acitkfe 2 failed and had success rates close to

random guessing. Only Scheme 3 has normal success rates. In conclusion, the rank

transformation has to be done with both the training dataset and validation dataset (cdf_3).
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Table 3.2 LDA classification success rates for three different rank transformation

schemes.
Scheme 1| Scheme 2| Scheme 3
Exact angle 0.0513 0.0487 0.9684
Angle within +£ 5° 0.1553 0.1566 0.9961
Correct material 0.4947 0.4908 0.9408
Correct material & exact atey 0.0079 0.0053 0.9145
Correct material & angle within +5° 0.0211 0.0184 0.9368

3.3 LDA classificationalgorithm

To introduce LDA, westart with a toy exampl®r simplicity. Then we applyhe same idea to

our MD simulation data. Alast we demonstratéhe Bayesiarderivation of the sameesult

3.3.1 Explanation of LDA with atoy example

Assume some samples were drawn long time @do) 8 Fro , froma distribution but the
researcher has forgot whettgenormal distribution) * h,
"Oh & a|Gi  was usedHere' ,, ,| andf are fixed and known values. The question is how

to guess which distribution was used given the drawn samples. A simple answer is to draw the

histogram of samples and see wtheg shape looks like. Or we can measure the sample ajean,

and varianceo W .

and with

subjective judgements: the first one involves judging on the shape of the distribution; and the

Then compare

t he

g a mmd , ahd vartamcg 7b u Both mettiods requérea n

, Or a gamma distribution,

t w i niedn’ d@ndhvariamce r ma |

second one requires judging on how cltfsesample mean and variance are twsthof the two

distributions (hich is not always easy because mean and variance would not match either

distribution exactly, especially with a small sample size). Consider a real case shown in Figure

3.8. The top rovehows two candidate distributions used to draw data (lefhiasmal

distribution, and righis agamma distribution). The second figure shows 100 samples drawn

di

S
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from one distribution and its histogram on the right. To decide which candidate distrilvagon
used, we first try to apply the two discussed methods. The histogram shape is unbalanced, one
may guess it is probably from the gamma distribution. By the second method we need to
calculate the mean and variance of drawn samples. The two candidaté$adfl Gamma(5,1),

were carefully chosen to have the same mean. So we camfamlfromthe variance.

LDA turns out to be a more objective meadiarethis question. First, we assutmat all sample

drawsareindependent. Then, weancalculate the liklihood if the dataveredrawn from
O vip,
nohoM i $Qi £ulp now tnow 8tn (0% Q B8
Equation 34

In the samevay, if datawere drawn fromO® & & 6lp |

nohB SO éabvdacp Q 8 Equation 35
The interpretation of likelihoods, ¢ hoo M8 hio SQi £ (i vip
N oo B o S@¢ 4'0M & G elp |, is that a sequence of daddro B o are more likely to
appear if they are drawn from the normal distribution.

If we normalize the likelihoods, we get the probability of each candidate distribution.

8

5 ——€ep Equation 36

0i GanaQiIic Gk £Gulp

0 i DANEAIM iR €A G é(ld]il)
P Ni GandQW OXE ¢@ulp e

Equation 3.7

Now we are sure that the samplesredrawn from the normal distribution, withit any
subjective judgemenin another example, assume we only have 10 samples from normal
distribution, N(5,1), (5.05, 5.40, 1.87, 5,74.35, 5.89, 5.93, 3.46, 5.07, 4.34).

b0 GanaQion G émup 1@ @ ¢ and
01 QANQI Ok £€@NA G olp T o X lgDA also struggles for lacking data,
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but we still have a probability distributed between the two distributionsregualanceln this

situation,we have more confidence to gy dataaremore like from the normal distribution.

The exactly same result can also be derived from a Bayesian approach with a noninformative
uniform prior which assume§ vip and"Od® & & élp are equally possibl@esides a point
estimation of the probability i @ & HOECA TR O 0E £0a vip |, it is flexible to summarize

the 95% confidence interval in a Bayesian approach. However, as the sample size is quite big in
the firstexample, the confidence region would be too narrow to show; the confidence region is
more useful with a smaller data sizlee second exampley)hen it is harder to determine which
distributionwasused. Here wdo not illustrate the Bayesian apjieh as we are going to

demonstrate it later with thewarsegrained simulation data.
3.3.2 Explanation of LDAon simulation data

Before discussion, we firstarify the notation for variable§or a coarsgrainedsystem of size
50x50x50from the " run, there are 125000 voxel®, ® MM & R p ¢ v T Adftarthe
rank transformation and tH&FT transformatiomf & we getdd & hd B hd )

pltFB [t v 1t 11 Tiha size is doubled because the real and iraagiRFT components are

separated.

WX 0 Jrp g M pkB g v mmnm Equation 38
where® @& Qi @EQ & GO Qid "GP &
Heredd;; andi ; aretheestimatednean and standard deviatifsam 50runs in the training
set.In the crossvalidation, we need to calculate the likelihood for each label and pick the largest

as our educated guess. For an observed seqdienceid hd B K, the likelihoodwith a

given label (a,m) is
A N OB 0 Ok ¢ dn Equation 39
N tnd 8o

B e &My f g
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Figure 3.3 (Top left) Normal distribution candidate, mean,sstandard deviation = 1.
(Top right) Gamm distribution candidate, alpha = 5, beta = 1. (Bottom left) Data drawn

from one of the candates. (Bottom right) Histogram of drawamples

Like the prototype example, we can get the probabilities by normaé#lihigelihoods. The
normalization factor in the denominator is simply the sum of likelisdaan all labels,

i1 6 OEOAGHDOABI B A OSQI £ @B IB B Equation 310

and the probability ofd & Fd B hd  drawn from (a,m) is
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ORI GOE £ o dhi Equation 311

C

As we are only interested in picking the most lidalyel, we only need to calculate the
loglikehoods.

3.3.3 Explanationvia a Bayesian approach
Assumed Ry M R are independent, we have
06 MR s b e OpNOrA A fF - Equation 312
This is equialent tor)  in Equation 3.10. To make a prediction, a noninformative prior was
usedd ¢ttt © p. After applying Bayesd rul e,
D & ORMBRK © 06 oMK st tp.  Equation 313
The normalization factor is

B B "0dao ORBR Equation 314

which is equivalentt® B 1 . This poserior joint distribution has the same form as
0  from Equation 3.10.

So with the joint posterior distribution, ¢ttt & @& hd B hd , we can pick the pair,

oftr , with the largest probabilityrheseresuls arethe same as in section 3.3.2.
3.4 Discrete Fourier Transform

Named aftethe French mathematician and physicist in early &édntury, Fourier Transform is
undoubtedly one of the masindamentahlgorithms and have changédtetentire human history.
We useFFT in bothspatial crossorrelation CC) method and LDA method, so it is worth to

discuss some of its basic

Fourier transform can dekenas mapping a function from space domaintp another in

frequency domain'Q, as usually suggested by the following definition,
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"Q, Vet Qo Equation 315

or vice versa,
Q6 Q, ot 0,
Equation 316
The common form ofidcrete Fourier transforgan be written as,

O B wgQ! THRQ nBR p Equation 317
and the inverse transform,

we -B oQQt TR B p Equation 318

wherew ¢ is a zereindexed discreet sequence/vector in space domairiaRds the
corresponding sequence in frequency domain with the sae@ siln facté® Qhis an
unnormalized form but is adopted by convention, #ifis is used for normalization in the

inverse transform. Or in terms of energy conservatlmmormalization term can be written as

B wé¢ -B & 0Q Equation 319

The transform can also be expressed in a more concise matrix form as below,

L s eh Equation 320

and the inverse transform is,

o —id Equation 3.21

where= OB e B o é E andw

W W
Qt 7 G denotes conjugate transposEne square matrixse , with afixed data length
0, and does depends on neitlearor=, sodiscrete Fourier transforis a linear transform

between space domain and frequency domain.
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We can find the relationship between the continuous and discrete watthdsomie tricks. Any
discrete sequence can be converted to a continuous function by interpolation. If we intarpolate

sequence with "Qfudctiors conveniently

Qo B i Qavo e Equation 322

wherei Q& p Q@ T otherwise i "@&¥cy wherei "Q&Qo Tfor any nonzero integer
Q

If we use the analytical form to derit®, we haveldd "Q, "QRQ mipfB A5 p. Onthe
other hand, if we sampl@a efficiently at ¢ Foo fio F8, and approximaté®, by rescaling

DiscreteTime Fourier transform (DTFT), defined as

& Qt B we 'Q , periodic ong“. Equation 323

Discrete Fourier transforims often preferred in engineering fields becaoifsgs speed and

accuracy.

A simple deduction ofliscrete Fourier transform in one dimension can be obtainadchgnge
of thebasissetin theHilbert space. Complex number sequences of a fixed lengthuxatig
forms a complete Hilbert space, with complex number inner product definedfas

ofo . An arbitrary finite sequence @ hw B thatcan be explicitly expressed as

o { E B ot Equation 324

™ e € &
o4 370

e
o440 A
e
oo 3 4

Here the collection aof. is called a basis, and it is easy to seéf(a)should beorthogonal, or

m "Q "Q (b)B. o t#. can represerall possiblet sequences.

A Fourier basis set alsatssfies the two constraints mentioned above,
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P ~ P v P

vl !Q t—t > 11 'Q —t I,I

1% A >

.p’.:.h:::::- : : ot Bh. : : ot ::hB Equation 325
' I é r [ é M

pU ot O ni— O

whichis orthogonal and sparthroughout the space. To express the sequériaehe Fourier
basis seis straight by inner product B w to . We can geFouriercoefficients -

o o o B, by projectingkto each Fourier basis,

® Ly B @ #.fg B QT Equation 326

and= R Equation 327

With theFourierbasis set, thaversetransformation islsostraightforward.

o L. s k. B & ogw. B o

Equation 328

As the above suggests, in space domain any v&atan be viewed as a linear combination of a
series of delayed impulse response sequefites) thefrequency domain the same vector can
be obténed by combining a series of sinussietieswith discretefrequencies;: g. Such back

and forth transformation are lossless.

Foraninfinite sequence, we can approximasgrequency response by usiagly a finite part

of the sequence. It is idefalr two types of infinite sequences, (a) firfiepport sequences,
which are norzero only for a continuous region of the sequence; (b) periodic sequences, in
which one period contains all informatiddiscrete Fourier transformaturally considers the
finite sequence periodic, thus for (a) tygeguencest is often desirable to pad zeroes or

preprocess with a moving average style filter to break the periodicity.
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To visualizethe result ofliscrete Fourier transfornt is useful to represent coefficiasrnn the
amplitude and phase form,@Q 6 tQ! , whered mand] N “H . Also as the
frequency does not have any unit, we should rescaleitddalf of theNyquist frequency. For
realvalued sequences in space domtiair Fourier coefficients are Hermitian symmetric,
namelywoQ « Q. Thisalsomean8 S0Qs s « Qs 0O ,amirror symmetry

around the zerfrequency, so all inflamation can be represented with a half of the series

3.5 Leaveone-out crossvalidation

OO

250000 normal distributions

50

Coarse- 250000 normal distributions
grained FFT

Matrix Components '

50x50x50 calculate likelihood...

90°

250000 normal distributions

Figure 3.4 Leaveoneout crossvalidation in LDA classification

Figure 3.4shows how each predictiagamade in leav®neout crossvalidation. A simulation
from the training set, foexample 40Jis pickedto be classified and followtkhe previous
workflow to gather real and imaginaBFT components in a vector. Then the 250000 normal
distributions for FFT voxels associated withl4refitted without the picked simulatio(irhis
removed any inforr@tion of the picked simulation from the classification mgdellog-
likelihood (for numerical stabilityfor each tilt anglés calculated as the product of 250000
probability density functios Then the prediction was made to thbel (e.g. the combinan of
an angle and a materialjth the hghest loglikelihood.
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Figure 3.5shows how a predictiowasmade inthe LDA classification. The yaxis is normalized
log-likelihood. Blue squares are ldigelihoods for Cu, and red crosses are for Atpeleft
shows a correct match for simulation of angle 34%u, F'run. The secontestmatch is tilt
angle=50, Cu, with a probability €xp-1000). Like CC match distribution figure of the same
simulation, likelihooddata pointdorm a dome centered at the @utrangle value. The right
figure is a false match for the simulation of tilt angle =90, Aguh. The first match is 9D Cu,
correct angle but wrong material. The correct match is the second one. fkelibgods foran
angle less than 70were sdow that they even exceeded the lowdrgtt of floats. Sill, the
likelihood increass as the tilt angle approaches]Olike the CC approach, LDA can be easily

extended to classifications of other types of simulationss&an rates and temperatsre

0 = 0
-1000 f ,L l i -1000 l
2000 | 2000 |

-3000 ¢ -3000 r

T

-4000 -4000 -

-5000 r ul -5000
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Figure 3.5 Normalized loglikelihoods of two simulationgrom theleaveoneout cross
validation. Blue squares are log likelihoods @rand red crosses for log likelihoods for
Ag. Data points for two materials were fébd in the xaxisfor visualization The
prediction is made tthe highestlikelihood. (Left) Data from tilt45, Cu, runl. (Right)
Data from tilt90, Ag, runl.

3.6 LDA classification results

3.6.1 Classification of tilt angle and material

Table 3.3 summazes the LDA success rates with CSP cogragned matrices, and Table 3.4

summarized results with HS coargained matrices. In each table success rate by accuracy to
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predict the material type independent of angle, and the accuracies with which thetidane
can predict both material type and angle. This data is further broken down by the ntimber

used in the training set.

First, success rates with HS data are lower accuracy than with CSP data. Second, LDA shows a
large dependence on the numberwfs up to about 30 runs per angle. Third, compared with the
CC approach, LDA is more accurateéh more than 20 MD simulationger angle, anche

maximum mismatch betweehe predicted angl¢with CSB is 15). With even more runs, LDA

achieves auccessatehigher than 90%.

Table 3.3 Success ratdsr matching angle and material type with the two methods using
the CSP data.

Method Data Type 10 20 30 40 50

runs runs runs runs runs

Exact angle 0.43 0.85 0.95 0.96 0.97
Angle within +£ 5° 094 | 099 | 0.99 | 0.99 | 0.99
Linear }
o Correct material 0.61 0.89 0.93 0.94 0.94
discriminant

analysis | Correct material & exact angle 015 | 0.74 | 0.90 | 0.91 | 0.92

Correct material & angle within | 0.59 | 088 | 093 | 093 | 0.94
+/- 5°
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Table 3.4 Success ratdsr matching angle and material type with the two methods using

the HS data.
Method Data Type 10 20 30 40 50
runs | runs | runs | runs | runs
Exact angle 0.12 0.30 0.42 0.57 0.66
Angle within +£ 5° 041 | 060 | 0.72 | 0.80 | 0.86
Linear ]
o Correct material 0.51 0.63 0.74 | 0.83 0.91
discriminant

analysis | Correct material & exact angle 0 0.13 | 0.30 | 0.49 | 0.63
Correct material & angle within | 0.16 | 0.34 | 051 | 0.67 | 0.79

+/- 5°

3.6.2 Classification of strain rate

Table 3.5summarizeshe dassification ofdata from3 angles (1% 45Jand 9@) and 3

engineering strain rates (10 , 1®i and 18i ), 30 runs each. Likeith the CC

approach, tilt angles can be easily classified.tBestrain rate classification only reach@®9

even though 30 runs were used. In comparison, material classification in classification 3.6.1
reached 0.90 with just 20 runkhis is most likely because LDA is sensitive to the data size used
in the rank transformationAs we have discussed earligrerank transforrationis done orall

data in theraining setThus,thetraining set in 3.6.2 has only 3 angles, much lessatatgared

to the classification 3.6.1.03n 3.6.2 with 30 runs for each simulation, the accuracy igeat

Table 3.5 Success ratdsr matching angle and material type with the LDA approach
using the CSP data from different strain rates.

Exact angle Correct strain rate| Correct strain rate & exact angle

Success ratg 0.9963 0.6926 0.6926




48

3.6.3Classification of temperature

Table 3.6summarizesheclassification of simulations from 19 angles and 3 temperatures (300K,
600K, and 900K). The trends here are similathat inclassification3.6.1. For a small number

of runs in the training set, LDAoesnot work well except for angle within -8J, but success

rates improveapidly with more runs. In Table 3.6, with a small number of rtinstemperature

is more difficult topredictthanthetilt angle. With 30 runshe classification for botthilt angles

and tem peratures aneoreaccurate.

Table 3.6 Success ratdsr matching angle and temperature with the LDA approach

using the CSP data from different temperatures.

Method Data Type 10 runs | 20 runs | 30 runs
Exact angle 0.38 0.85 0.94
. Angle within +£ 5° 0.92 1.00 1.00

Linear
discriminant | Correct temperature 0.61 0.92 0.97
analysis

Correct temperature & exact angle 0.07 0.77 0.91
Correct temperature & angle within-&° 0.54 0.91 0.97

3.7 Variations of LDA clasdfication

In thefollowing discussiontwo variationsof the LDA approaclarediscussedwhich alsogives
an insight on how the normal distribution model warksrnally. In the procesan interesting

difference between the material prediction and ttgpegpredictionis discussed



49

3.7.1 Dividea FFT matrix into different frequency regions
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Figure 3.6 A schemeof dividing voxelsinto three frequency regiongith theroughly
equal amount of voxels. The blue regiofoisthelow frequency. The cyan regionfisr
themiddle frequency. The yellow regionfwr thehigh frequency.

Table 3.7 Leaveoneout crossvalidation for three different frequency regions.

LDA Variation Correct Material Correct Angé Correct Both
Full frequencies 0.9316 0.9474 0.8851
Low frequencies 0.9579 0.9289 0.8939
Middle frequencies | 0.8404 0.8947 0.7640
High frequencies 0.7526 0.6851 0.5579

Instead of using all FFT components to calculate the likelihood, each FFT masrotividel

into three groups. Figure 3iléustratesthedivision of a 50x50x50 matrix into 3 successive
cubes. The boundariesechosen sthateachregionhas a similar number of voxels. The
outmost layer (blue) ithelow-frequencyregion (90986 voxe]s36.4%), the middle layer (cyan)
is themiddle-frequencyregion (78094 voxels, 31.24%) and the innermost layer (yellothgis
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high-frequencyregion (80920 voxels, 32.37%). Thealleoneout crossvalidationis tested with

datafrom 19 angles, 2naterialsand 30 runs.

Afterward, the likelihood calculation was domer each frequency region separatdliie success
ratesares ummar i zed i n Tabl e i8alsdlisteddslareferdndeuFromthé r e qu er
table, we can conclude not all voxels are eedtr a reasonabliccess ratéAmong the three

frequencies, thiow-frequencyregionhas the highest success rates.
3.7.2 Pick one FFT component out of every N

In this variation, onlyZ0 of the 250000 FFT component vectorsassed to calculate likeliod
(Table 3.8. As the number of voxels used decreases, success ratesdngle predictioralso
decreasebutthe material predictiorsuccess rate increas&®r examplein the last row,
1/10000 voxelsreused (25 voxels in total), which gives thgltest success raite thematerial

classification.

In following extreme casg3able 3.9, only one voxels used forclassification Of the three
voxels chosen, only the firsbw has abnorniéy highsuccess rate€.ombined with Table 3.89,
the first vorel looks suspicioudt seems along as the first voxes$ picked, the material
prediction has a high success rate.

The reason isbviousif we understandhe zerefrequency FFT voxél s me. RinstiCao and
Ag have different lattice parameters, and G@Ries of Cu are smaller than Ag for a given
structure so the zerefrequency FFT voxel of Ag ialways higher than C&econd, the first FFT
component is always reandit equals the sum of the matrix tine spacedomain. In Figure 3,7
thetop left hisogram is the sum of coargeained CSP matrices. We can see the distribsifam
Cu and Agarealready separated. The top right figure is the histogram for the calcutaféd 1
voxel. It is different from the left because of the rank transformatioa tWwh figures in the
bottom row are the histograroétwo other voxels for comparisotheé 108" FFT and 1000
FFT), andin bothbottomfigures the distributions of Cu and Ag overkignificantly. As a
result, with the T FFT voxelitself, we can sepata simulations of Cu and Ag successfully
already.Voxels like the 100 and 1008 would not addnorehelpful information to the LDA
prediction.



Table 3.8 Leaveoneout crossvalidatiors for different voxel picking schemes.

LDA Variation

Correct Material

Correct Angle

Correct Both

Full frequencies 0.93 0.95 0.90

Every 2 0.9456 0.9404 0.8912
Every 5 0.9641 0.9167 0.8842
Every 10 0.9789 0.8825 0.8658
Every 20 0.9904 0.8754 0.8675
Every 50 0.9921 0.7140 0.7088
Every 100 0.9%6 0.6702 0.6675
Every 200 0.9974 0.6667 0.6658
Every 500 0.9956 0.5325 0.5307
Every 1000 0.9982 0.5123 0.5114
Every 5000 0.9974 0.3526 0.3526
Every 10000 0.9974 0.3570 0.3570

51
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Table 3.9 Leaveoneout crossvalidation for three different voxels (for material

prediction only).

LDA Variation Correct Material Correct Angle Correct Both
Only 1 voxel (£ voxel) 0.9982 0.1711 0.1711

Only 1 voxel (108 voxel) | 0.5123 0.0868 0.0561

Only 1 voxel (1008 0.4693 0.0482 0.0175
voxel)

2 voxels (108 and 0.5070 0.0904 0.0544
1000

Figure 38 shows means and 95% confidence intervals for 19 angles and two matesals

overlap in the y axis indicates better classification redultisDA a joint likelihood digribution

with two parametersngle andmaterialwas used for predictiona total of 38 labelsAs

univariate normal distributions were assumed for each group of (angle, material), the figures

below plot mean and 95% confidence interval from fit paramse®he joint distribution matches

the trend®bserved in Figure 3.The 1st FFT voxel has confidence intervals of Cu and Ag

separated for each angle. This means it is eadps$sifyCu and Ag for all angles in LDA with
1S'FFT voxel. On the other sidéor 100" and 1008 FFT voxels, means of Cu and Ag only

varies occasionally and the confidence intervals overlap significantly. It medhsid®a 00

FFT voxels carry less information ¢tassifyCu and Ag, not necessarily means 1@@d 1008

FFTvoxels are useless in LDA predictions. We can see th® EBU voxel has less overlap in
from Table 3.9
1000" in material prediction. In the last row Béble3.9, we used 1 and 1008 FFT voxels

confidence intervals than 1008 s a n d

above

together, and the success ratesclose to results of 100 and the success rate for angle

predictionis even higher. This means 10and 1008 voxelsarecollaborating in LDA

prediction, and if one voxel does not performireklassification, there is little penalties on

other vixels due to its large variance.

t
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Figure 3.7 (Top left) Histogram othe sumof each CSP matrix. (Top right) Histogram of
the P'FFT matrix component voxels, whi@quals the sum of each FFT matrix. (Bottom
left) Histogram ofthe 100" FFT matrix component voxels. (Bottom right) Histogram of
thel000" FFT matrix component voxels. Blue bars for Cu data and red bars for Ag data.
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Figure 3.8 Means and 95% confidence interval for each group of (angle, material) based
on univariate normal distribution fitting. The blue line is for Cu and the orange line is for

Ag. Thex-axisof data points of Cu and Ag were shifted a bit for readability.

We haveonly discussethe materialpredictionso far. With Figure 3.8e can also apply the

same thinking process fareangle prediction. In this case, instead of separating the blue and
orange line (vertically) we can compare data pfrorh differentangles (horizontally). Visually,

the B'FFT voxel hasheleastoverlap of confidence interval across all angles and the"BBT
voxel has the most overall overlap. This also matches the success rates table above for angle
prediction.In fact, with the 1000" FFT voxel alongsuccess rateme close t@ random guess

(material prediction 9.5,angle prediction 4/19= 0.052%

As the F'voxel is most informative for material prediction, it would be interesting to see what

happens if we exclude th& EFT voxel from LDA. Here the 30voxelis used as astarting
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offset to pick interpolated voxels. Compared with Table 3.8, success rates for material

predictions decreased fesvervoxelsareused in LDA. Success rates for angle predicéion

similaror fievery 1000 as in Table 3.8. As the nun
for angles arelower thanthevalues inTable 3.8 The last row in the tablis success rates with

all frequencies (from the"2to the 250000 voxels). The success rdte material drops a little

as the most informative FFT voxslexcluded. But success rates for correct angle and correct

botharenot influenced much.

Table 3.10 Leaveoneoutcrossvalidatiors for three different frequencygions with

offsets.

LDA Variation Correct Material Correct Angle Correct Both
Every 100 0.7904 0.6667 0.5623
Every 200 0.7535 0.5588 0.4737
Every 500 0.6754 0.4447 0.5307
Every 1000 0.6149 0.3325 0.2640
Every 5000 0.5851 0.1561 0.1114
Every 10000 05684 0.1404 0.1035

Full frequencies excepf'l 0.9298 0.9497 0.8833
voxel

In LDA, the prediction for materials and for anggtand fortwo situations. Fothe prediction of
materia, using the I FFT voxelis enoughto classify simulations. The othEFT voxelsarenot
capable byhemselvesBut theydo not penalizehe prediction of the $FFT voxel much. For
the prediction of anglg no voxelscan classify simulations alonadall voxelshave to

collaborate.
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3.7.2 Classification of data outsidéhetraining set

In our test cases, LDA is used to classify categotilt@ngles instead of continuous data. We
tried to extend LDA to classify simulations of tilt angles not listed in the training set, like the CC
approach. The following approach wastégl with simulations from 19 tilt anglespaterials

and 30 runs. Buheclassification matched all simulations to tilt angle = 0, material = Cu.

We start from the classification process in LDA. As long as we have means and standard
deviatiors of the250000 FFT voxels within a group, the likelihood for an unknown tilt angle can
be calculated-or any intermediate angtitside the training setve tried to interpolate

parameters fronts neighbor angledn the testwe replace parameters (means aaddard
deviations of 250000 voxels) of one tilt angle by parameterstiertiinear interpolationThen a
classificationwas done on aBimulatonsof that tilt angleIn Figure3.14, we picked 3 FFT

voxels froma Cutilt angleand plottedboththeir normédistribution mean and standard
deviationverasthetilt angle. In the left figure, the mean is not continuous with respect to the tilt
angle. In the right figurahe standard deviation curve is smoethbut it is still hardor

interpolations

500 - change of mean verses tilt angle change of standard deviation verses tilt angle
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Figure 3.9 Means (left) and standard deviations (right) from normal distributions are
shown for three FFT voxe(¢he 108", 101th and 102th FFT voxdfom a group of Cu

simulations)
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3.8 Comparisonsbetween CC and LDA

CC and LDA classificatiors can be generalizedtma common workflow. First, training set
simulations are separated into different gdnen forclassificationeach group calculates a
single parametassed for comparisowith other groupsA prediction isthenmade by picking
the group with the largest value. In the CC approtcomparegarameter is the maximum in
the crosscorrelationmatrices and inthe LDA approach it is the log¢jkelihood. The following
discussion compares CC and LDA based on thiseakhip. To simplify notations, we assume
coarsegrainedmatrices arsingle voxelspf size 1x1x]1 and the diffeence between
preprocessing d€C and LDA are notonsideredo the discussion belogeven though voxels in
CC are from aut@orrelation and oxels in LDA are from rank transformation and fFFfor a
given group, we assume the training set contains 30 runs for each graup@ng 8 o 1t
correspond t@oarsegrained dataf a group after preprocessing. The discussions below can
easily be applied tothercases. To classify a target simulatibna parameter is calculated in
CC ard LDA following the pseudo code blodlelow. We are going to shothatCC and LDA

are interchangeable in some sense.

CC approach LDA approach
fori=11to 30{ fit a normal distribution with 30 runs:
0 ‘h,

crosscorrelation withi: 66 0 0

Pick largest6 from 30 Pick largest loglikelihood =%.0 N h,




58

3.8.1 View CC as a variation of LDA

In LDA, 0 HQ p8 o mare taken asampledrom a univariate normal distribution. As is fixed
in this cased6 only degends o . In another worsl pickingthelargestd0 equals pickinghe
largest) , denotedasd . AssumanhiQ p 8 o mare independent variables following

“ 'h, , andd is an observation of the random varitl G 6 oo o B hoo

@ iscan beapproximated by the centrlnit theory. So instead of calculating all 8@ and
picking the largest value, it can be simulated by drawing samplesifrom which is buit
based on parameters from LDA. has a smaller standard deviation tearthus CC works
better than LDA with a small number of runs. LDA bersdfibm more accurate estimat®af
standard distributions witlnoreruns. But CC still usesnly onev as an estimate.sfa

result the CC classificationbecome less accurate than LDA with more runs.

In anothersense, without evethinking aboufitting 0 ‘h, ,66 0 0 works like a rough
estimate othelog-likelihood from some unknown distribution, because ld@thand log
likelihood increases with highersimilarity between two simulation®icking the largest o is

the same as picking the largest likelihood from those 30 estimates.
3.8.2 View LDA & a variation of CC

Given0 , themaximum of the crossorrelation matriXd 0 ) only depends on FiQ p8 o
FromanothemperspectiveCC isb weighted byy 6 .§For LDA,” ‘h, can be taken as a
generator of coarsgrained matrices. Instead afcrosscorrelationwith eachv , LDA uses the
log-likelihood, & ¢ Q0 N K, , as an estimate, atdé %0 N h, is a parabola centered
around group mean. Figure B.ilustrates this withite 1008' FFT voxel for tilt angle 4% Cu
simulation of 30 runs. Left shows all 30 data points thedight figure shows pdf of a normal
distribution fit from those points. Asand, are estimated fromh FQ p8 ¢ by the meaning
of likelihood function, it has large values only if it is close to the gnmeanof 0 FQ p8 o 1

In the standard CQ) is used to calculate cros®rrelation to measutéesimilarity of 0 to
the group. In LDAa matrix gnerated byy ‘ h, is used to calculate cressrrelation with a

uniform matrix, which adapts all 30 voxel values as well as the target voxel®alnea more

can &

uncommorform, the loglikelihoodi T i€ O MK ™1 | CK
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factorized into a product of two terms. Here asséhme 1@ | I¢ @& , whereAis a complex

number. The lodikelihood became O — A O = A, which falls ina cross
correlationform.
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Figure 3.10 View LDA as a CC variation. (Left) 30 data points fréime 1000" FFT
voxel of coarsegrained data (45 Cu). (Right) The fitted normal distribution from the
LDA model for 30 data points.

3.8.3Fundamental differences between CC and LDA

The discussiomabove aims to help understand both CC and LDA work in the same general
direction, but it would be cumbersome to implement one approach with the other in practice. CC
and LDA are still different in implementation details. CC taga®of the periodic boudary

condition by a circulashift operation, but LDA usethe frequency domain.DA need a rank
transform befeehand to transform data inb@rmal distributios, andCC requiresanauto

correlation to bring out repeated patterns. More fundamentallgGomatrix similarity means

match of voxel patterns, but for LDA it is tkam of likelihoods
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4 Data generation
4.1 Introduction

Another goal of this project is to find a way to generate simulation data based on existing data,
without actuaimolecular dynamicéMD) simulations. To be specific, data generation schemes
must use less computation power compared with MD simulations. Also, generated data should
represent real simulatismvell, which should be usable foesearches other studies. Similar

data generatioileas have already been reported in other research fields. For example, in
aerodynamics, a digital filtering method was used to genpsatedo turbulerinflowst. In
meteorology, a weathgeneratiormethod is reported to feed data & soil corrosion mod&lin
computer science, data generation has beed to automate software testifigMore recently,
advancements in neural networks have brought interesting reports on speech géneration
handwritinggeneratiohand instrumental music generafioHerewe designedur dag

generation schemes to reproduce major featfrpkastic defectand aidfuturediscoveries in

the material science.

Data generation is generally a reverse process of the classificatiowtaake going to discuss
possibilities of extendingrosscorrelation CC) andlinear discriminant analysi$DA)

approaches for data generation purposes. For data generation tasks, we used a training set with
19 angles (0to 9QJ every %)), 2 materials (Cu, §) and 30 runs. Compared with the

classification task, which is a process from simulations to labels, data generation is the reverse
process. We are going to show first why it is hard to reverse the CC approach for data
generationThen we are going to digss different variations of LDA data generation models.

4.2 The obstacle of CC approach data generation

To generate new data fraitme CC approach, we need to reverse the-aotoelation operation at

a certainpoint. With a numerical example gnare goindo demonstratéhatit is irreversible.

We assume a real temporal sedBhd p8 p 1 of thespace domajrand& EFE p8p Tt 1t
of thefrequencydomain. We denote its autmrrelation series as @3 p8 p T of thespace

domainand! EHE p8 p maf thefrequencydomain. To reverse the autorrelation, we

need to computéEd from A @, we can applyhe convolution theoryagain
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6 "0Qto 0 p Equation 41

where& E p isthe flipped& E (+1 adjusts its index! E is calculated fronA @, so we

have a set 0100 secon@rder polynomial equatiorfsom Equation 4.1This equationse does
not have a unique solution

To constrain the equations, we asstif@® is normalizedA numerical solution can be found by
defining a cost function and minimizirigby the gradient descemhethod But we foundthe
solution is still not uniqué/NVe are going to demonstrate this point with an examés

algorithm starts with a random gued€dh@ p8 p T,7its normalizeeautocorrelation series
A@HD p8 p mand a cost functiot. The left partists analytic form usedand the right part
illustrates the algorithm withpseudo codes. For convenience, we assume superscripts were
periodicallywrapped baclkutside the range [1,100].

Gradient— B —f—i— initialize {'Q} by a uniform distribution

while step < MAX_INTERAIDN

6 @ VD OCEET 6 HAIMAQ
5 o o calculate®iQ p8p mm
18 fori=1t0 100
o P
calculate—
oL,
% Cw update’Q with learning rate
Q) end

Thetestresult is shown ifrigure 4.1 In the top right figure, tev seriesareapparenthdifferent,

but we show later it they have the same autocorrelation series. Iteijeve arbitrarily

generated a series of data (blue) and usedltjorithm to reverse its awtarrelation series. In

the top left of Figure 4,%he cost function dropped continuously and reaghed after 10000
iterations. In theop right figure, the red series was recovered by the algorithm, but it is not close
to the shape of the blue series. In the bottonfigite, the autocorrelation of the red and blue
series overlapompletely With a dfferentrandominitialization of C@ha p8 p m,mewould

end up with a different solutiom conclusion, even with the normalizatioanstraintthere are
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still aninfinite number of solutions to deconvolute the acworelation and any possible CC data

generation scheme should avoid aatorelation in the first place.
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Figure 4.1 (Top left) Cost functiomdecreases durirgjgorithm iteration. (Top right) A
target data series (blue) and a recovered data series (redyniBeft) Autocorrelation

series of target series (blum)d recovered data series (red), which overlap completely.

4.3 LDA data generation

Because there is no way to circumvent the -@otoelation in the CC approacH| data
generation approaches ingtuhapter are based the LDA approach. Figure 4.2 shows the
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general scheme to reverse the LDA classification approactata generation. Depend on the
statistic model used, i divided into a notBayesian and a Bayesian approdgiit theoverall

workflow is shared

Non-Bayesian
250000
FFT voxels
Bayesian

Figure 4.2 Workflow for data generation.

Reverse

ARHLY rank

symmetry transform

Unlike the classificatin, we have to deal with matrix symmetry of frequency domain directly.
After FFT, areatvaluedcoarsegrained matrix is Hermitian arsiymmetic. After fitting normal
distributions, the means and standard deviations of real FFT componedntshesgmmetric. For
imaginary FFT components, the standard deviations are symmetric but the means are anti
symmetric. Overall we only have half uniquegraeters in LDA(AIl likelihoods are doubled
but it does notffecsthe classification taskFor data generation, we need to make sure
generated matrices are Hermitian asytmmetric before inverseFT. To applythesymmetry,

we simply overwrote half mak with their symmetric counterparts, and remove imaginary

components for all voxelsf thethree coordinatiomxes.

Based ortheforwardranktransform mentioned int@pter3, thereversaank transform is done
by first calculatingquantiles in a normalistribution. Then they are mapped to CSP values with

the same quantiles. Reverse rank transform is done with data fraantieetraining set.

The following sectios, we startvith the discussion d norBayesian model amsbme

variations. hen we discuss hierarchical Bayesian model and a trick to speed up its calculation.
4.3.1 Generation with normal distribution models from LDA classification

We follow the sene assumptions made in Chaptem@l start from tb 250000 independent
normal distributions. Ithe LDA classificationapproachall operations are reversible and
samples can hadependentlyrawn fromthese distributions

To generate new data, we draw one sample from each voxel. Figure 4.3saawsamplesf
the 2500000 FFT voxels for tilt aleg= 9QJ, Cu.Hermitian symmetry igpplied to the real
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componentand imaginarycomponentsin Figure 4.3, the reaomponentand imaginary
componentgire separated and reshaped intau 1Tu TMatrices for visualizatioriThe voxel
average in real FFT matris -1.63, and is O for the imaginary FRTatrix. Both matrices look
chaotic and no clear patterns can be recognized. In Figure 4.4, the power spectrum (amplitude
squaredlis shown for the same data. A higher power means the associatéeélancy is

more important in thelatagenerationa larger amplitude for the sinusoidal functi&o. thelow-
frequencyregion(cube corners and facdas)more important thathe highfrequency regiorn

data generatian

Figure 4.5containsdetailsof thenext two step in data generation. Thefl is after inverse FFT.
There is still no visual similarity witheal data. Theight is finalresultafter reverse rank

transformation. We can see some patterns resenibtergal stacking faults.

real FFT components imaginary FFT components

o

Figure 4.3 FFT data samples were drawn from tilt angle = 90°, Cu material model. Real FFT
components(left) and imaginargomponents(right) are separated. Hermitian symmetry has been

applied to both matrices. Isosurfagih thresholdat zero.
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FFT power spectrum

Figure4. 4 Power spectrum a drawn FFT matrisosurfaceonstuctedat a threshold of £0

after rank transform
after inverse fft

Figure 4.5 (Left) Generated data after inverse FFT. Isosurface constructed at a thad<hold

(Right) Geneated data after rank transformation. Isosurface constructed at a threshold of 2.

Figure 4.6 and Figure 4atganizea series of data generation resfgtscomparisonFigure4.6
showsCu generation result3 he first columris for reference, it contairarsegrained CSP
data from actual MD simulations. The middle column contgermerated datdn the third
column, we applied a 3D Gaussian filteffitter noises. Three anglesverepicked0J, 45]Jand

90J. For @ simulations, there is no plastic deforioatin both real data and generated data. For
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45Jand 90, stacking fault planeare discontinuous in the generataata. But if we compare

generatiordata by rowthe distinction between tilt angles is obvious.

Figure 4.7 shows the generated data for@ggrall, defectsn these generated data are larger
compared with CuAt 0Jtilt angle, defects appear in both the generation data and real\tata.
90J, thedata generation has continuous stacking faults inBieleausestacking faults in 90

simulationsare widespread plane#ts representation smpler inthefrequencydomainand can

be captured more accurately by the statistic model

Even though generation data are visually different from real data, their overall distribution is
close to real datdn Figure 4.8, the CSP distribution of real ceagsained CSP data and
generatiordata are comparedhe left column igrom 30 real runs for referencéhe

distribution for generation data is based on 30 independent deawerated data have CSP
distributions close to read dat&oour statistic model did reproduce overall distributibat its
capability is also limited.

There are two major assumptions in the LDA classification model. First, there is no correlation
between FFT voxels. (No correlatiogisher between different frequenciesbetween real and
imaginary components.) Second, each voxel can be approximated by a univariate normal random
variable. To optimize our model, we first added correlation terms between FFT voxels. Then we
implemented 8ayesian model to adjust the normal distribution assumption.
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angle 0, Cu, run1 angle 0, Cu gaussian filter
e 50

40 -
30 -

20 A

Figure 4.6 Data generation illustration for Cu. The first column listsun in the training set
for referenceThe second column lists generated daspectively. The third column lists
Gaussian filtered da respectively. The filter usesstandard deviation of 0.8. The first row
lists data generation for tilt angle=JThe second row lists data generation for tilt angle=J
The third row lists dataameration for tilt angles 1t Isosurface construction threshold at
CSP=2.













































































































































































































































