
ABSTRACT

POLASH, MD MOBARAK HOSSAIN. Modeling of Multistage Nernst-Ettingshausen
Coolers. (Under the direction of Dr. Daryoosh Vashaee.)

There are high incentives for using solid-state coolers instead of the existing compression-

based technologies, which are bulky, require compressors or cryogenic liquids, and have

environmental issues like Ozone depletion potential (ODP) and global warming potential

(GWP). Solid-state coolers are still under extensive studies aiming to increase their coef-

ficient of performance (COP). Among the studied solid-state technologies, thermoelectric

cooling is widely utilized for the temperature range above 200 K, and thermomagnetic

(TM) is found most efficient in the cryogenic temperature range (<200 K). Performance

of TM devices, also known as Nernst-Ettingshausen (NE) devices, is material dependent

as well as shape dependent. Until now, BiSb material system has been found the most ef-

ficient TM material operating with higher thermomagnetic figure-of-merit, ZT, compared

to other candidates. Again, for TM operation, some optimized shapes have been proposed

to have higher efficiency among which the infinite or exponential shaped NE devices sug-

gested by Harman’s model are widely accepted to have the best performance. Harman

derived an expression for the optimum shape based on the assumptions of constant cur-

rent density, constant electric field, temperature independent material properties, and

equal COPs for different layers of the material. Among those assumptions, some are

non-realistic and lead to errors when predicting or analyzing the experimental data. The

focus of this work is to derive a more accurate expression for the infinite stage devices by

taking into account more realistic assumptions that can make the model predictive and

better matched with experiments. A comparative study is presented that shows how the

new model differs from the previous ones and how close the predictions are compared



to the existing experimental data in the literature. The simulations are extended to all

suggested geometric shapes such as rectangular, trapezoidal, and exponential shapes to

compare their performance. The model calculations compare the maximum temperature

gradient as a function current, maximum temperature gradient as a function of device

length in the heat flow direction, maximum temperature gradient versus ratio of the di-

mensions of the hot and cold side areas, maximum heat flow versus device length and

geometric ratio, and finally COP versus temperature gradient, length and geometric ra-

tio. As benchmarks, the maximum temperature gradient was obtained for the no-load

condition, and the maximum heat flow was obtained for zero temperature gradient condi-

tions. From the comparative analysis, our infinite shape model is found to have superior

performance over other shaped devices. Simulation was done for BiSb material system

for fixed magnetic field and variable electric field.

A preliminary experimental work was also performed to understand the material prop-

erties of Bi95Sb5 alloy and for future works. The samples were synthesized in Argon or

vacuum environment to avoid oxidation. The alloy composition was confirmed by X-ray

diffraction analysis, and the electrical conductivity and thermopower were measured si-

multaneously from room temperature down to 173 K. Experimental results are in good

agreement with the high-quality samples reported in the literature.
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Chapter 1

Introduction

1.1 Motivation

Recently, Solid-state cooling has become a competitive and state-of-the-art technology

for cooling application over the conventional cooling method that associated with com-

pressor, condenser, evaporator, and refrigerants. It enables the direct conversion of elec-

tricity into a useful form of heat in presence of or absence of magnetic field without

using mechanical parts [1, 2]. Solid-state cooling has many salient features like longer

lifetime, higher reliability, no moving parts, low maintenance cost, flexible form-factor,

smaller size, efficient localized cooling, lightweight, fast and dynamic response, better

thermal control, noise-free application, no refrigerants and cost competitive by leverag-

ing the modern semiconductor manufacturing technologies [1, 2]. These features make

solid-state coolers more environment friendly and perfect for quiet and sensitive ap-

plications like medical appliance cooling, small electronics cooling such as sub-ambient

cooling of infrared detectors or charged-coupled cameras [3, 4], laboratories equipment

cooling etc. [5]. Moreover, switching between cooling and heating for these coolers can be

1



done by only reversing the polarity of the driving current. The ultimate drawback of the

solid-state cooling devices is its inefficient performance in large-area cooling and need of

external magnet for certain applications. Cooling efficiency of the initial solid-state cool-

ers was about 10% of Carnot efficiency while vapor compression-based cooler has 30%

efficiency [6]. Low-dimensional devices with doped semiconductor materials later helped

to revive the research of the solid-state cooler [7]. Though with current technology, vapor

compressed cooler achieve co-efficient of performance (COP) of 3.6 and minimal Ozone

depletion potential (ODP) and global warming potential (GWP) [8], modern technology

is still driving towards new solid-state based cooling technology which suppressed ODP

and GWP. Recent research works on solid-state coolers include the investigation of low-

dimensional new material systems with higher thermoelectric and thermomagnetic power

factor [9, 10, 11, 12, 13], different process treatments like microwave processing to decrease

the thermal conductivity [14, 15, 16], finding of shaped geometry which can improve per-

formance of solid-state coolers [17, 18, 19], new materials with different heat transport

mechanisms [20, 21, 22, 23]. Enormous efforts and new discoveries from scientific society

make solid-state cooling a prospective and competitive phenomenon for cooling appli-

cations. Present research on solid-state cooling mainly concentrated into few topics like

a low dimensional thermoelectric cooler for wearable and low power devices, new ideas

like spin-caloritronics, electrocaloric etc. Target applications of these research works are

making efficient cooling devices at room temperature. But those devices are not efficient

in the cryogenic temperature range (< 200K) and very few recent works attribute this

field [24, 25]. Until now, thermo-magnetic (TM) coolers are found most efficient in this

temperature range [26]. Most of the research on TM coolers were finding efficient mate-

rial systems [27, 28] and efficient geometric shape for TM cooling application [29, 30].

A very few works showed the comparison between the possible geometric shapes of TM
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coolers. Therefore, the main focus of this work is to introduce a new geometric shape

function based on realistic assumptions which are not included into previously published

works and show characteristics and performance comparisons between different shaped

TM devices. Also, an experimental work conducted for the verification of the simulation

work.

1.2 Solid-State Cooling

Solid-State cooling devices are the solid-state heat pumps that can pump heat against

a temperature difference without a working fluid and no moving parts [31]. Solid-state

heat pumps are typically metals or doped semiconductor materials. Most popular pump

materials are semiconductors with high mean atomic weights and high figure-of-merit

[31]. A typical solid-state cooling device is a doped semiconductor layer or p-n junction

device sandwiched between two ceramic plates which act as a heat sink and heat source.

Current is passing through the device in transverse or longitudinal direction with respect

to heat flow direction to achieve the temperature gradient. Solid-state cooling is achieved

by utilizing the Galvano-thermomagnetic effects. These effects help to change the entropy

of electron gas of the solid-state pump materials which help to create the temperature dif-

ference across the device. Generally, solid-state coolers can be categorized into two types

based on the operating Galvano-thermomagnetic effects: thermoelectric (TE) and ther-

momagnetic (TM) coolers. Due to the absence of working fluid, solid-state coolers have

no environmental issues like high Ozone depletion potential (ODP) and global warming

potential (GWP). As, solid-state coolers have no thermodynamic losses associated with

vapor-compression cycle, they can provide higher cooling efficiency over conventional

vapor-compression based cooling systems. Despite the mentioned advantages, solid-state
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coolers have their own inherent losses like Joule heating. Therefore, the key challenge of

solid-state coolers is to find suitable materials with higher electron and hole mobilities

which gives higher conductivity and lower lattice thermal conductivity [5].

1.2.1 Thermoelectric Cooler

Thermoelectric (TE) coolers are the solid-state heat pump operated based on Peltier and

Seebeck effects. Seebeck coefficient is also known as thermoelectric power. TE devices

need n-type and p-type semiconductor legs to create heating and cooling effect. In TE

devices, n-type and p-type semiconductor leg or arrays are connected electrically in series

and thermally in parallel between hot and cold side ceramic substrate [26, 31]. Current

alternately flow through p and n legs in same the direction shown in Fig. 1.1, which

create a temperature gradient across the coolers due to the Peltier effects [26, 31]. In

p-type legs, heat flow in the same direction of current and in n-type legs, heat flow is

opposite of the current direction.

The figure-of-merit is an important term to evaluate the performance of TE coolers.

Generally, higher figure-of-merit, ZT gives higher coefficient of performance (COP). Per-

formance of a TE cooler is limited by two primary losses: electric resistance loss and

thermal conduction loss. Electric resistance increases the applied voltage hence increase

the required input power and reduces the net heat flow due to the Joule heating. Finite

thermal conductivity also limits the net heat flow from cold side to hot side by generating

a heat conduction flow in opposite direction. Therefore, thermoelectric figure-of-merit,

ZT, a dimensionless term, attributes the strength of thermoelectric effects with respect to

the losses from electrical resistivity and thermal conductivity. For good room temperature

performance, TE devices with ZT of 4 or higher values are needed [33].
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Figure 1.1: Construction and Working mechanism of a single Thermoelectric (TE) cooler
(left side) and a TE cooler arrays (right side [32]) made with n-type and p-type semicon-
ductor legs.

1.2.2 Thermomagnetic Cooler

Thermomagnetic (TM) coolers work based on Ettingshausen-Nernst effects and pump

heat from cold side to hot side in the presence of magnetic field. Typical construction

of a TM cooler (shown in Fig. 1.2), often known as Nernst-Ettingshausen (NE) cooler

or only Ettingshausen cooler, is made with a n-type or a p-type doped semiconductor

that sandwiched between hot side and cold side ceramics substrate and a magnet with a

magnetic field perpendicular to both current flow and heat flow direction.

NE coolers can be both unipolar and bipolar [5]. But presence of both electron and

hole can give stronger Ettingshausen effect [5]. In TM devices, magnetic field moves the

electron in perpendicular direction to the current flow direction which helps to change

the entropy of the electron gas. As like TE devices, a product of Nernst coefficient and

magnetic field (NBz ) is known as thermomagnetic power. Performance of TM devices

depends on the quantity called thermomagnetic figure-of-merit. Performance of the TM
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Figure 1.2: Typical Construction of Thermomagnetic devices including magnets, heating
and cooling substrate, electrodes and semiconductor TM element.

devices can be tuned by varying the geometry of the device. TM devices are a good

replacement for conventional cryogenics with thermodynamic cycles or stored cryogens

as those are bulky and expensive. Good application fields of TM devices are on-board

electronics in satellites, infrared, X-ray and -ray detectors (shown in Fig. 1.3).

Figure 1.3: Prospective application fields of TM cooler like mid-IR detectors, near-IR
detectors, space satellites and cryo-coolers [34].
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Figure 1.4: (Left side) 4 stage thermoelectric coolers with electrical insulation and sepa-
rate source connection [35] and (right side) construction of Infinite stage thermo-magnetic
cooler arrays with a magnet.

1.3 Multistage TE and TM coolers

Cascading or staging of a number of the individual stages (Fig. 1.4) can provide superior

coefficient of performance (COP) and cover a wide range of temperature. Each stage

has to pump heat equivalent to the input heat from previous stage plus the input power

consumed by its own. Therefore, size and heat pumping capacity of individual stages must

increase accordingly towards the heat sink [5]. Heat pumping capacity can be increased

by increasing the cross-sectional area of successive stages in the direction of the heat flow.

Generally, each stage is electrically separated from other stages by an insulating layer

and connected to a separate current source [35]. Staging of TE devices after five or six

stages does not provide any further improvement in performance because of the junction

losses between the stages, the low thermoelectric figure-of-merit at low temperature, and

the need of an enormous number of coupling of TE components to cover a wide range of

temperature [5, 26]. Therefore, infinite staging is not possible in TE coolers. As staging
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in TM devices can be done without inserting insulating layer in between the stages,

the infinite stage is possible for TM coolers. Typical staging shape for TM devices is

rectangular, trapezoidal and infinite (exponential) shape. To derive the staging shape for

both TE and TM coolers with optimum COP, it has been assumed that individual stage

must have equal and optimized COP.

1.4 Other State-of-the-art cooling Technologies

Modern cooling technologies are developed mostly based on entropy change of an inter-

nal degree of freedom like magnetic spins, electric dipole, atomic structural arrangement

etc. Based on these entropy changes, special materials can perform cooling and heating

cycle with external driving forces like magnet field, electrical field, and mechanical stress.

Largest cooling can be obtained when these materials undergo a thermodynamic balance

between one state to another known as spontaneous phase transition at desired temper-

ature [8]. Among the modern cooling technologies apart from the TE and TM cooling

system, magnetocaloric, electrocaloric, elastocaloric and spin-caloritronics are some rele-

vant solid-state technologies. Magnetocaloric effect is the heating and cooling phenomena

of magnetic material subjected to an adiabatic variation of the magnetic field which is

discovered by Waobourg [20]. When a magnetic field is adiabatically applied to a fer-

romagnetic material, magnetic moments of the material become ordered and their total

entropy is reduced. Therefore, to keep the total entropy constant in an adiabatic pro-

cess, lattice entropy is increased hence the material heats up. Similarly, cooling occurs

when a magnetic field is adiabatically removed. With this effect, entropy changed in

an isothermal process while temperature changed in an adiabatic process [8, 20]. Initial

magnetic refrigerators achieved 0.25K cooling down and later metallic gadolinium mag-
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netic refrigerator gave a temperature reduction from 319K to 272K [8, 36]. Until 1997, all

magnetocaloric effects were shown based on second-order phase transition [8, 36]. Later,

first-order magnetostructural phase transition was discovered with Gd5Si2Ge2 having the

magnetocaloric potential of 10 J/kg-K and temperature change of 10 K at 292 K transi-

tion temperature which is known as giant magnetocaloric effect [8, 36]. Main limitations

of magnetocaloric effect are a requirement of the large magnetic field to activate the effect

and need of expensive rare-earth magnet [8]. Recently, many studies [37, 38, 39, 40] are

made on other materials to suppress the limitations associated with this effect.

In electrocaloric effect (ECE), a dielectric material changes its polarization with applied

electric field which changes the entropy hence the temperature of the material system.

ECE can be characterized by two-constant entropy transitions and two constant electric

field cooling cycle [21]. This cycle starts with an adiabatically applied E-field by turning

it on rapidly to bring the crystal in lower entropy state by arranging the dipoles. As a

result, the material heats up due to the lattice vibrational entropy compensation. During

the adiabatic removal of E-field, cooling occurs due to decrease in lattice vibrational en-

tropy and increase in dipolar subsystem entropy. In both cases, the total entropy of the

system remains constant [41]. Electrocaloric materials are primarily ceramics and poly-

mers which are good electrical insulators as well as thermal insulators. Different material

systems are under recent studies for obtaining higher electrocaloric potential [42, 43, 44].

Elastocaloric effect gets the recent attention due to large available latent heat and

large adiabatic temperature change associated with martensitic phase transformation

[22]. Martensitic transformation is the first-order solid-to-solid diffusionless structural

transformation which gives shape memory effect and superelasticity [22]. When a shape

memory alloys (SMAs) in austenitic (cube) phase is subjected to adiabatic cyclic uniax-

ial loading, an exothermic austenitic-martensitic transformation occurs and elastoelec-
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Figure 1.5: Dimensionless latent heat as a function of material co-efficient of performance
for various caloric materials. Higher values for both quantities are expected [8].

tric material heats up. During the unloading of the stress, material transforms back to

austenitic phase and cools down [45]. Main groups of superelastic alloys are Ni-Ti based,

Cu-based and Fe-based alloys with different dopants [22]. Recent studies include differ-

ent aspects of elastoelectric effect like giant room-temperature elastoelectric effect in thin

films [46] and in magnetic shape memory alloy [47], elastoelectric effect in ferroelectric

ceramics [48] and CoNiGa single crystal [49], cryogenic superelasticity [50] etc. Fig. 1.5

shows the comparison between the performance of mentioned solid-state cooling devices.

Finally, spin-caloritronics is another state-of-the-art cooling technology which relates non-

equilibrium thermodynamics of spin, charge, entropy and heat transport in magnetic

structures [51]. Recent nano-device physics greatly deals with a fundamental thermody-

namic bottleneck known as ohmic energy dissipation which limits the functionalities of

both electronics and caloritronics. Electron spin adds an additional degree of freedom

to overcome the limitations and helps to increase the thermoelectric figure-of-merit [51].

In spin-caloritronics, spin can control the heat flow in ferromagnetic materials. Several

spin-based effects are the fundamental basis for spin-caloritronics: spin-Seebeck effect,
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spin-Peltier effect, spin-dependent Seebeck, and Peltier effect. Spin-Seebeck effect (SSE)

generates a spin voltage across the ferromagnetic materials due to the applied tem-

perature gradient and then inject spin current from magnetic material to nonmagnetic

material via spin pumping process [26]. The spin current creates a transverse voltage

in nonmagnetic material via inverse spin-Hall effect (ISHE). SSE typically generates

the order of microvolts per kelvin in ferromagnetic metals, semiconductors, and insula-

tors, while giant SSE (GSSE) can produce the range of millivolts per kelvin via intense

phonon-electron drag in presence of large magnetic field [26]. In spin-Peltier effect (SPE),

a charge current generates a spin current through spin-Hall effect and spin current creates

a magnon heat current. Till now, fundamentals of spin-caloritronics [52, 53] are under

extensive studies along with the spin-based effect in different materials [54], and struc-

tures [55, 56]. No studies are not made to evaluate these devices as an energy conversion

device.

1.5 Advantages of TM coolers

Based on applications, each technology has some merits and demerits. In TE devices,

achieving high thermoelectric power factor is limited by material properties like electrical

conductivity and thermal conductivity. Moreover, TE devices are not suitable for low-

temperature application and building a cascade structure. In thermoionic devices, high

operating current gives some non-ideal effects which limit the achievable cooling result

within 1-4 ◦C [26]. No detail studies are published on cooling performance and design

geometry of spin calorimetric devices [26]. None of the electrocaloric, magnetocaloric and

elastocaloric devices are good in cryogenic temperature range operation. In TM devices,

main limitations are an inefficient performance in high-temperature region and the need of
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magnets. Efficient temperature ranges for different solid-state heat-pumps are illustrated

in Fig. 1.6.

Figure 1.6: Illustration of efficient temperature ranges of different materials with their
figure of merit and possible solid-state applications [34].

In TM devices, magnetic field strength can be obtained from (µB)2 ≫ 1 condition

where µ is carrier mobility and B is the magnetic field. With high mobility materials,

the requirement of higher magnetic field can be kept in the range of ∼0.6 T which can be

easily produced from high-filed permanent magnetic materials like Nd2Fe14B and SmCo

[26]. Also, (µB)2 ≫ 1 condition limits the operational temperature range for TM device

in cryogenic range. Materials for Ettingshausen coolers show good performance with the

properties of low band-gap (comparable with thermal energy, kBT ), low lattice thermal

conductivity, high thermomagnetic power, and high carrier mobility. Cryogenic tempera-
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ture range (< 200K) is suitable for obtaining some of these required material parameters

like low thermal conductivity by lowering lattice thermal conductivity contribution. Ma-

terial optimization is also feasible for TM devices as it contains only single element. TM

devices can provide higher cooling power as current flow is perpendicular to heat flow.

Hence, it is possible to make the large cross- sectional area for heat flow and a small

cross-sectional area for current flow [26]. Moreover, cascading or staging is more feasible

in TM devices and infinite staging of TM devices is already made. No electrical isola-

tion is needed between the stages which helps to get unlimited number of cascading and

constructs the whole device from a single block material [5].

1.6 The hypothesis of the Work

The main concept of this work is to derive a new geometric shape for the infinite stage

with higher performance such as higher temperature gradient and better COP. Our hy-

pothesis is that the commonly used shaping function to get infinite stage proposed by

Harman has poor performance due to adopting some ideal considerations. He assumed

that current density perpendicular to temperature gradient is constant for individual

stages, while electrical conductivity, thermal conductivity and thermomagnetic figure-of-

merit are temperature independent. With those assumptions, actual power dissipation in

each stage due to Joule heating should be different than the practical values. Therefore,

temperature gradient and COP of the device will also be different.
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1.7 Accomplishments of this work

In this work, a new shaping function is derived for the infinite stage with the practical

consideration that absents in previous works. A numerical analysis is performed to show

the performance of the modified infinite stage. A comparative study is also done based

on simulation work to analysis the performance different available geometric shapes for

infinite staging like rectangular and trapezoidal. An experimental work is conducted to

observe the actual performance and evaluate the validation of numerical work. Our target

material is BixSb1−x, one of the high-performance materials for NE coolers.
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Chapter 2

Background Physics

This chapter presents the fundamentals of Solid-state cooling devices. Chapter is started

with the discussion of fundamental Galvano-thermomagnetic effects followed by the dis-

cussion of optimum material systems for both thermoelectric and thermomagnetic de-

vices. The following section presents the Galvano-thermomagnetic effects in semiconduc-

tors. A brief discussion of irreversible thermodynamics and reciprocal relationship is also

provided before moving to the demonstration of explicit expression for TE and TM de-

vices. Finally, discussion on characteristics equations is presented for both devices. The

main focus of this work is to present the TM or NE devices as a prospective cooling

device at cryogenic temperature range. To get a good understanding of the fundamentals

of NE devices, it is better to present the well understood fundamentals of TE devices

which has no magnetic field influence. Therefore, in this chapter, we present the physics

of TE devices briefly before going for the details of TM devices.

15



2.1 Fundamental Galvano-thermomagnetic effects

Galvano-thermomagnetic effects are the fundamental physical aspects of the energy con-

version process in presence of or absence of magnetic field which does not need any

mechanical movement [35]. In presence of magnetic field, effects associated with charged

particles (electron or hole) are changed due to the transverse forces that worked on a

moving charged particle. These thermodynamic effects are ideally reversible but prac-

tically accompanied by irreversible effects related to electrical resistance and thermal

conductance [35]. All these effects are arranged in three groups: thermoelectric effects,

Galvano-magnetic effects, and thermomagnetic effects.

2.1.1 Thermoelectric effects

The Seebeck effects

The Seebeck effect was discovered in 1821 by T. J. Seebeck. This is one of the basic

aspects of thermoelectric devices where electrical power can generate directly from heat.

He showed that if two end junctions of two dissimilar conductors are kept at a different

temperature, ∇xT , a voltage, ∇xV , is developed across the junctions. It is also known

as thermoelectric power of one material compare to other. Although this effect observes

only at the junction between two materials, this is a characteristic of the bulk rather than

surface properties [35]. The Seebeck effect can be used for the temperature measurement.

Seebeck coefficient is expressed as

S =
∇xV

∇xT
. (2.1)

In a magnetic field, the Seebeck effect is supposed to be same when the field is reversed.

But sometimes, a difference is observed in Seebeck co-efficient that known as Umkher
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effect [57].

The Peltier effects

The second thermoelectric effect known as the Peltier effect was discovered by J. Peltier

in 1834. According to this effect, when a current flow through a junction of two different

materials, there is absorption or generation of heat depending upon the direction of the

flow. Peltier effect is mostly utilized in cooling devices. Peltier coefficient is defined as

π = TS =
Q

I
, (2.2)

where Q is the cooling or heating rate and I is current. It is difficult to observe Peltier

effect than Seebeck effect due to the irreversible Joule heating [57].

The Thomson effects

The third thermoelectric effect was discovered by Sir William Thomson (also known as

Kelvin) in 1855 which is known as Thomson effect. He showed that this effect exists in

a homogenous conductor. Thomson effect showed that when a current carrying wire in

a steady state has a temperature difference, the heat generation in the wire is greater

or less than the Joule heat depending upon the magnitude and direction of the current,

temperature and material. Thomson coefficient is expressed as,

τ =
∇xQ

I∇xT
. (2.3)

Utilizing the theory of irreversible thermodynamics, Thomson showed the interdependent

relationship between Seebeck and Peltier effect which is known as Kelvin’s law [35]. The

relationships can be expressed by,

π = ST. (2.4)
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τA − τB = T
dαAB
dT

. (2.5)

In magnetic field (B), first Kelvin relation is modified as [57, 58],

π(B) = TS(−B). (2.6)

2.1.2 Galvano-magnetic effects

The Hall effects

Hall effect is first detected by E. H. Hall in 1879 which was first predicted by W. Thomson

as a rotary power [2]. According to this effect, when a current carrying conductor is

subjected to a transverse magnetic field, an electric field known as Hall field is developed

across the conductor in perpendicular direction to both current flow and magnetic field.

Hall effect has no direct relation to energy conversion but is useful for determining charge

carrier’s behavior. With zero current condition in the direction of Hall field, EH, Hall

coefficient is defined as

Ryx =
Ey
JxBz

, (2.7)

where Jx is the current density in x-direction, Ey is hall field in y-direction and Bz is a

magnetic field in z-direction. According to the first law of thermodynamics, it is possible

to draw energy by utilizing a conductor in y-direction from the power associated with

Hall Effect which is IyRIxBz/b. But, Iy current itself will create another Hall Effects in

x-direction which is opposite to the applied voltage. So, to maintain constant Ix, addi-

tional power of the same amount, IyRIxBz/b is needed. So, the power found from Hall

Effect will be coming from primary energy source [59].
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The Ettingshausen effects

Ettingshausen effect was first observed by Albert von Ettingshausen along with Walther

Nernst in 1887. According to this effect, a transverse temperature gradient is established

into a current carrying conductor in presence of a transverse magnetic field. The direc-

tion of the temperature gradient is perpendicular to both current flow and magnetic field.

The magnitude of the temperature gradient is proportional to the magnetic field den-

sity, current, and thickness of the conductor in the direction of magnetic field. Therefore,

Ettingshausen coefficient, P can be defined as,

Pyx =
∇yT

JxBz

. (2.8)

This effect is utilized as a means of thermomagnetic refrigeration. To utilize the effect

in practical devices, coolers should have a heat sink to hold the hot side of the cooling

element to a fixed reference temperature [5]. As the electrodes and the wires are good

electrical conductors, they, in general, have a higher thermal conductivity than the ther-

momagnetic material. Therefore, the thermal loss due to the wires and electrodes are

twofold [5]. For these reasons, the length of the cooler along the current direction is made

very long compared to its height or width and the main cooling area is taken near the

center of the cooling element where the cooler is considered as essentially isothermal in

direction of current flow [5].

2.1.3 Thermomagnetic effects

The Nernst effects

Nernst effect was first observed by Ettingshausen and Nernst in 1886 during their study

of Hall effect in Bismuth. They found that when a temperature gradient was set across
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a conductor that was subjected to a perpendicular magnetic field, an electric potential

like Hall effect appeared perpendicular to both temperature difference and magnetic

field. In Nernst effect, thermal excitation creates the transverse voltage while in Hall

effect, transverse voltage is created by electrical excitation [2]. This Nernst electric field

is proportional to the magnetic flux density and temperature gradient. Nernst coefficient

is defined by,

Nyx =
Ey

Bz∇xT
. (2.9)

Nernst voltage sign does not depend on charge carriers like Hall voltage [57]. It is defined

by the direction of the magnetic field and temperature gradient. As like Peltier and

Seebeck effects, there is a thermodynamic relationship between Ettingshausen and Nernst

effects shown by Bridgman in 1925 [5, 60] which can be expressed for anisotropic materials

as,

NyxT = −Pxyκxx, (2.10)

where κxx is the thermal conductivity in x-direction.

The Righi-Leduc effects

The Righi-Leduc effect was independently observed by Righi and Leduc in 1888. They

discovered that when a heat current was passed through a conductor that was perpen-

dicular to the magnetic field, in addition to have an electric field by Nernst effect, a

transverse Temperature gradient was found which was perpendicular to both heat cur-

rent and magnetic field. Righi-Leduc coefficient is defined as,

Lyx =
∇yT

Bz∇xT
. (2.11)
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The Righi-Leduc effect is analogous to the Ettingshausen effect where the temperature

gradient is set-up by another temperature gradient instead of electrical current [2]. Rela-

tions between all transverse effects with the corresponding current, heat flow and mag-

netic field are shown in Fig. 2.1 for parallelepiped structure In Fig. 2.2, all Galvano-

Figure 2.1: Transverse Galvano-thermomagnetic effects along with the direction of heat,
current and magnetic field. Diagram directions will provide positive coefficient.

thermomagnetic effects are illustrated along with the longitudinal and transverse re-

lationships of heat flow and current flow with their respective causes like temperature

gradient and potential gradient. Transverse effects exist in the presence of magnetic fields.
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Figure 2.2: The Interrelationship between the Galvano-thermomagnetic effects showing
the corresponding connection between causes and outputs.

2.2 Impact of Electrical Resistance and Thermal con-

ductance

Solid-state heat engine would be an ideal reversible energy converter if there is no elec-

trical resistance and thermal conductance associated with the engine. These parameters

add the irreversible effects of Joule heating and heat conduction loss. Therefore, in the

formalism of the governing equations of solid-state heat engine, electrical and thermal

conductivities are included as an essential part. These two parameters also determine

the figure-of-merit of solid-state cooling materials. Under zero magnetic field, electrical

conductivity is defined as the ratio of current density and electric field which can be

expressed as,

σ =
J

E
= neµ, (2.12)
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where n is charge carriers concentration and µ is charge mobility. In presence of magnetic

field, charged particle is subjected to Lorentz force depending on their velocity. Only

particles with a certain average velocity can move in an undeflected path and contribute

to the conduction. This reduction of the contribution to conduction causes the increase

in resistance in presence of a magnetic field which is known as magnetoresistance. At the

low magnetic field, magnetoresistance effect is proportional to the square of the magnetic

field [2]. Magnetoresistance effect is more dominant in materials with higher mobility [2].

Another parameter of interest is thermal conductance which refers how well a material

conduct thermal energy. Thermal conductivity is given by

κ = − QL

A∆T
, (2.13)

where Q is the heat flow over a length of L through a cross-sectional area of A at a

temperature difference of ∆T . Generally, three mechanisms help to transfer thermal en-

ergy in a solid: motion of free electrons in metals, the vibration of molecules in organic

solids and lattice vibration (phonon) in crystalline solids [2]. In a semiconductor, ther-

mal energy transformation can be done by multi-mechanism. In metals, the ratio between

thermal to electrical conductivity should be same which should be proportional to ab-

solute temperature. This is known as Wiedemann-Franz-Lorenz law which is expressed

as

κ

σT
= Lw, (2.14)

where Lw is the Lorenz constant (2.45 × 10−3 watt-Ω/K2 or 155 (µV/K)2). In a semi-

conductor, this relation between thermal and electrical conductivity is more complex as

multiple mechanisms exist there for thermal energy transportation.
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2.3 Selection of Materials

At this stage, it is reasonable to discuss the material systems that most suitable to ob-

tain a considerable amount of Galvano-thermomagnetic effects. Selection criteria for both

TE and TM devices are briefly described in this section. Thermoelectric effects can be

considered as a small variation of energy and momentum distribution due to tempera-

ture gradients [61]. Amount of the effects depend on the energy level and temperature

[61]. In metals or degenerate semiconductors, many charge carriers exist near Fermi level

which reduces the thermoelectric effects [61]. While, in non-degenerate semiconductors

or semi-metals, fewer carriers exist near Fermi which provides higher effects [61]. So,

semiconductors and semi-metals are in general a good choice for TE devices. Depend-

ing on the doping concentration, semiconductor materials can be two types: degenerate

(behaves like a metal) and non-degenerate (can be extrinsic and intrinsic). Choice of the

materials for TE elements also depends on several other important material parameters

such as power factor and figure-of-merit. These parameters are strongly depended on

electrical conductivity, thermal conductivity, and Seebeck Coefficient. Seebeck coefficient

and Electrical conductivity is a strong function of carrier density. Seebeck coefficient

and carrier concentration are related by Pisarenko relation [62]. Therefore, power factor,

S2σ becomes small when Fermi energy moves too far into band gap [57]. Seebeck co-

efficient varies linearly and conductivity varies exponentially with the Fermi energy for

non-degenerate semiconductor [57]. As a result, power factor and figure-of-merit become

more electrical conductivity dependent for a semiconductor. In metals, power factor and

ratio of thermal conductivity to electrical conductivity increases with the increase in

Fermi energy and approaches to the value from Wiedemann-Franz law and then after

reaching an optimum value, power factor and Seebeck coefficient reduce [57, 61]. The
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relation between Seebeck coefficient or thermoelectric power and Wiedemann-Franz law

can be expressed as [61]

S =

√
κ

σT
=

√
Lw. (2.15)

This relation suggests that a good TE material with negligible phonon thermal conduc-

tivity should have a thermopower of 155 µV/K or above. Moreover, the relation between

power factor and Fermi energy is also scattering parameter dependent [57, 61]. Typical

optimum Fermi energy is close to 0 [57]. On the other hand, dimensionless figure-of-merit

for a certain Fermi energy is a function of mobility, effective mass and lattice thermal

conductivity [57]. The dimensionless figure-of-merit can be defined as [57]

zT =
(η − (r + 5/2))2

((kB
e
)2 σ0T

κL
exp(η))−1 + (r + 5/2)

, (2.16)

where η is Fermi energy, σ is electrical conductivity, κL is lattice thermal conductivity

or phonon thermal conductivity, r is scattering parameter (r = 1/2 for acoustic-mode

and 3/2 for impurity scattering), e is electron charge and kB is Boltzmann constant. As

electrical conductivity is a strong function of carrier mobility and effective mass, it is

observed from above expression that materials with a higher value of the figure-of-merit

should have high carrier mobility, high effective mass and low lattice thermal conductivity.

But, mobility is lower for the higher effective mass carrier as mobility, µ = qτ/m∗ where τ

is mean time between collisions and m∗ is the effective mass. Effective mass is the mass of

the carriers inside the crystal where carriers feel themselves a heavier entity with respect

to the free carrier mass. Therefore, a good TE materials must have band degeneracy,

low effective mass along transport direction and weak electron-phonon scattering [63].

Doping also increase electrical conductivity by adding more carriers in conduction band

without decreasing the Seebeck coefficient as impurity-ionized scattering introduced by
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doping can increase Seebeck coefficient [64]. Dope acts as an impurity which can modify

band structure. Therefore, the carrier concentration in TE material is much higher than

that in semiconductors for other application like optical device.

Thermal conductivity, another important quantity for TE devices, is a function of lattice

vibration and electronic thermal conduction, κ = κL + κe. Lattice conductivity, κL,

reduces with the increase in atomic weight [57]. For TE application, materials with low

lattice conductivity is always desired. Generally, ionic compounds are not a good choice as

they have lower carrier mobility hence lower power factor [57]. Increase in temperature

typically generates more electron-hole pairs which can reduce Seebeck coefficient and

increases thermal conductivity by bipolar effect [65, 66]. According to the bipolar effect,

a more electron-hole pair at elevated temperature will carry more heat from hot side

to cold side that will increase the electronic thermal conductivity [66]. Based on the

discussion, it can be estimated that a good TE material with large conductivity and

Seebeck coefficient and low thermal conductivity, should have minimum energy gap (not

less than 6kT [57]) and high mobility.

Like TE materials, semiconductors are also expected to be a good option for TM device.

Semiconductors can be either single charge carrier materials of electron-majority (n-type)

materials or hole-majority (p-type) materials, or bipolar charge carrier materials. Bipolar

carrier system or intrinsic semiconductor material does not provide any advantages for

TE application, but it is advantageous for TM devices. Because, it is always important

to maximize the number of carriers flowing towards the hot side [61]. If number and

velocity of electrons are not equal to those of holes, then charges will accumulate in

hot and cold side based on their charge type and create Hall voltage which will reduce

the flow of majority carriers or will stop the flow of the carriers in the single carrier

system. As a result, the cooling performance of TM device will degrade [61]. Therefore,
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Ettingshausen effect is stronger in a bipolar system with e-h symmetry’ which have an

equal number of electrons and holes with equal mobility, effective masses and mean free

path [61]. Fig. 2.3 demonstrates an e-h symmetry’ and e-h asymmetry’ material system

with having conduction band, light and heavy hole band. In e-h symmetry system, if

Figure 2.3: Electronic band diagrams of a typical semi-metal and semiconductor showing
e-h symmetry.

the heavy hole is not symmetric to electron band structure and is away from Fermi

level, heavy holes generally do not get excited thermally which is typically depends on

the position of Fermi energy and Fermi energy position depends on effective masses and

temperature. Sometimes, doping with other materials can shift the heavy hole from Fermi

level and provide the electron-hole symmetry which excel the material properties such

as the addition of Sb to Bi with 3∼7% shifts the heavy hole and provides scattering to
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phonon to reduce phonon thermal conductivity [61]. Selection of the materials should

also depend on the behavior of electrical and thermal conductivity in a magnetic field.

Electrical conductivity in a magnetic field is defined as [67]

σ =
σn

1 + µ2
nB

2
z

+
σp

1 + µ2
pB

2
z

. (2.17)

The behavior of the electrical conductivity can be realized from above equation based on

the condition of (µnBz)
2 ≫ 1 ≪ (µpBz)

2. On the other hand, thermal conductivity gets

better in the presence of magnetic field because temperature dependent electronic thermal

conductivity reduces greatly in presence of magnetic field and only phonon dependent

term or lattice conductivity becomes dominant [57, 68]. Electronic thermal conductivity

is expressed as [57]

κe =
κe, n

1 + µ2
H,nB

2
z

+
κe, n

1 + µ2
H,nB

2
z

+
σnσpT (αp − αn)

2

σn(1 + µ2
H,nB

2
z ) + σp(1 + µ2

H,pB
2
z )
, (2.18)

where µH is the Hall mobilities. With zero transverse electric field, κe tends to zero at

the high magnetic field and total thermal conductivity becomes [57]

κ = κL(1 + ZNET ). (2.19)

It is reported that thermomagnetic figure-of-merit becomes highest, when the bands over-

lap by around 2kT which indicates semi-metallic materials [57]. Higher band overlapped

materials have higher impurity scattering which reduces carrier mobility [57]. So, main-

taining the condition of (µB)2 ≫ 1, thermomagnetic materials should have small band

overlap. The thermomagnetic figure-of-merit has the following relation with mobility and
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effective masses [57]

ZNE ∝ (
m∗
nm

∗
p

m2
)3/4((

1

µn
+

1

µn
)κL)

−1. (2.20)

Above expression suggests that if one of the mobility terms is higher than other, ZNE

will be dominated by the less mobility term. Therefore, both charge carriers should have

equal high mobility. Moreover, effective masses of the carriers should be low and mean

free path should be large for TM materials [61]. Under no Hall voltage condition, angles

between the electric field and the direction of carrier movement has a relationship which

is given [61]

θi = tan−1(ωτ)i, (2.21)

where ω is the cyclotron frequency which is ω = eB/(m∗
i c), c is the speed of light and τ

is the mean time between collisions and i represents either electron or hole. So, according

to the above expression, if the effective mass is lower, then cyclotron frequency will

be higher, and tangent of the angle will be around unity. Therefore, low effective mass

materials are good for TM device. In summary, above discussion suggests that ideal TM

materials should be semi-metal with small band overlapping or semiconductor with small

bandgap which should have an equal number of electron and hole, equal but low effective

masses of the carriers and higher equal carrier mobilities. Sometimes, Orientation of the

applied magnetic field with respect to the crystal axes also influence the thermomagnetic

behavior of a TM system.

2.4 Galvanomagnetic Effects in Semiconductor

As above section suggests that semiconductors are in general a good material choice for

solid-state cooling application, this section discusses the Galvano-thermomagnetic effects
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in semiconductors. Some important properties of semiconductors are [2, 69] -

1. Negative temperature coefficient of resistance (Resistance increases with T).

2. Generally high thermoelectric power (High Seebeck coefficient).

3. Rectifying properties.

In semiconductors, carrier mobility depends on effective mass and relaxation time of

electron where relaxation time is scattering dependent. If the crystal is perfect and with

no vibration, electrons encounter no resistance. But crystals always have defects which

are thermodynamically favored. Common defects are vacancies, interstitials, dislocations

and impurity atoms which acts as a scattering site of the lattice. Moreover, the thermal

vibration of lattice itself causes scattering of electrons. The probability that an electron

has a collision which scatters it into another state in a time dt is dt/τ . Relaxation time

is a function of energy and temperature dependent weighting function which is expressed

as [2],

τ(E) = ϕ(T )Er, (2.22)

where ϕ is the weighting function, E is energy of the carrier and r is a constant depends

on the principle mode of scattering which value is between -2 to +2. Average relaxation

time is given by [2]

τ̄ = ϕ(T )(kT )r
Γ(5

2
+ r)

Γ(5
2
)

. (2.23)

Here, Γ is the gamma function. Hence, mobility can be written as

µ =
e

m∗ϕ(T )(kT )
rΓ(

5
2
+ r)

Γ(5
2
)

. (2.24)
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A crystal with N atoms has 3N independent mode of lattice vibrations which are called

lattice waves. There are two transverse waves (vibration is perpendicular to direction of

propagation of the wave) and one longitudinal wave. If in a unit cell, there are M atoms,

there are M kinds of a wave of each of the three types. Optic modes in long wavelength

limit move two adjacent atoms in the unit cell almost exactly out of phase with each

other. On the other hand, acoustic modes in same limit move adjacent atoms in phase

with each other. Each vibrational mode can be represented by a quasi-particle known

as phonon. In acoustic mode scattering, relaxation time is proportional to the energy

as E−1/2 and the mobility varies with temperature and effective mass as T−3/2m∗−5/2,

while in optical mode scattering relaxation time depends on charges carried by atoms

and electrical polarization of lattice produced by vibration [2, 70]. In general, relaxation

time depends on energy and mobility depends on temperature.

Ideal assumption is electron flow and phonon flow can be treated as independent which

is not the case at low temperature. Generally, phonon has longer mean free path. Hence,

phonon-phonon scattering is more unlikely in crystal which gives higher phonon-phonon

relaxation time. In contrast, phonon-electron relaxation time is shorter, and long-wavelength

phonon can exchange its energy with electron. This phonon-electron interaction is known

as phonon drag which means that phonon carries electrons in the direction of heat flow

due to the temperature gradient. Phonon drag can improve Seebeck coefficient at low

temperature. Also, it is expected to be strongest at low carrier concentration [57]. As,

TM devices are operated into low temperature regime, phonon-drag also plays an impor-

tant role in determining longitudinal Nernst-Ettingshausen effect [71]. Above mentioned

semiconductor properties and effects determined the nature of Galvano-thermomagnetic

effects in semiconductors. Different Galvano-thermomagnetic effects in semiconductor are

discussed in the following sections.
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Peltier Coefficient and Seebeck Coefficient

In a non-degenerate semiconductor, Peltier coefficient depends on the Fermi energy level

and relaxation time related the scattering nature of the charge carriers. By convention,

Peltier coefficient is considered as negative for n-type semiconductor and as positive for

p-type semiconductor. For semiconductors, Peltier coefficient can be expressed as [2]

π = ±1

e
[(
5

2
+ r)kT − EF ], (2.25)

where EF is the Fermi energy level. From the first Kelvin’s relation, Seebeck coefficient

for semiconductors can be given by [2]

S = ±k
e
[(
5

2
+ r)kT − EF

kT
]. (2.26)

Hall Coefficient

If there is only one type charge carrier or there are two charge carriers with one dom-

inating carrier in semiconductor, carriers experienced a transverse force due to Lorentz

force in presence of magnetic field. Therefore, carriers are deflected to one end in a trans-

verse direction which is dependent on the charge of the carrier. Accumulation of one type

charge in one side will cause the transverse electric field which is known as Hall field

and the generated voltage is called Hall voltage. Due to the defection of the carriers,

longitudinal current flow is changed which also change the resistance. This phenomenon

is known as magnetoresistance. In a semiconductor, Hall Coefficient is defined by [2]

R = ±3π

8

1

ne
. (2.27)
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Hall coefficient has also the dependency on diffusion mechanism and degeneracy of elec-

tron gas. For both electron and hole, Hall coefficient is [2]

R = ±3π

8e

nb2 − p

(nb+ p)2
, (2.28)

where b = µe/µh. This equation is applicable when minority carriers have a significant

role.

Ettingshausen Coefficient

In a semiconductor, Ettingshausen effect depends on the relaxation time of the carriers

with certain energy [2]. At any certain temperature, carriers are distributed in certain

quasi-continuous energy levels known as energy band. Mean value of drift velocity of a

carrier at a certain energy level is determined by the relaxation time, . And the Lorentz

force on the carriers due to the magnetic field is directly proportional to the mean drift

velocity. So, higher energy carriers have higher mean drift velocity and experience larger

Lorentz force and deflect toward one side. But, lower energy carriers are deflected on the

other side due to the higher transverse electric force with respect to Lorentz force. Force

on the carrier can be expressed by [5]

F (ϵ) = −[eν(ϵ)×B − eEH ], (2.29)

In single carrier system or extrinsic semiconductor, electrons (or hole) and phonons are

at a similar temperature at steady state. When the magnetic field is turned on (shown in

Fig. 2.4), fast electrons are deflected quickly to the bottom. They create a coulomb field

that pushes the low energy electrons, who experience smaller Lorentz force due to their

lower speed, to the top side. The population of fast electrons at the bottom increases
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Figure 2.4: Schematic illustration of Ettingshausen cooling effects in single carrier or
extrinsic Semiconductor material system.

the temperature of the electron gas above the lattice temperature. Therefore, they start

giving energy to the lattice and heating up the lattice. On the other side of the material,

the population of low energy electrons reduce the temperature of the electron gas, so

heat transfer happens from the lattice to electron gas. That results in lower temperature

than before the application of the magnetic field. Generation and recombination rates

are functions of temperature. At the bottom, the temperature rise increases the steady

state generation and recombination rates, and an opposite trend happens at the top side

of the material.

In a two-carrier system with equal carrier numbers which is intrinsic semiconductor, al-

though the Lorentz force can lead to a similar process for electrons and holes as in the

intrinsic materials, a more dominant process controls the temperature profile. At steady

state, electrons, holes and phonons are all at a similar temperature. When the magnetic

field is turned on, electrons and holes moving in opposite directions, both experience

Lorentz forces towards the bottom of the material (Fig. 2.5). That increases the popu-

lation of electrons and holes at the bottom, which in turn increases the recombination
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Figure 2.5: Schematic illustration of Ettingshausen cooling effects in two carrier or in-
trinsic Semiconductor material system.

rate. The energy from electron and hole recombination is given to phonon system leading

to the rise of the lattice temperature. With the increase of the lattice temperature, the

generation rate also increases until the recombination and generation rates are balanced

out. At this time, the lattice temperature, as well as the carrier temperature, reaches a

steady state. On the top side of the material, the population of the electrons and holes

reduces due to their deflection to the bottom side. Therefore, the generation rate exceeds

the recombination rate. The excess generation rate will take energy from the phonon

system leading to the reduction of the lattice temperature. As the temperature drops,

the generation rate also reduces until it balances the recombination rate. At this time,

the lattice and carriers reach a lower steady state temperature. Ettingshausen effect is

stronger in intrinsic semiconductors due to more efficient energy transfer by electrons

and holes. In the case of single carrier system, the separation of the slow and fast elec-

trons is not very efficient especially at low electric field or high temperature when the

drift velocity is small compared to the thermal velocity. Assuming classical statistics and

pure lattice scattering by acoustic modes (r = 1/2), Ettingshausen coefficient for n-type
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semiconductor is [2],

P =
−3π

16e

kT

κ
µn. (2.30)

And, for p-type semiconductor [2],

P =
−3π

16e

kT

κ
µh. (2.31)

Nernst Coefficient

Considering the free electron in a semiconductor as a perfect gas, if one side is heated,

electrons (or charge carriers) at the hot side will try to establish equilibrium in energy

with cold side electrons (or charge carriers). Therefore, hot electrons will flow towards

the cold side and in presence of magnetic field, they will deflect by Lorentz force to one

side of transverse direction. As a result, a transverse electric field will appear which is

known as Nernst voltage. Nernst coefficient can be obtained from Bridgeman relation.

So, Nernst coefficient for n-type can be defined as [2]

N =
−3πk

16e
µn. (2.32)

And for p-type semiconductor, the expression is [2]

N =
−3πk

16e
µh. (2.33)

For mixed carrier system, Nernst coefficient becomes [2],

N =
−3πk

16e

(n2µ3
n + p2µ3

h)− npµnµh(µn + µh)(7 + 2∆E/kT )

(nµn + pµh)2
, (2.34)
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where ∆E is the energy gap.

Righi-Leduc Coefficient

In the same process of Nernst effect, when hot electrons deflect in one side, a transverse

temperature gradient will also appear which is called Righi-Leduc temperature difference.

Considering lattice scattering by acoustic modes, Righi-Leduc coefficient for n-type is [2]

L = −21π

32

k2T

eλ
nµ2

n (2.35)

And for p-type [2],

L = +
21π

32

k2T

eλ
pµ2

h. (2.36)

2.5 Thermodynamics Expressions for TE and TM

device

Thermodynamics expressions for TE and TM devices are derived based on irreversible

thermodynamics. Generally, reversible thermodynamics deal with the reversible process,

or ideal process in which system and its surroundings can be restored to the initial state

(equilibrium) from the final state by reversing the direction of the process without any

change in thermodynamics properties like entropy, enthalpy, etc. The reversible process

can be defined by two characteristics: first, the system will change infinitely slowly due

to the infinitesimal gradient in thermodynamic force and second, initial and final state

should be in equilibrium with each other. On the other hand, irreversible thermodynam-

ics only deals with the irreversible process or natural process where system spontaneously

moves from initial state to final state due to the finite gradient like current flow due to

voltage gradient and heat flow due to a temperature gradient. Irreversible processes can
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be restored in their initial state only be changing the thermodynamic properties and

most common change is the change in entropy which is defined by the second law of

thermodynamics. Hence, the second law of thermodynamics can classify the reversible

and irreversible process.

Irreversible thermodynamics can be defined based on two postulates: equilibrium ther-

mostatics which deal with all equilibrium states at different entropies and time reversal

symmetry of physical laws [72]. Time reversal symmetry suggests that physical laws re-

main unchanged if time is replaced with negative time and if the magnetic field is present

then replaced it by its negative value. Typically, time is asymmetric in irreversible ther-

modynamics as the dynamic equation is variant under the time reversal condition. One of

the powerful theorems for irreversible thermodynamics is Onsager Reciprocity Theorem.

The reciprocal relation is the cross-effects between two or more irreversible transport pro-

cesses that occur simultaneously in a thermodynamic system like coupling effects between

heat conduction and electric conduction, the relation between electric conduction and dif-

fusion or relation between heat conduction and diffusion [73, 74]. Here, heat conduction,

electric conduction and diffusion can be defined as thermodynamic flux or displacement

which are associated with thermodynamic forces or gradients like temperature gradient,

potential gradient and concentration gradient [72]. Onsager gave the Reciprocity theo-

rem based on microscopic reversibility assumption and law of least dissipation of energy

which stated that the rate of increase in entropy plays the role of potential [73]. According

to Onsager, any fluctuation in thermodynamic process returns to the initial equilibrium

state which suggests a macroscopic reversibility for irreversible processes [73, 74, 75]. On-

sager’s reciprocal relations are valid for a system where flux and force have linear relation

[74]. According to the Onsager reciprocal relation, kinetic coefficients, Lij has following
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relations [72],

Lij = Lji. (2.37)

Lij(B) = Lji(−B). (2.38)

Equation 2.38 is also derived in detail for anisotropic materials by Fieschi et. al. with

the consideration of vector or tensor quantity instead of considering scalar quantity

[76, 77, 78].

From these concepts of thermodynamics, all thermodynamics expressions for thermo-

electric and thermomagnetic devices can be derived. In TE or TM systems, temperature

gradient and potential gradient plays the role of thermodynamic forces which causes the

displacement of the system from equilibrium state and produce thermodynamic fluxes;

entropy flow and current flow for TE and TM systems. From the consideration of the

linear relationship between force and flux, a general formula can be written as [72],

Ji =
∑
j

LijXj, (2.39)

where, J is the flux, X is the force and L is the scalar quantity named as a kinetic

coefficient. Now, for two flux coupled system, reciprocal relation suggests the following

thermodynamic equation of motion [72]

J1 = L11X1 + L12X2. (2.40)

J2 = L21X1 + L22X2. (2.41)
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Now, Law of least dissipation of energy suggests that entropy production has a relation

with thermodynamic forces which can be defined by [72]

Ṡ =
∑
k

FkJk, (2.42)

where, Ṡ is the rate of change in entropy and F is affinity given by X/T where T is

temperature. Now, for a TE or TM system, with thermal and electrical force in x and y

plane and magnetic field in the z-direction (for TE system, magnetic field term will be

0 or magnetic field associated terms will be replaced by corresponding TE terms), above

expression can be written as [72]

Ṡ = Qx
Xqx

T
+Qy

Xqy

T
+ Jx

Xjx

T
+ Jy

Xjy

T
, (2.43)

where Q is the heat flow density, Xq is the thermal gradient, J is the current flow density

and Xj is the electrical gradient. Replacing the forces, X with corresponding gradient

quantities, above equation can be rewritten as [72]

Ṡ = Qx
∇xT

T
+Qy

∇yT

T
− Jx

∇xψ

T
− Jy

∇yψ

T
, (2.44)

where ψ is electric potential, the negative sign represents the relation between electric

field and electric potential. According to equation 2.39, we can write the complete ther-

modynamic equations for TE or TM system as [2]

−Jx = L11
∇xψ

T
+ L12

∇yψ

T
+ L13

∇xT

T
+ L14

∇yT

T
(2.45)

−Jy = L21
∇xψ

T
+ L22

∇yψ

T
+ L23

∇xT

T
+ L24

∇yT

T
(2.46)
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Qx = L31
∇xψ

T
+ L32

∇yψ

T
+ L33

∇xT

T
+ L34

∇yT

T
(2.47)

Qy = L41
∇xψ

T
+ L42

∇yψ

T
+ L43

∇xT

T
+ L44

∇yT

T
(2.48)

For isotropic materials, symmetry in x and y direction provides L11 = L22, L33 = L44,

L12 = L21 etc., modify the above expressions as [2]

−Jx = L11
∇xψ

T
+ L12

∇yψ

T
+ L13

∇xT

T
+ L14

∇yT

T
(2.49)

−Jy = L12
∇xψ

T
+ L11

∇yψ

T
+ L14

∇xT

T
+ L13

∇yT

T
(2.50)

Qx = L31
∇xψ

T
+ L32

∇yψ

T
+ L33

∇xT

T
+ L34

∇yT

T
(2.51)

Qy = L32
∇xψ

T
+ L31

∇yψ

T
+ L34

∇xT

T
+ L33

∇yT

T
(2.52)

In TM system, L11, L13, L31, and L33 are even functions of the magnetic field and L12,

L14, L32 and L34 are odd functions of magnetic field. Utilizing Onsager relation for mag-

netic field, we will get, L13(B) = L31(B), L31(B) = L13(B) = L13(B) [as odd function],

L14(B) = L41(B) = L32(B) = L32(B) [due to odd function]. Utilizing these relations be-

tween kinetic coefficients and considering even odd functions, thermodynamic expression

will become [2]

−Jx = L11
∇xψ

T
+ L12

∇yψ

T
+ L13

∇xT

T
+ L14

∇yT

T
(2.53)

−Jy = L12
∇xψ

T
+ L11

∇yψ

T
+ L14

∇xT

T
+ L13

∇yT

T
(2.54)

Qx = L31
∇xψ

T
+ L32

∇yψ

T
+ L33

∇xT

T
+ L34

∇yT

T
(2.55)
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Qy = L32
∇xψ

T
+ L31

∇yψ

T
+ L34

∇xT

T
+ L33

∇yT

T
(2.56)

Rearranging these expressions will give the finalize thermodynamic relations as [2]

−∇xψ = L
′

11Jx + L
′

12Jy − L
′

13∇xT − L
′

14∇yT (2.57)

−∇yψ = L
′

12Jx + L
′

11Jy + L
′

14∇xT − L
′

13∇yT (2.58)

Qx = −TL′

13Jx − TL
′

14Jy − L
′

33∇xT − L
′

34∇yT (2.59)

Qy = −TL′

14Jx − TL
′

13Jy − L
′

34∇xT − L
′

33∇yT (2.60)

Here, L
′
ij’s are the new kinetic coefficients. From these above relations, we can identify the

Galvano-thermomagnetic coefficients and thermal conductivity and electrical resistivity

with proper conditions. All the coefficients with their corresponding conditions are given

below [2] -

Seebeck Coefficient (Jx = Jy = ∇yT = 0): S = −−∇xψ
∇xT

= −L′
13.

Isothermal Electric resistivity (Jy = ∇xT = ∇yT = 0): ρi =
−∇xψ
Jx

= L
′
11.

Adiabatic Electric resistivity (Jy = ∇xT = Qy = 0): ρa =
−∇xψ
Jx

= L
′
11 − T (L

′
13)

3/L
′
33.

Isothermal thermal conductivity (Jx = Jy = ∇yT = 0): κi =
−Qx

∇xT
= L

′
33.

Adiabatic thermal conductivity (Jx = Jy = QyT = 0): κa =
−Qx

∇xT
= (L

′2
33 + L

′2
34)/L

′
33.

Isothermal Hall Coefficient (∇xT = ∇yT = Jy = 0): Ri = −−∇yψ

JxB
= −L′

12/B.

Adiabatic Hall Coefficient (∇xT = Qy = Jy = 0): Ra = −−∇yψ

JxB
= − (L

′
12+TL

′
13L

′
14/L

′
33)

B
.

Isothermal Nernst Coefficient (Jx = Jy = ∇yT = 0): Ni =
−∇yψ

∇xTB
= L

′
14/B.

Adiabatic Nernst Coefficient (Jx = Jy = Qy = 0): Na =
−∇yψ

∇xTB
= (L

′
14 − L

′
13L

′
34/L

′
33)/B.

Ettingshausen Coefficient (Jy = Qy = ∇xT = 0): P = ∇yT

BJx
= TL

′
14/BL

′
33.

Righi-Leduc Coefficient (Jx = Jy = Qy = 0): L = ∇yT

B∇xT
= L

′
34/BL

′
33.
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2.6 Characteristics equations of TE devices

Most important characteristic of the thermoelements is the coefficient of performance

(COP), the ratio between the heat extracted from the source and the expenditure of

electrical energy to extract that heat. COP will reach to ideal value of Carnot limit

when there are no losses from electrical resistance and heat conduction [57]. Higher

COP is desirable to reduce the electrical energy consumption and to able to use smaller

capacity heat sink [57]. Heat extraction rate or Cooling power of TE devices are obtained

from Peltier cooling which must compensate the heat conduction rate and Joule heating

occurred due to thermal conductivity and electrical resistance, respectively [79]. COP

depends on both current and cooling power which can be expressed as [57]

COP =
(Sp − Sn)ITc − (Th − Tc)(κp + κn)− I2 (Rp+Rn)

2

(Sp − Sn)I(Th − Tc) + I2(Rp +Rn)
, (2.61)

where S is the Seebeck coefficient, I is the current, Tc and Th is the cold and hot side

temperature, respectively, κ is the thermal conductivity, R is the resistance and p and

n represents the p and n legs of TE devices. From the expression, it is seen that Peltier

cooling power is a function of I whereas Joule heating is a function of I2. The equation

also suggests that COP will be reached at a maximum when Peltier cooling power is

twice of the Joule heating reached at the cold end [57].

In TE devices, there are two types of important current values: one is for maximum

cooling power and other is for maximum COP. COP for maximum cooling power depends

on ZT which is known as the dimensionless thermoelectric figure-of-merit. Z is equal to

(Sp − Sn)
2/((κp + κn)(Rp + Rn)). For TE devices, Z is approximately average of zp and

zn. Maximum COP is also known as optimum COP [57]. Practically, cooling power at

optimum COP is much lower than maximum cooling power. Optimum COP is economical
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in term of electrical energy consumption but uneconomical for thermoelectric application

[57]. Another important quantity of a TE device is maximum temperature gradient which

is obtained for zero cooling power as well as zero COP. Maximum temperature gradient

is defined by [5, 57]

∆Tmax =
1

2
ZT 2

c . (2.62)

Final important characteristic is the heat flow rate delivered to the heat sink by TE

device. This is equal to cooling power and electrical power consumption by the TE

elements. Heat delivery rate can be defined as [57]

Qout = Qin + Pin = Pin(COP + 1). (2.63)

Heat delivery rate should be greater that the electric power to obtain the cooling appli-

cation.

2.7 Characteristics equations of TM devices

Expressions for COP and cooling power of a TM device are analogous to the expressions

of TE device [80]. In TM devices, transverse heat flow is perpendicular to both current

and magnetic field. Therefore, heat source and sink are thermally connected not electri-

cally [57]. In presence of magnetic field, equipotential surfaces bend at the center of TM

device toward the perpendicular surface due to the Hall effect. But at the ends, those

are perfectly normal to the plane. To avoid the end effects, TM devices should be longer

along the current flow direction than the dimension along heat flow direction [5, 57, 80].

Peltier heat flow can be realized with analogous Ettingshausen heat flow term which is

defined by the product of Nernst coefficient, magnetic field, current and temperature.
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The product of magnetic field and Nernst coefficient is also known as thermomagnetic

power similar to the thermoelectric power or Seebeck coefficient. In TM devices, heat flow

is opposed by thermal conduction and Joule heating. The cooling power of TM devices

is defined as [57]

Qin =
NBzIxTcLx

Ly
− κ(Th − Tc)LxLz

Ly
− I2xρLx

2LyLz
, (2.64)

where N is Nernst coefficient, B is magnetic field, L is the device length and x, y, z

Figure 2.6: Basic structure of Ettingshausen coolers with the dimensions and the direc-
tions of current flow, heat flow and magnetic field.

represents the axes where x is in current flow, y is in heat flow and z is in magnetic

field direction (see Fig. 2.6). As like TE device, TM device has the term, ZNE, known

as a thermomagnetic figure-of-merit which is given by, ZNE = (NBz)
2/ρκ. There are

two types of figure-of-merit in TM devices: one is isothermal thermomagnetic figure-of-

merit and other is adiabatic thermomagnetic figure-of-merit. Isothermal ZNE is obtained

for zero electric current and zero transverse temperature gradient which has theoretical
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limits of 0 and 1 [57]. On the other hand, adiabatic ZNE is obtained for zero transverse

temperature gradient, zero transverse current and zero longitudinal heat flow [57] which

value lies between 0 and ∞.

Thermomagnetic devices need only one material for the cooling application. It is also

possible to make the TM device with the small cross-sectional area in the current flow

direction and the large cross-sectional area in heat flow direction, as the current flow and

heat flow are in a different direction and more precisely are perpendicular. This advantage

of TM device helps to make a thin film of TM material which gives higher sensitivity

and fast response [81] and to make infinite cascading or staging devices [80]. Similar to

the TE device, input electrical power can be given by the summation of Ettingshausen

cooling power and Joule heat. From the definition of COP, we can define the COP as [57]

COP =

NBzIxTcLx

Ly
− κ(Th−Tc)LxLz

Ly
− I2xρLx

2LyLz

NBzIxTcLx

Ly
+− I2xρLx

LyLz

. (2.65)

Also, we can define the optimum COP for an NE element as [57]

COPopt =
Tc
∆T

(1 + ZNET )
1/2 − 1

(1 + ZNET )1/2 + 1
, (2.66)

where T = (Tc + Th)/2 and (1 + ZNET )
(1/2) = δ. This optimum COP is also needed

to derive the expression for infinite staging. Current for obtaining optimum COP is

expressed by [5]

Iy,COPopt =
NBz(Th − Tc)Lz

ρ(1− δ)
. (2.67)
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The maximum temperature gradient, another important characteristic, can be obtained

with the same condition of TE device which can be given by [5]

∆Tmax =
1

2
ZT 2

h . (2.68)

Current associated with the maximum temperature gradient is expressed as [5]

Iy,∆Tmax =
NBzThLz

ρ
. (2.69)

Finally, the heat delivery towards hot side can be found by the summation of cooling

power and half of the Joule heating towards hot side. Maximum heat pumping power of

a NE device can be written as [5]

Qmax = κ
∆T

Ly
(
∆Tmax
∆T

− 1). (2.70)
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Chapter 3

Analytical Model of Modified

Infinite Geometry

3.1 Introduction

Cascading or staging for improving device performance has been reported in different

publications for both thermoelectric and thermomagnetic devices [29, 80, 82]. For ther-

momagnetic, Infinite cascading or staging is reported as a maximum efficient device in

several published works [29, 83, 84, 85, 86]. In those works, an exponential shape has

been also derived to realize the infinite staging. Later, several works introduced infinite

staging for transverse thermoelectric devices [83, 87], as cascading in longitudinal TE

devices over 6 stages doesn’t provide further improvement in performance [57, 87]. Most

of the works derived the expression for infinite staging based on constant current den-

sity and temperature independent material parameters [29, 83, 84]. Among those, an

expression derived by Harman [29] was widely used for making infinite thermomagnetic

or NE devices. In this chapter, a detail derivation is presented to obtain a new expression
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for Infinite shaped NE devices which is a modified version of Harman’s infinite model.

The modification was performed based on practical assumptions which were ignored by

Harman for simplicity. The ignored assumptions ware later addressed in various works

[5, 83, 85] but few works [83] were done to make the change for the expression of the

infinite stage. One of the reason is that Harman’s model is approximately correct for low-

efficiency devices [5]. Here, a correction factor is derived which takes care of the practical

assumptions. For better understanding, a brief section is written on O’Brien [84] and

Harman’s model [29] with the limitations that taken care in our derivation and then in

following sections, corrected assumptions and complete derivation are presented.

3.2 O’Brien Model for Infinite Staging

O’Brien and Wallace derived the infinite stage shape (shown in Fig. 3.1) based on con-

stant magnetic field, temperature independent material properties, and constant current

density assumptions. They proposed that thin block (y ≪ x) of the Infinite shaped block

could be operated more efficiently. Thin block help to absorb the generated Joule heat

by Ettingshausen effect at the sides of the block at a higher temperature. Moreover, if

the sides are thermally insulated, then thin block helps to assume isothermal surface at

constant x. From that assumptions, they showed [84],

T0 − T1 =
∑

∆xt(x) = ∆x
∑

t(x). (3.1)

And [84]

log(
Q0

Q1

) =
∑
x

log(
Q1

0

Q1
1

) ≈
∑ Q1

0 −Q1
1

Q1
1

, (3.2)
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Figure 3.1: Infinite shape Ettingshausen device derived by OBrien and Wallace [84].

where t(x) is the thermal gradient in x-direction, Q0 and Q1 are the rates of heat emission

and absorption per unit length at hot and cold ends, T0 is the hot side temperature and

T1 is the cold side temperature. With detail derivation, they finally obtained [84],

y = Aexp(2tx/∆T0), (3.3)

where A is a constant. Utilizing y0 and y1, the hot side and cold side widths, respectively,

above expression was simplified by [84]

y0
y1

= exp(
2(T0 − T1)

∆T0
). (3.4)

Here, ∆T0 is the maximum temperature difference for an unloaded rectangular block. This

model had some restrictions like ZNET and ∆T/T were independent of x and ZNET ≪ 1

which were addressed in Harman’s work [29].
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3.3 Harman’s Model for Infinite Staging

Harman also derived an exponential function to realize the infinite stage NE device.

Fig. 3.2 shows the device coordinates and temperatures of the ends of n-stage NE devices.

In his derivation, he assumed a constant current density and constant electric field along

y-direction. Other constant parameters were y-length, Ly, cold side temperature, T0 and

hot side temperature, TL. Derivation was based on two principles: energy conservation

principle and Equal coefficients of performance (COP) in each stage. In his work, COP

of the individual stage (ith stage) was considered as [88],

COP i = C i(T )Ci(δ) =
T i0

∆xT i
Ci(δ) =

ε̇x=xi−1

ε̇x=xi − ε̇x=xi−1

=
ε̇x=xi−1

P i
(3.5)

Here, C(T ) is Carnot COP, ∆xT = TL − T0, ε̇x=xi is the energy flow rate and Ti

is the temperature at x = xi, P
i is the input power and C i(δ) has an expression of

Ci(δ) = (1− δ)/(1 + δ) where δ = (1− ZNET )
(1/2) and ZNE = (HzNyx)

2/κxxρyy. Hz is

the magnetic field in z direction, Nyx is the Nernst coefficient, κxx is thermal conductivity

and ρyy is electrical resistivity. According to the energy conservation law, energy flow

rate at hot junction of a stage is equal to the sum of incoming energy flow rate from

cold junction of previous stage and power input in the present stage. Hot junction of

one stage is also the cold junction for next stage. With the mentioned considerations,

Harman showed the basic formula of interest as [29],

dP

P
=
dε̇

ε̇
=

dT

TC i(δ)
(3.6)

51



Figure 3.2: Schematic diagram of n-stage NE device in x-z plane with dimensions and
temperatures of the individual stage in Harman’s Model.

With the assumption of no heat flow in the z-direction, input power for ith and (i+1)th

stage was expressed as [29],

P i = ε̇ix=xi − ε̇ix=xi−1
= 2z∆xiLy∇yψ

iJ iy (3.7)

and,

P i+1 = ˙εx=xi+1

(i+1) − ˙εx=xi
(i+1) = 2(z +∆z)∆x(i+1)Ly∇yψ

(i+1)J (i+1)
y , (3.8)

where ∇yψ is the voltage gradient or electric field. Now, for a physically connected

multistage devices, the electric field can be considered constant. With the assumption of

constant current density, Harman showed the expression [29]

P i+1 − P i

P i
=

∆x(i+1)

∆x(i)
− 1 +

∆z

z

∆x(i+1)

∆x(i)
. (3.9)
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From, ∆x(i) = ∆x(i+1), above expression was simplified as [29],

P i+1 − P i

P i
=

∆P

P
=

∆z

z
. (3.10)

To obtain maximum COP in staging device, COP of each stage should be equal, and COP

of the individual stage should be optimized with respect to current density. A required

condition for obtaining the same COP is [29]

∆xT
(i)

Ti−1

=
∆xT

(i+1)

Ti
. (3.11)

From ∇yψ
(i) = ∇yψ

(i+1), it was shown that [29]

∆xT
(i)

∆x(i)
=

∆xT
(i+1)

∆x(i+1)
. (3.12)

Harman showed the relation between ln(T ) and x by [29]

dT

T
= b

′
dx. (3.13)

Finally, he derived the complete exact derivative relation which was [29]

dT

T
=
dP

P
=
dε̇

ε̇
=

dT

TCi(δ)
= bdx. (3.14)

where b is the arbitrary constant. From integration and boundary conditions of x = 0 at

z = z(0) and x = Lx at z = z(Lx), Harman derived two equations for infinite shaped

device as [29]

z(x)

z(0)
= (

z(Lx)

z(0)
)x/Lx . (3.15)
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And

z(T ) = z(Lx)exp

∫ T

TL

dT

TC i(δ)
. (3.16)

Though Harman successfully derived a simplified expression addressing some limitations

of O’Brien and Wallace work, still, Harman’s model has some serious approximations like

constant current density for all stage and temperature independent material parameters.

As the temperature in NE cooling device should be increased towards hot side, each

stage should have different current densities which are the result of a temperature de-

pendent electrical resistivity. With those idealistic approximations, exact infinite shaped

NE device can’t be obtained with optimum performance. Therefore, a detail derivation

is demonstrated in the next section which takes care of the idealistic approximations of

Harman’s model.

3.4 New Model for Infinite shaped device

From the previous section, it is seen that Harman’s model has no temperature dependency

which is the result of constant current density and temperature independent material

properties assumptions. Before moving to detail derivation for modified shape function,

3.1 is given here to show why it is important to considered temperature dependent pa-

rameters for the derivation of device geometry of a TM device. The table presents all

the relationship between temperature and important material properties for degenerately

doped narrow-gap semiconductors which defines the thermomagnetic figure-of-merit. To

take care the approximation of constant current density, we start our derivation from

the expressions of optimized current density and voltage gradient or electric field for in-

dividual stages. As mention before, to obtain maximum COP for multi-staged devices,
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Table 3.1: Approximate relation between temperature and material properties for low
band-gap degenerate semiconductors [34, 70]

Material Parameters Relationship with temperature

Lattice thermal conductivity κL ∝ T−1

Nernst Coefficient S ∝ T−1

Relaxation time (Acoustic phonon scattering) τ ∝ T−1/2

Electrical conductivity σ ∝ T 1.5

current density and electric field should be optimized. Optimized current density and

electric field can be defined as [29]

J iy = − κxx
HzNyx

∆xT
i

T i
(1 + δ)

∆xi
. (3.17)

And

Ei
y = −HzNyx

∆xT
i

∆xi
δ

(1− δ)
. (3.18)

As NE devices are assumed as a longitudinally isothermal cooling device, there is no heat

flow in y and z-direction. So, the power input to the ith stage which is the difference

between the input and output energy flow rate, can be expressed as [29]

P i = ε̇ix=xi − ε̇ix=xi−1
= 2z∆xiLyE

i
yJ

i
y (3.19)

Similarly, for next stage ((i+1)th stage), power input is [29]

P i+1 = ε̇i+1
x=xi+1

− ε̇i+1
x=xi

= 2z∆xi+1LyE
i+1
y J i+1

y , (3.20)
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Now, from equation 3.17 and 3.18, we have derived the relationship between current

density and electric field which is known as Ohm’s relation. Ohm’s relation for NE devices

can be expressed as,

Jy = σyyEy =
κxx

(HzNyx)2
1

T

(1− δ2)

δ
Ey, (3.21)

where σyy is the electrical conductivity. From this expression, a temperature dependent

relationship is obtained for electrical conductivity. Therefore, different current densities

should be obtained for different stages based on the temperature dependent σ. Now,

current densities for ith and (i+1)th stages are,

J iy = σiyyE
i
y =

κxx
(HzNyx)2

1

T i
(1− δ2)

δ
Ei
y (3.22)

J i+1
y = σi+1

yy E
i+1
y =

κxx
(HzNyx)2

1

T i+1

(1− δ2)

δ
Ei+1
y . (3.23)

For two successive stages, we can get the following temperature relationship,

T i+1 = T i +∆T. (3.24)

Hence, according to equation 3.24, equation 3.23 can be modified as

J i+1
y =

κxx
(HzNyx)2

1

T i +∆T

(1− δ2)

δ
Ei+1
y =

κxx
(HzNyx)2

1

T i(1 + ∆T
T i )

(1− δ2)

δ
Ei+1
y . (3.25)

Therefore, from equation 3.23 and 3.25, we can write,

J i+1
y = σi+1

yy E
i+1
y = σiyy(1 +

∆T

T i
)−1Ei

y. (3.26)
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Taking binomial expansion and ignoring higher order term from second order power, we

can simplify the above equation as,

J i+1
y = σiyy(1−

∆T

T i
)Ei

y = (1− ∆T

T i
)J iy. (3.27)

Now, following Harman’s derivation steps, we obtained the following equation.

P i+1 − P i

P i
=

2(z +∆z)(1− ∆T
T i )∆x

i+1LyE
i
yJ

i
y − 2z∆xiLyE

i
yJ

i
y

2z∆xiLyEi
yJ

i
y

. (3.28)

Considering similar height for each stage, ∆xi = ∆xi+1, we can simplify the above ex-

pression as

P i+1 − P i

P i
=

∆P

P
=

2∆xiLyE
i
yJ

i
y[(z +∆z)(1− ∆T

T i )− z]

2z∆xiLyEi
yJ

i
y

= (1 +
∆z

z
)(1− ∆T

T
)− 1.

(3.29)

Or,

∆P

P
=

∆z

z
− ∆T

T
. (3.30)

From equation 3.30 and the complete exact derivative relation from Harman’s model, we

can write the new expression for exact derivative as follows

dP

P
=
dz

z
− dT

T
=
dϵ̇

ϵ̇
=

dT

TC i(δ)
. (3.31)

Rittner [82] showed that to operate the multi-stage devices at its maximum C.O.P., we

can adjust the intermediate stage temperatures according to the following relationship,

∆xT
i

T i−1
=

∆xT
i+1

T i
=
T i − T i−1

∆xiT i−1
=
T i+1 − T i−1

∆xi+1T i
= b

′
. (3.32)
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where, b
′
is an arbitrary constant that equal to bC(δ). We can write a generalized ex-

pression for equation 3.32 as

∆T

∆xT
= b

′
. (3.33)

Or,

∆T

T
= b

′
∆x. (3.34)

Substituting the value of b
′
into equation 3.34, we get the following expression as

dT

TC(δ)
= bdx. (3.35)

From 3.32 and 3.35, we obtain,

dz

z
− dT

T
= bdx. (3.36)

Or,

dz

z
=
dT

T
+ bdx. (3.37)

Denominator T can be expressed by initial temperature or cold side temperature of NE

device, T0, and spatial temperature gradient, dT/dx, which is

T = T0 + x
dT

dx
= T0(1 +

x

T0

dT

dx
). (3.38)

Substituting equation 3.38 into equation 3.37, we can write,

dz

z
= bdx+

dT

T0(1 +
x
T0

dT
dx
)
. (3.39)
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Utilizing binomial expansion for the above expression and ignoring the higher order terms

except the first order term, we get,

dz

z
= bdx+

1

T0
(1− x

T0

dT

dx
)dT. (3.40)

From the boundary conditions, z = z(0) at x = 0 and T = T0 and z = z(Lx) and

T = TL at x = Lx, we can write the following linear temperature gradient profile along

x-direction as

dT

dx
=
TL − T0
Lx

. (3.41)

Therefore, equation 3.40 becomes

dz

z
= bdx+

1

T0
(1− x

T0

TL − T0
Lx

)(
TL − T0
Lx

)dx. (3.42)

Taking integration on both sides of above equation, finally we get,

ln
z(x)

z(0)
= bx+ (

TL − T0
T0

)
x

Lx
− (

TL − T0
T0

)2
x2

2L2
x

. (3.43)

Utilizing the boundary conditions shown above, from equation 3.43, we can write,

ln
z(Lx)

z(0)
= bLx + (

TL − T0
T0

)− 1

2

TL − T0
T0

)2. (3.44)

From equation 3.44, we can find the expression for constant b as

b =
ln z(Lx)

z(0)
− (TL−T0

T0
) + 1

2
(TL−T0

T0
)2

Lx
. (3.45)
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Substituting b into 3.43, we obtain

ln
z(x)

z(0)
= (ln

z(Lx)

z(0)
− (

TL − T0
T0

) +
1

2
(
TL − T0
T0

)2)
x

Lx
+ (

TL − T0
T0

)
x

Lx
− (

TL − T0
T0

)2
x2

2L2
x

.

(3.46)

Finally, we can rewrite the above equation as,

ln
z(x)

z(0)
=

x

Lx
ln
z(Lx)

z(0)
+

1

2

x

Lx
(
TL − T0
T0

)2 − 1

2

x2

L2
x

(
TL − T0
T0

)2. (3.47)

This is the modified temperature dependent shaping function for infinite shaped geometry

whereas Harman’s derived shaping function was

ln
z(x)

z(0)
=

x

Lx
ln
z(Lx)

z(0)
. (3.48)

Therefore, we can generalize our derived expression as,

ln
z(x)

z(0)
=

x

Lx
ln
z(Lx)

z(0)
+ C.F., (3.49)

where C.F. is the temperature dependent correction factor and is defined as

C.F. =
1

2

x

Lx
(
TL − T0
T0

)2 − 1

2

x2

L2
x

(
TL − T0
T0

)2. (3.50)

The temperature terms of C.F. expression actually take care of the temperature depen-

dent material parameters which are another focus of this derivation work. Those Tem-

perature terms are obtained from the expression containing material parameters given in

the next chapter. Therefore, the derived model for the infinite stage is based on practical

consideration and give the actual shape for optimum performance of NE device.
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3.5 Comparison between new model and Kooi’s Model

As mentioned earlier, Kooi et. al. [83] also addressed the idealistic approximation of Har-

man’s and derived another expression for infinite stage devices. The expression derived

in [83] is

z

zc
= (

T

Tc
)

1
δ−1 . (3.51)

In this expression, δ is also considered as a constant which is contradictory as it is a

function of ZNET hence a function of temperature. So, it is another ideal assumption

that δ is a temperature independent term although they were able to show the Carnot

limit from their expressions, which is COP = Tc
(Th−Tc)

at Z = ∞, δ = ∞, and equal hot

and cold side areas. They also showed that at Z = 0 and δ = 0, COP is zero and the

ratio between the hot and cold side areas is infinity. Comparing to Kooi’s model, our

derived model has no temperature independent term. Moreover, Carnot limit can also

be applied to our model but in a different way. According to Kooi’s work, when hot side

area is equal to cold side area or z(0) = z(Lx) or ∆z = 0, COP is Tc(Th− Tc), and when

∆z = ∞, COP is 0. From equation (3.30) and (3.31), we can write,

dP

P
=
dz

z
− dT

T
=
dϵ̇

ϵ̇
=

1

COP
. (3.52)

Now, at ∆z = 0,

1

COP
= −dT

T
=
Th − Tc
Tc

. (3.53)

And at ∆z = ∞,

1

COP
= ∞. (3.54)
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Above expressions show that our derived model also able to gives proper Carnot limit as

like Kooi’s model.
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Chapter 4

Numerical Model for Multistage TM

Cooler

4.1 Introduction

In this section, a numerical model has been presented for comparing the performance

of different geometry for NE devices. Several works were published on the performance

analysis [29, 83, 89, 90, 91], but most of them are on rectangular and Infinite stage NE

devices. Common geometries for NE devices are rectangular, trapezoidal and exponential

infinite stage. Geometries are shown in Fig. 4.1. Few works were performed on trapezoidal

NE devices [92]. Comparison of performance between the available geometric shaped NE

devices is rarely published. Therefore, another focus of this work is to develop a complete

numerical model to perform the comparative analysis of the existing geometric shaped

TM devices. Numerical model is developed from the refs [5, 88, 93, 94, 95, 96].
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Figure 4.1: Different geometric shape for NE devices: thin rectangular, thick rectangular,
Trapezoidal and exponential (Infinite) shape.

4.2 A Mathematical model for single stage NE ele-

ment

Numerical modeling is started with the thermodynamic expressions for entropy flux den-

sity and voltage gradient based on the Galvano-thermomagnetic effects. These relations

are based on irreversible processes in a magnetic field for isotropic and homogeneous

materials. These phenomenological relations are expressed as [93]

JSx = −(
κI
T
)∇xT − (

BzLIκI
T

)∇yT + SIJx −BzNIJy. (4.1)

JSy = (
BzLIκI
T

)∇xT − (
κI
T
)∇yT +BzNIJx + SIJy. (4.2)

Ex = SI∇xT −BzNI∇yT + ρIJx −BzRIJy. (4.3)

Ey = BzNI∇xT + SI∇yT +BzRIJx + ρIJy. (4.4)

Here, JS is entropy flux density, E is electric field, T represents temperature, J is the

current density, B is magnetic field, S is Seebeck coefficient, ρ is electrical resistivity, κ

is thermal conductivity, L is Righi-Leduc coefficient, N is Nernst coefficient, R is Hall

coefficient, subscript I represent isotropic medium and x, y, z represents the coordinates
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of the device. All these expressions are for single stage parallelepiped NE device. Now,

above relationships can be extended for anisotropic material systems and can be rep-

resented in a matrix expression. Thermodynamic relationship matrix for an anisotropic

material system is given by [88, 96]



JSx

JSy

Ex

Ey


=



−κxx
T

−κyx
T

− BzLyxκyy
T

Sxx −BzNxx Syx −BzNyx

−κyx
T

+ BzLyxκyy
T

−κyy
T

Sxy −BzNxy Syy −BzNyy

Sxx +BzNxx Sxy −BzNyx ρxx ρyx −BzRyx

Syx +BzNyx Syy +BzNyy ρyx +BzRyx ρyy





∇xT

∇yT

Jx

Jy


(4.5)

This matrix can be the fundamental basis for any material system operated in any con-

ditions like isothermal and adiabatic. Moreover, this can be extended to the 6× 6 matrix

[88] by introducing z components for entropy flux and electric field, but for typical NE

devices, ∇zT = Jz = 0 and JSx and Ez are negligible due to the negligible associated

Galvano-thermomagnetic effects. Generally, isothermal condition means ∇T = 0 and

adiabatic condition indicates JS = 0 [97]. So, in longitudinally isothermal thermomag-

netic coolers,∇yT = 0 and Jx = 0 because of no electrical connection in x direction. Most

of the studied NE devices are longitudinally isothermal TM device. Therefore, applying

the conditions into the matrix representation will make the 4 × 4 matrix into a simple

2× 2 matrix. From the 2× 2 matrix, with proper sign conventions, expressions for ∇xT

and Jy can be found as

∇xT =
1

(1 +
(S2

yx−(BzNyx)2)T

κxxρyy
)
(−Qin

κxx
+
SyxEyT

κxxρyy
+
BzNyxEyT

κxxρyy
), (4.6)

and

Jy =
Ey
ρyy

+
BzNyx∇xT

ρyy
+
Syx∇xT

ρyy
, (4.7)
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where Qin is the input heat flow density which can be obtained from the output heat

flow density of previous stage and the power input of current stage. Joule heating plays

an important role to determine both input and output heat flow density. Joule heating

is a result of the collisions between charge carriers and lattice imperfections like impu-

rity, defects and lattice vibrations and Joule energy is uniform throughout the system.

Therefore, it is considered and proved that half of the total generated Joule heating will

be transported by heat conduction towards both ends of a NE element [5, 79, 93]. With

this consideration, we can get the expressions for input and output heat flow densities as

below -

Qin =
BzNyxEyTc

ρyy
+
SyxEyTc
ρyy

− 1

2

E2
yda

ρyy
− (1 +

(S2
yx − (BzNyx)

2)T̄

κxxρyy
)κxx∇xT, (4.8)

Qout =
BzNyxEyTh

ρyy
+
SyxEyTh
ρyy

+
1

2

E2
yda

ρyy
− (1 +

(S2
yx − (BzNyx)

2)T̄

κxxρyy
)κxx∇xT, (4.9)

Here, T̄ = (Th+Tc)/2. In multistage devices, output heat flow density of one stage should

be the input heat flow density for next stage but it should be scaled with respect to the

area of input end. From the obtained results of each stage, final outputs of ∇xT and Jy

for multistage NE device can be performed. To obtain the COP, ratio between input heat

flow at the cold surface and input power, of a single stage NE device, we can utilize the

following expression -

COP =
Qc

Pin
=
Qcbc

Pin
=

Tc
Th − Tc

, (4.10)

where b and c are the dimensions perpendicular to the current flow direction. For multi-

stage devices, COP can be calculated from the following relationship,

1 +
1

COP
= 1 +

Pin
Qc

=
Qc + Pin

Qc

=
Qh

Qc

, (4.11)
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where Qh and Qc are the heat flow at hot side and cold side of the multistage device,

respectively. We can get the relationship between the COPs of individual stages and the

total COP from Fig. 4.2. The expression for the relation is given by

(1 +
1

COPT
) =

Qh

Qcn

× Qhn−1

Qcn−1

× ...× Qhi

Qci

× ...× Qh1

Qc

, (4.12)

where COPi is the COP of the ith stage. COPs can be defined with respect to maximum

input heat flux, COPmax and optimum input power, COPopt. Optimum COP of the

individual stage is expressed as [5],

COPopt =
1

2
(
Th
Tc

)(1− ∆T

∆Tmax
). (4.13)

4.3 Flowchart for the Simulation model

To perform the analysis on the multi-stage device, whole NE device is considered as the

collection of many single stage NE elements with a uniform height. In our simulation

model, height resolution is set at 10−3 cm, where whole device dimensions are taken in

cm. The simulation model is developed for four different modules for different analyses.

Heart of the analysis is same for all modules and that is calculating the performance

parameters like heat flow, cold side and hot side temperatures for a single stage and

then sum up them to obtain the collective performance of the multistage devices. In this

simulation model, five geometric shapes are considered; thin rectangular, thick rectangu-

lar, trapezoidal, Harman’s infinite shape and infinite shape derived in this work. Device

lengths are taken from some previously published works to verify the results produced
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Figure 4.2: Schematic diagram showing the relations of input and output heat flow
between the individual stages of the multi-stage device.

by our model [5, 91]. For all modules, maximum electric field, magnetic field and hot

side temperature inputs are same. For our model, we considered the maximum electric

field of 1 V cm−1, the magnetic field of 1 T and hot side temperature of 150 K. The

simulation model is also capable of calculating the device characteristics taking cold side

temperature as an input.

The focus of this simulation model is to calculate the device characteristics of different

geometric shaped TM devices and compare the performance of our infinite shaped model

with another geometric shape mainly with Harman’s model. For the purpose of analysis,

we have calculated different device characteristics like, maximum temperature gradient

as a function of current and height, spatial temperature profile, maximum temperature
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gradient as a function of geometric shape variation, maximum heat flow as a function of

height and shape variation and finally, COP as a function of height and shape variation.

For the calculation, a self-consistent model is developed, where a linearly distributed

temperature profile is considered, and that temperature distribution is updated from the

calculation of all the heat components. Fig. 4.3 shows all the heat fluxes associated with

individual stages. The cooling performance of an NE device can be obtained from the

Figure 4.3: Interrelations between different heat fluxes and Temperature of different
stages used in Multistage Calculation.

Joule heating, conduction heat flow, and Ettingshausen heat flow. As discussed earlier,

Joule heating is divided into two and flow towards the cold and hot side of each stage,

respectively. Generally, Joule heat and conduction heat oppose the cooling performance

of an NE device which can be understood from 4.8 and 4.9. For better understanding,
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Figure 4.4: Circuit model for the representing all fluxes and forces in 3 staged NE device.

a circuit model with voltage and current sources are illustrated in Fig. 4.4. Here, heat

fluxes are modeled with current sources, temperature gradient is modeled with voltage

sources and material properties associated with the corresponding heat flux is represented

with resistance such as resistance in the figure can be treated as thermal resistance for

conduction heat and can be treated as electrical resistance for Joule heat.

A self-consistent model is controlled with a tolerance which is calculated from the dif-

ference between the summation of old temperature distribution assumption and new
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temperature distribution obtained based on circuit model calculation. Fig. 4.5 the flow

chart of calculation for multistaged devices with a different shape. From the calculated

temperature distribution and heat fluxes of the multistaged device, different performance

parameters are calculated based on different conditions. To obtain the maximum ∇xT ,

simulation is performed at no-load condition (Qin = 0) with the desired variation. On

the other hand, to obtain the maximum input heat flow density, Qmax, towards hot side,

Qmax is obtained from ∇xTmax condition. COPs are also calculated during the calcula-

tion of Qmax. Fig. 4.5 shows the flowchart representing the algorithm for mathematical

calculation of multistage device, while Fig. 4.6 illustrates the flowchart for the complete

simulation model to obtain the device characteristics based on mentioned conditions.
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Figure 4.5: Schematic diagram showing the relations of input and output heat flow
between the individual stages of the multi-stage device.
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Figure 4.6: Schematic diagram showing the relations of input and output heat flow between the individual
stages of the multi-stage device.
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Chapter 5

Experimental Works on Multistage

TM Cooler

5.1 Introduction

An experimental work is performed to obtain the practical results and analysis those

result with the theoretical works. This chapter provides the details about the motivation

behind experimental works, description about sample preparation and steps of experi-

mental work. Till now, most of the theoretical and experimental works are performed

on thermoelectric devices. And for thermomagnetic, most of the works are theoretical,

few works are done based on experimental data. One of the reasons is the difficulties

to do the experimental setup to calculate the transverse effect in presence of magnetic

field with the variation of temperature and current flow. With this motivation, we have

performed the experimental works on BiSb material system, one of the most efficient

TM material systems with higher thermomagnetic figure-of-merit. Many published re-

sults [27, 85, 90, 91, 98] are also available for this material system which is beneficial for
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verifying our obtained results.

5.2 Sample Preparation and Characterization

For performing the experimental work, we have prepared four samples with two different

BiSb material systems. Two samples are made with Bi97Sb3 and other two are Bi95Sb5.

All samples are made from the elemental elements of Bi and Sb. Samples are prepared

inside the glovebox which is always kept under positive pressure with Argon environment.

Inside environment is always maintained with < 0.01 ppm H2O and < 0.01 O2 molecules

which ensures the preparation of pure BiSb system without forming any oxide. First, we

measured Bi droplets and Sb powder to make 10g of BiSb alloy. Measurement error kept

within 1∼3 mg range so that we can control our material composition precisely. Then, a

10g mechanical mixture of BiSb alloy was transferred to a glass tube under argon envi-

ronment. Glass tubes were cleaned with IPA sonication for 10 min before the use. Glass

tubes and the sealing valves are taken inside the glovebox with vacuum and purging of

Ar to ensure that everything happened in an inert environment. Glass tubes were then

sealed tightly with the valve inside the glovebox and then take out from the glovebox. A

vacuum system is used to remove the argon from the tube. Then, under vacuum, tubes

are sealed in the middle with an oxyacetylene torch. After sealing, material system is melt

with the oxyacetylene torch for 5 mins with aggressive movement so that a uniform alloy

system can be obtained. A rapid quenching was done after melting to avoid the undesired

phase transformation and to obtain a better crystalline structure. Fig. 5.1 demonstrates

the sample preparation steps sequentially.

After the preparation of the BiSb material systems, we cut the samples with a diamond

wire saw. We only made rectangular and trapezoidal shaped samples, as making these
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Figure 5.1: Sample preparation steps: (a) measuring the elements of sample inside glove
box, (b) Sample mixture in glass tube, (c) Glass tube sealing with valve, (d) Melting the
sample in torch, (e) Sample after quenching and (f) final ingot of sample.

structure is simple. Making infinite shaped device is ignored because of the difficulties

to make that shape with the existing setup. To prepare samples with a smooth surface,

we kept the cutting speed at 1 mm-min−1. Surface smoothness was observed under a

microscope and was found satisfactory.

Fig. 5.2 shows the picture of the surface of the sample. After cutting the samples, samples
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Figure 5.2: Rectangular shaped sample shown with the dimensions after wire saw cut-
ting.

are cleaned with Acetone and IPA by 20 min sonication to remove the wax used to set

up the sample in the wire saw tool and an oily surface that might be coming from the

machine and used gloves. Samples are kept in glovebox after every treatment performed

on the sample.

To check the formation of BiSb alloy, we took the diffraction pattern in XRD using

Rigaku Miniflex XRD machine. XRD was performed with Cu K radiation with 0.154 nm

wavelength. Fig. 5.3 shows the XRD peaks for both Bi95Sb5 and Bi97Sb3. XRD results

show a good formation of BiSb alloy.

From the above figures, it is seen that both samples give first peak and dominant peak

for the crystal plane of (0,0,3) and (0,1,2), respectively. But peak positions of Bi95Sb5

are shifted with respect to those values for Bi97Sb3. From the data, it is found that the

first peak position is 22.54◦ for Bi95Sb5, while for Bi97Sb3, it is at 22.51
◦. Therefore, the

interplanar distances are also different. The interplanar distance of (0,0,3) planes is 3.941
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Figure 5.3: XRD patterns for (a) Bi95Sb5 sample and (b) Bi97Sb3 sample.
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Table 5.1: Material characteristics of the synthesized samples: Bi95Sb5 and Bi97Sb3

Parameters Bi95Sb5 Bi97Sb3

Density (g/cm3) 8.81 9.468

Ideal density (g/cm3) 9.4 9.73

First Peak location of XRD 22.54◦ 22.51◦

Millar plane for first peak (0,0,3) (0,0,3)

d003 (Å) 3.941 3.947

Å for Bi95Sb5, and 3.947 Å for Bi97Sb3. From the relation between interplanar distance

and lattice constant, it can be understood that lattice constant of Bi97Sb3 is higher than

that of Bi95Sb5. From the measurement of the physical dimensions of the samples and

weight, their densities are also measured. From the measurement, it is found that Bi95Sb5

sample is 94% dense with respect to its ideal density and Bi97Sb3 is 97.3% dense. Table

5.1 shows the general properties of two BiSb samples which are calculated from measure-

ments.

Finally, for the measurement of the thermopower and electrical resistivity were measured

simultaneously using LSR machine. LSR machine is mainly made to measure thermo-

electric figure-of-merit by measuring Seebeck coefficient, and electrical resistivity. It has

a wide operating temperature range from 100 ◦C to 1500 ◦C. It measures Seebeck coeffi-

cient with static dc method and electrical resistance with the four-point method. Samples

should be in cylindrical, disk or rectangular shape with the range of 6∼23 mm long and

2∼8 mm diameter. Two heater systems are used to create a temperature gradient into

the sample and two thermocouples (TC) are used to measure the voltage. Separation

between the TCs can be 4 or 6 mm. Fig. 5.4 shows a typical setup of a sample along with

79



the different parts associated with the measurement [99].

Figure 5.4: Schematic diagram of LSR tools with connection between different parts and
with sample setup inside the tool [99].
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Chapter 6

Results and Discussions

6.1 Results from Simulation Work

The simulation model is developed based on the mathematical model presented in chapter

4. To make the analysis more practical and verify the developed model, device dimensions

and other required parameters are taken from the previously published results [5, 91].

In the simulation, hot side temperature is assumed constant as typically there is a heat

sink attached to that end. The magnetic field is kept constant for simplicity and time

constraint. Table 6.1 shows the parameters that used for the simulation.

Simulation is performed for all available geometric shape: thin rectangular, thick rect-

angular, trapezoidal, Harman’s infinite shape and derived shape in this work. Thin and

thick rectangular shapes are defined with respect to the dimension of the shaped devices

like trapezoidal and infinite. In thin rectangular, transverse length with respect to heat

flow always keeps constant at cold side length of the shaped device, while in thick rect-

angular, the hot side length of the shaped device is taken as transverse length.

Fig. 6.1 illustrated the geometries of the different NE devices that considered for the
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Table 6.1: Input parameters used for the model

Parameters Value

Device Dimension
Length in current flow direction 2.54 cm

Length in B field direction 0.031 cm (cold side)
Length in heat flow direction 0.428 cm

Shape factor or a geometric ratio 13

Sample materials Bi97Sb3

Maximum Electric Field 2 Vcm−1

Individual stage height 0.001 cm

Hot side temperature 150 K

Figure 6.1: All geometric shaped NE devices considered into the simulation model along
with their dimensions.

simulation. It is seen from the above figure that, both infinite models that derived in

Harman’s work and in this work have almost similar shape, but corrected model gives

little bit wider side than Harman’s model. This difference can be more noticeable for the
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material systems which material properties are changed aggressively with temperature.

This difference is caused by the ideal assumptions taken in Harman’s model where he

assumed constant input power density for each stage. In reality, power density will change

with temperature which will be illustrated by next figures. Both models give the same

shape for low-efficiency material system.

To observe the effect of temperature dependent material parameters on device perfor-

mance, simulation is performed based on both temperature dependent and independent

material properties. As shown in prior chapters, all material properties like Nernst co-

efficient, electrical resistivity, and thermal conductivity are a strong function of temper-

ature and these parameters determines the important elements of cooling performance

like Ettingshausen heat, Joule heat, and conduction heat. According to the circuit model

demonstrated in chapter 4, temperature distribution into the devices is also depended

on these heat components. In Fig. 6.2, an illustration is showed that how the tempera-

ture is distributed throughout the device length. Devices are considered as longitudinally

isothermal. Therefore, the only temperature distribution map is seen along heat flow di-

rection. The temperature distribution is illustrated with a color map in Fig. 6.2.

Distribution color map gives an overall idea of the temperature profile. But, it doesn’t

give the understanding of temperature gradient profile created at each stage. According

to the circuit model, it is seen that all stages don’t carry or pump the same amount

of heat. So, it is expected to get a non-linear temperature gradient profile along the

x-axis. In our simulation, initially a linear temperature distribution model is assumed

and then from the self-consistent method, the temperature values are updated. This

update is done with heat component calculation which are material properties depen-

dent. Temperature gradient profile along the x-axis for all NE devices are presented in

Fig. 6.3 and Fig. 6.4. Fig. 6.3 shows gradient profile considering temperature dependent
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Figure 6.2: Color-bar illustration of spatial temperature distribution for all NE devices:
(a) thin rectangular, (b) thick rectangular, (c) trapezoidal, (d) Harman’s infinite shape
and (e) corrected shape proposed in this work.
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Figure 6.3: Temperature gradient profile along x-axis considering: (a) temperature in-
dependent material properties, and (b) temperature dependent material properties.

and independent material properties, separately. And, Fig. 6.4 demonstrates the impact

of temperature dependent properties on gradient profile by showing all gradient profile

collectively.

From Fig. 6.4, it is found that with the consideration of temperature dependent proper-

ties, the rectangular geometric shaped device shows 27.07% drop in a temperature gradi-

ent across the device while trapezoidal shape shows 23.62%, Harman’s infinite shape has

19.89% and our derived shape geometry shows 19.98% drop in the temperature gradient.

This actually shows the importance of consideration of temperature dependent material

properties.

The temperature profile and gradient profile of the NE devices are the output of the

heat components existed into the device. According to the discussion in prior chapters,

two heat components plays an important role to determine the cooling performance of

an NE device: Ettingshausen heat and Joule heat. Theoretically, Ettingshausen heat is

a linear function of current. According to Fig. 6.5, NE devices show a linear relation
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Figure 6.4: Temperature gradient profile along x-axis showing the decrement in gradi-
ent with temperature dependent material properties consideration. Solid lines represent
gradient obtained from temperature independent material properties consideration and
dash-dot lines represent temperature dependent consideration.

for a certain region with temperature independent material properties study and show a

perfect linear relation while temperature dependent material parameters are considered.

Comparing both figures, it is also seen that Ettingshausen heat has a linear relation with

current up to 6000W.

On the other hand, Joule heating is proportional to the square of the current and it

is always increased with the increase in current. Both temperature dependent and inde-

pendent studies show the trends of the theoretical relation between Joule heating and

current that is shown in Fig. 6.6. In temperature-dependent material properties study,

less Joule heating is found because of the less temperature drop across the NE devices is

lower and the resistivity is almost inversely related to the temperature.

Both Ettingshausen and Joule heat along with conduction heat loss define the cooling
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Figure 6.5: Ettingshausen heat flow in a different geometric device with considering (left)
temperature independent properties and (right) temperature dependent properties.

power of the NE devices. To analysis the cooling power of a heat pump, it is important

to know the performance of the device at the no-load condition. In no-load condition

means zero input heat, NE devices generally give maximum temperature gradient which

is named as ∆Tmax. Though no devices are operated in a no-load condition, this condi-

tion gives the idea of maximum device performance. It is generally expected that shaped

geometry will generate a maximum temperature gradient in comparison with the rectan-

gular geometry, as shaped geometries can pump more heat than rectangular geometry.

From both studies of temperature dependent and independent material properties, sim-

ilar behaviors are found which is shown in Fig. 6.7.

Fig. 6.8 shows the combined results to illustrate the effect of the temperature dependent

properties. From the figure, it is seen that maximum temperature gradient is decreased

from 31.04 K to 23.01 K for both rectangular devices, while in trapezoid, maximum gra-

dient is decreased from 48.73 K to 37.22 K, in Harman’s infinite shaped devices, drop is

from 51.77 K to 41.47 K and finally in our derived shape device, maximum temperature
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Figure 6.6: Joule heating in different geometric device with considering (left) tempera-
ture independent properties and (right) temperature dependent properties.

gradient is decreased from 51.9 K to 41.52 K.

As geometric ratio or shape function plays the important role to increase device perfor-

mance in terms of obtaining maximum temperature. It is expected that with the increase

in shape factor maximum temperature gradient should also increase. But this is true for

certain range of shape factor. After that range, maximum temperature gradient shows a

constant behavior which is due to the fact of Carnot limit so that the efficiency doesn’t

go to ideal Carnot limit. Moreover, at higher shape factor, the device will operate under

high current which will generate the higher Joule heating which will limit the cooling per-

formance as well as the maximum temperature gradient. Moreover, a higher temperature

gradient will generate higher conduction heat so to reach the optimum value, maximum

temperature gradient should be saturated after certain range. Fig. 6.9 and Fig. 6.10 show

the expected behavior as mentioned.

From Fig. 6.9, it is seen that after the geometric ratio of 40, a maximum temperature

gradient is increased by a small amount, hence giving the saturation behavior. But, from
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Figure 6.7: Maximum temperature gradient as a function of current for the consider-
ation of (up) temperature independent properties and (down) temperature dependent
properties.

Fig. 6.10 it is found that current is increased almost linearly with respect to shape factor.

Both figures also show the effects of temperature dependent and independent material
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Figure 6.8: Maximum temperature gradient considering (solid) temperature indepen-
dent properties and (dash-dot) temperature-dependent properties for different geome-
tries.

properties on the results.

6.2 Results from Experimental Work

With the mentioned process in chapter 5, we performed our experiment based on the

availability of the equipment in the lab. We measured the electrical conductivity and

thermopower versus temperature. Then the carrier concentration was estimated from the

thermopower values. Knowing the carrier concentration and the electrical conductivity,

we estimated the carrier mobility and the electronic part of the thermal conductivity of

the synthesized BiSb sample. Those characteristics of BiSb are presented in Fig. 6.11.

It can be seen that the power factor of the synthesized BiSb sample is close to the

best-reported data in the literature for this material system [100].

90



Figure 6.9: ∆Tmax as a function of shape factor with considering (left) temperature
independent properties and (right) temperature-dependent properties for different ge-
ometries.

Figure 6.10: Current versus shape factor with considering (left) temperature indepen-
dent properties and (right) temperature-dependent properties for different geometries.
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Figure 6.11: Mobility, electrical conductivity, thermal conductivity due to electronic
contribution, Seebeck co-efficient and thermoelectric figure of merit of Bi95Sb5 materials
with respect to temperature.
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Table 6.2: Comparison of performances between different geometric shapes for both
temperature dependent (TD) and temperature independent (TID) material properties

Performance
parameters

Thin
Rectangle

Thick
Rectangle

Trapezoid
Harman’s

Infinite stage
This work

∆Tmax (K)
@ shape factor
(S.F.) = 13

31 (TD)
23 (TID)

31 (TD)
23 (TID)

48.7 (TD)
37.2 (TID)

51.8 (TD)
41.5 (TID)

51.9 (TD)
41.5 (TID)

Current (A)
@ ∆Tmax

1.57 (TD)
1.43 (TID)

20.5 (TD)
18.8 (TID)

17.9 (TD)
17.5 (TID)

13.4 (TD)
13.6 (TID)

13.4 (TD)
13.6 (TID)

6.3 Analysis and Discussions

To compare the obtained results from the simulation model, all performance character-

istics are summarized in Table 6.2. From the details of the simulation model, it is found

that the less efficient NE device is thick rectangular device and most efficient one is infi-

nite stage device. As discussed in chapter 2, making the area bigger along the heat flow

direction and making the area smaller in the current flow direction give a more efficient

performance in NE devices. This statement can be verified by comparing the performance

of thin and thick rectangular geometry.

On the other hand, among the shaped geometries, infinite staged devices are superior to

trapezoidal shaped device due to the increment trends of the area along heat flow direc-

tion. This is the optimized way to build the device. Though, making trapezoidal shaped

NE device is more practically feasible than the infinite shaped devices. Infinite shape

derived in this work shows a little improvement than Harman’s infinite staged device in

terms of performance as shown in the table. This is because of the nature of temperature

dependent material properties. If these properties change aggressively with the change
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Table 6.3: Published results on different shaped thermomagnetic devices with corre-
sponding materials and dimensions

Reference Material Dimensions (cm) and geometry ∆Tmax (@1T)

Scholz et. al. [91] Bi97Sb3
2.8×1.6(hot side)×

0.1(cold side)×0.9, Infinite
42 K

Hawkins et. al. [5] Bi97Sb3 2.62×0.2×0.6, Rectangular 25 K

Horst et. al. [92] Bi97Sb3
2.54×0.394(hot side)×

0.031(cold side)×0.428, trapezoid
38 K

OBrien et. al. [80] Bi99Pb1 5×3×0.8, Rectangular 0.25 K

This work Bi97Sb3
Horst’s trapezoid device
Scholz infinite device

37.22 K
41.47 K

in temperature, it is expected to get a significant difference between two models. To

compare the results obtained in this simulation work with previously published results,

Table 6.3 presents the results of those published works.

Scholz et. al. found 42 K experimentally for Harman’s infinite shaped device and Horst

et. al. found 38 K in trapezoidal shape. From our simulation, we found 41.47 K for infinite

shape device and 37.22 K for trapezoidal shape. Scholz also presented a result showing

the maximum temperature gradient as a function of geometric ratio. Our obtained result

(shown in Fig. 6.9) also agree with their result. The difference between the results of

Scholz work and this work is caused by the consideration of different geometric shape.

Almost no prior works demonstrated the results for maximum heat load and coefficient

of performance for different geometries. Most of the work avoid these calculations due to

the complexity in the calculation. In this work, we performed those characteristics based

on the assumptions shown in previous chapters. But, we can’t provide any reference for

the verification. We considered those values as reasonable from the verifications of other

94



characteristics and the trends of those outputs.

6.4 Findings from this Work

From this study and the performance of the simulation work, we have demonstrated

the device characteristics of Nernst-Ettingshausen coolers. One of the important findings

of this work is the proposed new model for infinite staged devices which is actually a

temperature dependent corrected model of Harman’s proposed model. This new model

shows a little improvement in a maximum temperature gradient, maximum input heat

load, and coefficient of performance than those of Harman’s model. As discussed earlier,

this model takes care of the limitations in Harman’s model and can show the Carnot’s

limit for performance.

We demonstrated a complete flowchart and a suitable circuit model which are used to

develop simulation models. Our self-consistent model for the multistaged device is later

utilized for the performance analysis of the devices. From our simulation model, we

successfully reproduce the similar results which actually provides the verification of our

developed model. Throughout the simulation performance, we obtained all the device

characteristics associated with the NE coolers. We also demonstrated the characteristics

of maximum heat pumping capacity as a function of both device length and shape factor

as well as COP versus length and shape factor which is less addressed in the previously

published results.

Finally, we developed an experimental setup for measuring transverse thermomagnetic

effects with our existing characterizing tools. Measurements of thermomagnetic effects

in the presence of magnetic field are always challenging. We designed the magnet which

must be modified for LSR measurement. We also made thermomagnetic elements for the
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measurement and characterize those sample. Our characteristics illustrations show that

our samples are in good for reliable measurements.
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Chapter 7

Conclusion and Future Works

7.1 Conclusion

The aim of this work is to develop a new infinite shape expression which will take care of

the ideal assumption made in Harman’s work for deriving the exponential shape for the

infinite stage. Improving the performance of Nernst-Ettingshausen (NE) coolers by cas-

cading the individual stages was first demonstrated by O’Brien and Wallace. They also

gave the expression for infinite staging. Later, Harman modified their expression and

Kooi et. al. proposed another model for addressing the limitation of Harman’s model. In

this work, a brief study was made on the previous model and then a details derivation was

presented with all the practical considerations which are ignored in other models. Carnot

limits are also demonstrated for the derived model. To provide the better understanding

of the motivation of this derivation work, a literature review is also presented addressing

all recent and widely used solid-state cooling technologies with their pros and cons. De-

tail theoretical study is done and provided to present the fundamental background that

required for the analytical work.
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A simulation work is performed to obtain the performance of NE devices in terms of

maximum temperature gradient obtained across the device, maximum heat flow and co-

efficient of performance. Performance of the devices is calculated as a function of current,

device length and the geometric ratio between cold side area to a hot side area. Simulation

work is performed for all available geometric shape such as rectangular, trapezoidal and

infinite shaped devices. Material system, chosen for the simulation work is BiSb, mostly

studied material system with higher thermomagnetic figure-of-merit. Comparisons be-

tween the performance of the devices with different geometric shape are presented. It is

found that infinite shaped devices are more efficient than other geometric shaped devices

which agrees the previously published results. Moreover, our derived model for infinite

shaped device showed better performance than Harman’s model. Due to the idealistic ap-

proximation, Harman’s model overestimated the Joule heating and COPs for individual

stages which causes the difference between Harman’s model and our model. We presented

the correction factor that should be included in Harman’s model.

In addition to the simulation work, an experimental work is also done to get the practi-

cal idea over TM devices. To perform the experiment, we used LSR tools along with a

modified N52 Neodymium permanent magnet and four type-K thermocouples. The aim

of this experimental work is to measure the Nernst coefficient, Ettingshausen coefficient,

electrical resistivity and thermal conductivity in presence of magnetic field. The experi-

ment is performed for the temperature range of 100 ◦C to 30 ◦C at 0.6T magnetic field.

For the experiment, four samples are made with Bi95Sb5 and Bi97Sb3. Samples are made

in a glovebox under Argon environment with a negligible amount of oxygen and water

particles. Samples are melt under vacuum and quenched them in cold water to achieve

a good crystal profile. Samples are characterized by XRD and found in the desired con-

dition. For the experimental work, only two geometric shaped devices are prepared for
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simplicity and available equipment. Prepared samples are of rectangular and trapezoidal

shape. Measurements are performed in He environment and low-temperature range is ob-

tained with liquid nitrogen flow. Measurement results are found to be in good agreement

with simulation work and previously published results.

7.2 Future Works

There is a lot of scopes to extend this work as this work tried to present the prospect

of thermomagnetic devices as a solid-state refrigerator. As, modern and future society is

moving towards green technologies which have no Ozone depletion potential (ODP) and

global warming potential (GWP) issues, development of efficient solid-state cooling tech-

nologies will fulfill the demand. Till now, the thermoelectric device is found to be efficient

for above 200 K temperature range and thermomagnetic devices are found to be efficient

for cryogenic temperature range. But, the coefficient of the performance (COP) of these

devices is still low which actually obstructs the solid-state cooling devices to replace the

compression-based cooling technologies. This study is made to address the prospect of

the solid-state technologies. Therefore, this works has lots of options for future works.

First and foremost is the extension of the simulation work. Our simulation model is lim-

ited to constant magnetic field analysis. But, as discussed in chapter 2, the magnetic field

has a significant influence on the material properties like electrical resistivity, thermal

conductivity, and all transverse thermomagnetic coefficients, the variable magnetic field-

based study should be beneficial for scientific society. Magnetic field-based study should

include the variation in material properties due to the variation in magnetic field and ef-

fects of magnetic field on the performance of the NE devices. Performance analysis needs

to include maximum temperature gradient, maximum heat flow and COP as a function
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of current, device length and geometric ratio. For developing the extended simulation

model, flowchart presented in chapter 4 can be utilized for developing the algorithm for

the simulation. Moreover, our simulation model is limited to one material system, BiSb.

An extension can be made to include more material systems into the simulation model.

This will provide several benefits. First, new material systems will be studied for obtain-

ing thermomagnetic cooling and second, a comparison can be made between the different

material systems to select the optimum material for certain operating conditions and

certain geometric shape.

Another important future aspect of this work is to directly measure the other ther-

momagnetic effects like Righi-Leduc effect and Hall effect with the same experimental

setup of measuring Nernst and Ettingshausen effects. This will open the opportunity to

study the other material systems for thermomagnetic cooling and other solid-state cool-

ing technologies like spin-caloritronics and magnetocaloric technology. Especially, this

direct measurement technique will be beneficial for studying the spin-based materials for

thermoelectric and thermomagnetic applications.

Perhaps the most important future extension of this work is to make the infinite shaped

samples based on Harman’s model and our derived model to observe the practical com-

parison between this two-geometric shaped device. This will be helpful to obtain higher

COP NE device. To provide the exponential shape with defined expression, programmable

machining tools are needed. A possible solution is to use CNC machining to create the

shape with the desired geometric ratio. Moreover, recently studied materials can be used

to make the new samples to observe their practical performances. Table 7.1 summarizes

the recent works accomplished by studying different transverse thermomagnetic effects of

different materials at different temperature range. Those studies showed that these mate-

rials can be utilized for thermomagnetic application with higher thermomagnetic power.
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Table 7.1: Recent studies of transverse thermomagnetic effects in different materials

Reference Material Studied effect

Behnia et. al. [106] URu2Si2, PrFe4P12 Nernst effect

Cohn et. al. [107] Li0.9Mo6O17 Nernst effect

Alisultanov et. al. [108] Graphene Nernst-Ettingshausen effect

Nemov et. al. [109] SnTe:In Nernst-Ettingshausen effect

Some of the other prospective material systems can be BiSbTe, BiTe, SbTe, BiSeTe and

BiSbTeSe [101, 102, 103, 104, 105]. Those material systems are extensively studied for

thermoelectric and found to be competitive for thermoelectric applications.
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Appendix A

Matlab files for simulation model

A.1 Main m-file

clc; clear all;

flag = 1;

% 1 -> dT max vs current & length, and Temperature profile

% 2 -> dt max vs shape factor

% 3 -> Qin max and COP max vs Length

% 4 -> Qin max and COP max vs Shape Factor

%Notes:

%x: the heat flow direction

%y: curect flow

%z: B field

%da: x axis step size

%a: length vector in x

%Eyy: electric field
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global da a Eyy Thot shape factor

da = 1e-3; %cm

Thot=150; %K

E max=1;

Eyy = linspace(0,E max,500); %V/cm

B field = 1; % Tesla

%% \DelT max vs Current, \DelT max vs x len and Temperature map

if (flag == 1)

shape factor = 13;

x len = 0.428; y len = 2.54; z len = 0.031; % Dimentions are taken from Book chapter

% x len = 0.6; y len = 2.62; z len = 0.2; % Dimentions are taken from Book chapter

a = da:da:x len;

Qin = 0; %W no heat load

% Defining the geometric structures for thick, thin, trapezoid and Harman’s infinite stage

c rect thin = z len*ones(1,length(a)); % thin rectangular

c rect thic = shape factor*z len*ones(1,length(a)); % thic rectangular

theta = atan(x len/(0.5*(shape factor - 1)*z len)); % defining theta for trapezoid

c trap = z len*ones(1,length(a)) + 2*(a - a(1))./tan(theta); % trapezoid

c harm = z len*shape factor.̂(a/x len); % Infinite

cond = 1; % 1 -> temp dependent material parameters, 0 -> temp independent param

[I rect1,delT rect1,dTmax rect1,pos rect1,Tprof rect1,z rect1,QJ rect1,Qp rect1] = mul-

tistage NE(cond,y len,c rect thin,B field,Qin,0);

[I rect2,delT rect2,dTmax rect2,pos rect2,Tprof rect2,z rect2,QJ rect2,Qp rect2] = mul-

tistage NE(cond,y len,c rect thic,B field,Qin,0);
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[I trap,delT trap,dTmax trap,pos trap,Tprof trap,z trap,QJ trap,Qp trap] =

multistage NE(cond,y len,c trap,B field,Qin,0);

[I harm,delT harm,dTmax harm,pos harm,Tprof harm,z harm,QJ harm,Qp harm] =

multistage NE(cond,y len,c harm,B field,Qin,0);

[I corr,delT corr,dTmax corr,pos corr,Tprof corr,z corr,QJ corr,Qp corr] =

multistage NE(cond,y len,z len,B field,Qin,1);

figure(1);

plot(-0.5*fliplr(z rect1),a,’r’,0.5*fliplr(z rect1),a,’r’,’linewidth’,2.0); hold on;

plot(-0.5*fliplr(z rect2),a,’g’,0.5*fliplr(z rect2),a,’g’,’linewidth’,2.0); hold on;

plot(-0.5*fliplr(z trap),a,’b’,0.5*fliplr(z trap),a,’b’,’linewidth’,2.0); hold on;

plot(-0.5*fliplr(z harm),a,’m’,0.5*fliplr(z harm),a,’m’,’linewidth’,2.0); hold on;

plot(-0.5*fliplr(z corr),a,’k’,0.5*fliplr(z corr),a,’k’,’linewidth’,2.0); hold on;

plot(linspace(-0.5*z corr(1),0.5*z corr(1),10),a(1)*ones(1,10),’g’,linspace(-0.5*z corr(1),

0.5*z corr(1),10),a(end)*ones(1,10),’g’,’linewidth’,2.0); hold on;

plot(-0.5*fliplr(z corr),a(1)*ones(1,length(a)),’g’,-0.5*fliplr(z corr),a(end)*ones(1,

length(a)), ’g’,0.5*fliplr(z corr),a(1)*ones(1,length(a)),’g’,0.5*fliplr(z corr),a(end)*

ones(1,length(a)),’g’,’linewidth’,2.0);

xlabel(’z axis —>’);ylabel(’<— x axis’);title(’Geometric structures of NE devices’);

figure(2);

plot(I rect1,delT rect1,’r’,I rect2,delT rect2,’g’,I trap,delT trap,’b’,I harm,delT harm,

’m’,I corr,delT corr,’k’,’linewidth’,2.0);

xlabel(’Current (A)’);ylabel(’\DeltaT (K)’);title(’\DeltaT vs Current for Different

Shaped Structure’);
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legend(’Thin rectangle’,’thick recatngle’,’Trapezoid’,’Harman infinite stage’, ’This work’)

figure(3);

plot(I rect1,QJ rect1,’r’,I rect2,QJ rect2,’g’,I trap,QJ trap,’b’,I harm,QJ harm,’m’,I corr,

QJ corr,’k’,’linewidth’,2.0);

xlabel(’Current (A)’);ylabel(’Joule Heat (W)’);title(’Joule Heat vs Current for Different

Shaped Structure’);

legend(’Thin rectangle’,’thick recatngle’,’Trapezoid’,’Harman infinite stage’, ’This work’)

figure(4);

plot(I rect1,Qp rect1,’r’,I rect2,Qp rect2,’g’,I trap,Qp trap,’b’,I harm,Qp harm,’m’,I corr,

Qp corr,’k’,’linewidth’,2.0);

xlabel(’Current (A)’);ylabel(’Ettingshausen Heat (W)’);title(’Ettingshausen Heat vs Cur-

rent for Different Shaped Structure’);

legend(’Thin rectangle’,’thick recatngle’,’Trapezoid’,’Harman infinite stage’, ’This work’)

figure(5);

plot(a,Tprof rect1 - Tprof rect1(1),’r’,a,Tprof rect2 - Tprof rect2(1),’g’,a,Tprof trap -

Tprof trap(1),’b’,a,Tprof harm - Tprof harm(1),’m’,a,Tprof corr - Tprof corr(1),’k’);

xlabel(’Device length in x-axis (cm)’);ylabel(’\DeltaT (K)’);title(’\DeltaT along x-axis

for Different geometries’);

legend(’Thin rectangle’,’thick recatngle’,’Trapezoid’,’Harman infinite stage’, ’This work’)

aa = repmat(a’,1,length(a));

for i = 1:length(a)
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cc rect1(i,:) = linspace(-z rect1(length(a)+1-i)/2,z rect1(length(a)+1-i)/2,length(a));

TT rect1(i,:) = Tprof rect1(length(a)+1-i)*ones(1,length(a));

cc rect2(i,:) = linspace(-z rect2(length(a)+1-i)/2,z rect2(length(a)+1-i)/2,length(a));

TT rect2(i,:) = Tprof rect2(length(a)+1-i)*ones(1,length(a));

cc trap(i,:) = linspace(-z trap(length(a)+1-i)/2,z trap(length(a)+1-i)/2,length(a));

TT trap(i,:) = Tprof trap(length(a)+1-i)*ones(1,length(a));

cc harm(i,:) = linspace(-z harm(length(a)+1-i)/2,z harm(length(a)+1-i)/2,length(a));

TT harm(i,:) = Tprof harm(length(a)+1-i)*ones(1,length(a));

cc corr(i,:) = linspace(-z corr(length(a)+1-i)/2,z corr(length(a)+1-i)/2,length(a));

TT corr(i,:) = Tprof corr(length(a)+1-i)*ones(1,length(a));

end

figure(101);

surf(cc rect2,aa,TT rect2,’EdgeColor’,’None’), view(2), axis equal tight, colorbar

title(’Temperature map of Rectangular Stage NE device’);

figure(105);

surf(cc rect1,aa,TT rect1,’EdgeColor’,’None’), view(2), axis equal tight, colorbar

title(’Temperature map of Rectangular Stage NE device’);

figure(102);

surf(cc trap,aa,TT trap,’EdgeColor’,’None’), view(2), axis equal tight, colorbar

title(’Temperature map of Trapeziodal Stage NE device’);

figure(103);

surf(cc harm,aa,TT harm,’EdgeColor’,’None’), view(2), axis equal tight, colorbar

title(’Temperature map of Harman Infinite Stage NE device’);

figure(104);

surf(cc corr,aa,TT corr,’EdgeColor’,’None’), view(2), axis equal tight, colorbar
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title(’Temperature map of modified infinite stage NE device’);

end

%% \DelT vs shape factor

if (flag == 2)

geometric ratio = 1:2:201;

for sf = 1:length(geometric ratio)

Qin = 0;

shape factor = geometric ratio(sf);

x len = 0.428; y len = 2.50; z len = 0.031;

a = da:da:x len;

c rect thin = z len*ones(1,length(a));

c rect thic = shape factor*z len*ones(1,length(a));

theta = atan(x len/(0.5*(shape factor - 1)*z len));

c trap = z len*ones(1,length(a)) + 2*(a - a(1))./tan(theta);

c harm = z len*shape factor.̂(a/x len);

cond = 1;

[I rect1,delT rect1,dTmax rect1(sf),pos rect1,Tprof rect1,z rect1,QJ rect1,Qp rect1] =

multistage NE(cond,y len,c rect thin,B field,Qin,0);

[I rect2,delT rect2,dTmax rect2(sf),pos rect2,Tprof rect2,z rect2,QJ rect2,Qp rect2] =

multistage NE(cond,y len,c rect thic,B field,Qin,0);

[I trap,delT trap,dTmax trap(sf),pos trap,Tprof trap,z trap,QJ trap,Qp trap] =

multistage NE(cond,y len,c trap,B field,Qin,0);

[I harm,delT harm,dTmax harm(sf),pos harm,Tprof harm,z harm,QJ harm,Qp harm] =

multistage NE(cond,y len,c harm,B field,Qin,0);
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[I corr,delT corr,dTmax corr(sf),pos corr,Tprof corr,z corr,QJ corr,Qp corr] =

multistage NE(cond,y len,z len,B field,Qin,1);

Irect1(sf) = I rect1(pos rect1);

Irect2(sf) = I rect2(pos rect2);

Itrap(sf) = I trap(pos trap);

Iharm(sf) = I harm(pos harm);

Icorr(sf) = I corr(pos corr);

end

figure(3);

plot(geometric ratio,dTmax rect1,’r’,geometric ratio,dTmax rect2,’g’,geometric ratio,

dTmax trap,’b’,geometric ratio,dTmax harm,’m’,geometric ratio,dTmax corr,’k’);

xlabel(’Shape factor’);ylabel(’\DeltaT max (K)’);title(’\DeltaT max vs Shape factor for

Different Shaped Structure’);

legend(’Thin rectangle’,’thick recatngle’,’Trapezoid’,’Harman infinite stage’, ’This work’)

figure(4);

plot(geometric ratio,Irect1,’r’,geometric ratio,Irect2,’g’,geometric ratio,Itrap,’b’,

geometric ratio,Iharm,’m’,geometric ratio,Icorr,’k’,’linewidth’,2.0);

xlabel(’Shape factor’);ylabel(’I (A)’);title(’Current at \DeltaT max vs Shape factor for

Different Shaped Structure’);

legend(’Thin rectangle’,’thick recatngle’,’Trapezoid’,’Harman infinite stage’, ’This work’)

end
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A.2 M-file for Multistage NE devices

function [Itot,dT,dTmax,pos,Tprof,z prof,QJ prof,Qp prof] =

multistage NE(cond,y len,z len,B field,Qload,flag corr)

% Definition of all parameters:

% r at the end of all parameters for representing rectangular shape

% a,b,c = device dimensions (in cm)

% BNyx = B-field*Nernst (V/K)

% rhoyy = Resistivity (ohm/cm)

% kxxr = thermal conductivity (W/cm/K)

% alphayx = Seebeck co-efficient

% Qt = total heat flow (in W)

% Q = Heat flow density (in W/cm2̂)

% Qin = Input heat flow (W)

% Tc = Temp profile from cold to hot side,

% delT x = temperature gradient per legth along x-axis

% Jy = current density along y-axis

% Itot = Total current along y-axis

% Py = Joule heating along y-axis

global da a Thot Eyy shape factor

c = z len;

b = y len;

x len = a(end);

% initialization with zeros

QJ = zeros(length(Eyy),length(a)+1);
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Qp = zeros(length(Eyy),length(a)+1);

Iy = zeros(length(Eyy),length(a)+1);

Py = zeros(length(Eyy),length(a)+1);

BNyx = zeros(length(Eyy),length(a)+1);

rhoyy = zeros(length(Eyy),length(a)+1);

kxx = zeros(length(Eyy),length(a)+1);

Rth = zeros(length(Eyy),length(a)+1);

R = zeros(length(Eyy),length(a)+1);

Itot = zeros(1,length(Eyy));

dT = zeros(1,length(Eyy));

N=length(a);

T(1,N+1)=Thot;

T(1,1)=Thot-30; %guess

T(1,:)=linspace(T(1,1),T(1,end),N+1); %linear guess

if flag corr==0

c(N+1)=c(N);

else

c(1)=z len(1);

a(N+1)=a(N);

end

i=1;

while i¡=length(Eyy) && T(i,1)¡=Thot

Ey=Eyy(i);

tolerance=1e60;

while tolerance¿1e-5
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Told(i,:)=T(i,:);

if flag corr==1

c = z len(1)*exp((a*log(shape factor)/x len) + (0.5*(a/x len).*(1-(a/x len)).*((T(i,:)-

T(i,1))/T(i,1)).2̂));

end

[BNyx(i,:),rhoyy(i,:),kxx(i,:)] = input deck BiSb(T(i,:),B field,cond);

Rth(i,:)=da./kxx(i,:)./c/b;

R(i,:)=rhoyy(i,:)*b./c/da;

QJ(i,:)=(Ey*b)2̂./R(i,:); %W

Qp(i,:)=Ey./rhoyy(i,:).*BNyx(i,:).*c*b.*T(i,:); %W

for j = N:-1:1

T(i,j)=T(i,j+1)+Rth(i,j)*( QJ(i,j)/2 + Qload - Qp(i,j) + sum(QJ(i,1:j-1)) ); %K

end

tolerance=abs(sum((T(i,:)-Told(i,:))));

end

Iy(i,:) = (Ey + BNyx(i,:).*gradient(T(i,:))/da )./rhoyy(i,:)*da.*c; %A

Itot(i) = sum(Iy(i,:));

Py(i,:) = Ey*b.*Iy(i,:); % Joule energy, J

dT(i) = Thot - T(i,1); % Tempearture gradient across the device

QJ prof(i) = sum(QJ(i,:));

Qp prof(i) = sum(Qp(i,:));

i=i+1;

T(i,:)=T(i-1,:);

end

Iy(i:end,:)=[];
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Itot(i:end)=[];

Py(i:end,:)=[];

dT(i:end)=[];

[dTmax,pos] = max(dT);

Tprof = T(pos,:);

if flag corr==1

z prof = z len(1)*exp((a*log(shape factor)/x len) + (0.5*(a/x len).*(1-(a/x len)).*

((T(pos,:)-T(pos,1))/T(pos,1)).2̂));

else

z prof = c;

end

end

A.3 Input file for material properties

function [B Nyx resistivity thermal cond] = input deck BiSb(x,y,cond)

% x = Temperature

% y = Magnetic field

% cond - indicates tempearature dependency of material parameter,

% cond = 0 -¿ T independent and cond = 1 -¿ Temperature dependent

if(cond == 0)

B Nyx(1:length(x)) = 650*1e-6; % thermomagnetic power (V/K)

resistivity(1:length(x)) = 2.3*1e-3; % resistivity in ohm-cm

thermal cond(1:length(x)) = 0.057; % thermal conductivity in w/cm/K
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else

if y = 1

disp(’Material properties for B=1 were used. Update the porperties for accurate result.’);

end

% Nyx parameters

xx=[0.0000 10.101 20.202 30.303 40.404 50.505 60.606 70.707 80.808 90.909 101.01 111.11

121.21 131.31 141.41 151.52 161.62 171.72 181.82 191.92 202.02 212.12 222.22 232.32

242.42 252.53 262.63 272.73 282.83 292.93 303.03 313.13 323.23 333.33 343.43 353.54

363.64 373.74 383.84 393.94 404.04 414.14 424.24 434.34 444.44 454.55 464.65 474.75

484.85 494.95 505.05 515.15 525.25 535.35 545.45 555.56 565.66 575.76 585.86 595.96

606.06 616.16 626.26 636.36 646.46 656.57 666.67 676.77 686.87 696.97 707.07 717.17

727.27 737.37 747.47 757.58 767.68 777.78 787.88 797.98 808.08 818.18 828.28 838.38

848.48 858.59 868.69 878.79 888.89 898.99 909.09 919.19 929.29 939.39 949.49 959.60

969.70 979.80 989.90 1000.00];

Nernstt=[0.001200 0.001200 0.001200 0.001200 0.0011886 0.0011587 0.001115 0.001051

0.0009893 0.0009084 0.0008307 0.0007542 0.00067695 0.00060092 0.00052781 0.00046364

0.0004076 0.0003516 0.0003079 0.00026514 0.00021624 0.00017613 0.00014419 0.00011857

9.8156e-05 8.1626e-05 6.8007e-05 5.7270e-05 4.8148e-05 4.0648e-05 3.5329e-05 3.1353e-05

2.8197e-05 2.5600e-05 2.3411e-05 2.1533e-05 1.9900e-05 1.8464e-05 1.7189e-05 1.6048e-05

1.5021e-05 1.4091e-05 1.3244e-05 1.2470e-05 1.1758e-05 1.1102e-05 1.0495e-05 9.9322e-06

9.4082e-06 8.9192e-06 8.4618e-06 8.0331e-06 7.6302e-06 7.2511e-06 6.8935e-06 6.5557e-06

6.2361e-06 5.9332e-06 5.6457e-06 5.3725e-06 5.1125e-06 4.8648e-06 4.6286e-06 4.4029e-06

4.1873e-06 3.9809e-06 3.7832e-06 3.5936e-06 3.4118e-06 3.2371e-06 3.0692e-06 2.9077e-06

2.7522e-06 2.6024e-06 2.4580e-06 2.3188e-06 2.1843e-06 2.0544e-06 1.9289e-06 1.8076e-06

1.6901e-06 1.5764e-06 1.4663e-06 1.3596e-06 1.2561e-06 1.1558e-06 1.0584e-06 9.6380e-07
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8.7195e-07 7.8269e-07 6.9592e-07 6.0926e-07 5.2505e-07 4.4322e-07 3.6373e-07 2.8653e-07

2.1159e-07 1.3887e-07 6.8349e-08 7.5560e-22];

Nernst=interp1(xx,Nernstt,x,’pchip’);

B Nyx = Nernst*y;

% rhoyy

xx = [0.0000 10.101 20.202 30.303 40.404 50.505 60.606 70.707 80.808 90.909 101.01

111.11 121.21 131.31 141.41 151.52 161.62 171.72 181.82 191.92 202.02 212.12 222.22

232.32 242.42 252.53 262.63 272.73 282.83 292.93 303.03 313.13 323.23 333.33 343.43

353.54 363.64 373.74 383.84 393.94 404.04 414.14 424.24 434.34 444.44 454.55 464.65

474.75 484.85 494.95 505.05 515.15 525.25 535.35 545.45 555.56 565.66 575.76 585.86

595.96 606.06 616.16 626.26 636.36 646.46 656.57 666.67 676.77 686.87 696.97 707.07

717.17 727.27 737.37 747.47 757.58 767.68 777.78 787.88 797.98 808.08 818.18 828.28

838.38 848.48 858.59 868.69 878.79 888.89 898.99 909.09 919.19 929.29 939.39 949.49

959.60 969.70 979.80 989.90 1000.00];

rhoyyy = [30.359 25.722 21.793 18.460 15.629 13.219 11.167 9.4169 7.9249 6.6537 5.3484

4.2718 3.3930 2.6837 2.1178 1.6719 1.3247 1.0577 0.85444 0.70107 0.58503 0.49706 0.43067

0.38033 0.34180 0.31191 0.28829 0.26920 0.25343 0.24008 0.22865 0.21877 0.21012 0.20248

0.19566 0.18954 0.18402 0.17900 0.17442 0.17022 0.16635 0.16278 0.15947 0.15640 0.15353

0.15085 0.14834 0.14599 0.14378 0.14169 0.13972 0.13786 0.13610 0.13443 0.13284 0.13133

0.12989 0.12852 0.12721 0.12596 0.12477 0.12362 0.12253 0.12148 0.12047 0.11949 0.11856

0.11766 0.11680 0.11596 0.11516 0.11439 0.11364 0.11291 0.11221 0.11154 0.11088 0.11025

0.10963 0.10904 0.10846 0.10790 0.10735 0.10683 0.10631 0.10581 0.10533 0.10486 0.10440

0.10395 0.10351 0.10308 0.10266 0.10224 0.10184 0.10145 0.10107 0.10071 0.10035 0.10000];

rhoyy=interp1(xx,rhoyyy,x,’pchip’);

resistivity = rhoyy*1e-3;
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% thermal conductivity (ref: R B Horst)

xx=[0.0000 10.101 20.202 30.303 40.404 50.505 60.606 70.707 80.808 90.909 101.01 111.11

121.21 131.31 141.41 151.52 161.62 171.72 181.82 191.92 202.02 212.12 222.22 232.32

242.42 252.53 262.63 272.73 282.83 292.93 303.03 313.13 323.23 333.33 343.43 353.54

363.64 373.74 383.84 393.94 404.04 414.14 424.24 434.34 444.44 454.55 464.65 474.75

484.85 494.95 505.05 515.15 525.25 535.35 545.45 555.56 565.66 575.76 585.86 595.96

606.06 616.16 626.26 636.36 646.46 656.57 666.67 676.77 686.87 696.97 707.07 717.17

727.27 737.37 747.47 757.58 767.68 777.78 787.88 797.98 808.08 818.18 828.28 838.38

848.48 858.59 868.69 878.79 888.89 898.99 909.09 919.19 929.29 939.39 949.49 959.60

969.70 979.80 989.90 1000.00];

kxxx=[0.05100 0.05121 0.05146 0.05177 0.05222 0.05286 0.053662 0.054643 0.055746

0.05693 0.05811 0.05935 0.060615 0.06189 0.063135 0.06433 0.065451 0.066494 0.067443

0.068273 0.06901 0.06967 0.070264 0.07080 0.071285 0.071725 0.072128 0.072498 0.07284

0.07316 0.07346 0.073744 0.07401 0.074262 0.074501 0.074726 0.074941 0.075144 0.075338

0.075522 0.075698 0.07587 0.07603 0.07618 0.07633 0.076468 0.076603 0.076733 0.076858

0.07698 0.077094 0.07721 0.077313 0.07742 0.07752 0.077612 0.07771 0.077796 0.077883

0.07797 0.07805 0.07813 0.07821 0.07828 0.078352 0.078423 0.078491 0.078557 0.078621

0.078684 0.078745 0.078804 0.078862 0.078918 0.078973 0.07903 0.07908 0.07913 0.07918

0.079227 0.079274 0.07932 0.079365 0.07941 0.079452 0.079494 0.079535 0.07958 0.079614

0.079653 0.07969 0.07973 0.079765 0.079801 0.079836 0.07987 0.079904 0.07994 0.07997

0.08000];

kxx=interp1(xx,kxxx,x,’pchip’);

thermal cond = kxx;

end
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