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Abstract

In a biological assay (bioas;‘e‘my, for short), a new préparation and an old one are com-
pared by means of the reactions that follow their applications to biological organisms,
and the relative potency of the test preparation with respect to the standard one is the
main interest under investigation. One typically assumes that the test preparation
behaves as if it is a dilution (or concentration) of the standard one which is called the
fundamental assumption of a bioassay. Our main interest is to estimate the relative
potency and to verify the fundamental assumption. The usual maximum likelihood
estimator has many optimal properties such as consistency and asymptotic normality
under the assumed distribution. But these parametric estimates are generally not
very robust against departures from the assumed form of distribution function. Rank
based estimates of relative potency have been considered by Sen (1963), Shorack
(1966) and Rao and Little (1976), among others. These estimates are invariant under
the choice of any monotone transformation on the dose, and, besides being robust. are
generally quite efficient for normal, log-normal, logistic or other common forms of the
tolerance distributions. Under the (generalized) linear models set-up, to verify the
fundamental assumption one typically tests the null hypothesis of the same slope for
the two preparations. And to estimate the relative potency, one typically estimates
the intercepts of the two dose-response curves from the two preparations. One of the
difficulties of those analyses of the bioequivalence model is the assumed form of the

expected value of the response as a function of the dose.

The conditional quantile process(CQP) is a very useful tool to verify the fun-
damental assumption in this situation. The k-nearest neighborhood estimator of the
conditional quantile has been studied by Bhattacharya and Gangopadhyay (1988) and
Sen and Gangopadhyay (1990). In our paper. these two methods are compared in
terms of asymptotic properties. Also several bias correction methods are proposed.

The proposed CQP is asymptotically a Gaussian process which is fully character-



ized by pointwise asymptotic normality and covariance structures for only shrinking
neighborhood of fixed points. The proposed CQP has useful asymptotic properties
and generates a smooth nonparametric dose-response curve. In addition. the CQP
does not require any functional form of the expected value. To estimate the relative

potency, a Kolmogorov-Smirnov type estimator is proposed along with.

In a clinical trial, some biological variables like cholesterol level can be consid-
ered as a function of some other variables like blood pressure. We don’t have clear-cut
evidence of linear normality of the response variables with respect to covariates. An
additional problem is that the measurements of the covariates are not accurate: theyv
include biases such as measurement bias, laboratory bias, worker bias and bias due
to the data processing. In a classical parametric analysis, if we have measurement
errors. it is well known that the estimates are biased. In this paper it is proved that
the asvmptotic properties of the CQP hold in the presence of small measurement er-
rors. The difference of the quantiles between the two cdf’s (one without measurement
error and one with measurement error) is the order of O(}|€||?) under the assumption

of the uniform measurement error distribution (U(—¢,¢)).

Univariate CQP is generalized to the multivariate CQP for (g x 1) vector of
covariates. We show that a similar expression (Bahadur type) of conditional quantile
holds in this case by using contiguity. We apply our method to ARIC (Atherosclero-
sis Risk in Communities) study data. In the first of the two examples. we compare
the hypertension group and the normotension group in terms of the carotid artery
far wall thickness (WT). The WT curves over Body Mass Index (BMI) are com-
pared. In the second example, we investigate the effect of smoking on the WT curve.

Our conditional quantile method has useful applications and interpretations for the

examples.
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Chapter 1

Literature Review and

Introduction

1.1 Introduction

In a biological assay (bioassay), a new (test) preparation and an old (standard) one
are compared by means of the reactions that follow their applications to biological
organisms. The main interest under investigation is to examine how biological organ-
isms react to the two preparations and to evaluate the relative potency of the test
preparation with respect to the standard. To achieve this goal, a stimulus is applied
to a subject, and changes in the organism (response) are measured. The magnitude
of this response may depend on the amount of the stimulus (dose). Furthermore. the
relationship between the dose and the response may not be exact. and it is subject
to random variation in the application of the dose, in the manifestation of the re-
sponse. or in both. The response to a stimulus may be classified as quantitative or
quantal. For example, quantitative responses can be measured. as would be the case
if we were studying weight changes following the use of a certain drug. On the other

hand. quantal responses have two outcomes such as death or survival. There are three



main types of biological assays that are commonly used for numerical evaluation of
potencies: (1) Direct assays, (2) indirect assays with quantitative responses. and (3)
indirect assays with quantal responses. In a direct assay, the basic principle is that
doses of the standard and test preparations, sufficient to produce a specific response.
are directly measured so that the response is certain while the dose is the random
variable. The ratio of these two doses estimates the potency of the test preparation
relative to the standard. Assays (2) and (3) are similar with respect to their statisti-
cal analvsis. Both make use of dose-response regression relationships. In an indirect
assay. for given levels of doses, the responses are measured. Thus, the response 1s a

random variable whose distribution may depend on dose.

Direct assays have shortcomings, especially the bias introduced by the time-
lag in producing the response. Even if this difficulty is overcome, it is not easy
to administer the precise dosage that produces the desired response. Let r denote
the dose and Y denote the response it induces. If S and T are abbreviations for
standard and test preparations, respectively, then the regression relationships for the

two preparations can be denoted by
E(Ys) = hs(z) and E(Yr) = hr(z). (1.1)

From (1.1) one can obtain the doses z7 and zs that would induce the average re-
sponse y. More precisely, the doses zs and zr are equally effective. In a tvpical
indirect model, one assumes that the test preparation behaves as if it is a dilution (or
concentration) of the standard one, i.e. the potency ratio rs/zr is independent of y.

Therefore,

rs/xr = p, hence (1.2)

hr(z) = hs(pz) for all z, and p > 0. (1.3)

The positive constant p is termed the relative potency of the test preparation with

respect to the standard one. The model (1.3) is termed the fundamental assumption
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of an assay. The main interest is to estimate the relative potency p and to verifv
the fundamental assumption. Parametric procedures for these problems are usually
based on the assumptions of the distributions of ¥ (normal, lognormal. logistic or
loglogistic). these procedures are discussed in detail in Finney (1964). Using (gen-
eralized) linear models. the usual maximum likelihood estimator has many optimal
properties. such as consistency and asymptotic normality under the assumed distri-
bution. However, these parametric estimates are generally not very robust against
departures from the assumed form of the distribution function. In univariate linear
models. testing equation (1.3) examines the equality of the slopes and the equality of
the intercepts. Rank based estimates of relative potency have been considered by Sen
(1963). Shorack (1966) and Rao and Little (1976), among others. These estimates
are invariant under the choice of any monotone transformation on the dose. and.
besides being robust, are generally quite efficient for normal, log-normal. logistic or
other common forms of the tolerance distributions. Recently. a method to obtain a
confidence interval of a conditional quantile was proposed by Sen and Gangopadhyay
(1990). If we use the conditional median or quantile of the response instead of the
expectation in (1.1), we can test the equivalence of a test preparation with respect
to a standard one. Because the conditional quantile has a nonparametric flavor. it
will be robust than the distribution-dependent expected value. We do not need to
perform separate tests for slopes and intercepts as we usually do in dose-response
parallel-line bioassay. After taking logarithms of the doses, the dose-response model

becomes

MT(z) = M?(z + m) for all z and for some m (1.4)

where MT and M? are the average responses for the test and standard preparations.
The fundamental assumption (1.4) can be better understood by Figure 1.1. To test
(1.4) is to test parallelism of the two response curves, and to estimate m is to estimate

the drift m under the assumption of (1.4).



response

dose

Figure 1.1: Graphical explanation of the bioequivalence model

1.2 Literature review

1.2.1 Parametric bioassay

Bioequivalence is an important area of pharmaceutical research. The key question
is whether two or more formulations containing the same active ingredient are ther-
apeutically equivalent. For example, a manufacturer of a new tabulate drug might

be interested in knowing whether his or her tabulate formulation can be envisaged



in comparing with the most readily available form, for example, a solution. Westlake
(1979) and Metzler (1974) compared several statistical methods for bioequivalence
study. The experimental design usually follows familiar paths employing either par-
allel groups. in which subjects in each group receive just one formulation. or the
cross-over concept discussed by Grizzle (1965) and Wallenstein and Fisher (1977).
The frequently used statistical method is repeated measurements experiments. Some
of the more general methods are: the univariate split-plot ANOVA (Box (1950). West-
lake (1974), Wallenstein and Fisher (1977)), MANOVA (Cole and Grizzle (1966)).
analysis of growth curves (Grizzle and Allen (1969)) and analysis of principal com-

ponents (Snee (1972)).

One of the main concerns of the bioequivalence study is to establish the equiva-
lence between two formulations. Therefore, testing a null hypothesis of no difference
is completely irrelevant to the demand of the situation. Thus, obtaining confidence
intervals rather than testing a hypothesis would be more appropriate. Using confi-
dence intervals leads to a different approach to the problems of choosing type I and
type 11 error levels (Jones and Karson (1972), Westlake (1972)). The clinician or
pharmacologist can specify that the bioequivalence of the new formulation relative to
the standard one must be within a certain range. For example. the FDA guidelines
for Bioavailability Studies state that ”"products whose rate and extent of absorption

differ by 20 % or less generally considered bioequivalent” (Westlake (1979)).

To establish the bioequivalence, the most frequently used method is to estimate
the confidence interval of the ratio of two responses, one from the test preparation
and one from the standard preparation. Fieller's theorem referred by Govindarajulu
(1988) is the classical method of obtaining a confidence interval of a ratio. Let u. v
be two unknown parameters (here. they are doses of the test and standard prepara-
tions which produce a specific response) and let p = p/v. Let a and b be unbiased
estimators for y and v. respectively. Assume that a and b are linear in observations

that are normally distributed. Let R = a/b be an estimate of p. Then. the upper



and lower confidence limits for p are given by Fieller’s Theorem (Fieller (1940) and

Fieller (1944)), i.e.,

1
RL.RU = 1 —y X
) ¢ 2 \11/2
{R _ * = [Un — 2Rviy 4+ R*vy + R*vpa — g (Uu - lﬂ)] .
V22 b U22

where g = t2s%04,/b? and s? is an error mean square having m degrees of freedom and
the estimates of the variances and covariance of a and b are vy;52, v228* and sy,
respectively: also t = t,,1-a/2. Therefore, we obtain a confidence interval of relative

potency by Fieller's Theorem.

When we are interested in the difference rather than the ratio, we can use
Behren's distribution. Let @ and b be independent and unbiased estimates of x4 and
v and be linear combinations of observations that are normally distributed. Also

assume that estimates of Var(a) and Var(b) are given by
Vaf(a) = S%Uu, V&;‘(b) = 8%1’22,

where s2 and s are independent mean squares with my, m; degrees of freedom. re-

spectively. Then the estimated variance of @ — b is

2 _ 2 2
Sy_p = S{unr + S3v22.

Let
_(a=b)—(p—v)
(stonn + 831’22)1/2.

Then D has Behren’s distribution (D is also called Sukhatme's D-statistic) which is

tabulated by Finney (1964) . Its distribution is defined in terms of the degrees of

freedom m; and m, and the angle § where
tanf = (sf'vu/sgvn)l/z.

6



Next. let a and b denote independent estimates of ¢ = v. Then we consider the

weighted estimate given by

a = [a(sfvn)_1 + b(sgvgg)'l][(sfvu)—l + (331»22)‘1]‘1 and

sto= [(sten) ™+ (sva2) 7]
Yates (1939) and Finney (1951) point out that
(@ — w)[(s2on) ™" + (shoaa) 72
follows the Behrens' distribution with d.f. m; and m; and an angle 6 defined by
P2,

tanf = (531)22/83’011

Hence. one can test the significance of @ from a theoretical value and also set up a

confidence intervals of u as
@+ di_apl(sivn)™ + (s2vgs) 1712,

where d,_,/, denotes the tabulated value for the probability 1 — /2.

1.2.2 NN method

Let {(X,,Y;).7 > 1} be asequence of i.i.d. random vectors with a distribution function
w(z.y).(x.y) € R? (here, X; is the dose and Y; is the response of ith subject). Let
F(z)= n(z.oc), z € R and let G(y|z) be the conditional d.f. of ¥ given X = x. for
y € R. r € R. A conditional quantile function (of Y given X = r) is defined by

£,(x) = inf{y: G(y|z) > p},z€ R (0 <p<1). (1.5)
The following regularity conditions are assumed to be true:

(A1) The d.f. F admits an absolutely continuous density function f. such that

7



(a) flzo) = fo >0
and

(b) f"(x) = (d?/dz?)f(z) exists in a neighborhood of zo, and there ex-

ist positive numbers e and ko, such that |r — ro] < € implies that

|f"(z) — f"(xo)| < kolz — Zol-

(A2) The d.f. G(y|zo) has a continuous density function g(y|zo) for all y close to .

such that

(a) g(&olzo) > 0 where G(&ol|zo) = p,
and

(b) the partial derivatives g,(y|z) and g.-(y|z) of g(y|x) and G- (y|z) of G(y|z)
exist in a neighborhood of (zo, ), and there exist positive constants € and

ko. such that |z — zo| < € and |y — &| < € together imply that

19, (ylz)] < ko. 19z(ylzo)] < Koy |9z=(y]20)| < ko,
Igrz(yfl‘) - gxz(y|l‘o)| < ko|$ — $0l7

|Grz(y|$) - Gu(yllo)l < kolz — Zol.

In the sequel, we shall write G(y|zo) = G(y) and g(y|zo) = g(y).

For given p and zo, let {(X;,Yi),i > 1} be a sequence of i.i.d. random vec-
tors. Consider the transformation (X;,Y;) — (Z;,Y;) where Z; = |X; — xo|. For the
collection {(Z1.Y1), +,(Zn.Ya)} of 1.v.’s, let Zny < -++ < Zp, be the order statis-
tics corresponding to Zy,- -+, Zn, and let Y1, -+, Y, be the induced order statistics.
(le.. Yo =Y, if Z,; = Zj, for i,j = 1,---,n). For every positive integer k(< n). the
k — N\ (nearest neighbor) empirical d.f. of Y (with respect to xo) is given by

k
Guk(y) = k71> 1(Yn; <y),y € R. (1.6)

i=1



where 1(A) stands for the indicator function of the set A. The following estimators

of £ are due to Bhattacharya and Gangopadhyay (1988).

(i) The k — NN estimator of & is

énk = the [kp|-th order statistic of Yy, - -, ok
= inf{y : Gur(y) 2 k7" [kp]}. | (1.7)

(ii) The kernel estimator (with uniform kernel and bandwidth k) is

Eun = inf{y : Guro(my(y) = [Kn(R)] 7 [pKA(R)]} (1.8)

where
Ka(h) = -1(2 < 3h)
=1
is a positive integer valued r.v. Note that by (1.7) and (1.8),
gnh = énl\",.(h) (1.9)

where h is usually non-stochastic and K, (h) is stochastic in nature. In order that
énk and énh are consistent estimators of £y, we need that as n — oc. k = k, — oc
(and h = h, | 0). For the asymptotic normality results, usually, one needs that
k, = O(n*) = nh,, for some A € (0,1). Bhattacharya and Gangopadhyay (1933)
studied the case of A = 4/5 which we call NN (nearest neighborhood) method. The

following are some of their theorems stated without proofs.

Theorem 1.1 For k € I(a,b) = {k: ko = [n*¥%a] < k < [n¥/*b] = k1. 0 < a < b}
k

Eon — €= BE)(k/n)? + {kg(O)} D _11(Y > &) — (1 = p)] + Rk

=1

where
3(6) = —[f(20)Gzel€lzo) + 2f (20)G=(£20)]/ {23 (20)g(£)}-
Y2 = G 'oG(VulZu), 1<1<n, n21,

9



_ -3/5
ker?ﬂ(,b)lR"kl O(n™*?logn), a.s.

and

G:(ylz) = (8/9z)G(ylz),

Geelylz) = (8%/02*)G(ylz),

1
f(xo+ 2) + f(zo — 2)

x[f(zo + 2)G(ylzo + 2) + f(zo — 2)G(ylzo = 2)].

G(y) = G (y]|0) = G(y|zo).

Theorem 1.2 Forany0<a<t<b< oo, asn— o0
(R, sy — €] = Bt2,a <t < B} B {ot7'B(t), a < t < b}.

where 3 = 3(€) given in Theorem 1.1, 0® = p(1 — p)/¢*(€) and {B(t).t > 0} denote

a standard Brownian motion.

Theorem 1.3 For every t € [a,b] asn — o©

n2/5[én,[n’/"’t] - ‘E] 3 N(/@t27p(l - p)t—l/g(g)—2)

1.2.3 6NN method

Sen and Gangopadhyay (1990) showed the bias term (5t?) in theorems 1.2 and 1.3
can be eliminated when k, = O(n*/5-2%). We call their approach the §NN (é nearest

neighborhood) method. The followings are their main results.

Theorem 1.4 For k, lying in

In(a,b) = {k]kn, = [n**"%a] < k < [n*/°7%8] = ky, }

10



. k
bnkn(2) = E(2) = BEE)(ka/n)? + {kag(é(x)|2)} 7 2 _[U(Z7 > £(2))

—(1 = p)] + Rokns (1.10)
where
B(&(z)) = -[f(z)Ge(é()|z) +
2f'(2)G:(E(z)|2)] /{24 (2)g(é(x)|2)}, _ (1.11)
Z,; = G loG (ZulYu)ii < m, (1.12)
and
Jnax [Ru| = O(n 35+ og n) a.s

Theorem 1.5 : Under assumptions (A1) and (A2), for every k : k = [tnd/5-%8),

t € [a.b].
n?3=5E L — &) B N(0,17'p(1 — p)/g%(&)), asn — .

Theorem 1.6 : Under assumptions (A1) and (A2), for everyt € [c.d] as n — =<

n?5 =8 pin1/5-26) — &0 B N0, p(1 — p)t 7! [f(x0)g(£0)]7?).

They also considered the construction of (local) bootstrap confidence intervals
for & based on both the k— NN and kernel methods, and their asymptotic properties.
For this purpose, in the k — NN procedure, a bootstrap sample (Y .---.Y ) is
obtained from the empirical d.f. G.x , defined by (1.6). Thus given the induced
order statistics (Y., ---,Y;%). the Y are conditionally i.i.d. r.v. with the d.f. Gk
Similarly. in the kernel method. given the }7; and h(> 0), we define K, (k) by (1.9).

and then a bootstrap sample of size K,,(h) is obtained by resampling from all the Y7;

11



for which Z; = |X; — 0| < h/2. For the k-NN procedure, let Gz, be the bootstrap

sample d.f. (based on Y,5,---,Y%). Then, the bootstrap estimator is
€2, = [kp)-th order statistic of Y5, -+, Y%
= inf{y : Gi(y) 2 k7 [kpl}-
Similarly, in the kernel method. the bootstrap estimator is

fnk = inf{y : Gk, (h) (y) 2 {Kn(h)}-l[PKn(h)]}w

where N, (h) = ¥, 1(Z; < h/2) is conditionally held fixed. Moreover, paralleled
to Theorem 1.5 and 1.6, we have the following asymptotic representation for the

bootstrap estimates.

Theorem 1.7 : Under (A1) and (A2), for each t € [a,}],
n?/? _6(§n[m4/s —26) — Enfntts-26]) B N(0,¢t7'p(1 — p)/g* (&)

for every 6 : 0 <6 < 1/10, and every 0 < a < b < oo.

Theorem 1.8 : Under (A1) and (AQ) for each t € [c,d],
n2/5_§(£;[m—1/5—26] {n[m_l/s 251) LA N(0,p(1 —p)t~ 1[f (z0)g ] 2)
for every §:0 <6 < 1/10, and every 0 < c < d < 0.
One can generate a set of M bootstrap samples. From each sample, one can compute
the bootstrap estimates, and use the empirical quantiles (for the é;k —&nie OT £ — Enn)

to set the desired bootstrap confidence intervals for £. The asymptotic properties of

such bootstrap intervals would then follow Theorems 1.7 and 1.8.



1.3 Discussion

We note that the parametric and nonparametric bioassay of a dose-response model
assume the functional forms of the expected values of response with respect to doses
(i.e.. the response is linear to the dose); however, there are several situations where
such a model does not seem to be appropriate. especially from the point of robustness.
In the present paper, we shall consider the methodology which uses the conditional

quantile instead of conditional mean to provide a more robust approach.

In chapter 2, we will discuss our methodology: conditional quantile process
and its asymptotic properties. And the test of the fundamental assumption and
the estimation of the relative potency are of primary interests. Let &r(Y|r) be the
conditional p x 100% quantile of the test response (Y) for given dose (z) as defined as
in (1.5). Similarly, let &,5(Y|z) be the conditional quantile of the standard response.
We will test the fundamental assumption that the test and standard preparations
are parallel with a constant difference p (relative potency) in terms of conditional

quantiles as follows

Ho: &r(Ylz)=£es(Yl|z+p),

for all p. (0 < p < 1) and z, (z € R) for some p, (4 € R). Or, it may be of interest
to fix p = 1/2 to test medians. If Ho is not rejected, we want to make a statistical
inference about g which we introduced in earlier sections. One of the possible ways
to get an estimate of g is to take the distance between &,7(Y |x) and &s(Y |z + p) by

shifting z. i.e.,

ir‘}f {suplmpr(-lw) ——mps(~|1:+u)|}. (1.13)
Then /i is the value which gives the infimum value of (1.13).

The 6NN method (k, = O(n*/®-?%)) and the NN method (k, = O(n/?)) are
compared in terms of the asymptotic mean square €errors. The §NN method gives

unbiased estimate but larger variance. We propose bias correction methods for the
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NN method which give smaller variance of the estimate.

In chapter 3, we discuss the measurement errors relating to the covariate. Mea-
surement errors are important in environmental or animal experiments. For example,
an investigator may conduct an experiment to measure the effects of fat and smoking
on rats. He or she may observe rats in a chamber, controlling food and air condition
to examine whether the given fat in the food and gas in the air are the exact same
as the amounts in a rat’s body. A rat may not eat some food and. it may not inhale
the same amount of gas in the given air. In these situations, measurement errors may
play a significant role in a statistical analysis. Within a small range of measurement
errors, our procedure can be robust against the measurement errors by virtue of the
nonparametric property. However when measurement errors are not small we may
need a special procedure to control them. In other words, robustness or efficiency
of our test depends on the measurement errors’ characteristics; therefore, we need to

explore the role of measurement errors in our robust bioassay procedures.

In general, we observe X* = X + u instead of X where u is the added error
term. Consider X* = X +u, where u is a continuous random variable. We have Z; =
|X* — 1| instead of Z; = |X; — 20| and Y3,---, Y, corresponding to Z7;.---.Z7,.
And our estimates become

k
w(y) = kY 1Y <y). yER,

i=1

£, = inf{y:Go(y) = k' [kp]}, and

on = inf{y : G:zK,,(h) 2 [Kn(h)]_l[l’l"n(h)]}-

We also are interested in the effects of the measurement errors on our estimates under
some assumptions of the distribution of u: normal or continuous and symmetric about
zero. And we are also interested in the impact of the measurement errors on our

asymptotic results.
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In chapter 4, we will discuss the multivariate process. If we have a (¢ x 1)
vector of covariates, we need to modify our method for this situation. We show that
a similar expression (Bahadur type) of conditional quantile holds in this case by using

contiguity.

In chapter 5, we will apply our method to ARIC (Atherosclerosis Risk in C'om-
munities) study data. In the first example, we compare the hypertension group and
the control group in terms of the carotid artery far wall thickness (WT): the WT
curves over Body Mass Index (BMI) are compared. In the second example, we inves-
tigate the effect of smoking on the WT curve. Our conditional quantile method has

nice applications and interpretations as seen in the examples.

1.4 Significance of the study

In a classical parametric bioassay, several questions may arise. MLE has good asymp-
totic properties under the assumption of the distribution. However. it is well known
that MLE's are not very robust against the departure of the assumed form of the
distribution. Another difficulty of the parametric analysis is the form of the expected

value. In some situations, such a model does not seem to be appropriate.

A nonparametric approach is needed to overcome such problems. The condi-
tional quantile process is a very useful tool in this situation; it has good asymptotic
properties and provides a clear dose-response curve without any assumption of para-

metric form. And it is proved that with some measurement errors. our asymptotic

properties still hold.

In a clinical trial, some biological variables, such as cholesterol level. can be
considered as a function of some other variables like blood pressure. We do not have
clear evidence of linear normality of the response variables with covariates: other

obstacle is that the measurements of the covariates are not accurate: they include
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biases such as measurement tool bias, laboratory bias, worker bias or bias due to the
data processing. In a classical parametric analysis. if we have measurement errors, it is
well known that the estimates are biased. But our method still works asymptotically
with measurement errors. The proposed conditional quantile method works nicely in

this situation, and have a clear interpretation without parametric assumption.
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Chapter 2

Testing the Fundamental

Assumption

2.1 Local asymptotic behavior of a conditional

quantile process

Let £(z) be the p-quantile of the d.f. G(-|z), T € [x1,z,] = & C R, and let Ense, ()
be the k — NN estimator where Z,; are defined with respect to the pivot r. Note
that these Z,; are the induced order statistics corresponding to the nearest neighbors
of r (i.e. those X;'s which are closest to z). As such, if we consider two distinct
points. say r; and r, then the two sets of X, forming the corresponding nearest
neighboré would have at most k, members in common. As such. the proportion
of the two subsets’ common elements will be asymptotically o(n7'k,). and we may
immediately say that {An‘kn(rl) and én.kn(l‘z) are asvmptotically independent. We set

W.(r)={W.(r).x € [z1. 2]} = X by letting

Walz) = kY2 [fua(a) = £(2)] . 2 € X.
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Then the asymptotic behavior of W, is depicted entirely by the pointwise asymptotic
normality and the stochastic dependence pattern only in a shrinking neighborhood

of fixed points.

We discussed the pointwise asymptotic normality in section 1.2.2 for £k, =

tni/3-2 (0 < a <t < b< oo0). Then we have
Wo(z) LA W (z), for every x € X,
where W (z) is normal with mean 0 and variance pg/(g*(é(z)|z)).

About the stochastic dependency, we refer to Gangopadhyay and Sen (1993).

Shrinking neighborhoods are defined by the sets of x relative to a given r¢ as
L(zo.K)={z:|z — 20| £ Kn'k,},

where K is a finite positive number. For any two points, say, r, and 2. belonging
to I.(zo.K), let k(z,.r") be the number of elements in common between the two

neighbor sets. Consider the intersection set I(z,,2)):
[0 = (20 f(20)) ™ hons Tn + (20 (20)) " ka] N [25, = (20.f(20)) ™ Ky 27, + (200 (20)) ™ k).

Let m,(z,.r.) be the length of this intersection set I,(r,,z’). Then by Bahadur

n

representation. we may again claim that
n" k(zn.2h) = f(20)Mn(Tn, 7)) = o(n" ky) a.s. as n — 0. (2.1)
And we may conclude that W, (z,) and W,(z/,) have asymptotic correlation
nf(zo)ma(Tn, 2,,)/kn, (2.2)

and it is easy to show that for both z, and z/, belonging to I,(zo, A’), (2.2) has a limit
(which vanishes when m,(z,.z,) = 0). In order to justify this asymptotic analysis.
we need to extend (1.10) for a suitable convergence sequence {z,} (to ro). where
1, € I.(zo.K). In this context, we need to replace in (1.10), z by =, (evervwhere)

and to show that this holds uniformly in I,(zo, K).
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To facilitate this, we consider a stochastic process
WO(t) = Wo(zo + n kat), t € [to, ta]-

Consider a compact interval C = [—K, K] where K(< o0) is a positive number so
chosen that A f(zo) < 1. In passing. we may remark that (2.2) posesses a limit. when

we set r, = o+ n ‘knt; and z;, = 20 + n~'k,t,, with t;,t, € C. This is given by
[t/ (20) — 1/2.t1f(z0) + 1/2) 1 [t2f(20) = 1/2,ta f(z0) +1/2).

which. for ¢, > t; is non-null when (t; — t1)f(z0) < 1, and that is the reason we set

K f(ro) <1

Theorem 2.1 If Z%; in (1.12) has finite fourth moment then
W2(C) = {W(t), te C}

is asymptotically tight, where W0(t) = Wy(zo + n~'kyt) and C = [-K. K] such that
K f(z0) <1, for k, = O(n*/*7%).

Proof: Let W; = W2(zo + n~lk,t;) for 1 = 1,2,3 and ¢, < {3 < ts. From Theorem

2.1. we have
Walt;) = kY2 (€ukalo + 07 kats) — €0+ n kat;))
= K2{B(&)(kn/n)* + (Kng(Ens)) }:[1 =i > Enjl
—(1—=p)] + Rjnk, }, for j =1.2,3,

where

£ = &(zo+ n"lkat)),

Z7 = G_l o G‘(Zjni“/jni);z. S n,

jnt
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for

Yini = || Xni — (20 + n~ kat;)||

and

( -3/5-36/2

max |Rjni| = logn) a.s.

k€ln(a.b)

for j = 1.2 and 3. And we have
Wotz) = Walty) = k2 {(B(én2) — B(ém))(kn/n)?

k -
ki Z [J2ni — Jini] + (Rank, — Rinka)}

where

1
9(&n; lro + n~1kat;)

Jjni = [U(Z; > &) — (1 = P

And

(Waltz) = Wa(t1)? = kn{(B(Enz) = B(Em))* (kn/n)°

k 2

i=1
k

£2(B(En) — Blém)) (ke fn) k7 [z i — Jlm-l]

=1

+2(,B(£n2) - 5 {nl) k /TL (R2nkn - Rlnkn)

k
+2k1: [Z J2m Jlm :l (R2"kn - Rlnkn)}-
=1

In E[(Wa(ts) — Wa(t2))}(Wa(t2) — Wa(t1))?] everything goes to zero as n goes to

infinity other than

k 2k 2
(Z J2ni - Jlni) (Z J3ni - J2m') ]
=1 =1
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1
=%-2-E

n

k
(Z(sz — J1ni)? 4+ D _(J2ni = Jini)(J2nj — Jlnj))

=1 1#]

k
X (Z(ng- — Joni)? + D _(Jani = J2ni)(J3n; — Jznj))] :

i#]

Let
k k
E [Z J2m Jlm 22 '-]3m J2m
=1 =1
k
Z ']2m Jlm (J3m' - J2m')2 + Z(J2m' - Jlni)2(J3nj - J2nj)2}
i=1 i#)
= A+ B,
k
E | (Jani = J1ni)? Y _(Jani = J2ni)(Jan; = J2nj)‘
=1 1#7
=C.
and
E Z(J%Li - Jlni)(J2nj e Jlnj)Z(JSni - J2ni)(J3nj - Jan ):|
E] t#]
=D.

And let k,;; be the number of common elements around xo+n"k,t; and ro+n"k,t;.

then
A = EY [J;J; + Jh =202y + JEJE + JE I3 — 201 T2
— 21 T JE = 203+ 4T )
= Ok, + Kn12 + Kn2s + Kn13 + Kn123)s

21



E Z J;iJgj + ']221"]22]' — 2J3J0;J55 + J12iJ§j + J5J3;
i#]

—2J%Jo; Ja; — 2J1idaide; — 212y, + 4J1id2id2; 03,

O(AZ + kn Kn12 + kn"':n23 + Kn125n23)

O(Knlzﬁnzs)-

E Z(Jzi — Ju)(«]gj - Jlj)Z(-jSi = JZi)(JBJ' - ‘]21')}
i) 1#)

E| Y (Ja = J1)(J2; = Jij)(Jax — Ja)(Jar — le)]
i#iFkAl

E| Y (Jai — Ji)(Jzy — Jiy)(Jai = J2i) (Jak — J2k):|
[i7#k

E | Y (Jai — J1i)(Joj — D) (a5 — J25)(Jsk — Jzk)]
ik

ETZL&—LMbrﬂMN&—JMUM‘k%
i

0+ E |> (Jaisi — Juidai = JZ 4+ J1id2i)(J2;J35 — Jr; 35 — J3; + JijJ2; )}
: i
O(k? + knknzs + knkniz + knknga + knkniz + Kn23knKni12

+kn Kni3 + Kn23kn KnlS)

O(/fmzﬁnza)-



So

E

k Z /% 2
(Z J2ni - ']lni) (Z(‘]Bni - J2ni) }
=1 i=1

Kn12Kn23
:O< = )

= O((t; — t1)(tz — t2))

for —K < t; <ty < t3 < K. By the theorem 2.3.3 by Sen (1981), we have shown the

asvmptotic tightness. . &
We have proved

1) {(Walty)e - Waltm)} — {W(t1),---,W(tm)} for all t; € [-K.K]. j =

1.2.--+,m as n goes to oo.
2) Asymptotic tightness of {Wy(t),t € [-K, K]}

Those two conditions guarantee the weak convergence of W(t) to W (t) for all t €

[— K. K] by Theorem 8.2.1 of Sen and Singer (1993).

2.2 Kolmogorov-Smirnov type estimator of the

relative potency

The fundamental assumption of bioequivalence model is
"Ho: £¥(z) =€°(z + p) for all x € X C R and for some p € M CR. (2.3)

where X and M are closed intervals of R. In this section. we discuss how to estimate y
and how to test the fundamental assumption. To estimate y, we consider Kolmogorov-
Smirnov tvpe estimator g which minimize
;T ’S
sup [€n 4, (2) = &k (T + )1
reX
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We have
k2 (€D, (2) = Ep(z + 1))
= K2 (€7(2) - €5z + p)) + (WT(2) - Wiz + 1) .
Under (2.3),
ki sup Tk (2) = &3 g (2 + 1)

= sup [W] (z) — W (z + p)|-
zeX
Let
= _ +T ¢S
a;(p) = sup [& 4, (2) — &k, (2 + 1)l
r€X

then we need to find g which minimize a}(u) with respect to u which is equivalent
to minimize

an(p) = sup [W/(z) - Wiz + p)l
with respect to p.

We can estimate u by changing r and g numerically.

Lemma 2.1 Let

anlp) = sup [WI(2) = WSz + u)| for p € M
r€X

and

a(p) = sup (WT(z) - W(z + )| for p € M
TE-

then a, () converges to a(p) in distribution for any p € M. So min, an(u) converges

to min, a(y) in distribution.

Proof: For any 4 € M and a > 0,

P(an(p) < a)



= P {sx;p WI(z)—W3(z+p)| < a}

:P{

— P{|VVT(1)—WS(x+,u)l < a for allxeX} asn — o

Wl(z) - WT(z)| <aforallz € x}

= P{a(p) < a}.
O

We may replace the conditional quantiles to the conditional d.f. because of the

following lemma.
Lemma 2.2 ¢7(z) = £5(z + p) iff G1(-|z) = Gs(-|z + 4).

Proof: (<)
If Gr(-|z) = Gs(-|z + ) then
Gs(E5(z)lz) = p

= Gr(€(s)le—p)=p
= Gr(€(z+p)lz) =p
= Sa+p) =)

(=)

| If ¢T(x) = €5(z + ) then
Gs(€%(z +p)lz+p) =p

= Gs('(z)le+u) =p,



and by the definition of the conditional d.f.
Gr(€T(z — p)|lz — p) = p.
So Gr(-|xr — p) = Gs(-|z). &

Let n, m be the sample sizes of the test and standard preparations. We may

get Kolmogorov-Smirnov type estimator ji which is defined by the equation
Dnm(ft) = H}jn Dnm(p),

where

Dy (p) = sup |Gz ny (12) = Grg kg (12 + 1)
where Gy k.. and Gms-kms are the k — NN empiriéal df of YT and Y° w.r.t. r and
T + . respectively. We may use the method proposed by Rao. Schuster and Little

(1975) by replacing order statistics to induced order statistics, i.e., let

D3 (@) = SUPlGrsm (1t + @) = Grpotor (1)

D;vm(a) = Sl:p[GnTvknT('lt) - GmS,kms(.|t + a)]'

Then we may have the followings which are remained to future studies

(1) fin. is translation invariant; that is, for any real number c,
pYT - YLY S 4o YE 4 o) = pYT, - Y EYE L YS ) e

(2) If N = min(n,m) and vy = O(N'/?=%) for some é > 0. then vn(fin.m) — 0 as

N — oo with probability one.

2.3 Test of the fundamental assumption

Let {an and {Af.kn be the k — NN estimators of the conditional medians of the test

and the standard treatments. Then we have two independent stochastic processes

Wliz) = k}l/z[ET (z) = &r(z)] D Wr(z), z€X asn — oc (2.4)

n n,kn
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[ S
[}
Z

Wi(e) = kY€, (2) —Es(a)] D Ws(z), c€X asn— oo (2.

where Wr(z) and Ws(z) are the Gaussian processes defined at previous section.

Subtracting (2.5) from (2.4) gives

WT(2) = Wia ) = KV{IED, (@) = €54, (2 + )] = [Ex(2) = Estx + )]}
L Wr(z)-Ws(z+p) z€X.
Under Ho : &r(z) = &s(z + u),

n

WT(z)— Wiz +p) = K{E, (2) = &Ll +w)

IS)

Wr(z) — Ws(z + 1) z € X,

where

7 1 1
Wr(z) — Ws(z +p) ~ N (O’Pq <g(§(x)|:c) TPl #)>) ’

for all z € X. We may do the test by bootstrap sampling method. i.e. for m-
dimentional € = (z1,*-*,Zm), We have m-dimentional multivariate normality after
putting ¢ = fi. We can estimate the variance martix by bootrapping method. And we

may have asymptotic consistency of the bootstrap estimator of the variance estimator.

Let n, m be the sample sizes of the test and standard preparations. Let m = ¢in

and k., = Ck,. Under Ho: 7(z) = ES(x + p),
Er(z) —és(z+p) = kW) - kWA +p)
+&0(z) - E(x + )

kZVAWT (2) — CWo(x + ) (2.6)

n

If the fundamental assumption holds, then we may use (2.6) to test it by similar

resampling method.

(O]
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We have

P [sup BET(2) = €, (2 + 1] > Cro

nkn

= P [sup |W,;‘r(r) — Wns(x + )| > C'n,a]
reX

= P [|WT(1‘) — W3z + p)| > Cpr for some x]

— P [|W'T(a') — WSz + u)| > C, for some :c] as n — oo,
provided
Cra— Cyasn— o0

by the week convergence.

2.4 Confidence intervals and powers of the tests:
comparing the cardinality of the Kk — NN esti-

mator

Stute (1986) considered the case k, = O(n?/?), the cardinality of NN-estimator.
while Bhattacharya and Gangopadhyay (1988) considered k, = O(n/®). However.
in the later case, there is generally a bias term of the order n~=%/% and it may be
necessary to eliminate the bias term in the drawing statistical conclusions. Sen and
Gangopadhyay (1990) considered k, = O(n*/%-%) for § > 0. And they showed that
the bias term is eliminated. In this section, we compare the confidence intervals and

the powers of our tests between k, = O(n*/%) and k, = O(n*/3-%).

For k, = tn*/5~% (0 <a <t < b< oo, §>0) and for fixed r and p. we have

V2 [T (2) = E(x + ) = (€7(2) = 5z + )| = N(0,07). (2.7)

o
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where

. ] 1
o =pll=7) (gz(w) +92(r+u)>'

So (1 — @) x 100% confidence interval is

o
0.4]
~—

[E7(2) - E(x + w)] & Zajzok 2, (

where Z, is the a-percentile from the standard normal distribution. And the width
of (2.8) 1s

27,0k = O(n~¥**%), A (2.9)
And the power under the alternative hypothesis Ha : T(z)— €3 (x 4+ p) = k7Y %0d(2)

1s
ka? o S
1—Pr {-Za/z < (€5 (@) - &z + w) < Za/z}

1/2

- 1- Pr{—Za/g < k’; (E7(2) - &(z + ) — K VPod(z) + k720 d(2))

< ZQ/Q}

1/2

= 1= Pr{ = Zy (@) < S (@) - B+ )~ (@) = €+ )

< Zpp - d(x)}
= 1= (¥(Zojz — d(z) = ¥(=Zays — d(2))) - (2.10)

To do the actual inferences for more than one point of z € X. welet & = (ry.-++. Tn)’

be the vector of the observed values. Then, as n — oc,

~

B2 &) - e+ ) - (@) - (2 + w)] 2 Nnl0.2) (2.11)

where
Ex) = (). (zm),
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A

Ee+p) = (E@+p) E@m+p)

() = (T(x1), & (zm)),

E@+p) = (E@+p) . E(@m+n),

and X is a diagonal matrix

1 1
Diag{p(l_p)(g?(xﬁg?(ziw)) f°”=1"”’m}'

And
5 €l (@) - Ele + ) - (€1(@) - €@+ )| = Nul0.D). (212

for X~Y2 such that X"Y2X X~Y2 = I. To get (1—a)x100% simultaneous confidence
interval under the null hypothesis Ho : ¢T(x) = €5(x + 1), we have

Pr {'Za/(nﬂ) < XV (&:(w) —E(z+ u)), < Za/(m2)} = %
fori=1,---,m. And
—1/271/2 (2T &S .
Pr{—Zo/imz) < X712k} € () — € (2 + 1)) < Zoymz) foralle=1.---.m

is a/m - m = a. where A; is the i-th element of the vector A. So the (1 —a) x 100%
simultaneous confidence interval for £7(z) = £°(x + 1) is
[En2) = &2 + )] £ 672 Zegin D77 (2.13)
where 21/2' = (0y,---,0m)" where o? is the i-th diagonal element of ¥'. And the
power under the alternative hypothesis Ha : el (x) - (e +p) = X124 (&)
where d(x) = (d(x1),---.d(zm)) is
s

pr{|Z12112 (éf(z) e+ u)) 1> Zajmay for all i = 1o+ m}

1

= Pr{IZRS (€ (@) - e + p) - BV () |
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> Zojmzy — d(@) for all i = 1,---,m}

m

= 1 (1 = ®(Zajima — d(@):) + O(—Zaj(m2) — d(z))) . (2.14)

=1

For k, = tn*/3, (0 < a <t < b< o0) and for fixed r and u, we have

K2 [ET () — €z +p) = (€7(0) = €z + w)]

2N (812(3(2) - Bz + 1)), 0?) | (2.15)
as n — 50. where
and

) = 6 = ST
x[f(2)Gae(é(2)|2) + 2f"(2)G(E(2)]2)].
as defined in (1.11). So (1 — a) x 100% cofidence interval is
(€ (x) ~ ES(x + )] = /°(B(x) — Bla + w7/ £ Zoppok V2, (2.16)

And the width of (2.16) is

27420k = O(n™?) (2.17)

And the power under the alternative hypothesis Ha : ET(z)=E5(x+p) = k=12qd(z)
1s

1/2

k A .
1 - Pr{—za/z <= (@) - & +m)

$2/5
- (B(z) = Blz + 1)) < Zaj2 — d(w)}

1/2 A
= 1-Pr {-Zm < AZ (E0(2) = E(z + w) — b Pod(z) + k7%0d(z))
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42/
——(B(z) = Bz + ) < Za/2}

(o4

1/2

_ 1_pr{—za,2—d<x>< L (€0(2) - E5la + ) - (€7(2) = €5z + w)

2/5
T (Ble) = Bz + 1) < Zaja - d(x)}

(o4

—
[
—
[00]

= 1= (®(Zajo = d(2)) = ®(=Zapz — d(2)).

Width of the confidence interval for k, = O(n*/®) (2.17) is shorter than that
for k, = O(n*/3-2%) (2.9). But the confidence interval for k, = O(n*/?) has bias term
#2/5(3(x) — 3(x + p)). So the question is the effect of the bias term in (2.16). If we
have neglegible bias then k, = O(n*/®) gives the smaller confidence interval. but the
bias term is not neglegible then we need to use k, = O(n*/>~%) or consider how to
adjust the bias term. We may say that the bias term is neglegible if the confidence
interval for k, = O(n*/®) is a subset of that for k, = O(n*/®-%). If we suppose

£T(z) — €5(z + p) are the same for the two k,’s then if

Zaporkit?? > Zaparakit = £ (8() = Blz + w) ks (2.19)

and
— Zapoikit < = Zappokid "t = 207 (8(2) = Blz + ) k" (2.20)
then kn, = tn?/5 is better where k,; = tn*/°~?° and k., = tn?/5. Condit: (2.19)

and (2.20) are equivalent to

/ _
(nf—1) > t° "’(5(1‘; /zi(r+u)) . (2.21)

Left hand side of (2.21) goes to oc as n — oo, so we may say that k, = tn/5 is
asvmptotically better than k, = tn*/°7% in terms of the width of the confidence

interval.
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If our test is to reject Ho : €7 (x) — E5(z + p) =0 if

sup |7 (z) — &3 (z + #)| > Croas
reX

we need a distribution of the supremeum of the difference of the processes. We may
generate the critical values numerically. To calculate the power under the alternative
hypothesis Ha : ¢T(z) — €5(z + p) = d(x), we may need to generate the distribution
based on the drift function d(z). To do that, we may assume some parametric form

of d(r). e.g. quadratic form.

2.5 Bias correction for k, = O(n*/?)

In the previous section, we suggested that k, = (n*/%) is asymptotically better than
k., = O(k¥5=%%) in terms of the width of the confidence interval. But &, = O(n*/?)
has bias term in the asymptotic mean, namely, 5t* as in Theorem 1.2. In practice,
we can adjust that bias by applying Jackknife method. In this section. we consider

the bias correction for k, = O(n*/%) by applying Jackknife method for given data.

First method is Jackknife subsampling from the n original data (NBC). From

Theorem 1.1 we have the following experssion for ék,,‘n.

kn

Eknn — €= B(E) kn/n)? + {kag(&)} I D_(U(YS > €) — (1 = p)] + Rk,

=1

where

3(6) = —[f(20)Gzz(€lzo) + 2f'(20)G2(€l20)}/ {237 (20)9(£) }-

Y = G l'oG (YnilZu), 1<i<n, n21,
_ -3/5
kng}:l():‘b) |R.k| = O(n™""logn), a.s.
Similarly. for fkpn me (0<p<1)

(kpn]

Epmpn — & = B(E)(kpn /) + {kpng(€)/2} 71 D (LY > €) = (1 = P)] + Bpnipn-

=1
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Finally. we have

E [fnn = Gipuin| = B(E) ((ka/n)? = (kpn/pn)?) + R

= BEn = (1-p7"°)

where

O(n"3/5

max |R|= logn), a.s.,

kn€ln(a.b)
for k, = tn*/>. We may use
1
t2(1 — p2/8)

as a bias reduced estimator. We have equivalent results for —d subsampling method.

- mean of [fk,.,n - {kpmpn] _ (2.22)

€kn no

Let fkn_d_n_d be the conditional quantile estimator based on n — d samples, then we

have

Ekp_gm-d — &

= 3(6) (knea)/(n — d))? + {(kn-a)g(6)} ! Z (1Y > €) ~ (1 =) + Rucak,_y-
Similarly. we have

B(E) [(ka/n)* = (kn-a/(n = d))*] + R

-2/5
— ﬁ(é)t2n—2/5 |:1 _ (n ; d) :| ’

. mean of [Ek,,.n - fkn_d.n-d]

E [ékn.n - ékn_d,n—d]

for k, = tn*/>. We may use

éknvn - -
21— ((n - d)/n)”")
as a bias reduced estimator.

Second method is Jackknife subsampling method from the k, nearest neighbor-

hood sample (KBC). For épk,n, (0<p<1)

- {pkn]
ok — & = 3(6)(ka/n)*p* + {pkng(€)/2}” - Z[l (Y > €) — (1 = p)] + Rrpi,-
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Finally, we have
E [€iun = Epkan] = B(O)(ka/n)*(1 — p*) + R.

where

R| = O(n™*°1 s,
kng}g(gvb)i | = O(n™""logn), a.s

We may use

Eknm — I_}F [ék,,.n - épkn,n} ' (2.23)

as a bias reduced estimator. Similarly, let ékn—d,n be the conditional quantile estimator

based on k, — d samples, then we have

- kn—d
iy mtin— & = B(E) (ke — D)) +{(ka = D)g(&)} XY > O) = (1 =p)]+ Rutr-a

Similarly. we have

+ R.

E [ = €bamdin] = BE)ka/n)? [1 _ (k"k: d)

We may use

[a—

ékn.n - :C_;.;;')—z : [ékn,n - ékn—d,n]

-

as a bias reduced estimator.
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Chapter 3

NN-Estimator of a Conditional
Quantile with Measurement

Errors

3.1 Asymptotic properties of k-NN estimator
with measurement errors on the covariate

variable

3.1.1 Approximation of the conditional quantile

With uniform measurement error on X, we observe (T1.Y7),(T2.Y2). . (T,.Y5) of
iidrv. where T = X + U, U ~ U(—e.€) and X and U are assumed to be independent.

Then



- / P(X + U < t|U = u) fur(u)du

—€

= / P(X <t —ulU = u)fy(u)du

—€

1
‘—'du,

" Gx(t—u)

—-C

t+e 1

_ /H Gx(u)5-du

— Gx(t) as € = 0+,

frit) =[xl —uygdu

t+e 1

= /;_C fx(u)ggdu

— fx(t)ase—0+.

And
fxr(z,t) = fxxsv(z.t)

= fxulz.t—1z)

= fx(z)fult— 1)

= fx(2)(zmect<csel/(26).
and 'we assume non-differential measurement error, i.e.,

P(Y|T,X) = P(Y|X).
So.
frir(ylt) = /fY,XlT(yv-Tlt)dx
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= /(fY,x.r(y,I,t)/fT(t))dx

= /(fYIX,T(y|x~t)fX,T(‘T"t)/fT(t)> dz

[ (frixtule)fxate,t)/ f2(t)) da

1 1 rt+e
= ). rxlvia)fx(@de,

chlr(yft) = le(t)ZJZ/_: /tic frix(z]|z) fx(z)dzdz.

1 1 t+e
T r(t) 2 t_t Gyx(ylz) fx(z)dz
i Gyix(ylz) fx(a)de
I fx(z)de ’

and

] L gvix(yle) fx(2)da
gyvir(ylt) = ey (2)dz :

t—e

[t is easy to show that

0
5€‘G§'|T(y|t)

_ 26yix () ~ 26y ix (A (1)
o %)

and let

2

9 S r(ylt) 1Ga(ylt) fx(t) + 2G:(y|t) fx ()
Je?

= = A.
e=0+ 3 f}((t)

where
2

0 0
G:(ylr) = 0—xGY|X(Z/|$) and G (y|r) = BFGY'X(‘UII)'

So for small e,

1Ger 2G, Y(t
bir(ult) = Gyix(ylt) - 3 <ylt>fx<t}}2:r(t) (¥l f3 (1) .
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and

Gyyr(tIt) = Gyix (8]t) + frix (8]t)(r — 6) + O(l|7 - 9])?). (3.3)

If we put (3.3) into (3.2) then we have

Gyr(tlt) = Gyix(6]t) + frix (0lt)(r — 8) + O(lI7 - 0*)

3 f& ()

Due to the Lemma 3.1 (3.4) becomes

)62/2 + o(||€]|?) as € - 0+ (3.4)

G r(tlt) = Gyx(0t) + frix(0]t)(r — 0)

1 Gor(7]t) fx () + 2G(71) fx (1) , 2 35
-3 0 €/2 + o(||€]|*) as € = 0+ (3.5)

If we let
Gy r(tit) = Gy|x(6]t) = p,

then
yir(Tlt) = Gy x (6]t)

= frix(Ot)m=6) - ‘:liG"(T't)fX(tj)‘;(tQ)Gr(Tlt)f‘”(t)62/'2 + ol [lel[*) = 0(3.6)

as € — 0+. So we have the following theorem.

Theorem 3.1 Let § and v be the p-quantile from Gyx(-|z) and Gyr(+|t). respec-
tively. where T = X + U, U ~ U(—¢,¢) and T and X are assumed to be independent.

then.

1 1Ge(r|t) fx(t) +2G.(7[t) fx(1) »

. : 2 3.7
frx(0jt) 3 FZ(1) /2 + o(|lell*) (3.7)

r=0+

as € — 0+.
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Lemma 3.1 Let p = G 1(7|t) = Gy x(0]t) and if there exists G7;(p) such that
Gyrlylty=p & Gil(p)=y fore<e,y€ R te Randpe (0,1) . Then

[l = 1l = O(l|ell)

as e, — 0+

Proof: Let
2

0
Gyr(Tlt) = Gyix(7lt) + 55Gyr(7]t) €2 /2+ O(|l¢l]*)
e=0

= Gyx(r]t) + Ae*/2 + O(||¢|])

Then

Gyix(rlt) = p—A/2-0(le|]®)

=G (p) = G{'(p— A€/2 = O(||ell*)).
for Gi'(-) such that Gyr(8]t) = p & 6 =G;'(p). So,

lim Go;(p) = G7'(p) =9

e—0+

0

[Jim BZGZQ(P) =0
Therefore.
T =GZ/(p) =0+ O([lell*).
And the-lemma is proved. &

3.1.2 Asymptotic normality of the conditional quantile es-

timator with measurement error

We take W; = |T; — ro| for i = 1,--- . n then W, < -+ < Wy, are the order statistics

of Wi.---. W, and Y. --.YY, are the induced order statistics. :The conditional
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quantile, £¢ = £5(zo) is satislying
Gy r(&lzo) = p,

for given p, (0 < p < 1) and zo € R'. The contaminated k-NN empirical cdf of ¥’

(with respect to o) is defined as
_ k 1 Zl )/e < y
The k-NN estimator of £¢ can now be deﬁned as

£, = the [kp]th order statistics of Y7, --. Y3

= inf{y : Giu(y) 2 [kpl/k}.
Then we have the following theorems similar to Bhattacharya and Gangopadhyay
(1988)s
Theorem 3.2 Fore > 0 and k € I.(a,b)

£, — € = B(E)(k/n)* + {kg (€ }2[1 (Y > € — (1 —p)] + RSy

where
3E) = —[f(z0)Gil€lz0) + 2 (20) G5 (€ 20)] /{23 f 7 (20)g (€}
Yoo o= (G) e G(YiIWe), 1<isnon21,
(Jax |R¢,| = O(n~**logn). a.s.
and

Gilylt) = (8/0t)G*(ylt)

Gy(ylt) = (8°/0t")G(ylt)

[Rorere Gyix(yle) fo(x)dr + [0 Gyix (yl2) fo(z) dx

To+w—e

Glyle) = [RoRute £ (r)de + [RIuTE fo(x)de

rotw—e¢ ro—w=—e¢

G(y) = Gyrlylro).

41



Theorem 3.3 Let T:(t) = {A;'[n”st]. Then for any 0 < a < b.
(n3[Te(t) — €] = Bt a <t < b} B {0t B(t), a < t < b}.
where 3 = B(€%) given in Theorem 3.4, (o) = p(1 — p)/(g°)*(&*) and {B(t).t > 0}
denote a standard Brownian motion.
Theorem 3.4 Fore = ¢, = o(n~'/%),

fpo—€ = (E—E)+ (=0

k

= B(EY(k/n)? + {kg*(z0)} ™" Z[l()’ﬁ > €)= (1—p)+ R

where
&) = —[f(20)GilE o) + 21 (20) G 20)] /{23 (20)g"(€°)}
—  —[f(20)Gaz(lza) + 2f (20)Gx(£l20)] /{231 (20)g(£)}
= p(€) as n — oc,
Yo o= (G 1o G (Y5 |Whi), 1<i<n, n2>1,
and
kenlia(uﬁb)lR;’H = o(n~%%). a.s.

Theorem 3.5 Let T5(t) = € 4s,. Then for any0 < a <bande, = o(n=1/3).
n n.nt/51]

{n?P[T5(t) — €] — Bt*.a <t < b}
— (n?[TE(t) — €] — B2 + n*[gc — €],a <t < b} B {at7'B(t). a < t < b}.

where 3 = 3(€%) given in Theorem 3.4, 0* = p(1 — p)/g*(€) and {B(t).t > 0} denote

a standard Brownian motion.



Proof of Theorem 3.4

max R R Rt
keln%a,b) l nk| kergg?()z(,b) I nk + I

= 0(77,'3/5 logn) + o(n‘z/‘r’)

= o(n" %) a.s.

And
t+cG d
G rlylt) = = qx;iig)fﬁw) z
SO
d t+e
3 Cvirlylt) = {(GY|X(y|t+€)fx(t+f)—GY|X(y|t—€)fx(t—6)) t-c fx(z)dz
_ /:‘:‘ Gylx(yix)fx(z)d:c(fx(t +€)— fx(t - e))}
t+e 2
) ([ rxtae)
d2
EﬁGiru(ylt) = {{[Gr(y|t+€)f"’(t+f)+nyx(y|t+e)f§((t+6)

t+e

—Gaylt - ) fx(t— ) = Gyix(ylt — Ofx(t =) |~ frlx)dz

t—e

+{[Grix(ylt + ) fx(t +€) = Grix(ylt — ) fx(t = e)]
— [Grix(ylt+ O fx(t+ ) = Gyixlylt = )fx(t = e[}

x(fx(t+¢€) — fx(t—¢))

t+e¢

= [ Grtale) @)zt + ) = St = e}

t—e
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(7 fx(r)d$)2
t+e¢

- {(Gylx(y|t +e)fx(t+e) — Gyx(ylt — ) fx(t - f)) fx(x)dx

t—c

t+4¢

~ [ Grixtul) fx(e)da fx(t + ) = fxlt = )

t—e

t+e
<2 [ fx(a)de(ix(t+ ) - fr(t— e}

t—¢

t+¢

/ (H fx(:r)dr.>4.

Therefore.

Fe(20)GE (6 z0) + 2f¢ (20) G5 (€ |20)

1/(26) S35 fx(a)dz
(22 fxle)de)?

{[(Gx(mxo + €) fx(zo + €) + Gy x (E|xo + €) fx (10 + €)

~G.(€w — )fx (w0 = ©) — Gryx(Eleo — ) filzo— ) [ fxle)ds

To—¢€

o+ To+e€ 2
[ Grix(€ ) fx()da( (a0 + €) = filao = )] ([ Frxlx)da)
Tro+e¢
- [(Gﬂx(fclxo + €) fx(zo + €) — Gy x(£|xo — €) fx (20 — €)) /Io_e fx(r)dr
[ Grix(€ ke fx(@dal fxzo + €) = fx(ao = )]
< [ + Fx(a)dz x (fx(zo €)= fx(zo =€)}

~(fx(z0 +€) = fx(z0 —€))

+
l\.a|,,_.

[(Gmwm + ) fxle0+ €)= Grix(€leo = fxlza— ) [ fula)ds
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_/_ Gyx(602) fx(z)dz(fx(zo + €) — fx(z0 —€))

/([ fx(:v)d:v>2

1 1
— X

3¢ " =7 fx(z)da)?

{(Gr(fcﬂo + €)fx(zo + €) + Gy|x (€0 + €) fy (x0 + €)
ro+¢€ )
—G(Ez0 — €) fx(z0 — €) — Gy x(€|z0 — €) fx (70 — 6))(/10_5 fx(z)dr)?

[— /1:0 Gy x(&z) fx(z)dz(fy (o + €) — fy(zo — 6)] (_/1:0:6 f:x(l’)dl‘)}-

Fi(20) Gy (€ o) + 2 (20) Gi(€ ] 0)
fe(zo)ge(&°)

1 1
2e (225 fx(z)dz)?

+GY|X(£E|$O +€)fx(zo+€) — G(€|z0 — €) fx(z0 — €)

To+e€
AT (@ (Galelzo+ O xwo+ o

— Gyx(&lzo — €) fx (zo — 6)]

1’0+€ Zo+te
[ e [ Gax(e o) fxa)del o + €)= Siizo = )}

/G (/+ frlarde) L5 o ;Xf(w;)f;c (z)do

[ (€20 + €) fx(z0 + €) + Gyx (Ez0 + €) fx (70 + €)

il

— Gol(&lxo — €)fx(z0 = €) = Gy x(€'la0 — €)fix (20 =€)

RE Gzx(€°la) fx(z)d
J223 fx(z)de

Z(Fx(zo +€) — fi(zo —€))



/ (}) (f + fx(I)dr)2 (f + gvix (€12) fx(x)da

— L [Gul€lz0 + ) fx(zo + €)= Ga(€ o0 — ) fx(zo = €]

4

+721_€ [Gylx(ﬁelxo + ) fx(zo+ €) — Gyx(§'lzo — €) fx (20 - 6)]

__1_ f;ooj_: GYI.X(€C|I)fX($)d$
2e JEore fx(z)dx

To—¢

/ (L/Iro+€ fX(I)dI>2 (L/:o+egy|x(§f[x)fx(r)dx) - (3.8)

2€ Jrp—e 2€ Jrg-¢

4

(fx(zo+€) — fx(zo—¢))

— [Gm(g‘lro)fx(xo) + 2% (20)Gz(& <0) + Gy x (€]zo) fx (o)
—(Gyx (€]2o) fx (z0)/ fx (20)) fx (20))]

/3 zo)gvix(€lzo)

Geof +2f'Ge

= = -~ ase— 0.

f3g

3.1.3 Asymptotic variance and bias of the process with

measurement error

In this section, we investigate the asymptotic variance and bias of our process with
measurement error. We call the variance and the bias from the uniform measurement
error model as contaminated bias and contaminated variance. We will show the
convergences of contaminated variance and bias to the original (uncontaminated)
variance and bias. And sufficient conditions for the condition that the contaminated

variance and bias are greater than the unocontaminated ones are derived.
From the Theorems 1.4 and Theorem 1.5, we let 8 = 3(£) be the asymptotic
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bias (ABIAS) and let p(1 — p)/g*(£) be the asymptotic vaiance (AV AR), where

B(&) = —[f(20)Gex(€lzo) + 2f (20)Ga(El20)]/{23f°(20)g(£)}-

(&) = gvix(€lzo)

Similarly. from the Theorem 3.2 and Theorem 3.3, we let 3¢ = B(£¢) be the asymptotic

bias (AVAR,) and let p(1 —p)/(g%)%(&¢) be the asymptotic vaiance (ABIAS.). where

B(6) = —[F(20)Gi(E o) + 2f (o) Gil€°120)] /{23 (20)g" (€°)}-

e/pey € €ley f;,"ffgnx(é‘lz)fx(z)dx
g(€) = gyrl&lt) = 7 fr(e)dz .

To prove Theorem 3.6, we need Lemma 3.2.

Lemma 3.2

2 fx(@)dz 3 fx(o)

fr?j:(:r - xO)fX(x)dx _ 1f",((:£0) €2 + 0(||6||4)

Proof: By Taylor expansion,

/:O+C fx(r)dr = /1:0:6 (f(Io) + f'(zo)(z — x0) + f'(z1)(z — 1‘1)2/2) dz

o—¢€

2e f(x0) + O[] ) for |z — 21| < |z — Zol,
and

xo+e€
[ @ - ao)ix(a)de

- /Io_+6 (f(l‘o)(:r — 20) + f'(zo)(x — z0)* + f'(z1)(7 - xl)a/z) da

To—¢€

= 2/3f'(z0)€® + O(||e|l®) for |z — 21| <[z = Zol.

47



Let g(y|r) = gy x(y|z) be the conditional pdf of Y given X = r. then
g(€lz) — g(€lzo) = g(&|x) — g(& lxo) + 9(&°|xo) — g(&lz0)
= g:(€1xo0)(x — 20) + O(||z = ol[*)
+g'(Elzo) (€5 — €) + O(]1€° = €II7) (3.9)
where

0
g:(ylz) = 5—9Y|x(y|$)
X

, 0
g ylz) = @gyxx(yﬂ)-

Theorem 3.6 If ||£¢ — £||? = O(||¢||?) then,

g°(€) = g(€) + g'(Elzo)(€° = €) + O(llel[*). (3.10)
So.
AVAR, - AVAR as ¢ — (.
And if
g'(&|xo)(€F =€) <0 for all € > 0, (3.11)
then

AV AR, > AV AR for small €.

Proof: From (3.9),

To+e

&) x [ fxlayde

0—¢€

To+¢€
= [ gl f(a)de

ro=—c¢

To+e zo+e€
= glleo) [ Fx(a)de +g:(€lxo) [ (a = 20)fx(x)dr
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To+¢€

+g(Elzo)e — &) [ fx(a)de

ro—¢€

ro+e (

+ O(llz — zol®) + O(ll€° - €|I*)) f(=)dz,

Tg—€

and by Lemma 3.2,

g°(&%)

3 f(o)
+9'(€|zo) (£ = &) + Ol — €|I*)

9(Elz0) + g:(€°]z0) (3f (z0) 2y 0<||e||4>)

= g(€lao) + ¢'(Elzo)(€° = &) + ([Iell®)-
&

If gyx(y|z) (conditional distribution of Y') given X = z is unimodal and has maxi-
mum at median then the difference between g¢(£¢) and g(£) at the median is the order
of €%, so the difference is neglectable up to order €% . So our procedure is robust for

the measurement error; our procedure is not sensitive to the measurement error.

From (3.8). let

1
_233(¢°) = x
(L 2o fx(z)da)” f2%¢ gle]a) fla)dz

{[Go(Ez0 + €)f(x + €) = Go( |zo — €) f(z — €)]

+[G(Exo + €) f'(z + €) — G(E|T0 — e)f'(xr — €)]

i G(&]z) f(x)dz

- Il;)oj-: fX(I)dl‘ [fl(l'0+€)—f,(10—6)]}
_ A+B+C
_ AxBrC
2
D = (5) (2efte0) +OCel)’
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- [9(Elzo) + g'(Elao) (€€ — E)(2ef (o) + O(llelP) + Ollel[)]

FA(x0) (9(€|z0) + ¢'(Elzo) (€ — €°)) x 2f(z0)e + O(|lell*)

= 2f3(x0)g(£[z0)e + 2f*(20)g(€lz0) (€° = §)e + O([le|*).
G(&lzote) — G(£|zo)
= G(&lzox€) = G(flzo T €) + G(€|zo T €) ~ G(éiwo)
= g(€lwo £ €)(& =€) +O(llE" = £IIP)

+£G.(€lzo)e + O(|lel?),

and
f'(zo £ €) = f'(z0) £ f"(0)e + O([[€]|*).
Therefore,
G(&|zo L €)f'(zo £ €)
= G(€]zo) f'(20) % [Gz(€|zo) f' (o) + G(§lzo) f*(0)] €
9(&lzo) f'(zo)(§° =€)
(£9:(lz0) f'(z0) + g(Elzo) f(20)) €(€° = &) + O(lel*).
- B = 2[G(€lzo)f'(20) + Gl€lzo) f"(x0)] €
+2[g2(€]z0) f'(20) + 9(€|20) f(20)] €(€° = &) + O(l]el[*).
Similarly.

A = 2[Gre(Elz0) f(z0) + Ga(€lxo) f'(zo)] €

+2[GY(E|z0) f(zo) + Gr(Elzo) f'(z0)] €(€° = €) + O([[ell*),
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where

G, = =—G.(ylz) and G = —GV(y|z).
Oy

And
1
SRR fx(x)dz[2f"(zo)e + O(||el*)]

o—¢€

< [ (Glehno) + Gulgf o)t — 20) + Ol = 2ol )
g(Elzo)(€° =€) + O([€° = €]17)) f(z)de

= 2f"(20)G(E|zo)e + 2f"(z0)g(Elo)(€¢ = E)e + O(llel[").

A+B+C = 2¢[Gaz(€]z0)f(0) +2G=(€lwo) f'(0)]
+2¢(€° — £) [g2(El o) f'(z0) + G5 (Elwo) f'(z0) + GZ (€] 7o) f(20)]
+O(|]ell*)-

Therefore,

Gzz(€lz0) f(20) + 2G=(£]20) f'(20)
f3(zo)g(&l2o0)

-233(§°) =

1
T P (z0)g(€70)

_(Gzz(€lz0) f(0) + 2G=(£]70) f'(20)) f3($0)9'(§|1‘0)} (€ —€)

{9z(&lz0) f'(z0) + G (Elz0) f'(20) + f(20)GZ(E] 7o)

f3(x0)g(€lzo)
+O([lell?)
= —233(¢)
1 7 ! ! 1
+m {g-(€lz0) f'(z0) + GL(Elz0) f'(70) + G2 (&lxo) f(xo)
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~ (Gaz(lzo) f(z0) + 2G(£]z0) f'(20)) p

+O([lel1?)-

- Theorem 3.7 If ||6¢ — £||2 = O(||€]?) then,

ABIAS? — ABIAS?

1
=23 P "(zo “(€lzo) f' (w0 2(&lzo) f (o
23 (- gyatgies (€120} (o) + GLlelzo) (o) + el )

(Gan(€lzo) (o) + QGr(ﬂIo)f'(xo))Mfg)‘} & = &)+ oIl
g(&|zo)

__2_ . Grr(fIxO)f(IO) + 2Gz(€!$0)fl(l'o)
23 f3(z0)g(€]z0)

1

z{SiTo "(zo G (€|zo "(zo G (€|xo To
X S FTraEey e (Elza)f (z0) + GulElzo) '(zo) + GL(Elzo) f(xo)

g'(&|xo)
9(&lzo)

— (Gzz(€lz0) f(20) + 2G2(€]z0) f'(70)) } (&= &) + Ollell).

3.2 Approximation of Conditional Quantiles with

Measurement Erros

3.2.1 First order approximation

Let G(-|r) be the conditional c.d.f. of Y given x then
G(|z +€) = G(-]z) + G'(-|z)e + O(llel|*) (3.12)

as ¢ — 0. where G'(-|x) is the first derivetive of G(-|z) with respect to 7. And as
|l — ]| — 0.
G(r|z) = G(8]z) + g(8lz)(7 — ) + O(l|I7 = 6]|*), (3.13)
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where ¢(8|x) = (8/07)(G(r|z))|r=¢. Substitute (3.13) into (3.12), we get
G(r|z + €) = G(8]z) + g(8]z)(7 — 0) + O(l|r — 81I%) + g(rlx)e + O(l[el[*).
as € — 0. If we let G(r|z + u) = G(6|z) = p,
g(Bla)(r = 6) + O(||r — 8]*) + G'(7|z)e + O([|€]*) = 0.

as € — 0. So.

_, Gl _

=0 o) e+ O(|lel]?) | (3.14)
as ¢ — 01f

O(lir = 811*) = O(l|el*). (3.15)

3.2.2 2nd order approximation

Let G(-|z) be the conditional c.d.f. of Y given z then
G(-|z + €) = G(-|z) + G'(-|e)e + G"(-|2)€*/2 + of[|e[*) (3.16)

as ¢ — 0, where G’(-|z) and G"(-|z) are the first and second derivetives of G(-|r) with

respect to r. And as ||7 — 6|| — 0,
G(r]r) = G(8]z) + g(8l2)(r — 0) + ¢'(Bl)(r — 8)*/2 — o(||7 = 6]1*). (3.17)

where g(8]z) = (8/87)(G(7|z))|-=¢ and ¢'(8]z) = (3°/07%)(G(7|x))|;=s. Substitute
(3.17) into (3.16), we get

Girlz+¢) = G(Olz) +g(6lz)(r — ) +¢'(Blz)(r — 8)*/2 + oll|7 — 01I")
+G'(rlz)e + G"(r]2)e* /2 + o[lel*),
as ¢ — 0. Since G(r|z + ¢) = G(f]z) = p,
9(82)(7 — 0)+4'(6]2)(7 —0)2/2+ ol ||T = B][2) + G (r]z)e + G"(r|2)e*/2+ o [[€][*) = 0.
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as e — 0. If

|Ir = 811 = o(|lel|*) as ||~ — 6| -0, (3.18)

then we have
G(rlz + €) = G(8|z) + g(8]z)(r — 6) + G'(r]z)e + G"(7]x)e* /2 + o([[¢]*).

as ¢ — 0. So,
Glrlr)  G'(rle)

=0- 9(01z) < 4(0)r) © /2 + o(llell*), (3.19)

as € — 0.

3.2.3 2nd order approximation with symmetric argument

Let G(-|r) be the conditional c.d.f. of Y given z then
Glle+e) = G(|z)+G'(-le)e+G"(-|z)e*/2 + o(|[€]*)
Gz =€) = G(lz) = G'(la)e + G"(-2)e*/2 + of[[e]l*).

as ¢ — 0, where G'(-|z) and G”(+|z) are the first and second derivetives of G(-|z) with

respect to r. And
(G(-|x + €) + G(-]z — €))/2 = G"(-|z,¢) = G(-|z) + G"(-|z)€* /2 + o(||e]]*).  (3.20)

as ¢ — 0. G*(-|z.€) can be considered the conditional c.d.f. of ¥ given r and e.
Remember that T 2 X 4+ U 2 X — U under the symmetric assumption of U. And as
lIr —6|| =0,

G(r|z) = G(8lz) + g(8l)(r — 8) + O(l|r = 0]*). (3.21)

where g(8]r) = (8/07)(G(7|z))|-=6. Substitute (3.21) into (3.20). we get

Gr(rlz.€) = G(8]2) + g(Blz)(r — 0) + O(l|7 = 8II%) + G"(|z)€?/2 + o([[e][*)-
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Since G*(7|r,€¢) = G(8|z) = p,

G"(]z)

— ) € 12+ olllell®) + Ol — 61P)

————-—GH(TII)ez ‘ o(||e||?
0~ gty <2+ olllell)

as e — 01f

|7 = 811> = o|le|*) as |7 — 81| — 0.

So the question is the relationship between the magnitude of measurement error

(¢) and the difference between the two quantiles (7 — 6).
Note that

Bz+e) = 8(z)+6(2)e+0"(x)e"/2+ o]|ell’)

bz —¢) = B(z)— O (z)e+0"(x)e?/2+ of]|ell").

as € — 0. By similar argument, we let

f(x+¢)+0(z—¢)
2

o~

= 0(z) + 0"(2)e*/2 + o([[€][*),

T

so that (3.18) and (3.22) hold.

3.2.4 Bivariate symmetric measurement error

Let Y. X ~ f(}Y,X) and
X + 1/2
T = ewp 1/
X —ewpl/2
Then

fra¥.T=1)
fr(T =1)

(frx(Yit+e) + frx(Y,t —€))/2
(fx(t+e)+ fx(t—¢€))/2

fY|T=t) =

3d



_ f)/‘x(Y,t + 6) + fyyx(Y.t - 6)

And

G§’|T(y1t)l

e=0+ -

(8/06)Gir(ylt)] _,,

and let

(0°/0€")Gy 2 (ylt)

where

ERY

()

then we have

-0 662

/

fx(t+e)+ fx(t —e)

¥ frx(z,t+¢€) + frx(z,t—e€)dz
fx(t+e€)+ fx(t—¢)

e=0+

Yo frx(z,t)dz
fx(t)

Gy x (y|t),
rs
—00 66

0,

fyyx(z,t + 6) + fY,X(z-t - 6)] d-
fx(t+¢€)+ fx(t—¢) )

e=04

v 0% [frx(z.t+e)+ frx(z.t—¢

fx(t+e€)+ fx(t—¢€)

| -

(f"(z. ) fx(t) = f(z, ) f"(t)) dz

e=0
v 4

o fk

A(ylt),

82

afzfnx(z,t +¢€)

=0+

82
@fx(t"f' €)

e=0+

Gy r(ult) = Gyix(ult) + Gy x (wlt)| _ €/2 + ol llell®).

And

0
@G(ylx)

€=

g(ylz),
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2

= G(ylr) g (ylz).

And
Gyix([t) = Gyix(8]t) + g(6]t)(r = 8) + g'(81t)(r — 6)*/2 + olll7 = O]I*).

Therefore. if
i — 611> = O(]€][*), (3.23)

the relationship between 8 and 7 is
Gyiz(rlt) = Gyix(8]t) + g(B1t)(r — 0) + ¢'(61t)(7 — 0)*/2 + A(rt)e*/2 + O([lell*).

0 = g(Bt)(r —0) +g'(81t)(7 — 6)*/2 + A([t)e?/2 + O([|€])-

Example 3.1 In the normal case, (3.23) becomes,

G(rlt.e) = G(blt) +g(8]t)(r - 9)

O B _02j2 4+ A(r )2+ O(lelP).

—g(0[t)

g

0—p

0 = g(Ot)(r—0)—g(8lt) (= 0)*/2 + A(r]t)e’/2 + O[]l P13:24)

g

where u and o are the contitional mean and standard deviation of Y given X + 1.

3.2.5 Relationship between two quantiles: under normal

assumptions

Let
Y|z ~ N(a+ bz, a?),

then for small € (> 0)

—
o
[§V]
(W1}

~

Y|z 4+ e~ N(a+ bz +e),0).
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Let () be the p x 100 % quantile of Y|z, and 7(z + ¢) be the p x 100 % quantile

of Y|r + ¢ ie.,

o ag

(p(G(x)—a—b:c)=q)(r(r+e)—a—bx—be>:p.

So in the normal case. we have
16(z) — r(z + €)}| = O([el])-

Therefore. (3.14) and (3.23) hold in the normal case.

Example 3.2 Under the assumption of (3.25), (3.14) becomes

ECD((T —ar — b)/O')e + O(||€”2)

(i ey By

Let Y.X ~ BN(ux.puy.0%,08,pyx) and T = X + U where " ~ N(0.0})
and X and U are assumed to be independent. Then T ~ N(ux,o0% + of-). We are
interested in the difference between the conditional quantiles of ¥ given X and given

T. Under these assumptions.

R (o2
YIX =z ~ N(uy+pxyaf(l‘—#x),03-(1—Pgnf-))

YiT=t ~ N (ﬂy-l—/):ry (t——ux),af,(l—pzﬂ-))

ok + o}

Our parameters, conditional quantiles 6, 7 are expressed as
o(flz) = p = 2(7|t).
If we restrict to p = 1/2, i.e., median, then we have

o
0 = py+pxy—~(z —px)
ox

oy
T = py+ PTY"—“——‘;(t — px)-
0"%( + o
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So.

6 = 7+ 2;(pxyﬂv — pryt) — qu pPXY — S S—
Z z v otio

So.

f(r)—7(t) = ﬁ(pwﬂﬂ - pryt) — U—Y#X pPXY — 3 — | .

In general. we may assume pxy < pry, SO We may let pry = cpxy, (0 < ¢ < 1) then

0(.1r)—7'(t)——0l (x—ct)—ﬂ- P S
= apry UX#XPXY m .

For general p, (0 < p < 1), we have

6z) (1)
/ oyi(y)dy = / oyp(y)dy = p

Pyz(6(z)) = @yp(r(t)) =p

Again. let pry = cpxy. (0 <c< 1) then

® (9 — py — pxyoy/ox(z — #x)) _ % (T — py — cpxyoy/\Jok + of(t - ,ux))
oyy1— Py oyy1 - 2pky

V31— Pxy
N R ”X"'(VI’CQ"“I"W)
ot ok

o 1-—
-HIXPXY—}“ ( pw -1 _029U>

1+ab/ax

Let Y. X ~ BN(ux.py.0%.0%.p) and

X +ewpl/2
X —ewpl/2

T =
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Then

fY|ry =

(FY.T+e)+ f(Y.T —¢)/2
(F(T+e)+ f(T-¢€))/2

Mixture of two bivariate normals

Mixture of two univariate normals

GyIT=1) = [ [T =1y

_ /y dyx(z.t+€)+ oy x(z,t — e)dz
- ox(t+€)+ ox(t—¢)

1
ox(t+¢€) + ¢x(t —¢)

v [oyx(z,t+e) Sy, x(z,t =€) -
"/_oo( oxira XU g @X(t_ﬁ)m)

1
ox(t +e¢)+ ox(t—¢€)

X /_yoo oyix (2]t + €)dx(t + €) + oy x(z[t — €)ox(t — €)d=

1
ox(t+€)+ ox(t —e¢)

x (‘DYIX(Z“ + 6)¢X(t + 6) + ¢y|x(2|t - 6)@_}(“ - 6)) .

So the relationship is

1
ox(t+¢€)+ ox(t —¢)

G(rlt) =

60



X (‘I)Y|x(2|t +€e)ox(t +€) + Pyix(z|t —€)ox(t — 6))

= ®yx(flz) = p,

Q(G—a—bz) _ 1
o T ox(t+e)+ox(t—e)

x{q)(r—a—-bt—be)+®(T—a—bt+be)}.
o c -

where Y|X =z ~ N(a + bz,o?) for a = py — poy/oxpx,b = poy/ox and o? =

of (1= p?).

3.2.6 Approximation of conditional cdf with bivariate nor-

mality and uniform measurement error

Condition 3.1 Let (Y, X) has bivariate normal distribution and T = X +U. U ~
U(~c.€). And X and U are assumed to be independent. Let Ge(-|t) be the conditional
cdf of Y given T =1t.

Theorem 3.8 Under condition 3.1, as ¢ — 0+,

_ y—at—>5) y—at—>b\/a
Ge(ylt) - ®< a1 ) ¢< (o] )(0’1>

g [¢((t —e—pux)]ox)— d((t +e—pux)/ox)
®((t +€— px)/ox) — ®((t — e — px)/ox)

ox +pux —t
+o(l¢][*)

1
= Oy x(ylt) — ovix(ylt) (0—1)

+
%3+ wx = ] o)




and
Jim G.(y]t) = Sy ix(ylt)
as € — 0+. where ®(-) and ¢(-) are the cdf and pdf of standard normal distribution.

ar 4+ b and o, are the conditional mean and the conditional standard deviation of ¥

given X = z, ux and ox are the marginal mean and the standard deviation of X.

Proof: Let
—(az +b
oyl = @ (L2
01
where a = pxyoy/ox, b= uy — pxyoy/oxux and o1 = y/o§ (1 — p%y ). Then

q)(y—(a:r+b)) - y—at—>b

1 =t - 71

0 y — (ax +b) _ y—at—2»% a
e ()L = (=) )

r=t

0° y — (ax + b) _ y—at—>5\ fa\?[{y—at—b
01‘2(1)( (oA ) B —¢( 01 )(0'_1) ( aJq )

r=t

D(ylr) = q)(y_—_af_-_b) _d,(uﬂc_—_b) (&)= -1
(o5 o o

f(y—at—5 a\*(y—at—> . )
-6 (T_) (U_l) (T) (z"—1)3/2.  (3.26)

for |z* — t| < |x — t|. Note that

So

(,%d)(ar +b) = —¢(az + b)(az + b)a, (3.27)
J (r —px) 9 9o
B;O.X(x) = _—_af\r—(pX(r)’ (3.28)
and
Herox(x)dzr [ (—dk(x)ok + uxox(z))de
tox(x)dr - ff: ox(x)dx
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—[ox(t+¢) — ox(t — )]0k
Ox(t+e)—Px(t—¢)

—[d((t+e—px)/ox) — o((t — € — px)/ox)]
O((t+e—px)/ox)— ®((t —e—px)/ox)

ox + ux(3.29)
And by (3.1) and (3.26),
e @ (y|z)dx(z)dx

G(ylt) = == e ox(z)dz
t—¢

_ (y —at — b)
g1
fy—at—>b\/a e zdx)de
—o\— (—) e s !
4! ! t—e ¢X(.T)d.1?

+R,

where

e(z” —t)’px(z)dz
ttj-: éx(f)dl‘

|R| < Constant

t4e¢
< Constant/ |z — t|*dz

t—e

t+e
= Constant / (z? — 2zt + t*)dz

t—e
2
= Constant [563].

So. we have

| IRl = o[lel[*).
And
o lox(t—e€)—ox(t+¢€) ,
el—lrcﬂ— _‘I)X(t-i—e)—q’)((t—ﬁ)ax-i_ur t
P o 2 - 2
o [extt— ot —e—pfod) +oxltr At e=p0)/od) 2 Ly
e—0+ | Q)X(t+€)+<DX(t_e) ‘
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= t—fpr+ps—t
= 0

The theorem is proved. &

Lemma 3.3 ['nder condition 3.1, theorem 3.8 becomes

Glylt) = ®yix(ylt) — dvix(ylt) (;11‘>

g [¢.¥(t —€)— ox(t+¢)

) _
Bxlite)Bx(t—c) X THX “t] + of|lell*)

= Oy x(ylt) — dvix(ylt) (;1:)

y l ox(t)

e R !

as € — 0+.

Extend these to general Gx(-) and g(z) = g((z — p)/0).

What about

3.2.7 Conditional quantile from general cdf with uniform

measure €error

In this section, we consider general cdf of (Y, X)) and uniform measurement error. Let
Y. X ~Gyx(y.r). X ~Gx(-)and T = X + U where U ~ U(—¢.€¢) and X and [ are .

assumed to be independent. Then, under non-differential ME assumption. we have

t+e 1 -
Gr(t) =/, Gx(u)3-du

—€
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Without ME.
fz(z)
9(yl=)

G}"|Z(y|2)

If welet W =

fw(w)

g(y|w)

G;'IW(.U!w)

t4+e 1

gr(t) = gx(u)—du
t—e 26

e Gyix(ylz)gx (z)dx
fttj—: gX(l')d.T

let Z =|X — zo|, then we have

Gyr(ylt)

= gx(zo+2)+gx(z0— 2),
= [gx(z0 + 2)9(ylzo + 2) + gx(zo — 2)9(ylzo — 2)]/ fz(2),
= [gx(z0 + 2)Gyx(ylzo + 2) + gx (20 — )Gy x (ylzo — )] /fz(2).

|T — 20|, then we have the following results,

= gr(zo+w) + gr(zo — w)

To—wHeE

zo+w+e ]_ 1
= [T gxlwgdu+t gx(u) 3-du.
o 2¢ 2¢

o+w—e Top—wW—¢€

= [gr(zo + w)g(y|zo + w) + gr(zo — w)g(ylzo — w)] / fw (),

= [or(zo + w)Gir(ylzo + w) + gr(zo — w)Giyr(ylao — w)| / fi(w)

To+w+e

l/x0+w+€ 1 9 fro+w_e Gy|x(y[1')gX(1')d1‘

x(u)—du T
otw—c¢ I ( 2e fxoo-:-wj-e gX(I)d'T

To—we 1 [FoTwte Gy|x(y|1)gx(r)dr}
+/ u)—du x F=E -
o gx( )26 roo_w: gx(z)dr

To—w+e

ro+w+te 1 1
/ [/I gx (u)5-du + gx(u)idu]

otw—e To—w—e¢ V4

To—w+e

ro+w+e
= [/ Gy|x (ylz)gx(z)dz + G}"lX(?;"-T)gX(I)dI}

otw—¢ ro—w—e

/ U;Mw+€ gx(u)du + o gx(u)du] :

o+w—e To—w—¢



Let

1
Jagx(u)du + [5gx(u)du

Gyw(ylw) =

x | [ Grix(vleox(@)dz + [ Grixtyle)ox(a)dr

If we do Taylor Expansion, we have
lim Gy wlylw) = [Grix(ylao +€)gx(zo + €)Gyix(ylzo — €)gx (z0 — )

/[9x(z0 + €) + gx (0 — €)]

= Gyz(ylw),
and
.0 .
61_1}(}1 _O_EGY'W(ylw) =0.
So. we get

82
G (o) = Griz(yhw) + 3-Gow(wlw) /2 +olllell).
e—0+

Theorem 3.9 Let (Y. X)~ BN, T=X+U, U ~U(—e.€) and W = |T — xo|. And
X and U are assumed to be independent. Let G;Iw(y|w) be the conditional cdf of Y

given W = w, then
Gy (ylw) = G¥r(ylt) + (A" + B7) + o([lel*).

where

1
([40x(z)dr + [gox(z)dr)

G¥r(ylt)

< (rix(ylro + ) [ ox(z)de + Byix(ulao - w) [ oxlo)dr)
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ox(xo + w) + dx(z0 — w)

Dy x(ylzo + w)éx (2o + w) + Py x(y]zo — w)Ox(T0 — W

= Gy|T(ylt) + O(HCHZ)

1
Trox (018 + I ox (@)
‘o [o (y melmr ) - ”) (£) [ (=¢(@) + nxoxta)

R ) (&) [, =o't + wxonten e

251 o1

1
(ox(zo +w) + ¢x(z0 — w))

x{[¢(y—a(:c(:-w)—b) (Uil)qg’x(zoﬁ—w)

+o (y —a(zo —w) — b) (%) &y (zo — w)]

a1
o [@ (y —a(zg+ w) — b) (_a_) éx(zo + w)
a1 o1
o (rmetn=) =) (&) itza—w)| | + 0Ll
g1 (251

; <{]
(ox(T0 + w) + ¢x(x0 — w))

)+O(H€|l2)

dr

dyix(y|To + w)adk(ro + w)

+oy1x (ylzo — w)ad(zo — w)] = px [oyix(ylro + w)aox(zo + )

+ orix(ylro — w)adk(zo = w)| } + O(llell*).
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1
(faox(z)dr + Jp 9x(z)dz)

y [¢ (y —a(xo +w) — b) (_a_) (zo + w)/A¢X(I)dx

01 01

+ o (y - a(l‘c;l— w) — b) (o—il) (20 — w)/B ¢X(x)dx]

1
(ox(xo + w) + ¢x(z0 — w))

9 [@ (y —a(zo+w) — b) <_‘_1_) (zo + w)ox (zo + w)

o1 a1

o (L= 20 () oy a0 ) + O

(o} ] 23]

1
([40x(z)dx + [g ox(r)dz)

x [ovix(ylzo + w)adx (20 + w)byix (ylao)adx(zo — w)] + O(l[€|*).

A= (ro+w—€zo+w+e), B=(zo—w—e,z0—w+e) and ®(-) and o(-) are the cdf
and pdf of standard normal distribution, ax + b and o, are the conditional mean and
the conditional standard deviation of Y given X = z, ux and ox are the marginal

mean and the standard deviation of X.

Proof: Let
oyixiyle) = o (L),
a1
where a = pxyoy/ox, b= py — pxyoy/oxpx and 0y = oF (1 = iy). Then
B y—a(zo+w)—>b
by x(ylz) smrotw ® ( o1 )
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g¢,<y—<m+b>)

81 J1

_ _¢(y—a(xoo;+~w)—b> (0%)

r=ro+w
So

Gy (y|w)

1
([a 0x(z)dz + [p o(z)dz)

WSS

s (y —a(zo+w) - b) (ﬁ) (¢ =20~ w) + R] ox(e)dz

(25} (o)

A G

—4 ( y —alzo—w) - b) (3) (z = 2o — w) + R} cbX(:r)dr}

(23] g

And

Gy z(yle) = (‘Pylx(ylro + w)/A ¢x(z)dz + Py x(ylzo — w) /B Ox(l‘)df>

/([ oxta)iz+ [ ex(z)da)

— Gyz(ylw) as e = 0 +.

4 = _lqs(y—a(roaj-w)—b) (f{)/AMbX(x)dI
+O,(y—a(1'00; u‘)—b) (%)/Bz(ﬁx(x)dw]

/([ exte)de + [ ox(z)dz)
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B [¢(y—a(100j- w)—b) (%)A(—¢'(I)+#x¢x(x))d1

+¢<y—a(xo—w)—b> (i)/B(_QS’(x)-{—ngbX(x))dl‘

o8] a1

/(/A ¢X(1)d1+/3¢x(:£)dx)

_ [é (y e = b) () (=¢ao+w) + uxox(zo+ )

o (L) (£ (—(an = w) + proxla

aJq a1

/(q‘)x(xo + w) + ox(z0 — w))

b2

() )

_Mp(v— et 8) (2), i
;)

+¢<y—(a10_w )( (w0 =w ]}

/(¢X(Io+w)+¢x(xo—w)) as e — 0+

)qﬁfx 1'0+U)

Q'g

d’lx To —W ]

[ (y—a(x(;j—w)—b) (m) To + w) /¢X
+o(y—a(1(;1—u’)—b)(al) xo—u/éx }
/([‘ @_X(r)dr-%-/lgfbx(x)dI)
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- {@ (y —a(zo +w) — b) (i) (2o + w)ox(z0 + W)

g1 g1

+o (y —elro-w) - ") (—) (20 — w)éx (0 — W)

a1 g1

[ (0x(20+ w) + dx(z0 — w))

|R| < /4(1 — (2o + w))*dz + /B(x — (20 — w))*dx

= o(llell)



Chapter 4

Multivariate Conditional Quantile

Process

4.1 Multivariate conditional quantile

In a multivariate set-up, suppose that (¥;,X;), ¢ = 1,---,n are independent and
identically distributed (i.i.d) random vectors with a (¢ + 1)-dimensional distribution

function (d.f.) II(-).
For every ¢ € R? and ¢ € R?,

p(z,x5) : RIxR!—R*

plei,xo) = D;say forit=1,---,n.

We choose a sequence {k,}, such that k, is increasing in n and n~'k, converges to 0
as n — oc. We denote the order statistics of D; by Dy.q.- . Dy.p. If the distribution

of D is continuous. ties among the D; may be neglected with probability one.

We define the anti-ranks S;, : = 1,---,n by letting D,; = Ds,,fort=1.---.n.

Thus. (Sy.---.S,) is a random permutation of the numbers (1,---,n). Consider the
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set of observations:

(Ys,.Xs,), 1=1,-+-, kn.
The k,-nearest neighbor (k,—NN) empirical d.f. of ¥ with respect to o and p(-) is
defined as

k
Gk (y) = k'Y _I(Ys, <y), y€R. (4.1)

=1
bnka(@o) = inf {y: Guka(y) 2 [phn]/kn}; P € (0,1)
The Bhattachatya (1974) lemma yields that the Y, are conditionally (given the Xs,)
independent r.v.’s, although they are not necessarily identically distributed. However.
the very construction of the neighborhood makes the marginal (conditional) distribu-
tions of the Yg,in this set nearly identical, a fact that has been established through
contiguity of (conditional) probability measures by Gangopadhyay and Sen (1992).

We consider the function in a general mold as

Z(C) = {é(z): 2 € C},

where (" is (usually a compact) subset of R? which includes the essential support of

the distribution of the concomitant variable X.
The following regularity conditions are assumed as Sen (1994):

[A1] Let F(z), # € R? be the joint d.f. of the covariate X. We assume that F

admits an absolutely continuous (g-variate) density function f(z), € R9. such that
f(z) >0, for every = € C, (4.2)

and the Hessian (02/dxdx’)(f(z)) exists for all & € C'. Moreover, there exist positive

and finite numbers e. Ko and . such that ||@ — || < ¢ implies that

< Kol||® — =7||*, uniformly in C.

1(0%/02d=") f(2)|2 — (0°/0zd=") f(2)

f oid
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Note that the D; are defined with respect to a pivot &o, and hence, both Fp(d) and
fp(d) depend on this pivot @o. We therefore write fp(d) as fp(d:@o). Note that by

definition,

fo(d: o) =/ f(@)dv(z;20), d € R, (4.3)

{®;0(2.20)=d}

where v(x: zo) stands for the measurement on the segment {x; p(z, xo) = d}.

[A2] We denote the conditional distribution of ¥; given X; = @0, by g(y|®o) and
assume that G(-) has a continuous density g(y|zo) for almost all (y,#o). And
(0/0x)g(y|x) and (0?/dxdx’)g(y|x) exist in a neighborhood of &o. The conditional
d.f. and density of Y; given D; = d(with respect to the pivot xq). are respectively

given by
Gp(y|xo.d) = {/ G(ylw)f(z)dt/(w;wo)}/fo(d: zo). (4.4)
{&:p(X,To)=d}
and
,d = / d 5 d: .
sotlend)={[, vl @aei ) /foldiz)
where o € (" and y € R.
[A3] We assume that there exists a positive do, such that the first and second order
partial derivatives of gp(y|®o,d) with respect to d, denoted by gp(-) and gp(-) re-

spectively, exist for almost all y, o and d : 0 < d < dp, and these are dominated by

some Lebesgue measurable functions. Let

lgp(yl®o, d)] < wi(y) (4.5)
l9p(y|®o. d)| < uz(y)- (1.6)

Moreover,
lgp(ylzo. d) — gp(ylEe, 0)] < us(y)d®, (+.7)

where u3(y) is a Lebesgue measurable, o is a positive number and (4.7) holds for all

d <dy and o € C.



[A4] We assume that

I(yleo, d) = E[{(8/8D)log gp(Y |0, d)}* |D = d] < o<,
uniformly in d : 0 < d < do and &y € C. We may write (for  in a neighborhood of
zo)

f@) = fl@o)+ (x — 20)[(8/0=)f(2)]z,

+(1/2)(2 — 20)' A(o)(z — o) + o ||z — 2ol[*),
where -
A(zo) = (8°/0202") f(z)|,- (4.8)

Thus, whenever p(@.@) = d yield a closed contour which is symmetric around @o.

we have from (4.3) and (4.8) that for d — 0,
f3(d) = f(zo)a(d) + (1/2)Qu(d) + o(d*a(d)), asd — 0, (4.9)
where a(d) is the surface area of the contour {; p(@,2o) = d} and

Q:(d) = (2 — @o) A(xo)(x — xo)dv(T; X0). (4.10)

‘/{z;p(wcz0)=d}
Note that by the Courant theorem on quadratic forms, (z — zo) A(xo)(x — o)/ || —

xo]|? < a*(Xo) = largest characteristic root of A(zo), so that we obtain that

Q1(d)/a(d) = O(d"), as d — 0.

For the conditional d.f. G(y|z)., we make similar expansion around xo and

obtain that for small ||z — @ol|,

Glylz) = G(ylzo) + (2 — 20)[(0/02)G(yl|x)]x,

+(1/2)(z — 2o)'B(o)(x — @o) + of||& — @ol[*), (4.11)

where B(zo) is the Hessian of G(y|&) with respect to & at zo. And let us also denote
by
C(xo) = [(8/02)G(y|)]z,[(0/02) f(2)],-
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From (4.4). (4.9) and (4.11), we have for small d,
fold;zo)Gp(ylxe,d) = f(zo)G(yl|To)a(d) + (1/2)G(y|x0)Q1(d)

+(1/2) f(20)Q2(d) + Q3(d) + o(Q1(d) + Q2(d) + Q3(d))

where Q,(d) and Q3(d) are defined as in (4.10) with A(zo) being replaced by B(zo)
and C(zg) respectively. Integrating over 0 < d < r, for small r, we have the average

conditional d.f.

Golylae) = {/ fo(d: 20)Cpl(y|zo, d) dd} {/ fold: zo) dd}

1
flzo)u(r) +(1/2)Q1(r) + o(Qi(r))

x [f(20)G(ylao)v(r) + (1/2)G(y|20)Q1(r)

+(1/2) f(20)@3(r) + Q3(r) + o(Q1(r))]
= G(ylzo) + {f(20)Q3(r) +2Q3(r)} / {2f(@o)v(r) + Q1(r)}

o((Q1(r))/v(r)),

where
v(r) = /O a(d)dd
and
Q(r) = /0 Q;(d)dd, j=1.2.3, for r>0.
Note that Q7(r) and v(r) all converges to 0 as r — 0, we may apply L'Hopital's rule

and obtain that as r — 0,
{f(20)@3(r) +2Q5(M} / {2f(@o)v(r) + QF(r)} = (r?/2)h(y. o) + o(r®).  (+.12)
Thus. for r — 0.
G, (ylzo) = Glylao) + (r?/2)h(y, @o) + o(r?). (4.13)
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In a similar manner, we have

g (ylzo) = g(ylzo) + (r?/2)h"(y, o) + 0(r?), as r — 0. (4.14)

In the case of vector-valued concomitant variates, the rate of r,, is depend on q.
the number of components. In this context, we may note that for the Euclidean norm.
corresponding to the value of d(> 0), the volume of the sphere {z; p(@.zo) = d} is
O(d?). for ¢ > 1. so that we have v(r) = O(r?) as r — 0. A similar order holds
for general norms. On the other hand. if we choose a nearest neighborhood of &,

members close to the point @g. then under (4.2), we have
n~'k, = O(r?) when k,/n — 0 as n — oo.

As such. if we let r,, ~n~*, for some A > 0, we may set

k, ~n'"%, as n — oo,

and this naturally put an upper bound for A, namely, 1/¢q. Moreover, the bias term
arising in the conditional quantile estimation, as can be dictated by (4.13). is O(r2).
so that the contribution of the bias term in the asymptotic mean square error of the
estimator is O(r?) = O(n~*"), while the variance term is O(k;1) = O(n®*1). Hence

we should select A in such a way that

1 —g) < 4X ie. A > 1/(g)),

so that
k, = O(n¥*) as n — cc.
If we choose k, = o(n*/(+9) the contribution of the bias term in the asymptotic

mean square error will be negligible, but the order of the mean square error will be

o(n~%/(4+9)) 5o that we have a somewhat slower rate of convergence.

-1
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4.2 Asymptotic properties of multivariate condi-

tional quantile through contiguity

In this section. we will extend the Bahadur type representation for conditional quan-

tile given by Gangopadhyay and Sen (1993) to multivariate case through contiguity.

Theorem 4.1 For k, lying in (kno, kn1) where kno = [an?/ @+, k,y = [bn/(a+1)]

and 0 < a < b < oc, as n incerases,

Enin(@o) = E(T0) = B(@)(n7kn)® + (kng(€(@o)|o))™

x Z[I (Y2 > &(@o)) — (1 — p)] + Ruk,- (4.15)

where
max{an,kn : knO < kn < knl} = O(n—s/(q+4) IOg n,)
and letting G(-) for G(y|xo) and Gp(-) for Gp(y|o,d), the Y are conditionally

independent r.v.’s defined by
Y. = G_IGD(YS' | Xs,), t=1,--+.n;

and 3(xo) = —h(E, o) {24F2(x0)g(€)} " where h(-,-) is in (4.12).

Note that the induced order statistics Ys,’s are conditionally independent given
A = (S, S,.- - ) with Y5, having conditional c.d.f. Gp, (-|&o) = Gp(:[®o. Ds,). Sup-
pose £, be the p-th quantile of the random c.d.f. Guly) = (1/k) T, Gp, (-|To) =
(1/k) Thoy Gri(-); ee,

Gri(&nk) = P,

then one can think of § as an estimator of £,x. The difference between G.x() and
G(-) of which € is the p-quantile gives rise to the bias term. as well as error of small
magnitude. The difference between G(-) and G(-) provides the empirical process.

which is the main feature of the Bahadur type representation.
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For every k(< n); let g.x and Qnx denote the joint conditional density and
distribution of Ys,,---,Ys,. given Xg,,---, Xg,. Using the conditional independence

of (Ys,.---,Ys,), we have
k k
guk () = [T 9pn, (-120) = T gni()
i=1 =1

and

k k
Qni(-) = [1 Gp., (-|x0) = _IZIGM(-).

=1

Now let Y2 ,-. Y2 beiid. r.v.’s with a density and d.f. g(y) and G(y). and let
k k
pai(-) = [[ 9(*) and Pux = [T G().
=1 =1
Thus. ¢nx is the true conditional density of (Ys,,--+,Ys,) given (Xs,,- . Xs,). while
pni and P,; stands for the joint density and distribution of an i.i.d. model. In this

set-up, we may have

Theorem 4.2 Let k = [tn*] for some M\(0 < A < 4/(¢q +4)) and for some t(0 < a <
t < b < oc). Then under [A1]-[A4], the densities gnx are contiguous to the densities

pnk a.€. (F)

Lemma 4.1 Let Wy, -+ Wy i.i.d. with distribution H, where k € I,(a.b). and let
n be the p-quantile of H, i.e. H(n) = p. Assume that the distribution H is twice
differentiable with H'(n) = h(n) > 0. Let an be a sequence of constants and that

a, ~n~ 2tV ]ogn. Then

Vo=  Jnax sup |(ﬂnk(w) - ﬂnk(n)) ~ (H(«) — H(n))|
€ln(ab) jw=n|<an

= O(n~3@* 1ogn) a.s.

where H,i(+) is the empirical distribution function of (Wy,--+ ,Wi).
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Proof: As in (Bahadur (1966)), choose b, = n'/(*%) and divide the interval [n —
an. 1M + an] into 2b, intervals Jok, = [0+ 1(an/bs), 7+ (1 — 1)(@n/bn)] = Takr: Tnkr1]-
forr=—=b,,---. b+ 1.

Thus for w € Jk.r,

V= Ve = max, =~ sup |Vak(w)]

max V, =
k€In(a.b) k€ln(ab) lw=n|<an

<
S ehiab) —basrss, (Vo (7 )| + K€ In(acb) —bn Sr b lanl,
where

Qnkr = |H(Tnk,r+1) - H(Tnk,r)|

< sup |H'(w)|n~¥*logn,

l‘-’-’"nlsan

for —b, <r <b,—1. Thus
MAaX MaX Qnk,r = O(n*#+ 9 Jogn).

Finally. using Bernstein’s inequality,

P(m]?xrnrax |Vak (Tnk,r )| > Mn=3(a+8) |og n)

IN

ZZP(IVnk(Tnk,T)I > Mn~3/(atd) log n)
P

IA

573 exp[-CM?logn]
kT
= 2(b— a)nexp[—CM?*logn],
for large constant C'. Thus
> P(ml?xmraxﬂ/;k(rnkvr)! > Mn=3/+]ogn) < o<.
for sufficiently large M, which completes the proof. &
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Lemma 4.2 Let For B > b/ f(zo) and for large n

P[D, rcararyy > 7~ /*B] < exp[—2n*/*(Bf(x0) — b)"].

Proof: Apply modified version of Lemma 2 of Bhattacharya and Mack (1987).

For B > b/ f(x) and sifficiently large n
P[Ya > 0100 /5(n) B] < exp[=2n"1¢*#*9/%(n) {Bf(z) — b}7].

put o = 4/(q + 4). - &

Lemma 4.3 k~1 5, D2, = {K f(20)}’ (k/n)? + Rni where

= -3/(g+4)
ks[,f%’iw |Rnk| = O(n ) a.s.

and

where u = Fp(d) and d = F5'(u) = g(u).

Proof: Apply Lemma 2 of Bhattacharya and Gangopadhyay (1988). In scalar case.

0 1 1

5u9ms = T+ D+ Flwo — Dlimo  2f(z0)’

max |R.(3)] = 0(n4/(q+4)-2) = O(n-(-4/(a+4)y,

k<nt/lat+4)p
And 3/(¢g+4) < 4/(g+4), 3/(g+4) <2-4/(¢+ 4) and (n=7/1%/Toglogn) ~
O(n~%/(a+4)), So we get Lemma 4.4. &

Lemma 4.4 Forr — 0,

G, (y|zo) = Glyl2o) + (r*/2)h(y. o) + r° R(y. o).

Proof: (4.13). O
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Lemma 4.5 For every B, there exist N and C such that in the sample space of in-

finite sequences {((d1,y1),(d2,y2),---) : di > 0, yi real}, D, asatae) < Bn~1/s

plies maxXker,(ap) |&nk — &l < Cn=2ta+9) for alln > N.

Corollary 4.1 For0<a<b

- n=2(at+4)
(Jhax €k — €] = Ofn ) as.

Lemma 4.6 For 0 < a,b.

- 2 = -3/(g+4)
kerﬁ(xb) |k — € = B()(k/n)7| = O(n™HTY) aus.,

where 3(€) = —h(€) {242 (x0)g(€)} " .

Lemma 4.7 Under [A1]-[A4],

D = max sup | {énk(z) - Gnk(fnk)} - {Enk(z) - ﬁnk({nk)} |

nn(8) |z~ gal an

= 0,(n"¥"*V logn).

m-

Proof: We have shown in lemma 1 that under p,; measure, D is O(n=%/(4*% log n)

a.s. Now. since g,x is contiguous to p,x (Theorem 4.2), under g.x measure. D; is

0,(n3/+Y Jog n).

Lemma 4.8 For a, = n~%/@+9]ogn,

P nk = " 0.
[ max, |6ue = &| > an i0]=

Now, lemma 4.7 and 4.8 implies

p— Gu(&nr) = Gk (Enk) — Gk (Enk) + B2

where

Rl = n-3/la+4) ] )
ker}},?xbl nkl P( ogn)
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But
Gruk(bnk) = Crk(Enk) = (€nk — &) T (Ene)-

where £, lies between £ni and &k and G(-) = (1/k) vk g(-|Xs,). Note that

x < c _ _
(Jnax, |€ax™ — €] < jpax, |€nk — Enk| + cax |€nk — €.

and hence by lemmas 4.6 and 4.8

* _ | = -2/(q+4)
(Jnax, [En £l =O0(n logn), a.s.

('onsequently, lemmas 4.3 and 4.5 imply

= *\ -2/(q+4)
(x| G (En™) — g(&)] + O(n logn), a.s.

Also. bv Hoeffding’s inequality we have
p— Gukl(bni) = O(n~H*ogn), as.

Thus. we have

k

ok = Enk + {kg(E)} " Y [1(Yni > &) — {1 = Gri )} + Rus

=1
where

-3/(g+4)
(Jnax, |Rok| + Op(n logn).

(4.16) can be expressed as

. k
ok = Enk + {kg(6)}7" Z[l(Y,;; > €) — (1= p)] + Rk,

(4.16)

(4.17)

where maxier, (a.p) | Rnk| = 0,(n~@ " logn) and Y, = G7'Gni(Yy:) and G(&) = p.

Now (4.17) along with lemma 4.7 completes the proof of Theorem 4.1.

We also have following asymptotic normalities for multivariate case. The fol-

lowing theorem is the extension of Theorem N2 by (Bhattacharya and Gangopadhyay

(1988)).
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Theorem 4.3 Let T, () = én'[n4/(q+4)t]. Then for any0 < a <t <b<oc,
{RHEIT, (1) — E(@o)] - B, a <t < b} 2 {ot'B(t), a <t < b}.
where 02 = p(1 — p)/g?(€).{B(t),t > 0} denote a standard Brownian motion for

q22.

Proof: From theorem 1.1, we have

) 1 — [nt/at+4)y]
na+4)(§ — g) = 32 ~2a=D/(a+4) = J%(O—p)t-ln—ﬂ(q“’ Y Wi+ R(t).
i=1

where
W) -(-p) .,

W = 1< <
VP(1 = p)

are iid with mean 0 and variance 1 for each n and R(t) = 0,(1). Thus we have. with
o =/p(1 —p)/g(£),
[nt/(a+4)4]

n2/(q+4)(£ _ é) _ /3t2n—2(9—1)/(Q+4) — o,t—ln—2/(q+4) Z w,rnl_ + Op(].).

i=1

uniformly in a < t < b. Now theorem 1, page 452 of Gikhman and Skorokhod (1969)
to see that {n=%/(a+4) 2[14/(q+4)t] W,i, a<t<b} LA {B(t), a <t < b}. This proves

the theorem. O

It is shown that if for some § > 0, k, = O(n*/>~%), then the bootstrap method
proposed by Sen and Gangopadhyay (1990) works out neatly and the leading bias
term may be eliminated in the univariate case. We extend their bootstrap method
with k, = O(n*/(4*+9-%) for some § > 0 in the multivariate case. A bootstrap sample

(Y7.---.Yx%) is obtained from the empirical d.f. Gnr defined by (4.1). Thus. given

n

the induced order statistics (Yp1,---,Ynk), the Y% are conditionally i.i.d.r.v. with

the d.f. Gn. Let G, be the bootrap sample d.f. (based on Y5 ---. Y5 ). Then the

bootrap estimator is

€2, = [kp]-th order statistic of Y;5y,---, ¥ 3

= inf{y: GL(y) > k™ [kp]}.
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The following two theorems can be proven without major changes to their original

ones.

Theorem 4.4 Under [A1] and [A2], for any k € I.(a,b) = {k : ko = [an*/(e¥9)7%° <
k< [bn*/at9-8) =k}, 0<a<b< oo, asn — oo,

R . k
Exp = bun = {hg(&)) T AUV > &) = (1= p)} + B3

where

Ynoi. = G—lénk(y?;)’ i=1,---,k
are i.i.d.r.v. with d.f. G(-) and as n — o0

= O(n~ ¥+ V32 0g n)  a.s..

max }R:ﬁc
k€ ln(a,b)

Theorem 4.5 Under the hypothesis of Theorem 4.4, asn — n

{n2/(q+4)_6(6;'[m4/(q+4) 26) fn [tn4/(¢1+4)—26] te [a b]}

D C1ga—
2 {p(1 =)} {g(O)} Tt B(), t € [a. ]}
Hence. for each t
n?/(at4)- (é [tnt/(a+4)=26] fn J[tnt/ (et 26]) A N(0,t" P )/9
One can generate a set of M bootstrap samples and from each one. compute
the bootstrap estimates, and then use the empirical quantile (for the é;k — énk) to set

the desired confidence interval for &. The asymptotic properties of such bootstrap

intervals would then follow from Theorems 4.4 and 4.5.

4.3 Conditional Independence and Contiguity

In this section. we discuss the conditional independence of Ys,'s and contiguity for

proving theorem 2.
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Lemma 4.9 Under the continuity assumption of Fp(d; &o), the marginal distribution
of D. for every n and almost all (Dy,---,D,), Ys,,---,Ys, are conditionally inde-
pendent given Xs,,---, X s, with conditional cdf’s Gpg (+|®0)," -, Gps, (-|T0) respec-

n

tively.

Proof: (Lemma 1 of Bhattachatya (1974)) For any d, = (di,---.d,) no two
coordinates of which are equal, let Sy = S;q, be the antirank as defined .e-
fore. By the continuity assumption, Syp,, k = 1,---,n are deﬁnea a.s. and
D, = DSan. Yoo = YSk.Dn’ k = 1,---,n. Hence the conditional joint cdf
of Y,1.--- .Y, given Xg,, -+, X5, is the same as the conditional joint cdf of
Ysan, k=1,---.n, given Xs,, k =1,---,n, which is easily seen to be the prod-
uct [Tio; Gps (+|@o) = 1%, Gp,, due to the independence of ¥; and D; for every
i#j=1.---.n &

Consider a sequence {pn, ¢, } of simple hypothesis p, and simple alternatives g,

defined on measure spaces (X, An, tn), n > 1, respectively.

Definition 4.1 If for any sequence of events {A,}, An € An,
[Pr(An) — 0] = [@Qn(As) — 0]

holds. we says that the densities q, are contiguous to the densities p,, where dP, =

Prditn. dQn = gndun,.

Contiguity implies that any sequence of random variables converging to zero in

P, —probability converges to zero in @, —probability, n — oo.

Let us denote by gp,,(y|xo) = gni(y) and Gp,,(y|®e). Also for every k(< n);
let g+ and Q. denote the joint conditional density and distribution of Y5 ,---.¥5,.
given Xs,.---.Xs,. Using the conditional independence of (Y5, ,---.Ys,). we have

k

k
an H gDn, lmO H gni(')

=1
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and

k k
Qni() = [I Gpn. (-®0) = I_IGni(')'

=1

Now let YJ -, Y3 be iid. r.v.’s with a density and d.f. g(y) and G(y). and let

k
k() = Hg() and P = HG()

=1 =1
Thus, g.x is the true conditional density of (Ys,, -, Ys,) given (X5, -, X5, ), while

pnx and P,; stands for the joint density and distribution of an i.i.d. model.
The following regularity conditions are assumed:

[A1] Let F(z). @ € R’ be the joint d.f. of the covariate X. We assume that F

admits an absolutely continuous (g-variate) density function f(z). € R?. such that
f(x) >0, for every x € C,

and f'(z) = (8/dz)(f(x)) exists in a neighboorhod of &o. Moreover, there exist

positive and finite numbers e, K, and a, such that ||z — || < € implies that
1 (z) = f(x")]| < Kollz —="||.

[A2] Conditional distribution of Y; given X; = ®o, by g(y|eo) and assume that
G(-) has a continuous density g(y|®o) for almost all (y,xo). And (0/0z)g(y|®) and
(0?/8xdx')g(y|x) exist in a neighborhood of zo.

[A3] We assume that there exist ¢ > 0 and a > 0 and some Lebesgue measurable

functions ul(y) and uj(y), such that for all r <,
1(8/0r%)g: (yl2o)| < ui(y)
1(8/0r%)g-(ylzo) — {(8/0r*)g-(ylwo)lemo} | < u3(y)-
[A4] There exists € > 0 such that
I(yleo. ) = EI{(8/9R?) log gr(Yzo)} |B =] < o,
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uniformlyinr : 0 < r < e.

Let £(A.B) be a set of continuous linear transformations from a topological
vector space A to another B, and let C be a class of compact subset of A such that
every subset consisting of a single point belongs to C. For G € A and for every

H € K € C, we assume that
T(H)=T(G+(H-G))=T(G) + / T\(G;y,®0)d[H(y) — G(y)] + Ru(G: G — H).

where G(-) = G(-|zo) and for any sequence Hy € K € C such that ||Hy — G|| —
0. |Ry(G:H—G) = o(||Hx—Gl||), uniformly in Hy € K; and ||-|| stands for the “sup-
norm”. We may refer to Clarke (1986) and Fernholz (1983) for a detailed discussion
in this context. This relates to the so called first order Hadamard-differentiability of
T(-) at G. and T1(G:y.xo) is called the first order compact (or Hadamard) derivative

of T(-) at G; it is normalized that
/TI(G;y,:co)dG(ylzo) =0 (a.a. xo).
Similarly. if we assume that

T(H) = T(G)+ [ Ti(Giy.za)d[H(y) - G)

+1/2) [ [ TGiw, v 2o)d[H(y) - GIHE) ~ G
R)(G:H -G), YVHe KeC,
where for any sequence Hy € K € C such that ||Hx — G|| — 0 and
|Rs(G: Hy — G)|| = o(||H — GI|*). uniformly in Hy € K.

then T(-) is second order Hadamard differentiable at G and I5(G:y.y'.®o) is the

second order compact (or Hadamard) derivative of T'(-) at G. We may set

T:(G:y.y" ®o) = T2(G; y', y, To),
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/Tg(G;y,y',zo)dG(y’) 0= /TQ(G;y,y',zo)dG(y) (a.e.).
[B1] There exist ¢ > 0, a >0 and A < oo such that uniformly in (0 < r <€),
| [ T1(Gs . 20) {(9/0r)gr(vlo) } dy| < 4
| [ T1(Gsy.20) {(8/3r)g-(vlo) } dy

~ [ TGy 20) {(8/6r")gp(vlzo) =0} du| < Ar.

Lemma 4.10 (a) under [A1], [A2] and [B1], we have
g-(yl@o) = g(ylzo) + r’a(y, o) + 7 R(y, 7. @0),
where
qly.2o) = (8/0r*)g:(yl=o)| _, -

and
R(y.r,20) = (8/0r)gr(ylzo)| . — (8/0r*)g:(ylo)| _, -
for some = between 0 and r. Moreover, there exists € > 0 and M(0 < M < <) such

that uniformly for all 7(0 < r < €) for some a > 0

1/ Ti(G;y, 20)q(y, To)dz

< Mre. (1.19)

’/ Ty(G:y,z0)R(y, r, To)dz

(b) If in addition, we assume [A3], then for 0 <1 <

/ q(y:xo)dy = 0

-0

and
/°° R(y,r,zo)dy = 0.

—0o0
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Proof: Same as the proof of Lemma 3. O

Now, we define

Gnk/Pnk if Pk >0
Lok=141 if pok =gk =0
0 if prk =0 < g
Then along with fashon of LeCam’s first lemma (see, e.g. Hajek and Sidak (1967).
page 203-204), we shall prove the following; |

Lemma 4.11 log L, is asymptotically normal (—1/2d?,d?), so that the densities qnx

are contiguous to the densities pn.

For this purpose, first note that

k
log Lok = Zlog[gni(yni)/g(yni)]- (4.20)

=1

In the next lemma we will show that the summands in (4.20) are uniformly asymp-

totically negligible (UAN).

Lemma 4.12 Assume [A1]-[A4]. Then under pnk,

lim max P [[{gni(Yni/g(Yni)} — 1| > €] =0.

n—cc 1<i<k
Proof: By Chebychev’s inequality
P [[{gni(Yni/9(Yni)} = 1] > €] < E[{gni(Yni/9(Yai)} — 17 /€.
But

E [{gni(Yni/g(Yei)} — 1]°
= Dii[/{qz(t,zo)/g(y)}dy +/{/R2(y,Dm.zo)/g(y)} dy
+'2/{q(y-zo)R(y,Dm,:co)/g(y)}dy]

=0(1).©
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From this point, we restrict ourselves to the case A = 4/(¢ + 4). At the end of

this section, we will indicate how the proof can be modified when A > 4/(q + 4).

Lemma 4.13 Let

k—'-Z{[gm m /g m ]l/2 1}

Assume [A1]-[A4] hold and the statistics Wy are asymptotically normal (—1/2d*. d*)

under pui. then under pni
lim P (}log Lo —Whe + 1/4d2‘ > e) =0, for every e > 0.

n—oC

and log L is asymptotically normal (—1/2d?,d?).

Proof: Since the UAN condition is satisfied by lemma 2.4, the result follows from
O

LeCam’s second lemma.

Lemma 4.14 Assume [A1]-[A4] hold. Then under pux,
E(Wne) — —(1/4)d*

where d? = {80f*(z0)} " t 2% {a%(y,%0)/9(y)} dy.
Proof: Denote
s(yld?) = [galylao)]'/?

and

s(y) = s(y]0) = [g(y=o)]"/%.

So under pnx

k 2
E(Wa) = 2% J {swin2)/s)} = 1] *w)dy

k
= Z:/{Z s(y|D%)s(y) — 25%(y) } dy
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—Z/ )+ s*(y| D) — 2s(y)s(y| D7) dy

- —ZD J{(sw1020 ~ )’ 103} ay

k 2
= -y 0i [{@redswia), | a
=1 n
where 0 < d%, < Dy, ;1 =1,2,--- k.

Note that for some € > 0, by assumption [A4]

Ao g2 2 1 2 2 1
[{10d)stu1)} ay = 5 [ {(9/0¢") log gulylzo)}” ga(ylmoldy = 51 (ylo.d) < ox.
uniformly for all d(0 < d < €). Also,

(9/0d?)s(yld)|,_, = (1/2) {a(y, z0)/(9(y120))"/*} .

So,

tim [ {(@/0d)s01d)],, } dv = [ {(@0)stuld)],_,}" @

= (1/4) [ {4*(s, %) 9(y1a) } dy.

uniformly i (=1,2,---,k).

Finally, let U,y < --- < U,, denote the order statistics of a random sample
([7y.-+-.Uy) of size n from the uniform distribution on (0.1). Then Dy; = h(l%:).
where h = Fp'. It can cbe seen easily that under assumption [A1] the following is

true:

(i) h(u) = Fp'(u) is defined for 0 < u < ¢ for some ¢ > 0 as a unique solution of

FD"1 = u.
(i1) A'(u) is continuous at 0.
(ifi) h(0) = A"(0) = 0, K'(0) = {2f(20)} .
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Let F} denote the empirical distribution of Uy, -, Uy; then

F 1in S/ (a+4)

i, s — G/ n 1)
< max |Up; — (]/tn“/(”“))‘ + max ‘ (7/(tn®@+y — ( /tn®/ q+4))'

1<5<k

tnd/(a+4)
- lrglax Unj — F{ (unj)| + |1 - ey pre))
"

< sup [F{(w) — u + (1 - n-t/10¥0)

O<u<l

= Op(n_w(q“)).

So,
Uy = (/tn® )t 4 0y (n=?/0¥4), for all ;.

By lemma 3.1 and (iii)

k k
Y Dno= L {h(U) —Z{h (0)Uni + {A'(3Uni) = H(0)} Dui}" (4:21)
k
= 2 UnAW(0) +op(1)}

= Z[ ; +0p(1

Substituting (4.3) in (4.21), we have

k k
S DY = (2f(%0))” Z]/tns/(”“ )+ 0,(1)
1=1 =1
tn4/(q+4)
= (2f(zo)) ™" {n—“/‘“‘“ 3o (/e 4 0,(1)
i=1

t

— (2f(:c0)t)‘4/ s'ds
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{807%(z0)} "

So. we have

E(Wne) — —(1/4)d”

where

d* = {80f“(:vo)}_1 t/_:oo {¢*(y,20)/9(y)} dy.

Lemma 4.15 Define
k
Vaw = 3 Dri {g(Yais @o) /g(Yri)} -
Assume [A1]-[A4]. Then under pni

Var(Woe — Vo) — 0.

Proof: Under p

7 - - _ k S(Yniani 2 Q(Ym 20)
‘a?"(”nk—‘/nk) = 4;‘/07‘ [—S(m-—l—(l/Q)D -—g(}—m—j—jl
k 2
< 4 E S(Ym"Dm' - S Y D2 q(}m :Bo)jl
- ; [ S(Yni) ( / ) g(}m)

IN

k
432D [ [{(s(¥l D) = s(¥))/ DY }

2){q(y.20)/(9())"*}]" du

k 2
< 4304 [ [0aestulal], - (1/2){aty-zo)/19()"}] dy

where 0 < d%, < Do 1 =1,2,---,k. So we conclude that the last integral converges

to 0 uniformly for all 7 = 1,2,--- k. O
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Proof of the theorem 4.2 : Note that under pp,

k k
E(Var) = 3_ Dy, / {a(y.=0)/9(y)} g(y)dy = ZDii/q(y.:co)dy =0,

and similarly under pni.

k
E(Va) = Y. Di [{alv.zo)/g(s)}dy

-1

= {[poren)]) " t+ o) [ Haly 2ol /sw)} dy

— d2.
So. it follows

Vi — N(0,d?).
Now. under p.x
E [Wak = Vo + (1 /4)d?] — 0.

And

E[log Low — Ve + (1/2)d2] — 0.

Now. we consider the case when k = [tn*] for 0 < A < 4/(¢ +4). By lemma
3.1. we have %, D2, = 0,(1).50,E(Wri) — 0 (i.e., d? = 0). So it follows easily that
under pnx

log L,x — 0 in probability.

Hence. the LeCam first lemma holds through the degenerate normal law. This com-

pletes the proof.

4.4 Multiple conditional quantile process

In the multiple multivariate setting (i.e., we have [ X 1 response vector Y,;. and
g x 1 vector of covariates X; for i-th subject), then we need a extension of map-

ping (X;,Y;) — (Z;..Y;). Consider the transformation (X;,Y;) — (Zi.Y;) where
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D; = p(Xi.zo). Let D,y < --- < Dy, be the order statistic corresponding to
Dy.---.D,. Let Yy, -+, Y be the induced order statistics. (i.e., Y,; = Y; if
Zni = Zj, for j = 1,---,n.) To define &, 7(Y|®o), we need a multivariate empir-
ical d.f. and corresponding conditional quantile. The :-th element of multivariate

empirical d.f. and corresponding k — NN estimator of the conditional quantile are
=k 21 Y <y), ye R

and

£8) = inf{y : GY)(y) = k7' [kp]}.

where 1(Y < y),is 1 if Y < y, 0 otherwise and ¢ = 1,---,1. So [ x 1 multivariate

k — NN estimator of the conditional quintile is defined by
. : ]
& = (G- &)

énk has component-wise asymptotic normality. But to derive the joint normality for
énk. we need to consider the multivariate conditional quantile process which remains
as a future study. An estimator of p can be obtained by the marginal approach: let
1) be the j-the component of # for j = 1,---,¢q. And the j-th the component of g

can be obtained by

o
(]
—

inf {sup p(m,r (|29, mys(-]z) 4 ul ))} forj=1,- (4.2

”’(J\ I(])

And po = (2. L ).
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Chapter 5

Numerical Examples

5.1 Introduction

In this chapter. we demonstrate numerical examples of our work. We use p = 1/2.
the median of the response. The following is the summary of the paper by The ARIC
Investigators (1989). Atherosclerosis Risk in Communities (ARIC) is a prospective
investigation of the etiology and natural history of atherosclerosis and the etiology of
clinical atherosclerotic disease in four US communities. In each of four US communi-
ties (Forsyth County, North Carolina; Jackson, Mississippi; suburbs of Minneapolis
Minnesota: and Washington County, Maryland) 4,000 adults aged 15-64 years are ex-
amined twice three vears apart. Examinations include ultrasound scanning of caiotid
artery. In this example, we separately studied the black female and the white fe-
male groups. The black female data included the participants with second visits from
all four communities; the white female data included the participants with second
visits from Forsyth County, North Carolina. The response variable is the average
carotid artery far wall thickness(WT) scanned by Beta-mode ultrasound equipment
in mm. The explanatory variable is Body Mass Index (BMI) which is defined by
weight /height? (Kg/m?). The group variable for black females is the hypertension
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medicine history which is one if the participant has taken hypertension lowering med-
ication in past two weeks, zero otherwise. The group variable for white females is the
smoking status which is zero if the participant is (was) not a smoker. one if the par-
ticipant is a current or former smoker. The main interest is to test the bioequivalence
of the carotid artery far wall thickness between the two groups and to estimate the

relative potency.

5.2 ARIC Black females

Since the group variable is the use of the hypertension lowering medication for black
females. the participants were classified as hypertensive or not. In turn. the use of
the hypertensive medicine is determined by the exhibition of hypertension symptoms.
The black female data has sample size 623 and 735 for the hypertension and the

normotension groups, respectively.

5.2.1 Inferences at a given point of z

Table 5.1 shows the results of estimating the conditional median carotid artery
far wall thickness conditioned on the mean BMI of the blacks (30.162 Kg/m?). All
the variance estimators are calculated by the bootstrap method of 200 iterations.
The 6NN estimator is shown to be asymptotically unbiased, but it has a much larger
variance than the NN estimator does. The 95 % confidence interval of the difference
between two medians of the §NN estimators includes zero; therefore. we cannot say
that‘ the conditional medians are different between the hypertension and the nor-
motension groups by 95% significance level. The next two lines show the inference
on the ratio. The lower and upper bounds of the 95% C.I. of the ratio by Fieller’s
theorem are not in the range of + 20 %. From the viewpoint of bioequivalence. the

bioequivalence is not acceptable based on the C.I. of the ratio. Estimated variances
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Table 5.1: Estimated conditional median carotid artery far wall thickness (mm) con-

ditioned on BMI=30.162 Kg/m? (black females)

Normotension Hypertension
n 623 735
kl= nt/5-% 90 101
§NN 3 0.62965 0.66521
& 0.01553 0.02406
95% C.1. (0.59921,0.66009) | (0.61805,0.71237)
95% C.1. of the diff. (-0.02057,0.09169)
ratio 1.06
Fieller’s C.1.(95%) (0.53,1.96)
k, = ni/® 172 196
NN £, 0.64124 0.68388
& 0.006596 0.006399
& — & 0.01159 0.01867
NBC | bias correction on n 0.00958 0.01207
95% C.1. (0.61878,0.64454) | (0.65927.0.68135)
95% C.1. of the diff. (0.02214,0.05816)
ratio 1.06
Fieller’s C.1.(95%) (0.75.1.52)
KBC | bias correction on ki, 0.01870 0.01098
95% C.1. (0.60961.0.63547) | (0.66036.0.68511)
95% C.1. of the diff. (0.03235,0.06837)
ratio 1.08
Fieller’s C.1.(95%) (0.76.1.55)
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Table 5.2: Jackknife bias correction on k, sample (black females)

Normotension | Hypertension

p |k, =n*5=172 | k, = n%/5= 196
0.90 0.00000 0.00000
0.80 0.01981 -0.00133
0.70 0.01527 -0.02294
0.60 0.01811 -0.00075
0.50 0.01823 0.01404
0.40 0.01589 0.02483
0.30 0.02055 0.02292
0.20 0.01424 0.02173
0.10 0.02731 0.02896
mean 0.01870 0.01098

from the NN method are much smaller, but the median estimators are theoretically
biased. The differences between the NN and the NN estimator for the hypertension
and the normotension groups are 0.01159 and 0.01867. Jackknife bias corrections
(KBC (bias correction on the k, samples) and NBC (bias correction on the whole
n data)) were employed. Tables 5.2 and 5.3 show the estimated bias correction in
terms of p (sub-sampling rate). There is no standard way to choose a particular p.
so we tried several possible cases and used the mean for our correction. Using the
KBC n.ethod. we do not need to sort the data for every p: however. using the NBC
method. the data does need to be sorted for every subsample. since the subsamples
are changing for each different p. Therefore. computationally KBC is less intensive
than NBC. but the estimated bias from the NBC approach looks more stable than
the bias from KBC. The 95% C.I.’s of the differences between the two medians do

not include zero for both bias correction methods. Therefore. the results of the NN
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Table 5.3: Jackknife bias correction on the whole n data (black females)

Normotension Hypertensi on
n =623 n =735
# of gps D | kpn bias pn | kpn bias
10 0.1000 | 62.3 | 27 |0.02517 | 72.3 | 31 | 0.01740
9 0.1111 | 69.2 | 30 | 0.00402 | 80.3 | 33 | 0.01586
8 0.1250 | 77.9 | 33 | 0.01081 | 90.3 | 37 | 0.00702
7 0.1429 | 89.0 | 36 | 0.00757 | 103.3 | 41 | 0.02390
6 0.1667 | 103.8 | 41 | 0.00449 | 120.5 | 46 | 0.00536
5 0.2000 | 124.6 | 48 | 0.01069 | 144.6 | 53 | 0.00793
4 0.2500 { 155.8 | 57 | 0.00432 | 180.8 | 64 | 0.00655
mean 0.00958 0.01207

method with bias correction show that the median carotid artery far wall thickness of
hypertensive patients is significantly thicker than that of normotensive people after
adjusting for BMI. The Fieller’s C.L’s of both the éNN and the NN methods are
somewhat larger than + 20%; the bioequivalence is not acceptable from the results.

If we increase the sample size, we may be able to conclude the bioequivalence.

5.2.2 Inferences for the processes

To test the bioequivalence between the two groups and to estimate the relative

potency. we assume the bioequivalence model (parallelism of the two response curves)
which is:

Ho: T(z)—€(z+pu)=0forallz € X" (3.1)

We need to check the parallelism before doing any statistical inferences based on the

assumption (3.1). Figure 5.1 shows the estimated conditional median curves over
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Figure 5.1: Estimated conditional median carotid artery far wall thickness (mm)

conditioned on BMI (Kg/m?) for two groups, u = 0 (black females)

BMI. and we decided that there is no violation of the parallelism. WT curve of the
hvpertension group is greater than that of the normotension group for all BMI's. To

estimate y, we discussed the mini-max rule in chapter 1. Figure 5.2 shows

—
(1]
(S

—

sup [¢7(z) — &3 (2 + )|
T€X

as a function of p. From the figure, we estimate g is 10 which minimizes (5.2). i.e. the
WT curve of hypertension patients is shifted to the left by 10 units of BMI compared

to the WT curve of the normotension group.
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Figure 5.2: sup,cy €T (z) — £5(z 4 p)| vs. p (black females)

To test (5.1) when g = 10, as we discussed in section 2.6.
rd aS D ©
k)€, (2) = €. (x + p)] = Nm(0.5).
for = (z1.---.Tm) as n — oc. We reject Ho if

0=k [E2)-Ele+w] 5 [El@) - Ela+w)] > n1-0) 63

.5(

S . . 5T C . .
where ¥, is the variance matrix of [&n(a:) —-& (z+ u)] which is asymptotically a

diagonal matrix. where \?(m,1 — a) is the upper a percentile from \? distribution
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Figure 5.3: Estimated conditional median carotid artery far wall thickness (mm)
conditioned on BMI (Kg/m?) for two groups, ¢ = 10 (estimated relative potency)
(black females)

with m d.f. Therefore, we employ the following
Qu=Y_(&r(z:) = &z + u))57", (5.4)
=1
where
Gii = Var(€L (x:) — £ (zi + ).
We use &' = (15.20.25,30.35,40,45) with 200 bootstrap iterations to estimate T,
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and ;. We have Q = 20.36 with p-value 0.005 and @4 = 18.87 with p = 0.009.
Therefore, we reject the hypothesis (5.1) which means the difference between the
two WT curves are statistically significant. The difference @ — Q4 = 1.30 can be
interpreted as the increase of the x? due to the non-zero off-diagonal elements in <.
Since Q — Qg is small, we can say that the independence assumption of the conditional

quantile over € X is not violated.

The difference of the mean WT’s between the two groups is 0.04974. We sub-
tract the difference from the hypertension group and apply the test again. The values
Q = 5.88 with p = 0.55 and Q4 = 5.56 with p = 0.59 were obtained. Our conclusions
are as follows: 1) the WT curve of the hypertension group is significantly higher
than that of the normotension group for the entire range of BMI, 2) but hypertension

effect-adjusted WT curves are equivalent for the two groups; WT curves have the

same shape for the two groups.

5.3 ARIC White females

Using white females, we compared the two conditional median WT curves for the
smokers and the non-smokers conditioned on BMI and evaluated the bioequivalence

between the two curves.

5.3.1 Statistical inferences

Since Tables 5.4 to 5.6 show the similar results as the black females. we omit the
details of interpretations for these tables. From Figure 5.4, we estimate y as zero,

and Figure 5.5 shows the median curves for smokers and non-smokers.

We notice two things from Figure 5.5 . First, the curves cross. clearly. the

parallel assumption is violated where BMI is approximately 17. Furthermore. the
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Table 5.4: Estimated conditional median carotid artery far wall thickness (mm) con-

ditioned on BMI=25.173 Kg/m? (white females)

Non Smoker Smoker
n 651 679
k, = n%/5-2 93 96
§NN £ 0.61823 0.63371
& 0.01694 0.01315
95% C.IL (0.58503.0.65143) | (0.60793.0.65947)
95% C.I. of the diff. (-0.02655,0.05751)
ratio 1.03
Fieller's C.1.(95%) (0.59.1.88)
k, = n*/® 178 184
NN £ 0.61518 0.62432
& 0.004833 0.004388
£, — & -0.00305 -0.00939
KBC | bias correction on k, -0.00485 -0.00713
95%C.I. (0.61056.0.62950) | (0.62285.0.64005)
95% C.I. of the diff. (-0.00137.0.02422)
ratio 1.02
Fieller's C.1.(95%) (0.75,1.39)
NBC | bias correction on n -0.00865 -0.00430
95%C.I. (0.61436.0.63300) | (0.62002.0.63722)
95% C.I. of the diff. (-0.00800.,0.01759)
ratio 1.01
Fieller's C.1.(95%) (0.74.1.37)

106



Table 5.5: Jackknife bias correction on k, sample (white females)

Non Smoker Smoker
p | kn = n¥P=178 | k, = n?/°= 184

0.95 0.0000 -0.01036
0.90 0.00000 -0.00532
0.80 0.00000 -0.00281
0.70 -0.00571 -0.00193
0.60 -0.00477 -0.00158
0.50 -0.00407 -0.02070
mean -0.00485 -0.00713

Table 5.6: Jackknife bias correction on the whole n data (white females)

Non Smoker Smoker
n =651 n =679
# of gps P | kpn bias | kpn bias
10 0.1000 | 65.1 | 28 | -0.01040 | 67.9 | 29 | -0.00519
9 0.1111 | 72.3 | 31 |-0.01210 | 75.4 | 32 |-0.00359
8 0.1250 | 81.4 | 34 |-0.00993 | 84.8 | 35 |-0.00698
T 0.1429 | 93.0 | 38 | -0.00549 | 97.0 | 39 | -0.00337

6 0.1667 | 108.5 | 42 | -0.00697 | 113.5 | 4+ | 0.00193
0.2000 | 130.2 | 49 | -0.00675 | 135.8 | 51 |-0.00339

4 0.2500 | 162.8 | 59 | -0.00891 | 169.8 | 61 | -0.00902
mean -0.00958 -0.01207

()]
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Figure 5.4: sup_cy €T () — £5(x + p)| vs. p (white females)

curves are flat for large values of BMI, say, greater than 40. These two issues are
related to the k, samples for given BMI; BMI has a bell-shape distribution. Therefore.
the data points are dense in the middle of the range and sparse at both ends. To
calculate the conditional median conditioned on BMI=10 for non-smokers. the range
of k, sample is (16.6.21.1). To calculate the conditional median at BMI=10. we use
the data where the BMI range does not cover the point of BMI=10. Consequently.
we have too few data points at these extreme points, and the inferences at these

points reflect the trend for the mid-ranged data points. Table 5.7 shows the BMI
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Figure 5.5: Estimated conditional median carotid artery far wall thickness (mm)

conditioned on BMI (Kg/m?) for two groups: g = 0 (white females)

ranges for k, samples at each given point of BMI. And Figure 5.6 is the diagram for
the Table 5.7. Ideally, the ranges should be exclusive, which is true in the middle of
the range. If the ranges are exclusive, then the asymptotic independence theory will
work well. In Figure 5.6, BMI ranges for BMI=10 and 15 and the same and the range

for BMI=40. 45 and 50 are the same. We conclude that we cannot make statistical
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inferences for those points due to the lack of data. We restrict our analysis for BMI

bigger than or equal to 20 and less than or equal to 35.

From Figure 5.5, the WT curve of the smoking group is higher than that of
the non-smoking group. The difference is small for thin people, but the difference for
heavy people is much larger. Moreover, WT increases as BMI increases for the two
groups. Figure 5.4 shows the sup,cy |£T($) - és(r + p)| vs. p. Our estimator of the
relative potency is zero. We use ¢ = (20, 22.5, 25, 27.5, 30, 32.5, 35) for the test of the
fundamental assumption, and obtain @ = 2.74 with p = 0.91 and Qd = 2.73 with

p = 0.91.

Our conclusions of the 2nd example are these: 1) WT increases as BMI increases
for the smokers and the non-smokers, 2) WT of the smoking group is higher than that
of the non-smoking group. 3) the difference of WT between the two groups is larger for
heavy people than for thin people, 4) but the difference in WT between the smokers

and non-smokers is not statistically significant.
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Table 5.7: BMI range of k, sample at each point of BMI (white females)

given BMI(= Non Smoker | Smoker
10 (16.6,21.1) | (13.7,20.7)
15 (16.6,21.1) | (13.7,20.7)
20 (18.6,21.4) | (19.0,21.1)
22.5 (21.8,23.2) | (21.9,23.1)
25 (24.3,.25.7) | (24.2,25.9)
30 (28.1,31.9) | (28.0,32.0)
35 (30.0,39.5) | (29.3.40.1)
40 (30.2,48.3) | (29.5,43.6)
45 (30.2.48.3) | (29.5,43.6)
50 (30.2,48.3) | (29.5.43.6)
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Chapter 6

Summary and further research

In this paper. we propose a conditional quantile process by using the k-NN estimator.
We have shown that our process is asymptotically a Gaussian process which is fully
characterized by pointwise asymptotic normality and covariance structures for only
shrinking neighborhood of fixed points. A Kolmogorov type estimator of the relative
potency was proposed. We have the same asymptotic normality of the conditional
quantile under the small measurement errors. The difference of the quantiles between
the two cdf's (one without measurement error and one with measurement error) is
the order of O(||€||?) under the uniform measurement error (U'(—¢,€)). We expanded
our results to the multivariate case by contiguity arguments. Finally. we applied our

method to ARIC data.

We have several questions which may become future research topics. There may
be more than two responses in which we need to consider the correlation structure
among the responses. We may want to estimate the effect of measurement errors on
the quantile which was shown to be the order of O(lle[|*). To test the fundamental
assumption. we can try to obtain the distribution of sup,¢y WT(x) — W3 x + )|
which would make our test of the fundamental assumption of the bioequivalence

models very simple. The Kolmogorov type estimator of the relative potency may
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possess some appealing properties such as asymptotic normality or consistency. One
interesting question is how to select k-NN samples for the processes. In this paper. we
select r’s by the same increment over the range of interest. We may select exclusive
samples to guarantee independence among them. or we may allow some dependency

by selecting not totally exclusive samples.
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