
ABSTRACT 

ATAY , STEFAN MARK. Energetics, Dynamics and Control of Multirotor, Rolling-Flying, 

Mobile Robots. (Under the direction of Dr. Matthew Bryant and Dr. Gregory Buckner). 

 

Multirotor-based mobile robots have been a focus of research due to their proven utility across 

various sectors, from industrial and military use to consumer recreation. A critical shortcoming of 

multirotor vehicles is their high power-consumption and short endurance. To address this, some 

researchers have begun to complement multirotor vehicles with an efficient rolling mechanism. 

The result is a bi-modal, rolling-flying vehicle that combines the mobility and maneuverability of 

multirotor flight with the efficiency of rolling locomotion. Such vehicles are ideal for long-

endurance exploratory operations in difficult and unknown terrain, such as search-and-rescue 

operations or military reconnaissance. Despite the promise of the multirotor rolling-flying vehicle 

(RFV) architecture, few researchers have gone beyond simply attaching a rolling mechanism to an 

off-the-shelf quadrotor and using standard quadrotor flight control and control allocation methods 

during terrestrial operation. The result is sub-optimal performance, both with regards to energetics 

and mobility. To address this gap, this dissertation presents a multi-disciplinary analysis of two 

types of multirotor rolling-flying vehicles along with several algorithms specifically designed for 

their efficient operation and control.  

First, a multi-physics energetics model reveals how the RFVôs non-standard architecture can be 

leveraged to optimize its terrestrial locomotion for minimum power consumption or maximum 

range. The energetics model uses blade element momentum theory and an electromechanical 

motor model to predict the electrical power consumption and range of the vehicle. Analysis 

demonstrates that rolling locomotion provides an additional degree of control which permits 

optimizing the vehicleôs operation.  

Controlled operation of the RFV is necessary to implement any optimization strategy. Therefore, 

an accurate dynamic model of the two-wheeled RFV (WRFV) is developed to inform control 

system design. Variational mechanics is used to develop a six degree-of-freedom dynamic model 

of the WRFV subject to kinematic rolling constraints and various non-conservative forces. A 

hardware embodiment of the WRFV is constructed, from which empirical motion data is obtained 

via odometry and inertial sensing. A numerical simulation of the dynamic model is executed which 

accurately predicts complex dynamic phenomena observed in the empirical data, such as 



gravitational and gyroscopic nonlinearities; the comparison of simulation results to empirical data 

validates the dynamic model.  

The WRFVôs dynamic model is the basis for a nonlinear, multi-input-multi-output, sliding mode 

controller. Constrained optimization techniques are used to develop a control allocation strategy 

which minimizes power consumption while rolling. Experimental data obtained from a hardware 

embodiment of the WRFV under closed-loop control demonstrate good performance and 

robustness to parameter uncertainty. Data collected also demonstrate that the control allocation 

algorithm correctly determines a thrust-minimizing solution in real-time. 

The energetics model, dynamic model, and controllers are combined with an extremum seeking 

controller to identify the power-optimal operating configuration of the WRFV. Simulation results 

successfully demonstrate the ability of the WRFV to adapt to changing terrain in real-time without 

a priori knowledge of the terrain, nor detailed knowledge of the vehicle model.  

Lastly, a spherical rolling-flying vehicle (SRFV) that is capable of omnidirectional terrestrial 

rolling is described, along with the derivation of its dynamic model and the design of a trajectory 

tracking control system. Experiments with a functional hardware vehicle demonstrate the efficacy 

of the control system. A novel algorithm that leverages the over-actuation of the vehicle to avoid 

gimbal lock is presented.  

This dissertation concludes by summarizing the key contributions of this research and discussing 

several open challenges and new research directions related to RFVs. 
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avoidance algorithm will command the rotors to generate a restoring moment 

about ᾀǶ-axis via ὓ ȟ. The moment will drive ‍ back towards zero. ................ 147 

 

Figure 6.14 A numerical simulation of the SRFV executing trajectory tracking control and 

unconstrained control allocation. (a) ‍ (solid line) and ‍ (dashed line) with 

GLA disabled. ‍ is free to approach and transcend “Ⱦς (narrow, dashed 

horizontal lines). (b) ‍ (solid line) and ‍ (dashed line) with GLA enabled. 

As ‍ initially  approaches “Ⱦς the GLA algorithm commands ὓ ȟ to oppose 

the motion. As a result, ‍ is driven back towards, but does not reach, zero. 

Compared to subfigure (a), the damping term effectively suppresses the 

oscillations in ‍. (c) ὓ ȟ when GLA is enabled. A large initial effort in 

ὓ ȟȟ  is required to avoid gimbal lock, followed by reduced activity. Ὧ

πȢςςȾ“ , Ὧ πȢπσυ. ....................................................................................... 149 

 

Figure 6.15 Empirical data obtained from the hardware SRFV executing GLA with 

constrained control allocation. (a) ‍ (solid line) and ‍ (dashed line) with 

GLA disabled. ‍ is free to approach “Ⱦς (narrow, dashed horizontal lines). 

(b) ‍ (solid line) and ‍ (dashed line) with GLA enabled. As ‍ initially 

approaches “Ⱦς the GLA algorithm commands ὓ ȟ to oppose the motion. 

As a result, ‍ is driven back towards, but does not reach, zero. Compared to 

subfigure (a), the damping term effectively suppresses the oscillations in ‍. 

(c) ὓ ȟ when GLA is enabled. A large initial effort in ὓ ȟȟ  is required to 

avoid gimbal lock, followed by relative inactivity. Ὧ πȢρςȾ“ , Ὧ
πȢπρ. ...................................................................................................................... 151 

 

Figure 7.1 Detecting an obstacle using intrinsic sensing. WRFV (a) electrical power, (b) 

range and (c) velocity upon encountering a wall while rolling under closed-

loop velocity control. The obstacle occurs at the dashed, black vertical line. 

Power increases dramatically upon encountering the obstacle because the 

velocity controller attempts to maintain the desired speed (dashed, orange 

horizontal line). Consequently, the instantaneous range, which is directly 

proportional to velocity and inversely proportional to power (see equation 

(2.1)), plummets. ................................................................................................... 156 
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CHAPTER 1 

Introduct ion to the Multiro tor  Rolling-Flying Vehicle 

1.1 Energetics of Mobile Robots 

Autonomous mobile robots continue to prove useful in search, rescue, and exploration operations 

[1]ï[5]. Power management is a critical concern for exploration robots that must maximize the 

area explored while traversing unknown terrain for an unknown period. As such, this is an active 

research focus in the mobile robotics field, e.g. [6] and [7]. Karydis and Kumar [8] provide a 

review of research efforts aimed at reducing power consumption in aerial robots, and note that 

power-based path planning is attracting more attention from researchers, e.g. [9]. Mobile robot 

locomotion mechanisms typically consume substantial power [7], and so warrant attention when 

considering power minimization strategies. Different locomotion mechanisms can be compared 

using the cost of transport (COT) metric, defined as 

 
E

COT
mgs
¹   (1.1) 

where Ὁ is the energy required to move an object of mass ά a distance ί, and Ç is the gravitational 

acceleration constant. COT nondimensionalizes energy by object weight άÇ, and distance 

travelled ί, supporting the intuition that heavier machines require more energy to displace 

themselves than do lighter machines. Comprehensive COT analyses show the emergence of 

general trends that can be subdivided based on transportation modes. Kuo [10] demonstrated that 

rolling vehicles tend to have low COT compared to flying vehicles. A theoretically ideal wheeled 

vehicle operates at zero energetic cost; no energy is required to roll a perfectly round and smooth 

wheel across perfectly flat, smooth terrain. Although zero COT is impossible to realize, extremely 

low COTs have been achieved with wheeled mechanisms. For example, the GM EV-1 has an 

energetic COT of 0.043 [10]. In contrast, multirotor vehicles require significant energy just to 

remain aloft [10], making them undesirable from a COT perspective. A representative 

commercially available quadrotor with large batteries is the Mavic ProÊ (DJI, Shenzhen, China) 

which has a COT of 1.66, and can deliver approximately 30 minutes of flight time at steady 

operating conditions. This duration is reduced if more complex maneuvering is required. The range 
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of this quadrotor is approximately 13 km assuming that a constant 25 kph velocity is maintained. 

However, operation at slow speeds reduces the range considerably.  

1.2 Mobility and Man euverability of Mobile Robots 

In addition to operating efficiently, exploratory mobile robots must do so with a high degree of 

mobility and maneuverability. For the purposes of this dissertation, mobility is defined as the 

ability to freely move through an environment containing obstacles. Examples of obstacles include 

uneven or loose terrain, tall boulders or walls, large gaps or pits, mud, or water. Maneuverability 

is defined as the ability to precisely direct and control motion. Search/Rescue/Exploration robots 

may encounter environments that require navigating narrow passages and executing sharp turns 

where clearances between obstacles are small. A highly maneuverable vehicle is one with minimal 

motion constraints (i.e. it can move in many directions from any configuration) and the ability to 

control its motion with high resolution. Additionally, vehicles intended for exploration may 

generate 3D maps of the environment using sensing hardware like LiDAR. This generally requires 

efficient operation at low speeds to generate high-resolution maps.  

1.3 Bi-Modal Mobile Robotics and the Multirotor Rolling-Flying Vehicle 

Although rolling vehicles have relatively low COTs, this transport mode is restrictive in terms of 

mobility. A solution is to consider a bi-modal vehicle which leverages complementary modes of 

transportation by adapting its locomotion to suit the environment. Additionally, bimodality can 

improve efficiency, as different locomotion mechanisms often present a tradeoff in energetic cost.  

Locomotion adaptability makes bi-modal vehicles well suited for exploratory operations involving 

unknown terrain. However, the availability of two transportation modes (e.g. rolling and flying) 

typically requires that a decision be made to operate in one mode and not the other (the ñmode 

decisionò). Mobile exploration robots must make this decision autonomously. Thus, bi-modal 

operation adds a new dimension to the challenge of mobile robot path planning by introducing the 

mode decision. Sreevishnu et al. [11] gives a thorough overview of several types of bi-modal 

locomotion vehicles, including their history, motivation, and current trends in development. 

Among bi-modal vehicles, those with aerial capabilities provide unmatched mobility in uncertain 

and changing environments. As a result, researchers have developed several classes of flying bi-
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modal vehicles, including rolling-flying ([12]ï[16]), walking-flying ([11], [17]), and swimming-

flying ([18]ï[20]), each of which utilize various mechanisms for propulsion and lift. Furthermore, 

vehicles with the ability to hover, such as multirotor vehicles, demonstrate excellent 

maneuverability. Such vehicles may fly across impassable terrain, translate in any direction, and 

be position-controlled with high resolution at zero velocity. However, the penalty for great 

maneuverability is sustained high power consumption, making multirotor vehicles particularly 

inefficient at low speeds. On the other hand, rolling is a supremely efficient means of locomotion 

[10]. Therefore, a bi-modal vehicle that possesses the complementary capabilities of rolling and 

multirotor flight achieves mobility, maneuverability and efficiency. For example, a normally 

rolling, energy efficient vehicle could temporarily fly when encountering an obstacle that cannot 

be traversed by rolling. In flight, the vehicle could overcome the obstacle at the cost of temporarily 

higher power consumption. A bi-modal vehicle with this locomotion combination is referred to as 

a multirotor rolling-flying vehicle, or RFV. 

The RFV has recently received attention from researchers [12], [13], [21]ï[23], as well as the 

commercial toy market (e.g. ñRolling Spiderò by Parrot DronesÊ, Paris, France). A characteristic 

embodiment the RFV appears in Figure 1.1a. Despite the promise of the RFV architecture, few 

researchers have gone beyond simply attaching a rolling mechanism to an off-the-shelf quadrotor; 

standard quadrotor flight control (e.g. PixHawk, ArduCopter, etc.) and control allocation methods 

are employed during terrestrial operation, and little effort is made to optimize the RFVôs operation. 

Few researchers attempt to accurately model the RFV, much less use the model to inform control 

system design, vehicle design, or optimization strategies. The result is sub-optimal performance, 

both with regards to energetics and mobility. Furthermore, virtues innate to the RFVôs non-

standard architecture, which are revealed only through in-depth modeling and analysis, are left 

unexploited.  

To address this gap, this dissertation presents a multi-disciplinary analysis of the multirotor RFV 

along with several algorithms specifically designed for its efficient operation and control. In 

particular, two embodiments of a multirotor RFV, appearing in Figure 1.1, are analyzed and 

presented. The two-wheeled RFV (WRFV) of Figure 1.1a rolls via two, independent, passive 

wheels on either side of the vehicle. The pitch angle of the rotor plane is independent of the wheelsô 

angular orientation so that the wheels are freely towed by the rotors. The spherical RFV (SRFV) 
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of Figure 1.1b contains an icosahedral cage which permits rolling locomotion while the rotors are 

independently oriented via a three-axis gimbal mechanism. If necessary, both vehicles may fly. 

These designs combine the efficiency of rolling locomotion with the mobility and maneuverability 

of multirotor flight; their analysis is the focus of this dissertation. 

 

Figure 1.1 Examples of (a) two-wheeled RFV (WRFV) and (b) spherical RFV (SRFV) configurations considered in 

this dissertation. The vehicles use a multirotor mechanism for both aerial and terrestrial propulsion and control. The 

rolling locomotion mechanism (wheels or spherical cage) is passively towed rather than driven. 

1.4 Organization of Dissertation 

The remainder of this dissertation is organized as follows: 

Chapter 2 develops a multi-physics energetic model of the RFVôs terrestrial motion applicable to 

both the WRFV and SRFV. The model reveals opportunities for optimization which can be 

exploited to minimize power consumption or maximize range. Simulations demonstrate the 

energetic superiority of the RFV compared to a conventional flying multirotor vehicle. 

 Chapter 3 rigorously derives a dynamic model of the WRFV and presents simulated and empirical 

results which demonstrate the modelôs fidelity. The dynamics analysis provides insight for the 

purposes of vehicle design and control system design.  

(a) (b)
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Chapter 4 presents the design of a robust, nonlinear control system for the WRFV. The control 

system is based on the dynamic model developed in Chapter 3. Additionally, a thrust-constrained 

control allocation method that permits low-power operation of the WRFV is derived. Simulation 

and empirical results demonstrate the control systemôs efficacy, as well as fundamental 

shortcomings of the two-wheeled design. 

Chapter 5 demonstrates the feasibility of real-time power optimization of the WRFV using 

extremum seeking control. To do so, the energetic model of Chapter 2 is combined with the 

dynamic model of Chapter 3 to provide the plant for the controller of Chapter 4. Then, this 

combined model is augmented with an extremum seeking controller to provide the WRFVôs angle-

of-attack command. The entire system is simulated, and the results successfully demonstrate the 

ability to optimize the WRFVôs operation in real-time.  

Chapter 6 presents the SRFV which is capable of omnidirectional rolling. The spherical design 

addresses several shortcomings of the two-wheeled design presented in previous chapters. A 

dynamic model of the SRFV is derived, which becomes the basis for a novel trajectory tracking 

control system. The control system is deployed onto a hardware embodiment of the SRFV and 

successfully demonstrates trajectory tracking. Lastly, a novel gimbal lock avoidance algorithm is 

presented. 

Chapter 7 summarizes the key contributions of this research and discusses various open challenges 

and new research directions related to the RFV.  
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CHAPTER 2 

Energetic Modeling of the RFV 

This chapter presents an energetics analysis of the RFV of Figure 1.1, which is a bi-modal vehicle 

that is capable of rolling and flying. The RFV combines the mobility and maneuverability of 

multirotor flight with the efficiency of rolling locomotion. The energetics analysis uses blade 

element momentum theory and an electromechanical motor model to predict the electrical power 

consumption of the propulsion system and the maximum range of the vehicle. The performance of 

the RFV is compared to that of a conventional, flying multirotor vehicle (CFMV), with the RFV 

having a cost of transport approximately one tenth that of the quadrotor. Analysis demonstrates 

that rolling locomotion provides an additional degree of control which permits optimizing the 

vehicleôs operation to either maximize range or minimize power. Simulations reveal a complex 

dependence of power on vehicle velocity and angle of attack, which informs the optimization 

strategy. Methods for optimization are discussed. This optimization strategy negates the need for 

an explicit locomotion mode decision as the transition from rolling to flying occurs naturally as a 

byproduct of the optimization.  

2.1 Background 

The energetic benefits of the multirotor, rolling-flying vehicles were first explored by Kalantari et 

al. [12], who developed a Hybrid Terrestrial/Aerial Quadrotor (Hy-TAQ) which is a quadrotor 

suspended on an axle mounted within a cylindrical, rolling cage. They use propeller momentum 

theory in the style of Huang at al. [24] to perform an energetic analysis on their a vehicle. Phillips 

[25] notes that momentum theory is frequently used by researchers due to its simplicity, e.g. [24], 

[26]. However, momentum theory significantly underestimates the required propeller power and 

cannot predict the relationship between propeller angular velocity and thrust. Additionally, 

Kalantari et al. [12] formulate the predicted range based on the mechanical power delivered by the 

propeller, as in [24] and [27]. However, the range of an electric vehicle depends on electrical power 

consumption, which accounts for losses in the electric motor drive system. As a result, Kalantari 

et al. [12] overestimate the range. Both Morton et al. [14] and Kossett et al. [15] developed hybrid 

rolling-flying vehicles. In both concepts, rolling and flying are accomplished using separate groups 

of actuators. Additionally, both vehicles undergo a mechanical transformation when transitioning 
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between rolling and flying modes; such a transformation requires that an explicit mode decision 

be made. 

2.1.1 Contributions and Organization 

This chapter analyzes a planar model of the RFVs of Figure 1.1. This analysis considers the RFV 

traversing rough, inclined terrain. The energetics analysis is performed using blade element 

momentum theory (BEMT), which more accurately models rotary wing vehicles than propeller 

momentum theory [28]. Additionally, electrical losses in the drive system and their dependence 

on the operating conditions are taken into consideration. The electrical power required to operate 

is derived, providing more accurate range estimates. This leads to the development of a 

computationally efficient method for inverting the angular velocity-to-thrust relationship predicted 

by BEMT. Additionally, this chapter presents a new way to optimize for minimum power by 

leveraging an additional degree of freedom not available to strictly flying multirotor vehicles. This 

chapter also demonstrates that the RFV mode decision can be made indirectly and automatically 

by framing the decision as the byproduct of power and/or range optimization.  

This chapter is organized as follows: First, a simple energy-based model for range estimation is 

presented. Second, a CFMV and the RFV are mathematically modeled and analyzed in detail using 

blade element momentum theory.  Third, a method for inverting the angular velocity-to-thrust 

relationship of a rotary wing is derived, and the results are used to predict the range and electrical 

power consumption of the CFMV and the RFV. A comparison of results indicates that the RFV 

out-performs the CFMV, particularly at low speeds. Fourth, opportunities for optimization are 

discussed, and a general method for optimizing rotary wing-driven vehicles is developed. Finally, 

implementation details and opportunities for future work are discussed. 

2.2 Energetics Methods 

This section presents the development of an energetic model which predicts the power 

consumption and range of the RFV. 
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2.2.1 Range Estimation 

The range of a battery-powered vehicle is defined as the distance that the vehicle can travel on a 

single battery charge at a steady-state operating condition; it is estimated by assuming a constant 

rate of electrical power consumption ὖ for the duration of operation. If the vehicle travels at a 

constant velocity ὠ with an initial amount of energy Ὁ stored in a battery, then the range ί of the 

vehicle is 

 
e

VE
s

P
=   (2.1) 

The electrical power consumption is related to the mechanical power ὖ  required to locomote by 

an electromechanical drive system efficiency – such that ὖ ὖȾ–. – includes the efficiency 

of all electric motors and associated electronics and is a function of the motorsô angular velocities 

and the torques applied to the motors by the environment (discussed in Section II.E). This method 

of determining the range is applied to the RFV and a CFMV to estimate COT as a basis for 

comparison. While prior researchers have attempted to use mechanical power calculated by 

propeller momentum theory to predict range, such an approach inherently neglects the torque and 

speed-dependent effects of the electromechanical drive system efficiency. This is especially 

problematic for the RFV under consideration here, which can operate its motors over a wide 

envelope depending on the terrain and mode of operation. 

2.2.2 Vehicle Dynamics Modeling 

Consider a CFMV vehicle flying at a constant velocity ὠ, up an incline of angle — π, as shown 

in Figure 2.1. The rotor angle of attack ‌  is measured with respect to the direction of constant 

forward velocity ὠ, which is equal and opposite to the freestream velocity when there is no wind. 

This multirotor vehicle can be modeled as a point mass subject to rotor, drag, and gravitational 

forces. Ὕ  and Ὂȟ  are the net thrust and net normal force produced by all rotors, respectively. 

Ὂȟ  is normal in the sense that it acts in the plane of the rotor disc, normal to the axis of rotation. 

If there are ὔ rotors on the vehicle then Ὂ ḳὊȟ Ⱦὔ is the normal force per rotor and Ὕ ḳ

Ὕ Ⱦὔ is the thrust per rotor. Both Ὕ  and Ὂ  ultimately depend on ὠ, ‌ , and the rotor angular 

velocity Expressions for Ὕ .‫  and Ὂ  are developed in Section 2.2.3.  
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Figure 2.1 Free body diagram of a CFMV flying up an incline — at a constant forward velocity ὠ. 

Summing forces from Figure 2.1 in the x- and y-directions yields 

 ( ) () ( )cos s, , , , sininx rotor p p D H p pF mV NT F mg NFV V Va w a q a w a= = - - +ä   (2.2) 

 ( ) ( ), , ,0 sin c oso , csy rotor p p H p pVF NT m Vg NFa w a q a w a= = - -ä   (2.3) 

where ά is the vehicle mass, Ὣ is gravitational acceleration, and Ὂ ὠ is the parasitic drag force 

due to air resistance as a function of the forward velocity: 

 () 2

,
1

2D o D sysF A CV Vr=   (2.4) 

Here ὃ , ”, and ὅȟ  are the characteristic area of the vehicle, air density, and parasitic drag 

coefficient of the vehicle, respectively. If the vehicle is constrained to fly at constant velocity up 

the incline then ὠ π and all forces in (2.2) and (2.3) are in equilibrium. Rearranging (2.2) and 

(2.3) under this condition yields 

 ( ) () ( )( )
1

, cos sinrotor p D p pT V F V mg
N

a w a a q= + +   (2.5) 

 ( ) () ( )( )
1

, sin cosH p D p pF V F V mg
N

a w a a q= - +   (2.6) 

Given ὠ, —, and expressions for Ὕ  and Ὂ , equations (2.5) and (2.6) can be simultaneously 

solved for ‌ ὠȠ— and and ‫ ‫ὠȠ—. That is, both ‌  are completely prescribed by ὠ and — for 

a given vehicle. Note in particular that ‌  cannot be arbitrarily chosen, because the vertical 

V
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component of the rotor forces must always exactly cancel weight for the vehicle to maintain 

constant velocity.  

Now consider an RFV rolling at a constant velocity up an incline, as shown in Figure 2.2. This 

vehicle consists of a quadrotor with an attached wheel such that the rotors can be oriented 

independently of the wheelôs angular orientation. Without loss of generality, it is assumed that the 

vehicleôs center of gravity Ὃ is located on the axis of the wheel. The rotors provide the thrust 

required to roll and fly; the wheels are not driven but are towed by the rotors. The free body 

diagram of Figure 2.2 illustrates the forces that must be in equilibrium for the vehicle to maintain 

constant velocity up the incline. Rolling resistance is modeled as in [29]: the wheel is assumed to 

be rigid, and the applied normal force is forward of the wheel axis. The wheel reaction force offset 

distance Ὠ is determined by the terrain characteristics and is illustrated in Figure 2.2. 

 

Figure 2.2 Free body diagram of an RFV rolling up an incline — at a constant forward velocity ὠ. 

Thus, the rolling resistance that opposes the forward motion of the wheel is proportional to the 

normal force that the terrain applies to the wheel. Unlike the CFMV described previously, the 

RFVôs angle of attack can be chosen independently of ὠ because the vertical component of the 

rotor force does not have to exactly counterbalance the gravitational force to maintain equilibrium. 

The normal force varies with the magnitude and angle of the rotor force such that the vertical 

component of each exactly cancels the gravitational force when the vehicle is in constant contact 

with the ground. As will be seen, the additional freedom to choose ‌  independently of ὠ can be 

exploited by imposing an optimality constraint on the vehicleôs motion such that power is 
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minimized (and range maximized) for a given velocity.  Summing forces and moments about the 

center of mass Ὃ of the vehicle yields 

 sc io n ns six rotor p D R H pF mV NT F F mg NFa q a= = - - - +ä   (2.7) 

 0 sin co cossy N rotor p H pF F NT mg NFa q a= = + - -ä   (2.8) 

 2 2

G N RM J dF R d F=- W= --ä   (2.9) 

where R is the radius of the wheel and the explicit dependence of ὊȟὝ , and Ὂ  on ὠȟ‌ , and 

has been omitted for readability. In the case of the RFV, the mass ά includes the additional ‫ 

weight of the wheels and the mechanisms required for their operation. Assuming a no-slip 

condition, the wheelôs angular velocity ɱ is related to forward velocity: ɱ ὠὙϳ . At constant 

velocity, ὠ ɱ π and  (2.7), (2.8) and (2.9) can be combined to solve for the thrust required to 

maintain constant ὠ at an angle of attack ‌ . The thrust per rotor is: 

 ( )
( ) ( )( )

( )

cos sin cos s, , in

co
,

n
,

s si

D H p p p

rotor p

p p

F mg NF V
T V

N

b q q a w b a a
a w

a b a

+ + -

+

+
=   (2.10) 

where  

 
2 2d

d

R
b¹

-
  (2.11) 

which is the coefficient of rolling resistance used in [29]. As mentioned before, Ὂ  depends on 

ὠȟ‌ , and must satisfy given the ‫ Therefore equation (2.10) represents a condition that .‫ 

operating point ὠȟ‌  and the terrain parameters ‍ and —. That is, ‫ ‫ὠȟ‌Ƞ‍ȟ—) for the 

RFV. A method for determining the angular velocity that will satisfy (2.10) is described in Section 

2.2.3 and derived in Section 2.2.4.  

2.2.3 Vehicle Analysis Using BEMT 

Propeller momentum theory can predict the mechanical power consumed by a rotary wing vehicle 

as a function of ὠ and ‌  ([25], [28]). However, range estimates must be computed based on the 

electrical power consumed by the rotor drive system, which is a function of the rotorôs angular 

velocity and the torque applied to the rotor by the environment. Momentum theory is not able to 
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predict either of these values, yet both the rotor torque and angular velocity will ultimately depend 

on the forward velocity and angle of attack. In other words, the efficiency of the drive system is 

not constant, but rather depends on a vehicleôs operating point ὠȟ‌ . Additionally, propeller 

momentum theory assumes that the induced velocity of the air through the rotor disc is constant 

across the rotor disc area. It is known, however, that this is not the case [28]; the induced velocity 

varies along the span of a rotor blade.  

A more accurate rotor aerodynamic model is blade-element momentum theory (BEMT), which 

can be used to predict the rotor torque and angular velocity of a rotary wing. BEMT accounts for 

the span-wise variation of induced velocity along the rotor blade and is widely used by researchers 

to predict the performance of rotors; models developed using BEMT generally demonstrate close 

agreement with experimental observations [28], [30]ï[33]. BEMT formulation presented here 

follows the approach taken by [31], which describes the application of BEMT to vehicles operating 

at high speeds and high rotor angles of attack. This is important because the RFV described herein 

operates at angles of attack ranging from 0 - 90 degrees.  

Various empirical models have been developed to describe the variation in induced air velocity as 

functions of azimuthal location around the rotor when both ὠ and ‌  are non-zero [28], [30]. Khan 

et al. [30] incorporates the induced velocity model developed by Pitt et al. [34], whereas both Gill 

et al. [31] and MacNeill et al. [32] make the assumption that the induced velocity does not vary 

with azimuthal location around the rotor, which simplifies their models considerably. For the 

application detailed here, the constant induced velocity model of [31] and [32] does not 

substantially change the predicted thrusts and torques when compared to those predicted using the 

induced velocity model of [34]; numerical simulations show a difference of less than 2% across 

the entire ὠȟ‌  operating range. Therefore, the constant induced velocity model is used in this 

analysis.  

Another assumption made by [30] and [31] is that the induced velocity is purely axial, i.e. normal 

to the rotor disc. Khan et al. [30] note that although the induced velocity has components in the 

axial, radial and tangential directions, the axial component is most significant in predicting thrust 

and torque. MacNeill et al. [32] include a tangential component of the induced velocity in the 

BEMT model. Phillips [25] and Traub et al. [35] use Goldsteinôs vortex theory [36], which 

accounts for the tangential component of the induced velocity but assumes that the induced 
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velocity is normal to the relative velocity. Both [25] and [35] use the small angle of attack 

approximation, which is not valid for the purposes of the RFV.  

We assume that the wheel of the RFV is sized such that ground effect is negligible at all values of 

‌  under consideration; Powers et al. [26] demonstrate that ground effect is negligible when the 

distance between the rotor and the ground is greater than one rotor diameter.  

The workflow for predicting the range and power of the RFV using BEMT is illustrated in Figure 

2.3. 

 

Figure 2.3 Workflow diagram for calculating the electrical power consumption and range of the RFV. 

The desired ὠ and ‌  are the independent variables, so that ultimately ί ίὠȟ‌  and ὖ

ὖὠȟ‌ . The rigid-body vehicle model (which can be static or dynamic) is inverted such that the 

required thrust per rotor to sustain ὠ and ‌  under the terrain conditions parameterized by ‍ and 

— is determined, as in (2.10). Here it is assumed that each rotor operates under identical 

aerodynamic conditions. The vehicle parameters (e.g. mass ά, wheel radius Ὑ, etc.) are required 

for this calculation. A BEMT model provides equations for Ὕ and Ὂ  that depend on  ὠȟ‌  and .‫ 

Combining these two relationships with the vehicle dynamics model results in a system of three 

nonlinear equations in three unknowns: ὝȟὊ  and These three equations are solved .‫ 
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simultaneously using nonlinear root-finding techniques. The required rotor torque ὗ is also 

computed once is known. The BEMT calculations assume that the freestream velocity is exactly ‫ 

equal and opposite to ὠȢ Rotor parameters including blade pitch ‎, chord length ὧ, etc. are 

required for these calculations. and ὗ entirely specify the operating point of the electric motors ‫ 

that drive the rotor shafts. Knowledge of the motor parameters, such as friction torque ὗ  and 

motor constant ὑ , permit the calculation of required electrical power. Lastly, the simple range 

model given by  (2.1) is used to predict vehicle range. The above workflow is equally applicable 

to strictly flying vehicles, like the CFMV. In that case, ὠ and ‌  are constrained by in (2.2) and 

(2.3) with ὠ π, and ‍ is not needed. 

The BEMT model of Figure 2.3 is now developed. Figure 2.4a and 5b illustrate a cross-section of 

a rotor blade element. The rotor blade element is a differential section along the radial direction of 

a single blade on one of the ὔ rotors appearing in Figure 2.1 or Figure 2.2. Figure 2.4a illustrates 

the geometry of the section and the components of the relative velocity.  Figure 2.4b illustrates the 

resulting aerodynamic forces acting on the section. The blade element reference frame ὼȟώȟᾀ  

is attached to the rotor blade such that the ὼ-axis points along the span of the blade, the ᾀ-axis 

is parallel to the direction of rotor rotation, and the ώ-axis lies in the rotor disc plane. The section 

pitch angle ‎ is a function of radial position along the blade span. ὠ is the relative velocity of the 

air with respect to the ώ-ᾀ coordinate frame, which is fixed to the blade element. ὠ is a function 

of the freestream velocity ὠ , induced velocity ὠ, angular velocity rotor angle of attack ,‫ ‌ , 

and azimuth angle of the blade, ‪. 

 

Figure 2.4 Cross-section of a blade element. ὠ  and ‌  are not shown, as they are not in the plane of the figure when 

‪ “Ⱦς. 
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Assume that the freestream velocity ὠ , ‌ , and are known. It is desired to predict the thrust Ὕ ‫ 

and normal force Ὂ  produced by the rotor under the ὠȟ‌  operating condition, and the rotor 

torque required to maintain .‫  

The relative velocity of the air with respect to the blade element, resolved in the blade element 

frame is 

 ( )
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where ‪ is the azimuth angle of the rotor blade with respect to the direction of the projection of 

the freestream velocity onto the rotor disc plane, ὶ is the radial position of the blade element along 

the span of the rotor blade, and ὠ is the induced velocity at the blade element. BEMT ignores the 

span-wise component of the relative velocity, ὠȟ ὠίὭὲ‌ὧέί‪, as it does not 

contribute to lift on the blade element. Therefore, the relative velocity projected in the Ù-Ú plane 

of Figure 2.4a is  
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This relative velocity can be expressed in phasor notation as ὠ Ὗ ‰᷂: 
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Ὗ  is the magnitude of ὠ and ‰ is the angle that ὠ makes with respect to the blade element Ù-

axis. Therefore, the effective blade element angle of attack is 

 
0LBa g f a- -=   (2.16) 

where ‎ is the aerodynamic pitch angle with respect to the chord line and ‌  is the zero-lift angle 

of attack. The aerodynamic pitch length ‗ is related to ‎ by ‗ ς“ὶÔÁÎ‎. The differential lift and 

drag acting on the blade element are functions of ‌ : 



   

16 

 

 () 2( )
1

2
LB B BdL c r C U drr a=   (2.17) 

 () 2( )
1

2
DB B BdD c r C U drr a=  (2.18) 

where ” is the density of air, ὧ ὶ is the chord length, and ὅ ‌  and ὅ ‌  are the section lift 

and drag coefficients, respectively. The differential thrust acting on the blade element is defined 

to be in the positive ᾀ-direction, and is 

 ( )2cos co
1

sin s si
2

nB L DBdD cdT dL U C drCf f r f f- = -=   (2.19) 

The differential tangential force is defined to be in the negative Ù-direction, and is 

 ( )2sin sin cos
1

cos
2

B B L DdF dL U CdD c C dry f f r f f+ = +=   (2.20) 

Therefore, the differential torque that an actuator (e.g. electric motor) must produce to rotate the 

blade element at an angular velocity of is ‫ 

 ( ) ( )21
cos

2
sin sin cosB LB DdD r cdQ rdF r dL U C C dry f f r f f+= + ==   (2.21) 

The differential thrust is a function of the azimuth angle of the rotor blade, ὨὝ ὨὝ‪ , due to 

the change in relative velocity with ‪.  As such, the value of ὨὝ will vary over one revolution of 

the rotor blade. The average differential thrust produced by a single blade element is found by 

integrating over one revolution of the blade element, creating a blade element annulus. If there are 

Ὧ blades per rotor, then the average differential thrust produced by a blade element annulus is  

 ()
2

02

k
dT dT d

p

y y
p

= ñ   (2.22) 

Momentum conservation theory can be used to formulate another equivalent expression for ὨὝ. 

Specifically, the conservation of linear momentum is applied to each differential annular element. 

This calls for the creation of a so-called stream tube. The magnitude of the air velocity in a stream 

tube located at a radial position ὶ from the center of the rotor disc is 

 
2 2( ) ( )2 co ( )sM i p ir V r VU V V ra¤ ¤= + +   (2.23) 
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where the subscript ὓ indicates that this is the airspeed predicted by momentum theory. Note that 

this is not the same expression for relative air speed given by  (2.14); Ὗ  is measured with respect 

to an inertial reference frame, and not the blade element frame. Applying the law of conservation 

of momentum to the stream tube yields the differential thrust produced by the annular element: 

 4M M iUdT rV drpr=   (2.24) 

Equations (2.22) and (2.24) are equivalent, in that they both represent the differential thrust 

produced by an annular element. Also, the only unknown in both expressions is ὠ. Therefore  

(2.22) and (2.24) can be equated, divided through by Ὠὶ, and used to solve for ὠȢ Specifically, 

 ()
() ()

0
i M i

i i

dT V dT V
f V V

dr dr
¹ - = Ý   (2.25) 

Equation (2.25) cannot be solved analytically for ὠ. However, an iterative solution can be obtained 

using root finding techniques. MATLABôs fzero function uses a bracketing method which is 

effective, though slow to converge compared to gradient-based root finding techniques. Rapid 

convergence of the solution to  (2.25) is important because the root finding algorithm is to be 

executed on the vehicleôs microprocessor, which permits online power management predictions 

and decisions; the vehicle may constantly adjust ὠ and ‌  to maximize range or minimize power 

and adapt to terrain changes in real-time. Gradient-based root finding methods are typically faster 

than bracketing methods, though they require knowledge of the gradient. Fortunately, the 

analytical gradient of  (2.25), ὨὪὨὠϳ , can be determined. Therefore, the Newton-Raphson root 

finding method is used, which solves  (2.25) approximately ten times faster than MATLABôs fzero 

function. A detailed description of the determination of ὠ via the Newton-Raphson method, 

including a derivation of ὨὪὨὠϳ , is provided in Appendix 1. With knowledge of the induced 

velocity, the rotor thrust Ὕ and torque ὗ can be computed by averaging the differential blade 

element thrust  (2.19) and torque  (2.21) over one complete rotor revolution for all Ὧ blades, and 

then integrating along the span of the blades from the blade hub, ὶ ὶ, to the blade tip, ὶ ὶ:  
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Likewise, the rotor normal force Ὂ  is determined by integrating the tangential force Ὂ around 

the rotor. The net result is a normal force parallel to the projection of the freestream velocity onto 

the rotor disc plane: 
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Note that ὧ can be a function of ὶ and so must remain inside the integrals over ὶ. In practice all 

integrations are performed numerically using a forward-Euler method. For example, the thrust is 

evaluated as 
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where ὔ  and ὔ  are the number of radial and angular elements to be used in the integrations, 

respectively, and ɝὶḳ . It is worth reiterating that the outer summation represents an 

integration along the span of the blades, whereas the inner summation represents and averaging of 

the thrust over one complete revolution of the rotor. The factors ὲ ρςϳ  and ὲ ρςϳ  in the 

step sizes ensure that the differential forces and torques are evaluated in the center of each 

differential element. A 4th-order Runge-Kutta integration algorithm can also be used to evaluate 

the integrals of  (2.26) - (2.28), though the results are not significantly improved over the forward-

Euler method with ὔ υπ and ὔ σς. Furthermore, Leishman [28] recommends using at least 

20 elements in the numerical integrations. Therefore, the faster forward-Euler method is chosen. 

Lastly, the total instantaneous mechanical power input to all ὔ rotors is  

 mP QNw=   (2.30) 

2.2.4 Inverting BEMT  

Thus far in the application of BEMT, ,has been treated as an independent variable. Indeed ‫ 

determination of the mechanical power, given by  (2.30), assumes is known. However, given a ‫ 

vehicle dynamics equation of motion such as (2.10), it is observed that is indirectly a function ‫ 

of ὠ and ‌  for a given terrain parameterized by ‍ and —. That is, ‫ is ‫ .—‫ὠȟ‌Ƞ‍ȟ 
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determined by simultaneously solving the vehicle dynamics equation (2.10) and the BEMT thrust 

and normal force equations (2.26) and (2.28). The approach is as follows: Given an initial guess 

of Ὕ and Ὂ ,‫  are computed from (2.26) and (2.28), respectively. Then Ὕ  predicted by the 

vehicle dynamics equation of motion (2.10) is computed using the value of Ὂ . Finally the 

difference between Ὕ  and the thrust predicted by BEMT Ὕ (given by (2.26)) is computed: 

 () () ()rotorT Tw w w¹ -   (2.31) 

The roots of ‭‫  represent the angular velocity at which the thrust predicted the vehicle dynamics 

equations of motion is equal to the thrust predicted by BEMT. Since (2.31) is nonlinear in the ,‫ 

Newton-Raphson method is used to determine the roots of ‭‫ : 
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Equation (2.32) is executed iteratively until convergence of occurs. Ὠ‭ȾὨcan be expressed as ‫ ‫ 
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‬Ὕ Ⱦ‬Ὂ  is obtained by differentiating (2.10):  
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The derivatives ὨὝὨ‫ϳ  and ὨὊȾὨ,are found by differentiating (2.26) and (2.28), respectively ‫ 

with respect to :These are (see Appendix 2 for details) .‫ 
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where ‖ȟ‖ȟ‖ȟ‖ and ὨὠȾὨ.are defined in the appendices (see (A.10), (B.10) and (B.7)) ‫ 

Equations (2.33) through (2.36) can be used to evaluate (2.32) and thereby determine the angular 

velocity required to satisfy (2.10). As was shown in  (2.29), the integrations to determine ὨὝὨ‫ϳ , 

and ὨὊ Ὠ‫ϳ  are performed numerically.  
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Note that the preceding derivation isnôt predicated on a particular form of the rotor thrust. For the 

RFV, Ὕ  and its partial derivative with respect to Ὂ  are given by (2.10) and (2.34), 

respectively. However, this method can be used to predict the angular velocity required to ‫ 

achieve an arbitrary thrust Ὕ  (which may or may not depend on Ὂ) given ὠ and ‌ . The 

determination of angular velocity as a function of thrust permits not only the calculation of torque, 

power, range, and optimal operating point (discussed in Section 2.4), but is also useful in 

implementing a closed-loop control system for a rotary wing-driven vehicle. Given a dynamic 

model of the system, a controller can be designed whose output is the required thrust of one or 

more rotors. The corresponding angular velocity required to achieve this thrust for an arbitrary 

forward velocity and/or rotor angle of attack can be calculated using the method described. This 

angular velocity can then serve as the command to a nested inner-loop angular velocity controller.  

2.2.5 Electrical Drive Modeling 

The motor model of Figure 2.3 is now developed. The electrical power consumed by a rotor 

depends on the efficiency of the rotor drive system. If the drive system consists of an electric 

motor, then the efficiency of the drive system depends on the motorôs torque-speed operating point. 

The torque and speed of the motor will either be equivalent to, or a scalar multiple of (if a gear 

reduction is used) the torque required to rotate the rotor, ὗὠȟ‌ , and the angular velocity of the 

rotor, ‫ὠȟ‌ , respectively.  

A three-phase permanent-magnet synchronous motor (PMSM) is used in this application. The total 

electrical power required to rotate ὔ identical motors at an angular velocity of while under a ‫ 

load ὗ is 
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where ὗ  is the load torque due to friction that must be overcome by the motor, and is assumed to 

be constant, Ὥ is the direct current measured in the rotor frame of reference [37], and Ὑ , ὴ, and 

Ὧ are the electrical resistance of a single winding, the number of magnet pole-pairs, and the back-

emf constant of the PMSM, respectively. The motors can be operated using field orientation 
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techniques such that Ὥ is regulated to zero always; this results in maximum efficiency [37]. 

Furthermore, a motor constant ὑ  is defined as 
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and is an intrinsic characteristic which represents the ñsizeò of a motor; that is, a motor with a large 

ὑ  will consume less power under a given operating condition (i.e. load and speed) than a motor 

with a smaller ὑ . Substituting Ὥ π and the expression for ὑ  into (2.37) yields 
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If mechanically commutated motors (e.g. ñbrushed DCò motors) are used instead of PMSMs,  

(2.39) can still be used with the motor constant defined as ὑ ȟ Ὧ Ὑϳ . Substituting (2.39) 

into (2.1) yields 
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  (2.40) 

This expression is used to estimate the range of rotary wing vehicles (e.g. a multirotor vehicle) and 

completes the workflow of Figure 2.3.  

2.3 Vehicle Simulations 

The RFV of Figure 2.2 was analyzed using the workflow of Figure 2.3. Simulations and figures 

were generated using the parameters listed in Table 2.1. These parameters are approximately based 

on a small, commercially available quadrotor aircraft (DJI ñMavic Proò, Shenzhen, China) with a 

LiDAR sensor payload. 
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Table 2.1 Parameter Values for Energetics Simulations 

Parameter Value 

ὃ   0.0054 m2 

ὅȟ   1 

Ὁ  150 kJ 

ὔ  4 

ὔ   20 

ὔ   20 

ὗ   .001 Nm 

Ὑ  .2 m 

Ὑ  1.18   

ὧ  .015 m 

Ὠ  .04 m 

Ὣ  9.8 m/s2 

Ὧ  2 

ά  .953 kg 

ὴ  1 

ὶ  .01 m 

ὶ  .127 m 

‌   0 rad 

‍  .204 

‗  .12 m 

—  0 rad 

”   kg/m3 

  

2.3.1 Energetic performance - Varying Velocity and Angle of Attack with Fixed Terrain  

Figure 2.5a and b show the electrical power consumption and range, respectively, of the RFV as 

functions of ὠ and ‌  for a fixed terrain condition parameterized by ‍ Ȣς and — π. As ‌  

increases, the surfaces of Figure 2.5 intersect the pink dashed flight line, indicating points at which 

the vehicle takes flight for a given velocity.  
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Figure 2.5 (a) Electrical power consumption and (b) range of the RFV as a function of V and ‌ . ‍ πȢς, — π 

radians. 

The green line on both plots is the minimum power contour and represents the optimal angle of 

attack ‌ᶻ that minimizes electrical power for a given ὠ. Note that ‌ᶻ is nonzero even when ὠ π. 

This is because a non-zero ‌  produces thrust that will reduce the normal force of the RFV, and 

therefore reduce rolling resistance, which results in lower power consumption. This phenomenon 

is observed more clearly in Fig. 6a, discussed below. Also note that ‌ᶻ changes with ὠ even though 

rolling resistance (characterized by ‍) is not a function of velocity. This is because increasing the 

velocity of incoming air through a rotor disc decreases the rotorôs thrust for a given and the ,‫ 

thrust is responsible for reducing the normal force (and therefore rolling resistance) of the RFV 

while rolling. Therefore increasing ‌  helps to recover thrust lost due to increased ὠ by decreasing 

the airflow normal to the rotor disc. Finally, note that the minimum power contour does not 

intersect the flight line until ὠ σπm/s, indicating that it is more energy efficient to roll than fly 

for any operation occurring at less than 30m/s. Even when ‍ Ȣχυ (not shown), indicating 

extremely rough terrain, rolling is more efficient than flying until approximately 13m/s. Therefore, 

it is likely that the RFV will operate primarily in the rolling mode. 

Inspection of the range plot Figure 2.5b reveals a global maximum (red dot). The determination of 

this point, as well as the minimum power contour will be discussed in Section 2.4. Including the 
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electromechanical motor model significantly impacts the simulation results; the electrical power 

consumed is 90-160% greater than the mechanical power produced by the motor. As a result, the 

range in Figure 2.5a is 50-60% less than that predicted using mechanical power alone.   

2.3.2 Energetic performance - Varying Terrain and Angle of Attack with Fixed Velocity 

The plots in Figure 2.6a-d illustrate the dependence of Ὕ ȟ‫ȟὗ, and ὖȟ  on ‌  and ‍ for a 

fixed forward velocity and zero inclination (— π), where ὖȟ  is the electrical power required 

per rotor.  

 

Figure 2.6 (a) Thrust, (b) angular velocity, (c) torque and (d) electrical power per rotor as a function of ‌  and ‍ with 

ὠ ςm/s and — π radians. 

(d)(c)

(b)(a)
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The dashed vertical line in all four plots indicates the critical angle of attack ‌ȟ  at which point 

the RFV takes flight, given by the solution to (2.5) and (2.6)Ȣ All the curves on a given plot, which 

represent different values of ‍, converge to a single point at ‌ȟ , indicating the value of the 

plotted variable during flight, which is a function of  ὠ and — alone. 

2.3.2.1 Thrust  

The plot of Figure 2.6a shows there is a tradeoff between ‌  and ‍ in determining the required 

thrust per rotor, Ὕ . The expression for thrust comes from (2.10) . At low ‍ (smooth surfaces) 

the thrust required to maintain a constant forward velocity increases with ‌  such that the 

component of Ὕ  in the direction of motion is constant. As ‍ increases, more thrust is required 

at low angles of attack to overcome rolling resistance. As the angle of attack increases from zero 

when ‍ is large (e.g. the upper curve in Figure 2.6a), Ὕ  initially decreases because the vertical 

component of thrust reduces the normal force, and therefore the rolling resistance, on the wheel. 

At high angles of attack, Ὕ  increases to maintain constant thrust in the direction of motion. 

This can be seen by inspecting the denominator of (2.10), which is ÃÏÓ‌ ‍ÓÉÎ‌ . This 

expression governs the tradeoff between the effects of rolling resistance and angle of attack in 

determining Ὕ . In particular, the slope of Ὕ  in Figure 2.6a changes sign when 

 ()1tanpa b-º   (2.41) 

If ‌ ÔÁÎ‍ then Ὕ  is determined primarily by the value of ‍, and ὨὝ Ὠ‌ϳ π, 

indicating that increasing ‌  serves to reduce the normal force and correspondingly rolling 

resistance, thus reducing the required thrust to maintain equilibrium. On the other hand, if ‌

ÔÁÎ‍ then Ὕ  is dominated by ‌ , and ὨὝ Ὠ‌ϳ π, indicating that thrust must 

increase to maintain the component of thrust in the direction of motion. This is due to the presence 

of ÃÏÓ‌  in the denominator of (2.10) which approaches zero rapidly as ‌ ᴼ‌ȟ . When ‌

‌ȟ , the thrust is given by the solution to  (2.5) and (2.6), which naturally does not depend on ‍ 

because the vehicle is in flight.  
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2.3.2.2 Angular Velocity and Torque 

Figure 2.6b shows the angular velocity required to achieve the thrust shown in Figure 2.6a. Three 

factors influence the behavior of over the range of ‫ ‌ : 

- For small ‌ , follows Ὕ ‫ , and is primarily influenced by ‍.   

- As ‌  increases, the velocity of freestream air normal to the rotor disc decreases. At constant 

a decrease in freestream velocity normal to the rotor disc would result in increased thrust ,‫ 

(Figure 2.6a). Therefore, to maintain the required thrust from (2.10), must decrease. This ‫ 

effect is heavily influenced by ὠ: the larger ὠ, the greater the reduction in with increasing ‫ 

‌ . 

- For large ‌ , the required thrust increases aggressively to maintain a constant thrust in the 

direction of motion, and this effect requires an increase in that overwhelms any decrease in ‫ 

resulting from reduced air flow normal to the rotor disc. The required torque (Figure 2.6c) ‫ 

behaves similarly.  

2.3.2.3 Electrical Power 

Figure 2.6d illustrates the electrical power required per motor as a function of rotor angle of attack 

for various values of ‍. Note that ‌   corresponding to minimum power varies with ‍. The dashed 

blue curve is the locus of points that are the minima of each power curve, and thus is the optimal 

angle of attack curve ‌ᶻ as a function of ‍ in the sense that the power is minimized. The 

determination of this curve will be addressed in Section 2.4. As ‍ increases, ‌ᶻ eventually 

converges to ‌ȟ .  

Though the electrical power is shown, which takes into consideration the motor inefficiencies, the 

mechanical power curves exhibit the same behavior. Thus, the angle of attack influences the power 

consumed by changing the normal force, which changes the rolling friction. The extent to which 

the power is affected by changing ‌  depends upon the terrain characteristics (‍ȟ—) and ὠ. 

Therefore, the optimum angle of attack that minimizes power will depend upon ‍ȟ—, and ὠ as 

well.  
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Comparison of Figure 2.6a and 7d show that  ‌ᶻ does not correspond to the angle of attack that 

minimizes required rotor thrust for a given ‍. This is because the required thrust is primarily 

determined by the rigid-body model of the RFV given by (2.10), whereas the electrical power also 

depends on the air flow normal to the rotor disc (which changes with ὠ and ‌ ) and the motor 

model. Consider the problem of minimizing just the mechanical power, so that the motor model is 

irrelevant. Only when ὠ π does the mechanical power depend on the required thrust alone, 

because the component of air velocity normal to the rotor disc is just the induced velocity, which 

is independent of ‌  when ὠ π. Therefore as ὠ approaches zero, ‌ᶻ approaches the angle of 

attack that corresponds to minimum required thrust, which is given by  (2.41). This is observed in 

Figure 2.5a where the minimum power contour intersects the ‌ -axis at ‌ Ȣς ÔÁÎȢς.  

2.4 Operating Point Optimization 

The advantages of a multirotor vehicle (mobility, maneuverability) and a rolling vehicle (energy 

efficiency, low COT) are complementary, and their combination makes the RFV appealing. 

Traditionally, the option to roll or fly would require that a decision to do one or the other be made. 

This mode decision could be based on a set of rules informed by environmental conditions, 

detection of obstacles, etc. However, the impetus to create the RFV is to increase the efficiency of 

an otherwise highly capable (mobile, maneuverable) multirotor vehicle; we are not so much 

concerned with the ñability to rollò as we are with the desire to conserve power. As such, the mode 

decision can be viewed as a natural byproduct of power and/or range optimization. This is possible 

because the rolling condition (normal force greater than zero) naturally converges to the flying 

condition (normal force equal to zero) as the angle of attack increases for a given forward velocity.  

For example, consider the problem of minimizing power consumption for the RFV. Optimizing 

for minimum power exploits the independence of ὠ and ‌  by prescribing ὠ and then operating at 

the ‌  that minimizes electrical power. Assume that ‍ and — are known. As the vehicle encounters 

changing terrain, characterized by ‍ and —, the optimization algorithm can command the rotor 

angle of attack in real-time such that the RFV operates at ‌ ‌ᶻ (Figure 2.6d). If ‍ becomes 

large enough,  ‌ᶻ approaches ‌ȟ  and the RFV takes flight. Therefore, if the optimization 

algorithm maintains ‌  ‌ᶻ, then the mode decision is made naturally as a byproduct of power 

optimization.  
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Another way to optimize the operation of the RFV is to maximize range. Figure 2.5b indicates that 

the maximum range depends on both ὠ and ‌ . As with the power optimization, if the angle of 

attack that maximizes range approaches ‌ȟ , the vehicle will naturally take flight without making 

an independent decision to roll or fly. This transition is shown graphically in Figure 2.5a and b 

where the minimum power contour intersects the dashed flight line. 

The determination of the operating point that minimizes power or maximizes range is considered. 

This is a constrained optimization problem due to upper and lower limits on feasible ‌ and ὠ that 

must be imposed. To optimize for minimum power, we desire to find 

 ( )
[0,

*
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p
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a a b q
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=   (2.42) 

To optimize for maximum range, we desire to find  
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The range maximization problem of (2.43) can be solved using any number nonlinear constrained 

optimization techniques. A recursive gradient method is used here. Although the optimization 

problems are in general constrained, inspection of Figure 2.5a and b indicates and none of the 

constraints are active for the set of parameters (Table 2.1) chosen for the simulation; the optimums 

ὠ and ‌  that maximize ί (red dot on Figure 2.5b) or that minimize power (green line on Figure 

2.5a) are not located on the boundary of the feasible space. In this case the optimization problems 

are treated as unconstrained.  
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Figure 2.7 (a) Range, (b) power (c) operating time, and (d) COT ratio for the RFV as a function of ὠ. ‍ πȢς, — π 

radians. 

The power minimization problem of (2.42) is a one-dimensional optimization problem, and 

therefore an efficient line search algorithm can be used to determine ‌ᶻ. The Golden Section 

algorithm from [38] was used to locate the minimum power contour (green line) in Figure 2.5a. 

The algorithm required between 14 and 28 function calls per optimization. The results of such an 

optimization appear in Figure 2.7a-d, which compare the power-optimized performance of the 

RFV to that of a CFMV as a function of forward velocity.  

As expected, the power-optimized RFV energetically outperforms the CFMV over the entire 

operating range, until the vehicle takes flight, at which point the performance curves converge. 

(d)(c)

(a) (b)
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The RFV is particularly superior at low forward velocities, which favors a vehicle intended for 

search, rescue and exploration. The performance benefits of rolling compared to flying are 

summarized by the COT metric, Figure 2.7d. At low velocities, the ratio of the RFVôs COT to that 

of a CFMV is less than 0.1. As velocity increases,  ‌ᶻ increases until the vehicle takes flight, at 

which point the COT ratio converges to unity.  

Another way to view these results is to consider the percentage increase in mass that the RFV can 

have over a CFMV such that the electrical power consumption of both is identical. A mass factor 

is defined as 

 1RFV

conv

m

m
c¹ -  (2.44) 

where ά  is the mass of the RFV, and ά  is the mass of the CFMV. The mass factor was 

determined numerically by simulating a CFMV with reduced mass such that its power 

consumption equaled that of the RFV at each velocity.  

 

Figure 2.8 Mass factor, defined by (2.44), as a function of ὠ. ‍ πȢς, — π radians. 

A plot of … as a function of ὠ is shown in Figure 2.8, which indicates that at low speeds, a CFMV 

consumes the same amount of power as an RFV that weighs up to 80% more. Note that the 

optimization strategy described herein is a general method for finding the optimal forward velocity 

and rotor angle of attack of an arbitrary rotary wing-driven vehicle, so long as the forward velocity 
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and rotor angle of attack are independent of one another. Given static or dynamic state equations 

that relate Ὕ  to ὠ and ‌  (as in  (2.10)), an optimal operating point solution can be found.  

2.5  Summary of Energetics Modeling 

This chapter presented the theoretical foundation for power and range optimization of a bi-modal 

RFV. BEMT is used to model the aerodynamic behavior of rotary wing vehicles. This, combined 

with a rigid-body model of the vehicle and an electromechanical motor model, is used to predict 

the electrical power consumption and range of the rotary wing vehicles. This approach produces 

more accurate power and range predictions than those based on the formulation of mechanical 

power using the popular propeller momentum theory; the superior predictive power of BEMT 

compared to propeller momentum theory is well substantiated in the literature. The inclusion of 

the electromechanical model, which accounts for electric motors that frequently have efficiencies 

between 20-60% depending on the torque-speed operating point, improves the accuracy of range 

estimates substantially. More elaborate BEMT models could be considered, which include both 

tangential induced velocities and azimuthal variation of induced velocities. The model could be 

further improved by considering ground effects. 

Simulations of the model developed indicate that the power consumption and range of the RFV 

compare favorably to those of a CFMV, without sacrificing the maneuverability and mobility 

inherent to multirotor vehicles. The RFV provides a combination of assets that addresses the 

requirements of a search, rescue and exploration robot intended for long range missions in an 

unstructured environment. The specific configuration of the RFV concept presented here does not 

preclude other rolling-flying rotary wing concepts from consideration; the simple model used to 

represent the vehicle in this chapter could be applied equally well to many embodiments of an 

RFV.  

The independence of ὠ and ‌  inherent to the RFV permits an additional constraint to be imposed 

on the system, which is chosen to be the minimization of electrical power at any velocity. This is 

a unique feature of the RFV, as the rotors provide both forward thrust and lift while the vehicle 

maintains contact with the ground. Gradient-based constrained optimization methods can be used 

to maximize range, while the power minimization yields to a rapid one-dimensional line search. 

The calculation of power and range depends on a BEMT-based rapid thrust-to-angular velocity 
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conversion, which can also be used to implement model-based closed-loop control algorithms for 

rotary wing vehicles. Bi-modality introduces the problem of the mode decision. However, this 

chapter demonstrates that the mode decision can be resolved as a natural by-product of power or 

range optimization. As a result, an independent, binary mode decision is not required.  

The RFV shows promise from an energetics perspective, however the range and power 

optimizations depend on the knowledge of the terrain conditions, parameterized by ‍ and —. These 

parameters could be estimated online using a nonlinear state estimator. Considering the highly 

nonlinear nature of the RFV, a state estimator such as the Unscented Kalman Filter is well-suited 

to the task of terrain parameter identification as the estimator does not require model linearization, 

and the model presented herein produces estimates of several measurable quantities, e.g. ‫ȟὗ and 

ὠ. Alternatively, a reinforcement learning approach or extremum seeking control strategy could 

be employed, both of which would determine the optimal ὠ and ‌  directly from measurements 

of electrical power. 

This analysis constrained the translational motion of the RFV to a single dimension. Subsequent 

analyses could include lateral motion as well. Other maneuvers affecting power consumption, such 

as acceleration, yawing in place or sideways roll prevention, could be incorporated into the model, 

thereby informing the optimization solution and the mode decision.  
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CHAPTER 3 

Dynamic Modeling of the WRFV 

This chapter presents a rigorous dynamic analysis of the two-wheeled RFV (WRFV) of Figure 

1.1a. As discussed in Chapter 1, this class of vehicle provides energetic and locomotive advantages 

over traditional uni-modal vehicles. Despite superficial similarities to CFMVs, the dynamics of 

the WRFV differ substantially. This chapter offers a complete and rigorous derivation, simulation 

and validation of the WRFVôs rolling dynamics for this class of vehicle. Variational mechanics is 

used to develop a six degree-of-freedom dynamic model of the WRFV subject to kinematic rolling 

constraints and various non-conservative forces. The resulting dynamic system is determined to 

be differentially flat and the flat outputs of the WRFV are derived. A functional hardware 

embodiment of the WRFV is constructed, from which empirical motion data is obtained via 

odometry and inertial sensing. A numerical simulation of the dynamic model is executed which 

accurately predicts complex dynamic phenomena observed in the empirical data, such as 

gravitational and gyroscopic nonlinearities; the comparison of simulation results to empirical data 

validates the dynamic model.  

3.1 Background 

The energetic efficiency of an RFV compared to a CFMV was established in Chapter 2, along with 

methods for determining optimal operation on any terrain. However, these benefits can only be 

realized if the RFVôs terrestrial motion is controlled in closed-loop. This motivates the 

development of a rigorous dynamic model of the RFV while rolling. While mathematical models 

of CFMVs have been studied extensively ([39]ï[42]), the methods and assumptions used to 

develop models for CFMVs are not valid for an RFV, despite the RFV utilizing the same multirotor 

mechanism for both rolling and flying. For example, the near-horizontal nominal operating 

condition of CFMVs permits significant simplification of the dynamics for the purposes of 

developing control systems [39], [40]. However, the dynamic model, flat outputs [43], exogenous 

forces, and range of motion associated with the RFVôs rolling mode differ substantially from those 

of a CFMV due to the presence of kinematic constraints imposed upon the RFV. To understand 

these constraints and their impact requires a unique dynamic model.  
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While other researchers have created WRFVs like that shown in Figure 3.1, none have developed 

a dynamic model suitable for terrestrial control system design that also includes the relevant 

constraints, rotational dynamics and nonconservative forces. Furthermore, none have validated 

their dynamic models with experimental data. While [12] formulates Lagrangeôs equations for the 

terrestrial motion of their single-wheeled design, they do not present their model in a form suitable 

for control system development, i.e. they do not solve Lagrangeôs equations for the derivatives of 

the generalized coordinates. Indeed, their subsequent analysis neglects all dynamic behavior by 

assuming static operating conditions, and no dynamic simulations are performed. Takahashi et al. 

[13] create a two-wheeled design but present a simplified terrestrial model that neglects rotational 

dynamics and nonholonomic constraints. Additionally, the model excludes the wheels entirely. 

Furthermore, [13] makes no attempt to measure the velocity of the wheels nor of the vehicle. 

Mizutani et al. [44] develop a quadrotor UAV with spherical shell capable of rolling, however they 

present no model. Many researchers develop dynamic models of generic two-wheeled mobile 

vehicles for strictly terrestrial locomotion. However, these models typically confine the vehicleôs 

operation to either a horizontal (e.g.  [45]) or vertical (e.g. [46]) two-dimensional plane. Thus, 

these models cannot capture the higher-dimensional terrestrial motion of the WRFV. 

 

Figure 3.1 A two-wheeled RFV. While on the ground the rotors provide thrust, steering, and orientation control while 

the wheels are passively towed. Wheel velocities and vehicle orientation are measured with encoders and an inertial 

navigation system, respectively. 

3.1.1 Contributions and Organization 

This chapter extends the work of [12] and [13] and takes the first step toward developing 

appropriate terrestrial control systems for the WRFV by providing an accurate dynamic model of 
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the WRFV while rolling. The dynamic model is rigorously derived using the Euler-Lagrange 

method of variational mechanics. The model takes into consideration the various constraints 

imposed upon the vehicle while in contact with the ground. Furthermore, the model does not make 

any planarity nor small angle assumptions and includes nonconservative forces. The result is one 

first-order and two second-order differential equations that completely govern the WRFVôs 

terrestrial motion. The implications of the constraints as they relate to differential flatness are 

explored. A hardware embodiment of the WRFV is developed which provides empirical motion 

data, including orientation, linear velocity and angular velocity. A numerical simulation of the 

dynamic model is executed, and the results compared to those obtained from the hardware WRFV. 

The comparison reveals that the simulated model captures the prominent nonlinear dynamic 

behavior of the hardware WRFV. Beyond providing a dynamic model suitable for model-based 

control system development, inspection of the model reveals insights for designing both the control 

system and the vehicle. 

This chapter is organized as follows: First, the necessary mathematical nomenclature for deriving 

a dynamic model of the WRFVôs terrestrial motion is presented. Second, the terrestrial dynamic 

model is derived yielding the governing equations of motion for rolling. Third, the flat outputs of 

the WRFV are derived and compared to those of a CFMV. Fourth, a hardware embodiment of the 

WRFV is briefly described. Fifth, simulation and experimental results are presented and discussed. 

Lastly, various ways in which the dynamic model provides guidance for control system and vehicle 

design are discussed. 

3.2 Methods of Dynamics 

This section presents the dynamic model of the WRFVôs terrestrial motion. 

3.2.1 Mathematical Nomenclature 

This section briefly describes the mathematical conventions and nomenclature used to derive the 

terrestrial dynamic model of the WRFV. Lowercase, uppercase, and double struck sub- and 

superscripts refer to points, bodies, and coordinate reference frames, respectively. The position 

vector ὶᴇ represents the position of point ὦ relative to point ὥ resolved (i.e. expressed) in the ᴇ 

coordinate frame of reference.  ὶ ȟ
ᴇ  indexes the element of ὶᴇ in the ὴ-direction, where ὴ can be 
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ὼȟώ or ᾀ. The velocity vector ὨȾὨὸὶᴇ  is the derivative with respect to (i.e. measured by an 

observer fixed in) reference frame  of the position of point ὦ relative to point ὥ resolved in 

coordinate frame ᴇ.  The acceleration vector ὨȾὨὸ ὶᴇ  is the derivative with respect to 

reference frame  of the derivative with respect to reference frame  of the position of point ὦ 

relative to point ὥ resolved in coordinate frame ᴇ. The angular velocity ‫ᴇ  is the angular velocity 

of frame  with respect to frame  resolved in frame ᴇ. ὥ  represents the skew-symmetric matrix 

formed from the elements of the vector ὥ such that ὥ ὦ ὥ ὦ.  ὅ  is a rotation matrix that 

transforms a vectorôs frame of resolution from  to  such that ὶ ὅὶ.  ȟǶ and Ὧ represent 

the orthonormal basis vectors of ᴙ  so that Ƕ ρ π π ȟ  Ƕ π ρ π  and Ὧ π π ρ . All other 

variables are defined in the Nomenclature section. 

3.2.2 Model Formulation  

Figure 3.2 schematically illustrates the WRFV upon a horizontal plane representing the ground.  

 

Figure 3.2 Schematic representations of the WRFV illustrating (a) the generalized coordinates, (b) the impressed 

forces and constraints and (c) the various frames of reference. Point Ὃ is the center of mass, which is offset in the  

frame z-direction. 

Point ὦ is located at the center of the WRFV body ὄ, midway between two wheels ὡ  and ὡ , 

and is the origin of the body reference frame  which is rigidly fixed in ὄ. The axes of reference 

frame  point along the principal directions of ὄ. Point Ὥ is located at the origin of an inertially 

fixed reference frame . The rotation matrix from frame  to frame  is  
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Referring to Figure 3.2c, an intermediate reference frame , is defined with respect to  as 
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The origin of frame  is collocated with the origin of frame  at point ὦ. As a result, the x-axes of 

 and  are parallel, and  is free to rotate about the x-axis of . Reference frames  and  

are located at the wheel center points ύ  and ύ  and are rigidly fixed in wheels ὡ  and ὡ , 

respectively. ύ  and ύ  are assumed to coincide with the center of mass of  and , 

respectively. Wheels ὡ  and ὡ  contact the ground at points ὧ and ὧ, respectively.  and  

are free to rotate about the x-axis of . 

Referring to Figure 3.2a, the WRFV is modeled using six generalized coordinates 

 [ ]1 2

T
q x y s a q q=   (3.3) 

ὼ and ώ are the planar components of the position of point ὦ relative to Ὥ and resolved in . That 

is, ὶ ὼ ώ Ὑ , where Ὑ is the radius of ὡ  and ὡ .  „ and ‌ are Euler angles specifying the 

yaw angle and pitch angle, respectively, of the  frame with respect to the  frame.  — and — are 

the rotational positions of frames  and , respectively, with respect to . The generalized 

velocity is   

 
1 2

T

q x y s a q qè ø=ê ú  (3.4) 

where the ὼ and ώ are the time derivatives of ὼ and ώ with respect to the inertial frame of reference. 

That is, ὨȾὨὸὶ ὼ ώ π . The parameters that specify the system are the wheel radius Ὑ, the 

distance from point ὦ to the center of each wheel ὒ, body mass ά , body principal moments of 

inertia ὍȟὍȟὍ, wheel mass ά , wheel principal moments of inertia Ὅ ȟὍ , rolling resistance 

coefficient ‘ , wheel viscous damping coefficient ‘ , aerodynamic drag coefficient ὅ , and the 

location of the center of mass Ὃ (which is fixed in ) relative to point ὦ resolved in , ὶ . 
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Referring to Figure 3.2b, the input to the system is a four-element vector Ὂ containing a force and 

three moments resolved in the body frame of reference   

 x z

T

B z yF F M M Mè ø=ê ú  (3.5) 

where Ὂ  is the force in the  frame z-direction, and  ὓ ȟὓ  and ὓ  are moments about the  

frame x-, y- and z-directions, respectively. The angular velocity of frame  with respect to frame 

 resolved in frame  is related to „ and ‌ by the kinematic relationship 
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where ὅ
 
is defined by (3.6). Note that ὅ

 
 is not an orthonormal rotation matrix, but only 

relates the angular velocity of  to the Euler angle rates. 

3.2.3 Analytical Mechanics 

The Euler-Lagrange method of analytical mechanics used to determine the equations of motion of 

the WRFV in Figure 3.2. Application of Hamiltonôs principle to nonconservative and 

nonholonomic systems results in [47] 
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where Ὕ is the total kinetic energy of the system, ‬ὪȾ‬ή describes the differential constraints on 

the system be they holonomic or nonholonomic, ‗ is a vector of Lagrange multipliers, each element 

of which is associated with one constraint, and ὗ is the generalized force containing both 

monogenic and polygenic exogenous forces. The explicit formulation of the Lagrangian as kinetic 

energy minus potential energy is omitted because polygenic forces (which are not derivable from 

a scalar potential function) are involved. Gravity is the only conservative force in the system, and 

its effect is captured in the formulation of the generalized force ὗ. This leads to a clearer 

interpretation of (3.7) wherein all inertial forces are on the left-hand side and all impressed forces, 
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including forces of constraint, are on the right-hand side. The kinetic energy associated of the 

WRFV body ὄ is 
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where Ὅ  is the inertia tensor of body ὄ about the center of mass Ὃ resolved in coordinate frame 

. The kinetic energy is a scalar quantity, and thus independent of the frame of resolution. Frame 

 is chosen for convenience because the inertia tensor Ὅ  is constant in .  Ὅ  can be expressed 

in terms of the inertia tensor of ὄ about point ὦ resolved in frame  using the parallel axis theorem 

for tensors: 
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where Ὅ  is a diagonal matrix containing the principal moments of inertia, ὍȟὍȟ  and Ὅ. Likewise, 

the velocity of point Ὃ can be expressed in terms of the velocity of point ὦ using the transport 

theorem: 
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The linear and angular velocities in (3.10) can be expressed in terms of the generalized velocity as 
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are Jacobians whose subscripts Ὀ or Ὑ indicate their representation of either linear or angular 

velocity, respectively. The subscript specifying the frame with respect to which differentiation 

occurs has been omitted in the Jacobian notation for readability, and it is assumed that all linear 

velocities are measured with respect to the  frame. Post-multiplying ὅ  by Ƕ Ƕ in (3.12) selects 



   

40 

 

the first two columns corresponding to the ὼ- and ώ-directions of . Rewriting (3.10) in terms of 

the Jacobians defined in (3.12) yields 

 ( ) ( ), , ,xiG ib D bG R iG D

d
r J r J q J q

dt
è ø= - =ê ú   (3.13) 

Substituting (3.9) and (3.13) into (3.8) yields 
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where  
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is the symmetric mass matrix of the body ὄ. Similarly, the mass matrix of the ὴ  wheel can be 

obtained as  
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and Ὅ  is the inertia tensor of the ὴ  wheel about its center point ύ  resolved in frame .  Ὅ  

is constant despite being resolved in frame  because the wheel is assumed to be symmetric about 

its ὼ-axis (Figure 3.2c).  Therefore Ὅ  is a diagonal matrix whose elements are Ὅ ȟὍ ȟὍ . 

The kinetic energy of each wheel is calculated in the same way as (3.14), therefore the total kinetic 

energy of the WRFV is  
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where ὓ ὓ ὓ ὓ . If ὶ π π Ὤ , indicating that the center of mass of ὄ is 

centered between the wheels and located a distance Ὤ from point ὦ in the  frame z-direction, then  
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 (3.19) 

Considering the form of (3.18) and the fact that ὓ is symmetric, the left-hand side of the Euler-

Lagrange equation (3.7) can be expanded for each of the six generalized coordinates as 
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where ὲ ρȟςȟȣȟφ.  

3.2.4 Constraints 

The right-hand side of (3.7) consists of the impressed forces acting on the system. Forces of 

constraint are represented by  ‬ὪȾ‬ή ‗. Referring to Figure 3.2b, each wheel is subjected to 

three constraint forces: A normal force that prevents the wheel from penetrating the ground, a 

lateral force that prevents slipping in the  frame x-direction, and a friction force that permits 

rolling without slipping in the  frame y-direction. Wheel slip is not modeled because the wheels 

are towed, rather than driven, reducing the likelihood of slip. All three constraints can be expressed 

succinctly by stating that the instantaneous velocity (with respect to ) of the contact point between 

the ὴ  wheel and the ground is zero. That is, 

 ( ) 0
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Equation (3.21) is resolved in the  frame simply to permit the use of the previously defined 

Jacobians in (3.12) and (3.17), which are also resolved in . However, (3.21) is valid when 

resolved in any coordinate frame because the zero vector π π π π  is invariant under rotation. 

The position of point ὧ relative to point Ὥ is 
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where ὶ π π Ὑ . Taking the time derivative of (3.22) with respect to the  yields 
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By definition (3.23) is equal to (3.21) and so  ὐ ȟή π. Also, ὐ ȟ can be resolved in the  

frame, which will result in a simpler closed-form expression when expanded. Doing so yields 
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Evaluating (3.24) for each wheel yields 
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Therefore, the constraints are summarized by ὐ ȟή π and ὐ ȟή π. The three rows of ὐ ȟή 

represent the three constraints enforced by the ὴ  wheelôs reaction with the ground. These are 

kinematic constraints in that they are relations between the different elements of the generalized 

velocity ή, and they are also Pfaffian constraints in that they are linear in the generalized velocity 

[48]. The first row describes the lateral no-slip constraint in the  frame x-direction. The first row 

of both ὐ ȟ and ὐ ȟ are identical, indicating that the conditions under which ὡ  and ὡ  
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experience lateral slip are identical. From Figure 3.2b, it is apparent that if one wheel were to slip 

laterally, the other would have to slip also. Expanding this constraint reveals that 

 cos sin 0x ys s+ =  (3.26) 

Equation (3.26) is recognized to be the velocity of point ὦ relative to point Ὥ in the x-direction of 

the  frame. That is, 

 ( ) ( ) [ ]

cos sin
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ib ib
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x y
d d
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s s

s s
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ê
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  (3.27) 

Therefore, the lateral no slip constraint from (3.26) is equivalent to saying that ὨȾὨὸὶȟ π. 

This fact simplifies the equations of motion when resolved in the  frame, as will be seen below. 

The second row of (3.25) describes the rolling-without-slipping constraint in the  frame y-

direction. The second rows of ὐ ȟ and ὐ ȟ are different because wheels ὡ  and ὡ  can rotate 

independently. The constraints represented by the first two rows of (3.25) are nonholonomic, 

indicating that the constraints cannot be integrated and expressed as relations between different 

elements of the generalized coordinates ή. Therefore, the nonholonomic constraints do not permit 

reducing the dimension of ή via substitution. Instead the method of Lagrange multipliers is used 

to enforce the constraints. The third row of (3.25) describes the holonomic normal constraint in 

the  frame z-direction. This appears to be a trivial constraint because the velocity of point ὧ 

(where ὴ ρ or ς) in the  frame z-direction is not described by any combination of the elements 

of the generalized velocity. The triviality of the constraint is due to the problem statement; by 

definition the wheels are constrained to only operate on the horizontal x-y plane of , so it is known 

a priori that the z-position in the  (or ) frame of any point on the system will be holonomically 

constrained by the other generalized coordinates. Therefore, excluding the z-position from the 

generalized coordinates is in effect an elimination by substitution, and the zeros in the third row 

of (3.25) reflect that decision. Excluding the z-position from the generalized coordinates is 

beneficial because it reduces the dimension of the configuration space by one. Alternatively, the 

generalized coordinates can include a z-position, which ultimately yields an equation of motion of 

ᾀ π while the other equations of motion remain unchanged. Additionally, inclusion of the z-

position makes the normal constraint non-trivial and permits calculation of the total normal force 
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on the vehicle. This is useful when calculating the moment due to rolling resistance, described 

below. 

Between both wheels, a total of three unique and nontrivial constraints exist: No lateral slipping, 

wheel ὡ  rolls without slipping, and wheel ὡ  rolls without slipping. These three constraints are 

combined into a single differential constraint matrix 
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  (3.28) 

where it is understood that ‬ὪȾ‬ή cannot be integrated to yield Ὢή because the constraints are 

nonholonomic. From (3.7), the generalized forces of constraint are furnished through the use of 

Lagrange multipliers, ‗ 
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l

å õµ
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  (3.29) 

where ‗ contains three elements associated with the three constraints. The introduction of ‗ means 

that the six equations in (3.7) have nine unknowns: The six elements of ή, and the three elements 

of ‗. Three auxiliary equations are furnished by time-differentiating the equations of constraint. 

Because  ‬ὪȾ‬ήή π, 

 0Td f f f
q q q q

dt q q q q

å õ å õµ µ µ µ
= + =æ ö æ ö

µ µ µ µç ÷ ç ÷
  (3.30) 

Substituting (3.28) into (3.30) and differentiating yields the three auxiliary equations: 
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  (3.31) 

Care must be taken when differentiating (3.30) because the differentiation of any position or 

velocity elements will implicitly be done with respect to the frame of resolution [47]. In this case, 

ὼȟὼȟ ώ and ώ are all resolved in , and ὼ and ώ differentiations are with respect to , (see (3.3) and 
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subsequent discussion) so the frame of resolution matches the reference frame and the 2nd 

derivatives ὼ and ώ will be with respect to  as well. 

3.2.5 Impressed Forces 

The second term on the right-hand side of (3.7) is the generalized force, ὗ. ὗ is the superposition 

of five groups of exogenous impressed forces and moments acting on the system: 

 grav control rr visc dragQ Q Q Q Q Q= + + + +  (3.32) 

where ὗÇὶὥὺ are gravitational forces, ὗ  are control forces that can be generated by the 

systems actuators, ὗ  are rolling resistance forces, ὗ  are viscous damping forces, and ὗ  

are aerodynamic drag forces. In general, the virtual work ‏Ὗ performed on a body by an exogenous 

force Ὂ and moment ὓ is ‏Ὗ ή‏ ὐὊ ὐὓ , where ‏ή is the virtual displacement of the 

body in the configuration space, and ὐ and ὐ are the displacement and angular Jacobians, 

respectively. Therefore, the generalized force associated with Ὂ and ὓ is ὗ ὐὊ ὐὓ. The 

generalized force due to gravity is 

 ( ) ( ) ( )( )1 2, , ,

T TT

grav WB iG D iw D iw DWQ m J m J m J C g= + +   (3.33) 

where Ç ÇὯ, and Ç is the gravitational acceleration.  The generalized force due to the control 

forces and moments from (3.5) is 
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The generalized force due to rolling resistance is 

 ( ) ( )
1 2, 1 , 2

T T

rrr R r R rrQ J M J M= +   (3.35) 

where ὓ  is a rolling resistance moment that acts to oppose to rotation of the ὴ  wheel.  If the 

rolling resistance is proportional to the normal force on the wheel, then  

 ( ) ( ),
Ĕ Ĕ Ĕ, sgn sgn

p p

T T

rrp rrp rr rrrrp Np Np RqM M i M RF i RF i Jm w m= =- =-   (3.36) 
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where Ὂ π represents the normal force on the ὴ  wheel, and ‘  is a coefficient of rolling 

resistance that depends on the terrain. As mentioned above, the value of Ὂ  is determined by 

augmenting the generalized coordinates with a ᾀ-motion component and computing the 

generalized force of constraint in the  frame z-direction from (3.29), which is approximately 

(assuming equal force on each wheel) 

 ( )( )
1

2 cos
2

zNp B wF m m g F aº + -   (3.37) 

The generalized force due to viscous damping is 

 ( ) ( )
21, 1 , 2R visc

T T

vi ss R i cc vQ J M J M= +   (3.38) 

where ὓ  is a viscous damping moment that acts to oppose to rotation of the ὴ  wheel with 

respect to the body ὄ.  This moment arises due to bearing losses and is  

 ( ) ( ),
Ĕ Ĕ Ĕ,

p p

T T

viscp viscp visc viviscp RscM M i M i i J qm w m= =- =-   (3.39) 

The generalized force due to aerodynamic drag on the body is 

 ( ),drag ib D drag

T

Q J C F=   (3.40) 

where Ὂ  is an aerodynamic drag force that acts on and opposes the direction of motion of point 

ὦȡ 

 ,
Ĕ Ĕ, , T

drag drag D y y ydrag ib DF F j F C v v v j C J q= =- =   (3.41) 

Substituting the foregoing expressions for the constituent generalized forces into (3.32) yields 
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3.2.6 Equations of Motion 

The equations of motion of (3.7) can now be obtained by combining equations (3.20), (3.28), (3.31) 

and (3.42) and solving for ή and ‗. As mentioned above,  ὼ and ώ are most easily expressed in the 

 frame. Differentiating (3.27) with respect to the  frame yields ὨȾὨὸ ὶ ὅ ὼ ώ π , 

which is the acceleration of point ὦ resolved in . If Ὤ π (i.e. ὦ and Ὃ are coincident) then the 

equations of motion are 
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The direct dependence of ‌ȟ„ and ὨȾὨὸ ὶ  on — and — has been eliminated by the 

constraints from (3.28), though — and — do indirectly appear in the rolling resistance and viscous 

damping moments, defined in (3.36) and (3.39), respectively.  Despite the lateral no-slip constraint 

from (3.28) which indicates that ὨȾὨὸὶȟ π, (3.43) indicates that the acceleration in the  

frame x-direction is nonzero. In fact, (3.43) is recognized as the centripetal acceleration. This fact 

allows the acceleration to be simplified even further by computing the derivative of velocity with 

respect to the  frame rather than the  frame.  To do this, the transport theorem is applied to (3.43) 

and (3.44): 
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Equation (3.47) indicates that the acceleration of point ὦ with respect to an observer fixed in  is 

tangent to the velocity of point ὦ, and its value is given exactly by (3.44). That is, (3.47) is the 

acceleration of ὦ along the path on which ὦ moves, which is also constrained to be instantaneously 

in the y-direction of  because of the lateral no-slip constraint. The change of reference frames 

performed in (3.47) essentially eliminates the x-equation of motion, supporting the intuition that 

the WRFV, characterized by six generalized coordinates and subject to three nonholonomic 

constraints, will have φ σ σ degrees of freedom.  The nonholonomic constraints do not reduce 

the number of generalized coordinates, because it is still possible to achieve any configuration in 

the six-dimensional configuration space [48]. However, the motion of the system is constrained to 

lie on a three-dimensional subspace of the six-dimensional configuration space. The evolution of 

the WRFV on this subspace is given by (3.44), (3.45), and (3.46). The equations of motion can be 

further simplified by defining a new set of control inputs that are resolved in the  frame: 
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  (3.48) 

Rewriting (3.44), (3.45), and (3.46) in terms of Ὂȟὓ ȟὓ , and ὓ  and defining the  frame 

velocity and acceleration as ώ ḳὨȾὨὸὶȟ  and  ώ ḳὨȾὨὸ ὶȟ , respectively, yields 
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where  
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are dissipation terms which are all functions of ή and ή, in general. Each equation of motion is 

now grouped into control terms, inertial coupling terms (except for ώ, which has no inertial 

coupling) and dissipation terms. Lastly, the assumption that Ὤ π can be relaxed; if 
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then the equations of motion become 
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3.3 Differential Flatness of the WRFV 

A differentially flat system is one wherein the systemôs states and inputs can be written in terms 

of the systemôs outputs and their derivatives [43]. If these conditions are satisfied, then the outputs 

are referred to as flat outputs. A consequence of being differentially flat is that any trajectory 
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specified in terms of the flat outputs can be directly mapped to the inputs, and thus used to specify 

feasible motion trajectories. It can be shown (see e.g. [49], [50]) that the flat outputs of a CFMV 

are the three components of linear velocity in the  frame and „; ‌ is absent, indicating that it 

cannot be used to specify motion trajectories for the CFMV. On the other hand, if the WRFVôs 

state and input vectors are defined as  „  „  ‌  ‌  ώ  and ὓ   ὓ   Ὂ , respectively, then 

inspection the equations of motion (3.54), (3.55) and (3.56) reveals that ᾀ  „ ‌ ώ  are flat 

outputs because 
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The differences in flat outputs are due to the WRFVôs lateral no-slip constraint (see (3.26)) and 

the fact that the normal constraints on the wheels result in normal forces that partially support the 

vehicleôs weight. The result is that a given horizontal force Ὂ  can be prescribed independently of 

‌ (except when ‌ πȟ“) because the vertical component of the net thrust need not completely 

offset the vehicle weight. This contrasts with a CFMV, whose vertical component of the net thrust 

must always equal the vehicleôs weight to maintain constant altitude. 

3.4 Hardware Embodiment 

Figure 3.3 illustrates a hardware embodiment of the WRFV. Attached to each wheel is a quadrature 

encoder (US Digital E3 series) used to resolve the angular position and angular rate of the wheel. 

A strapdown inertial navigation system (INS) (VectorNav® VN-100) measures the orientation of 

the WRFV. Data from the encoders and INS are obtained and processed by an on-board ARM 

cortex-M7 microcontroller (ST MicroelectronicsÊ STM32F767ZIT6U). A 2.4GHz radio 

transceiver (Digi® XBee Pro S2C) transmits motion data to a laptop computer every 2ms. The 

data transmitted include „ȟ‌ȟ—ȟ— and ‫ .  
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Figure 3.3 The hardware WRFV. The vehicle is fully instrumented to provide motion data. The INS measures „ȟ‌ȟ‎ 

and ‫ , while the wheel encoders measure —ȟ—. From these variables, „ȟ‌ȟ‎ȟ—ȟ— and ώ are obtained.  

Although the WRFV model derived in Section 3.2 assumes operation on a horizontal plane, the 

hardware embodiment of the WRFV must account for non-horizontal ground in order to accurately 

compute „ and ‌. The angle of the ground is reflected in the lateral rolling angle ‎ about the  

frame y-axis. Measurements of „ȟ‎ȟ‌ and ‫  are obtained from the INS.  „ and ‌ are computed 

from ‫  according to  
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ώ is computed from — and — (measured by the encoders) and ‫  as follows: From (3.23), the 

velocity of the body can be expressed as a function of the angular velocity of ὴ  wheel 

 ( ) ( )( )p pppbw wib cr
d

r C
dt

C rw w w= + ³- ³ -   (3.59) 

where ὶ π π Ὑ . This results in two equivalent expressions for ὨȾὨὸὶ  (one for 

each wheel), which can be used to solve for ώ as a function of — and —. Solving (3.58) for ‫ , 

substituting the result into (3.59), and then expanding the y-component of (3.59) for each wheel 

yields 
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Adding the two expressions in (3.60), substituting „ and ‌ from (3.58) and solving for ώ yields  
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The result is independent of ‎, which makes sense considering that  frame is defined with respect 

to the ground, i.e. the  frame rotates with ‎.  

Additionally, an estimate of „ is obtained using odometry data from the wheel encoders; equating 

the two expressions from (3.60) and substituting in „ from (3.58) yields 

 ( )2 1 sec
2

odom

R

L
s q q g-=   (3.62) 

Comparing „  to „ from (3.58) provides a method for determining if the WRFVôs wheels are 

in contact with the ground, assuming the ground is horizontal. This is illustrated in Figure 3.4, 

wherein „ and „  are compared. While the wheels are in contact with the ground, the 

measurement of „ provided by the INS and odometry system agree, and their curves overlap. When 

the wheels lose contact with the ground, which occurs at approximately ὸ τs and ὸ ωs, the 

two curves diverge. This divergence is used to detect when the vehicle is in flight. 
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Figure 3.4 Takeoff detection. The INS (blue) and odometry system (orange) each predict „. Their divergence 

indicates flight. 

3.5 Model Validation 

To validate the dynamic model developed in Section 3.2, empirical motion data from the hardware 

WRFV is collected and compared to motion data from an WRFV simulation. These experiments 

are carried out with the control inputs &ȟ- ȟ- , and -  all set to zero, i.e. they are open-loop. 

The goal is to validate the nonlinear dynamics of the system in response to non-zero initial 

conditions. For the empirical experiments, this is accomplished by manually providing an initial 

excitation with no control input, and then recording the subsequent motion. Then, the initial 

conditions of the simulations are set to match those of the empirical data, and the two sets of data 

are compared. 

3.5.1 Numerical Simulation Methods 

While precise knowledge of the model parameters is not required to compare qualitative 

characteristics of the WRFVôs dynamic behavior, the simulation model parameters are based on 

those of the hardware WRFV. Hardware WRFV parameters that can be directly measured (e.g. 

mass, length, center of mass) are so obtained. Moments of inertia are calculated in a piecewise 
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manner; inertia values for components designed using CAD software are obtained therein, while 

other components are modeled with simple geometries and the moments of inertia are calculated 

accordingly. Dissipation parameters (e.g. rolling resistance, viscous damping), are estimated based 

on the decay of the measured ‌ and „ signals. The model parameters values appear in Table 3.1 

under the Set 1 column.  

Table 3.1 Model Parameters for the Hardware WRFV and Simulations. 

Parameter Value 

Set 1 Set 2 

ὒ (m) 0.165 0.165 

Ὑ (m) 0.2254 0.2254 

ά  (kg) 1.1 0.7 

ά  (kg) 0.08975 0.08975 

Ὅ (kg-m2) 0.00371 0.001829 

Ὅ (kg-m2) 0.00306 0.002191 

Ὅ (kg-m2) 0.00342 0.002567 

Ὅ  (kg-m2) 0.001201 0.001201 

Ὅ  (kg-m2) 0.000603 0.000603 

g (m/s2) 9.81 9.81 

Ὤ (m) -0.006 -0.002 

‘  0.005 0.005 

‘  (N-m-s) 0.001 0.001 

ὅ  (kg/m) 0 0 

   

The simulation entails numerically integrating (3.43), (3.54), (3.55) and (3.56) along with 

expressions for — and — which are obtained by rearranging the constraint equations in the second 

and third rows of (3.28): 

 

( ) ( )

( ) ( )

1

2

1 1
sin cos

c
1 1

s sin o

x y L
R

R y L R

x y L R

R

y L R
R R

q s s s a s a

q s s s a s a

- - -= = -- -

- + -= = + --

  (3.63) 
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Initial conditions are specified to match those of the empirical data. The simulation is executed 

using the MATLAB ® ode45 function, which is a fourth-order Runge-Kutta numerical integration 

function with a variable timestep. 

3.5.2 Empirical Data Collection 

Empirical motion data is collected from the hardware WRFV after manually applying an external 

moment about the  frame z-axis and then letting the WRFV come to rest. The external moment 

is intended to provide a nonzero initial ‌ȟ‌ and „ and so excite the nonlinear dynamics of (3.54), 

(3.55) and (3.56). The motion data consists of „ȟ‌ȟ—ȟ— and ‫  sampled at 2ms intervals. Values 

of „ and ‌ are calculated from the motion data according to „ ‫ ȟÓÉÎ‌ ‫ ȟÃÏÓ‌ and 

‌ ‫ ȟ (see (3.6)). — and — are obtained by numerically differentiating measurements of — 

and —. Then ώ is determined from (3.61). 

3.5.3 Comparing Empirical and Simulated Data  

In the following time series plots, the solid and dashed lines represent the simulated and empirical 

data, respectively. Figure 3.5a and Figure 3.5b show ‌ and ‌, respectively, as functions of time, 

and indicate good agreement between the simulation and empirical data despite uncertainty in the 

parameter values. ‌ oscillates and decays, as expected, however the response is not a pure sinusoid, 

particularly at large values of ‌.  
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Figure 3.5 Empirical and simulated (a) ‌ and (b) ‌ vs time. The simulated and empirical data indicate close 

agreement. The model parameters are listed in Table 3.1 Set 1. 

This is due primarily to the ά ÇὬÓÉÎ‌ term in the numerator of (3.56), and to a lesser extent the 

ρȾςὍ Ὅ„ÓÉÎς‌ term; the remaining terms in (3.56) are more than an order of magnitude 

smaller than the ά ÇὬÓÉÎ‌ term.  That ‌ is not a pure sinusoid is best observed by examining ‌ 

in Figure 3.5b, which exhibits sharp rather than smooth peaks when ‌ is large. 

Figure 3.6a and Figure 3.6b show „ and „, respectively, as functions of time. The empirical „ data 

is zero-phase low-pass filtered to remove noise. The rate at which „ decays is influenced primarily 

by ‘  and ‘ , with the latter causing the plateau in „.  The ripple in the empirical „ data is 

caused by the oscillation in ‌, and is predicted by the ‌„Ὅ Ὅ ÓÉÎς‌ and ά Ὤ„ώÓÉÎ‌ terms 

in (3.55); the same ripple can be seen in the simulated data.  

(a) (b)
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Figure 3.6 Empirical and simulated (a) „ and (b) „ vs time. The simulated and empirical data exhibit the same 

qualitative trends, the differences being primarily due to parameter uncertainty in the dissipative coefficients, ‘  and 

‘ . The model parameters are listed in Table 3.1, Set 1. 

The empirical and simulated values of the wheel angles — and — appear in Figure 3.7a. The 

simulated signals exhibit the same trends as the empirical signals; they oscillate while 

asymptotically approaching a terminal value. The oscillations in — and — coincide with the 

oscillation in ‌. Figure 3.7b illustrates ώ, which is initially responsible for some of the ripple in 

„ via the ά Ὤ„ώÓÉÎ‌ term in (3.55), though this term decays quickly and is soon overtaken by 

the ‌„Ὅ Ὅ ÓÉÎς‌ term. Both the simulated and empirical value of ώ is calculated according 

to (3.61), which requires knowledge of — and —, neither of which are acquired directly from the 

motion data. Therefore, the empirical value of ώ is obtained by using numerically differentiated 

values of the empirical — and — and zero-phase low-pass filtering the result. Despite the filtering, 

the numerical differentiation results in poor signal quality. However, the overall oscillation and 

decay of the signal closely matches the simulated result. 

(a) (b)
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Figure 3.7 Empirical and simulated (a) — and — and (b) ώ  vs time. ώ  is calculated according to (3.61). As such, 

the empirical — and — data are numerically differentiated, resulting in a noisy ώsignal.  Despite this, the overall 

behavior of ώ  is predicted by the model. The model parameters are listed in Table 3.1, Set 1. 

3.5.4 Demonstrating Gyroscopic Nonlinearity 

The primary cross-coupling between the ‌ and „ degrees of freedom is due to the ñgyroscopicò 

term containing Ὅ Ὅ appearing in both (3.55) and (3.56). For the purposes of demonstrating the 

nonlinear behavior of the WRFV and validating the nonlinear model of Section 3.2.6, the WRFV 

is explicitly configured such that Ὅ Ὅ π. To further emphasize the gyroscopic nonlinearity, a 

second set of tests are executed wherein the center of mass is moved nearer to point ὦ so that Ὤ

πȢππςm. This results in the Ὅ Ὅ terms having a greater influence on the dynamic behavior of 

the system because the other terms are attenuated when ȿὬȿ is small. The model parameters for this 

test appear in the Set 2 column of Table 3.1. Empirical and simulated data for ‌ and ‌ appear in 

Figure 3.8a and Figure 3.8b, respectively. Initially ‌ is near “ radians, indicating that the WRFV 

chassis is upside down. Since Ὤ π, this configuration is statically unstable due to the 

gravitational term ά ÇὬÓÉÎ‌ in (3.56). However, rather than immediately diverging toward the 

stable equilibrium at ‌ π, ‌ instead oscillates about “ radians for several seconds (see orange 

oval in Figure 3.8a) due to the gyroscopic term ρȾςὍ Ὅ„ÓÉÎς‌. This ñgyroscopicallyò 

stabilized behavior continues until of the amplitude of the gyroscopic term decreases (as „ 

decreases) and the gravitational term ά ὫὬÓÉÎ‌ begins to dominate. That is, ‌ “ behaves like 

(b)(a)

Empirical
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a stable equilibrium of (3.56) when „ is viewed as a parameter, with the equilibrium undergoing a 

bifurcation as „ drops below a critical value. The simulation predicts the same behavior, with ‌ 

briefly oscillating about ‌ “ and then diverging toward ‌ ς“ π.  

 

Figure 3.8 Empirical and simulated (a) ‌ and (b) ‌ vs time. (a) The orange oval highlights the gyroscopic nonlinearity 

predicted by (3.56). The initial condition ‌π “ indicates that the WRFV is upside-down, resulting in a top-heavy 

configuration. Despite this, ‌ oscillates about “ briefly before settling down to ‌ π. The model parameters are listed 

in Table 3.1, Set 2. 

The numerical simulation results demonstrate the same qualitative behavior in „ȟ‌ȟ—ȟ— and ώ 

as the empirical data obtained from the hardware embodiment of the WRFV. The quantitative 

differences between the two (e.g. decay time, number of oscillations, absolute magnitude) are due 

to uncertain parameter values. In particular, the moments of inertia and the coefficients of viscous 

and rolling friction are uncertain.  

3.6 Summary of Dynamic Modeling 

The WRFV analyzed in this dissertation offers potential energetic benefits compared to CFMVs. 

However, the control algorithms developed for CFMVs are not ideal for controlling the terrestrial 

motion of the WRFV because of fundamental differences in the system dynamics (Section 3.2) 

and flat outputs (Section 3.3).  

(b)(a)

ñGyroscopicò 

Nonlinearity

Empirical Empirical
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3.6.1 Model Use in Control System Design 

This chapter presented an accurate dynamic model for WRFV terrestrial motion, providing the 

foundation for nonlinear, model-based control system development. Furthermore, inspection of 

the model and simulation results provides some insights for the control system designer. First, the 

equations of motion (3.54), (3.55) and (3.56) reveal the appropriate outputs for which to specify 

motion trajectories, i.e. the flat outputs „, ‌ and ώ (Section 3.3). Second, the quantitative 

differences between the experimental and simulated data indicate sensitivity to parameter 

uncertainty, including difficult-to-measure inertial and dissipative parameters. That is, while the 

structures of the modelôs nonlinearities are known (e.g. ρȾςὍ Ὅ„ÓÉÎς‌ from (3.56)), the 

precise values of their coefficients are uncertain. This motivates selecting a nonlinear control 

technique that is robust to parameter uncertainty, such as sliding mode control. Such a technique 

requires uncertainty bounds, which the model developed herein can provide; the uncertainty in 

each parameter can be estimated, therefore the coefficient for each term in the equations of motion 

can be bounded. Furthermore, the model reveals which terms of the equations of motion are 

dominant, providing the opportunity for informed model simplification while also providing 

bounds on the model uncertainty resulting from simplification. That is, dominant terms can be 

compensated for directly within a simplified model, while nondominant terms (e.g. the final terms 

in (3.54), (3.55) and (3.56)) can be aggregated together as a bounded modeling uncertainty.   

The dynamic model also motivates vehicle design considerations. For example, locating the center 

of mass near to the wheel axle (small Ὤ) reduces the impact of gravitational nonlinearities, thereby 

reducing control effort and simplifying control algorithms. The model also reveals that the primary 

coupling mechanism between the ‌ and „ degrees of freedom is the ñgyroscopicò term Ὅ Ὅ 

appearing in both (3.55) and (3.56). This suggests that the coupling could be nearly eliminated by 

designing the WRFV such that Ὅ Ὅ π. Decoupling the degrees of freedom and removing 

nonlinearities would simplify the design of closed-loop controllers for ‌ and „.  

3.6.2 Future Work  

While the numerical simulation accurately predicts key qualitative behaviors captured in the 

empirical data, such as gravitational and gyroscopic nonlinearities, more precise parameter 

knowledge would improve the quantitative predictive power of the model. To that end, future work 
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entails performing a rigorous system identification of the hardware WRFV and developing robust, 

closed-loop control algorithms based on the dynamic model presented herein. 
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CHAPTER 4 

Robust Control  of the WRFV 

This chapter presents a robust method for controlling the terrestrial motion of the two-wheeled 

RFV of Figure 1.1a. Factors influencing the mobility and controllability of the vehicle are explored 

and compared to strictly flying multirotor vehicles, i.e. CFMVôs; the differences motivate novel 

control and control allocation strategies which leverage the non-standard configuration of the bi-

modal design. A fifth-order dynamic model of the WRFV subject to kinematic rolling constraints 

is the basis for a nonlinear, multi-input-multi-output, sliding mode controller. Constrained 

optimization techniques are used to develop a control allocation strategy which minimizes power 

consumption while rolling. Simulations of the WRFV under closed-loop control are presented.  

 

Figure 4.1 An embodiment of the WRFV onto which the controller is deployed. Experimental results were carried 

out using this vehicle. Wheel velocities and vehicle orientation are measured with encoders and an inertial navigation 

system, respectively. 

A functional hardware embodiment of the WRFV is constructed onto which the controllers and 

control allocation algorithm are deployed. Experimental data of the vehicle under closed-loop 

control demonstrate good performance and robustness to parameter uncertainty. Data collected 
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also demonstrate that the control allocation algorithm correctly determines a thrust-minimizing 

solution in real-time. 

4.1 Background 

As with nearly any exploratory mobile robot, closed-loop control of the WRFVôs heading is 

necessary for basic operation. In contrast to other mobile robots however, control of the pitch angle 

is critical to realizing the energetic benefits of the WRFV. CFMVs and their control have been 

studied extensively [39]ï[42], along with effective methods for control allocation [51]ï[53]. 

However, the methods and assumptions used to develop controllers for CFMVs are not valid for 

RFVs despite the RFV utilizing the same multirotor mechanism for both rolling and flying. 

Chapter 3 revealed that the dynamic model, flat outputs and exogenous forces associated with the 

WRFVôs rolling mode differ substantially from those of a CFMV due to the presence of kinematic 

constraints on the WRFV. Furthermore, the WRFVôs pitch angle range is considerably greater than 

that of a CFMV, invalidating any small-angle assumptions based on near-horizontal nominal 

operating conditions. Such assumptions are common in the CFMV literature as they permit 

significant simplification of the dynamic models used to design control systems [39], [40].  

Furthermore, the ability to roll permits the WRFV to operate with small rotor thrusts compared to 

a CFMV because the WRFVôs weight is partially supported by the ground when rolling. While 

this results in reduced power consumption, this also precludes the use of traditional control 

allocation methods which typically do not constrain the rotor thrusts to be positive. Because the 

WRFV body forces are so small, synthesizing even modest body torques causes traditional control 

allocation methods to prescribe negative thrusts. However, negative thrusts cannot be efficiently 

produced by standard rotors, which are designed to always rotate in a single direction. Producing 

negative thrusts requires either variable pitch propellers, such as those used by [16], or symmetric 

(and therefore less efficient) propellers paired with motor drivers capable of reversing direction. 

Therefore, to avoid prescribing negative thrusts the WRFV requires control allocation methods 

that cope with actuator constraints and that can be executed rapidly on a real-time microprocessor. 

As will be shown, constrained control allocation is critical to realizing the energy efficiency of the 

WRFVôs rolling mode of locomotion due to intermittent coupling that exists between the WRFV 

pitch angle and forward velocity. 
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In [12], a model of a single-wheeled vehicle is developed, though the model is not used to design 

a control system. Takahashi et al. [13] developed the All-Round Two-Wheeled UAV that contains 

hemispherical wheels that envelop a UAV suspended along the wheelsô axle. They design a 

position tracking controller based on a simplified dynamic model wherein the rotational dynamics 

and nonholonomic constraints are ignored. Mizutani et al. [44] develop a spherical shell permitting 

a quadrotor placed within to roll. Here, an off-the-shelf quadrotor is used, so no control system nor 

control allocation design is attempted. Takahashi et al. [13] do not address control allocation, while 

[12] uses an open source multirotor embedded system to control their vehicle (Arduino 

ArduCopter) which uses PID controllers and traditional unconstrained control allocation methods, 

which are suboptimal for the WRFV.  

4.1.1 Contributions and Organization 

This chapter presents a model-based control system and a control allocation strategy for the WRFV 

of Figure 4.1. The controller design is based upon the dynamic model developed in Section 3.2, 

which takes into consideration the various constraints imposed upon the vehicle while in contact 

with the ground, and does not make any small-angle assumptions. The implications of the 

constraints as they relate to differential flatness, controllability, and control allocation are explored. 

This reveals limitations in the extent to which the system outputs can be decoupled and 

independently controlled. WRFV and CFMV characteristics that influence control system 

development are discussed, and key differences are identified. Consideration of these differences 

motivates the development of novel closed-loop control systems for the WRFV. A model-based, 

nonlinear, multi-input, multi-output (MIMO), sliding mode controller is designed. The controllerôs 

robustness to bounded parameter uncertainties is proven using Lyapunovôs direct method. A 

constrained control allocation method is developed which determines the required rotor thrusts 

that will synthesize the desired input forces and moments while minimizing the total thrust 

produced and ensuring that all thrusts are positive. The solution is proved to be minimal. A 

hardware embodiment of the WRFV is developed, including a custom real-time controller, 

permitting novel control and control allocation methods to be deployed and tested. The 

mechanical, electrical, and software subsystems of the WRFV prototype are briefly discussed, and 

empirical results from the hardware are presented alongside simulation results. 
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This chapter is organized as follows: First, the dynamic model of the WRFV is briefly presented. 

Second, the WRFV and CFMV are compared in the context of control system development. Third, 

a procedure for designing closed-loop controllers for the for the WRFVôs flat outputs is presented. 

Fourth, a method for control allocation is developed. Fifth, a hardware embodiment of the WRFV 

is described. Sixth, simulation and experimental results are presented. Lastly, the results are 

discussed along with opportunities for future work. 

4.2 Dynamic Model for Control System Design 

The control system design is based on the dynamic model presented in Section 3.2. As the focus 

is the terrestrial motion of the WRFV, the model assumes that the vehicle is always in contact with 

the ground. Specifically, we assume that the vehicle operates upon a horizontal plane, the wheels 

do not slip, and the wheels never lose contact with the horizontal plane. The WRFV is modeled 

using the method of Euler-Lagrange subject to nonholonomic constraints, and a complete 

derivation of the model is provided Section 3.2. Although the WRFV is characterized by six 

generalized coordinates which appear in Figure 3.2a (ὼȟώȟ„ȟ‌ȟ— and —), the wheel constraints 

reduce the WRFV to a three degree-of-freedom (DOF) system for which the equations of motion 

are 
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where ώ and ώ are the velocity and acceleration, respectively, of point ὦ resolved in the  frame, 

„ and ‌ are Euler angles specifying the yaw angle and pitch angle, respectively, of the  frame 

with respect to the  frame, and ὈȟὈ  and Ὀ  are nonconservative dissipation terms that are 

functions of rolling resistance, viscous damping and aerodynamic drag. The input force and 

moments are rotated from the  frame into the  frame so that 
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The model parameters are gravitational acceleration Ç, wheel radius Ὑ, distance from point ὦ to 

the center of each wheel ὒ, body mass ά , body principal moments of inertia ὍȟὍȟὍ, wheel mass 

ά , wheel principal moments of inertia Ὅ ȟὍ , and the location of the center of mass Ὃ (which 

is fixed in ) relative to point ὦ in the  frame ᾀǶ-direction, Ὤ. 

4.3 Comparison of the WRFV and CFMV  

The WRFV described in this chapter differs substantially from a CFMV, and these differences 

warrant new approaches to control and control allocation. First, the constraints imposed upon the 

WRFV and CFMV differ. Several constraints occur where the WRFVôs wheels contact the ground. 

This contrasts with a CFMV which is subject to no constraints; the six degrees of freedom that 

describe a CMFV (three position coordinates and three Euler angles) are independent of one 

another. Constraints influence what subset of generalized coordinates can be independently 

prescribed and therefore controlled.  

To see this, consider the CFMV shown in Figure 4.2a, which can produce a positive horizontal 

force Ὂ by operating at a pitch angle ‌ π, where Ὂ is the horizontal component of the net thrust 

Ὕ. To maintain a constant altitude in the ᾀǶ-direction, the vertical component of thrust must always 

exactly counteract the weight of the vehicle ὡ. This has the effect of coupling ‌ and Ὂ. Since Ὂ 

is the control for the forward velocity ώ, there exists a coupling between ‌ and ώ. As a result, one 

cannot specify ‌ independently from ώ.  
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Figure 4.2 (a) A CFMVôs pitch angle ‌ is coupled to the horizontal force Ὂ generated by the rotor thrust Ὕ because 

the vertical component of Ὕ must offset the vehicle weight ὡ. (b) The WRFVôs pitch angle can varying while 

producing a given Ὂ  because the vertical component of  Ὕ does not have to support the weight of the vehicle. Instead, 

the normal force Ὂ  partially supports the vehicleôs weight. 

This intuitive explanation can be rigorously demonstrated using the notion of differential flatness. 

If a dynamic systemôs states and inputs can be written as a function of the systemôs outputs and 

their derivatives, then the system is said to be differentially flat and the outputs are referred to as 

flat outputs [43]. A consequence of being differentially flat is that any trajectory specified in terms 

of the flat outputs can be directly mapped to the inputs, and thus used to specify feasible motion 

trajectories. Several researchers (e.g. [49], [50]) demonstrate that the flat outputs of a CFMV are 

ὼ (velocity normal to the page)ȟώȟᾀ (vertical velocity) and the yaw angle „ (not shown); in 

particular, the pitch angle ‌ is not a flat output. This contrasts with the WRFV, whose flat outputs 

are „ȟ‌ and ώ (see Section 3.3). Referring to Figure 4.2b, the difference in flat outputs is due to 

the normal constraints on the WRFVôs wheels, which result in normal forces that partially support 

the vehicleôs weight. As a result, the vertical component of the thrust force is not required to 

support the vehicleôs weight, meaning that Ὕ, and therefore Ὂ , can be prescribed independently 

of ‌. The difference in flat outputs reveals that CFMV control algorithms are not ideal for 

controlling the WRFV, as they will simultaneously inhibit independent control of the flat output 

‌ while attempting to control non-flat outputs ὼ and ώ and the non-output ᾀ. Rather, WRFV control 

algorithms should be based on the dynamic model of (3.54), (3.55) and (3.56), which permits 

control of the flat outputs „ȟ‌ and ώ. In general, the independence of ‌ and ώ can be leveraged 

to optimize the WRFV operation for maximum range, while control of ‌ alone enables 

optimization for minimum power consumption. This occurs because control of ‌ permits control 

ώ
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Ὕ‌
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Ὂ
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of wheel normal force, and therefore wheel rolling resistance. This in turn influences power 

consumption and range. The optimal ‌ at which to operate depends on terrain, highlighting the 

importance of a broad range for ‌ control.  

Furthermore, the difference in flat outputs reveals that the WRFV is over-actuated while rolling; 

the WRFVôs four rotors, which are capable of controlling the four flat outputs of a CFMV (i.e. ὼȟ

ώȟᾀ and „), only need to control three flat outputs while rolling: „ȟ‌ and ώ. Consequently, 

rolling operation may require fewer than four rotors to operate at a time. This is accomplished via 

a thrust-minimizing control allocation method described further in Sections 4.5 and 4.7.3. 

Another difference between the WRFV and CFMVs are the exogenous dissipative forces acting 

upon the vehicles. In addition to aerodynamic drag forces, the WRFV must overcome rolling 

resistance due to unmodeled terrain and viscous friction present in the wheel bearings. These 

dissipative forces and the outputs which they affect are captured by ὈȟὈ  and Ὀ . Additionally, 

the proximity of the rotors to the ground at low ‌ creates uncertain ground effect disturbances 

which the ‌ control system must reject.  

Finally, CFMVs and the WRFV admit different simplifying assumptions. The nominal operating 

condition of a CFMV is typically horizontal. As a result, many attitude control systems are 

developed by linearizing the system dynamics about the horizontal configuration and making a 

small-angle assumption [40], [49], [54]. Linearization and/or small-angle strategies are unsuitable 

for the WRFV as ‌ is unrestricted and may assume values far from horizontal for extended periods 

of time. One consequence of large ‌ values is the inertial cross-coupling that occurs due to the 

ÓÉÎ‌ and ÓÉÎ ς‌ terms appearing in (3.54), (3.55) and (3.56). These terms create significant 

inertial torques that must be overcome by the controller. Large ‌ values also mean that 

transforming forces and moments from the  frame (in which the flat outputs are defined) to the 

 frame (in which the actuators reside) depends on the value of ‌. As will be shown in Section 

4.5, the  frame moments required to achieve a given yawing torque are modulated by ÓÉÎ‌ and 

ÃÏÓ‌.  

Several researchers relax the small-angle assumption and develop model-based nonlinear 

controllers for CFMVs [39], [40], [42]. These controllers control orientation by generating 

moments about an arbitrary axis of a CFMV. This strategy is effective because the CFMV is 
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unconstrained and so free to rotate about any axis. However, the WRFV is constrained in multiple 

ways and so cannot rotate about an arbitrary axis. For example, the WRFV cannot undergo lateral 

rolling (rotation about the  frame ώ-axis) without one or both wheels leaving the ground. Were 

the WRFVôs attitude controlled in the same manner a CFMVôs then energy could be wasted trying 

to rotate the WRFV against a constraint. In fact, itôs unclear what the commanded lateral roll 

should be as the slope of the terrain may change. Instead, ‌ and „ (which are flat outputs) are 

controlled to track a trajectory while lateral rolling can either be uncontrolled or suppressed using 

active damping (see Section 4.5).  

4.4 Control System Design  

In this section, the model of (3.54), (3.55) and (3.56) is used to design a closed-loop control system 

for the WRFV. First, the model is rewritten in a more manageable form by defining a state vector 

 ὼɴ ᴙ , input vector όᶰᴙ  and output function ᾀȡᴙ ᴼᴙ  such that ὼ „  „  ‌  ‌  ώ ,  ό

ὓ   ὓ   Ὂ  and ᾀὼ ὼ ὼ ὼ „  ‌  ώ . Then the equations of motion (3.54), (3.55) 

and (3.56) can be rewritten as 
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  (4.5) 

where ὧ Ὅ Ὅȟὧ ά Ὤȟ   ὧ Ὀȟὧ ςὒὍ ȾὙ Ὅ ά ὒ ὍÓÉÎ‌

ὍÃÏÓ‌ȟ   ὧ Ὅ ὍȾςȟὧ ά gὬȟὧ Ὀȟὧ Ὅȟὧ  Ὀ , ὧ ςὍ ȾὙ

ά ςά , and ‏ and ‏ are the remaining unaccounted for terms in equations (3.56) and (3.54)

, respectively. Here we assume that the ‏ and ‏ terms are considerably smaller than the other 

terms in equations (3.56) and (3.54) for reasonable values of the state and inputs. Therefore, we 

treat these terms as modeling uncertainties that can be bounded. This assumption simplifies the 
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subsequent control system development by leading to complete input-output decoupling. A result, 

however, is that the stability properties are only semi-global.  

The control objective is to independently control ᾀ for Ὥ ρȟς (i.e. „ and ‌) such that ᾀᴼὶ as 

ὸO Њ, where ὶ is the reference trajectory to be tracked by the Ὥ  output and ὸ is time. This is 

accomplished using feedback linearization augmented with sliding mode control. Sliding mode 

control will ensure closed-loop stability in the presence of bounded modeling uncertainties 

provided that the uncertainties are matched [55], [56]. Formulating the model as in (4.5) rather 

than in a more general form permits the uncertainty in the individual nonlinear terms to be 

bounded, which will result in a less conservative controller, i.e. the control action will be smaller 

[56]. 

To feedback linearize the nonlinear MIMO system of (4.5), an input-output decoupling 

transformation must be found that decouples each output from all but one input. Fortunately, 

inspection of (4.5) reveals that the system is already decoupled; ό can be used to linearize and 

control ᾀ for Ὥ ρȟςȟσ. Moreover, the uncertainties appearing in (4.5) are matched. With the 

system input-output decoupled, the control system for each input-output pair can be developed 

independently [56]. Partitioning (4.5) into three subsystems results in a second order subsystem 

for controlling ᾀ (i.e. „), a second order subsystem for controlling ᾀ (i.e. ‌), and a first order 

subsystem for controlling ᾀ (i.e. ώ). The objective here is to develop controllers for the ᾀ and 

ᾀ subsystems, which have the following form: 
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where ‚ɴ ᴙ  represents the two-dimensional state (e.g. „ȟ„ ), ”ȡᴙ ᴼᴙ is the scalar output 

function, ‪ȡᴙ ᴼᴙ and ‪ȡᴙ ᴼᴙ represent static nonlinearities, ό is the scalar input, and 

‖ȟ‖ȟ‖ȟ‖ and ‏ are uncertain parameters, e.g. ‖ ὧȟ‖ ὧȟ ‖ ὧ, ‖ ὧ, and ‏ π 

for the ᾀ controller. The error associated with the system (4.6) is  
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where ὶ and ὶ are the desired output and its time derivative. Therefore Ὡ is the integrated output 

tracking error, Ὡ is the output tracking error and Ὡ is the output tracking error rate. Differentiating 

(4.7) yields the following error system 
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  (4.8) 

where ὺ ὶ ‖‪ ‖‪ ‖ ό  .is a fictitious input that feedback linearizes (4.6) ‏

The objective now is to stabilize the origin of (4.8) using sliding mode control. To do so, a 

stabilizing control law ‰ is defined for the two-dimensional subsystem of 0 1][ Te ez¹  
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0 0 1
z z f
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  (4.9) 

such that zᴼπ as ὸO Њ. A state feedback control law is chosen so that TKf z=- , where ὑ

ὑ  ὑ  are state feedback gains. If pole placement is used, then ὑ ‗‗ and ὑ ‗ ‗, 

where ‗ and ‗ are complex-valued pole locations in the left-half plane. Alternatively, an optimal 

solution using LQR can be used to determine the state feedback gains ὑ. If Ὡ can be controlled 

such that Ὡ ‰(z), then z ᴼπ Ὡᴼπ, and (4.8) is stabilized. The error between Ὡ and 

‰ is defined as 

 2 2 2 0 0 1 1

Ts e K K e Ke eef z= - + + += =   (4.10) 

The manifold ί π is the so-called sliding surface and the dynamics 

 2 0 0 1 1 0 1 0 0 0 0e K e K e e K e K e+ + = + + =  (4.11) 

are the stable sliding mode dynamics that determine the behavior of the system once ί π. Now 

the problem of stabilizing the origin of (4.8) is reduced to stabilizing the origin of ί, which is 
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accomplished using Lyapunovôs direct method.  A positive definite Lyapunov function is defined 

as ὠί ίȾς. If a control law for ό can be developed such that ὠί is negative definite, then 

ίO π as ὸO Њ. The derivative of ὠί is 
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If ό can be chosen such that ὶ ‖‪ ‖‪ ‖ όȾ‖ ‏ ὑὩ ὑὩ

–ÓÇÎÓ for – π, then ὠί –ȿίȿ π making ί π an invariant set [56]. However, the 

exact values of the parameters ‖ȟ‖ȟ‖ȟ‖ and ‏ are uncertain.  Therefore choose ό such that   

ὶ ‖Ƕ‪ ‖Ƕ‪ ‖Ƕ όȾ‖Ƕ ‏ ὑὩ ὑὩ ‍ÓÇÎÓ, where ‖Ƕ and ‏ are estimates 

of ‖ and ‏, respectively, and ‍ is a to-be-determined switching gain that is chosen to ensure that 

ὠί –ȿίȿ. Therefore, the control law is 
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Substituting (4.13) into (4.12) and collecting terms results in 
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where ɝ‖ḳ‖ ‖Ƕ and ɝ‏ḳ‏ Enforcing the condition that ὠί .‏ –ȿίȿ results in 
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  (4.15) 

To ensure the condition of (4.15), ‍ must be chosen assuming the worst case uncertainty in the 

parameters ‖ and disturbance ‏. Assume the ‖ are bounded such that ‖ȟ ‖ ‖ȟ . If the 

estimates of ‖ȟ‖ and ‖ are the arithmetic mean of their respective maximum and minimum 

values such that ‖Ƕ ‖ȟ ‖ȟ Ⱦς for Ὦ ρȟςȟσ, then ɝ‖ ‖ȟ ‖ȟ Ⱦςḳ

ɝ‖ . Furthermore, inspection of (3.54), (3.55) and (3.56) reveal that ‖ is always positive. 

This permits use of a technique suggested by [56] wherein the estimate of ‖ is the geometric mean 

of its maximum and minimum values such that ‖Ƕ ‖ȟ ‖ȟ . Therefore, ‖Ⱦ‖Ƕ

‖ȟ Ⱦ‖ȟ ḳ ‖Ⱦ‖Ƕ .  Additionally, ‏ is assumed to be zero and ȿɝ‏ȿ  is selected to 

be large enough to account for the uncertainty in ‏. Substituting ɝ‖ ,  ‖Ⱦ‖Ƕ , and 

ȿɝ‏ȿ  into (4.15) results in an expression for ‍ that ensures asymptotic stability of (4.8): 

 

( )

( )

max

max

1

4

4

2

4

4
1 2

4

1 2 3max max max

0 1

max

Ĕ

1

Ĕ

Ĕ
1 r KK ee

k
b h d

k

k y k y k
k

k

k

å õ
æ ö
ç ÷

+

= + D

+ D + D D

å õ
+æ öæ ö

å õ
- + +

ç
ö
÷ ÷

æ
ç

  (4.16) 

Note that for the ᾀ subsystem, ‖ ὧ ςὒὍ ȾὙ Ὅ ά ὒ ὍÓÉÎ‌ ὍÃÏÓ‌

ά ςά , which is not constant, but varies with ‌. However, ὧ is still bounded because 

ÍÉÎὍȟὍ ὍÓÉÎ‌ ὍÃÏÓ‌ ÍÁØὍȟὍ .  

To avoid chattering caused by the discontinuous ÓÇÎÓ function in (4.13), the control law is 

altered to 
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where ὥ is a small number that defines the width of the transition region over which ÔÁÎÈίȾὥ 

changes sign. The stability proof culminating in (4.16) assumes that ÓÇÎÓ is used, rather than 

ÔÁÎÈίȾὥ. The effect of this substitution, discussed by [55], is non-zero steady-state tracking 

error. This occurs because the transition region (defined by ὥ) softens the influence of ‍, which 

would otherwise act as a large gain. Thus, there is a tradeoff between a smooth control signal and 

achieving zero steady-state error. Fortunately, the error integrator can bring the steady-state error 

to zero as ίO π, which helps obviate the tradeoff between chattering and steady-state error. 

Nonetheless, the presence of the boundary layer can still prevent ί from reaching the origin, 

resulting in a nonzero steady-state error integrator value even when the error is zero. For example, 

if the model is uncertain then some nonzero integrator action may be required to achieve Ὡ π if 

the ‍ switching term alone cannot eliminate Ὡ when ί is within the transition region. If small 

errors due to the transition region can be tolerated, or if the error integrator is otherwise not desired, 

it can be eliminated by assigning ‗ π so that ὑ π and ὑ ‗. Note that the zdynamics, 

which are prescribed via the state feedback control law TKf z=- , are only fully realized when 

Ὡ ‰, or equivalently, when ί π. Stability notwithstanding, during the period where ί is 

approaching but not equal to zero (the so-called ñreaching phaseò), the integrator may wind up, 

causing undesirable overshoot. A solution is to only activate the integrator when ȿίȿ ὥ, where ὥ 

defines the width of the transition region (eq (4.17)). This prevents the integrator from winding 

up, and the z dynamics become 1z lz=  when ȿίȿ ὥ, where ‗ π. The control law (4.17) 

combined with the gain equation (4.16) and the definition of the sliding surface (4.10) define the 

feedback linearized sliding mode controller for the ᾀ and ᾀ subsystems. Simulation results of 

these controllers applied to the WRFV are provided in Section 4.7. 

4.5 Control Allocation  

Equations (3.54), (3.55) and (3.56) are affine in the inputs Ὂȟὓ ȟ and ὓ , respectively. Therefore, 

these system inputs are assigned as the outputs of the motion controllers developed in Section 4.4. 
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Figure 4.3 illustrates how Ὂȟὓ ȟὓ ȟ and ὓ  are synthesized by the WRFVôs rotors. First, 

Ὂȟὓ ȟὓ ȟ and ὓ  are transformed into the  frame by writing (3.48) in matrix form and 

inverting:  
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  (4.18) 

Inspection of (4.18) indicates that an arbitrary Ὂ  cannot be specified when ‌ π because the  

frame ώ- and  frame ᾀǶ-axes are orthogonal. This affects equation (3.54) wherein the control is 

Ὂ , and therefore ώ cannot be controlled when ‌ ὲ“ȟὲ πȟρȟςȟȣЊȢ Moreover, as ‌ 

approaches zero the value of Ὂ  increases dramatically. This singularity represents a limitation in 

the independence of ώ and ‌ due to the under-actuation of the system. The consequences of this 

limitation are discussed later in this section.  

 

Figure 4.3 Input force/moment block diagram. The desired  frame force and moments are converted to  frame 

force and moments before being input to the constrained control allocation algorithm. The outputs of the control 

allocation algorithm are the desired rotor thrusts. These in turn influence the dynamic behavior of the WRFV. 

Equation (4.18) also reveals that specifying ὓ  (for controlling „, (3.55)) influences both ὓ  and 

ὓ , and ‌ determines the relative contribution of each in synthesizing ὓ . Also, ὓ  is an 

additional control that does not appear in the equations of motion. ὓ  can be assigned to zero or 

used to suppress lateral rolling about the  frame ώ-axis. For example, a lateral roll damping 

controller of the form 
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 pyM K g=-   (4.19) 

can be used, where ‎ is the lateral rolling rate. Next, the  frame forces and moments can be 

expressed in terms of the thrusts and torques generated by individual actuators: 
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  (4.20) 

where Ὕ and ὗ  are the thrust generated by and load torque impressed upon the ὴ  rotor, 

respectively, and ὒ is the perpendicular distance measured along the  frame ὼ- and ώ-axes from 

point ὦ to the center of each rotor. ὗ  results from the aerodynamic drag encountered by the rotor, 

and acts to oppose the rotation of the rotor. A typical assumption is that the rotors operate in a 

constant state of hover in the sense that the freestream velocity of the air upstream of the rotors is 

zero. This leads to quadratic relationships between the rotor angular velocity and Ὕ and ὗ : 

 
2 2,p T p p Q pT k kQ= =W W   (4.21) 

where ɱ  is the angular velocity of the ὴ  rotor with respect to the  (which is approximately the 

same as the angular velocity with respect to ) in the  frame ᾀǶ-axis direction, and  Ὧ and Ὧ  are 

appropriately dimensioned rotor thrust and torque constants, respectively. Combining these 

relationships with (4.20) yields 
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  (4.22) 

This is a standard model used by many researchers (e.g. [40], [49], [50], [54]) to map rotor thrusts 

to vehicle force and moments. Equation (4.22) can be written in a compact form as † ὃὝ, where 

† Ὂ ὓ  ὓ  ὓ  and Ὕ Ὕ Ὕ Ὕ Ὕ . The process of inverting (4.22) to obtain the rotor 

thrusts Ὕ that will synthesize the desired  frame force and moments † is called control allocation. 

Control allocation for CFMVs is typically accomplished (e.g. [40]) using matrix inversion so that 
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Ὕ ὃ †, which has a simple, closed-form solution. However, this solution does not take into 

consideration any constraints imposed on the solution, e.g. that the thrusts be positive. This is 

typically not a concern for CFMVs because the nominal positive thrust required to support the 

weight of a CFMV is considerably greater that the perturbations in thrust required to change its 

orientation. That is, Ὂ  is ñlargeò compared to ὓ . However, this is not true for the WRFV 

because Ὂ  can be zero; the weight of the WRFV can be supported by the ground rather than the 

rotor thrusts. If Ὂ π, inspection of (4.22) reveals that there is no solution wherein every element 

of Ὕ is non-negative other than Ὕ π. Therefore, the standard approach to control allocation for 

CFMVs cannot be applied to the WRFV. Rather, the constraint that every element of Ὕ be non-

negative must be taken into consideration.  

Control allocation subject to constraints has been studied extensively [57], [58]. Both Monteiro et 

al. [53] and Guillaume et al. [52] demonstrate how constrained optimization techniques can solve 

the control allocation problem for multirotor vehicles. This is typically in the context of over-

actuated vehicles, or for the purpose of designing a fault-tolerant control allocation solution [51]. 

Analytical techniques include pseudo-inverse methods, which minimize the norm of Ὕ, or 

weighted least squares methods, which allow individual penalties to be assigned to actuators. 

Numerical optimization techniques such as linear programming and quadratic programming can 

be used to solve the control allocation problem subject to constraints [57]. Reyhanolgu et al. [59] 

perform control allocation for a three degree of freedom quadrotor hover system. Their method 

guarantees that all thrusts are greater than a minimum positive value, although they do not 

demonstrate whether their solution is minimal.  

The strategy here will be to break the control allocation problem into two parts. First, determine Ὕ 

such that the norm of Ὕ is minimized, the desired moments ὓ ȟ ὓ ȟ and ὓ  are synthesized, and 

every element of  Ὕ is greater than or equal to a non-negative lower limit Ὕ . Ὕ  is based on 

the lowest achievable rotor speed so that Ὕ Ὧɱ . Second, specify a desired force in the 

body ᾀǶ-direction Ὂȟ ȟ and modify the elements of Ὕ to realize Ὂȟ  provided that the constraints 

are not violated.  The minimization is stated formally as:  
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where ὓ ὓ ὓ ὓ  and  
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This minimization problem can be solved analytically, which will be computationally faster when 

implemented in real-time than using a numerical method such as linear programming. The method 

of Lagrange multipliers is used to augment the objective function Ὢ so that 
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where ‗  and ‗  are Lagrange multipliers associated with the three equality and four inequality 

constraints, respectively. If the solution to (4.23) is denoted Ὕᶻ, then the necessary conditions that 

ὪӶὝᶻ must satisfy to be a minimum are [38] 
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 ( )* , 0, 1,2...4p ineq pg T pl = =   (4.27) 

 ( )* 0h T =   (4.28) 

and that ÇὝᶻ π and ‗ π, where Ὅ  is the identity matrix. The Hessian ‬ὪӶȾ‬Ὕ Ὅ  

is positive-definite, indicating that the above conditions are also sufficient conditions for a 

minimum [38]. Simultaneously solving (4.26), (4.27) and (4.28) yields five non-trivial solutions 

for Ὕᶻȟ‗ , and ‗ . The solutions for ‗  reveal that there is only one nonzero solution for 

each element of ‗ , and each of these corresponds to a different solution. The solutions are 
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  (4.29) 

Checking the necessary condition that ‗ ȟ π reveals when the ὴ  constraint could be active, 

which corresponds to the ὴ  rotor producing minimum thrust Ὕ .  The five thrust solutions are 

for each rotor are 

 

( )

( )

( )

( )

*

1

*

2

*

3

*

4

1

2

1

2

1

2

1

2

min z min z y z min min x y

min min y z min z min x

min z min y z min min

min min y z mi

y x x

x y x y z

x y z x x y

y x xnx

T T T T T

T T T T T

T T T T T

T T T T

n n n n n n n n n

n n n n n n n n n

n n n n n n n n n

n n n n n n

ë û
= - - + - - - + -ì ü
í ý

ë û
= + + + + + + + +ì ü
í ý

ë û
= - - + - + - - +ì ü
í ý

= - - - + -

-

- + z min y zTn n n
ë û

- +ì ü
í ý

  (4.30) 

where ’ ὓ Ⱦςὒ ȟ’ ὓ Ⱦςὒ , and ’ Ὧὓ ȾςὯ . Each of the five solutions is 

checked to determine if gὝᶻ π and ‗ π are satisfied. Once a feasible solution has been 

found, the minimum  frame ᾀǶ-axis control force required to faithfully reproduce the desired ὓ  

is computed as 
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If Ὂȟ Ὂȟ , then the desired  frame forces and moments cannot be realized with positive 

thrusts. In this case, the desired moments are realized and Ὂ  must be limited (increased) to Ὂȟ . 

However, if Ὂȟ Ὂȟ  then none of the constraints are active and the optimal thrusts are 

computed as 
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for ὴ ρȟςȟȣτ, which guarantees that Ὂ Ὂȟ , and yields the same solution as inverting 

(4.22) via matrix inversion.  

While (4.32) yields the minimum possible positive thrusts required to realize a desired ὓ , an 

active constraint means that Ὂ Ὂȟ . This affects Ὂ  because from (4.18)  

 siny zF F a=-   (4.33) 

As Ὂ  is the control for ώ (see (3.54)), the ability to control ώ is affected when the control 

allocation solution is constrained, which in turn depends on the desired values of ὓ  and Ὂȟ , 

with large ὓ  and small Ὂȟ  being more likely to result in an active constraint. But ὓ  

depends strongly on ‌ as ὓ  is the output of the ‌ closed-loop controller. In fact, the equilibrium 

value of ὓ  is ὓ ȟ ‌ ά ὫὬÓÉÎ‌, indicating that a nonzero ὓ  is required to control ‌ 

when ‌ π and Ὤ π. Therefore, ώ and ‌ are intermittently coupled due to the positive thrust 

constraint, particularly when Ὂȟ  is small. As Ὂȟ  increases, the constraint activity, and 

therefore the coupling, decreases. Reducing the value of Ὤ (i.e. locating the center of mass nearer 

to the -frame ὼ-axis) also reduces the ώ-‌ coupling. 

In addition to the coupling just described, two other forms of  ώ - ‌ coupling exists: First, a 

singularity in (4.33) occurs when ‌ is a multiple of “, and Ὂ  cannot be specified. Second, because 

the positive thrust constraint always results in Ὂ π, the sign of Ὂ  is determined exclusively by 

the sign of ‌.  As a result, Ὂ π can only be synthesized if ÓÉÎ‌ π, and vice versa. This 

coupling between Ὂ  and ‌ is unavoidable if the rotor thrusts are constrained to be positive. 

Therefore, a ώ control system needs to consider the intermittent coupling that occurs between ‌ 

and ώ, and adjust its strategy accordingly. For example, control of ώ could be achieved with a 

nested ώ- ‌ controller, which would prescribe both Ὂ  and the commanded value of ‌ as input to 

an independent ‌ controller. Otherwise if ώ and ‌ are decoupled, ‌ could be controlled 

independent of ώ. Active control of ώ is not explored further in this chapter. An ultimate solution 
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to this problem is permit bi-directional operation of the rotors, enabling both positive and negative 

thrust production.  

4.6 Hardware Embodiment 

A hardware embodiment of the WRFV is built to demonstrate the efficacy of the control and 

control allocation algorithms. This permits evaluation of the control system performance while 

ensuring that the algorithms are computationally suitable for implementation on a real-time 

embedded system. A photograph of the hardware WRFV hardware is shown in Figure 4.1. A 

carbon fiber rod serves as the WRFV axle, onto which a 3D-printed boom is attached. The boom 

supports four rotors and all avionics. Also attached to the axle are two quadrature encoder sensors 

used to resolve the angular position and angular rate of the two wheels. The avionics consist of a 

battery, a central processing unit (CPU), a power measurement printed circuit board (PCB), two 

2.4GHz radio transceivers, four brushless DC (BLDC) motor drivers, and an inertial measurement 

system (INS) for obtaining the orientation of the WRFV. The CPU is an ARM cortex-M7 

microcontroller programmed to: 

- Communicate serially with both radio transceivers, including receiving commands from a base 

station and transmitting real-time telemetry data. 

- Communicate serially with the INS to obtain orientation and angular rate information. 

- Measure the position and speed of the wheels via the quadrature encoders. 

- Sample the voltage of and current from the battery via the power measurement PCB. 

- Execute the ‌ and „ control algorithms described in Section 4.4. 

- Execute the control allocation algorithm described in Section 4.5. 

- Compute the required voltage for each of the four BLDC motors and generate PWM signals to 

control the voltage applied by each BLDC motor driver. 

All „ and ‌ commands are transmitted wirelessly from a base station to the WRFV every 100ms. 

The base station consists of an Xbox 360 handset (Microsoft Xbox 360), a laptop computer 

executing a custom WinForms GUI, and two 2.4GHz radio transceivers. Telemetry data (including 

„ȟ‌ȟώȟὓ  and Ὂ ) are transmitted wirelessly from the WRFV to the base station every 2ms. The 
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interconnections between the various avionic subsystems of the WRFV are illustrated in Figure 

4.4.  The avionics components and WRFV dimensions are recorded in Table 4.1 and Table 4.2, 

respectively.  

 

Figure 4.4 WRFV avionics block diagram. Closed-loop commands are transmitted from a base station. Commands 

can be generated by either the Xbox360 handset or via a custom WinForms program executing on the laptop. Motion 

data are sent from the WRFV to the base station via two sets of radio transceivers. The main CPU provides PWM 

signals to the motor drivers, receives and transmits data over the radio transceivers, and reads the INS, wheel 

quadrature encoders and power sensors. Power is provided via a 3-cell (11.4V) lithium polymer battery. 

Motors
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Table 4.1 WRFV Components 

Component Manufacturer and Part Name 

CPU ST Microelectronics STM32F767ZIT6U (Nucleo F767ZI) 

Encoders (2x) US Digital E3-500-984-NE-H-D-B 

Radios (2x) Digi International XBee-PRO S2C (XBP24CDMWIT-001) 

Inertial Sensor VectorNav VN-100 Rugged 

BLDC Drivers 

(4x) 

Crazepony BL Heli 32 

Current Sensor Analog Devices AD8210 

Battery Turnigy 2200mAh 2S 25C Lipo Pack 

Motors (4x) EMax RS2206 

Rotors (4x) EMax Avan-R 

  

The hardware embodiment of the WRFV must account for non-horizontal terrain to accurately 

compute „ and ‌. To do so, the lateral rolling angle ‎ about the  frame ώ-axis is measured, and 

the Euler angle rates are computed from the angular velocity of the  frame with respect to the  

frame ‫  according to  
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è ø è ø
é ù é ù
= -

é ù é ù
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  (4.34) 

where measurements of „ȟ‎ȟ‌ and ‫  are obtained from the INS.  As described in equation (3.61) 

from Section 3.4, ώ is computed from — and — (measured by the encoders) and ‫  as  

 ( )2 ,1

1

2
xy R q q w

å õ
=- + +æ ö

ç ÷
  (4.35) 

The rotor motors are controlled in open loop. The steady-state electrical and mechanical equations 

governing the motorsô operation are 
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W
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  (4.36) 

where ὠȟὍȟὙȟὯ and Ὅ  are the applied voltage, applied current, electrical resistance, back EMF 

constant and no-load current, respectively, of the ὴ  motor. Therefore 
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Equation (4.37) is used to compute the voltage required to rotate the ὴ  motor at an angular 

velocity of ɱ . The desired ɱ  are calculated based on the desired Ὕ from (4.21). The rotor 

parameters Ὧ and Ὧ  are determined empirically by measuring the thrust force and reaction torque 

on a motor driving a rotor while operating at different angular velocities. The motor parameters 

ὙȟὯ and Ὅ  are obtained from the manufacturerôs data. 

4.7 Control System Results 

This section presents the numerical and empirical results and evaluates the performance of the 

WRFV control system. 

4.7.1 Numerical Simulation Results 

The complete WRFV equations of motion Section 3.2.6 are simulated with „ and ‌ controlled in 

closed-loop using the control systems developed in Section 4.4 and the control allocation algorithm 

developed in Section 4.5.  The simulation uses MATLABôs ode45 function (fourth-order Runge-

Kutta with variable timestep) to numerically integrate (3.54) - (3.56), along with expressions for 

— and —: 
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which come from rearranging (3.60).  Ὂȟ ὓ π for these simulations, indicating the net 

force on the WRFV should be minimized, and no moment is applied that would cause the WRFV 

to rotate about the  frame ώ-axis. Rather, only the outputs of the „ and ‌ controllers (ὓ  and ὓ , 

respectively), are generated. A block diagram of the simulated system appears in Figure 4.5. 
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Figure 4.5 WRFV control system block diagram. „ and ‌ are controlled in closed-loop. The desired  frame moments 

that are output from the controllers are rotated into the  frame before being mapped to rotor thrusts by the constrained 

control allocation algorithm. „ȟ‌ȟ„ȟ‌ and  ώ  are fed back to both controllers to execute the control law developed 

in Section 4.4. 

Simulation parameters are displayed in Table 4.2. ‘ ȟ‘  and ὅ  are coefficients of rolling 

resistance, viscous damping and aerodynamic drag, respectively, which are manifest in ὈȟὈ  and 

Ὀ .  

To demonstrate the robustness of the sliding mode control system to parameter uncertainty, the 

model parameters used to simulate the WRFV system are intentionally varied from those used to 

design the ‌ and „ controllers, the latter being based on the actual hardware WRFV parameters. 

Specifically, the simulated values are varied by plus or minus 25%. 
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Table 4.2 WRFV Vehicle Parameters 

Parameter Actual Value Simulated Value 

ὒ (m) 0.262 0.3275 

Ὑ (m) 0.3480 0.261 

ά  (kg) 1.5 1.875 

ά  (kg) 0.5 0.375 

Ὅ (kg-m2) 0.0181 0.0226 

Ὅ (kg-m2) 0.0181 0.0136 

Ὅ (kg-m2) 0.0217 0.0271 

Ὅ  (kg-m2) 0.0303 0.0096 

Ὅ  (kg-m2) 0.0151 0.008 

g (m/s2) 9.81 9.81 

Ὤ (m) -0.01 -0.0125 

‘  - 0.05 

‘  (N-m-s) - 0.005 

ὅ  (kg/m) - 0.01 

ὒ (m) 0.14 0.14 

Ὧ (N/(rad/s)2) 1.6351 x10-5 1.6351 x10-5 

Ὧ  (Nm/(rad/s)2) 2.7033 x10-7 2.7033 x10-7 

   

The sliding mode controller parameters are listed in Table 4.3. The state feedback gains are 

obtained via pole placement and the uncertainty bounds are based on parameter estimates. ὥ is 

chosen based on empirical observations of chattering and response time.  

Table 4.3 WRFV Control Parameters 

Parameter „ Controller ‌ Controller 

– (s-2) 1  1 

ὑ (s-2) 0  5.25  

ὑ (s-1) 4  5  

ὥ 1.5  1 

ȿɝ‖ȿ  0.0054 (kg-m2) 0.0027 (kg-m2) 

ȿɝ‖ȿ  0.05 (kg-m) 0.3 (N-m) 

ȿɝ‖ȿ  0.2 (N-m) 0.15 (N-m) 

 ‖Ⱦ‖Ƕ  3 1.73 

ȿɝ‏ȿ  0 1 
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Figure 4.6 shows the simulated response of the ‌ control system to a step command. The desired 

value of ‌ is ‌ “Ⱦτ, ‌ π. Shown also are the switching gain ‍ and sliding variable 

ί. Figure 4.6a illustrates that ‌ converges to ‌  despite the modeling uncertainty. Figure 4.6c 

shows that the control ὓ  is initially positive to drive ‌ to ‌ , but rapidly decreases while ί 

approaches zero.  Once ί is sufficiently close to zero, ὓ  begins to increase according to the 

sliding mode dynamics of (4.11) and the estimated nonlinear dynamics appearing in the last three 

terms of (4.17). The estimated nonlinear dynamics are also primarily responsible for the positive 

steady-state value of ὓ  required to support the offset center of mass (because Ὤ π). However, 

the uncertainty in the model means that these terms cannot exactly compensate for the offset center 

of mass, and the difference is made up by the ὑὩ term in (4.17). The net result is a control law 

that rapidly accelerates and then rapidly decelerates ‌ to achieve the desired orientation. Figure 

4.6b shows that ί is initially driven towards zero, at which point the dynamics prescribed by 

(4.11) drive the error system of (4.8) toward zero. As discussed in Section 4.4, the steady-state 

value of ί is nonzero due to the transition region introduced by the hyperbolic tangent function in 

(4.17). Figure 4.6d illustrates how the value of the switching gain ‍ changes during the step 

response. The transient behavior of ‍ is dominated by the magnitude of the velocity error ȿὩȿ

ȿ‌ ‌ȿ ȿ‌ȿ.  
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Figure 4.6 ‌ control system simulation in response to a step input ‌ “Ⱦτ. (a) step response, (b) sliding manifold 

ί, (c) control output and (d) switching gain ‍. Model parameters used for simulating the WRFV (Table 4.2, 

Simulated Value) are intentionally varied from those used to design the control system (Table 4.2, Actual Value). 

Figure 4.7 shows the time responses of „ȟὓ ȟί and ‍ to a step command. The desired value of 

„ is „ “Ⱦς, „ π, which behaves similarly to the ‌ control system with the exception 

that no steady-state value of ὓ  is necessary to maintain „ „ . The error integrator is unused 

(ὑ π), resulting in no overshoot. 

(a) (b)

(c) (d)
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Figure 4.7 „ control system simulation in response to a step input „ “Ⱦς. (a) step response, (b) sliding manifold 

ί, (c) control output and (d) switching gain ‍. Model parameters used for simulating the WRFV (Table 4.2, 

Simulated Value) are intentionally varied from those used to design the control system (Table 4.2, Actual Value). 

4.7.2 Empirical Results - Control System 

The ‌ and „ controllers and control allocation algorithm described in Sections 4.4 and 4.5, 

respectively, are deployed onto the hardware embodiment of the WRFV described in Section 4.2. 

As with the simulations, the block diagram of Figure 4.5 illustrates the entire closed-loop system. 

Experimental data is collected while operating under closed-loop ‌ and „ control. In all cases, 

ὓ π and Ὂȟ  is controlled manually.  

Figure 4.8a shows the ‌ response to a step command ‌ “Ⱦτ for both the actual and simulated 

WRFVs while Figure 4.8b shows the associated value of ὓ . Less aggressive control parameters 

are chosen compared to the simulation from Section 4.7.1 (ὑ ρȢχυȟὑ τ), because the 

(a) (b)

(c) (d)
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simulation assumes that ὓ  can be generated instantaneously via the rotor thrusts, but in reality 

this is not possible; the rotors produce thrust approximately proportional to ɱ , and ɱ is governed 

by the motor/rotor electromechanical dynamics. This introduces lag into the control system, which 

when combined with an aggressive switching gain ‍ can result in undesirable ringing. 

Additionally, the dynamics of the motors are uncontrolled; an open loop voltage is applied to the 

motors according to (4.37), rather than controlling ɱ in closed-loop. Therefore uncertainty in the 

motor parameters and Ὧ  also affect the ability to accurately sythesize ὓ . Nonetheless, stability 

of the actual WRFV is achieved with an acceptable tradeoff between response time and ringing. 

Differences between the actual and simulated plots of ‌ and ὓ  are attributted to the uncertainty 

in synthesizing ὓ  and the uncertainty in the model parameters. For example, the difference in the 

steady state values of ὓ  for the actual and simulated cases in Figure 4.8b could be due to uncertain 

vehicle mass, uncertain center of mass location, the inability to accurately synthesize ὓ , or any 

combination of the three. However, stability and performance are demonstrated despite uncertainty 

in both the model and parameters. 
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Figure 4.8 Empirical data illustrating the ‌ control system (a) step response and (b) control output. The simulation 

behaves differently due to parameter uncertainty. However, the robustness properties of the sliding mode controller 

ensure stability.  

Figure 4.9a illustrates the ‌ control system tracking a sine wave (“Ⱦτ radians amplitude, 0.4Hz 

frequency) with Ὂȟ ρȢυN. The sliding mode controller exhibits good tracking performance 

despite uncertainty in the WRFV parameters, and demonstrates close agreement with simulation 

results.  

(a)

(b)
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Figure 4.9 Empirical and simulated data illustrating (a) the ‌ control system tracking a sine wave and (b) the „ control 

system tracking a series of ramp commands. 

Figure 4.9b shows the „ controllerôs ability to track a time-varying trajectory on flat ground while 

the ‌ controller is simultaneously active with ‌ π (‌ data not shown). The control parameters 

used are those listed in Table 4.3. Changes in the rolling resistance of each wheel (which are not 

accounted for in the model) are observed during operation. However, the controller is able to track 

the commanded „ angle despite the modeling uncertainty.  

4.7.3 Empirical Results - Control Allocation  

Efficacy of the control allocation algorithm is demonstrated on the prototype WRFV by 

commanding a sinusoidal ὓ  while controlling ‌ in closed-loop at varying angles. These 

(b)

(a)
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configurations force the control allocation solution to be constrained while also varying which 

rotors are subject to the constraint. For this test, ὓ  is the output of the ‌ control system, ὓ π 

and ὓ πȢπσÃÏÓς“Ὢ ὸ, where Ὢ πȢςυHz. The desired ὓ  is transformed to ὓ  using 

(4.18).  Additionally, Ὂȟ π which guarantees that the control allocation solution is always 

constrained. ὓ  and Ὂȟ  are input to the control allocation algorithm with Ὕ π. The outputs 

of the control allocation algorithm are the commanded rotor thrusts, each of which are recorded 

over a complete cycle of ὓ  for each ‌ value. The results are shown in Figure 4.10. The time 

series plots on the left (Figure 4.10a,c,e) show the commanded ὓ  (dotted line) and the resulting 

rotor thrusts as a function of time. The graphics to the right of each plot (Figure 4.10 b,d,f) indicate 

the physical configuration of the WRFV and the relative magnitude of the commanded rotor thrusts 

at the time denoted by the dashed vertical line on the corresponding plot.  

Figure 4.10a shows the WRFV when ‌ π. First note that when ὓ π (at approximately ὸ

ρȢσs and σȢσs), Ὕ Ὕ π while Ὕ Ὕ πȢςN. At these points, the only non-zero body force 

is ὓ , which is determined exclusively by the ‌ control system. The value of Ὕ and Ὕ are non-

zero because the WRFV center of mass is slightly behind point ὦ, as indicated in Figure 4.10b. As 

a result, the ‌ controller determines that a negative ὓ  must be applied to maintain ‌ π, leading 

to Ὕ Ὕ π. This explains why the Ὕ and Ὕ curves appear somewhat noisy, while the Ὕ and 

Ὕ curves are smooth; Ὕ and Ὕ are responding to the closed-loop ‌ controller, whereas Ὕ and Ὕ 

are only needed to enforce the ὓ  command, which is prescribed to be a smooth sinusoid. 

Alternatively, were the center of mass in front of point ὦ, then the situation would be reversed; the 

control allocation algorithm would determine that Ὕ and Ὕ should be driven primarily by the ‌ 

controller and Ὕ and Ὕ would appear smooth. 
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Figure 4.10 Constrained control allocation. Plots (a), (c) and (e) illustrate the desired thrust forces as a function of 

time at ‌ πȟ“Ⱦτ and “Ⱦς radians, respectively, while a sinusoidal ὓ  is prescribed. This forces the control 

allocation solution to be constrained. The result is that at least one rotor thrust will always be equal to Ὕ , which is 

zero in this case. Images (b), (d) and (f) illustrate the physical configuration of the WRFV and the control allocation 

solution at the instant in time denoted by the dashed vertical line in the corresponding plot to the left of the image.  

(a)
(b)

(c) (d)
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Second, a large, positive ὓ  is commanded at the time indicated by the dashed vertical line, 

producing large Ὕ and Ὕ thrusts. This creates a moment about the ᾀ  axis, which happens to 

coincide with the ᾀ axis when ‌ π. The relative thrusts at this instant are illustrated in Figure 

4.10b. Here the control allocation algorithm has determined that Ὕ π, as the commanded 

moments ὓ ȟὓ  and ὓ  can be synthesized using just ὝȟὝ and Ὕ. In fact, inspection of Figure 

4.10a reveals that at all times one rotor produces zero thrust. Notice that Ὕ Ὕ Ὕ always, 

indicating that the ‌ controller is still generating the required ὓ  to maintain ‌ π. 

In Figure 4.10c and d, ‌ “Ⱦτ, which moves the center of mass even further behind ὦ, requiring 

increased thrusts (Ὕ Ὕ πȢτN) when ὓ π. Additionally, the  frame and  frame are no 

longer aligned, so ὓ  is synthesized by generating moments about both the ᾀ  and ώ  axes. At 

the dashed line (where ὓ  is large and positive), Ὕ and Ὕ increase to generate ὓ . In contrast to 

the ‌ π case, here Ὕ Ὕ Ὕ, indicating that there is a nonzero ὓ  (see equation (4.22)). 

This explains the slight dip in Ὕ at the dashed line; Ὕ decreases beyond its value at ὓ π to 

help generate ὓ . 

Lastly, in Figure 4.10e and f, ‌ “Ⱦς. As before, the center of mass is moved further from point 

ὦ so that Ὕ Ὕ πȢτυN when ὓ π. Now ὓ  is synthesized solely by generating ὓ . Ὕ is 

nonzero at the time indicated by the dashed line on Figure 4.10e, though its value is relatively 

small compared to the other thrusts required to generate ὓ  when ‌ π or “Ⱦτ (compare to 

Figure 4.10b and d). In fact, all the thrusts appear smaller when ‌ “Ⱦς. This is ultimately 

because  ὯὒḻὯ , indicating that moments generated via rotor thrust (i.e. ὓ  and ὓ ) are 

much greater than moments generated via rotor drag (i.e. ὓ ) for a given ɱ (see equations (4.21) 

and (4.22)). Therefore, the thrusts generated as a byproduct of producing ὓ  or ὓ  are much less 

than those required to produce an identical ὓ . So, if ὓ  is synthesized primarily via ὓ  and ὓ , 

as it is when ‌ “Ⱦς, then the thrusts will be smaller than if ὓ  were synthesized via ὓ Ȣ 

As described in Section 4.5, Ὂ Ὂȟ  will only be realized if Ὂȟ Ὂȟ , indicating that 

the constraints are inactive. Otherwise, the constraints are active and Ὂ  will be set equal to Ὂȟ . 

Figure 4.11 illustrates the control allocation algorithm transitioning between constrained and 

unconstrained operation while ‌ π. Plotted is Ὂ  for two cases: Ὂȟ πὔ (solid line) and 
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Ὂȟ ρȢυχὔ (dash-dotted line). As before, ὓ  is the output of the ‌ control system, ὓ π 

and ὓ πȢπσÃÏÓς“Ὢ ὸ, where Ὢ πȢςυHz. As ὓ  changes (dashed line), so changes 

Ὂȟ , which influences the constraint activeness.  

 

Figure 4.11 Constrained control allocation when ‌ π while a sinusoidal ὓ  is prescribed. The plot shows Ὂ  for 

two different values of Ὂȟ . When Ὂȟ π, the control allocation solution is always constrained. Therefore, Ὂ

Ὂȟ . When Ὂȟ ρȢυχN, the solution is intermittently constrained so that Ὂ  alternates between Ὂȟ  and Ὂȟ . 

For the Ὂȟ πὔ case, the solution is always constrained, and so Ὂ Ὂȟ  always.  Note 

that Ὂȟ π even when ὓ π. This is because ὓ , which is the output of the ‌ controller, is 

never zero (due to the offset location of the center of mass), and so while ὓ  may be zero, ὓ  is 

not. For the  Ὂȟ ρȢυχὔ case, the solution is constrained approximately half of the time. While 

constrained, Ὂ Ὂȟ  and the solid and dash-dotted lines lie atop one another. However, as 

ȿὓ ȿ decreases, so does Ὂȟ  to the point where Ὂȟ Ὂȟ . During these periods the solution 

Constrained
Unconstrained
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is unconstrained and Ὂ Ὂȟ , indicated by the sudden flattening of the dash-dotted line at a 

value of ρȢυχὔ. The dashed vertical lines indicate where the algorithm transitions between 

constrained and unconstrained operation for the Ὂȟ ρȢυχὔ case.  

4.8 Summary of Control  System Design 

The WRFVôs design merits a controller tailored to its unique nonlinear dynamics and flat outputs. 

Furthermore, the number of difficult-to-measure parameters governing the WRFVôs behavior 

dictates that such a controller be robust to uncertainty. As such, the controller presented herein is 

both model-based and robust. The efficacy of the controller has been demonstrated through 

numerical simulations and empirical experiments using custom hardware and software. The 

control allocation algorithm provides a means for actuating the WRFV that respects the vehicle 

constraints while simultaneously minimizing thrust. Indeed, Figure 4.10a, c and e illustrate that at 

all times at least one rotor is producing zero thrust. Such a thrust-minimizing solution is unique to 

the WRFV. Additionally, this algorithm is computationally lightweight and thus easily integrated 

into an embedded system. 

There are several opportunities to improve the performance of the WRFV control systems. First, 

as mentioned in Section 4.7.2, closed-loop rotor velocity controllers could improve the response 

time and reduce ringing in ‌. Second, WRFV velocity control requires a ώ controller that respects 

the intermittent coupling of ‌ and ώ. Based on constraint activity (Section 4.5), such a controller 

would determine when independent control of ώ and ‌ is possible and adjust the control strategy 

accordingly. This would permit optimizing the WRFVôs operation for maximum range. 

Additionally, ὓ  could be used for active ‎ damping as described in (4.19), which could improve 

stability on uneven terrain and prevent rolling during aggressive maneuvering. Finally, bi-

directional operation of the rotors would obviate several challenges related to constrained control 

allocation by enabling both positive and negative thrust production.  
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CHAPTER 5 

Real-time Power Optimization of the WRFV 

This chapter explores via simulation the use of extremum seeking control to identify the power-

optimal operating configuration of the WRFV traversing unknown terrain. A discussion of the 

vehicleôs operation and mechanics reveals opportunities for energy-based optimization while 

rolling. The optimal operating point is shown to vary based on the terrain encountered. Extremum 

seeking control is identified as an optimization strategy that permits the vehicle to adapt to terrain 

in real-time without a priori knowledge of the terrain, nor detailed knowledge of the vehicle model. 

Simulations of an extremum seeking controller applied to a multi-physics model of the vehicle 

demonstrate the feasibility of real-time power optimization. Additionally, an approach to detecting 

when an optimal configuration has been achieved is presented and simulated. 

5.1 Background 

The WRFV is a bi-modal vehicle that combines the energetic efficiency of rolling locomotion with 

the mobility and maneuverability of multirotor flight. Additionally, the over-actuated nature of the 

vehicleôs terrestrial locomotion permits terrain-based power optimization that can further increase 

terrestrial efficiency. However, terrain characteristics are not typically known a priori and can 

change during operation. Therefore, a method is sought to operate the WRFV in a power-optimal 

configuration without explicit knowledge of the terrain, permitting the WRFV to adapt to changing 

terrain in real-time.  

5.1.1 Contributions and Organization 

This chapter explores an energy-based, model-free, optimization strategy for the WRFV. The 

chapter begins with a brief description of the WRFV, followed by a discussion of how the vehicleôs 

operating state influences power-consumption while rolling. To demonstrate the feasibility of real-

time optimization, an extremum seeking controller is designed and applied to a dynamic simulation 

of the WRFV while under closed-loop control. The results indicate that the power-optimal 

configuration is achieved, even in the presence of changing terrain. Additionally, a method for 
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detecting when the power-optimal configuration has been achieved is described and simulated. 

Lastly, limitations of the strategy are discussed. 

5.2 WRFV Energetics Modeling  

Referring to Figure 5.1, the bi-modal WRFV consists of a quadrotor suspended between two 

wheels such that the rotors can be oriented independently of the wheelsô angular orientation. In 

this configuration the rotors provide the thrust required to roll and fly; the wheels are not driven 

but are towed by the rotors.  

 

Figure 5.1 The two-wheeled RFV configuration considered in this chapter. The vehicle uses a multirotor mechanism 

for both aerial and terrestrial propulsion and control. The wheels are passively towed rather than driven. 

Consider the lateral view of the WRFV in aerial mode as shown in Figure 5.2a, which can produce 

a positive horizontal force Ὂ by operating at an angle of attacked ‌ , where Ὂ is the horizontal 

component of the net thrust Ὕ. To maintain a constant altitude in the ᾀǶ-direction, the vertical 

component of thrust must always exactly counteract the weight of the vehicle ὡ. This has the 

effect of coupling ‌  and Ὂ. Since Ὂ is the control for the forward velocity ὠ, there exists a 

coupling between ‌  and ὠ. Now consider the WRFV operating in terrestrial mode, illustrated in 

Figure 5.2b.  Here the wheels are subject to the normal force Ὂ  that partially support the WRFVôs 

weight. As a result, the vertical component of the thrust force is not required to support the 

WRFVôs weight, meaning that Ὕ, and therefore Ὂ, can be prescribed independently of ‌  provided 
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that ὊÃÏÓ‌ π. That is, the WRFV is over-actuated while rolling. The freedom to choose ‌  

independently of ὠ while rolling means that the WRFV requires considerably less thrust (and 

therefore less power) to produce a given horizontal force than while flying. 

 

Figure 5.2 (a) While flying, the WRFVôs angle of attack ‌  is coupled to the horizontal force Ὂ generated by the 

rotor thrust Ὕ because the vertical component of Ὕ must offset the vehicle weight ὡ. (b) While rolling, ‌  can varying 

while producing a given Ὂ because the vertical component of  Ὕ does not have to support the weight of the vehicle. 

Instead, the normal force Ὂ  partially supports the vehicleôs weight.  

Not only is rolling with rotary wings more efficient than flying with rotary wings, but the ability 

to independently control ‌  permits the rolling operation of the WRFV to be further optimized 

depending upon the terrain encountered. To see this, consider the WRFV of Figure 5.2b rolling at 

constant velocity on terrain characterized by a coefficient of rolling resistance ‍. The rolling 

resistance ὓ  is a dissipative moment that opposes the motion of the WRFVôs wheels and is 

proportional to ‍ and the normal force on the wheel, i.e. 

 rr NM RFb=   (5.1) 

where Ὑ is the wheel radius. Since ‌  can be controlled independently, it can be used to control 

the amount of thrust in the vertical direction, thus unloading the wheels and reducing the normal 

force, and therefore the rolling resistance. This can result in a reduction of power consumption. 

However, if ‌  is too large, the thrust Ὕ will have to increase accordingly to synthesize the desired 

horizontal force Ὂ. Furthermore, ‌  describes the angle at which air encounters the rotor, which 

has a substantial effect of rotor thrust and efficiency [28].  
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Figure 5.3 Required rotor electrical power per rotor ὖȟ   as a function of ‌  for different values of ‍. ‌ȟ  is 

angle of attack at which the vehicle takes flight and is represented by the dashed vertical line on the right of the plot. 

The dashed blue line represents ‌ᶻ, the angle of attack at which power is minimized for each ‍. All plots simulated 

with ὠ ςm/s. 

The combined effect of all of these phenomena is observed in Figure 5.3, which illustrates the 

electrical power of a single rotor ὖȟ  as a function of ‌  and the coefficient ‍ for ὠ ςm/s. 

Figure 5.3 was generated by simulating the WRFV energetic model presented in Chapter 1, which 

uses blade element momentum theory to predict the electrical power consumption and range of the 

WRFV. Each curve represents a different terrain type, parameterized by ‍. Note that power 

increases with increasing ‍. However, the minimum of each curve occurs at a different value of 

‌ , indicating that the optimal (in the sense that electrical power is minimized for the given ὠ) 

value ‌ᶻ  changes continuously with ‍. This is illustrated by the dashed blue line, which is the 

locus of power minima across ‍. If ‌  can be controlled such that ‌ ‌ᶻ then the vehicle will 

be operating at maximum efficiency. 
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5.3 Power Optimization via Extremum Seeking Control 

The mechanics of the WRFV permit the independent control of ‌  (provided ὊÃÏÓ‌ π), and 

the strategy for choosing ‌  in real-time is to choose ‌  such that the electrical power is minimized 

for a given terrain and velocity: 

 ( )
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*

],
2

arg min ; ,

p

p e p VP
p

a

a a b
Í

=   (5.2) 

Equation (5.2) represents a one-dimensional constrained optimization problem with ὖ as the 

objective function. Were the vehicle, rotor, motor and terrain parameters all known precisely, an 

efficient line search algorithm could be used to determine ‌ᶻ in real-time. However, vehicle, rotor 

and motor parameters will be uncertain, while terrain characteristics will be entirely unknown, in 

general. Furthermore, unknown environmental conditions, particularly windspeed, will reduce the 

accuracy of the ὖ estimates.  

Considering these uncertainties, a model-free approach to power optimization is considered. Such 

an approach could enable the WRFV to adapt to its terrain and environment in real-time by 

prescribing ‌  based on direct measurements of ὖ, thereby obviating precise terrain and 

windspeed identification. One suitable method is extremum seeking control [60], which prescribes 

the perturbation of an input variable (e.g. ‌ ) while observing the response of an output variable 

(e.g. ὖ) to recursively estimate the value of the input that minimizes (or maximizes) the output. 

This is done using a series of filters and an adaptive update law to estimate the value of ‌ᶻ, which 

is denoted ‌ . Let ‌ȟ  be the desired value of ‌  which a closed-loop ‌  controller is to track. 

Then an extremum seeking controller (ESC) can prescribe ‌ȟ  according to the following 

algorithm: 
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where ὥ and ‫  are the amplitude and frequency of the perturbation, ‎ is an adaptation gain, ὼ , 

ώ , ὃ  and ὄ  are the states, output, system matrix and input matrix of a low-pass filter, 

respectively, and ὼ , ώ , ὃ  and ὄ  are the states, output, system matrix and input matrix of 

a high-pass filter, respectively. The cut-off frequencies of both filters should be less than ‫ Ȣ 

5.4 Simulation Studies 

To demonstrate the efficacy of this method, the WRFV is simulated using the dynamic model from 

Section 3.2.6 under closed-loop ‌  and ὠ control using the controllers designed in Section 4.4, 

with an extremum seeking controller providing the ‌  commands, ‌ȟ . The instantaneous power 

and range are computed using the energetics model referenced in Section 5.2. 

 

Figure 5.4 Block diagram of the WRFV control system with ‌ȟ  determined by an extremum seeking controller 

whose objective is to minimize ὖ.  

All simulations are performed in MATLAB® . A block diagram of the simulated system appears 

in Figure 5.4. Here ὓ  is the desired control moment in the ὼ-direction, which is the output of the 

‌  controller. The ESC is designed with ὥ radȟ‫ υrad/s, and ‎ πȢππφ. The low- and 

high-pass filters are second-order Butterworth filters with cut-off frequencies of  σrad/s. Figure 

5.5 illustrates the response of the WRFV to the ESC when ‍ Ȣσ, and ὠ ςm/s.  
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Figure 5.5 Response of the WRFV to the extremum seeking controller. (a) ‌  tracks ‌ȟ , which is sinusoidally 

perturbed by the extremum seeking controller. (b) As a result, ὖ varies sinusoidally too. The change in ὖ drives the 

estimate of ‌  to converge to ‌ᶻ. (c) The WRFV range ί increases dramatically as ‌  approaches the power-optimal 

value ‌ᶻ. (d) The velocity of the WRFV is controlled in closed-loop to track ὠ . 

(b)

(c)

(a)

(d)
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Figure 5.5a shows how ‌ȟ‌ ȟ‌  and  ‌ᶻ evolve throughout the optimization. As desired, the 

value of ‌  converges to ‌ᶻ. This indicates that the WRFV is operating at minimum power when 

‌ ‌ . This can be observed in Figure 5.5b, which shows ὖ as a function of time. The initial 

spike in ὖ is caused by the acceleration of the WRFV under closed-loop velocity control. Once 

the vehicle has achieved a steady-state velocity (at approximately ὸ 1.5s, as seen in Figure 5.5d), 

the ESC begins to correctly drive ‌  toward ‌ᶻ. Then, as ‌  approaches ‌ᶻ, ὖ settles into steady 

oscillations at twice the perturbation frequency. Here ὖ increases when ‌  is at both the peak and 

trough of its cycle, indicating that ὖ is minimized when of ‌=‌ .  The long-term effect of 

optimizing ‌  for minimum ὖ is observed in Figure 5.5c, which shows the instantaneous range ί 

of the WRFV. The difference in range between an optimal and suboptimal solution in on the order 

of kilometers. 

To understand how the algorithm will respond to changing terrain, a simulation is performed 

wherein the terrain parameter ‍ undergoes a step change from Ȣσ to Ȣς at ὸ τs. Figure 5.6 

illustrates the response of the WRFV to this scenario. 
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Figure 5.6 Response of the WRFV to the extremum seeking controller with an instantaneous change in ‍ at ὸ  6s. 

(a) ‌  converges to ‌ᶻ for each value of ‍. Instantaneous changes in (b) ὖ and (c) ί occur with the change in ‍. 

As before, of ‌  converges to ‌ᶻ within several seconds. However, the response time of ‌  dictates 

to what extent the ESC can accommodate continuously changing terrain. The frequency at which 

the terrain changes depends not only on the spatial frequency of the terrain but also on ὠ. That is, 

ὠ , where  is the spatial frequency of ‍ variation. The response time of ‌  is influenced 

by ‫ , ὥ and ‎, with larger values leading to faster adaptation. However, these values cannot be 

too large: ‫  must be small enough to allow ‌ȟ  to be accurately tracked by the closed-loop 

^

(b)

(c)

(a)



   

107 

 

‌  controller while ὥ must be small enough that the condition ὊÃÏÓ‌ π is not violated. 

Furthermore, the WRFV must be able to produce enough thrust to maintain ὠ ὠ  throughout 

the oscillations in ‌ ; large ὥ leads to high angles of attack at which large thrusts are required, 

especially if the terrain is difficult (see Figure 5.2).  

Once ‌  converges to ‌ᶻ,  the ESC should be disabled so that the WRFV can operate at ‌ᶻ. The 

convergence condition can be determined by examining either ‌  or a high-pass filtered version 

of ‌ , denoted ‌ȟ . Both signals approach zero as ‌  O‌ᶻ. Once the magnitude of either metric 

is below a threshold value, the ESC can be switched off. As an alternative to an abrupt shutoff, the 

magnitude of the perturbation signal ὥ can be gradually attenuated. Figure 5.7 illustrates the ESC 

turning off after convergence has been achieved. Here ‌ȟ  is monitored until 

 
,
Ĕ

p HPa d<   (5.4) 

where ‏ is the convergence threshold. Note that the convergence condition is satisfied immediately 

at ὸ π. To avoid accidentally detecting convergence prematurely, a blanking period of two cycles 

(i.e. Ὕ ςς“Ⱦ‫ ), is enforced upon enabling the ESC. Upon achieving convergence, the 

perturbation signal is attenuated such that  
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where † is a time constant controlling the rate of attenuation, and ὸ is the time at which 

convergence is detected.  
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Figure 5.7 Extremum seeking controller with convergence detection and subsequent attenuation. (a) The angle of 

attack. Once convergence is detected at approximately ὸ 7s, the perturbation signal exponentially decays. (b) The 

electrical power. Once the perturbation signal has completely decayed, the electrical power is minimized. (c) 

Convergence conditions. Both ‌ȟ  and ‌  decay to zero once convergence has been achieved. ‌ȟ  was monitored 

for convergence in this simulation.  

For this simulation, ‏ Ȣπςȟ† Ȣχχs and Ὕ ςȢυί. Figure 5.7a shows that once ‌  

converges to  ‌ᶻ the perturbation signal exponentially decays according to (5.5). Note that the 

convergence criteria, based here on ‌ȟ , reflects the instantaneous rate of change of ‌ , meaning 

that if ‌  were to overshoot and/or ring, ‌ȟ  could approach and cross zero multiple times. In 

the simulation shown in Figure 5.7, ‌  exhibits a nearly deadbeat response, so no significant 

(b)

(c)

.

(a)
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ringing occurs. However, in practice the convergence criteria (5.4) should be appropriately 

debounced to avoid prematurely detecting convergence due to any ringing that may occur. Figure 

5.7b shows the electrical power ὖ. Note that ὖ is at its minimum value when the ESC is disabled. 

Figure 5.7c shows the evolution of both ‌  and ‌ȟ . ‌ȟ  is the smoother of the two signals and 

thus is used to detect convergence. ‌  can be made smoother by adjusting the cutoff frequency of 

the low pass filter in (5.3), however this also affects the performance of the ESC. Therefore, 

independently high-pass filtering ‌  provides a smooth signal for convergence detection without 

affecting the ESC.   

As the terrain changes, the ESC should be reenabled to again determine the optimal angle of attack 

at which to operate. This can be accomplished by monitoring the instantaneous predicted range ί 

for low frequency changes, like those observed in Figure 5.6c, which can indicate that the terrain 

or some other environmental condition has changed.  

5.5 Summary 

The WRFV is a promising bi-modal vehicle whose architecture permits power-minimizing 

optimization in real-time. This chapter has demonstrated that extremum seeking control is a 

feasible method for performing this optimization. However, limitations exist. First, care must be 

taken when designing the controller to ensure that the ESC converges faster than the terrain 

changes. Second, the ESC is designed assuming that angle of attack ‌  and terrain ‍ primaily 

influence the power consumption. However, power consumption is sensitive to vehicle 

acceleration too, so the ESC works best when the vehicle is operating at a constant velocity. 

Finally, care must be taken when determining when to enable and disable the ESC. The high-pass 

filtered optimal angle of attack estimate, ‌ȟ  can be used, but appropriate use of blanking times 

and debouncing is suggested to avoid premature enabling and disabling.  

Future work involves evaluating the real-time optimization methods on an experimental hardware 

WRFV. 
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CHAPTER 6 

The Spherical RFV 

This chapter presents the dynamic model and control system design of the spherical RFV (SRFV) 

of Figure 1.1b, which is a bi-modal multirotor vehicle capable of omnidirectional terrestrial rolling 

and multirotor flight. The vehicle is designed to conserve power while rolling without losing the 

mobility and maneuverability of multirotor flight. The vehicle employs a three-axis gimbal system 

that decouples the rotor orientation from the vehicleôs terrestrial rolling motion. A dynamic model 

of the vehicleôs terrestrial motion is derived from first principles. The dynamic model becomes the 

basis for a novel trajectory tracking control system suited to the architecture of the vehicle. A 

functional hardware embodiment of the vehicle is constructed onto which the trajectory tracking 

controller is deployed. Experiments with the hardware vehicle demonstrate the efficacy of the 

trajectory tracking control system. These results are compared to numerical simulations of the 

vehicle tracking a trajectory. Both sets of results demonstrate controlled, omnidirectional, 

terrestrial maneuvering. The vehicle is over-actuated while rolling, and the additional degrees of 

actuation can be used to optimize the vehicleôs operation. This chapter presents a novel algorithm 

that leverages the over-actuation of the vehicle to avoid gimbal lock. Simulation and empirical 

results demonstrate the algorithmôs efficacy. 

6.1 Background 

As discussed in Chapter 1, the multirotor RFV is a bi-modal locomotion combination that has 

recently received attention from researchers [12], [13], [21]ï[23]. RFVs contain a multirotor 

vehicle at their core, combined with a means of rolling locomotion. The rotors provide the sole 

source of propulsion, whether rolling or flying. This arrangement combines the mobility and 

maneuverability of multirotor flight with the efficiency of rolling locomotion, making RFVs 

attractive candidates for subterranean operations. The RFV developed by [12] places a quadrotor 

at the center of a cylindrical cage with a single axis of rotation to permit forward rolling. Similar 

to the WRFV of Figure 1.1a, Takahashi et al. [13] create and analyze a two-wheeled RFV which 

permits yawing without slipping.  
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A key challenge for researchers has been to demonstrate controlled, terrestrial trajectory tracking 

of RFVs in closed-loop; most authors do not discuss nor design a control system and none report 

any experimental, closed-loop control system data from a hardware prototype. One reason for this 

is the existence of a constrained (or preferential) rolling direction enforced by the kinematic 

constraints of the rolling mechanism (e.g. wheels ([13], [21]), cylindrical cage ([12], [22], [23])). 

This means that the orientation the multirotor vehicle is coupled to the motion of the rolling 

mechanism. As a result, when an obstacle or disturbance is encountered at the rolling mechanism, 

(e.g. a bump in terrain), the multirotor, and therefore propulsion direction, is affected. This effect 

is exacerbated as the distances between wheels (or lengths of cylindrical cages) increase. This 

makes trajectory tracking control difficult on all but the most benign terrains, i.e. smooth, flat 

ground. One strategy to address this challenge is to decouple the multirotor from the terrestrial 

rolling mechanism. Mizutani et al. [44] accomplish this by suspending the multirotor vehicle 

within a series of nested gimbals that are surround by a spherical cage; the cage may rotate 

compliantly in response to encountering an obstacle while leaving the multirotor vehicle within 

unperturbed.  A commercial embodiment of this strategy is the EliosÊ by FlyabilityÊ (Paudex, 

Switzerland), which is an inspection drone that is surrounded by a protective cage. Though both 

systems contain a gimbal system within a spherical cage, neither is intended to locomote by rolling; 

both are flying vehicles, and the gimballed cage helps the vehicles remain stable in flight despite 

collisions with obstacles. Other researchers have enclosed rotary wing vehicles within static (i.e. 

non-gimballed) protective cages [61], [62]. However, these vehicles are not capable of (nor 

intended for) rolling locomotion because they cannot control the orientation of their rotors with 

respect to their cages. 

6.1.1 Contributions and Organization 

The SRFV presented in this chapter consists of a quadrotor suspended within a three-axis gimbal 

system that is surrounded by a spherical cage. An image of the SRFV appears in Figure 6.1. The 

gimbals permit the quadrotor within to rotate independently of the spherical cage, while the cage 

serves as the rolling mechanism and protects the vehicle. Therefore, the SRFV combines the 

virtues of the RFV (i.e. aerial mobility and maneuverability, terrestrial efficiency) with the benefits 

of a decoupling gimbal mechanism and a spherical cage.  
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Figure 6.1 The SRFV. A spherical carbon fiber cage permits rolling locomotion and provides protection. The 3-axis 

gimbal system decouples the quadrotor from the cage, permitting omnidirectional rolling while reducing sensitivity 

to disturbances. The ground reaction normal force can be independently controlled to reduce rolling resistance. Gimbal 

lock can be actively avoided using rotor drag. Instrumentation on the gimbals permits odometry calculations used for 

feedback in a trajectory tracking control system. 

In particular, the SRFVôs gimbal and spherical cage arrangement reduces the sensitivity of the 

quadrotorôs orientation to terrain disturbances (as in [44]), which helps address the control 

challenge faced by existing RFVs. Additionally, using a spherical cage (rather than wheels or a 

cylindrical cage) places the point at which the vehicle contacts the terrain nearer to the vehicleôs 

center. This reduces the moment arm through which disturbance forces caused by the terrain 

produce deleterious disturbance moments. Furthermore, the spherical cage makes contact with the 

terrain at one (or a few closely spaced) point(s), meaning that differences in the terrain between 

contact points are less likely to generate large disturbance moments; this is a significant advantage 

over a wheeled or cylindrical RFV wherein the distance between the terrain contact points is 

typically as large as the vehicle itself. Taken together, these characteristics reduce the SRFVôs 

sensitivity to terrain disturbances compared to existing RFVs. Additionally, the kinematic 

independence of the SRFVôs quadrotor and spherical cage permits controlled, omnidirectional 
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rolling; the SRFVôs three-axis gimbal system decouples the rotor orientation from the cage 

orientation so that the SRFV can generate thrust is any direction, irrespective of the direction of 

terrestrial rolling motion. This contrasts with existing RFVs, which can only generate thrust in a 

vertical plane that is parallel to the direction of terrestrial rolling motion. As a result, the SRFV 

offers inherent advantages in terrestrial mobility compared to existing MRFVs. 

Several authors use off-the-shelf (OTS) flight controllers on their RFVs, e.g. PixHawk [23], 

ArduCopter [12]. Others retrofit a complete OTS quadrotor vehicle with a rolling mechanism and 

use the onboard flight controller [21], [44]. These controllers are inherently limited as they are 

designed to control flying multirotor vehicles. Their limitations as they relate to control, control 

allocation and power optimization are discussed in Chapter 4. In particular, OTS quadrotor 

controllers and control allocation methods limit the quadrotorôs range in pitch and roll. As a result, 

most of the thrust produced by an OTS quadrotor controller is directed vertically, which does no 

work to propel a terrestrial vehicle on flat ground. Such limitations reduce the potential energetic 

benefits of the SRFVôs rolling mode and prohibit complete control of the rotorsô thrust direction. 

This chapter presents a novel, terrestrial control system for the SRFV which permits thrust 

generation in any direction; the quadrotorôs pitching and rolling range are unlimited.  

The control system design is based on a terrestrial dynamic model of the SRFV. The model 

considers the translational and rotational dynamics of the quadrotor and spherical cage, along with 

nonholonomic rolling constraints. This chapter is the first to produce a dynamic model of the 

SRFV. 

Additionally, the SRFV is over-actuated while rolling. This chapter describes how the additional 

degrees of actuation can be used to optimize SRFV operation by controlling the ground reaction 

normal force and avoiding gimbal lock. The result is a control system that leverages the SRFVôs 

over-actuation to simultaneously accomplish control and optimization objectives.  

The efficacy of the control system is demonstrated with numerical simulations and empirical data 

obtained from experiments on a hardware SRFV. The SRFV uses a combination of inertial sensors 

and gimbal encoders that permit real-time odometry calculations, which are used as feedback for 

the trajectory tracking controller. The ability to perform ñsphericalò odometry on an MRFV has 

not been demonstrated before and motivates the use of custom control hardware; OTS controllers 

do not permit the type of instrumentation required to control the SRFV. 
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This chapter is organized as follows: A 6-DOF dynamic model of the SRFVôs rolling motion using 

the Newton-Euler method of mechanics is developed. The nonholonomic kinematics of the SRFV 

are derived, providing a method for vehicle odometry. The dynamic model becomes the basis for 

a novel, trajectory tracking control system, the output of which is the two-dimensional position of 

the SRFV upon a horizontal plane. In addition, the chapter describes how the vehicle is over-

actuated while rolling and discusses methods for optimizing the performance of the vehicle by 

leveraging the extra degrees of actuation. A hardware embodiment of the SRFV is presented, along 

with a description of the sensors required to implement the trajectory tracking controller and 

optimization algorithms. Simulation results demonstrate the performance of the trajectory tracking 

controller. These are compared to empirical results obtained from the hardware embodiment of the 

SRFV, which similarly demonstrate good trajectory tracking. A novel gimbal lock avoidance 

algorithm that exploits the SRFVôs over-actuation is derived. Simulation and empirical results 

demonstrating the gimbal lock avoidance algorithm are presented and discussed. Finally, 

opportunities for future work are discussed. 

6.2 Modeling 

This section presents the dynamic model of the SRFVôs terrestrial motion.  

6.2.1 Bodies and Reference Frames 

Figure 6.2 contains schematic diagrams of the SRFV rolling upon a rough, horizontal, inertial 

plane. The vehicle is modeled as a rigid body ὃ (the quadrotor, blue rings) suspended within three, 

nested, massless gimbals Ὃ (green ring), Ὃ (cyan ring) and Ὃ (pink rod) that create a three-

dimensional (3D) pendulum. The gimbals are housed within a perfectly spherical shell ὄ (thin grey 

circles) that rolls without slipping on the inertial plane. The outermost gimbal Ὃ is fixed to the 

interior of the spherical shell. The center of both the spherical shell and the gimbal assembly is 

point ὦ. The reference frame  is an inertial reference frame fixed to the plane at point Ὥ, and 

reference frames  and  are attached to bodies ὃ and ὄ, respectively. The center-of-mass (CoM) 

of ὃ is at point ὥ, and does not necessarily coincide with ὦ, but is offset by a distance Ὤ (not labeled 

in Figure 6.2) in the negative ώ -direction, i.e. ὶ π π Ὤ . Point ὦ is fixed in bodies ὃ 

and ὄ so that rotation of ὃ with respect to ὄ occurs about point ὦ. 
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We choose as generalized coordinates the position of point ὦ projected in the ὼ-ώ plane, the gimbal 

angles ‍ȟ‍ and ‍, and the orientation of the  with respect to , parameterized by a quaternion 

ή . Therefore, the generalized coordinates are 

 
, 1 2 3,

T
T

ib x ib yq r r qb b bè ø=ê ú
  (6.1) 

 

Figure 6.2 Diagrams of the SRFV. (a) The SRFV at the origin of the configuration space. The SRFV consists of a 

quadrotor ὃ supported by three gimbals Ὃ, Ὃ and Ὃ, the outermost of which is attached to a spherical shell ὄ with 

radius Ὑ. The quadrotor is represented by the four blue rings (one for each rotor) connected at point ὦ. The spherical 

shell is represented by the thin grey circles surrounding the quadrotor and gimbals. The spherical shell contacts the 

inertial plane at point ὧ. The center of mass of the quadrotor is located at point ὥ. (b) The SRFV displaced from the 

origin. The gimbals permit the quadrotor reference frame  to rotate freely with respect to the spherical shell via the 

gimbal angles ‍, ‍ and ‍. Point ὥ is offset from point ὦ by a distance Ὤ (not labeled) in the negative ᾀǶ direction. 

6.2.2 Gimbals 

Body ὃ is free to rotate about point ὦ (via the gimbal assembly) within the sphere ὄ so that the 

orientations of  and  are independent. The rotation matrix relating  and  is a function of the 

gimbal angles ‍ȟ‍ and ‍, which are associated with Ὃ, Ὃ, and Ὃ, respectively:  
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where Ὑ — represents a rotation of — radians about the ὴ-axis where ὴᶰὼȟώȟᾀ. That is, the 

Ὃ rotates about the shared ᾀ-axis of  and Ὃ, Ὃ rotates about the shared ώ-axis of Ὃ and Ὃ, 

and Ὃ rotates about the shared ὼ-axis of Ὃ and Ὃ. The angular velocity ‫  is related to the 

gimbal rates by 
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  (6.3) 

where the definition of ɜ follows from (6.3) and ‍ ‍ ‍ ‍ . Although not indicated with 

a superscript, the derivative ‍ is with respect to an observer fixed to the Ὃ gimbal for ήɴ ρȟςȟσ. 

That is, ‍ is the angular velocity that would be measured by a rotary encoder at the ήth gimbal 

joint. Although rotation between  and  is unconstrained, a dissipative moment due to gimbal 

bearing friction is modeled as an equal and opposite reaction moment ὓ  between ὃ and ὄ. 

Therefore, 

 1 1 2 2 1 3 3 1 2
Ĕ Ĕ Ĕ(( ) ) ( )zb z yk R jM ib b Rb Rb b b b b b-- -=   (6.4) 

where ὦ is a viscous damping coefficient associated with gimbal Ὃ. Additionally, the free-body 

diagrams of Figure 6.3 indicate that there is an equal and opposite reaction force Ὂ between bodies 

ὃ and ὄ at point ὦ.  
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Figure 6.3 SRFV free body diagrams. (a) Free body diagram of the quadrotor body ὃ. Three forces act on ὃȡ The 

rotor control force Ὂ, a reaction force Ὂ from the spherical shell transmitted via the gimbals, and the gravitational 

force. Two moments act on ὃȡ The rotor control moment ὓ  and a reaction moment ὓ  from the spherical shell 

transmitted via gimbal viscous friction. (b) Free body diagram of the spherical shell ὄ. Three forces act on ὄ: A ground 

reaction Ὂ, a reaction force Ὂ from the quadrotor transmitted via the gimbals, and the gravitational force. Two 

moments act on ὄȡ A terrain-dependent rolling-resistance moment ὓ  and a reaction moment ὓ  from the quadrotor 

transmitted via gimbal viscous friction. 

Note that other moments internal to the gimbals (i.e. those orthogonal to gimbal rotation) are 

neglected because the gimbals are kinematically modeled as an unrestricted 3D pendulum. As a 

result, physical gimbal lock phenomena are not predicted by the model presented in this section. 

Section 6.6 models physical gimbal lock phenomena and discusses how they affect the motion of 

the SRFV. Lastly, because the gimbals are massless, ὓ  and Ὂ are sufficient to describe the direct 

reactions between bodies ὃ and ὄ. 

6.2.3 Rolling Reactions 

The sphere ὄ contacts the plane at point ὧ so that ὶ π π Ὑ, where Ὑ is the radius of 

sphere ὄ. The ground contact force Ὂ acts on ὄ at the point ὧ. This force includes both the normal 

and rolling reaction forces. A moment due to rolling resistance ὓ   is applied to, and opposes the 

motion of, the sphere ὄ. Assume that ὓ  is proportional to normal force Ὂ , which is the 
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component of Ὂ in the  frame ᾀ-axis direction, i.e. Ὂ ᾀǶὊ, where ᾀǶ is the unit vector in the 

direction of the  frame ᾀ-axis. Then, if ὓ  is in a direction opposing the motion of ὄ,  
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where ὧ  is a terrain-dependent coefficient of rolling resistance and the definition of ὅ ᶰᴙ  

follows from (6.5). 

6.2.4 Control Inputs  

The control force and moment, Ὂ and ὓ , respectively, are generated by the quadrotorôs rotors 

and act directly on body ὃ. Because of the fixed orientation of the rotors, Ὂ is entirely in the ᾀǶ-

direction, i.e. Ὂ ὊȟὯ. As a result,  
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Now, define the control input as όḳ Ὂȟ ὓ ᶰᴙ . Ὂȟ and ὓ  are synthesized from the 

thrust and torque produced by each rotor. Define the thrust and torque of the Ὥ  rotor as Ὕ and ὗ, 

respectively. By invoking the hover assumption, which is standard in the quadrotor literature [49], 

Ὕ and ὗ can be expressed as 

 
2 2,i T i i Q iT k Q k= W=W   (6.7) 

where ɱ is the angular velocity of the Ὥ  rotor about its axis, and Ὧ  and Ὧ are the rotor torque 

and thrust constants, respectively. Therefore, the control ό can be expressed in terms of the thrusts 
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where ὒ is the perpendicular distance of each rotor to point ὥ projected in the ὼ-ώ plane of , Ὕᶰ

ᴙ  is a vector of thrusts, and the definition of ὧ  follows from (6.8). 

6.2.5 Equations of Motion for Body ║ (Spherical Shell) 

First apply Newtonôs and Eulerôs Laws to the sphere ὄ in Figure 6.3b. Summing forces yields 

 B B ib bc BrF m F m g F= = + -ä   (6.9) 

where Ç is the gravitational acceleration. Summing moments on ὄ about its CoM ὦ,  yields 

 bB bB bB bc c b rrM I I r F M Mw w w= + = ³³ - +ä   (6.10) 

where Ὅ  is an inertia tensor of body ὄ about point ὦ. Substituting (6.5) into (6.10) results in 

 [ ]( )bB bB bB bc rr c bM I I r C F Mw w w
³

= + = +³ -ä   (6.11) 

The no-slip nonholonomic rolling constraint leads to kinematic relationships between the linear 

and angular velocity and acceleration of ὄ: 

 ib bcr rw=- ³  (6.12) 

 ib bcr rw=- ³  (6.13) 

Substituting (6.13) into (6.9), solving the resulting expression for Ὂ, and then substituting that 

result and into (6.10) yields  

 [ ]( )[ ]( ) [ ]( )( )bB B bc rr bc bB bc rr b B bI m r C r I r C F m g Mw w w
³ ³ ³

³- + + = + - -  (6.14) 

which relates .to the inter-body reaction force Ὂ  ‫  

6.2.6 Equations of Motion for Body ═ (Quadrotor)  

Next, Newtonôs and Eulerôs Laws are applied to body ὃ in Figure 6.3a. 

 iaA A A bRF m F m gr F= = + +ä   (6.15) 

Summing moments on ὃ about point ὦ,  yields 
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 bA bA bA ba A ib ba A b RM I I r m r r m g M Mw w w³= + + ³ = ³ + +ä   (6.16) 

where Ὅ  is an inertia tensor of body ὃ about point ὦ. The kinematics of ὃ are 

   (6.17) 

 ia ib ba ib bar r r r rw= + = + ³  (6.18) 

 ( )ia ib ba ba ib ba bar r r r r r rw w w w w= + ³ + ³ = + ³ + ³ ³  (6.19) 

Substituting (6.13) into (6.19) yields ia ib bar r r= +  

 [ ] [ ] [ ]
2

ia bc ba bar r r rw w w
³ ³ ³

= - +   (6.20) 

Substituting (6.20) into (6.15), solving for Ὂ and substituting the result into (6.14) yields 

 
( )[ ]( )[ ]( )

[ ]( )[ ] [ ]( ) [ ] ( )( )2

bB A B bc rr bc bB

bc rr ba bc rr A bA Ra A B b

I m m r C r I

m r C r r C m r m m g F M

w w w

w w

³ ³

³ ³ ³ ³

- + + +

=- + + + - + -

³

-
  (6.21) 

which relates Substituting (6.13) into (6.16) results in another expression relating . ‫ and  ‫ 

: ‫ and  ‫ 

 [ ][ ]bA bA A ba bc ba A RbI I m r r r m g M Mw w w w
³ ³

+ + =³ ³ + +   (6.22) 

6.2.7 Solving the Equations of Motion 

Equations (6.21) and (6.22) must be simultaneously solved for Furthermore, if the . ‫ and  ‫ 

resulting equations of motion are to be the basis for control system design, it is desired to rewrite 

the solutions to in control-affine form wherein the control Ὕ is factored out. To do  ‫ and  ‫ 

so, equations (6.21) and (6.22) are rewritten as 

 11 12 1 1

21 22 2

R

R

c c d g F

c c d M

w w

w w

+ = +

+ = +
  (6.23) 

where, from inspection of (6.21) and (6.22), 



   

121 

 

 

[ ]( )[ ] ( )[ ]( )[ ]

[ ][ ]

[ ]( ) [ ] ( )( )
[ ]

2

11 12

21 22

1

2 1

,

,

,

bc rr ba bB A B bc rr bc

bA A ba bc

bc rr A ba A B bB b

ba A b bA bc

A

rr

c m r C r c I m m r C r

c I c m r r

d r C m r m m g I M

d r m g M I g r C

w w w

w w

³ ³ ³ ³

³

³

³

³

³

= + = - + +

= =

= + - + - -

= ³ + -

³

³- = -

  (6.24) 

Equation (6.23) is written in compact form and solved for : ‫ and  ‫ 

 1 3 31 1

3 3 3 3

0

0 I

R

R

g F
c d c

M

w

w

³- -

³ ³

è ø è øè ø
= +é ù é ùé ù

ê úê úê ú

  (6.25) 

where ὧḳ
ὧ ὧ
ὧ ὧ ᶰᴙ  and Ὠḳ

Ὠ
Ὠ
ᶰᴙ . Resolving (6.25) in the  frame and 

substituting in (6.6) and the definition of the control ό yields 

  ( ) 1 3 31 1

3 3 3 3

2 4

4 4

0 0

0 I I

g
c d c u

f gu

w

w

³³- -

³ ³ ³

å õè ø è øè ø
= +æ öé ù é ùé ù

ê úê úê ú ç ÷

= +

  (6.26) 

which is the desired control-affine form. The definitions of Ὢɴ ᴙ  and Çɴ ᴙ  follow from 

(6.26), and the superscript  indicates that all quantities in the parentheses are resolved in the  

frame.  

6.2.8 Generalized Velocity 

Note that even though the configuration space of the system is eight-dimensional, the motion of 

the system is confined to a six-dimensional subspace of the configuration space. This is due to the 

nonholonomic rolling constraints on the system; the linear velocity ὶ  is completely determined 

by ‫  according to (6.12). As a result, (6.26) is sufficient to completely describe the motion of 

the system. To see this, resolve (6.12) in the  frame and isolate the ὼ- and ώ-components:  

 
,

,

1 0 0 1 0 0

0 1 0 0 1 0

ib x

ib

bc c

y

b

r
r C r

r
w w

³

è ø è ø è ø
è ø=- ³ =é ù é ù é ùê ú

é ù ê ú ê úê ú
  (6.27) 
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Also, from (6.3), ‍ ɜ ‫ ɜ ὅ ‫ ‫ . Finally, the angular velocity is  ‫ 

kinematically related to ή  by ή ή ṧ‫ . Therefore, the generalized velocity can be 

written as 

 
( )

, 1 2 3

1

,

1 0 0

0 1 0

1

2

T
T

bc

ib x ib yq r r q

C r

C

q

b b b

w

w w

w

³

-

è ø=ê ú

è øè ø
è øé ùé ùê ú

ê úé ù
é ù=
é ù
é ù

Ã

ê

G

é ù
é ùú

-
  (6.28) 

Since ὅ is a function of ή  and ὅ  is a function of ‍, ή only depends on ‫ , ‫  and ή.  

6.3 Control System Design 

In this section a closed-loop, trajectory tracking control system is developed to control the 

terrestrial motion of the SRFV. 

6.3.1 Control System Objectives 

The objective of the control system is to force point ὦ of the SRFV to track a trajectory in the ὼ-ώ 

plane of the inertial frame . The control system consists of an outer position control loop and an 

inner orientation control loop, which is a common practice in the control of flying quadrotors [42]. 

However, a trajectory tracking controller intended for a conventional flying quadrotor is not 

appropriate for the terrestrial control of the SRFV. A flying quadrotor tracks a three-dimensional 

(3D) position (or velocity) in the inertial frame, and a heading angle. However, while on the 

ground, the SRFV only tracks a two-dimensional (2D) position (or velocity) in the inertial frame; 

altitude and heading angle control are unnecessary. Therefore, there are only two quantities that 

must be tracked by the SRFVôs terrestrial controller, rather than the four required to control a 

flying quadrotor.  As a result, the SRFV is over-actuated while rolling. In fact, there are two ñextraò 

degrees of actuation which can be used to optimize the terrestrial operation of the SRFV. First, the 

actuation mechanism that would otherwise control the heading of a flying quadrotor may be used 
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by the SRFV to avoid gimbal lock while rolling. This is discussed in detail in Section 6.6. Second, 

the component of the control force Ὂ in the ᾀǶ direction (denoted Ὂȟ) can be directly prescribed 

while rolling. This force, which is typically used to control altitude in a conventional quadrotor, 

can instead be used to reduce the normal reaction between the SRFV and ground, thereby reducing 

rolling resistance. This phenomenon is discussed in detail in Chapter 2, and techniques to leverage 

this additional degree of control to minimize power consumption or maximize range are discussed 

in Chapter 5. Other normal force optimization strategies could achieve a desired tradeoff between 

minimizing power consumption and minimizing the impact that the SRFV has on the surrounding 

environment, or the audible noise generated by the rotors. Note that OTS quadrotor controllers are 

not capable of arbitrarily prescribing Ὂ , i.e. the range over which they can control roll and pitch 

is limited. 

6.3.2 Control System Description 

This section provides an overview of the SRFVôs terrestrial trajectory tracking control system, 

which illustrated in the block diagram of Figure 6.4.  

 

Figure 6.4 SRFV terrestrial control system block diagram. The control system consists of an inner-loop rotor-plane-

normal controller nested within an outer-loop position controller. Together these enable the SRFV to track a trajectory. 

Ὂȟ and ὓ ȟ are not computed as part of the trajectory tracking controller but come from independent normal force 

optimization and gimbal lock avoidance blocks, respectively. The control allocation ensures that the rotors thrusts are 

minimized and positive. The input to the control system is the desired position, velocity and acceleration of the SRFV 

resolved in the inertial frame. Available feedback signals are ‫ , ὅ, ‍and ‍Ȣ  

An outer position controller operates on the desired and actual position and velocity of the SRFV, 

resolved in the inertial frame. The outputs of this controller are the ὼ- and ώ-components of a 

Ὂȟȟ
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desired control force Ὂȟ  to be synthesized by the SRFVôs rotors. The ᾀ-component of Ὂȟ  is 

specified directly to control the vehicle normal force, as described above. Recall from Section 

6.2.4 that the control force Ὂ is constrained to be in the ᾀǶ direction, which is normal to the plane 

of the rotors. That is,  

 ,
Ĕ

R R zzF F=   (6.29) 

Therefore, the direction of Ὂȟ , which comes from the position controller and normal force 

optimization block, prescribes the desired rotor-plane-normal direction ᾀǶȟ . That is, ᾀǶȟ

Ὂȟ . Now ᾀǶȟ  becomes the reference command to an inner-loop rotor-plane-normal (RPN) 

controller that forces ᾀǶ to track ᾀǶȟ . The outputs of the RPN controller are the ὼ- and ώ-

components of the desired angular acceleration ‫ ȟ  that would regulate the RPN error to zero. 

This desired angular acceleration is termed ‌  i.e. ‌ ḳ ‫ ȟȟ   ‫ ȟȟ . Both the 

kinematic equations of the RPN error and the equations of motion are nonlinear, so feedback  ‫ 

linearization is used to determine the control όḳ Ὂȟ ὓ . The feedback linearized 

equations, which are underdetermined, are augmented with equations for Ὂȟ and ὓ ȟ prior to 

solving. Thus, the solutions of ὓ ȟ and ὓ ȟ are informed by the auxiliary objectives of Ὂȟ and 

ὓ ȟ. ὓ ȟ may be chosen freely, or determined via the gimbal lock avoidance algorithm described 

in Section 6.6, while the value of the control Ὂȟ is assigned to be the component of Ὂȟ  in the 

true ᾀǶ direction: 

 
, , ,

ĔĔ
R z R des

T T

R desF F C Fz k= =   (6.30) 

This occurs in the block labeled ñResolve Force in ò in Figure 6.4. Thus, all four components of 

ό are specified. ό is then converted into the rotor thrusts Ὕ via a control allocation algorithm which 

is discussed in Section 6.3.6. 

6.3.3 Odometry 

The position ὶ  and velocity ὶ  are inputs to the position controller. These variables are not 

measured directly but are calculated based on other measurements using odometry. From (6.12) 
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( ) ( )

( )
ib bc bc bc

bc

r r r C r

C r

w w w w w

w b

³

³

è ø=- ³ =- - ³ =- -
ê ú

è ø=- -
é ùê ú

G
  (6.31) 

where ‫  and ὅ are obtained from the INS and ‍ and ɜ‍ are obtained from the gimbal 

encoders. Equation (6.31) is numerically integrated to determine ὶ . 

6.3.4 Position Controller Design 

The goal of the position controller is to force the ὼ- and ώ-components of ὶ  to track a desired 

trajectory ὶȟὶ ȟὶ  in the ὼ-ώ plane. The plant model used to design the position control 

system is a simplified version of the dynamic model derived in Section 6.2. The simplifying 

assumptions are: 

- The body ὄ is a uniform, spherical shell so that Ὅ Ὅ  is a diagonal matrix, and the principal 

moments of inertia are identical, i.e. Ὅ ȟ Ὅ ȟ Ὅ ȟ . Therefore Ὅ ‫ π ‫ 

in (6.24). 

- The rolling resistance coefficient ὧ π, therefore ὅ π . Rolling resistance provides 

open-loop damping, which is desirable from a stability perspective. Therefore, we do not 

attempt to compensate for rolling resistance, which could lead to instability if the estimate of 

ὧ  were uncertain. Since the terrain characteristics are not known a priori, the most 

conservative action is to assume ὧ π.  

- Gimbal viscous friction is negligible, i.e. ὦ ὦ ὦ π, therefore ὓ π. As with rolling 

resistance, gimbal friction is a source of stability and is difficult to quantify.  

- Ὤ πḈὶ π. The result of this assumption is that Ὂ is the only control affecting ὶ .  

Combining the kinematic acceleration constraint of (6.13) with the equations of motion from (6.25) 

yields 

 [ ] [ ][ ] 1 3 31 1

3 3 3 3

3 3 3 3

0
0 I

0 I

R

i bcb bc bc

R

g F
r r r r c d c

M
w w ³ ³

³- -

³ ³
³ ³

å õè øè ø
=- ³ = +æ öé ùé ùæ ö

ê ú ú
=

êç ÷

  (6.32) 
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Resolving (6.32) in the  frame and invoking the simplifying assumptions results in 

 

,

,

1

0

R x

ib R y

eq

F

r F
m

è ø
é ù

= é ù
é ù
ê ú

  (6.33) 

where ά ḳ ȟ ά ά  is the equivalent mass. The ὼ- and ώ-components of ὶ  are 

decoupled and linear, so the control for each component can be designed separately using state 

feedback. Moreover, the two designs will be identical. Let Ὡ represent the error in the Ὦ-component 

of ὶ , i.e. Ὡḳὶȟȟ ὶȟ, where Ὦ can be ὼ or ώ. The differential equation describing the 

evolution of the error is 

 
, , , , , ,

1
j ib j des ib j ib j des R j

eq

e r r r F
m

= - = -   (6.34) 

Define a virtual control ὺḳ ὶ ȟȟ Ὂȟ so that Ὡ ὺ. Now a control law can be 

designed for ὺ such that Ὡᴼπ. The assumptions outlined at the beginning of this section can 

result in a steady-state error due to modeling inaccuracies, particularly the assumption that ὄ is 

perfectly spherical and that ὧ πȢ To combat this, we also require that Ὡᴼπ, which results in 

an integrator in the control law. The state feedback control law is chosen to be  

 ,
T

j jj jj j e dv K t e eh h= è ø¹
é ùê

-
úñ   (6.35) 

where the gains ὑ ὑ   ὑ   ὑ  are selected using LQR or pole-placement. The final control 

law is 

 
( ) ( )

( )
, , , , ,

, 1, 2 3

R j ib j des j ib j des j

ib j des j j

e

j

q eq

eq

F m r v m r K

m r K e dt K e K e

h= - = +

= + + +ñ
  (6.36) 

If the integrator is not desired nor necessary, it can be omitted by placing the first pole at the origin, 

resulting in ὑ π. In the broader context of the entire trajectory tracking control system, the 

control law (6.36) specifies the ὼ- and ώ-components of Ὂȟ  which, together with the value of 

Ὂȟȟ  prescribed by the normal force optimization strategy, are the input to the RPN controller.  
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6.3.5 Rotor-Plane-Normal (RPN) Controller  

An RPN control system is described in this section. The goal of the RPN controller is to force ᾀǶ  

to align with ᾀǶȟ
 , where ᾀǶȟ Ὂȟ . The plant model used to design the RPN control system 

is a simplified version of the dynamic model derived in Section 6.2. The simplifying assumptions 

are identical to those from the position controller design (Section 6.3.4) with the exception that the 

Ὤ π assumption is relaxed; the CoM of ὃ does not have to coincide with the center of the sphere 

ὄ. The dynamic equations that inform the RPN controller design are those of Partitioning . ‫ 

(6.26) yields 

 
f g

f gu u
f g

w

w

è ø è ø è ø
= + = +é ù é ù é ù

ê ú ê úê ú
  (6.37) 

so that  

 f g uw = +   (6.38) 

Now a control law for ό must be designed to force ᾀǶ  to align with ᾀǶȟ
 . To do so, first define 

the RPN error Ὡ  such that 

 ĔĔ
RPN ze w¹ ³  (6.39) 

where 

 ,
Ĕ Ĕ

desw z z+¹   (6.40) 

is a vector that bisects the angle ‎ between ᾀǶ  and ᾀǶȟ
 , as shown in Figure 6.5. Therefore, the 

magnitude of Ὡ  is ÓÉÎ and the direction of Ὡ  is normal to both ᾀǶ  and ᾀǶȟ
 . This is a 

desirable error metric because the magnitude of ÓÉÎ is maximum when ‎ “ radians, and the 

direction of Ὡ  is in the direction of -frame rotation that will bring ᾀǶ  and ᾀǶȟ
  into alignment. 

Differentiating (6.39) yields 

 Ĕ ĔĔ Ĕ
RPNe z w z w= +³ ³   (6.41) 

 Ĕ Ĕ ĔĔ Ĕ Ĕ2RPNe z w z w z w³= +³ ³ +   (6.42) 
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where ύ
Ƕ Ƕȟ

Ƕ Ƕȟ
. The derivatives ύ and ύ can be related to ύ and ύ, respectively by 

 1 21Ĕ Ĕ,
w w w

w w
w w

L L +L
= =   (6.43) 

where ɤ )  ύύ  and ɤ
ȿȿ
ɤύ ύ ɤ ύ ύ ύύ ɤ .  

 

Figure 6.5 The RPN error, which is the error between ᾀǶ  and ᾀǶȟ
 , is normal to ᾀǶ  and ᾀǶȟ

  with magnitude equal 

to ÓÉÎ. It is formed by taking the cross product between ᾀǶ  and ύ, where ύ is a unit vector that bisects the angle 

between ᾀǶ  and ᾀǶȟ
 . 

The goal now is to express (6.42) in terms of so that (6.38) can be inserted; this will provide   ‫ 

a feedback linearizable expression. Substituting (6.43) into (6.42) and rearranging yields 

 [ ] [] [ ]( )2,1 1

1
Ĕ ĔĔ Ĕ Ĕ Ĕ Ĕ2

1
desRPNe z w z z z z w

w w
w

³ ³ ³ ³

å õ
è ø= L- + L L +æ ö ê úæ ö

ç ÷
+   (6.44) 

The derivatives of ᾀǶ are expressed in terms of ‫  
  and :using kinematic relationships   ‫  

 
2

Ĕ Ĕ Ĕ

Ĕ Ĕ Ĕ Ĕ Ĕ

z z z

z z z z z

w w

w w w w

³

³ ³

è ø³ =-ê ú

è ø è ø³ + ³ =- +ê ú ê ú

=

=
  (6.45) 

ᾀǶ
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ύ

‎

ς ‎
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Substituting (6.45) into (6.44) yields  

 

[] [ ] [ ]

[ ] [][ ] [ ]( )

1

2

1 1 2

1

,

2

1
Ĕ Ĕ Ĕ

Ĕ ĔĔ Ĕ Ĕ Ĕ Ĕ2
1 1

des

RPNe w z z
w

z w z z z z w

c

w
w

c

w

w

w

w

³ ³ ³

³ ³ ³ ³ ³

å õ
+ - +

å õ
= - Læ öæ ö
ç ÷

è øL +æ öæ ö
ç ÷

= +

L L +ê ú
  (6.46) 

where the definitions of ὧ and ὧ follow from (6.46). Resolving (6.46) in the  frame yields 

 1 2RPN c ce w= +   (6.47) 

where the superscripts on ὧ and ὧ indicate that all quantities are resolved in the  frame. Even 

though (6.47) describes the evolution of Ὡ  in the ὼ-, ώ-, and ᾀ-directions, only Ὡ ȟ and Ὡ ȟ 

are independently controlled because Ὡ ȟ π, always. Note that this does not imply that 

Ὡ ȟ π nor that Ὡ ȟ π. Furthermore, while Ὡ ᶰᴙ , only two inputs (namely 

‫ ȟ  and ‫ ȟ) determine its evolution. That is, the third column of ὧ is always zeros. An 

intuitive explanation is that only two controls are required to specify a direction, such as  ᾀǶ , in 

ᴙ . Therefore, only the dynamics of Ὡ ȟ and Ὡ ȟ are prescribed, and this is accomplished 

via ‫ ȟ  and ‫ ȟ. To that end, define a variable ‭ such that  

 

[ ]

[ ]

[ ]

, 2

2 2 2 1

,

2 2 2 1

2 2 2 1

I 0

I 0

I 0

RPN x

RPN

RPN y

RPN

RPN

e
e

e

e

e

³ ³

³ ³

³ ³

è ø
¹ = Íé ù
é ùê ú

¹

¹

  (6.48) 

and define ‌ḳ ‫ ȟ ‫ ȟ  ) π  ᶰᴙ ‫ . Substituting (6.47) into (6.48) and 

realizing that the third column of ὧ is always zeros (i.e. Ὡ  only depends on ‫ ȟ  and ‫ ȟ ) 

yields 

 [ ]( )[ ] 2 2

2 2 2 1 2 11 2

1

2 2 1

2

2I 0 I 0
I

0
c c c cw a

³

³

³ ³ ³ ³

å õè ø
= + +æ öé ù

ê úç ÷
=   (6.49) 

Now the error dynamics ‭ can be controlled through ‌ using feedback linearization. To feedback 

linearize (6.49), define a virtual control ’  such that 
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 RPNv=   (6.50) 

Now a stabilizing control law for ὺ  can be designed. The error system of (6.50) is input-output 

decoupled, and the control law will be the same in the ὼ- and ώ-directions, so a single controller 

will be designed and applied to each axis. As with the position control system, a state feedback 

controller of the form  

 
, , ,,

T

RPN j RPN j RPN j j j jv K dth h è ø¹
é ùê

=-
úñ   (6.51) 

is chosen, where ‭ is the Ὦ-component of ‭ and the gains ὑ ὑ   ὑ   ὑ  are selected using 

LQR or pole-placement. An integral term ensures that ᾀǶ ᴼᾀǶȟ
  even in the presence of 

modeling errors and disturbances, such as uncertainty in Ὤ. As before, if the integrator is not 

desired nor necessary, it can be omitted by placing the first pole at the origin, resulting in ὑ π. 

With the virtual control defined, (6.50) is substituted into (6.49) and solved for ‌. The result is the 

desired value of ‌ (i.e. ‫ ȟ  and ‫ ȟ) necessary to achieve ‭O π, which is referred to as ‌ .  

 [ ] [ ]( )2 1 1 2 1 2

1

1

2 2

2 2 2

2

2

I
I 0 I 0

0
des RPNc cva

-

³

³ ³³ ³
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è ø
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ê

å
æ ö
ç ú

õ

÷
  (6.52) 

The control ό that realizes a particular value of ‌ is determined using the equation of motion (6.38) 

rewritten in terms of ‌: 

 [ ]( )12 22I 0 f g ua ³³= +   (6.53) 

Rearranging (6.53) to isolate ό yields 

 [ ] [ ]2 2 22 12 21I 0 I 0g u fa³³ ³³-=   (6.54) 

To solve for ό, the quantity ) π  Ὣ  must be inverted. However, ) π  Ὣ ᶰᴙ , 

meaning that ό is underdetermined by (6.54). This condition permits specifying auxiliary 

performance or optimization criteria to be accomplished via ό. As will be discussed in Section 6.6, 

ὓ ȟ is specified directly to avoid gimbal lock. This provides another equation in ό: 

 [ ], 0 0 0 1R zM u=   (6.55) 
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Also, recall from Section 6.3.1 that the ᾀ-component of Ὂȟ  is specified directly to control the 

vehicle normal force. This provides yet another equation in ό. Namely, from (6.30), 

 [ ], , 1 0 0 0ĔT
R z R desF C Fk u= =   (6.56) 

Figure 6.4 illustrates how Ὂȟ  comes from both the position controller and the normal force 

controller, and ὓ ȟ comes from the gimbal lock avoidance algorithm. Augmenting (6.54) with 

(6.55) and (6.56), substituting ‌  for ‌, and solving for ό yields 
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where ‌  is given by (6.52). This requires a τ τ inversion. However, (6.57) can be partitioned 

between the third and fourth elements because the fourth column of ) π  Ὣ  is zero, 

always. This is because the fourth element of ό is ὓ ȟ, which is the moment about the  frame ᾀ-

axis. This moment cannot influence ‭ because ‭ is invariant under rotation about the  frame ᾀ-

axis; ὓ ȟ only influences ‫ ȟ , and ‫ ȟ  does not influence ‭. That is, ‭ only depends on ‫ ȟ  

and ‫ ȟ , i.e ‌Ȣ This fact motivates the definition of a control variable that excludes ὓ ȟ. Define 

όḳ Ὂȟ ὓ ȟ ὓ ȟ  and rewrite (6.53) as 
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Augmenting (6.58) with Ὂȟ ρ π πό, substituting ‌  for ‌, and solving for ό yields 
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where ‌  is given by (6.52). The inversion in (6.59) is σ σ rather than the τ τ inversion 

required by (6.57). Lastly, the control is determined by augmenting (6.59) with ὓ ȟ so that 
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Note that Ὂȟ cannot be partitioned out in this way because the first column of  ) π  Ὣ  

is nonzero, indicating that Ὂȟ does influence ‌. This is the control law for the RPN controller, 

which forces ᾀǶ  to track ᾀǶȟ
  while simultaneously controlling normal force and avoiding gimbal 

lock, if desired. Formulating the control law thus requires a 2nd order and 3rd order matrix inverse, 

and produces an identical result to (6.57). 

6.3.6 Control Allocation  

 As discussed in Section 6.2.4, the control ό can be written in terms of the thrust vector Ὕ. The 

reverse mapping from ό to Ὕ is referred to as control allocation. If Ὕ is unconstrained, solving for 

Ὕ is trivial: 

 
1

rotorT c u-=   (6.61) 

However, if the elements of Ὕ are constrained to be positive, as is the case for most rotors (i.e. the 

rotors only rotate in one direction), then (6.61) cannot be used because it may prescribe a negative 

thrust. Therefore, a constrained control allocation method must be used that solves (6.8) such that 

all elements of Ὕ are positive. If the control allocation solution is constrained, then ό cannot be 

exactly realized. The control allocation solution is more likely to be constrained if Ὂȟ is small or 

ὓ  is large, as these conditions make (6.61) more likely to produce negative Ὕ values (see 

Section 4.5). The control allocation solution for flying quadrotors is usually unconstrained owing 

to a large desired Ὂȟ required to support the quadrotorôs weight in flight. In the case of the SRFV 

in terrestrial mode, the desired Ὂȟ is considerably smaller since the vehicle rests on the ground. 

As a result, the SRFV is more likely to have a constrained control allocation solution, meaning 

that Ὂȟ is larger than desired. Therefore, Ὂȟ  is not synthesized exactly. Since Ὂȟ  is the 

control for the position (see Section 6.3.4), a constrained control allocation solution can affect the 

performance of the trajectory tracking controller. Rough, uneven terrain also has a negative effect 

on tracking performance (see empirical results in Section 6.5.3), however rough terrain, 

characterized by a large ὧ  value, requires large Ὂȟ values. Therefore, the control allocation 
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solution is less likely to be constrained in such cases. Lastly, gimbal lock avoidance, discussed in 

Section 6.6, prescribes potentially large ὓ ȟ values which can constrain the control allocation 

solution. The simulation and empirical results of Section 6.5.3 and the empirical results of Section 

and 6.6.4 are obtained using the control allocation method of Section 4.5, which yields a thrust-

minimizing solution that constrains all thrusts to be positive. Use of this method is critical to reduce 

the impact that a constrained control allocation solution has on trajectory tracking. 

6.4 Hardware Embodiment 

A hardware embodiment of the SRFV is constructed to test the trajectory tracking controller and 

gimbal lock avoidance algorithms. An image of the hardware SRFV appears in Figure 6.6a with 

notable mechanical hardware components indicated. The ñspherical shellò of the SRFV is a 42-

faced geodesic icosahedral cage constructed of carbon fiber rods. The rods are joined at 80 vertices 

by 3D-printed joints. The quadrotor body is made of composite carbon fiber and balsa wood sheet 

(DragonPlate ®, Elbridge, NY). Gimbals Ὃ and Ὃ are custom rings made of carbon fiber sleeve 

set in epoxy, whereas Ὃ is a bearing-mounted carbon fiber rod passing through the quadrotor 

body. The gimbals are nested within the cage and are supported by double ball bearings at each 

end. The angles and angular rates of the gimbals are measured by three quadrature encoders, one 

per gimbal. Two slip rings permit passing electronic cables through the bore of the gimbalsô shafts. 

The outer slip ring passes power and encoder signals from Ὃ to the inner slip ring. The inner slip 

ring passes these cables, plus power and encoder signals from Ὃ, to the control board mounted on 

the quadrotor body. The inertial navigation system (INS) provides orientation and angular rate data 

(i.e. ὅ and ‫ ) to the control board.  

Figure 6.6b is an image of the SRFVôs custom electronic control board. The control board contains 

an ARM Cortex-M7 microcontroller (STMicroelectronicsÊ STM32F767ZIT6U, Geneva, 

Switzerland) operating at 216MHz. The microcontroller reads the gimbal encoders, INS 

(VectorNav Technologies® VN-200, Dallas, TX), backup INS (Bosch® BNO055, Farmington 

Hills, MI), and altimeter (Bosch® BMP388), plus senses battery voltage and current to estimate 

power, communicates serially with two Zigbee radios (Digi® XBee Pro S2C, Hopkins, MN) for 

telemetry and control commands, respectively, generates pulse-width-modulated signals to drive 

the four motor controllers (CrazeponyÊ BL Heli 32, Shenzhen, China), and executes all control 
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algorithms. These tasks all occur in a hardware-timed interrupt that executes at 1kHz. The average 

time to execute the interrupt is 370‘ί. Power is provided by a 3-cell (11.1V) Lithium-polymer 

battery.  

 

Figure 6.6 (a) The hardware SRFV. The circled numbers identify the following components: 1 - Carbon fiber 

icosahedral cage, 2 - Gimbal Ὃ, 3 - Gimbal Ὃ, 4 - Gimbal Ὃ, 5 - Ὃ quadrature encoder, 6 - Ὃ quadrature encoder, 

7 - Ὃ quadrature encoder, 8 - inner slip ring, 9 - outer slip ring, 10 - inertial navigation system. (b) Custom electronic 

control board. The board handles all processing, sensing, control and communications. 

The mathematical model parameters describing the hardware SRFV appear in Table 6.1. Moment 

of inertia values are estimated based on the mass and geometry of the vehicle. The ὧ  value is 

estimated based on the terrain (uneven grass) on which the empirical experiments are carried out. 

The rotor characteristics Ὧ and Ὧ  are measured directly using a load cell on a test stand. 
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Table 6.1 SRFV Vehicle Parameters  

Parameter Value 

Ὑ (m) 0.25 

Ὤ (m) 0.02 

ὒ (m) 0.085 

ά  (kg) 0.8 

ά  (kg) 0.29 

Ὅ ȟ ȟὍ ȟ  (kg-m2) 0.0027 

Ὅ ȟ (kg-m2) 0.0053 

Ὅ ȟ  (kg-m2) 0.0121 

ὧ   0.035 

ὦȟὦȟὦ (N-m/(rad/s)) 2.5x10-4 

Ὧ (N/(rad/s)) 1.6351x10-5 

Ὧ  (N-m/(rad/s)) 2.7033x10-7 

  

6.5 Results 

The efficacy of the control system is evaluated via simulation studies and experiments with the 

hardware SRFV. The simulation and empirical results are presented in this section. 

6.5.1 Simulation Setup 

The mathematical model of the SRFV under trajectory tracking control is simulated using 

MATLAB® . This system is shown in the block diagram of Figure 6.4. The model parameters used 

in the simulations are based the parameters of the hardware SRFV (Section 6.4), and are listed in 

Table 6.1. The SRFV is simulated by numerically integrating the equations of motion from (6.26) 

along with the kinematic relationships of (6.28). Care must be taken with numerically integrating 

the equations of motion to ensure that the frame of resolution is the same as the frame with respect 

to which differentiation occurs. For example, directly integrating does not yield  ‫ ‫  because 

the resolution and differentiation frames do not match; rather, ‫  is the result of directly 

integrating Therefore, the transport theorem is used so that differentiation of angular . ‫ 

velocity in (6.26) is with respect to the  frame. The transport theorem indicates that 
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and SRFV is simulated by numerically integrating (6.63). Also, integrating ‍ when ɜ is near 

singular can be problematic, so the orientation of  with respect to  is expressed as a quaternion 

ή  so that ή ή ṧ ‫ ‫ . Then ‍ can be determined from ή . To include the effects 

of control allocation in the simulations, the input ό in (6.63) is the constrained control ό , 

which is  

 ( )constrained rotor unconstrainedu c T u=   (6.64) 

where ό  is the output of the trajectory tracking controller and Ὕό  is 

the thrust that is output from the control allocation algorithm.  

6.5.2 Control System Parameters 

All components of the trajectory tracking control system are executed in simulation. To permit 

comparison of simulated and empirical results, the desired control system pole locations used to 

generate the simulations are identical to those deployed on the hardware embodiment of the SRFV. 

The pole locations for the position control system and RPN control system are chosen based on 

the performance of the hardware SRFV. While better performing control systems can be achieved 

in simulation by choosing more aggressive pole locations, such designs donôt yield acceptable 

performance of the hardware SRFV because of unmodeled actuator dynamics; parametric and 

modeling uncertainties in the rotor and electric motor result in Ὕ synthesis errors. Furthermore, it 

is observed from both simulation and empirical results that the error integrator is not necessary in 

either the position or RPN controllers. The closed-loop pole locations for the position control 

system are ‗ π, ‗ ψ and ‗ τχ. The pole ‗ π results in the state feedback gain 

ὑ π, indicating that the integrator is unused. Likewise, the closed-loop pole locations for the 
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RPN control system are ‗ȟ π and ‗ȟȟ ρȢωυ ςȢψρὭ. The desired trajectory is a 

figure-eight pattern: ὶȟ ÓÉÎὸ ςÓÉÎὸ . For simplicity of implementation, 

ᾀǶȟ
 
  and ᾀǶȟ

 
  are assumed to be zero, as their calculation requires numerically differentiating 

or filtering ᾀǶȟ
 , which comes from the position controller. For both the simulated and empirical 

studies, the gimbal lock avoidance block is disabled so that ὓ ȟ π (studies with gimbal lock 

avoidance enabled are discussed in Section 6.6.3). Also, Ὂȟȟ  is set at πȢυ.. 

6.5.3 Simulated and Empirical Results 

Figure 6.7 shows the results of the simulation. The SRFV trajectory tracking control system 

demonstrates good tracking performance (Figure 6.7a,c); the mean of the position error norm ᴁὩᴁ 

is 0.0545m. The vehicle is initially at rest, which explains the large, transient deviation from the 

command seen near the origin in Figure 6.7c. Beyond this transient the mean error norm is 

0.0475m.   
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Figure 6.7 Numerical simulation of the SRFV executing trajectory tracking control. (a) The ὼ- and ώ-position (solid 

lines) and desired position (dashed lines) as a function of time. The control system demonstrates excellent tracking 

performance. (b) Actual (solid lines) and desired (dashed lines) rotor force. The magnitude of actual rotor force is less 

than desired due to the constrained control allocation solution. (c) The desired figure-eight trajectory is closely tracked 

by the SRFV. 

Figure 6.7b shows the RPN controller tracking the desired control force Ὂȟ . Note that Ὂ does 

not appear to track Ὂȟ  well, and that the magnitude of each component Ὂ is typically greater 

than Ὂȟ . Closer inspection shows that Ὂ has the same shape as Ὂȟ , but with a slightly larger 

magnitude. In fact, the direction of Ὂ tracks the direction of Ὂȟ  well, i.e. ᾀǶ ᴼᾀǶȟ
 . The 

difference in the magnitude of Ὂ and Ὂȟ  occurs because the control allocation solution is 

constrained. That is, the moments required to orient the quadrotor body so that ᾀǶ ᴼᾀǶȟ  would 

require negative thrusts. Since the vehicle is not capable of producing negative thrusts, the control 

allocation solution can only generate the required moments by increasing the total thrust Ὂ

Ὂȟ beyond that which is desired. So, while the RPN controller effectively controls the direction 

of Ὂ, the magnitude of each component of Ὂ greater than desired. 
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This can be seen more clearly in Figure 6.8, which illustrates the control ό and thrust Ὕ. Figure 

6.8a shows that the Ὂȟ Ὂȟȟ  for nearly the entire time, indicating that the control allocation 

solution is constrained. This is reflected in Figure 6.8b, showing the value of the four thrusts. Note 

that at nearly all times at least one thrust is saturated at zero. The mean RPN error norm ᴁὩ ᴁ is 

0.0512. Nevertheless, the overall trajectory tracking performance remains good. 

 

Figure 6.8 Numerical simulation of the SRFV executing trajectory tracking control. (a) The control ό and (b) thrust 

Ὕ. Ὕ saturates at zero, so the desired Ὂȟ cannot be accurately synthesized. Forces are in Newtons and moments are 

in Newton-meters. 

Figure 6.9 shows the results of the trajectory tracking control system deployed on the hardware 

SRFV. Approximately 3.5 figure-eight transits are executed. From Figure 6.9b, the mean of the 

position error norm ᴁὩᴁ is 0.173m, about three times greater than that predicted by the simulation. 

The difference is primarily due to unmodeled terrain characteristics. In the simulation, the terrain 

has a constant rolling resistance coefficient ὧ , whereas the experiments are carried out on 

(b)

(a)
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medium length grass with uneven terrain. The evenness of the terrain varies on approximately the 

same scale as the vehicle size; small bumps, mounds of grass, grassless pockets and depressions 

in the terrain on the order of hundreds of millimeters are present. As a result, the vehicle is 

constantly responding to perturbations in position introduced by the changing terrain. Despite this, 

the trajectory tracking control system demonstrates good tracking performance with errors on the 

same scale as the terrain obstacle size. Small gaps in data can be seen in Figure 6.9c. These are 

artifacts of the data acquisition system buffering and saving the data. The data have been 

appropriately shifted in time to account for these ñblankò periods, which occur for approximately 

one second every fifteen seconds.  

 

Figure 6.9 Empirical data obtained from the hardware SRFV executing trajectory tracking control. (a) The ὼ- and ώ-

position (solid lines) and desired position (dashed lines) as a function of time. The control system demonstrates good 

tracking performance. (b) The norm of the position error as a function of time. (c) The desired figure-eight trajectory 

is closely track by the SRFV. Gaps in the data are due to data buffering and saving in the data acquisition program.  
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