ABSTRACT

ATAY , STEFAN MARK. Energetics, Dynamics ar@bntrol of Multirotor, RollingFlying,
Mobile Robots (Under the directionf Dr. Matthew Bryant and Dr. Gregory Buckper

Multirotor-based mobile robots have been a focus of research due to their proven utility across
various sectors, from industrial amdlitary use to consumer regation. A critical shortcoming of
multirotor vehicles is their high poweonsumption and short endurance. To address this, some
researchers have begun to complement multirotor vehicles with an efficient rolling mechanism.
Theresult is a bimodal rolling-flying vehicle that combines thmobility and maneuverabilitgf
multirotor flight with the efficiency of rolling locomotion. Such vehicles are idealldog-
enduranceexploratory operationg difficult and unknown terrainsuch as searetindrescue
opeaationsor military reconnaissancBespite the promise dfie multirotor rollingflying vehicle

(RFV) architecturefew researchers have gone beysimply attaching a rolling mechanism to an
off-the-shelf quadrotoand usingstandard quadrotor flight cérol and control allocation methods
during terrestrial operatioifhe result is stHoptimal performance, both with regards to energetics
and mobility To address this gaphis dissertatiorpresents anulti-disciplinary analysiof two

types ofmultirotor rolling-flying vehicles along with several algorithms specifically designed for

their efficient operation and control.

First, a multiphysics energetics model reveals hineR F V 0 s-standandarchiiecture can be
leveraged to optimize iterrestrial loomotion for minimum power consumption or maximum
range.The energeticamodel uses blade element momentum theory and an electromechanical
motor model to predict the electrical power consumption anderafighe vehicle. Analysis
demonstrates that rolling domotion provides an additional degree of control which permits

optimizing the. vehiclebs operation

Controlled operation ahe RFV is necessary tomplementany optimization strateg Therefore

an accurate dynamic model d@he two-wheeledRFV (WRFV) is developed to inform control
system desigriVariational mechanics is used to develop a six degfdeeedom dynamic model

of the WRFV subject to kinematic rolling constraints and various-oonservatre forces. A
hardware embodiment ¢ieWRFV is constrated, from which empirical motion data is obtained

via odometry and inertial sensing. A numerical simulation of the dynamic model is executed which

accurately predicts complex dynamic phenomena obdenvethe empirical datasuch as



gravitational and gymcopic nonlinearitieshe comparison of simulation results to empirical data

validates the dynamic model.

The WRFV& dynamic modeis the basis for a nonlinear, mudiiput-multi-output, sliding mode
controller. Constrained optimization techniques aexius develop a control allocation strategy
which minimizes power consumption while rollifgxperimental databtained from a hardave
embodiment ofthe WRFV under closedoop control demonstrate good performance and
robustness to parameter uncertaintgtdcollected also demonstrate that the control allocation

algorithm correctly determines a thrustnimizing solution in reatime.

The energetics model, dynamic model, and controllere@rgined with arextremum seeking
controler to identify the powetoptimal operating configuration tfie WRFV. Simulationresults
successfully demonstrate the abilifythe WRFV to adapt taahangngterrain in reatime without

a priori knowledge of the terrain, nor detailed knowledge of the vehicle model.

Lastly, a pherical rollingflying vehicle (SRFV) that is capable of omnidirectional terrestrial
rolling is described, along witthe derivatian of itsdynamic model anthe design of &ajectory
trackingcontrol system. Experiments wighfunctionalhardware vehid demonstrate the efficacy
of the control systermA novel algorithm that leverages the o\aatuation of the vehicle to avoid

gimballock is presented

This dissertation concludes Bsummarizinghe key contributions ahis researclanddiscussing

severhopen challenges and new research directions related te. RFV
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be accurately synthesized. Forces are in Newtons and moments are in
N LAY (0] £ X0 0[] (=T £ T PO 139

Empirical data obtained from the hardware SRFV executing trajectory
tracking control. (@) Thes andw BT OE @did lines) and desired
position (dashed lines) as a function of time. Toretiol system demonstrates
good tracking performance. (b) Therm of the position error as a function

of time. (c) The desired figweight trajectory is closely track by the SRFV.
Gaps in the data are due to data buffering and saving in the data amnguisit
(0100 7= 1 o PP 140

Figure 6.10 A composite image of the SRFV executinggufieeight trajectory on uneven

grass under closddop control. The dashed blue line represents the
approximateeommandedrajectory and thelbe arrows indicate the direction
(0] 1= Y= 141

Figure 6.11 Empirical data obtained from the hardware SRFV executing RPN control. (a)

The® and(b)w AT I BT bfAhk BPN directiomdil The actual values
(solid lines) closely track the desired lwas (dashed lines) in general.
Exceptions occur when in gimbal lock, wherginis a multiple of* 7¢8The
yellow ellipses indicate a gimbal lock event. When this océulg,andi

are unabldo affect the desired change in quadrotor oaéinh, resulting in

the poor RPN tracking performance seen hete...........cccceeeeiiiieeeecccceviieenn, 142

Figure 6.12 The GLA control moment function whe® ¢I* adQ 1 ie. a

cubic spring. The different lines represent different valués pthe sine of
which modulates the function. As a result, GLA cannot be realized if 1t
Points ad correspond to the four subfigures of Figure 6.13/ Asears an

odd multiple of* 7¢ the GLA function use$ ‘i to forcef back towards
zero. A nears zero, the magnitude of the GLA function decreases rapidly
so that the gimbal is free to rotate according to its passive dynamics....... 146
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Figure 6.13 The SRFV in four different gimbal configurations.f(a) | 0 Y has

no influence o  becaus®© BT 1 indicating that the axis andiflare
orthogonal. (b) i “¥c.0 Yy caninfluencé becaus® E 1
M, SO a component aliflis in thel axisdirection. (c)f “ Toht

“¥c. (d) 1 ¢* Tuht “¥c. As] nears“ ¥¢ the gimbal lock
avoidance algorithm will commartte rotors to generate a restoring moment
aboutdbaxis viad ;. The moment will drivé  back towards zera............. 147

Figure 6.14 A numerical simulation of the SRFV executing trajectory tracking coatrol

unconstrained control allocation. {a) (solid line) and (dashed line) with

GLA disabled is free to approach and transceng (narrow, dashed
horizontal lines). (b) (solid line) and (dashed line) with GLA enabled.

AsT initially approache$ ¢ the GLA algorithm commands \; to oppose

the motion. As a result, is driven back towards, but does not reach, zero.
Compared to subfigure (a), the damping term effectively suppresses the
oscillations inf . (c) 0 ‘5 when GIA is enabled. A large initial effort in

0 Vs s required to avoid gimbal lock, followed by reduced actividy.

T CT ;T Q  TITU 0.0ttt eeme e 149

Figure 6.15 Empirical data obtained from the hardware SRFV executing GLA with

Figure 7.1

constrained control allocation. (a) (solid line) and (dashedine) with

GLA disabled] is free to approach’¢ (narrow, dashed horizontal lines).
(b)T (solid line) and (dashed line) with GLA enabled. As initially
approaches$ 7¢ the GLA algorithm commands ', to oppose the motion

As a resultf is driven back towards, but does not reach, zero. Compared to
subfigure (a), the damping term effectively suppresses the oscillatipns in

(c) 0 ‘; when GLA is enabled. A large initial effort inV;;  is required to
avoid gimbal lock, followed by relative inactivityQ 18 ¢ , Q

Detecting an obstacle using intrinsic sensing. WRFV (a) electrical power, (b)
range and (c) velocity upon encountering a wall while rolling under closed
loop velocity control. The obstacle occurs at the dashed, bkrtical line.

Power increases dramatically upon encountering the obstacle because the
velocity controller attempts to rmdain the desired speed (dashed, orange
horizontal line). Consequently, the instantaneous range, which is directly
proportional to veloity and inversely proportional to power (see equation
(2.1)), PIUMIMELS. ...t 156
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CHAPTER 1

I ntroduction to the Multiro tor Rolling-Flying Vehicle

1.1 Energetics of Mobile Robots

Autonomousnobile robots continue to prove useful in search, rescue, and exploration operations
[1]7 [5]. Power manageent is acritical concern for exploration robots that must maximize the
area explored while traversing unknown terrain for an unknown period. As such, this is an active
research focus in the mobile robotics field, ¢6J.and[7]. Karydis and Kumaf8] provide a
review of research efforts aimed at reducing poearsumpion in aerial robots, and note that
powerbased path planning is attracting more attention from researcherf8]elgobile robot
locomotion mechanisms typically consume substantial ppfyeand so warrant attention when
considering power minimization strategies. Different locomotion mechanisms can be compared

using tle cost of transport (COT) metric, defined as

E
mgs

CoT! (1.1)
whereOis the energy required to move arjert of massr a distancé, and(s the gravitational
accelerationconstant. COT nondimensionalizes energy by object weigft and distance
travelled i, supporting the intuition that heavier machines require nemergy to displace
themselves thamlo lighter machines. Comprehensive COT analyses show the emergence of
general trends that can be subdivided based on transportation mod¢sOKaemonstrated that
rolling vehicles tend to have low COT compared to flying vehicles. A thealigtideal wheeled
vehicle operateat zero energetic cost; no energy is required to roll a perfectly round and smooth
wheel across perfectly flat, smooth terrain. Although zero COT is impossible to realize, extremely
low COTs have been achieved with wlegemechanisms. For example, the @W-1 has an
energetic COT of 0.04BL0]. In contrastmultirotor vehicles require significant energy just to
remain aloft [10], making them undesirable from a COT perspectife.representative
commercially available quadrotor with large battersetheMavic Pr&c (DJI, Shenzhen, China)
which has a CD of 1.66, andcan deliver approximately 30 minutes of flight time at steady

operating conditiond'his duration is reduced if more complex maneuvering is required. The range



of this quadrotors approximately 13 km assumitigata constant 25 kph velocitg maintained.

However, operation at slow speeds reduces the range considerably.

1.2 Mobility and Man euverability of Mobile Robots

In addition to operating efficiently, exploratory mobile robots must do so with a high degree of
mobility and maneuverabilityFor the purposes of thidissertation mobility is defined as the
ability to freely move through amvironment containing obstacles. Examples of obstacles include
uneven or loose terrain, tall boulders or walls, large gaps or pits, mud, or water. Mahgityver

is defined as the ability to precisely direct and control motion. Search/Rescue/Explayhttn

may encounter environments that require navigating narrow passages and executing sharp turns

where clearances between obstacles are small. A higiflguwerable vehicle is one with minimal
motion constraints (i.e. it can move in many directionmfeny configuration) and the ability to
control its motion with high resolution. Additionally, vehicles intended for exploration may
generate 3D maps of tkavironment using sensing hardware like LIDAR. This generally requires
efficient operation at lowpseeds to generate higasolution maps.

1.3 Bi-Modal Mobile Robotics and theMultirotor Rolling-Flying Vehicle

Although rolling vehicles have relatively low C®Tthis transport mode is restrictive in terms of
mobility. A solution is to consider a{ohodal véiicle which leverages complementary modes of

transportation by adapting its locomotion to suit the environnfaditionally, bimodalitycan

improve efficiery, as different locomotion mechanisms often present a tradeoff in energetic cost.

Locomotion adagability makes bimodal vehicles well suited for exploratory operations involving
unknown terrainHowever the availability of two transportation modes (egjling and flying)
typically requires that a decision be made to operate in one mode and motthee r (t h e
deci siono) . Mobil e exploration robot-sodahus't
operation adds a new dimension to the challerigeobile robot path planning by introducing the
mode decisionSreevishnu et alll] gives a thorough overview of severap#&g ofbi-modal

locomotion vehicles, including their history, motivation, and current trends elaf@uent.

Among bimodal vehicles, those with aerial capabilities provide unmatched mobility in uncertain
and changing environments. As a result, researdtes developed several classes of flying bi
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modal vehicles, including rollinflying ([12]i [16]), walkingflying ([11], [17]), and swimming

flying ([18]i [20]), each of which utilize various mechanisms for propulsion and lift. Eurtore,
vehicles with the ability to hover, such asultirotor vehicles, demonstrate excellent
maneuverability. Such vehicles may fly across impassable terrain, translate in any direction, and
be positiorcontrolled with high resolution at zero velocityoWever, the penalty for great
maneuverability is sustained high power consumption, makialgirotor vehicles particularly
inefficient at low speeds. On the other hand, rolling is a supremely efficient means of locomotion
[10]. Therefore, a bmodal vehicle that gssesses the eplementary capabilities of rolling and
multirotor flight achieves mobility, maneuverability and efficiendyor example, a normally
rolling, energy efficient vehicle could temporarily fly when encountering an obstacle that cannot
be traversd by rolling.In flight, the vehicle could overcome the obstacle at the cost of temporarily
higher power consumptioA bi-modal vehicle with this locomotion combination is referred to as

a multirotor rollingflying vehicle or RFV.

The RFV has recently eceived attentin from researcherd 2], [13], [21]i [23], as wellas the

commercial toy market (e.gRolling Spided by Parr ot Dr Q.AeharécteristiRar i s,
embodimenthe RFVappears irFigure 1.5 Desjite the promise of the RFV architecture, few
researchers have gone beyond@ymattaching a rolling mechanism to an-tfe-shelf quadrotor;

standard quadrotor flight contr@@.g. PixHawk, ArduCopter, et@hpd control allocation methods
areemployeddurng terrestrial operation, ancration.ttl e e
Few researchers attempt to accurately model the RFV, much less use the model to inform control
system design, vehicle design, or optimization strategies. The resuttaptamal performance,

both with regards to energetics and mobility. Furtleerme , virtues inpnate t
standard architecture, which are revealed only throngtepthmodeling and analysis, are left
unexploited.

To address this gap, this digsgion presents a multlisciplinary analysis athe nultirotor RFV

along wih several algorithms specifically designed iisr efficient operation and controln

particular, two embodiments of a multirotor RFV, appearingrigure 1.1 are analyzed and
presented. The twarheeled RFV(WRFV) of Figure 1.h rolls va twg independent, passive

wheels on either side of the vehiclé&e pitchangle f t he r ot or plane is i1 nd

angular orientation so that the wheels are freely towed by the rotesspherical RV (SRFV)



of Figure 1.b contains aicosahedratage which permits rolling locomotion while the rotors are
independently oriented via a thragis gimbal mechanism. If necessary, both Mebicnay fly.
Thesedesignombine theefficiency of rolling locomotion with the mobility and maneuverability

of multirotor flight; their analysis is the focus of this dissertation.

(a) (b)

Figure 1.1 Examples of (a) two-wheeledRFV (WRFV) and(b) sphericaRFV (SRFV) configuratiors considered in
this dissertéion. The vehicle usea multirotor mechanisrfor both aerial and terrestrial propulsion and control. The

rolling locomotion mechanism (wheels or spherical cagpassively towed rather than driven.

1.4 Organization of Dissertation
The remainder of ik dissertation is organized as follows:

Chapter 2 developsamufiihy si ¢cs ener geti ¢ mod el apgidablettdie RFV
both the WRFV and SRFVThe model reveals opportunities for optimizationistthcan be
exploited to minimize power consumptia@r maximize range. Simulations demonstrate the

energetic superiority of theFV compared to a conventional flying multirotor vehicle.

Chapter 3 rigorously derives a dynamic modeheMWRFV and presentsmulated and empirical
results which demonstrateh e model 6s fi del i ty. The dynamics

purposes of vehicle design and control system design.



Chapter 4 presents the design of a robust, nonlinear control systéme YWRFV. The control
system is based on the dynamic modeiedoped in Chapter 2dditionally, a thrusiconstrained
control allocation method that permits lgp@wer operation othe WRFV is derived Simulation
and empirical resul ts d eefficacys ds rwellt & fuhdamentat ont r

shortcomings ofhe twewheeled design.

Chapter 5 demonstrates the feasibility of #t@ake power optimization of th&/RFV using
extremum seeking control.o do so, lhe energetic model of Chapter 2 is combined with the
dynamic model of Chapter 3 to provide the plant foe controller of Chapter 4. Then, this
combined model is augmented with an extremum seeking controller to provitiRfFé6 s an gl e
of-attack command. The entire system is simulated, and the regattsssflly demonstrate the

ability to optimizethe WRFVGs operation in reatime.

Chapter 6 presentie SRFVwhich is capable of omnidirectional rolling. The spherical design
addresses several shortcomings of the-wheeled design presented in previous chraptd
dynamic model of th&RFVis derived, whicthecomes the basis for a novel trajectory tracking
control system. The control system is deployed onto a hardware embodimentSBfRYieand
successfully demonstrates trajectory tracking. Lastly, a novdiajilnck avoidance algorithm is

presented.

Chapter7 summaizes thekey contributions of this researahd discusses various open challenges

and new research directions related to the RFV.



CHAPTER 2

Energetic Modeling of the RFV

This chapter presents an energetics analygtseoRFVof Figure 1.1 which is abi-modal vehicle

that is capable of rolling and flying. THeFV combines the mobility and maneuverability of
multirotor flight with the efficiency of rolling locomotion. The energetics analysis uses blade
elementmomentum theory and an elemmechanical motor model to predict the electrical power
consumption of the propulsion system and the maximum range of the vehicle. The performance of
the RFV is compared to that of a conventiorfating multirotor vehicle (CMV), with the RFV

having a cost of transport approximately one tenth that of the quadrotor. Analysis demonstrates
that rolling locomotion provides an additional degree of control which permits optimizing the
vehiclebds operati on nimmize powen SimulatoasKreveal szcemplexa n g e
dependence of power on vehicle velocity and angle of attack, which informs the optimization
strategy. Methods for optimization are discussed. This optimization strategy negates the need for
an explicit locomotio mode decision as the transition from rolling to flying occurs naturally as a

byproduct of the optimization.

2.1 Background

The energetic benefits of the multirotor, rollifiging vehicles were first explored galantari et

al. [12], who developeda Hybrid Terrestrial/Aerial Quadrotor (HYAQ) which is a quadrotor
suspended on an axle mounted within a cylindrical, rolling cage. Theyrogeller momentum
theory in the style dfluang at al[24] to perform an energetic analys their avehicle.Phillips

[25] notes that momentum theory is frequently used by researchers due to its simplidig]e.g.
[26]. However, momentum theory significantly underestimates the required propeller power and
cannot predict the relationship between propeller angular velocity and thrust. Additionally,
Kalantar et al. [12] formulate the predicted range based omtieehanical power delivered by the
propeller, as if24] and[27]. However, the range of an electric vehicle depends on electrical power
consumption, which aounts for losses in the electric motor drive system. As a result, Kalantari
et al.[12] overestimate the rangBoth Morton et al[14] and Kossett et aJ15] developed hybrid
rolling-flying vehicles. In both concepts, rolling and flying are accomplished ssjparate groups

of actuabrs. Additionally, both vehicles undergo a mechanical transformation when transitioning
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between rolling and flying modes; such a transformation requires that an explicit mode decision

be made.

2.1.1Contributions and Organization

This chapteranalyzes planar mdel of the RFVs oFigure 1.1 This analysis considers the RFV
traversing roughjnclined terrain. The energetics analysis is performedgubiade element
momentum theory (BEMT), which more accurately models rotary wing w=htblan propeller
momentum theory28]. Additionally, electrical losses in the drivgstem and their dependence

on the operating conditions are taken into consideratios.eldctrical power required to operate

is derived, providing more accurate range estimates. This leads to the development of a
computationally efficient method for inuerg the angular velocityo-thrust relationship predicted

by BEMT. Additionally, thischapterpresents a new way to optimize for minimum power by
leveraging an additional degree of freedom not available to strictly figuitirotor vehicles. This
chapteralso demonstrates that the RFV mode decision can be made indirectly and automatically

by framing the decision as the byproduct of power and/or range optimization.

This chapteris organized as follows: First, a simple enebg@ged model for range estinmatiis
presented. SecondC&MV and the RFV are mathematically modeled and analyzeek#il using
blade element momentum theory. Third, a method for inverting the angular wtettityist
relationship of a rotary wing is derived, and the results sed to predict the range and electrical
power consumption of theFMV and the RFV. A cmparison of results indicates that the RFV
out-performs theCFMV, particularly at low speeds. Fourth, opportunities for optimization are
discussed, and a general metfmdoptimizing rotary wingdriven vehicles is developed. Finally,

implementation detailand opportunities for future work are discussed.

2.2 Energetics Methods

This section presents the development of an energetic model which predicts the power

consumption and range of the RFV.



2.2.1Range Estimation

The range of a battefyowered ehicle is defined as the distance that the vehicle can travel on a
single battery charge at a steelgite operating condition; it is estimated by assuming a constant
rate of electrical power consumption for the duration of operation. If the vehiclatels at a
constant velocityo with an initial amount of energ@ stored in a battery, then thaengei of the

vehicle is

S=— (2.1

The electrical power consumption is related to the mechamiveérd required to locomote by
an electromechanical drive system efficiercysuch thad 0 F— .— includes the efficiency

ofallelecticnrot or s and associated el ectroni cdiesand

and the torques applied to the motors by the environment (discussed in Section Il.E). This method

of determining the range is applied to the RFV andRMYV to estimate COTas a basis for
comparison. While prior researchers have attempted to use nethpower calculated by
propellermomentumntheory to predict range, such an approach inhereetjjects the torque and
speeddependent effects of the electromechanical dsystem efficiency. This is especially
problematic for the RFV under consideratibere, which can operate its motors over a wide

envelope depending on the terrain and mode of operation.

2.2.2Vehicle Dynamics Modeling

Consider &FMV vehicle flying at a constant velocity, up an incline of angle- T, as shown

in Figure 2.1 The rotor angle of atta¢ck is measured with respect to the direction of constant

forward velocityw, which is equal and opposite to the freestream velocity when there is no wind.

This multirotor vehicle can be modeled as a point madsject to rotor, drag, and gravitational

forces."Y andOj are the net thrust and net normal force produced by all rotors, respectively.

"Op is normal in the sense that it acts inpfene of the rotor disc, normal to theis of rotation.
If there are) rotors on the vehicle thé® k "Op 70 is the normal force per rotor aid  k
"Y 70 is the thrust per rotor. Botly  and"O ultimately depend ot,| , and the rair angular

velocity] . Expressions fofY  and’O are developed iBection2.2.3
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Figure 2.1Free body diagram of @FMV flying up an incline—at a constant forward velocity.
Summing forces frorrigure 2.1in the x and ydirections yields
4F =mV =NT, (V,ap, V)'cos g ®H(V) mgin g NE(V, p,a) siv (22
aF =0 :I\I'I',Ow,(v,ap, l/}sin g Ay s qN-FH(V, p,a)cw ) (2.3

whered is the vehicle mas&Qis gravitational acceleration, aifd w is the parasitic drag force

due to air resistance as a function of the forward velocity:
Fo (V) = % rAbCD,sysVZ (2.9

Hered ,”, and0 j are the characteristic area of the vehicle, air density, and parasitic drag
coefficient of the vehicle, respectively. If the vehicle is conseghito fly at constant velocity up
the incline therw 1tand all forces i(2.2) and(2.3) are in equilibrium. Rearrangin@.2) and

(2.3) under this condition yields
1 :
Tootor (V’ap V}:N( R (V)cos g +mgslf( o2 +)) (25)

F, (v,,gzp y}:%(FD (V)sin g -mgcos( A +)) (2.6)

Given w, — and expressions f6Y  and"O, equationg2.5) and(2.6) can be simultaneously
solved for  w+—and . Thatis, both and are compttely prescribed by and—for

a given vehicle. Noteni particular that cannot be arbitrarily chosen, because the vertical



component of the rotor forces must always exactly cancel wéghhe vehicle to maintain

constant velocity.

Now consier an RFV rolling at a constant velocity up an incline,ress inFigure 2.2 This

vehicle consists of a quadrotor with an attached wheel such that the rotors can be oriented
independent !l y of t heWithbuelessd odgenerliygituslassumedthattent at
vehicl eds c @istloeated anfthe axis af\he wheel. The rotors provide the thrust
required to roll and fly; the wheels are not driven but are towed by the rotors. The free body
diagram offFigure 2.2llustrates the forces that must be irugigrium for the vehicle to maintain

constant velocity up the incline. Rolling resistance is modeled[@9]nthe wheel is assumed to

be rigid, and the applied normal force is forward of the wheel axis. The wheel reaction force offset

distanceQis determined by the terrain characteristics and is illustratEgyure 2.2

Figure 2.2Free body diagram ohaRFV rolling up an incline—at a constant forward velociti.

Thus, the rolling resistance that opposes the forwariibomof the wheel is proportional to the

normal force thathe terrain applies to the wheel. Unlike tBEMV described previously, the

RFV6s angle of attack aydecaukedhe cehicakcenmponennaf thep e n d e
rotor force does not have éxactly counterbalance the gravitational force to raairgquilibrium.

The normal force varies with the magnitude and angle of the rotor force such that the vertical
component of each exactly cancels the gravitational force when the vehicle is imcoostact

with the ground. As will be seen, the addiabfreedom to choose independently oo can be

exploited by imposing an optimality <constrai
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minimized (and range maximized) for a given velocity. Summing forces and moments about the

center of mas¥of the vehicle yields

aF =mv =NT,cosa, £ R meing NRsn ¢ 27)
é. Fy =0 :FN NTrotorSIrIa p Mgces q NE| Ccos é (28)
AM,= J WdE -JVR FF (2.9)

whereR is the radius of the wheel and the explicit dependen&®i¥ , and’O onwh , and
1 has been omitted for readability. In the case of the RFV, the inassludes the additional
weight of the wheels and the mechanisms rexglifor their operation. Assuming a-slip
condi ti on, t he wiméedatedto farwayduvelacitym vog'Y. Atconstant
velocity, w m Tmand (2.7), (2.8) and(2.9) can be combined to solve fibre thrust required to

maintain constanb at an angle of atta¢k . The thrust per rotor is:

mtor( V){_ F +mg bcos ar sl\lln( )q+NF (V,. p,a)( wcob, A8 p) (210
cosa,+ bsn ,gz)
where
pr——9 (2.11)

JR? - d?

which is the coefficient of rolling resistance useddf]. As mentioned beforé® depends on
oh , and] . Therefore equath (2.10) represents a condition that must satisfy given the
operating pointcoh  and the érrain parameteils and— That is] 1 «h M k) for the

RFV. A method for determining the angular velocity that will sat{&f¢0) is describedn Section
2.2.3and derived in Sectio?.2.4

2.2.3Vehicle Analysis Using BEMT

Propeller momentum theory can predict thechanicapower consumed by a rotary wing vehicle
as a function otoand|  ([25], [28]). However, range estimates must be computed based on the
electricalp ower consumed by the rotor drive system,

velocity and the torque applied the rotor by the environment. Momentum theory is not able to
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predict either of these values, yet both the rotor torque and angular velocity will ultimately depend

on the forward velocity and angle of attack. In other words, the efficiency of the dsiesrsis

not constant, but rat her indelp e.nAddiionaly, prapellere hi c | ¢
momentum theory assumes that the induced velocity of the air through the rotor disc is constant
across the rotor disc area. It is known, howevaet, tifis is not the cag28]; the induced velocity

varies along the span of a rotor blade.

A more accurate rotor aerodynamic model is bleléenent momentum theory (BEMTWhich

can be used to predict the rotor torque and angular velocayaihry wing. BEMT accounts for

the sparwise variation of induced velocity along the rotor blade and is widely used by researchers
to predict the performance of rotors; models devalapgng BEMT generally demonstrate close
agreement with experimentabservationd28], [30]i [33]. BEMT formulation presented here
follows the approach taken E§1], which describes the application of BEMT to vehicles operating

at high speeds and high rotor angles of attack. This is important because the RFV described herein

operates atrgles of attack ranging from-®0 degrees.

Various empirical modelsdve been developed to describe the variation in induced air velocity as
functions of azimuthal location around the rotor when boéimd  are norzero[28], [30]. Khan

et al.[30] incorporates the induced velocity model developed by Pitt 44).whereas both Gill

et al.[31] and MacNeill et al[32] make the assumption that the inducetbeity does not vary

with azimuthal location around the rotor, which simplifies their models considerably. For the
application detailed here, the constant induced velocity model[3df and [32] does not
substantially change the predicted thrusts and torques when @shtpainose predicted using the
induced velocity model dBB4]; numerical simulations show a difference of less than 2% across
the entire &ff  opeaating range. Therefore, the constant induced velocity model is used in this

analysis.

Another assumption made 0] and[31] is that the induced velocity is purely axial, i.e. normal

to the rotor disc. Khan et 4B0] note that although the induced velocity has components in the
axial, radial and tangential directionsetaxial component is most significant in predicting thrust

and torque. MacNeill et a[32] include a tangential component of the induced velocity in the
BEMT model. Phillips[25] and Traub et al[35] us e Gol d s tteeom[8% whiclo r t e X

accounts for the tangential component of theuced velocity but assumes that the induced
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velocity is normal to the relative velocity. BofR5] and [35] use the small angle of attack

approximaion, which is not valid for the purposes oétRFV.

We assume that the wheel of the RFV is sized such that ground effect is negligible at all values of
| under consideration; Powers et [@6] demongrate that ground effect is negligible when the

distance between the rotor and the ground is greater than one rotor diameter.

The workflow for predicting the rage and power of the RFV using BEMT is illustratedrigure
2.3

5 Vehicle
I h—Parameters

Motor
. \(ooﬁ Fi‘O) Parameters
Vehicle
Model
5D 0 hi
iy Motor
wh Solve Model
BEMT
Model | o/ .p »~
Yoh h )
0 (& )
Rotor
Parameters

Figure 2.3Workflow diagram for calculating the electrical power consumption and range of the RFV.

The desiredd and| are the independent variables, so that ultimatelyi oh  and0

0 wh . The rigidbody vehicle model (which can be static or dynamic) is inverted such that the
required thrust per rotor to sustairand, under the terrain conditions parameterized kgnd

—is determined, as irf2.10). Here it is assumed that each rotor operateder identical
aerodynamic conditions. The vehicle parameters (e.g. masdeel radiusy, etc.) are requad

for this calculation. A BEMT model provides equationsfand O that depend ool and| .

Combining these two relationshipsth the vehicle dynamics model results in a system of three

nonlinear equations in three unknowridfO and] . These three equations are solved
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simultaneously using nonlinear refinding techniques. The required rotor torqheis also
computedonceg is known. The BEMT calculations assume that the freestream velocity is exactly
equal and opposite t@38Rotor parameters including blade pit¢h chord length®, etc. are
required for these calculations.and0 entirely specify the opetiag point of the electric motors

that drive the rotor shafts. Knowledge of the motor parameters, such as friction Gorane
motor constanb , permit the calculation of required electrical power. Lastly, the simple range
model given by(2.1) is used to predict vehiclamge. The above workflow is equally applicable

to strictly flying vehicles, like th€FMV. In that caseqwand| are congained byin (2.2) and

(2.3) with@ T and is not neded.

The BEMT model ofigure 2.3s now cevelopedFigure 2.4 and 5b illustrate a crosgction of

a rotor blade element. The rotor blade element is a differential section along the radial difection
a single blade on one of tlerotors appearing ifigure 2.1or Figure 2.2 Figure 2.4 illustraes

the geometry of the section and the components of the relative veleigtye 2.4 illustrates the
resulting aerodynamic forces acting on the section. The bladeent reference framé ho hi

is attached to the rotor blade such thatdhexis points along the span of the blade,dhaxis

is parallel to the direction of rotor rotation, and theaxis lies in the rotor disc plane. The section
pitch angl€¢ is a function of radial position along the blade spans the relative velocity of the

air with respect to the -G coordinate frame, which is fixed to the blade elenmwnts a function

of the freestream velocity , inducedvelocity w, angular velocity , rotor angle of attack

and azimuth angle of the blade,

Rotor disc plane

Figure 2.4 Crosssection of a blaglelement® and| are not shown, as they are not in the plane of the figure when

r “Ic.
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Assume that the freestream velocity,| , and are known. It is desired to predict the thrist
and normal forcéO produced by the tor under thew h  operating codition, and the rotor

torque required to maintain.

The relative velocity of the air with respect to the blade element, resolved in the blade element

frame is

e -V, sina, cosy
(\78)30 = g\/ sina,siny- w (212
& -V,cosa, V,

wheref is the azimuth angle of the rotor blade with respect to the direction of the projection of
the freestream velocity onto the rottisc planej is the radial position of thblade element along

the span of the rotor blade, atds the induced velocity at the blade element. BEMT ignores the
spanwise component of the relative velocityw j wi "Q&at i [ as it does not

contribute to lift on the blade elemte Therefore, the relative velocity projected intthel plane

of Figure 2.4 is

_a/,. g€ (wm-V,sin g sin
Ve=q,” uf( % sin J (2.13)

e'szl & V, cosa, ¥, a

This relative velocity can be expressed in phasor notatidn as’'Y , %o

Ug :4/\782,y Ve, (2.14)
av

f =tan Q/B—ZB (219

Y is the magnitude ab and%is the angle thab makes with respect to the blade elemént
axis. Therefore, the effective blade element angle of attack is

ag= ¢ £ Lo (216)

where’ is the aerodynamic pitch angle with respect to the chord ling and the zerdift angle
of attack. The aerodynamic pitch lengtis relatedo; by_ ¢* 1O & I The differential lift and

drag acting on the blade element are functions of
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dL:%ch(r)CL( g)U 2dr (2.17)
dD:%ch(r)CD( g)U2dr (2.18)

where” is the density of aitpp 1 is the chord length, ariil | andd | are the section lift
and drag coefficiest respectively. The differential thrust acting on the blade element is defined
to be in the positivél -direction, and is

dT = dLcosf - dDsin f% GUi(G cs €,sh )dr (2.19)
The differential tangential force is defined to be in the negétiveirection, and is
dF, = dLsinf +dDcos f% Ui (C sin &, cos)dr (2.20)

Therefore, the differential torque that an actuator (e.g. electric motor) must produce to rotate the

blade element at an angular vetpof] is
dQ=rdF, = r(dLsinf +dDcos j %r cgU: (G sin +€, cos )drt (2.22)

The differential thrust is a function of the azimuth angle of the rotaleh@"Y Q“Y , due to

the chage in relative velocity with . As such, the value @ “Will vary over one revolution of

the rotor blade. The average differential thrust produced by a single blade element is found by
integrating over one revolutiaf the blade element, creatindplade element annulus. If there are

"Oblades per rotor, then the average differential thrust produced by a blade element annulus is
dT=X & a1() dy 2.22)
20 L '

Momentum conservation theory can be used to formulate another equivalent expresgiah for
Specifically, the conservation of linear momentum is applied to each differamtialar element.
This calls for tie creation of a soalled stream tube. The magnitude of the air velocity in a stream

tube located at a radial positiorirom the center of the rotor disc is

Uy (1) = V2 +2V(r)V, casa, NA(r) (2.23)
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where the subscrift indicates that this is the airspeed predicted by momentum theory. Note that
this is not the same expression for relative aespgiven by(2.14); Y is measured with respect
to an inertial reference frame, and not the blade element frame. Applying the law of conservation

of momentum to the steen tube yields the differential thrust produced by the annular element:
dT, =4p U, r\V.dr (2.24)
Equations(2.22) and (2.24) are equivalent, in that theyoth represent théifferential thrust

produced by an annular element. Also, the only unknown in both expressi@nsTserefore

(2.22) and(2.24) can be equated, divided through'@y, and used to solve fos8Specifically,

) S BV oy 229
Equation(2.25) cannot be solved analytically far. However aniterative solution can be obtained
using root f i ndi ngfzetodunchion usga e lsacketivpAniethad Bvbich is
effective, though slow to converge compared to grashased root finding techniques. Rapid
convergence of the solution t(2.25) is important because the root finding algorithm is to be
executed on the vehiclebdbs microprocessor, whi
anddecsions; the vehicle may constantly adjusind| to maximize range or minimize power

and adapt to terrain changes in +iéale. Gradienbased root finding methods are typically faster

than bracketing methods, though they require knowledge efgtiadent. Fortunately, the

analytical gradient of(2.25), Q KXxo, can be determined. Therefore, the NewRaphson root

finding method is used,ich solves(225 appr oxi mat el y ten tifzmes f ast
function. A detailed description of the determinationoofvia the NewtorRaphsonmethod,

including a derivation ofQ KXx», is provided in Appendix 1. With knowledge of the induced

velocity, the rotor thrustYand torqued can be computed by averaging the differential blade
element thrust(2.19) and torque(2.21) over one complete rotor revolution for #blades, and

then integating along the spaof the blades from the blade hub, i , to the blade tip, i :

It 1
T=Qn— k r f 2.26
N2 o qch(CLcos C, sin )fd ¢ (2.26)
It 1
=N — krc,U? AC, fd d 2.2
Q mz,o r}r regUz (G sin A C, cos ) iy (2.27)
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Likewise, the radr normal drce™O is determined by integrating the tangential foi@earound

the rotor. The net result is a normal force parallel to the projection of the freestream velocity onto
the rotor disc plane:

F, =fﬁ 1 prikrc UZ(C_sin A#C, cos )fsin ¢ dn (2.29)

h2p

Note thatcd can be a function df and so must remain inside the integrals dven practice all
integrations a performed numerically using a forwegtdiler method. For example, the thrust is
evaluated as

o

rael“al

To a aaeé krcgUZ (G cos £ C, sin )f|3 D (2.29

T-I O o
O: O: O: O

ap

R

vO
NH—\

Ir

Th %r
¢

N

§

whereb and0 are the number of radial and angular elements to be used in the integrations,

respectively, andi k ——. It is worth reiterating that the outer summation represents an

integration along the span of the blades, whetlea inner summation represents and averaging of
the thrust over one complete revolution of the rotor. The faétorspj ¢ andé¢ pj ¢ in the

step sizes resure that the differential forces and torques are evaluated in the center of each
differential element. A %-order RungeKutta integration algorithm can also be used to evaluate
the integrals 0f(2.26) - (2.28), though the results are not significantly improved over the forvard
Euler method withy L Tand0 o ¢Furthermore, Leishmd@8] recommends using at least

20 elements in the numerical integrations. Therefore, the faster feBuded method is chose

Lastly, the tothinstantaneous mechanical power input ta)aibtors is

P =NuQ (2.30)

2.2.4Inverting BEMT

Thus far in the application of BEM1 has been treated as an independent variéfdeed,
determination of the mechanical power, given(@30), assumes is known. However, given a
vehicle dynamics equation of motion such(24.0), it is observed that is indirectly a function

of ®and| for a given terrain parameterized byand — That is; 1 oh il h—.1 is
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determined by simultaneously solving the vehicle dynamics equ&tid) and the BEMT thrust
and normal force e@tions(2.26) and(2.28). The approach is as follows: Givan initial guess
of] , “Yand™O are computed fron2.26) and(2.28), resgectively. ThenY  predicted by the
vehicle dynamics equation of motiq2.10) is computed using the value d@. Finally the

difference betwen”Y  and the thrust predicted by BEMY(given by(2.26)) is computed:

(W) T (W-T( I (2.31)

Theroots of 1 represent the angular velocity at which the thrust predicted the vehicle dynamics
eqguations of motion is equal tee thrust predicted by BEMT. Sin¢231) is nonlinear in , the

NewtonRaphson method is used to determine the rogtg of:

W, = %;W oe( W) (2:32)

Equation(2.32) is executed iteratively until convergence obccursQifQ] can be expressed as

E — dTrotor dT H rotor dFH _d_I (233)
dw dw dw pk d wd
1Y 77O is obtained by differentiatin¢®.10):
bcos g - sin
uTrotor = % lﬁ (234)

uF, N(cosap+ bsin ;)

The derivative®2 TYQ1 and'QO¥Q1 are found by differentiatin{.26) and(2.28), respectively,

with respect tp . These are (see Appendix 2 for details):

dT _ w1 » 1 a a dv. 9§ d\( 00
— = V., N, — gtk v, dr 2.3
dw M2 20 D7 CB(i;ae%é oy Varg, O r\%z w @8 (239
di, _ s 1 2 1 a a dv. o dav 8.6
=A—@A - =kr V. N, — gk Vo, — dydr (2.36
dw rf!2pm 2 CB(%eé/gé BB ng- r\%z w I Y (239

wherell Al Al Al and' QO¥Q1 are defined in the appendices ($8e10), (B.10) and (B.7)).
Equationg2.33) through(2.36) can be used to evalug232) and tlereby determine the angular
velocity required to satisf§2.10). As was shown in2.29), the integrations to determiifzj¥Q7 ,
and'Q0j Q1 are performed numerically.
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Note that the preceding derivation isndét pred
RFV, Y and its partialderivative with respect t6O are given by(2.10) and (2.34),
respectively. However, this method can be usegraalict the angular velocity required to

achieve an arbitrary thru8¥  (which may or may not depend &@) givenw and| . The
determination of angular velocity as a function of thpesmits not only the calculation of torque,

power, range, and optimal egating point (discussed in Secti@¥), but is also useful in
implementing a closetbop ontrol system for a rotary windriven vehicle. Given a dynamic

model of the system, a controller can be designed whose output igjtivedethrust of one or

more rotors. The corresponding angular velocity required to achieve this thrust for an arbitrary
forward velocity and/or rotor angle of attack can be calculated using the method described. This

angular velocity can then serve as¢benmand to a nested inAeop angular velocity controller.

2.2.5Electrical Drive Modeling

The motor model ofigure 2.3is now developed. The electrical power consumed by a rotor
depends on the efficiency of the rotor drive systédnthe drive system consists of an electric

mot or, then the efficiency of tspeedoparatingpoinsy st en
The torque and speed of the motor will either be equivalent to, or a scalar multiple of (if a gear

reduction $ used) the torque required to rotate the ratoii , and the angular velocity of the

rotor] oh , respectively.

A threephase pananerimagnet synchronous motor (PMSM) is used in this application. The total
electrical power requiretb rotate( identical motors at an angular velocity] ofwhile under a
loadD is

P=N

e

2 2 3 _ .,
(Q+Q,) ﬁ(wsf) 2RI (2.37)

vo%mo

where0 is the load torque due to friction that must be overcome by the motor, and is assumed to
be constantQis the directurrent measured in the rotor frame of referd8@¢, and’Y , ), and
Q are the electrical resistance of a single winding, the number of magngigisieand the baek

emf mnstant of the PMSM, respectively. The motors can be operated using field orientation

20



techniques such thd®@ is regulated d zero always; this results in maximum efficier{8y].

Furthermore, a motor constant is defined as

3 pk
Ky ti=z——= (2.38)
2R
and is an itrinsic characteristic whicrerpr esent s t he fAsi zeo of a moto
0 will consume less power under a given operating condition (i.e. load and speed) than a motor

with a smalleth . SubstitutingQ mand the expression for into (2.37) yields

a 1 2
P.=Na(Q+Q )+ (Q +Q) s (2.39)
c K2 e
If mechanically commutatechot or s (e. g. Abrushed DCO motors)
(2.39) can still be used witthe motor constant defined aspy Qj Y. Substituting2.39)
into (2.1) yields
s=— VEl (2.40)
a 2
Naw(Q+Q) + 5 (Q @)
¢ M

This expressiorsiused to estimate the range of rotary wing veh{elgs a multirotor vehiclegnd
completes the workflow dfigure 2.3

2.3 Vehicle Simulations

The RFV ofFigure 2.2was analyzed using the workflow Bfgure 2.3 Simulations and figures
were generated using the paramelisted inTable 2.1 Thesgparameters are approximately based
on a small, commercially avRi ¢ @bhe®Crnm)aithea ot or

LiDAR sensor payload.
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Table 2.1Parameter Values fd&nergeticsSimulations

Parameter Value
0 0.0054 M

1

150 kJ

4

20

20

.001 Nm

2m

1.18

.015m

.04 m

9.8 m/g

2

.953 kg

1

0O0lm

127 m

| O rad

i 204
A2m

— Orad

" kg/m®

q

>

—‘:"Q"IO‘IK):Kjenl'é'éch:C:C:OO:o

2.3.1Energetic performance - Varying Velocity and Angle of Attack with Fixed Terrain

Figure 2.% and b show the electrical power consumption and range, respectively, of the RFV as

functions ofw and| for a fixed terrain condition parameterizedtby & and— T As|

increases, the surfacesrofure 2.5ntersect the pink dashed fligite, indicating points at which

the vehicle takes flight for a givesrelocity.
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Figure 2.5(a) Electrical power consumption and (b) range of the RFV as a function of V ahd 1&, — T

radians.

The green line on both plots is the minimum power contour and represents the optimal angle of
attack * that minimizes elecical power for a givem. Note that * is nonzero even when Tt

This is because a naero| produces thrust that witeduce the normal force of the RFV, and
therefore reduce rolling resistance, which results in lower power consumpgtisrpfienomenon

is observed more clearly in Fig. 6a, discussed below. Also note‘tchinges witlo even though

rolling resistancécharacterized bl ) is not a function of velocity. This is because increasing the
velocity of incoming airthrodg a r ot or di sc decreasleandthdie r ot
thrust is responsible for reducing the normal force (and therefore rolling resistance) of the RFV
while rolling. Therefore increasing helps to recover thrust lost due to increasdry decreasing

the airflow normal to the rotor disc. Fingllnote that the minimum power contour does not
intersect the flight line untdo ¢ /s, indicating that it is more energy efficient to roll than fly

for any operation occurring at less than 2nEven wheri & u(not shown), indicating
extremely rouglierrain, rolling is more efficient than flying until approximately 13m/s. Thergfore

it is likely that the RFV will operate primarily in the rolling mode.

Inspection of the range plbigure 2.5 reveals a global maximum (red dot). The determination of
this point, as well as the minimum power contour will be discussed in S@ctiomcluding the
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electromechanical motor model significantiggacts the simulation results; the electrical power
consumed is 9060% greater than the mechanical power produced by the motor. As a result, the

range inFigure 2.% is 5060% less than that predicted using mechanical poweealo

2.3.2Energetic performance- Varying Terrain and Angle of Attack with Fixed Velocity

The plots inFigure 2.6d illustrate the dependence™f R R, andD | on| andf fora
fixed forwardvelocity and zero inclination 1), whereD is the electrical power required

per rotor.

(N)
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rotor
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- 3 N <
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N w B (&)
o o o o
o o o o

o
o
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o
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Figure 2.6 (a) Thrust, (b) angular velocity, (c) torque and (d) electrical power per rotor as a func¢tioaraff with

W ¢m/s and— Tradians.
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Thedashed vertical line in all four plots indicates the criticglamf attack  at which point
the RFV takes flight, given by the solution(®5) and(2.6)8All the curves on a given plot, which
represent different values pf, converge to a single point [at; , indicating the value of the

plotted variable during flight, which is a function af and—alone.

2.3.2.1Thrust

The plot ofFigure 2.@& shows there is a tradeoff betwg¢enandf in determining the required

thrust per rotorY . The expressiofor thrust comes frort2.10) . At lowT (smooth surfaces)
the thrust required tanaintain a constant forward velocity increases withsuch that the
component ofY  in the direction of motion is constant. JAsncreases, more thrust is required
at low angles of attack to overcome rolling resistance. As the angle of iataeses from zero
whenl is large (e.g. the upper curvekigure 2.@),”Y  initially decreases because the vertical
component of thrust reduces the mai force, and therefore the rolling resistance, on the wheel.
At high angles of attackyY  increases to maintaiconstant thrust in the direction of motion.
This can be seen by inspecting the denominato2df0), which isAT O 1 OE 1. This

expression govemthe tradeoff between the effects of rolling resistance and angle of attack in

determining’Y . In particular, the slope 6%  in Figure 2.@ changes sign when
a,°tan*( 4 (2.41)
If | OAT1 then”Y is determined primarily by the valuefof andQY jQ I,

indicating that increasg | serves to reduce the normal force and correspondingly rolling
resistance, thus reducing the required thrust to maintain equilibrium. On the other hand, if
OATlr then'Y s dominated by , andQY jQ m, indicatirg that thrust must

increase to maintain the component of thrust in the direction of motion. This is due to the presence

of A 1| Oin the denominator of2.10) which approaches zero rapidly|as® | j . When|
| & ,the thrustis given by the solution {@.5) and(2.6), which naturally does not dependion

because the vehicle is in flight.
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2.3.2.2Angular Velocity and Torque

Figure 2.® shows the angular velocity required to achieve the thrust shokigure 2.@. Three

factors influence the behar of] over the range of :
- Forsmall ,1 follows™Y |, and is primarily influenced Hy.

- As| increases, the velocity of freestream air normal to the rotor disc decreases. At constant

1 , a decrease in freestream velocity nortoathe rotor disc would result in increased thrust
(Figure 2.@). Therefore, to maintain the required thrust fi@10),]7 must decrease. This

effect is heavily influencedybw: the largerw, the greater the reductionlinwith increasing

- For largel , the required thrust increases aggressively to maintain a constant thrust in the
direction of motion, and this effect requires an increase tinat overwhelmsny decrease in
1 resulting from reduced air flow normal to the rotor disc. The requiredi¢ofagure 2.€)

behaves similarly.

2.3.2.3Electrical Power

Figure 2.@l illustrates the electral power required per motor as a function of rotor angle of attack
for various values df. Note that  corresponding to minimum power varies WithThe dashed
blue curve is the locus of points that are the minimaaohgower curve, and thusthe optimal

angle of attack curve® as a function of in the sense that the power is minimized. The
determination of this curve will be addressed in Secfieh AsT increases| * eventually

converges tp .

Though the electrical power is shown, which takes into consideration the motor inefficiencies, the
mechanical power curves exhibit the same behavior. Thus, thecdiadfiack influences the power
consumed by changing the normal force, whicanges the rolling friction. The extent to which

the power is affected by changing depends upon the terrain characteristice and .
Therefore, the optimum angle dftack that minimizes power will depend ugoh— andw as

well.
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Compaison ofFigure 2.@& and 7d show that © does not correspond to the angle of attack that
minimizes required rotor thrust for a given This is because the required thrust is primarily
determined by the rigtbody modebf the RFV given by2.10), whereas the electrical power also
depends on the air flow normal to the rotor disc (which changesowathid| ) and the maodr

model. Consider the problem of minimizing just the mechanical power, so that the motor model is
irrelevant. Only whero 1t does the mechanical power depend on the required thrust alone,
because the component of air velocity normal to the dbsaris st the induced velocity, which

is independent af whenw 1. Therefore aso approaches zerp,” approaches the angle of
attack that corresponds to minimum required thrust, which is givgi2.8{). This is observed in

Figure 2.% where the minimum power contour intersects thexis af & OATR].

2.4 Operating Point Optimization

The advantages @ multirotor vehicle (mobility, maneuverability) and a rolling vehicle (energy
efficiency, low COT) are complementary, and their combination makes the RFV appealing.
Traditionally, the option to roll dity would require that a decision to do one or theeobe made.

This mode decision could be based on a set of rules informed by environmental conditions,
detection of obstacles, etc. However, the impetus to create the RFV is to increase the efficiency o

an otherwise highly capable (mobile, maneuverabialitirotor vehicle; we are not so much
concerned with the fAability to roll d as we ar
decision can be viewed as a natural byproduct of power andfe ogptimization. This is possible

because the rollingondition (normal force greater than zero) naturally converges to the flying

condition (normal force equal to zero) as the angle of attack increases for a given forward velocity.

For example, considehe problem of minimizing power consumption for thE\R Optimizing

for minimum power exploits the independenceoand| by prescribingoand then operating at
the| that minimizes electrical power. Assume thatnd—are known. As the vehicle encounters

changing terrain, characterized byand —- the optimization algorithm can command the rotor
angle of attack in redlme such that the RFV operateg at | “ (Figure 2.4l). Iff becomes
large enough,| © approaches ; and the RFV dkes flight. Therefore, if the optimization
algorithm maintaing | “, then the mode decision is made naturally as a byproduct of power
optimization.
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Another way to optimize the operation of the RFV is to maximize rdfigere 2.% indicates that
the maximum range depends on batlnd| . As with the power optimization, if the angle of
attack that maximizes range approaches , the vehicle will naturally takiéight without making
an independent desion to roll or fly. This transition is shown graphicallykigure 2.% and b

where the minimum power contour intersects dlashed flight line.

The determination of the operating point that minimizes power or maximizesisarwesidered.
This is a constrained optimization problem due to upper and lower limits on feas#ue w that
must be imposed. To optimize for nmmum power, we desire to find

a,=arg minPe( av, b) (2.42

ayi [o,%]
To optimize for maximum range, we desire to find

(a;,v*): arg ma s(V, a; ,b) (2.43)
ayi [o,%],vi [0, o

The range mamization problem 0{2.43) can be solved using any humber nonlinear constrained
optimization techniques. A recursive gradient methodsisd here. Althoughhé optimization
problems are in general constrained, inspectiokigfire 2. and b indicates and none of the
constraints are active for the set of paramefiablé 2.} choserfor the simulation; the optimums
wand that maximizd (red dot orFigure 2.%) or that minimize power (green line &igure
2.5a) are not located on the boundary of the feasibéee. In this case the optimization proldem

are treated as unconstrained.
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Figure 2.7 (a) Range, (b) power (c) operating time, and (d) COT ratio for the RFV as a functigh of m&, — Tt

radians.

The power minimization problem dR.42) is a onedimensional optimization problem, and
therefore an efficient line search algorithm can be used to deterrhinEhe Golden Section
algorithmfrom [38] was used to locate the minimum power contour (green linEjgure 2.%.

The algorithm requed between 14 and 28 function calls per optimization. The results of such an
optimization appear ifrigure 2.&d, which compare the poweptimized performance of the

RFV to that of &CFMV as a function of forward velocity.

As expected, the powanptimized RFV energetically outperforms tk#MV over the entire
operating range, until the vehicle takes flight, at which point the performances @onreerge.
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The RFV is particularly superior at low forward velocities, which fawsoksehicle intended for
search, rescue and exploration. The performance benefits of rolling compared to flying are
summarized by the COT metrigigure2.d . At | ow velocities, the ra

of aCFMV is lessthan 0.1. As velocity increases,” increases until the vehicle takes flight, at

which point the COT ra converges to unity.

Another way to view these results is to consider the percentage increase in mass that the RFV can

have over £FMV such that the electrical power consuraptof both is identical. A mass factor
is defined as

c1 Thev 4 (2.44)
rrlCOnV

whered is the mass of the RFV, arid is the mass of thEFMV. The mass factor was
determined numerically by simulating @FMV with reduced mass such that its power

consumption equaled that of the RFV at each velocity.

Mass Factor, x
© o o o
w N (6] (o))

o
(V)

©
—

5 10 15 20
Velocity, V (m/s)

o

Figure 2.8Mass factor, definedy(2.44), as a function ofo.T &, — Tradians.

A plot of ...as a function ofvis shown inFigure 2.8 which indicates thaat low speeds, @FMV
consumes the same amount of power as an RFV that weighs up to 80%Nwoter¢hat the
optimization strategy described herein is a general method for finding the optimal forward velocity

and rotor angle of attack of arbérary rotay wing-driven vehicle, so long as the forward velocity
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and rotor angle of attack are independent of one another. Given static or dynamic state equations

thatrelat€Y towand (asin (2.10)), an optimal operating point solution can be found.

2.5 Summary of Energetics Modeling

This chaptempresenédthe theoretical foundation for power and range optimization ofradulal

RFV. BEMT is used to model the aerodynamic behavior of rotary wing vehicles. This, combined
with a rigidtbody model of the vehicle and an electromechanical motor model, is usestitd p

the electrical power consumption and range of the rotary wing vehicles. This approach produces
more accurate power and range predictions than those based on the formulation of mechanical
power using the popular propeller momentum theory; the supanedictive power of BEMT
compared to propeller momentum theory is well substantiated in the literature. The inclusion of
the electromechanical model, which accounts for electric motors that frequently have efficiencies
between 2660% depending on the twespeed operating point, improves the accuracy of range
estimates substantially. More elaborate BEMT models could be considered, which include both
tangential induced velocities and azimuthal variation of induced velocities. The model could be

further improved by considering ground effects.

Simulations of the model developed indicate that the power consumption and range of the RFV
compare favorably to those of GFMV, without sacrificing the maneuverability and mobility
inherent tomultirotor vehicles. Tle RFV provides a combination of assets that addresses the
requirements of a search, rescue and exploration robot intended for long range missions in an
unstructured environment. The specific configuration of the RFV concept presented here does not
precludeother rollingflying rotary wing concepts from consideration; the simple model used to
represent the vehicle in thehaptercould be applied equally well to many embodiments of an
RFV.

The independence daiand  inherent to the RFV permits an adalital constraint to be imposed

on the system, which is chosen to be the minimization of electrical power at any velocity. This is
a unique feature of the RFV, as the rotors provide both forward thrust and lift while the vehicle
maintains contact with thegund. Gradienbased constrained optimization methods can be used
to maximize range, while the power minimization yields to a rapiddomensional line search.

The calculation of power and range depends on a BBlRSEd rapid thrugb-angular velocity
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conversion, which can also be used to implement mbdséd closetbop control algorithms for
rotary wing vehicles. Bmodality introduces the problem of the mode decision. However, this
chapterdemonstrates that the mode decision can be resolved asa bgproduct of power or
range optimization. As a result, an independent, binary mode decision is not required.

The RFV shows promise from an energetics perspective, however the range and power
optimizations depend on the knowledge of the terrain camditiparameterized byand—These
parameters could be estimated online using a nonlinear state estimator. Considering the highly
nonlinear nature of the RFV, a state estimator such as the Unscented Kalman Filtesustecll

to the task of terrainggameter identification as the estimator does not require model linearization,
and the model presented herein produces estimates of several measurable quantiti®saed.

w. Alternatively, a reinforcement learning approach or extremum seekingksimategy could

be employed, both of which would determine the opticmahd| directly from measurements

of electrical power.

This analysis constrained the translational motion of the RFV to a single dimension. Subsequent
analyses could includateral motion as well. Other maneuvers affecting power consumption, such
as acceleration, yawing in place or sideways roll prevention, could be incorporated into the model,

thereby informing the optimization solution and the mode decision.
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CHAPTER 3

Dynamic Modeling of the WRFV

This chapter presents a rigoradgnamicanalysis ofthe twowheded RFV (WRFV) of Figure

1.1a. As discussed i@hapter 1,his class of vehicle provides energetic and locomotive advantages
over traditional unimodal vehicles. Despite superficial similaritiesGEMVs, the dymmics of
theWRFV differ substantially. Thighapteroffersa complete and rigorous derivation, simulation
and validation of th&VRFV6 solling dynamics for this class of vehicle. Variational mechanics is
used to develop a six degrekfreedom dynamic maal of theWRFV subject to kinematic rolling
constraints and various naonservative forces. The resulting dynamic system is determined to
be differentially flat and the flat outputs of ttMW¢RFV are derived. A functional hardware
embodiment of thaVRFV is construced, from which empirical motion data is obtained via
odometry and inertial sensing. A numerical simulation of the dynamic model is executed which
accurately predicts complex dynamic phenomena observed in the empirical data, such as
gravitational ad gyrosopic nonlinearities; the comparison of simulation results to empirical data

validates the dynamic model.

3.1Background

The energetic efficiency @nRFV compared to a CFMWas established i@hapter 2along with

methods for determining optimal ajpéon onany terrain. However, these benefits can only be
realized i f the RFVO6s ter r elsdp.rThia Imotivatest theo n IS
development of a rigorous dynamic model of RféV while rolling. While mathematical models

of CFMVs have ben studdd extensively [B9]i[42]), the method and assumptions used to

develop models for CFMVs are not valid for an RFV, despite the RFV utilizing the same multirotor
mechanism for both rolling and flying. For example, the {mesizontal nominal operating

condition of CFMVs permits signdant simfification of the dynamics for the purposes of
developing control systenf39], [40]. However, the dynamic model, flat outp{#8], exogenous
forces, and range of mot i on diHessubstantiaytfrendthose t h t |
of a CFMV due to the presence of kinematic constraints imposed upon the RFV. To understand

theseconstraints and their impact requires a unique dynamic model.
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While other researchers have creatéldFVslike that shown irFigure 3.1 none have developed

a dynamicmodel suitable for terrestrial control system design that also includes the relevant
constraints, rotational dynamics and nonconservative forces. Furthermore, none have validated
their dyramic models with experimental data. WHil€]f or mul at es Lagrangeos
terrestrial motion of their singie@heeled design, they do not present their modelanra uitable

for control system development, i.e. they donotsbheegr ange6és equations f ol
the generalized coordinates. Indeed, their subsequent analysis neglects all dynamic behavior by
assuming static operating conditions, and naadyic simulations are performed. Takahashi et al.

[13] create a twavheeled design but present a simplified terrestrial model that neglects rotational
dynamics and nonholonomic ciraints. Additionally, the model excludes the wheels entirely.
Furthermore,[13] makes no attempt to measure the velocity of the wheels nor of the vehicle.
Mizutani et al[44] develop a quadrotor UAV with spherical shell capable of rolling, however they
present no model. Many researchers develapaayc models of generic twwheeled mobile

vehicles for strictlyter e st r i al |l ocomoti on. However, these
operation to either a horizontal (e.g45]) or vertical (e.g[46]) two-dimensional plane. Thus,

these models cannot capture tighler-dimensional terrestrial motion of tNéRFV.

b g \(
’“‘)ﬂ"ﬂ”\

Figure 3.1 A two-wheeledRFV. While on the ground thetorsprovide thrust, steering, and orientation control while
the wheels are passively towed. Wheel velocities and vehicle orientation are measured witts emcbderinertial
navigation system, respectively.

3.1.1Contributions and Organization

This chapterextends the work of12] and [13] and takes the first step toward developing
appropriate terrestrial control systems for WiRFV by providing an accurate dynamic model of
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the WRFV while rolling. The dynamic model is rigorousigerived using the Euldragrange
method of variational mechanics. The model takes into consideration the various constraints
imposed upon the vehicle while in contact with the ground. Furthermore, the model does not make
any planarity nor small angle assptions and includes nonconseivatforces. The result is one
first-order and two seconorder differential equations that completely govern WIR F V 6 s
terrestrial motion. The implications of the constraints as they relate to differential flathess are
exdored. A hardware embodiment ¢feWRFV is developed which provides empirical motion
data, including orientation, linear velocity and angular velocity. A numerical simulation of the
dynamic model is executed, and the results compared to those obtaméederioardwargVRFV.

The comparien reveals that the simulated model captures the prominent nonlinear dynamic
behavior of the hardwar/RFV. Beyond providing a dynamic model suitable for meuaeded

control system development, inspection of the model tewesights for designing bothéttontrol

system and the vehicle.

This chapteris organized as follows: First, the necessary mathematical nomenclature for deriving

a dynamic model of th&/RFV6 s t errestri al motion 1 S npcr esent

model is derived yielding thgoverning equations of motion for rolling. Third, the flat outputs of
theWRFV are derived and compared to those of a CFMV. Fourth, a hardware embodiment of the
WRFV is briefly described. Fifth, simulation and experimergallts are presented and disads

Lastly, various ways in which the dynamic model provides guidance for control system and vehicle

design are discussed.

3.2 Methods of Dynamics

This section presents tldgnamic model of th&VRFVO s t errestri al moti on

3.2.1Mathematical Nomenclature

This sectiorbriefly describes the mathematical conventions and nomenclature used to derive the
terrestrial dynamic model of th&/RFV. Lowercase, uppercase, and double struck anb
superscripts refer to points, bodies, and coordimaeterence frames, respectiveljhe position
vectori & represents the position of poitrelative to pointdresolved (i.e. expressed) in the

coordinate frame of reference® ; indexes the element of in then-direction, where) can be
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afoor &. The velocity vectolFQ oi & 4 is the derivative with respect to (i.e. measured by an
observer fixed in) reference franve of the position of pointdrelative to pointc resolved in
coordinate frame&. The acceleration vemtQ 7QO i F "y is the derivative with respect to
reference framé&l of the derivative with respect to reference framef the position of point
relative to pointoresolved in coordinate frange The angular velocity { | is the angular velocity

of frame\ with respect to frame resolved in frame. @ represents the skesymmetric matrix
formed from the elements of the vectdsuch that® @ & @ 6 is a rotation matrix that
transfo ms a v e ct osoldien frém\ o euclotiiai 'r ed{i". hHnd Qrepresent

the orthonormal basis vectorssof sothattu pnit h HU mpt andQ  mrp . All other

variables are dafied in the Nomenclature section.

3.2.2Model Formulation

Figure 3.2schematically illustrates th&RFV upon a horizontal plane representing the ground.

Normal

(@) (b) (©)

Figure 3.2Schematic representations of WRFV illustrating (a) the generalized coordies, ©) the impressed
forces and constraints and (c) the various frames of reference.®isitlie center of mass, which is offset in the

frame zdirection.

Point®is located at the center of tNéRFV body 6, midway between two wheels andc |,
and is the origin of the body reference framhich is rigidly fixed in0. The axes of reference
frame\ point along the principal directions 6f Point"Qs located at the origin of an inertially

fixed refeence framal. The rotation matrix from frame to frame\lis
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€C0SS - sinscos a sin sin

Cﬁé:gsins COSSCOS & -Cos sin (3.1
g o0 sina cos a

Referring toFigure 3.2, an intermediate reference framgis defined with respect tbas

€Coss - sins O
C, = gsins coss 0 (3.2
g0 0o 1

The origin of framel is collocated with the origin of frame at pointc As a result, ta x-axes of
M and\ are parallel, andl is free to rotate about theaxis of\ . Reference frame$ andX
are located at the wheel center poiatsand0 and are rigidly fixed in wheeleo andw |,
respectively.0. and 0 are assumed to coide with the center of mass of and Y |,
respectively. Wheel® andc contact the ground at poindsando, respectivelyy and™

are free to rotate about theaxisof \ .

Referring toFigure 3.2, theWRFV is modeled using six generalized coordinates

q:[X y s a g 2]5 (3.3

wandware the planar components of the position of pairglative to’Cand resolved inl. That
\I

is, i wwY , whereYis the radius ofo andw . , and| are Euér angles specifying the
yaw angle and pitch angle, respectively, ofthizame with respect to théframe. — and— are
the rotational positions of frames andY , respectively, with respect t. The generalized
velocity is

G=¢x v $ a g ,¢ (3.4)
where thevandware the time derivatives afandwwith respect to the inertial frame of reference.
That is,(rQ o U WWTt . The parameters that specify the system are the wheel Mdhes
distance from poinfdto the center oéach wheel, body masst , body princpal moments of
inertia " ONOAQ, wheel mas$ , wheel principal moments of inerti@ RO , rolling resistance
coefficient' , wheel viscous damping coefficient , aerodynamic drag ctfigient 6 , and the

location of the center of mas®(which is fixed in\ ) relative to pointwresolved iny, i' .
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Referring toFigure 3.2, the input to the system is a feelement vectoiO containing a force and

three moments resolved in the body frame of refer&nce

< T
FBZQF]E M? M]f M[ZBG (3.5)

z

where'd is the force in thd frame zdirection, andd YR ' and0 ' are moments about the
frame x, y- and zdirections, respectively. The angular velocity of frameith respect to frame

\Iresolved in framé& is related to, and| by the kinematic relationship

e0 1g s
W # e

W = gsm a o0 gs g:Cy”“ 6 (3.6)
gcosa O u €

\ \
whered "‘is defined by(3.6). Note thatd "' is not an orthonormal rotation matrix, but only

relates the angular velocity bfto the Euér angle rates.

3.2.3Analytical Mechanics

The EulerLagrange method of analyticaechanics used to determine the equations of motion of
the WRFV in Figure 3.2 Application of Hamiltonos prin

nonholonomicsystems rests in[47]

d&uT 6 T & s, -
—e v = o *Q (3.7)
ddg 2 p T

where"Yis the total kinetic energy of the systé@nigl i describes the differential constraints on
the system be they holonomic or nonholonomis,a vector of Lagrange multipliers, each element

of which is associated with one constraint, ands the generalized force containing both
monogenic and polygenexogenous forces. The explicit formulation of the Lagrangian as kinetic
energy minus potential energy is omitted because polygenic forces (which are not derivable from

a scalar potential fution) are involved. Gravity is the only conservative forcehimm system, and

its effect is captured in the formulation of the generalized faércéhis leads to a clearer

interpretation o3.7) wherein all inertial foces are on the leftand side and all impressed forces,
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including forces of constint, are on the rigkttand side. The kinetic energy associated of the
WRFV body0 is

1a d/z\7d/ g BT B -

== — —(T i, | 3.8
B 2?“% dt(“G)H dt(IG)H 1B GB ,% ( )

where'® s the inertia tensor of body about the center of ma¥3resolved in coordinate frame

\ . The kinetic energy is a scalar quantitydahus independent of the frame of resolution. Frame

\ is chosen for convéence because the inertia ten¥ris constant il . “® can be expressed

in terms of the inertia tensor 6fabout pointoresolved in framé& using the parallel axis theorem

for tensors:

2

Ié;BB =1 EB Mg @I,Be ﬁ (3.9

where'® is a diagonal matrix containing the principal moments of iné@fohand 'Q Likewise,

the velocity of poinfOcan be expressed in terms of the velocity of pdimsing the transport

theorem:
Gil2) = G rgle), =5), #or (310

The linear and angular velocities(i10) can be expressed in terms of the generalizeatitglas

d/ s .

—Ir =J.

dt(r'b )H .0 (3.11)
i, =5 R0

where

‘]i]llf,D = gq]B 8E J %03x2 03x2
- i
‘]I%R _g)sxz cr 03x2 g

Y

(3.12)

are Jacobians whose subscrifitor Y indicate their representation of either linear or angular
velocity, respectively. The subscript specifying the frame with respect to which differentiation
occurs has been omitted time Jacobian notation for readability, and it is assumed that all linear

velocities are measured with respect to\tfimme. Posmultiplying 6] by Hiin (3.12) selects
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the first two columns corresponding to eeand w-directions of\l. Rewriting(3.10) in terms of
the Jacobians defined §8.12) yields

d,. - - .
(@), =(000 & pie)a o0 (3.13)
Substituting(3.9) and(3.13) into (3.8) yields
1 =T =
T, :Eq M. T (3.19)
where
NN 2
Me=m 32" o +E (G mat §) £ (319
is the symmetric mass matrix of the bawlySimilarly, the mass matrix of thg wheel can be
obtained as
My, =M, g o Ju o i, r v T, (3.16)
where
‘]i]\?;p,o =Jbo 'g?b%vp )ﬁ‘]]%,R

‘J]EWD,R = ‘J]%R +‘]§Wp,R
‘]I]B}?Wl,R :@3x4 E 03x1 8 I7b]]\i{ :EL 0 qT
JIEWZ,R = g)3x4 03x1 E H rTb]]\ié :E L- 0 qT

(3.17)

and'’® s the inertia tensor of thg wheel about its center poiat resolved i framey . "®
is constant despite being resolved in framieecause the wheel is assumed to be symmetric about
its craxis Figure 3.2). Thereforé®d is a diagonal matrix whose elements &% h"O h"O

The kinetic energy of each wheel is calculated in the same Wayl dk therefore theatal kinetic
energy of thaVRFV is

_|
I
N
o
)
<
o

(3.18)
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where0 0 0 o . IfFi nt'Q , indicating that the center of mass @fis

centered between the wheels and located a disi@nem point®in they frame zdirection, then

e m;+2m, 0 m, hcoss sin a m hsin go0s a 0 O
2 0 m +2m, m, hsins sin a -mfcos g0s a 0 O
e 2(1,,+m,L?
ém,hcoss sina m, hsin ssin a (1 e ) 0 0 0
M=g +l sinfa+1,cos a
én;hsins cs a - m, hcos sos  a 0 L +2l, Lw  ew
g 0 0 0 ., l, O
g 0 0 0 I 0 I,
(3.19

Considering the form of3.18) and the fact thad is symmetric, the lefhand side of the Euler

Lagrange equatioB.7) can be expanded for each of the six generalized coordinates as

dapT 6 @ f& . S d8_ 1dM™m,, .0
L. oe . 0 a nmqn 4a - = q qQ (320)
dtgHCL I—) a, m:lé‘%/l l2 é%l 2 dq =

where¢  plti8 fp.

3.2.4Constraints
The righthand side of3.7) consists of the impressed forcesirmgton the system. Forces of

constraint are represented by "Qf 5 _. Referring toFigure 3.b, each whel is subjected to

three constraint forces: A normal force that prevents the wheel from penetrating the ground, a
lateral force that prevents slipping in theframe xdirection, and a friction force that permits
rolling without slipping in the4 framey-direction. Wheel slip is not modeled because the wheels
are towed, rather than driven, reducing the likelihood of slip. All three constraints can be expressed
succinctly by stating that the instantaneous velocity (with respécbfahe comact pointoetween

ther) wheel and the ground is zero. That is,

ﬂ(r—B )H =0 (3.21)

41



Equation (3.21) is resolved in thd frame simply to permit the use of the previously defined
Jacobians in3.12) and (3.17), which are also resolved . However,(3.21) is valid when
resolved in any coordinate frame because the zero vectom it is invariant under rotation.

The position of poiné relative to pointCs

fe =M Fou, CilTue (322
wherei m 1 'Y .Taking the time derivative ¢8.22) with respect to th&yields

) =), wiow, {@ ) oo,

dt\ ™ dt
_g(rm) _M—)B3(FIB Byl ) W, 3 CEr!
_dt ib Jy 1B bw, -CH WoCp W, i WpCp (323)
=(950- &, €70, Phe CBLog I,
= J¢, 00

By definition (3.23) is equal to(3.21) and so0' ;13 Tt Also,0'  can be resolved in thé

frame, which will result in a simpler closéorm expression when expanded.ipso yields
o=Cido (%o &, O, Wie OB, I8 (24

Evaluating(3.24) for each wheel yields

ecoss sins 0 0 0 Og @oss sins 0 0 O
Jie, :g- sins coss L R R 03 Je,0 = -%in scossk R OR (3.25
g 0 0 0 0 0 Qu 260 O 0 000

Therefore, the constraints are summarized'byy mandd! 13 1 The three rows a¥' ; A

represent the three constraints enforced bynithevh eel 6 s reacti oneavd t h t h
kinematic constraints in that they are relaidetween the different elements of the generalized
velocity fj, and they are also Pfaffian constraints in that they are linear in the generalized velocity

[48]. The first row describes the lateralsigp constraint in th&l frame xdirection. The fist row

of both ' ; and (' ;; are identical, indicating that the conditions under whichand &
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experience lateral slip are identical. Fréigure 3., it is goparent that if one wheel were to slip

laterally, the other would have to slip also. Expanding this constraint reveals that
Xcoss +ysin s =0 (3.26)

Equation(3.26) is recognized to be the velocity of poiatelative to point(n the xdirection of

theM frame. That is,

@ XCoSs +ysins

d T _ ~F d 1 FT o . T é_ . - .
a(rib )H =C, Et(r"’ )H €/ [x y O § Xsins + ycoss (3.27)
3 0 (
Therefore, the lateral no slip constraint fr¢B26) is equivalent to saying th&ifQ & ¥ TL

\l
This fact simplifies the equatiorts motion when resolved in theframe, as will be seen below.

The second row 0f3.25) describes the rollingvithout-slipping constraint in thel frame y
direction. The second rows 0f ; andy'  are different because wheebs and® can rotate
independently. The constraints represented by the first two ro&2%) are nonholonomic,
indicating that the constraints cannot be integratedl expressed as relations between different
elements of the generalized coordinate¥herefore, the nonholonomic constraints dopermit
reducing the dimension @f via substitution. Instead the method of Lagrange multipliers is used
to enforce theonstraints. The third row ¢B.25) describes the holonomic normal constraint in
the Ml frame zdirection. This appears to be a trivial constraint becauseetocity of pointo
(wheren  porg) in theM frame zdirection is not described by any combination of the elements
of the generalized velocity. The triviality of the constraint is due to the problem statement; by
definition the wheels are constrathto only operate on the horizontay plane of\, so it is known

a priori that the zposition in theM (or \l) frame of anypoint on the system will be holonomically
constrained by the other generalized coordinates. Therefore, excludingpdiséian from the
generalized coordinates is in effect an elimination by substitution, and the zeros in the third row
of (3.25) reflect that decision. Excluding theppsition from the generalized coordinates is
beneficial because it reduces the dimension of the configuration space by omeatikkéy, the
generalized coordinates can includegosition, which ultimately yields an equation of motion of

a Tt while the other equations of motion remain unchanged. Additionally, inclusion ofthe z

position makes the normal constraint ftamial and permits calculation of the total normal force
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on the vehicle. This is useful when calculating the moment due to rollirgjamese, described

below.

Between both wheels, a total of three unique and nontrivial constraints exist: No lateral slipping,
wheelw rolls without slipping, and wheeb rolls without slipping. These three constraints are

combined into a single differential constraint matrix

gcoss sns 0O 0O O O
sins coss L R R O (3.28
R 0 R

u_é
g ©
Hd gsins mss L1

where it is understood tHatQt rj cannot be integrated to yiel@r} because the constraints are

nonholonomic. Fron{3.7), the generalized forces of constraint are furnished through the use of

Lagrange multipliers,

H Ol_'
)

F L=

constraint

(3.29

vO) Qo
T,
.I.

where_ contains three elements associated with the three constraints. The introductineasfs
that the six equations {{3.7) have nine unknowns: The six elements)pénd the three elements
of _. Three auxiliary equations are furnished by tidifferentiating the equations of constraint.

BecauseT ' n n T

dauf . 6 fr. .. p@p 6
&gl 8 59 9 q & (3.30)
dtdg 2 p M g 2

Substituting(3.28) into (3.30) and differentiating yields the three auxiliary equations
XCoss - X ssin sHysin - sy’ ces &
- Xsins - X 'scos s#ycos sy’ s L %r l)ak ( (3.31)
- Xsins - X scos s#ycos sy s ls %ﬁ Z)al- 0
Care must be taken when differentiati(830) because the differentiation of any position or

velocity elements will implicitly be done with respect to the frame of resol{dioj In this case,

ahohwandware all resolved i, anddandwdifferentiations are with spect to\, (seg(3.3) and
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subsequent discussion) so the frame of resolution matches the reference frame dfid the 2

derivativeswandwwill be with respect tdlas well.

3.2.5Impressed Forces

The second term on the righand side of3.7) is the generalized forcé,. 0 is the superposition

of five groups of exogenous impresseaatdes and moments acting on the system:
Q: Qgrav -'Qcontrol érr Qi-sc Qﬁ?lég (332)

wheref)@ o @re gravitational forces) are control forces that can be generated by the

systems actuators, are rolling resistance forces, are viscous damping forces, and

are aerodynamic dragrices. In general, the virtual wrk™performed on a body by an exogenous
force"Oand moment) is7 Y11 0O 00 , wherg 1 is the virtual displacement of the
body in the configuration space, and and 0 are the displacement and angular Jacobians,

respectively. Therefore, the generalized force associated®@atdd isO 0O 0 0. The

generalized force due to gravity is
Qo =(m:(%20) +m( Fio) m( 2o)) € (333

where ¢Q and(is the gravitational acceleratioihe generalized force due to the control

forces ad moments frong3.5) is

2 éJiIED Tﬂ\ B B B B T
Q. =& L@) 0 F M, My M7 4 (3.39)

ontrol — eJB ,
evmRrR U

The generalized force due to rolling resistance is
S T o T
Q =(Fr) ML {3, 0) M, (3.35)

whered ' is a rolling resistance moment that acts to oppose to rotation nf theheel. If the

rolling resistance is proportional to the normal force on the wtresi

I\ﬁrﬂfp = IvlrrpE! Ivlrrp = ”Z RFNp Sgn(iTE&Vp) :rr/RFNp Sgr(ITJ]%Vqu) (336)
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where™O T represents the normal force on the wheel, and s a coefficient of rolling
resistance that depends on the terrain. As mezdi@bove, the value 00 is determined by
augmenting the generalized coordinates withd-enotion component and computing the
generalized force of constraint in tN€rame zdirection from(3.29), which is approximately

(assuming equal force on each wheel)
1
Fup © E((mB 2m,) g £ cosa) (337
The generalized force due to viscous damping is

Qvisc - ( Jufwl R) vrscL ( ‘]IB%WZ ) M\IIBESCZ (338)

where0 " is a viscous damping moment that acts to oppose to rotation Qf threheel with

respect to the body. This moment arises due to bearing losses and is
M\fscp = Mvrsc M viscp = mvist(i T%p) = @(I T‘J I;EWp, _'.) (339)
The generalized force due to aerodynamic drag on the body is

erag (JED) Cﬂ’ drag (340)

where'd  is an aerodynamic drag force that acts on and opposes the direction of motion of point

ax,
drag drag ]E I:drag =G Dvy‘vy‘ ' Vy JEE:I]; ‘]rb D q (341)

Substituting the foregoing expressions for the constituent generalized forc€s38)yields

drag

(F sina- F )sins

(F sina- F

d,ag) CoSs s

)

M; cosa +M| sina (3.42)
M_,+M_, M’ m ghsina

'\/Irrl-'-l\/I
I\/Irrz-'-lvI

O
I

D> (D~ D~ (D> (D~ (D~ (D~ (D~ (D~ (D

viscl

visc2
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3.2.6Equations of Motion

The equations of motion ¢8.7) can now be obtained by combinieguations(3.20), (3.28), (3.31)
and(3.42) and solving for) and_. As mentioned abovapandware most easily expressed in the

M frame. Differentiating3.27) with respect to thé frame yieldsQ 7Qd i ¥ uy 6f 0 @ T,

which is the acceleration of poigtresolved inV. If 'Q 1t (i.e. wand"Oare coincident) then the

equations of madn are

d? . d
E?(ﬁ?%nz szﬁﬁﬁgﬂ (3.43)
2 R’F’sina + R + M. , A=
d_z(rig*’y) — z sina ( Nlrrl Mrz visc 1 I\ltlsc2 drag) (344)
dt It 21, +R(m; £2m,)
geRz(Mf cosa +M; sh a +'a(sz- Iy)sin(z ))a
& - _ _
S. - Q TL( Ivlrr 22 I\/Irrl -IMwscz Mwsc-1) - - (345)
2171, +R?(2(1,,, m, %)+ 1, sin’a +1,cos” 4
M>[<B_ Mviscz -M visd l(lz- I y)s‘ZSin(2 %
4= 2 (3.46)

X

The direct depndence of h, and'Q ¥ i g O — and — has been eliminated by the

constraints frong3.28), though— and— do indirectly appear in the rolling resistance and viscous
damping moments, defined ({&.36) and(3.39), respectively. Despite the lateralsigp constraint
from (3.28) which indicates thafrQ oi ¥ , Tt (343 indicates that the accetgion in the\
frame xdirection is nonzero. In fac{3.43) is recognized as the centripetal acceleration. This fact
allows the acceleration to be simpdi even further by computing the derivative of velocity with

respect to thé frame ratherhan thelframe. To do this, the transport theorem is appli€d.43)
and(3.44):

1), =g l), e G, o), F5E Spl)i ¢

dt dt? dt dt (3.47)
d2 - ) d = d2 L=
:W(r"f)m +sa(rig«y)ﬂlE ?(rig,y)mj E
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Equation(3.47) indicates that the acceleration of painwith respect to an observer fixed ¥his
tangent to the velocity of poimy and its value is given exactly 1§$.44). That is,(3.47) is the
acceleration ofoalong the patton whichcomoves, which is also constrained to be instantaneously
in the ydirection ofM because of the lateral +slip constraintThe chang of reference frames
performed in(3.47) essentially eliminates theequation of motion, supporting the intuition that
the WRFV, characterized bywix generbzed coordinates and subject to three nonholonomic
constraints, willhave o odegrees of freedom. The nonholonomic constraints do not reduce
the number of generalized coordinates, because it is still possible to achieve any configuration in
the sixdimensional configuration spa¢48]. However, thenotion of the system is constrained to
lie on a threadimensional subspacé the sixdimensional configuration space. The evolution of
theWRFV on this subspace is given [8:44), (3.45), and(3.46). The equations of motion can be
further simplified by defining a new set of control inputatthre resolved in thé frame:
Mo g Mg B e M
M ¥ :gM;F 31:;;? M% :ﬁlfcgsa- M sina

My 4 ME  Mistha+Micosa

& (3.48)
e, @ e0 g €0 2
& 4 € g Fécosa g

Rewriting (3.44), (3.45), and(3.46) in terms of JH) YR ¥, and0 ¥ and defiing theM frame

velocity and acceleration a¥ k ‘rQ o ¥ N and @ k QT® iY; " \Jrespectively, yields

F'-D
W:ZI y (3.49
MP+a 5{l,-1 )sin(2 kD
$=—rs ra o, y) (2 7D (3.50)
221@R—ZXW+IWV+mWL2 gﬂysinza 4,cs® a
g -
. 1 2
M- (1, -,)s?sin(249- D,
d= 2 (3.51)

X

where
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1

Dy = E(M il -IMrr 2 I\Hviscl Mi\_/iscz) l:dr_ag
L
s =E(I\/Irrl _Mrr 2 Mviscl Ivl-vich) (352)
Da = Mviscl M vis@

are dissipation terms wdh are all functions off andr, in general. Each equation ofotion is
now grouped into control terms, inertial coupling terms (exceptforwhich has no inertial

coupling) and dissipation terms. Lastly, the assumptiori@haitt can be relaxed; if

W CE LR

3.53
mR (3.53
then the equations of motion become
al : F
~myghsin(2a)- | D, - cosa
F7 - D, n:thsz (22) ( Mx)
i x ge(lx(a% §)+(1, 4,) “Scos® )ain
y = ol (3.54)
R
M +a sl -1 )sin(2 g -D, 4m.h yssin
§=—1 s( y) (}9 s MMeh ¥ (3.55)
aLri,, , 0. .,
ZWHWHQNL bl sina+l,cos a
g =
o1 oo .
Mx'§(|z -Iy)s sin(24- D, mgghsin a
a=
IX
m,hal o 2\ . ‘ (3.56)
_ ngimBh(a + 52)5|n(2 )a{Fy Dy) cos ¢
21,
A
3.3 Differential Flatness of theWRFV
A differentially flat system is one wherein t

of the systembds o u[@3) Ufthese canditionstate satisfied,dherrthie oudptits v e s

are referred to as flat outputs. A consequence of being differentially flat is that any trajectory
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specified in terms of the flat outputs can be directly mapped to the inputs, and thts ssecify
feasible motion trajectories. It can be shown (sed49§.[50]) that the flat outputs of a CFMV
are the three components of linear velocity in ffeame and, ;| is absent, indicating that it

cannot be used to specify motion trageets for the CFMV. On the other hand, if th&RFV0 s

state and input vectors are defined gs, | | & and 0" 0¥ "0 | respectively, then

inspection the equations of moti@¢8.54), (3.55) and(3.56) reveals thaty . @ are flat

outputs because

SRGIERORACE
Mf:ME(a’ 3 '$“,FIYIF( ’.a.éy]F» :Mf( R ’aﬂ/F)S ME(‘Z,‘ZZ) (357)
M2 =M (2,28 s M (2,2

The differences in flat outputs are due to WMBFVO6 s | a slip coaskraintgee(3.26)) and

the fact thathe normal constraints on the wheels result in normal forces that partially support the
vehiclebds weight. The r e"% ganbe piesribédhindependentlyaofv e n
| (except whem 1) because the vertical component of tie thrust need not completely

offset the vehicle weight. This contrasts with a CFMV, whose vertical component of the net thrust

must alwaysequal he vehicleds weight to maintain const

3.4 Hardware Embodiment

Figure 3.3llustrates a hardware embodiment of (MBFV. Attached to each wheel is a quadrature
encoder (US Digital E3 series) used to resolve the angafation and angular rate of the wheel.

A stragdown inertial navigation system (INS) (VectorN&a¥N-100) measures the orientation of
the WRFV. Data from the encoders and INS are obtained and processed bybaardrARM
cortexM7 microcontroller (ST MicroectronicE STM32F767ZIT6U). A 2.4GHz radio
transceiver (Dig® XBee Pro S2C) transmits motion data to a laptop computer every 2ms. The
data transmitted includgh h—h—and |
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Figure 3.3 The hardwar&VRFV. The vehicle is fully instrumeatl to provide motion data. The INS measyrisi

and \ , while the wheel encoders measuté—. From these variablesh i h—h— andc are obtained.

Although theWRFV model derived in Sectiof.2 assumes operation on a horizontal plane, the
hardware embodiment of tNéRFV must account for nehorizontal ground in order to accurately
compute, and| . Theangle of the ground is reflected in the lateral rollinglafngabout thev
frame yaxis. Measurements off h and| | yare obtained from the INS, and| are computed

from7 | yaccording to

0 ésin asec g cos gec g,
e . -B |
0 & Cosa -sin-a (3.58

1 @sin atan g cos &n g|

B P> F
S CIEQ

«' is computed from— and— (measured by the encoders) anj, as follows: Fron(3.23), the

velocity of the body can be expressed as a function of the angular velogitywaffieel

d r 7)) r - - .
a(nf)]I :Cﬁ.f(' W R -( W, + E{@p) @fﬁrfpcp) (3.59)
wherei ¥ m 1 'Y . This results in two equivalent expressions@e oi ¥ , (one for

each wheel), with can be used to solve fod' as a function of— and—. Solving(3.58) for] |

substituting the result int(8.59), and then expanding thecpmponent 0{3.59) for eat wheel
yields
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v :E(ngy)ﬂ =R(g+ g+ 6Rsin g.cos)
= R(c}z +'5)+ "ERsin +¢ cos )

(3.60)

Adding the two expressions (8.60), substituting, and| from (3.58) and solving foy' yields
y* = R%(dl Y (3.61)
¢

The result is independentfof which makes sense coidering thaw frame is @fined with respect

to the ground, i.e. the frame rotates with .

Additionally, an estimate qgf is obtained using odometry data from the wheel encoders; equating

the two expressions fro8.60) and substituting ipp from (3.58) yields
s :5( g- ypec (3.62)
odom 2|_ 1

Comparing, to, from (3.58) provides a method for determining if ttRFV6 s wheel s
in contact with the ground, assuming the ground is horizofkas. is illustrated inFigure 3.4
wherein, and, are comparedWhile the wleels are in contact with the ground, the
measurement gf provided by the INS and odometry system agree, and their curves overlap. When
the wheels lose contact withe ground, which occurs at approximately ts ando  us, the

two curves diverge. Thidivergence is used to detect when the vehicle is in flight.
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Figure 3.4 Takeoff detection The INS (blue) and odometry systerforange)each predict,. Their divergence

indicates flight.

3.5Model Validation

To validate the dynamic model developed in Se@i@empirical motion data from the hardware
WREFV is collected ad compared to motion data from AWRFV simulation. These experiments

are carried out with the control inpu&h Yh ¥, and- ¥ all set to zero, i.e. they are op&op.

The goal is to validate the nonlinear dynamics of the system in response-trerooinitial
conditions. For the empirical experiments, this is accomplished by manually providing an initial
excitation with no control iput, and then recording the subsequent motion. Then, the initial
conditions of the simulations are set to matcts¢hof the empirical data, and the two sets of data

are compared.

3.5.1Numerical Simulation Methods

While precise knowledge of the model parameteraot required to compare qualitative
characteristics of th&/RFV6 s dynami ¢ behavior, the simulati
those of the hardwar&/RFV. HardwareWRFV parameters that can be directlyasared (e.qg.

mass, length, center of mass) aceobtained. Moments of inertia are calculated in a piecewise
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manner; inertia values for components designed using CAD software are obtained therein, while
other components are modeled with simple geometnidsl®e moments of inertia are calculated
accordngly. Dissipation parameters (e.g. rolling resistance, viscous damping), are estimated based
on the decay of the measufednd, signals. The model parameters values appeaalote 3.1

under the Set 1 column.

Table 3.1Model Parameg¢rsfor theHardwareWRFV andSimulations.

Parameter Value

Setl Set2
0 (m) 0.165 0.165
Y (m) 0.2254 0.2254
a (ko) 1.1 0.7
a (ko) 0.08975 0.08975
‘0O (kg-m?) 0.00371 0.001829
0 (kg-m?) 0.00306 0.002191
‘O(kg-m?) 0.00842 0.002567
‘0 (kg-m?) 0.001201 0.001201
‘0 (kg-m?) 0.000603  0.000603
g (m/S) 9.81 9.81
"Q(m) -0.006 -0.002
: 0.005 0.005
‘ (N-m-s)  0.001 0.001
0 (kg/m) 0 0

The simulation entails numerically integrairg3.43), (3.54), (3.55) and (3.56) along with
expressions fo—and— which are obtained by rearranging the constraint equations in the second
and third rows H(3.28):

(71 ®)

(-yF+L' -I%')

ot

c}l:E(Xsin s ycos sL° R
(3.63)

ol

6)2:%()'(5”1 s ycos s’ sR')
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Initial conditions are specified to match those of the empirical data. The simulation is executed
using the MATLAB ® ode45 function, which is a fourbrder RungeKutta numerical integration

function with a variable timestep.

3.5.2Empirical Data Collection

Empirical motion data is collected from the hardwafeFV after manually applying an external
moment abouthe V framez-axis and then letting th&/RFV come to rest. The external moment
is intended to provide a nonzero initidh and, and so excite the nonlinear dynamicg54),
(3.55) and(3.56). The motion dta consists ofh h—h—and | (sampled at 2ms intervals. Values
of , and| are calculated from the motion data according to] \| OBET 1} AT| Gand

| 1\ (see(3.6)). —and— are obtained by numerically differentiating measurements- of

and—. Thenw' is determinedrom (3.61).

3.5.3Comparing Empirical and Simulated Data

In the following time series plots, the solid and dashed lines represent the simulated and empirical
data, respectivelyrigure 3.m andFigure 3.% show| and| , respectively, as functions of time,

and indicate good agement between the simulation and empirical data despite uncertainty in the
parameter values. oscillates and decays, as expected, however the response is not a pure sinusoid,

particularly at large values of.
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Figure 3.5Empirical and simulated (&) and (b)| vs time. The simulated and empirical data indicate close

agreementThe nodel parameters are kst inTable 3.1Set 1.

This is due primarily to th& (0 E Tterm in the numeratasf (3.56), and to a lesser extent the
pfc 'O 'O, OK| term; the remaining terms (8.56) are more than an order of magnitude
smallerthan thed ¢CQO B Tterm. That is not a pure sinusoid is best observed by examining

in Figure 3.1, which exhibits sharp rather than smooth peaks whisrlarge.

Figure 3.@&andFigure 3.® show, and, , respectively, as functions of time. The empirjcalata
is zerophasdow-pass filtered to remove noise. The rate at whidecays is influenced primayil
by
caused by the oscillation|in and is preditedby the , © O O Kl andd 'Q ' O E lterms

and' , with the latter causing the plateau,in The ripple in the empiricgl data is

in (3.55); the same ripple can be seen in the simulated data.
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Figure 3.6 Empirical and simulated (a) and (b), vs time. The simulated and empirical data exhibit shme
qualitative trends, the differences being primarily due to parameter uncertainty in the dissipative coefficiantk,
. The nodel paramters ardisted inTable 3.1 Set 1.

The empirical and simulated values of the wheel angleand— appear inFigure 3.a The
simulated signals exhibit the same trends las émpirical sigals; the oscillate while
asymptotically approaching a terminal value. The oscillations-iand — coincide with the
oscillation in| . Figure 3.Dillustrateswy, which is initially responsible for some of thipple in

, viathed Q&' O E Tterm in(3.55), though this term decays quickly and is soon overtaken by

thel , O "O Olg term. Both the simulated and empirical valuedbis calculated according

to (3.61), which requires knowledge ef and—, neitherof which are acquired directly from the
motion data. Therefore, the empirical valuadfis obtained by using numerically differentiated
values of the empirical- and — and zerephase lowpass filtering the result. Despite the filtering,
the nunerical differentiation results in poor signal quality. However, the overall oscillation and

decay of the signal closely matches the simulated result.
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Figure 3.7 Empirical and simulati (a)— and— and (b)&' vs time.w" is calculatedaccordng to(3.61). As such,
the empirical— and— data are numerically differentiated, resulting in a nedgignal. Despite this, theverall

behavior ofw is predicted by the modéThe nodel parameters are listedTable 3.1 Set 1.

3.5.4Demonstrating Gyroscopic Nonlinearity

The primary crosgsoupling between the and, degrees of freedomisduetoffiggy r o8 copi ¢
term containingO0 "Oappearing in bot3.55) and(3.56). For the purposes of demonstrating the
nonlinear behavior of th&/RFV and validating the nonlear model of Sectio8.2.6 theWRFV
is explicitly configured such thdd "O 1t To further emphasizihe gyroscpic nonlinearity, a
second set of tests are extd wherein the center of mass is moved nearer to @simthatQ

T8t Tg. This results in th® "Oterms having a greater influence on the dynamic behavior of
the system becauseetbther term are attenuated whe&t®is small. The model parameters for this
test appear in the Set 2 columnTable 3.1 Empirical and simulated data forand| appear in
Figure 3.&andFigure 3.8, respectively. Initially is near* radians, indicating that th& RFV
chassis is upside down. Siné@ T this configuration is statically unstable due to the
gravitational termtt  CQO E Tin (3.56). However, rather than immediately diverging toward the
stable equilibrium gt 11| instead oscillates abolitradians for several seconds (see orange
oval in Figure 3.8) due to the gyroscopic termpf¢ O O, OKJl. Thi s fAgyr oscofy
stabilized behavior continuestil of the amplitude of the gyroscopic term decreases, (as

decreases) and the gravitational térmiCXX E 1begins to dominate. Thatjs, “ behaves like
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a stable equilibrium of3.56) when,, is viewed as a parameter, with the equilibrium ugderg a

bifurcation as, drops below a critical value. The simulation predicts the same behavior, with

briefly oscillating about  “ and then diverging towd | c" Tl .
8 4
= Simulation = Simulation
—=== Empirical | |==== Empirical
7 L==7°7 s

a (rad)
& (rad/s)

AGyroscgcopi
Nonlinearity

0 2 4 6
Time (s) Time (s)
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Figure 3.8 Empirical and simulated (a)and (b) vs time. (a) The orange ovaighlights e gyroscopic nonlinearity
predicted by(3.56). The inifal condition, 1  “ indicates that th&VRFV is upsidedown, resulting in a topeavy
configuration.Despite this, oscillates about briefly before settling downto 1t The nodel parameters are listed
in Table 3.1 Set 2.

The numerical simulation results demonstrate the same qualitative behguibhirh— and

as the empirical data obtained from the st embodiment of th&/RFV. The quantitative
differences between the two (e.g. decay time, number of oscillations, absolute magnitude) are due
to uncertain parameter values. In partae, the momestof inertia and the coefficients of viscous

and rollingfriction are uncertain.

3.6 Summary of Dynamic Modeling

The WRFV analyzed in this dissertatiaifers potential energetic benefits compared to CFMVSs.
However, the control algorithms deeped for CFMVsare not ideal for controlling the terrestrial
motion ofthe WRFV because of fundamental differences in the system dynamics (S8@&jon
and flat outputs (Sectior3).
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3.6.1Model Use in @ntrol System Design

This chapterpresen¢d an accurate dynamic model f&/RFV terrestrial motion, providing the
foundation for nonlinear, modélased control system development. Furthermore, inspeation
the model and simulation results provides somiglms for the catrol system designer. First, the
equations of motioi3.54), (3.55) and(3.56) reveal the appropriate outputs for whichspecify

motion trajectories, i.e. the flat outputs | and &' (Sectbn 3.3). Second, the quantitative
differences between the experimental and simulated daligzaie sensitivity to parameter

uncertainty, including difficulto-measure inertial and dissipative parameters. That is, while the

strictures ofthemd e | 6 s nonl i near plk iOe ©, ad i fiom(B8.58)) the e . g .

precise values of their coefficients are uncertain. This motivates selecting a nonlinear control
techique that is robust to parameter uncertainty, such as sliding mode controa ®atimique
requires uncertainty bounds, which the model developed herein can provide; the uncertainty in
each parameter can be estimated, therefore the coefficient faeeaah the equations of motion

can be bounded. Furthermore, the model revealshM@rms of the equations of motion are
dominant, providing the opportunity for informed model simplification while also providing
bounds on the model uncertainty resultingni simplification. That is, dominant terms can be
compensated for directly withasimplified model, while nondominant terms (e.g. the final terms

in (3.54), (3.55) and(3.56)) can be aggregated together as a bounu=tkling uncertainty.

The dynamic model also motivates vehicle design congidesa For example, locating the center

of mass near to the wheel axle (snf@lfeduces the impact of gravitational nonlinearities, thereby
reducing control effort and simfyting control algorithms. The model also reveals that the primary
coupling mechasm between the and, degr ees of freedom™D sO the
appearing in botk3.55) and(3.56). This suggests that the coupling could be nearly eliminated by
designing theNVRFV such thatO "O 1 Decoupling the degrees of freedom and removing

nonlinearities would simplify the design of cbakloop controllers for and,, .

3.6.2Future Work

While the numerical simulation accurately predicts key qualitative behaviors captured in the
empirical data, suctas gravitational and gyroscopic nonlinearities, more precise parameter

knowledge would improve the quantitative predictive power of the mddéhat end, future work
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entails performing a rigorous system identification of the hardwWwér€&V and developingobust,

closedloop control algorithms based on the dynamic model presented herein.
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CHAPTER 4

Robust Control of the WRFV

This chapterpresents a robust method for controlling the terrestrial motidgheofwewheeled

RFV of Figure 1.h. Factors influencing the mobility and controllability of the vehicle are explored
and compared to strictly flying multirotor vehicles i . e . ; th€ diffdrénies motivate novel
control and control allocation strategies which leverage thestaordard configuration of the-bi
modal design. A fiftrorder dynamic model of th&/ RFV subjec to kinematic rolling constraints

is the basis for a nonlinear, muitiput-multi-output, sliding mode controller. Constrained
optimization techniques are used to develop a control allocation strategy which minimizes power

consumption while rolling. Simations of theN/VRFV under closedoop control are presented.

Figure 4.1 An embodiment ofthe WRFV onto which the controller is deployeBixperimental results were carried
out using this vehicléVheel velocities and vehicle orientation are measured with encodkananertial navigation
system, respectively.

A functional hardware embodimeat the WRFV is constructed onto which the controllers and
control allocation algorithm are deployed. Experimental data of the vehicle under-idoped
control demonstrate gogaerformance and robustness to parameter uncertainty. Data collected
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also demortsate that the control allocation algorithm correctly determines a thrimstnizing

solution in reafime.

4.1 Background

As with nearly any exploratory mobile robot, clodedp control of theWRFV6 s headi ng
necessary for basic operatiémcontrast to ther mobile robots however, control of the pitch angle

is critical to realizing the energetic benefits of INKFV. CFMVs and their control have been
studied extensively39]i [42], along with effective methods farontrol allocation[51]i [53].
However, themethods and assumptions used to develop controllers for CFMVs are not valid for
RFVs despitethe RFV utilizing the same multirotor mechanism for both rolling and flying.
Chapter Jeveakdthat the dynamic model, flat outpuandexogenous forces associhsith the
WRFV6s rolling mode differ s ub the @asdandge aflkihegnati€ r o m
constraint®on theWRFV. Furthermore, th&VRFV6 s pi t ch angl e range i s
that of a CFMV, invalidating any smadhgle assumptits based omearhorizontal nominal
operating conditionsSuch assumptions ar@mmon in the CFMV literature as they permit

significant simplification of thelynamic models used to desigontrol system§39], [40].

Furthermore, the ability to roll permits tMéRFV to operate wittsmall rotor thrusts compared to

a CFMV because th&/RFV6s wei ght is partially supported
this results in reduced power consumption, this also precludes the use of traditional control
allocation methods whirctypically do mt constrain the rotor thrusts to be positive. Because the
WRFV body forces are so small, synthesizing even modest body torques causes traditional control
allocation methods to prescribe negative thrusts. However, negative thrusts caeffictdrely
produced by standard rotors, which are designed to always rotate in a single direction. Producing
negative thrusts requires either variable pitch propellers, such as those {8 dryysymmetric

(and therefore less efficient) propellers paired with motor drivers capable of reversoimulire
Therefore to avoid prescribing negative thrusts IMRFV requires control allocation methods

that cope with actuator constraints and that can be executed rapidly otimesaicroprocessor.

As will be shown, constrained control allocation igicaill to realizng the energy efficiency of the

WRFV6s rolling mode of | ocomotion dueWRBV inter

pitch angle and forward velocity.
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In [12], a model ba singlewheeled vehicle is developed, though the model is not used to design

a control system. Takahashi et[aB] developed the AlIRound TweWheeled UAV thacontains

hemip her i cal wheel s that envel op a UAV suspend
position tracking controller based on a simplified dynamic model wherein the rotational dynamics

and nonholonomic constraints are ignored. Mizutaal.§44] develop a spherical shell permitting

a quadrotor placed within to roll. Here, an-tife-shelf quadrotor is used, so control systermor

control allocation design is attempted. Takahashi € 3jldo not address control allocation, while

[12] uses an open source multirotor embedded system to control their vehicle (Arduino
ArduCopter) which uses PID controllers and traditional unconstrained control allocation methods,
which are suboptimal for thH&/RFV.

4.1.1Contributions and Organization

Thischaptepresentamodetlbased control system and a control allocation strategy fovVRIeV

of Figure 4.1 Thecontroller design is based upon the dynamic model develop8dction3.2,

which takes into consideration the various constraints imposed upon the vehicle vdutgant

with the ground and does not make any sraatigle assumptionsThe implications of the
constraints as they relate to differential flatness, controllability, amtai@llocation are explored.

This reveals limitations in the extent to which thgstem outputs can be decoupled and
independently controlledWRFV and CFMV characteristics that influence control system
development are discussed, and key differenceslantified. Consideration of these differences
motivates the development of novebsbdloop control systems for thH&RFV. A modetbased,

nonlinear, multinput, multro ut put ( MI MO), sl i ding mode contro
robustness to bodned par ameter uncertainties is prover
constraineccontrol allocation method is developed which determines the required rotor thrusts

that will synthesize the desired input forces and moments while minimizing the totsil thru
produced and ensuring that all thrusts are positive. The solution is provednimibeal. A

hardware embodiment of th&/RFV is developed, including a custom réiahe controller,

permitting novel control and control allocation methods to be deployed tested. The
mechanical, electrical, and software subsystems AMREV prototypeare briefly discussed, and

empirical results from the hardware are presented alongside simulation results.
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This chaptelis organized as follows: First, the dynamic modahefWRFYV is briefly presented.

Second, th&VRFV and CFMV are compared in the corttekcontrol system development. Third,

a procedure for designing closkxbp controllers for the for th&/RFVO6 s

flat

output s

Fourth, a method for control attation is developed. Fifth, a hardware embodiment oMREV

is described Sixth, simulation and experimental results are presented. Lastly, the results are

discussed along with opportunities for future work.

4.2 Dynamic Model for Control System Design

The ontrol system design is based on the dynamic model presented in Se2tiasthe focus

is the terrestrial motion of th&RFV, the model assumes that the vehicle is always in contact with

the ground. Specifically, we assumattithe vehicle operataipon a horizontal plane, the wheels

do not slip, and the wheels never lose contact with the horizontal plan®/RR¥ is modeled

using the method of Eukkragrange subject to nonholonomic constraints, and a complete

derivation of he model is provided®ection 3.2 Although theWRFV is characterized by six

generalized coordinates which appeaFigure 3.2 (@huh, h h— and—), the wheel constraints

reduce thaVRFV to a three degreef-freedom (DOF) system for which the equations of motion

are

mBhanmthsm( )- (Q -I\/If)cosa

" LS e 91,

y
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ZIXW+mB om,

M +4d s(l )sm 2 )a-D +nh " y$ sin

aLri, 5 -,
256 W e " W 15Iysm a+l, cos a
g =
M 1(| ,)s?sin(24- D, m,ghsi
ol - D, myghsin a

X
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21,
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wherew' andaY are the velocity and acceleration, respectively, of goiesolved in thél frame,

, and| are Euler angles specifying the yaw angle and pitch angle, respectively ofrdmme
with respect to thalframe, andO HO and’O are nonconservative dissipation terms that are
functions of rolling resistance, viscous damping and aerodyndmag. The input force and

moments are rotated from theframe into thed frame so that

F, =-F/sina
MF=M?

X X (4.9
My =Mjcosa- M] sina
M; =My sina +M] cosa

The model parameters are gravitational accelerafiovheel radiusy, distance from poindto
the @nter of each wheél, body massg , body principal momentsf inertia’ CHORNQ wheel mass
& , wheel principal moments of inerfl@ HO , and the location of the center of m&@vhich

is fixed inV ) relative b point®in theV framedktlirection, Q

4.3 Comparison of theWRFV and CFMV

The WRFV described in thichapterdiffers substantially from a CFMV, and these differences
warrant new approaches to control and control allocation. First, the constraintednupos the
WRFV and CFMV differ. Several constraints occur wheréAliRFVo s ve koatact the ground.

This contrasts with a CFMV which is subject to no constraints; the six degrees of freedom that
describe a CMFV (three position coordinates and threerEarigles) are independent of one
another. Constraints influence what subset afegalized coordinates can be independently

prescribed and therefore controlled.

To see this, consider the CFMV shownFigure 4.2, which can prduce a positive haontal

force"O by operating at a pitch angle 1, where'Ois the horizontal component of the net thrust
"Y To maintain a constant altitude in thdirection, the vertical component of thrust must always
exactly counteact the weight of the veH&w . This has the effect of couplingand™O. Since'O

is the control for the forward velocity there exists a coupling betweemndw As a result, one

cannot specify independently fronga
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(@) (b)

Figure 4.2(a) ACF MV 6 s p i| tiscchupledriogh@éerizontal forcéO generated by the rotor thridbecause
the vertical component dfymust offset the vehicle weighiy. (b) TheWRFV6s pitch angle can Vv
producing a giveflJ because theertical component ofYdoes not have to support the weight of the vehicle. Instead,

the normalforcecOpar ti ally supports the vehicleds weight.

This intuitive explanation can be rigorously demonstrated using the notion of differexitiab8.

If a dynamic systemds states and inputs can be
their derivatives, then the system is said to be differentially flat and the outputs are referred to as

flat outputg43]. A consequence of being differentially flat is that any trajectory specified in terms

of the flat outputs can be directly mapped to the inputs, and thus used to specify feasible motion
trajectoriesSeveral researchers @e[49], [50]) demonstrate that the flat outputs of a CFMV are

o (velocity normal to the pagejhx (vertical velocity)and the yaw angle, (not shown); in

particular, the pitch angle is not a flat outputThis contrasts with th&/RFV, whose flat outputs

are, h andw' (see SectioB.3). Referring toFigure 4.D, the difference in flat outputs is due to

the normal constraintson tiéRFV6 s wheel s, which result in norn
t he vehicl eds ,thevetgdi tomporest ofdhe thresbrcelist not required to

support he vehicl® weight meaning thatY and thereforéd, can be prescribed independently

of | . The difference in flat outputs reveals tH@EMV control algorithmsare not ideal fo

controlling theWRFV, as they will simultaneously inhibit independent control of the flat output

| while attempting to control neffat outputswandwand the noroutputd. Rather WRFV control

algorithms should be based on the dynamic moéi€B.54), (3.55) and (3.56), which permits

control ofthe flat ouputs, h anda. In general, the independence oindcY can be leveraged

to optimize theWRFV operation formaximum range, while control df alone enables

optimization for minimum power consumption. This occurs because contropefmits control
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of wheel normal force, and therefore wheel rolling resistance. This in turn influences power
consumption and raeg The optimal at which to operate depends on terrain, highlighting the

importance of a broad range forcontrol.

Furthermorethe difference in flat outputs reveals that W&FV is overactuated while rolling;
theWRFV6 s f our r ot oblesof convdilingahe foar flaeoutpuds pfaa CFMV (ich
«hdand, ), only need to control three flat outputs whildling: , i and &'. Consequently
rolling operation may require fewer than four rotors to operate at a time. This is actmdplia

a thrustminimizing control allocation method described further in Sectb&and4.7.3

Another difference between tW¢RFV and CFMVs are the exogenous dissipative forces acting
upon the vehicles. In addition to aerodynamic drag forcesY\MR&V must overcome rolling
resistance due to unmodeled terrain arstaus frction present in the wheel bearings. These
dissipative forces and the outputs which they affect are capturédiay andO . Additionally,

the proximity of the rotors to the ground at lpwcreates uncertain ground effect disturbances

which theg control system must reject.

Finally, CFMVs and th&/RFV admit different simplifying assumptions. Theminal operating
condition of a CFMV is typically horizontal. As a result, many attitude control systems are
developed by linearizing the system dynasrabout the horizontal configuration and making a
smallangle assumptiof#0], [49], [54] Linearization and/or smadingle strategies are unsuitable
for theWRFV as is unrestricted and may assume values far from horizontal for extended periods
of time. One consequence of latgesalues is the inertial crosupling that occurs due to the
OE1T andOE{§ terms appearing i8.54), (3.55) and(3.56). These terms create significant
inertial torques that must be overcome by the controllargé| values also mean that
transforming forces and moments from th&ame (in which the flat outputs are defined) to the

V' frame (in which the actuators reside) depends on the valueAd will be shown in Section

4.5, the\ frame moments required to achieve a given yawing torque are modulafeg bgnd
ATlO

Several researchers relax the srpaaljle assumption and develop mebased nonlinear
controllers for CFMVs[39], [40], [42] These controllers control orientation by generating

moments about an arbitrary axis of a CFMV. This strategy is effebgcause th€FMV is
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unconstrained and so free to rotate about any ariweMer, theVRFV is constrained in multiple

ways and so cannot rotate about an arbitrary axis. For exampWRR¥ cannot undergo lateral

rolling (rotation about th& frame w-axis) without one or both wheels leaving the ground. Were
theWRFV6 s uadtet ictont r ol l ed in the same manner a CFN
to rotate theWNRFVagai nst a constraint. In fact, It 0s
should k& as the slope of the terrain may change. Insteaohd, (which are fla outputs) are

controlled to track a trajectory while lateral rolling can either be uncontrolled or suppressed using

active damping (see Sectidrb).

4.4 Control SystemDesign

In this section, the model ¢3.54), (3.55) and(3.56) is used to design a closémbp control system

for the WRFV. First, themodelis rewritten in a more manageable form by defining a state vector
'M

WN A ,inputvectod M 1 and output functioadg © a8 suchthato , , | | & ,0
0¥ OYd anddw O w® , | &' .Thenthe equations of moti¢®54), (3.55)
and(3.56) can be rewritten as
e X, [}
é : U
& 1 &cxx,sin( 2x) 0y
Sc, grexxsinx, +, 4 o
é 4(; 2 Tl:l éxl
. € X, u_ . é
X=é ., : o u® 7% (4.5)
&1 &c,x sin( 2x,) 6 u &
égac sin 8% u
g CtCSINX G & £ g
e 1 u
(j:‘ _(C9+u3) 'dz l;l
e Co u

where @ O ©Ohd® & ®® ©Ohad ¢OOFY ™©O & 0 OOE(

'OAT Oh & 0 O¥chd & ghdd Ohd 'O O,® ¢O7TY

a ¢d ,and and are the remaining unaccounted for terms in equa(®B686) and(3.54)

, respectively. Here we assume thatjtheand] terms are considerably smaller than the other
terms in equationg3.56) and(3.54) for reasonable values of the state and inputs. Therefore, we

treat these terms as deling wncertainties that can be bounded. This assumption simplifies the
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subsequent control system development by leading to completeouputt decoupling. A result,

however, is that the stability properties are only sgimibal.

The control objective is to independently contkofor ‘Q plt (i.e., and ) suchthatt © i as

0° Hp, wherei is the reference trajectory to be tracked by theoutput andd is time. This is
accomplishedising feedback linearization augmented with sliding mode control. Sliding mode
control will ensure closetbop stability in the presence of bounded modeling uncertainties
provided that the uncertainties are matc#s], [56]. Formulating the mael asin (4.5) rather
than in a more general formermits the uncertainty in the individual nonlinear terms to be
bounded, which will result in a less conssive controller, i.e. the control action will be smaller
[56].

To feedback linearize the nonlinear MIMO system (df5), an inputoutput decoupling
transformation must be found that decouples each output from all but one input. Fortunately,
inspection of(4.5) reveals that the system is already decoupleaan be used tbnearize and
control & for 'Q pltho. Moreover, the uncertainties appearing(4cb) are matched. With the
system inpubutput deoupled, the control system for each inputput pair can be developed
independently{56]. Partitioning(4.5) into three subsystems results in a second order subsystem
for controllinga (i.e., ), a second ordewbsystem for controllingr (i.e.| ), and a first order
subsystem for controlling (i.e.@'). The objective here is to develop controllers fordhand

a subsystems, which have the followingrfor

X2
v %1( x()+ kAR K
X U@k4 1 u (4.6)

r(?)z X

where, ¥ a represents the twdimensional state (e.g,h, ),”da © s is the scalar output
function,] da © A and] da © s represent static nonlinearitie®,is the scalar input, and
I Al Al Al and are uncertain parameters, dlg. whll @Al o, ®,and T

for theq controller. The error assiated with the systei@.6) is
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éﬁ(r- r)dt
Sq =e roF 4.7)
@92 H@ r-r

wherei andi are the desired output and its time derivative. Thereéibis the integrated output
tracking errorQ is the output tracking error aif2l is the output tracking error rate. Differentiating

(4.7) yields the following error system

e g g qe B l(‘?O Og
5-© u_ e e, - u
é=g e 6 Oél e @g~ (4.8)
-7 4 Vve @ 0g0 14
whereb i — T T I 6 1 isafictitious input that feedback linearizé6).

The objective now is to stabilize the origin @8) using sliding mode control. To do so, a

stabilizing control lawis defined for the twalimensional subsystem &t * [€, €]

- 1 0¢
;=2 19, Z (4.9)
& 0¥ u
such thatZ O Ttasd© o A state feedback control law is chosen so that -KT 2, wherel

O U are state feedback gains. If pole placement is usedpthen_ _ ando :

where_ and_ are complexvalued pole locations in the Idfalf plane. Alternatively, an optimal

solution using LQR can be used to determine the statbhéek gain® . If ‘Q can be controlled

such thaiQ %(f), thenZ O QO 1, and(4.8) is stabilized. The error betwe&hand
%ois defined as

s=¢ f=¢, K z®, Ke Kg (4.10)
The manifoldi  1is the secalled sliding surface and the dynamics

&+K& e ® K¢ K¢ 0 (4.12)

are the stable sliding mode dynamics that determine the behavior of the eystet 7@ Now

the problem of stabilizing the origin ¢4.8) is reduced to stabilizing the origin 6f which is
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accomplished wusi ng L ypasgiuedafinitélyapuhovifuaatian is dedéirntech o d .

asw i i 7¢. If a control law ford can be developed such that is negative definite, then

i O Taso© Hb The derivative ofo i is

V(9=ss=¢g+t Kg Kg)

=s(v +K,e Kg,) (4.12
a. 1
_ aé'_(li{” K+, /G')
=S4, K,
Fd Ke Ke +
If 6 can be chosen such that I T I o7 7 0VQ vVQ
—-OCOfor— 1 thenwi —-4S mmakingi Tan invariant sef56]. However, the

exact values of the parametdirdll hl Al and] are uncertain. Therefore chodsesuch that
i IH I THUL oMK 0Q 0Q 1OCO, wherelHand are estnates

of I and] , respectivelyandf is a tebe-determined switching gain that is chosen to ensure that

Wi —d s Therefore, the control law is
u=£(r -%re ke gonE) @13
- EJ{' Zézy' 3 E

Substituting(4.13) into (4.12) and collecting terms results in

V9=$F | %blsl
g (Dkx + Dkoy+ Qhk- @
€ T (4.14)
aa 0 g 0
aaé—% § F ke Ke) 6
¢|g® "4 T . ¢
€ 1 o
g (0ky + D0 kD T g
¢ "4 -
wherezll k I IIHand3jy k1 1 . Enforcing the condition thab i —gd sresults in
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(h- [)dlgélfkyﬂky)Dk

+ :‘-18 F K K Kjez)
3{ " (4.15)

2t 9 3 bl e )
+ée€‘-1 ‘9 & K. Kjez‘

To ensure the condition ¢4.15),7 must be chosen assuming the worst case uncertainty in the

parameter$ and disturbande. Assume thé are bounded such thiag, Il Il .Ifthe

estimates off hll andll are the arithmetic mean of their respective maximum and minimum

values such thatlHu |1l j Il ¢ for Q pltho, then a3l I Il gk

3l . Furthermore, inspection ¢8.54), (3.55) and(3.56) reveal thatl is always positive.

This permits use of a technique suggestefbbjwherein the estimate tf is the geometric mean

of its maximum and minimum values such tHau T 1T . Therefore, Il ZIH
Ty A k I 7MH . Additionally,] is assumed to be zero ag#l s is selected to

be large enough to account for the uncertainty .irSustituting 2l , I 7MH  , and

$§ s into (4.15) results in an expression forthat ensures asymptotic stability(df8):

[e]

R

b=zt o (1t o)

(6]
g —_—
1
+E(| AN DY AN RN N o 'q) (4.16)
éék 6
+

0 -1 |g 'IKoei I(1e2|

' max

pi

Note that for thér subsystem] @@ ¢O0OFXY O a O "O0E|l OAT O
a cd , which is not constant, but varies with However,® is still bounded because
[ ETOhO OOEl AT O | A@o.

To avoid chattering caused by the discontinuGu§ © function in (4.13), the control law is

altered to
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h

ca

i@ He!

u:E% K,e Ke Aan
v
-kYy- Ky, E

where®is a small number that defines the width of the tramisitegion over whicl© A Ti %o

(4.17)

changessign. The stability proof culminating if#.16) assumes thad C O is used, rather than
OATi ¥ . The effect of thisubstitution, discussed $5], is norzero steadystate traking
error. This occurs because thansition region (defined by) softens the influence df, which
would otherwise act as a large gaihus, there is a tradeoff between a smooth control signal and
achieving zero steaestate error. Fortunately, the error integrator can bring the stgattyerror

to zero ad © m which helps obviate the tradeoff between chattering and sttatdy error.
Nonetheless, the presence of the boundary layer can still preesrn reaching the origin,
resulting in a nonzero steadyate error integrator itee even when the error is zero. For example,
if the model is uncertain then some nonzero integratasraotay be required to achie@e  Ttif

thel switching term alone cannot elimina@e wheni is within the transition region. If small

errorsdue to the transition region can be tolerated, or if the error integrator is otherwise not desired,

it can be Bminated by assigning 1o that tando _ . Note that theZ dynamics,

which are prescribed vide state feedback control lafv= KT 2, are only fully realized when

‘Q % or equivalently, when 1t Stability notwithstanding, during the period wheras
approaching but not equal to zero (thecsa | | ed A r e a c miegrator npap aird eim )
causing undesirable overshoot. A solution is to only activate the integratovghedy wherew
defines the width of the transition region (€417)). This prevents the integrator from winding

up, and theZ dynamics becom& = { whengs & where_ Tt The control law(4.17)
combined with the gain equati@s.16) and the definition of the sliding surfa¢&10) define the

feedback linearized slidinmmode controller for th&t andd subsystems. Simulation results of

these controllers applied to tieRFV are provided in Sectiofh.7.

4.5 Control Allocation

Equatiors (3.54), (3.55) and(3.56) are affine in thénputs"Jh) Yhandl ¥, respectively. Therefore,

these system inputs are assigned as the outputs of the motion cordeMidoped in Sectiofh.4.
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Figure 4.3illustrates howd Y Yhand 0 ¥ are synthesized by th&/RFV6 s r ot or s .

"0 YA Yhand O ¥ are transformed into theé frame by writing (3.48) in matrix form and

inverting:
eF; gécsca 0 O 0 oF¢
é .z Ué 0 18
Mige 01 0 0 Mg (419
emy Ué 0 0 cosm sina W€
é :
M, ES 0 0 -sina cosagM

Inspection of(4.18) indicates that an arbitraf@) cannot be specified wheén Tbecause thé
framed» and\ framedHaxes are orthogonarhis affectsequation(3.54) wherein the controis
"d, and thereforec) cannot be controlled when ¢ ‘hé  riplti8 H8 Moreover, as
approaches zero the value'df increases dramaticallfhis singularity represents a limitation in

the independence o' and| due to tle underactuation of the system. The consequences of this

limitation are discussed later in this section.

F B
F)’ FZ . Tl -
M; - M _ T o Qﬁa’
r [F-frame to | Constrained a, y
M y B-frame M;I)B Control T; REFV —
— Eq((72) > Allocation >
F B
&, Mz . Ty

Figure 4.3Input force/moment block diagram. The desikedrame force and moments are converted térame
force and moments before being input to the traimsed control allocation algorithm. The outputs of the control
allocation algorithm are the desired rotorusts. These in turn influence the dynamic behavior oWWMREV.

Equation(4.18) also reveals that specifyirig" (for controlling,, , (3.55)) influences botf ¥ and

0 ', and| determines the relative contribution of each in synthesibirlg Also, 0 ¥ is an
additional control that does not app&athe equations of motio. ¥ can be assigned to zero or

used to suppress lateral rolling about thé&rame waxis. For example, a lateral roll damping

controller of the form
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My = K. g (4.19

can be used, whereis the lateral rolling rate. Next, the frame forces and moments can be

expressed in terms of the thrustsldorques generated by individual actuators:

=T, % T
Mi=L(T #, & T
My=L (T ®& T# T}
My=L(Q @ Q Q)

(4.20)

where”Y and 0 are the thrust generated by and load torque impressed upaen thetor,
respectively, and is the perpendicular distance measured alony themea> andcraxes from
pointato the center of each rotar. results from the aerodynamic drancountered by the rotor,

and acts to oppose the rotation of the rotor. A typical assumption is that the rotors operate in a
constant state of hover in the sense thatfreestream velocity of the air upstream of the rotors is

zero. This leads to quadi@relationships between the rotor angular velocity ahando :
T=kW, QoW (421)

wherem is the angular velocity of thg rotor with respect to theé(which is approximately the
same as the angular velocity with respedt}in thel frameoHxis direction, andQ andQ are

appropriately dimensioned rotor thrust and torque constants, respectively. Combining these
relationships with{(4.20) yields

oF e 1 1 1 e
é 5 Ué i
M, 0 é L, L L gl'

(4.22)

w N
(e e el e e

1

1
éME ué -L L L 1 &
e s Ueé gr
M, g& ko/k Ko/k o/ ko K/ kO,
This is a standard modesed by many researchers (¢49], [49], [50], [54) to map rotor thrusts
to vehicle force and moments. Equat{@dr22) can be written in a compact formts 0"Ywhere
t O0YO0'0' and’Y "Y'Y'Y'Y . The process of inverting.22) to obtan the rotor

thrustsythat will synthesize the desid\ frame force and momentss called control allocation.

Control allocation for CFMVs is typically accomplished (¢4§)]) using matrix inversion so that

76



"Y O 1, which has a simple, closédrm solution. However, this solution does not take into
consideratin any constraints imposed on the solution, e.g. that the shvaspositiveThis is
typically not a concern for CFMVs because the nominal positive thrust required to support the
weight of aCFMV is considerably greater that the perturbations in theggiired to change its
orientation.That is,0 i s f | apaee O t oHowever, this is not true for th&/RFV
becauséd can be zero; the weight of tNéRFV can be supported by the ground rather than the
rotor thrustslf 'O T, inspection 0{4.22) reveals that there is no solution wherein every element
of “Yis nonnegative other thai¥ 1. Therefore, the standard approach to control allocation f

CFMVs cannot bapplied to theVRFV. Rather, the constraint that every elementYée non

negative must be taken into consideration.

Control allocation subject to constraints has been studied exten&vgly58]. Both Monteiro et

al. [53] and Guillaume et al52] demonstrate how constrained optimization techniques can solve
the control allocatiorproblem for multiotor vehicles. This is typically in the context of over
actuated vehicles, or for the purpose of designing ataleitant control allocation solutidb1].
Analytical techniquesinclude pseuddnverse methods, which minimize the norm “&f or
weighted least squares methods, which allow individual penalties to be assigned to actuators.
Numerical optimization techniques such as linear programming and quadratianpnaigg can
beused to solve the control allocation problem subject to constfairitsReyhanolgu et aJj59]

perform control allocation for a three degree of freedom quadrotor hover system. Their method
guaranteeghat all thruss are greater than a minimum positive value, although they do not

demonstrate whether their solution is minimal.

The strategy here will be to break the control allocation problem into two parts. First, deté&fmine
such that the norm 6¥is minimized, the desired momerits hi ' hand0 ' are synthesized, and
every element of'Yis greater than or equal to a rRoegative lower limit'yY ."Y is based on

the lowest achieable rotor speed so that "Qm . Seond, specify a desired force in the
bodydHtirection'd;  hand modify the elements 6fto realiz€Q;  provided that the constraints

are not violated. The miniation is stated formally as:

77



Minimize f(T)? %TTT’

st. h(T)t M® -AT 8 (4.23)
andg@ )t T, -T Ofori 12..
whered' 0' 0' 0' and

? I‘r Lr 'Lr 'Lr
A=g 4 L L 8 (4.24)
& ko/ke ko/k k/ ko K/ Kk

This minimization problem caretsolved analytically, which will be computationally faster when
implemented in redime than using a numerical method such as linear programming. The method

of Lagrange multipliers is used to augment the objective funi@xmthat

T +h(7) 7., D" (4.2

eq

UL

N~

where_ and_  are Lagrange multipliers associated withttiree equality and four inequality
constraints, respectilye If the solution tq(4.23) is denotedY, then the necessary conditions that

"A"Y must satisfy to be a minimum g&8]

i o #(0), B()

uT .. TR Tw ™ (4.26)
:-r* -ATfeq I'4x47neq 6:
9o (T )/ 1o p=0. P 4,2...4 (4.27)
h(T")=0 (4.29)
and thatC"Y mand_ 1, where’O is the identity matrix. The Hessiand@ Y O

is positivedefinite, indicating that the above conditions are also sufficientitons for a

minimum [38]. Simultaneously solving4.26), (4.27) and(4.28) yields five nontrivial solutions

for"Yh. , and_ . The solutions for.  reveal that there is only one nonzero solution for

each elementgf , and each of thesmrresponds to a different solution. The solutions are
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Jwa=]0 0 0 Z(MZ MZ) Sm: o4y of
| L, Ky i
) 1
a1 (M7 M3) SEME 4Tz 0 0 0 0
B Tk |

: N (4.29)
loa=10 0 0 0 L(MI M) LM &, 4
T L, kQ f/
/ineq,4:|F0 i(Mf -lM;I/B) ﬁM;B 4-F'min 0 O OE
(I k y

Checkirg the necessary condition that

which corresponds to thg rotor producing minimum thrusy

for each rotor are

=,
I

——1D:

Tireveals when thg  constraint could be active,

. The five thrust solutions are

Tmin -ny -,Z min )ZW z t/g
y
T2* = \leTmin min T +)7 _( /1 ;/'-n z nTmin +1 :FnQW x ;&
i y (4.30)

.8 1 i
T3 - Ilein -nx -g Tmin ?‘7 z -ni(- X ny +/j -T/er X y nTm-FJ!
- 1 i
T, =7T. 1 T  =(- n -n At _. +n T - + M
4 Il min X -,)7 min 2( X y Z)+ nm X [] min /)7 z ;

where’ 0Y7cd R 0'Tch ,and” "QO'YF Q . Each of the five solutions is

checked to determinedf Y  mand_

Ttare satisfied. Once a feasible solution has been

found, the minimum framedkaxis control force required to faithfully reproduce the desiréd

is computed as

4
B _ st o
I:z,min - a Tp

If 'S G

(4.31)

p=1

, then the desiretl frame forces and moments cannot be realizidl positive

thrusts. In this case, the desired moments are realizé@amdst be limited (increased) 10},

However, if "G S

then none of the

compued as

constraints are active #reloptimal thrusts are
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( Fz]B I:z]],agmin ) (432)

for  pltB 1, which guaratees thatf® "G; , and yields the same solution as inverting

(4.22) via matrix inversion.

While (4.32) yields the minimum possible positive thrusts required to realize a désire@n

active constraint means tig&t "G, . This affects0 because froni4.18)

F, = F sina (4.33

As 'd is the control for! (see(3.54)), the ability to controkd is affected when the control
allocationsolution is constrained, which turn depends on the desired value$ dfandG;
with large 0 ' and smalld; being more likely to result in an active constraint. Bit'
depends strongly anasi ' is the output of the closedloop controller. In fact, the equilibrium
value of0 ' isO Y | & "0 E 1 indicating that a nonzer@' is required to control
when| mand’Q T Thereforewy and| are intermittently coupled due tbet positive thrust
constraint, particularly whefiQ; is small. As"G; increases, the constraint activity, and

therefore the coupling, decreases. Reducing the vali¥i@. locating the center of rea nearer

to the\ -framecraxis) also reduces th@'4 coupling.

In addition to the coupling just described, two other formsuddf- | coupling exists: First, a
singularity in(4.33) occurs when is amultipleof , and'd cannot be specified. Second, because
the positive thrust constraint always result&in 1t the sign ofd is determined exclusively by
the sign of . As a result/d Tt can only be synthesized @B 1 1, and vice versa. This
coupling betweend and| is unavoidable if the rotor thrusts are constrained to be positive.
Therefore, ad' control system needs to consider the intermittent couplirigotizairs beveen|
andw’, and adjust its strategy accordingly. For example, contr@ aould be achieved with a
nestedw'-| controller, which would prescribe bo¥ and the commanded valug ofs input to

an independa | controller. Otherwise if and| are decoupled, could be controlled

independent o . Active control ofY’ is not explored further in thizhapter An ultimate solution
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to this problem is permit fdirectional operation dhe rotors, enablingoth positive and negative

thrust production.

4.6 Hardware Embodiment

A hardware embodiment of thR&RFV is built to demonstrate the efficacy of the control and
control allocation algorithmsThis permits evaluation of the control systesrfprmance while
engiring that the algorithms are computationally suitable for implementation on -tineal
embedded system®\ photographof the hardwareWRFV hardwareis shown inFigure 4.1 A

carbon fiber rod serves as ttRFV axle, onto which a 3fprinted boom is attached. The boom
supports four rotors and all avionics. Also attached to the axle are two quadrature encoder sensors
used to resolve the angular position and angularnoféatee two wheels. The avionics consisiaof
battery, acentral processing uniCPU), a power measuremeptinted circuit boardRCB), two

2.4GHz radio transceivers, four brushless DC (BLDC) motor drivers, and an inertial measurement
system (INS) for obiaing the orientation of th&VRFV. The CPUis an ARM cortexM7

microcontroller programmed to:

- Communicate serially with both radio transceivers, including receiving commands from a base

station and transmitting reime telemetry data.
- Communicate seriagilwith the INS to obtain orientation andgular rate information.
- Measure the position and speed of the wheels via the quadrature encoders.
- Sample the voltage of and current from the battery via the power measurement PCB.
- Execute th¢ and, control algrithms described in Sectigh4.
- Execute the control allocation algorithm described in Sedtitn

- Compute the required voltage for each of thhe& BLDC motors and generate PWM saggito
control the voltage applied by each BLDC motor driver.

All , and| commands are transmitted wirelessly from a base station W/ every 100ms.
The base station consists of an Xk@60 handse{Microsoft Xbox 360) a laptop computer

executinga custom WinForms GUI, and two 2.4GHz radio transceivers. Telemetry data (including

, h ' Y and™0) are transmitted wirelessly from thiéRFV to the base station every 2ms. The
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interconnectias between the various avionic subsystems oiNRE-V are illustrated irFigure
4.4. The avionics components aWRFV dimensions are recorded Trable 4.1and Table 4.2

respectively.

__________________________________

XBox360 Base
Handset Station

-
QD
T e
~—*
(=]
T
I
'
.Y
QD
- 2
]
(7]

i RFV i
! Radios '
Wheel
' | [Encoders 1 !
1 y 1
Main
: CPU Motors :
| y |
INS

Figure 4.4WRFV avionics block diagram. Closddop commands are transmitted from a base station. Commands

can be generated by either the Xbox360 handset or via a custom WinFormspesgeaiting on the laptop. Motion

data are sent from th&RFV to the base station via two sets of radio transceivers. The main CPU provides PWM
signals to the motor drivers, receives and transmits data over the radio transceivers, and reads the INS, wheel

guadrature encoders and power sensors. Power is provided-e&lgBL.4V) lithium polymer battery.
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Table 4.1WRFV Components

Component Manufacturer and Part Name

CPU ST Microelectronics STM32F767ZIT6U (Nucleo F767ZI)
Encoders (2x) US Digital E3-500-984-NE-H-D-B

Radios (2x) Digi International XBeePRO S2C (XBP24CDMWI9001)

Inertial Sensor  VectorNav VN100 Rugged
BLDC Drivers Crazepony BL Heli 32
Current Sensor  Analog Devices AD8210

Battery Turnigy 2200mAh 2S 25C Lipo Pack
Motors (4x) EMax RS2206
Rotors (4x) EMax AvanR

The hardware embodiment of tNéRFV must acount for norhorizontalterrainto accurately
compute, and . To do so, the lateral rolling angleabout the frame w-axis is measured, and

the Euler angle rates are computed frdre angular velocity of thé frame with respect to the

frame] | yaccording to

@ 0ésin asec g cos 8ec g,
02 cos a -sin a ﬁé: (4.34)
1 @sin atan g cos &n g|

R P
(e et ] ot

where measurements,off h and | yare obtained from the INS\s described inequation(3.61)

from Section3.4, &' is computed from— and— (measured by the encoders) anj,as
V= Reld o) W (439
¢

The rotor motors are controlled in open loop. $teadystate electrical and mechanical atjons

governing the motors6é operation are
V,=1,R, KW,

0=k, (1, -1u) KW, o

whereo FORY RQ andO are the applied voltage, applied current, electrical resistance, back EMF

constant and ntoad current, respectively, of tlie motor. Therefore
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v, kW 0 kW 43
p%k—nl.ge p (7)

(; e -
Equation(4.37) is usa to compute the voltage required to rotate fhe motor at an angular
velocity of m . The desiredn) are calculated based on the desitédrom (4.21). The rotor
parameter®) and'Q are determined empirically by measuring the thrust force and reaction torque

on a motor driving a rotor while operating at different angular velocities. The motor parameters

YhQandOare obtained from the manufactureros dat

4.7 Control System Results

This section presents thimerical ad empirical resultsand evaluatethe performance of the

WRFV control system

4.7.1Numerical Simulation Results

The complet&VRFV equations of motiosection3.2.6are simuated with,, and controlled in
closedloop using the control systems developed in Sedtidand the control allocation algorithm
developed in Sectio.5. The simul ati on unctoe @outhvodd€rlRANBeD s o d e

Kutta with variable timestep) to numerically integré@es4) - (3.56), along with expressions for

—and—:
- _ 1. : :
ql:E(- "-Ls-R )a
1 (4.38)
G=2(-y +Ls R}
R
which come from rearrangin@.60). "G 0¥ mfor these simulations, indicating the net

force on theWRFV should be minimized, and no moment is applied that would cauSeéRi&/
to rotate about the framec>axis. Rather, only the outputs of thand, controllers { ¥ and0 ¥,

respectively), argenerated. A block diagram of the simulated system appe&igure 4.5
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Figure 4. 5WRFV contrd system block diagran).and are controlled irclosedloop. The desired frame moments
that are output from the controllers are rotated intd tfame before being mapp to rotor thrusts by the constrained
control allocation algorithm, i h, i and ' are fed back to both controllers to execute the control law developed

in Sectior4.4.

Simulation parameters are displayedTable 4.2 H and0 are coefficients of rolling

resistance, viscous damping and aerodynaraig,despectively, which are manifesdniO and

0.

To demonstrate the robustness of the sliding numhérol system to parameter uncertainty, the
model parameterssed to simulate th&/RFV system are intentionally varied from those used to

design the and, controllers, the latter being based on the actual hardW&EV parameters.

Specifically, the simulatedalues are varied by plus or minus 25%.
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Table 4.2WRFV Vehicle Paameters

Parameter Actual Value Simulated Value
0 (m) 0.262 0.3275

Y (m) 0.3480 0.261

a (kg) 15 1.875

a (kg) 0.5 0.375
‘O(kg-m2) 0.0181 0.0226

‘O (kg-m2) 0.0181 0.0136
‘O(kg-m2) 0.0217 0.0271

‘O (kg-m2) 0.0303 0.0096

‘O (kg-m2) 0.0151 0.008

g (m/s2) 9.81 9.81

"(m) -0.01 -0.0125

' - 0.05

' (N-m-s) - 0.005

0 (kg/m) - 0.01

0 (m) 0.14 0.14

Q (N/(rad/s)2) 1.6351 x165 1.6351 x165

Q (Nm/(rad/s)2) 2.7033 xD-7 2.7033 x167

The sliding mode controller parameters are listedTiable 4.3 The state feedback gains are
obtained via pole placesnt and the uncertainty bounds are based on parameter estiniates.

chosen based on @inical observations of chattering and response time.

Table 4.3WRFV Control Parameters

Parameter , Controller | Controller
—(s2) 1 1

0 (s2) 0 5.25

0 (s1) 4 5

@ 15 1

sl s 0.0054 (kgm2) 0.0027 (kgm2)
sl s 0.05 (kgm) 0.3 (N'm)

sl s 0.2 (N'm) 0.15 (Nm)

I 7R 3 1.73

SIS 0 1
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Figure 4.6shows the simulated response of|theontrol system to a step command. The desired
value off is| “TT, 1. Shown also are the switching gain and sliding variable

i .Figure 4.@ illustrates that converges to  despite the modeling uncertaingigure 4.€
shows that the contrdi ¥ is initially positive to drivd to| , but rapidly decreases while
approaches zeroOncei is sufficiently close to zerd) ¥ begins to increase according to the
sliding mode dyamics of(4.11) and the estimated nonlinear dynamics appearing in the last three
terms 0f(4.17). The estimated nonlinear dynamics are also primarily responsible for the positive
steadystate value ob ¥ required to support the offset centemudiss (becaus® ). However,

the uncertainty in the model means that these terms cannot exactly compensate for the offset center
of mass, and the difference is made up byith@ term in(4.17). The net result is a control law
that rapidly accelerates and then rapidly decelerat®sachieve the desired orientatidhgure

4.60 shows thai is initially driven towards zero, athich point the dynamics prescribed by
(4.11) drive the error system q#.8) towardzero.As discussed in Sectich4, the steadystate

value ofi is nonzeralue to the transition region introduced by the hyperbolic tarfgeotionin

(4.17). Figure 4.@l illustrates howhe value of the switching gain changes during the step
respons. The trasient behavior df is dominated by the magnitude of the velocity egos

$ S ¢8
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Figure 4.6| control system simulation in response to a step input  “ ¥t. (a) step response, (b) sliding manifold
i , (c) control aitput and (d) switching gaih . Model parameters used for simulating ¥WRFV (Table 4.2

Simulated Value) are intentionally varied from those used to design the control syatdm4.2 Actud Value).

Figure 4.7shows the time responses,di Y andi to a step command. The desired value of
» 1S, “Tc, ., 1, which behaves similarly to the control system with the expgon
that no steadgtate value ob ¥ is necessary to maintajn , . The error integrator is unused

(0 17), resulting in no overshoot.
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Figure 4.7, control system simulation in responseatstep input “¥¢. (a) step response,)(®liding manifold

i , (c) control output and (d) switching gdin. Model parameters used for simulating ¥MRFV (Table 4.2

Simulated Value) are intentionally varied from those used to design the control syatdm4.2 Actual Value).

4.7.2Empirical Results - Control System

The|
respectively, are gdoyed onto the hardware embodiment of WiRFV described in Sectioh.2

and, controllers and control allocation algorithm described in SectibAsand 4.5,

As with the simulations, the blockatjram ofFigure 4.5llustrates the entire closddop system.

Experimental data is coltéed while operating under closémbp| and, control. In all cases,

0¥ mand'd; is controlled manually.

Figure 4.& shows the response to a step command  “ ¥t for both the actual and simulated

WRFVs while Figure4.8b shows the associated valuedof. Less aggressive control parameters
px 0

are chosen compared to the simiolatfrom Section4.7.1 (0 T), because the
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simulation assumes théat" canbe generated instantaneously via the rotor thrusts, but in reality
this is notpossible; the rotors produce thrust approximately proportiomgl,tandmis governed

by the motor/rotor electromechanical dynamics. This introduces lag into the cgateshswhich

when combined with an aggressive switching gaincan result in undgrable ringing.
Additionally, the dynamics of the motors are uncontrolled; an open loop voltage is applied to the
motors according t¢4.37), rather than cdmolling min closedloop. Therefore uncertainty in the
motor parameters ar@ also affect the ability to accurately sythesizé. Nonetheless, stability

of theactualWRFV is achieved with an acceptable tradeoff between response time and ringing.
Differences between the actual and simulated platsafd0 ¥ are attributted to the uncertainty

in synthesizing) ¥ and the uncertainty in the model aareters. For examplthe difference in the
steady state values of* for the actual and simulated caseBigure 4.® could be due to uncertain
vehicle mass, uncertain center oéss location, the inability to accurgteynthesize) ¥, or any
combination of the three. However, stability and performance are demonstrated despite uncertainty

in both the model and parameters.
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Figure 4.8 Empirical data illustrating thie control system (a$tep response and (b) control outpthe simulation
behaves differently due to parameter uncertainty. However, the robustness properties of the sliding mode controller

ensure stability.

Figure 4.9 illustrates the control system tracking a sine waver{ radians amplitude, 0.4Hz
frequency) with'G, Pp®N. The sliding mode controller exhibits good tracking performance

despite uncertainty in th&RFV parameters, and demonstrates close agreement with simulation

results.
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Figure 4.9 Empirical and simulatedada illustrating (a) thie control system tracking a sine waaed (b) the control

system tracking a series of ramp commands.

Figure 4.® showsthe cont r ol | er 6 s

the| controller is simultaneously active wijth

aMlanyihgitrajegtory oo flat groanc Wb a

mt( data not shown). The control parameters

used are those listed Trable 4.3 Changes in the rollingesistance of each wheel (which are not

accounted for in ;amodel) are observed during operation. However, the controller is able to track

the commandeg angle despite the modeling uncertainty.

4.7.3Empirical Results- Control Allocation

Efficacy of the control allocation algorithm is demonstrated on the prototypeV by

commanding a sinusoidal ¥ while controlling |

in closedloop at varying angles. These
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configurations force the control allocation solution to be constrained whkievarying which

rotors are subject to the constraint. For this tedtis the output of the control system) ¥ Tt

and0 ¥ TBIATcOQ 0o whereQ T® Wz. The desired ¥ is transformed t® ' using

(4.18). Additionally, "C; i which guarantees that the control allocation solution is always

constrained) ' and'd; are input to the control allocation algorithm with T. The outputs

of the control allocation algorithm are the commanded rotor thrusts, each of which are recorded
over a complete cycle af ¥ for each value. The results are shownFigure 4.10 The time

series plots on the lefFigure 4.1@,c,e) show the commandéd (dotted line) and the resulting

rotor thrusts as a function of time. The graphics to the right of eaclFgoré¢ 4.1M,d,f) indicate

the physical configuation of theWRFV and the relative magnitude of the commanded rotor thrusts

at the time denoted by the dashed vertical line on the corresponding plot.

Figure 4.1@ shows th&VRFV when| Tt First note that wheti ¥ 1t (at approximatelyo

p&s ando®s),”Y Y Tmwhile”Y Y T&N. At these pointghe only norzero body fore
is0 ¥, which is determined exclusively by thecontrol system. The value 6 and”Y are non
zero because th&/RFV center of mass is slightly behind poidtas indicated ifFigure 4.10. As
aresult, the controller determines that a negativé must be applied to maintgin T, leading
to"Y Y T This explains why thé&Y and”Y curves appear somewhat noisy, while ‘ti@and

“Y curves are smootRY and™”Y are responding to the clostmbp| controller, wherea$y and”Y

are only needed to enforce the! command, which is prescribeto be a smooth sinusoid.
Alternativdy, were the center of mass in front of paipthen the situation would be reversed; the
control allocation algorithm would determine tfi#tand™Y should be driven primarily by the

controller and'Y and”Y would appear smooth.
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Figure 4.10Constrained camol allocation. Plots (a), (c) and (e) illustrate the desired thrust forces as a function of
time at| mh “ 7t and “¥¢ radians, respectively, while a sinusoidal is prescribed. This forcesehcontrol
allocation solution to be constrained. Tlesult is that at least one rotor thrust will always be equ#af to, which is
zero in this case. Images (b), (d) and (f) illustrate the physical configuration WRR&/ and the control allocan

solution at the instant in time denoted by the dasfeetical line in the corresponding plot to the left of the image.
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Second, a large, positivié " is commanded at the time indicated by the dashed vertical line,
producing larg€Y and"Y thrusts. This creates a moment aboutdheaxis, which happes to
coincide with the) axis when T. The relative thrusts at this instant are illustrateBigure
4.1(. Here the control allocation algorithmshdetermined thaty 1, as the commanded
moments) Y F) ¥ andD ¥ can be synthesized using jigtiY and"Y. In fact, inspection dfigure
4.1(a reveals that at all times one rotor produoe® thrust. Notice thaty Y "Y always,

indicating that the controller is still generating the requiréd to maintair TL

In Figure 4.1@ and d| “ ¥, which moves the center of mass even furtiedrindd requiring
increased thrust§Y Y m@N)when0 " T Additionally, the\ frame andd frame are no
longer algned, sa) ¥ is synthesized by generating moments about botki'trend ' axes. At
the dashed line (vered ¥ is large and positiveJY and"Y increase to generate' . In contrast to
the| T case, heréY Y Y, indicating that therés a nonzera ' (see equatioit4.22)).
This explains the slight dip ifY at the dashed linéY decreases beyond its valuebat Ttto

help generaté ' .

Lastly, inFigure 4.1@ and f| “ ¥¢. As before, the center of mass is moved further from point
wsothatY Y @ ®lwhendY 1 NowD " is synthesized solely by generatid . "Y is
nonzero at the time indicated by the dashed lin€igare 4.1@, though its value is relatively
small compared to the other thrusts required to genératehen| mor “Jt (compare to
Figure 4.10 and d). In fact, all the thsts appear smaller when  “ ¥¢. This is ultimately
because™ Q0 | "Q, indicating that moments generated via rotor thrust {i.e.and0 ') are
much greater than moments generated via rotor drag (i.efor a givenm (see equation@.21)
and(4.22)). Therefore, the thrusts generated as a byproduecbdtipingd ' or0 ' are much less
than those required to produce an identichl So, if0 ¥ is synthesized primarily vié' andd ',

as it is when “ T¢, then the thrusts willdsmaller than ib ¥ were synthdged viad ' 8

As described in Sectiof.5"3 "G:  will only be realized if G, "3, indicatng that
the constraints are inactive. Otherwise, the constraints are actiV@ avitl be set equal t6C:
Figure 4.11illustrates the control allotian algorithm transitioning between constrained and

unconstrained operation while 1. Plotted iSO for two cases’C; 0 (solid line) and
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G p® ¥ (dashdotted line). As beford) ¥ is the output of the control systemp ¥ Tt
andd" TtATOQ o where'Q & Wz. As0 ¥ changes (dashed line), shanges

"3: , which influences the constraint activeness.

Unconstrained

Constrained

25 T T

1.5

0.5

Time (s)

Figure 4.11Constrained control allocation when ttwhile a sinusoidad ¥ is prescribed. The plot show@ for

two different values o, . When'G;, T, the control allocation solution is always constrained. There®re,

"¢ . When'd; p® W, the solution is intermittently constrad so thald alternates betweé@), and'C;

For the Gy ) case, the solution is always constrained, anidso "Gx  always. Note
that"d; meven wherd ¥ 1t This is becausé ' , which is he output of the controller, is
never zero (duetthe offset location of the center of mass), and so whilenay be zero,0 ' is

not. For the"G;, p® Y case, the solution is constrained approximately half of the time. While
constraind, @ "G; and he solid and dastotted lines lie atop one another. However, as

9 Ysdecreases, so do€%  to the point wheréd, "G, . During these periods the solution
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is unconstrained ari® "Gy , indicated by the sudden flattening of the ddstted line at a
value of p® ¥ . The dashed vertical lines indicate where the algorithm transitions between

constrained and unconstrained operation for@dge  p® ¥ case.

4.8 Summary of Control System Design

TheWRFV6s design merits a controller tailored toc
Furthermore, the number of difficttib-measure parameters governing iINRFV6 s behavi or
dictates that such a controller mbust to uncertaintyAs such, the controller presented herein is

both modelbased and robust. The efficacy of the controller has been demonstrated through
numerical simulations and empirical experiments using custom hardware and softhare.

control allacation algorithm preides a means for actuating tWRFV that respects the vehicle
constraints while simultaneously minimizing thrust. Indéedure 4.1@, ¢ and d@lustrate that at

all times at least one rotor is producing zero thrust. Suctustthinimizing solution is unique to

the WRFV. Additionally, this algorithm is computationally lightweight and thus easily integrated

into an embedded system.

There are searal opportunities to improve the performance ofWieFV control systems. First,

as mentioned in Sectioh.7.2 closedloop rotor velocity controllers could improviee response

time and reduce ringing in. SecondWRFV velocity control requires @' controller that respects

the intermittent couplingf| andcw. Based on constraint activity (Sectié®), such a controller

would determine when independent controddbfand is possible and adjust the control strategy
accordingly. Thiswould permit optimizhg the WRFV6 soperation for maximum range.
Additiondly, 0 ¥ could be used for activedamping as described {4.19), which could improve
stability on uneven terrairand prevent rolling during aggressive maneuverifigally, bi-
directional operation of the rotors would obviate several challenges related to constrained control

allocation by enabling both positive and negative thrust production.

97



CHAPTER 5

Realtime Power Optimization of the WRFV

This chapterexplores via simulation the usé extremum seekip control to identify the power

optimal operating configuration ahe WRFV traversing unknown terrain. A discussion of the
vehicleds operation and mec h-based ogimizatervwhdel s op
rolling. The optimal oprating point ishown to vary based on the terrain encountered. Extremum
seeking control is identified as an optimization strategy that permits the vehicle to adapt to terrain

in reakttime without a priori knowledge of the terrain, nor detailed knowledtjee vehicle mdel.

Simulations of an extremum seeking controller applied to a +phytsics model of the vehicle
demonstrate the feasibility of reine power optimization. Additionally, an approach to detecting

when an optimal configuration has beehiaved is preseéed and simulated.

5.1 Background

TheWRFV is a bimodal vehicle that combines the energetic efficiency of rolling locomotion with
the mobility and maneuverability afultirotorflight. Additionally, the overactuated nature of the

v e h i erfestrialdocamotion permits terrabased power optimization that can further increase
terrestrial efficiency. However, terrain characteristics are not typically known a priori and can
change durig operation. Therefore, a method is sought to operaté/RIEV in a poweroptimal
configuration without explicit knowledge of the terrain, permittingWHeFV to adapt to changing

terrain in reatime.

5.1.1Contributions and Organization

This chapterexplores an energlyased, moddiree, optimization strategy for ehlWRFV. The
chapteibegins with a brief description of t\éRFY, f ol | owed by a di scussio
operating state influences powaynsumption while rolling. To demonstrate faasibility of real

time optimization, a extremum seeking conttef is designed and applied to a dynamic simulation

of the WRFV while under closedoop control The results indicate that the povagtimal
configuration is achievedeven in the presena# changing terrainAdditionally, a method for
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detecting when thpoweroptimal configuration has been achieved is described and simulated.

Lastly, limitations of the strategy are discussed.

5.2WRFV Energetics Modeling

Referringto Figure 5.1 the bimodal WRFV consists of a quadrot@uspendedetween two
wheek such that the rotors can be oriented independently of the \dla@gjslar orientationin
this configuratiorthe rotors provide the thrust required to roll and fthe wheels are not driven

but are towed by the rotors.

Figure 5.1 Thetwo-wheelel RFV configuration considered in thihapter The vehicle usea multirotor mechanism

for both aerial anderrestrial propulsion and control. The wheels are passively towed rather than driven.

Consider the lateral view of tM¢RFV in aerial mode as showm Figure 5.2, which can produce
a positive horizontal forc® by operating at an angle of attacked where™O is the horizontal
component of the net thrud¥ To maintain a constant altitude in ttilirection, the vertical
component of thrust must always ettg counteract the weight of the hiele w . This has the
effect of coupling and™O. Since™O is the control for the forward velocity, there exists a
coupling between andw. Now consider th&®/RFV operating in terrestrial mode, illustrete

Figure 5.B. Here the wheels are subject to the normal f@cihnat partially support th&/RFV6 s
weight. As a resultthe vertical component of the thrustce is not required to suppoitet

WRFV06 weight meaning thaty and thereforéD, can be prescribed independently ofprovided
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that"OA 1| O 1 That is, theaVRFV is overactuated while rolling. fie freedom to choose
independently ofo while rolling means that th&/RFV requires considerably less thryand

therefore less power) to produce a given horizontal force than while flying.

(@)

Figure 5.2 (a) While flying, the WRF\W angle of attack is coupled to the horizontal fa¢O generated by the
rotor thrust Yoecause the vertical componentdhust dfset the vehicle weighb . (b) While rolling, can varying
while producing a givefO because the vertical component ‘&fdoes not have to support the weight af tkehicle.

Instead, the normalforc®Oparti al ly supweightt s the vehicleds

Not only is rolling with rotary wings more efficient than flying with rotary wings, but the ability

to independently control permits the rolling operation of th&RFV to be further optimized

depending upon the terrain encountered. Tdlisgconsider th&/RFV of Figure 5.® rolling at

constant velocityon terrain characterized by a coefficient of rolling resistdncé&he rolling

resistanca) is a dissipative moment that opposes the motion ofMRFV6 s wheel s and

proportional tg and the normal force on the wheies,
M, = bRF, (51

where'Y is the wheel radius. Sin¢ce can be controllethdependently, it can be used to control

the amount of thrust in the vertical direction, thus unloading the wheels and reducing the normal
force, and therefore the rolling resistan€&is can result in a reduction of power consumption.

However, iff istoo large, the thruS¥will have to increase accordingly to synthesize the desired
horizontal forcéO. Furthermore, describes the angle at which air encountessrttior, which

has a substantial effect of rotor thrust and efficig@é&y.
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Figure 5.3Required rotor electrical power per roior, as a function of for different values of .|  is

angle of attack at which the vehicle takes flight an@jgesented by the dashed vertical line on the rigtitegflot.

The dashed blue line represents the angle of attack at which power is minimiZed each . All plots simulated

withw ¢m/s.

The combined effect of all of these phenomena is observEdyure 5.3, which illustrates the
electrical power of a single rotory, as a function of andthe coefficient forw ¢m/s
Figure 5.3was generated by simulating tWRFV energetic model presented@mapter 1which

uses blade element momentumattyeto predict the electrit@ower consumption and range of the
WRFV. Each curve represents different terrain type, parameterized by Note that power
increases with increasimg However, the minimum of each curve occurs at a different value of
| , indicating that the ophal (in the sense that electrical power is minimized for the gibven
value| © changes continuously with. This is illustrated by the dashed blue lindich is the
locus of power minima across If | can be controlled such that | * then the vehicle Wi

be operating at maximum efficiency.
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5.3 Power Optimization via Extremum Seeking Control

The mechanics of th&/RFV permit the independent contml|  (providedOA 1| O ), and
the strategy for choosing in reattime is to choose such that the electrical power is minimized
for a given terrain and velocity:

a,=arg minPe( ayv, ); (5.2

ayi [o,%]
Equation(5.2) represents a ordimensional constrained optimization problem withas the
objective tinction. Were the vehicle, rotor, motor and terrain parameters all known precisely, an
efficient line search algorithm could be used to determini@ reattime. However, vehicle, rotor
and motor parameters will be uncertain, while terrain charstbs will be entirely unknown, in

general. Furthermore, unknown environmental conditions, particularly windspeed, will reduce the

accuracy of thé estimates.

Corsidering these uncertainties, a meftek approach to power optimization is consgdie Such
an approach could enable ti¢RFV to adapt to its terrain and environment in &ale by
prescribing] based on direct measurements (bf thereby obviatingprecise terrain and
windspeed identification. One suitable method is extrersemking contrdi60], which prescribes
the perturbation of an input varialleg.| ) while observing the response of an output variable
(e.g.0 ) to recursively estimate the value of the input that minimizes (or maximizes) the output.
This is done using a series of filters and an adaptive update law to estimate the |vajuehich
is denoted . Let|  be the desired value pf which a closedoop| controller is to track.
Then an extremum seeking controller (ESC) can prescrige according to the following
algorithm:

a, .= 8, -asin

Rop = ApXep TBioR

Yoo = CrpXhp PnoP

% = A%, +8,( ¥, asinu, 1
Yo =G %, +D, ( ¥y asinw

~

‘fp: g/lp

(5.3)
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wherewand| are the amplitude and frequency of the pédtion, is an adaptation gaiq) ,
®w,0 andd are the states, output, system matrix and input matrix of epéms filter,
respectively, ando ,0 ,0 andd are the statesutput, system matrixral input matrix of

a highpass filter, respectively. The eoff frequencies of both filters should be less than8

5.4 Simulation Studies

To demonstrate the efficacy of this method WiRFV is simulated usinthedynamicmodelfrom

Section3.2.6under closedoop| andw controlusing the controllers designed in Sectba,
with an extremum seeking controller providingthecommandsg, ; . The instantaneous power

and ange are computed using the energetics model referenced in Se2tion

Extremum L

SystemStatesand Outputs

A
_”'; Seeking » Controller 1 Rotor REV |
Controller | >l g v Control Thrus'ts Dynamic
Allocation Model [ __
™ g 2 —r
7 Controller Te
r SystemStatesand Outputs

Figure 5.4Block diagram othe WRFV control system with ; determined by an extremum seeking controller

whose objective is to minimize.

All simulations are performed IMATLAB® . A block diagram of theimulated system appears

in Figure 5.4 Hereb is the desired control moment in tbeadirection, which is the output of the

| controller. The ESC is desigdwith & -radh vrad/s, and 181 T1.{ he low and

high-pass filters are secoratder Butterworth filters with cudff frequencies oforad/s.Figure
5.5illustrates the response of MWRFV to the ESC wheh &, andw ¢m/s.
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Figure 5.5Response of theVRFV to the extremum seeking controller. (a) tracks|  , which is sinusoidally
perturbed by the extremum seeking controller. (b) As a ra@sutries sinusoidally too. The changelindrives the
estimate of to converge to . (c) TheWRFV rangei increases dramatically as approaches the p@r-optimal

value| *. (d) The velocity of th&VRFV is controlled in closedbop to track®
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Figure 5.% shows how h|  h| and| * evolve throughout the optimization. As desired, the
value off  converges tp °. This indicates that th&/RFV is operating at minimum power when

| | . This can be observed Figure 5.%, which shows) as a function of time. The initial
spike in0D is caused by the acceleration of IMRFV under cbsedloop velocity control. Once
the vehicle has achievedteadystate velocity (at approximatedy 1.5s, as seen Figure 5.5l),

the ESC begins to correctly de| toward °. Then, as approaches®, 0 settles into steady
oscillations at twice th perturbation frequency. Hebeincreases when is at both the peak and
trough of its cycle, indicating that is minimized when of = . The longterm effect of
optimizing|  for minimum?O s observed ifFigure 5.8, which shows the instantaneous range

of theWRFV. The difference imange between an optimal and suboptimal solution in on the order

of kilometers.

To understand how the algorithm will respond to changing terrain, alation is performed
wherein the terrain parameterundergoes a step change fr@nto & at o0 ts. Figure 5.6

illustrates the response of téRFV to this scenario.
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Figure 5.6 Response of th&/RFV to the extremum seeking controllertivian instantaneous changé imto  6s.

(@)l converges tp® for each value df . Instantaneous changes in {bjand (c)i occur with the change in.

As before, of converges tp® within several seconds. Howay the response time|of dictates
to what extent the ESC maccommodate continuously changing terrain. The frequency at which

the terrain changes depends not only on the spatial frequency of the terrain butial3thainis,
— w—, where—is the spatial frequency bfvariation. The respnse time of is influenced
byl , wand’, with larger values leading to faster adaptation. However, these values cannot be

too large] must besmall enough to allow ; to be accurately tracked by the closedp

106



| controller while® must be small enough that the conditi@A 1| O 1 is not violated.

Furthermore, th&®/RFV must be able to produce enough thrust tonma@mw @ throughout

the oscillations in ; large@leads to high angles of attackvaliich large thrusts anequired,
especially if the terrain is difficult (s¢@gure 5.2.

Oncel converges to °, the ESC should be disabled so thatwWieFV can operate at*. The
convergence condition can be determined by examining ¢ither a highpass filtered version

of| ,denoted  .Both signals approach zergas® | “. Once the magnitude of either metric

is below a threshold vaé, the ESC can be switched off. As an alternative to an abrupt shutoff, the

magnitude of the perturbation sigmatan be gradually attenuatdeigure 5.7illustrates the ESC

turning off after convergence has been achieved. [Hgye is monitored until

\fpm\ < (5.4)
wherg is the convergence threshold. Note that the convergence condition is satisfied immediately
ato 1t To avoid accidentally detecting convergence prematwadlyanking period of two cycles
(i.e.”Y ¢ ¢“A ), is enforced upon enabling the ESC. Upon achieving convergence, the

perturbation signal is attenuated such that

a, ..= &, -ae“" sin m (5.5)

p,des

where t is a time constant controlling the rate of attenuation, @anté the time at which
convergence is detected.
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Figure 5.7 Extremum seeking cdroller with convergene detection and subsequent attenuation. (a) The angle of
attack. Once convergence is detected at approximateRs, the perturbation signal exponentially decays. (b) The
electrical power. Once the perturbation signal has completebayed, the electricgpower is minimized. (c)
Convergence conditions. Bathy, and  decay to zero once convergence has been achjeygd was monitored

for convergence in this simulation.

For this simulation] gtgt & » and’Y ¢®i. Figure 5.Aa shows that once|
converges tg ° the perturbation signal exponentially decays according.f). Note that the
convergence criteria, based heré op , reflects thenstantaneousate of change ¢f , meaning
that if| were to overshoot and/or ring,; could approach and cross zero multiple times. In

the smulation shown inFigure 5.7| exhibits a nearly deadbeat response, so no significant

108



ringing ocaurs. However, in practice the convergence crit¢fid) should be appropriately
debounced to avoid prematurely detecting convergence due to any ringingayhatcurFigure
5.7 shows the electrical pow&r. Note that) is at its minimurnvalue when the ESC is disabled.

Figure 5.¢ shows the evolution of bath and .| j isthe smoother of the two signals and

thus B used to detect convergence.can be made smoothiey adjusting the cutoff frequency of
the low pass filter in(5.3), however this also affects the perfance of the ESC. Therefore,
independently higipass fitering| provides a smooth signal for convergence detection without

affecting the ESC.

As the terrain changes, the ESC should be reenabled to again determine the optimal angle of attack
at whichto operate. This can be accomplished by monitoring thenitastaous predicted range
for low frequency changes, like those observeigure 5.@€, which can indiate that the terrain

or some other environmental condition has changed.

5.5 Summary

The WRFV is a promising bmodal vehiclewhose architecture permits powminimizing
optimization in reatime. This chapterhas demonstrated that extremum seeking contral is
feasible method for performing this optimization. However, limitations exist. First, care must be
taken when designinghé controller to ensure that the ESC converges faster than the terrain
changes. Second, the ESC is designed assuming that anglackf atand terrairi primaily
influence the power consumption. However, power consumption is sensitive to vehicle
acceleration too, so the ESC works best when the vehicle is operating at a constant velocity.
Finally, care must be taken when determinitgen to enable and disable the ESC. Thepigbs

filtered optimal angle of attack estimdte;; can be used, but appropriate use of blanking times

and debouncing is suggested to avoid premature enabling and disabling.

Future work involves evaltiag the reatime optimization methods on an experimental hardware
WRFV.
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CHAPTER 6

The SphericalRFV

This chaptempresents the dynamic model and control system desitpe apherical RFV (SRFV)

of Figure 1.b, which is ai-modal multirotor vehicle capable of omnidirectional terrestrial rolling

and multirotor fligh. The vehicle is designed to conserve power while rolling without losing the
mobility and maneuverability of multirotor flight. The vele employs a threaxis gimbal system

t hat decouples the rotor ori entoa.tAdymamicinodelm t he
of the vehiclebs terrestrial motion is derive:t
basis for a nouetrajectory tracking control system suited to the architecture of the vehicle. A
functional hardware embodiment of thehicle is constructed onto which the trajectory tracking
controller is deployed. Experiments with the hardware vehicle demonstragdfittaey of the

trajectory tracking control system. These results are compared to numerical simulations of the
vehicle tacking a trajectory. Both sets of results demonstrate controlled, omnidirectional,
terrestrial maneuvering. The vehicle is caetuate while rolling, and the additional degrees of
actuation can be used t o «haptepraseatsea novel algortrenh i c | e
that leverages the ovarctuation of the vehicle to avoid gimbal lock. Simulation and empirical

results demonsr at e t he al gorithmbés efficacy.

6.1 Background

As discussed in Chapter 1, thaultirotor RFV is abi-modal locomotion combation that has
recently received attention from researchid?], [13], [21] [23]. RFVs contain a multirotor
vehicle at their core, combined with a means of rolling locomotion. The notovéde the sole
source of propulsion, whether rolling or flying. This arrangement combinemaddity and
maneuveraitity of multirotor flight with the efficiency of rolling locomotion, makinRFVs
attractive candidates for subterranean operatibmsRFV developed by12] places a quadroto
at the center of a cylindrical cage with a single axisotationto permit forward rollingSimilar
to theWRFV of Figure 1.h, Takahashi et a[13] create and analyzetwo-wheeled RFV which

permits yawing without slipping.
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A key challenge for researchers has been to demonstrate controlled, terrestrial trajectory tracking
of RFVs in closedoop; most authors do not discuss nor design a contrtédrayandnonereport

any experimental, closddop control system data from a hardware prototype. One reason for this

is the existence of a constrained (or preferential) rolling direcidorced by the kinematic
constraints of the rolling mechanism (eadneels [13], [21]), cylindrical cage[(2], [22], [23]).

This means that the orientation the multirotor vehicle is coupled to the motion of the rolling
mechanism. As a result, when an obstacle or disturbance isreeced at the rolling mechanism,

(e.g. a bump in terrain), the mutitor, and therefore propulsion direction, is affected. €ffiect

is exacerbated as the distances between wheels (or lengths of cylindrical cages) increase. This
makes trajectory trackg control difficult on all but the most benign terrains, i.e. smoitdh,

ground. One strategy to address this challenge is to decouple the multirotor from the terrestrial
rolling mechanism. Mizutani et aJ44] accomplish this by suspending the multirotor vehicle
within a series of nested gimbals that are surround by a spherical cage; the cage may rotate
compliantly in reponse to encountering an obstacle while leaving the multirotor vedhiitien
unperturbed. A commercial embodiment of this strategy is theEElmgFlyabilityE ( Paud e x ,
Switzerland) which is an inspection drone that is surrounded by a protective dagegiT both
systems contain a gimbal system within a spherical caijleenis intended to locomote by rolling;

both are flying vehicles, and the gimballed cage helps the vehicles remain stable in flight despite
collisions with obstacles. Other researcHease enclosed rotary wing vehicles within static (i.e.
nongimballed) protective cage$61], [62]. However, these vehicles are not capablenoir (
intended for) rolling locomotion because they cannot control the orientation of their rotors with

respect to their cages.

6.1.1Contributions and Organization

The SRFV presented in thishapterconsists of a quadrotor suspended within a thaseg gimbal
sydem that is surrounded by a spherical cage. An image of the SRFV appEmnsrn6.1 The
gimbals permithe quadrotor within to rotate independently of the spherical cage, while the cage
serves as the rolling mechanism andtgcts the vehicle. Therefore, the SRFV combines the
virtues of theRFV (i.e. aerial mobility and mneuverability, terrestrial efficiency) with the benefits

of a decoupling gimbal mechanism and a spherical cage.
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Figure 6.1 The SRFV. A spherical carbon fiber cagemits rolling locomotion and provides protection. Thaxs
gimbal system decouples the quadrdtom the cage, permitting omnidirectional rolling while reducing sensitivity
to disturbances. The ground reaction normal force can be independently edritto#duce rolling resistance. Gimbal
lock can be actively avoided using rotor drag. Instrumamtatn the gimbals permits odometry calculations used for

feedback in a trajectory tracking control system.

I n particul ar, t he S Ré&arangement redoced the sensitivitg pfkthe r i ¢ &
guadrotords orient at i onn44]), which lelps adiess thal ¢costrolur ban
challenge faced by existir@FVs. Additionally, using a spherical cage (rathearthwheels or a
cylindrical cage) places the point at which t
center.This reduces the moment arm thgbuwhich disturbance forces caused by the terrain
produce deleterious disturbance moments. Furtbenthe spherical cage makes contact with the

terrain at one (or a few closely spaced) point(s), meaning that differences in the terrain between
contact paits are less likely to generate large disturbance moments; this is a significant advantage
over a wWeeled or cylindricaRFV wherein the distance between the terrain contact points is
typically as large as the vehicle itself. Taken together, these chaliadet i cs r educe t}
sensitivity to terrain disturbances compared to existigvs. Additionally, the kinematic

independence of the SRFV6s quadrotor and sphe
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rolling; t h-axis @irRoal\sgstem debples the rotor orientation from the cage
orientation so that the SRFV can generate thrust iddaagtion, irrespective of the direction of
terrestrial rolling motion. This contrasts with existiR§Vs, which can only generate thrust in a
vertical plare that is parallel to the direction t#rrestrialrolling motion.As aresult, the SRFV

offers inkerent advantages in terrestrial mobility compared to existing MRFVs.

Several authors use dfie-shelf (OTS)flight controllers on theiRFVs, e.g. PixHawl23],
ArduCopterf12]. Others retrofit a complete OTS quadrotor vehicle with a rotileghanism and
usethe onboard flight controll€21], [44]. These controllers are inherently limited as they are
designed to control flying multirotor vehicles. Their limitations as they relatertrol, control
allocation and power optimization are discussedCimapter 4 In particular, OTS quadrotor
controllers and control allocation maredulpds
most of the thrust produced by an OTS quaairobntroller is dected vertically, which does no

work to propel a terrestrial vehicle on flat grouSdich limitations reduce the potential energetic

benefits of the SRFVO0s rolling mode and prohi

This chapterpresentsa novel, terrestrial control systenfor the SRFVwhich permits thrust

generation in any direction; the quadrotoros

The control system design is based otemestrialdynamic model of the SRFEVIhe model

considerghe translational and rotational dynamics of the quadrotor and spherical cage, along with

nonholonomic rolling constraints. Thehapteris the first to produce a dynamic model of the
SRFV.

Additionally, the SRFV is oveactuated whilealling. Thischaper describes how the additional
degrees of actuation can be used to optimize SRFV opefatioontrolling the ground reaction

normal force and avoiding gimbal lock. The result is a cosystemt hat | ever ages

overactuationto simultaneoushaccomplish control and optimization objectives.

The efficacy of the control system is demonstrated with numerical simulations and empirical data

obtained from experiments on a hardware SR\é SRFV uses a combination of inertial seasor

and gimbakencockrs that permit regime odometry calculations, which are used as feedback for

the trajectory tracking controll er MRAWhas abi

not been demonstrated before and motivates the use of cugitnm bardwareOTS controllers
do not permit the type of instrumentation required to control the SRFV.
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This chapter is organized as follows: A60F dynami ¢ model of the SRFV
the NewtorEuler method of mechanics is developed. Thehatonomic kinemats of the SRFV

are derived, providing a method for vehicle odometry. The dynamic model becomes the basis for
a novel, trajectory tracking control system, the output of which is thelimwensional position of

the SRFV upon a horizontalgme. In additionthe chapter describes how the vehicle is over
actuated while rolling and discusses methods for optimizing the performance of the vehicle by
leveraging the extra degrees of actuation. A hardware embodiment of the SRFV is presented, along
with a descriptionof the sensors required to implement the trajectory tracking controller and
optimization algorithms. Simulation results demonstrate the performance of the trajectory tracking
controller. These are compared to empirical results obtaiogdthe hardwarenebodiment of the

SRFV, which similarly demonstrate good trajectory tracking. A novel gimbal lock avoidance
algorithm that e xgctuadiantsderiveth. SimBaRof ¥nil €mpoicaleresults
demonstrating the gimbal lock avoida algorithm arepresented and discussed. Finally,

opportunities for future work are discussed.

6.2 Modeling

This section presents thgnamicmod el of the SRFV6s terrestrial

6.2.1Bodies and Reference Frames

Figure 6.2containsschematic diagrams of the SRFV rolling upon a rougirizontal inertial
plane. The vehicle is modeled as a rigid bodyhe quadrotor, blue rings) suspended within three,
nested, massless gimba® (green ring),’O (cyan ring) andO (pink rod) that create a three
dimensional (3D) pendulum. The gimbals are housed within a perfectly spherical ghellgrey
circles) that rolls without slipping on theertial plane. The outermost gimb& is fixed to the
interior of the sphericadhell. The center of both the spherical shell and the gimbal assembly is
point @ The reference frameis an inertial reference franfixed to the plane at poiffand
reference frame¥$ and\ are attached to bodiésandd, respectively. The ceettof-mass (CoM)

of 0 is at pointy and does not necessarily coincide wiithut is offset by a distané&®not labeled

in Figure 6.2 in the negatived' -direction, i.ei m 1 'Q .Pointis fixed in bodie®

andd so that rotation od with respect t@ occurs about poirth
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We choose as generalized coordinates the position of @qirgjected in theé>wplane, the gimbal
angle§ § and , and the orientation of the with respect tdl, parameterized by a quaternion

M\ . Therefore, the generalizedordinates are

A=@hx Moy, b & G ¢ (6.1)

Figure 6.2Diagrams of the SRFV. (a) The SRFV at the iorigf the configuration space. The SRFV consists of a
guadrotord supported by three gimbal®, "O and"O, the outermost of which is attached to a siglaé shelld with
radius'Y. The quadrotor is represented by the four blue rings (one for eachaonnected at poimd The spherical
shell is represented by the thin grey circles surrounding the quadratagimbals The spherical shell contactset
inertial plane at poind The center of mass of the quadrotor is located at poifi) The RFV displaced from the
origin. The gimbals permit the quadrotor reference frante rotate freely with respect to the spherical shell via the

gimbal angle! ,f andf . Point®is offset from pointoby a distanc&Xnot labeled) in the negatiédrdirection.

6.2.2Gimbals

Body 0 is free to rotate about poigi(via the gimbal assembly) within the sphéreo that the
orientations ol and\ are independent. The rotation matrix relatihgnd\V is a function of tk

gimbal angles fi and , which are associated wit®, "0, and"O, respectively:

C.=RB)R(HR( P (6.2)

115



where'Y — represents a rotation efradians about thi-axiswherery 8 ¢fuhd . That is, the

"O rotates abouthe sharedr-axis of\ and™O, "O rotates about the shareshxis of 'O and"O,
and"O rotates about the shareghxis of 'O and"O. The angular velocity y \ is related to the

gimbal rates by

€0 -sinb, cos pcos,bg

W, = 20 cosH sin bcos, Ha b C (6.3)
gl 0 - sinb,

where the definition of follows from (6.3) andf T 1 f .Although notindicated with

a superscript, the derivatile is with respect to an observer fixed to egimbal forg N pltio .
That is] is the angular velocity that would be measured by a rotary encoderrgt timbal
joint. Although rotaion betweerN and\ is unconstrained, a dissipative moment due to gimbal

bearing friction is modeled as an equal and opposite reactionema@ betweend and 6.
Therefore,

MS =-bolE b, BR( W b, RA JRA )i (6.4)

where® is aviscous damping coefficient associated with gimiBalAdditionally, the feebody

diagrams ofFigure 6.3ndicate that there is an equal and opposite reactionforgetween bodies

6 andd at point
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(@) (b)

Figure 6.3SRFV free body diagrams. (a) Free body diagram of the quadrotor dodiiiree forcesct onodThe
rotor control forc€O, a reaction forcé€O from the spherical shell transmitted via the gimbals, and the gravitational

force. Two moments act obid The rotor control momeni and a reaction momeiit from the spherical shell

trangmitted via gimbal viscous friction. (b) Free body diagram of the sphericakshEtfiree forces act an: A ground
reaction”Q, a reaction forcéO from the quadrotor transmitted via the gimbals, and the gravitational force. Two

moments act ofi A terraindependent rollingesistance momefit and a reaction momeit from the quadrotor

transmitted via gimbal viscous frictio

Note that other moments internal to the gimbals (i.e. those orthogonal to gimbal rotation) are
neglected because tigambals are kinematically modeled asunrestricted 3D pendulum. As a
result, physical gimbal lock phenomena are not predicted by dldelpresented in this section
Section6.6 models physical gimbal lock phenomena and discusses how they affect the motion of

the SRFV. Lastly, because the gimbals are masslesand™O are sufficient to describe the direct

reactions between bodiésando.

6.2.3Rolling Reactions

The spher& contacts the plane at poiatso thati m 1 Y, whereYis the radius of
spherd). The ground contact foré®acts ord at the point This force includes both the normal
and rolling reaction forces. A moment due to rolling resistanceis applied to, and opposes the

motion of, the spheré. Assume thath is proportional to nor@ force "O, which is the
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component ofOin the\l frameg-axis direction, i.e’0 &0, wherediis the unit vector in the

direction of thell framed-axis. Then, if0

is in a direction opposing the mian of 4,

(6.5)

% EEF €

where® is a terrairdependent coefficiertf rolling resistance and the definition®f N s

follows from (6.5).

6.2.4Control Inputs

The control force and momen® and0

,respeti vel vy,

are generated

and act directly on body. Because of the fixed orientation of the roté@sjs entirely in theiity

direction, i.e’0 "0y QAs a result,

eF:

M

Now, define the control input @&k "0y

2 &0, zF

i & (6.6)
(8las 'dvl

OV ~a "0y andd are synthesized from the

thrust and torque produced by each rotor. Define the thrust and torquédfrtiter as’Yando |,

respectively. By invoking the hover assumption, which is standard in the quadrotor Egtaiur

"YandD can be expressed as

= kW,

Q= kW (6.7)

wheren) is the angular velocity of th€@ rotor about its axis, an@ and'Q are therotor torque

and thrust constants, respectiv@ierefore, the contral can be expressed in terms of the thrusts

1 1 1g
L L 4 9:7%
- u
o ¢
L L 1L 8° Ug (6.8)
gTs l:.l otor
kg U
4 U
kT kT kT ﬁ
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whered is the perpendicular distance of each rotor to poimtojected in thexwplane of\, "N

A is a vector of thrusts, and the definitioncef  follows from (6.8).

6.2.5Equations of Motion for Body || (Spherical Shel)

First apply Newtonds anndiguesldeSurdnsing formegisldst o t h e

aF=m'n, £ my k (6.9)
where (s the gravitational acceleration. Summing matsend about its CoMy yields
a My =l bBH'j/HB W3 W F FEM M (6.10)
where’O is an inertia tersr of bodyd about pointa Substituting(6.5) into (6.10) results in

A My =l 21w [, CHF-M, (6.12)

The neslip nonholonomic rolling constraint leads kinematic relationships between the linear

and angular velocity and acceleratiordof

]1_'. _ .
b= Wy T (6.12
Mg — I
lp = ~Wp '?Sc (6-13)

Substituting(6.13) into (6.9), solving the resulting expression f@, and then substituting that
result and intd6.10) yields

(IbB - mB([rbc 3 -E:rr)[rbc] 3) HV%I-B %3 I bB‘W ([ﬁbJ 3 C rF)(F—b m Eg') M 4 (614)

which relates|  yto the interbody reaction forcéO.

6.2.6 Equations of Motion for Body = (Quadrotor)

Next, Newt on 0 saraapgliedfobodein Fgsire 6.2a w
I

aF.=m’t, =K mg R (6.15)

Summing moments o about pointy yields
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é. MbA :l bAHﬁ/HA +—VM%3 I bAdiﬂ( r_;*E)a m3AHI;ib rdba:r‘n /@ M b MR (616)

where’O is an inertia tensor of body about pointa The kinematics b are

(6.17)
I[r.ia = ]Iﬁb -Iﬂr;ba ]Eib Wﬂ& Iﬁba (618)
! rla = Hﬁb "'HVLVM B W Erng Mr:ibz H;ﬂ( Foa W (qﬁAW_bg) (6.19)
Substituting(6.13) into (6.19) yieldsf, =, F.,
. ﬁa = [rTi)C]a HWW -[rba] 3 : W& [-F‘M/]Zr:ba (620)
Substituting(6.20) into (6.15), solving for'O and substituting the result in(6.14) yields
(le - (mA "mB) ([Tbc]s err)[Tbc] a) Hﬁ/m el W (6.21)

= m (] &)l w (% cAmim L (m- m)e R)- M

which relates|  yandY \ y Substituting(6.13) into (6.16) results in another expression relating

¥ yyand¥ y

loa i, + W2 o MR [Fod. v Bm3m g M, M, (6.22)

6.2.7 Solving the Equations of Motion

Equationg6.21) and(6.22) must be simultaneously solved for, andy  \ Furthermore, if the

resulting equations of motion are to be the basis for control system design, it is desired to rewrite

the solutions td  yandY \ yin controtaffine form wheein the controlYis factored out. To do

S0, egations(6.21) and(6.22) are rewritten as
Cllﬂ'/;VM + Clz]I % :dl gll—:R (623)
(:21]I VVHA + (:22]I % :dz MR

where, from inspection ¢6.21) and(6.22),
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m((t] €)%l o % (me mp((w]. CHw]

G = IbA’ Cyp :rnA[Tba]z [?bc]a

_ (6.29)
. 2 _ _ _ _
d :([ ] )(mA[M/]IA]a ba ('mA n‘E) E) '%'3 LB w Mb'
dz 3m Q Mb_ Wms IbAT%’ g = [T_br]s err
Equation(6.23) is written in compact form and solved for, yandy
ew, @ ol .69 05 oF,
gc'd +C _ (6.25)
é -
& W g gjaﬂs I35 gVIR
W 0 ® . Q . .
where wk o oo A and Qk Q N g . Resolving (6.25) in the \ frame and
substituting in(6.6) and the definition of the contrdlyields
éﬂﬁﬁ 9 -1 A é- _1eg1 0333 Qod)234 9
é ., alcd +£
& W u( ) c 8)333 35 H—g|434 u (6.26)
=f 4gu

which is the desired contralffine form. The definitions ok g andC™ A follow from
(6.26), and the superscript indicates that all quantities in the parentheses are resolved\in the

frame.

6.2.8Generalized Velocity

Note that even though tle®nfiguration space of the system is eidlmensional, the motion of

the system is confined to a gikmersional subspace of the configuration space. This is due to the
nonholonomic rolling constraints on the system; the linear veldicitys compektely determined

by] \ yaccording ta6.12). As a result(6.26) is sufficient to completely describe the motion of

the system. To see this, reso(@€l2) in the\lframe and isolate th& anddycomponents:

e, o &1 0 O g 1é0 O Hz_A

p g - r3H =7
e]Irlgy u & 1 OG)B bc Ogl O ubc 387/% (6.27)
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Also, from (6.3),T 3 14{y 3 O6J1\y 1\y. Finally, the angular velocity] | \ is

kinematically relatedo rpy by iy -fy § 1\ y Therefore, the generalized velocity can be

written as
= a = T
q = 8]1 I]k]ix HrltHJ y bl é] 3b q]IAT E
%l 0 0g ., ., O
g 10 gA Srbc 3% u
u u
é g B d (6.28)
= é GC, (’/Vuix - V&) N
e 1 ., ~ _ u
é EQﬁA , u
e au

Sinced\ is a function of})] and®\ is a function of , ) only depends on 1 | yandn.

6.3 Control System Design

In this section a closkloop, trajectory tracking control system is developed to control the
terrestrial motion of th SRFV.

6.3.1Control System Objectives

The objective of the control system is to force paiof the SRFV to track a trajectory in tbeo

plane of the inertialrhme\l. The control system consists of an outer position control loop and an
inner orientatiorcontrol loop, which is a common practice in the control of flying quadrpt@is

However, a trajectory tracking controller intended focamventionalflying quadrotor is not
appropriate for théerrestrial control of the SRFV. A flying quadrotor tracks a thkmensional

(3D) position (or velocit) in the inertial frame, and a heading andg#®wever, while on the

ground, the SRFV only tr&e a twedimensional (2D) position (or velocity) in the inertial frame;

altitude and heading angle control are unnecessary. Therefore, there are only twizs)tiaatit

mu st be tracked by the SRFV6s terr ewrntroliaal corl
flying quadrotor.As a result, the SRFVisovarct uat ed whil e rol ling. | n
degrees of actuation which can be used taxapé the terrestrial operation of the SRFV. First, the
actuation mechanism that would otherwesatrol the heading of a flying quadrotor may be used
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by the SRFV to avoid gimbal lock while rolling. This is discussed in detail in SéztoSeond,

the component of the control foré@ in the difdirection (denotedd;; ) can be directly prescribed
while rolling. This force, which is typically used to control altitude icoaventional quadtor,

can instead be used to reduce the norgaadtron between the SRFV and ground, thereby reducing
rolling resistance. This phenomenon is discussed in det@hapter 2and techniques to leverage

this additional degree of control to minimize powersimption or maximize range are discussed

in Chapter 5 Other normal force optimization strategies could achieve a desired tradeoff between
minimizing power consumption and minimizing the impact that the SRFV has on the surrounding
environment, or the aud#dnoise generated by the rotors. Note that QUi&irotor controllers are

not capable of arbitrarily prescribini@, i.e. the range over which they can control roll and pitch

is limited.

6.3.2Control System Description

This section provides an overviewf t he SRFVO6s terrestri al traj.

which illustrated in the block diagram Bigure 6.4

Normal "dﬁﬁ
Force 0.
o i S
ptimization
W R V| s
i "hith ) J L - =
( Resolve ol RPN Feedback | O Control Y SREV
— Position Force in Controller Linearization Allocation
Controller |
(k%) |, . .
o\ U 'h  |cimbaltack| TH
Avoidance
U seux %
Xy By 1
— Odometry
\J*l \l A \l

Figure 6.4 SRFV terregial control system block diagram. The control system consists of arloo@rotorplane

normal controller nested within an outlErop position controller. Together these enable the SRFV to track a trajectory.
"0y, andd V; are not computed gsart of the trajectory tracking controller but come from independent normal force
optimization and gimbal lock avoidance blocks, respectively. The control allocation ensures that the rotors thrusts are

minimized and positive. The input to the control systis the desired position, velocity and acceleration of the SRFV

resolved in the inertial frame. Available feedback signals dreéy,1 andf 8

An outer position controller opates on the desired and actual position and velocity of the SRFV,

resolved in the inertial frame. The outputs of this controller arevttend cxcomponents of a
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desired control forcéd;, t o be synthesi zed &gomporemr ofdRVO s

specified directly to control the vehicle maal force, as described above. Recall from Section

6.2.4that the control forcé is constrained to be in thigldiredion, which is normal tohte plane

of the rotors. That is,
Fe=Fa .k (6.29)

Therefore, the direction ofQ; , which comes from the position controller and normal force
optimization block, prescribes the desired rgitamnenormal directiorodly . That is, Gy
"Jr . Nowdlly becomes theeference command to an indeop rotorplanenormal (RPN)

controller that forcegiUto track@lly . The outpus of the RPN controllemre thecy and >

components of the desired angular acceitemdt \j y,  that would regulate the RPN error to zero.
This desired angular acceleration is termed i.e. | k Y V3ar Y Vws . Both the

kinematicequatiors of the RPN erroand the || equation®f motion arenonlinear, so feedback

linearization is usedo determine the controbk "O; 0V . The feedback linearized

equations, which are underdetermined, are augmented with equatié@g fand0 Vi, prior to
solving Thus, thesolutions ofd \x andi V; are informed by the auxiliary objectives™@f; and
0 ;.0 V5 may be chosen freely, or determined via the gimbal lock avagdaigorithm described
in Section6.6, while the value of the contrd}; is assigned to be the component@§ in the
true @idirection:

Fo,= B'Fla. HCF (630

,des

This occurs in the bl\Noc kgule &bThus,aldfourfcérgaenentswfe

0 are specifiedd is then converted into the rotor thrustgia a control allocation algorithm which

is discussed in Sectidh3.6

6.3.30dometry

The positioni ' and véocity i ¥ are inputs to the position controller. These variables are not

measured directly but are calculated based on other measurements using odome{6/1Erom
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= % R W) R
g(—m Gt) Je

where] | yand 8 are obtained from the INS amdand3 | are obtained from the gimbal

(6.31)

encoders. Equatiof6.31) is numerically integrated to determing.

6.3.4Position Controller Design

The goal of the position controller is to force theandwcomponents of ¥ to track a desired
trajectory i VhRiVR' Y in thec>wplane. The plat model used to design the position control

system is a simplified veion of the dynamic model derived in Secti®®2 The simplifying

assumptions are:

- The bodyd is a uniform, spherical shell sotfi@ O is a diagonainatrix, and the principal
moments of inertia are identical, i€, Oy O . Thereforey y 0OY y m

in (6.24).

- The rolling resistance coefficiedi 1, therefored m . Rolling resistance provides
openloop damping, which is desirable from a stability perspective. Therefore, we do not
attempt to ompensate for rolling resistance, which could lead to iflgyaib the estimate of
@ were uncertain. Since the terrain characteristics are not known a priori, the most

conservative action is to assume Tt

- Gimbal viscous friction is negjible, i.e.d0 @ @ T thereford) Tt As with rolling

resstance, gimbal friction is a source of stability and is difficult to quantify.

Q mnCi Tt The result of this assumption is th@atis the only control affengi

Combining the kinematic acceleration constraii6df3) with the equations of motion fro(6.25)

yields

= i g s el [0 Ldg o gt & § e
¢

¥ 3 rU
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Resolving(6.32) in the\lframe and invoking the simplifying assumptions results in

|
U= =L (6.33)
rneq g 0

A
whered k —~ a& & is the equivalent mass. Thie and wcomponents of 'V are

decoupled and linear, so the control for each component can be designed separatetgitesing s

feedback. Moreoverhe two designs will be identical. L&trepresent the error in tlomponent
ofiV,ie.Qk iV, 1V;, whereCcan bedor ca The differential equation describing the

evolution of theerror is

1

o — Il I ;-1 ey I

ej - Eb,j,des - rib,j _rib,j,des FRj (6-34)
M

Define a virtual controd k YVV:r  —"0; so thatQ 0. Now a control law can be

designed fob such thatQ © 1. The assumptions outlined at the beginning of this section can

result in a steadgtate error due to modeling inaccuracies, particulldyassumption that is
perfectly spherical and that ~ T8To combat this, we also require tf@© T, which results in
an integrator in the control law. The state feedback control law is chosen to be

.
_ el ~ 1 I 1, @
v, =- Kﬁj, 7?1 é jd € a (6.35

where the gaine 0 U0 0 are selected using LQR or pgdacement. The final cdrol

law is

FRH,j = "Lq (H]I .ri.E),j,des 'Vj) Fﬂeq(m.i’i{),j,des Kf j)

H (6.36)
=meq(“'r;£,,-,des *, fpdt Ke K '?)

If the integrator is not desired nor necessargritbe omitted by placing the first pole at the origin,

resulting inv Tt In the broader context of the entire trajectory tracking control system, the
control law(6.36) specifies th&y and-components ofd;  which, togethewith the value of

"Or;,  prescribed byhe normal force optimization strategy, are the input to the RPN controller.
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6.3.5Rotor-Plane-Normal (RPN) Controller

An RPN control system is described in this sectidre goal of thdRPN controller is to forcétu

to align withoky , whereddly "J; . The plant model used to design the RPN control system
is a simplified version of the dynamic model derived in Sedi@nThe simplifying assmptions

are identical to those from the position controller design (Se6tid with the exception that the

"Q Tmassumption is relaxed; the CoM®ftioes not have to coin@dvith the center of the sphere
6. The dynamic equations that inform the RPN controller desigthase of{ |  Partitioning
(6.26) yields

'/, o ef, o g‘_Aé
s .o gf Q0 & §y Fa U (6.37)
ey - o
éHM/ﬁB u ng H gug
so that
W, =f,+g,u (6.39)

Now a control law foild must be designed force gflio alignwith & . To do so, first define

the RPN erroQ  such that

&t E A (6.39)
where

Wt E + zE, (6.40)

is a vector that bisects the angléetweendtlanddy , as shown irFigure 6.5 Therefore, the
magnitude ofQ is O E-land the direction of2  is normal to bothfland Gy . This is a

desirable error metric because the magnitud® Bfis maximum when radians, and the

direction ofQ s in the direction ofl -frame rotation that will bringilanddty  into alignment.

Differentiating(6.39) yields
By = E3 W +zEF v (6.41)

UE o= B3 W R ZEY wE Z3E (6.42)
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W W

wherel . . The derivative® and0 can be related to andv , respectively by
- L,'w w o+ Lw
= |;_V| , ngEl W+ b0 o (6.43)
wherey ) 00 andy s—svb W ¥ Wo 0W ¥
otk
Q

Figure 6.5The RPN error, which is tharer betweertilanddiy , is normal tadflanddlly  with magnitude equal

to O E-] It is formed by taking the cross product betwégtand 0 , where0 is a unit vector that bisects the angle

betweerdlandaty .

The goal now is to expre$8.42) in terms of{ |, So that(6.38) can be inserted; this will provide

a feedback linearizable expression. Substitufidfd) into (6.42) and rearranging yields
%[%1 L-[4, 8 S e IM 218, 2, ELW) 28 2 @ E (649

The derivatives ofilare expressed in termsTof, yandY  yusing kinematic relationships:

(6.45)

'E =w,3 zE= gz @gw
'E =", zEvw %7 Egz fw R A
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Substituting(6.45) into (6.44) yields

~

%ﬁ M[%]a L

+§W[E*] L, {8, @VM] &L %]e(L 2B W) 287 @ (649
¢

= ClﬂW
where the definitions ab and® foIIow from (6.46). Resolving(6.46) in the\ frameyields
ey =00, e (6.47)

where the superscripts o and@' indicate that all quantities are resolved in thizame. Even
though(6.47) describes the evolution 6f  in thed, &>, ando-directions, only®  andQ' ;
are independently controlled becau@ ; T always. Note that this doewt imply that
V' i mnor thatV®' ;1 Furthermore, while'® ~ a | only two inputs (namely
¥ Vg and] | ) determinets evolution. That is, the third column af is always zers. An
intuitive explanation is that only two controls are required to specify a direction, sua)as
A . Therefore, only the dynamics bt}  and'®' : are pescribed, and this is accomplishe

vial | g and | ¢ . To that end, define a variahlesuch that

gl %PNXg =A

éA ’ Q=E|232 0231]eRPN R?
PNy U
€t [|262 0231] HéﬁPN (6'48)

€l [|2@2 0231] HéﬁPN

anddefing k Y 0g Y Uy ) m Yy A . Substituting6.47) into (6.48) and
realizing that the third column a is always zeros (i.&.8) only depends ol || ¢ and{ \ )
yields

o

. . \|32 X
o [ [ 7 I [ 02112@502 ga ¢ (6.49
(; 132

Now the errordynamic§ can becontrolled through using feedback linearization. To feedback

linearize(6.49), define a virtual contrdl sud that
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€ = Vo, (6.50)

Now a stabilizing control law fay  can be dsigned. The error system(6f50) is inputoutput
decoupled, anthe control law will be the same in the andcdirections, so a single controller
will be designed and applied to each axis. As with the position control system, a state feedback

controller of the form

RPN i -KﬁRPN j? —h?PN j Adt 61&? HGAJXOE (651)

is chosen, where is the’@omponent of and the gain® 0 0 0 are seleed using
LQR or poleplacement.An integral term ensures thaflP ay even in the presence of
modeling errors and disturbances, such as unogrtan "Q As before, fi the integrator is not
desired nor necessary, it can be omitted by placiaditst pole at the origin, resultingin 1t
With the virtual control defined6.50) is substituted int§6.49) and solved for . The result is the

desired value af (i.e.Y |  and | ) necessary to achieve® T, whichis referred to as

_ ey, B
ades:% 22 Og A§)22 uO( Viren '[lzaz 0231]01;) (6.52)
c 2 U+

The controb that realizes particular valuef| is determined using the equation oftion (6.38)

rewritten in terms of :
a=[ly, 0x](f, 40,0) (6.53)
Rearrangind6.53) to isolated yields
[l5, 0,]0,0=a-[15, Ou]f, (6.54)

To solve foro, the quantity) T  "Q must be inverted. Howeve), m QNsa
meaning thatd is underdetermined by6.54). This condition permits specifying auxiliary
performance or optimization criteria to be accomplishea viss will be discusseith Section.6,

0 Vi is specified diredy to avoid gimbal lockThis provides another equationdn

M%,=[0 0 0 1a (6.55)
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Also, recall from Sectior6.3.1that theG-component ofQ;  is specified directly to control the

vehicle normaldrce. This provides yet another equatiod itNamely, from(6.30),
=ECc'Fl.. 1 0 0 du (6.56)
Figure 6.4illustrates howd;, comes from both the position controller and the normal force

controller, and) V; comes from the gimbal lock avoidance algorithm. Augment@¥sy) with

(6.55) and(6.56), substituting for| , andsolving foro yields

glzez 0231]gA fé des” [|23 ) 231] f,

a=gl1 0 0 § j6 KC'Ri, (6.57)
é A

g0 0 0 3 yg M, "

wherg is given by(6.52). This requires @ T inversion. However(6.57) can be partitioned
between the third and fourth elements because the fourth colunmn of T  "Q is zero,

always. This is because the fourth elemerit isfO V5, which is the moment about tNeframea-
axis. This noment cannot influende becausé is invariant under rotation about tReframe ¢-
axis;0 V; onlyinfluences] | ¢, andy | i doesnotinfluencd . Thatisj only depends ol

andy | y , i.e| 8This fact motivates the definition of a control variable that exclidgs Define

6 k '0; 0% 0Y% andrewritg6.53) as
B ol
a=[ly, zal]aei‘A g W (6.59)
3 U

Augmenting(6.58) with "0} p T TO , substituting for| , and solving folo yields

-1

; el 29,
_glzez Ozal]gAeg33 uueada [Iz3 0231] fA

3~ @ 133 uue AET (659)
e [1 0 g H@ lECH Fr des
where| is given by(6.52). The inversion in(6.59) is ¢ ¢ rather than tha 1 inversion

required by(6.57). Lastly, the control is determined by augmeni{@&9) with 0 Vi so that
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0= (6.60)

DO

3
A
MR,Z

Note that'O; cannot be partitioed out in this way because the first columnpf 1T °Q

is nonzero, indicating tha®;, does influence . This isthe control law for the RPN controller,
which forcesitlio trackaty  while simultaneusly controlling normal force and avoiding gimbal
lock, if desired Formulating the control law thus requi@&" order and '8 order matrix inverse,

and produces an identical resul{6b7).

6.3.6Control Allocation

As discussed in Sectidh?2.4 the controld can be written in terms ohé thrust vectofY The
reverse mapping from to “Vis referred to as control allocatidf.”Yis unconstrained, solving for

“Yis trivial:
T=c. U (6.61)

However, if the elements O¥are constrained to be positive, as is the case for most rotors (i.e. the
rotors only rotate in oneir@ction), then(6.61) cannot be used because it may priée a negative
thrust. Therefore, a constrained control allocation method must be used tha{&8)\asch that
all elements ofYare positive. If the @ntrol allocation solution is constraingtien6 cannot be

exactly realized. The control allocation solution is more likely to be constraii@gl i small or

0V is large, as these conditions male61) more likely to produce negativéyvalues(see
Section4.5). The control allocation solution for flyingugdrotors is usuallynconstrained owing
toalarge desired; r equi red to support the quadrotords
in terrestrial mode, the desiréd; is considerably smaller since the vehicle rests on the ground.

As a result, te SRFV is more likely to have a constrained control allocation solution, meaning
that"O; is larger than desired. Therefof@: is not synthesized exactly. Sing@; is the

control for the position (see Secti6rB.4), a constrained control allocation solution can affect the
performance of the trajectory tracking controller. Rough, uneven terrain also has a negative effect
on tracking performance (see empirical resultsSection 6.5.3, however rough terrain,

characterized by a large value, requires largé&); values. Therefore, the control allocation
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solution is less likely to be constrained in suakes. Lastly, gimbal lock avoidance, discussed in
Section6.6, prescribegotentially larged V; values which can constrain the control alloaatio
solution. The simulation and empirical results of Sedfi@n3and the empirical results of Section
and6.6.4are obtained using the control allocation metho&@détion4.5, which yields a thrust
minimizing solution that constrains all thrusts to be positive. Use of this method is critical to reduce

the impacthat a constrained control allocation solution has on trajectory tracking.

6.4 Hardware Embodiment

A hardware embodiment of the SRFV is constructeddbthe trajectory tracking controller and

gimbal lock avoidance algorithms. An image of the hardware SR¥p€as inFigure 6.@ with

notable mechanical hardware campent s i ndi cat ed. The fAspherice
faced geodesic icosahedral cage constructed of carbon fiber rods. The rods are joined at 80 vertices

by 3D-printed joints. The quadrotor body is made of composite carbon fiber and balsa wood sheet
(DragonPlate ®, Elbridge, NY{imbals™O and"O are custom rings made of carbon fiber sleeve

set in epoxy, whered® is a bearingnounted carbon fiber rod passing through the quadrotor

body. The gimbals are nested within the cage and are supporteEdible ball bearings at each

erd. The angles and angular rates of the gimbals are measured by three quadrature encoders, one
per gimbal. Two slip rings permit passing el ec
The outer slip ring passeswer and encoder signals frof to the inner slip ring. The inner slip

ring passes these cables, plus power and encoder signal®frtathe control board mounted on

the quadrotor body. The inertial navigation system (INS) provides orientation and angular rate data

(i.e. 6y and| \ ) to the control board.

Figure6®6 i s an i mage of t he SRFVihecontral lsoardcontags e ct r c
an ARM CortexM7 mi crocontroll er (STMi croel ectroni
Switzerland) operating at 216MHz. The microcontroller realdls gimbal encoders, INS
(VectorNav Technologies® VI200, Dallas, TX), backup INS (Bosch® BNOO55, Farmington

Hills, MI), and altimeter (Bosch® BMP388), plus senses battery voltage and currentrtatesti

power, communicates serially with two Zigbee radiogi® XBee Pro S2C, Hopkins, MN) for

telemetry and control commands, respectively, generates\iddemodulated signals to drive

the four motor controllers ( Qraadeecpuenaléont®L Hel
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algorithms. These tasks allag in a hardwaréimed interrupt that executes at 1kHz. The average
time to execute the interrupt is 370 Power is provided by a-8ell (11.1V) Lithiumpolymer
battery.

(b)

Figure 6.6(a) The hardware SREVThe circled numbers identify the following components: Carbon fiber

icosahedral cage,-2Gimbal"O, 3- Gimbal O, 4 - Gimbal"O, 5- "0 quadrature encoder,-60 quadrature encoder,
7 - "0 quadrature encoder,-8nner slipring, 9- outer slip ring, 10 inertial navigation system. (b) Custom dleaic

control board. The board handles all processing, sensing, control and communications.

The mathematical model parameters describing the hardware SRFV appalaleis.1 Moment
of inertia values are estimated based on the mass and geometry of the vehidbe.VEhee is
estimated based on the terrain (uneven grass) on which the empirical experiments are carried out.

The rotor characteristic® and’Q are measured directly using a load cell on a test stand.
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Table 6.1SRFV Vehicle Parameter

Parameter Value

Y (m) 0.25
"O(m) 0.02

0 (m) 0.085

a (k) 0.8

a (ko) 0.29

O AO; (kg-m?)  0.0027
O (kg-md) 0.0053
b (kg-m?) 0.0121

@ 0.035

o o hd (N-m/(rad/s)) 2.5x10°

Q (N/(rad/s)) 1.6351x1C
Q (N-m/(rad/s)) 2.7033x10

6.5 Results

The efficacy of the control system is evaluated via simulation studies and experiments with the

hardware SRFV. The simulation and empirical results are presentesl section.

6.5.1Simulation Setup

The mathematical model of the SRRYhder trajectory tracking control is simulated using
MATLAB® . This system is shown in the block diagranfigfure 6.4 The model parameters used

in the simulationgire based the parameters of the hardware SRFV (Sécfipiand are listed in

Table 6.1 The SRFV is simulated by numerically integrating the equations of motion(&.26)

along with the kinematic relationships (@f28). Care must be takemith numerically integrating

the equations of motion to ensure that the frame of resolution is the same as the frame with respect
to which differentiation occurgor example, directly integrating || ydoes not yieldl | \because

the resolution and differentiation frames do not match; rathgk, is the result of directly

integrating ‘] || Therefore, the transport theorem is used so thagrediffiation of angular

velocity in(6.26) is with respect to the frame. The transport theorem indicates that
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W=t - G
Therefore the equations of motion fr@626) become
&, ee'w, B¢ 0, g &0,
6, .. T€-n Ud .. . 0F ot @ (6.63)
&' g Q& WL W U - Sw

and SRFV is simulatedybnumerically integratind6.63). Also, integratingf when 3 is near

singular can beroblematic, so the orientation bfwith respect td is expressg as a quaternion
iy sothatyl -m'S 1 Uy 1 Vy.Theri can be determined frory'. To include the effects

of control allocation in the simulations, the inpun (6.63) is the constrained control :
which is

u Crool (U (6.64)

constrained ~ ™ rotor unconstraine)

whered is the output of the trajectory tracking controller &iva IS

the thrust that is outputdm the control allocation algorithm.

6.5.2Control System Parameters

All components of the trajectory tracking control system are execatsinulation. To permit
comparison of simulated and empirical results, the desired control system pole locations used to
generate the simulations are identical to those deployed on the hardware embodiment of the SRFV.
The pole locations for the positionrdool system and RPN control system are chosen based on
the performance of the hardware SRFV. While better performingat@ystems can be achieved

in simulation by choosing more aggressive pol
performanceof the hardware SRFV because of unmodeled actuator dynamics; parametric and
modeling uncertainties in the rotor and efectotor result if'Ysynthesis errors. Furthermore, it

is observed from both simulation and empirical results that the error irtegrabt necessary in

either the position or RPN controllers. The clotsap pole locations for the position control
system are. T _ Yand_ T X The pole_  mresults in the state feedback gain

0 11, indicating that the integrator is unusédkewise, the closedbop pole locations for the
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RPN control system are j mand_ jp pB L & M Thedesired trajectory is a

figure-eight pattern:i v OE}+0 cOE+0 . For simplicity of implementation,
Yoy and' 8y are assumed to be zero, as their caladatequires numerically differentiating
or filtering oy , which comes from the position controller. For both the simulated andieahpi
studies, the gimbal lock avoidance block is disabled solitlat Tt (studies with gimbal lock

avoidance enabled are discussed in Sedi68. Also, Oy, s set ar@. .

6.5.3Simulated and Empirical Results

Figure 6.7shows the results of the simulation. The SRR3jetrtory tracking control sysin
demonstrates good tracking performarfeigire 6.2,c); the mean of the position error nof«

is 0.0545m. The vehicle is initially at rest, which explains thgelatransient deviationdm the
command seen near the origin figure 6.¢. Beyond this transient the mean error norm is
0.0475m.
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Figure 6.7 Numerical simulation of the SR/ executing trajectory tracking control. (a) Téeandw-position (solid
lines) anddesired position (dashed lines) as a function of time. The control system demonstrates excellent tracking
performance. (b) Actual (solid lines) and desired (dashesd)lia¢or force. The magnitude of actual rotor force is less
than desired due to the ctrasned control allocation solution. (¢) The desired figeight trajectory is closely traek

by the SRFV.

Figure 6.1 shows the RPN controller tracking the desired control fiidge . Note thatd does
not appear to trackd;, well, and that the magnitude of each compori@ris typically greater
than"Qy; . Closer inspection shows tigt has the same shapg'@);, , but with a slightly larger
magnitude. In fact, thdirection of "J tracks thedirectionof "0y,  well, i.e. &P dF . The
difference in the magnitude & and"J;, occurs because the control allocation solution is
constrained. That is, the moments required to orient the quadrotor body @dfthékyy  would
require negative thrusts. Since the vehicleisaapable of producing negative this, the control
allocation solution can only generate the required moments by increasing the total"@rust

"0}, beyond that which is desired. So, while the RPN controller effectively controls the direction

of "0, the magrtude of each component @ greater than desired.
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This canbe seen more clearly IFigure 6.8 which illustrates the contrdl and thrust'Y Figure
6.8a shows that th&); "0y for nearly the entire time, indicating that the control allocation
solution is constrained. This is reflectedrigure 6.®, showing the value of the four thrustste
that at nearly all times at least dheust is saturated at zero. The mean RPN error mXm £is

0.0512. Nevertheless, the overall trajectory tracking performance remains good.
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Figure 6.8 Numerical simulation of the SRFV executing trajectory trackingtrod. (a) The controb and (b)thrust

"Y "Ysaturates at zero, so the desii@g cannot be accurately synthesized. Forces are in Newtons and moments are

in Newtonmeters.

Figure 6.9shows the results of the trajectory tracking control systeployed on the hardware
SRFV. Approximately 3.5 figureight transits are executed. Fréiigure 6.®, the mean of the
position error normEQEis 0.173m, about three times greater than that predicted by the simulation.
Thedifference is primarily due to unmodeled terrain characteristics. In the simulation, the terrain

has a constantlling resistance coefficiend , whereas the experiments are carried out on
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medium length grass with uneven terrain. The evennesg téitain varies on approximately the

same scale as the vehicle size; small bumps, mounds of grass, grassletssgutklepressions

in the terrain on the order of hundreds of millimeters are present. As a result, the vehicle is
constantly responding tepurbations in position introduced by the changing terrain. Despite this,

the trajectory tracking control systedemonstrates good tracking performance with errors on the
same scale as the terrain obstacle size. Small gaps in data can beFsgerei6.2. These are
artifacts of the data acquisition system buffering and saving the data. The data have been
appropriately shifted in time to account for

one second every fifteeseconds.

Position, 1V (m)
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Figure 6.9 Empirical data obtained from the hardware SRFV executing trajectory tracking control. (@) arid>
position (solid lines) and desired position (dashed lines) as a function of time. The control system demonstrates good
tracking performance. (b) The mo of the position error as a function of time. (c) The desired figighkt trajectory

is closely track by the SRFV. Gaps in the data are due to data buffering and saving in the data acquisition program.
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