ABSTRACT

WANG, JUI-YU. Advanced Methods for Cross Section Preparation: Energy Domain and Spatial
Extent Error Control. (Under the direction of Drs. Maria Avramova and Abderrafi M. Ougouag).

Methods to control the error in the process of cross section preparation are developed in
both energy and spatial extents. Energy-wise, a theory is developed for quantifying the relative
error on multigroup macroscopic cross sections when the error on the neutron spectrum is not
known. The new theory quantifies and controls the error in ultra-fine multigroup cross sections.
A protocol for practical implementation of the theory is provided. Comparing to the overly refined
conventional equal lethargy ultra-fine group structure, the optimized energy grid resulting from
this work only refines the mesh when resonances are present and guarantees the systematic error
is controlled. In the spatial domain, improvements are proposed for treating local heterogeneities
and spectral inter-penetration, respectively. To treat local heterogeneities, a method for
incompletely homogenizing assemblies is developed. In a complete departure from common
practice, the new method computes the average background data for a fuel assembly as well as the
strength of a localized heterogeneity that is retained and not homogenized with the rest of the
assembly. The data thus derived are used in a modern nodal code, ROC, which has been modified
to allow explicit treatment of burnable poisons, control rods and other strong heterogeneities. It is
shown that the combined methods are effective at modeling reactor systems with burnable poisons
and that the localized effects of such poisons are reflected in the model solutions that are obtained.
Compatible discontinuity factors are also developed. The new methods (partial homogenization,
modified nodal code with explicit treatment of burnable poisons, and compatible discontinuity
factors) when used in concert generate the best prediction of the power distribution than all
previously existing modern nodal methods as shown comparisons with reference transport theory
solutions with explicit burnable poisons. Long range effects in the preparation of homogenized
assembly cross sections are also investigated. A systematic numerical investigation is performed
to provide guidance for the determination of the extent of supercells. The results suggest that the
conventional color-set approach is not suitable for High Temperature (graphite-moderated gas-
cooled) Reactors (HTR). A systematic investigation is carried out encompassing light water
reactors, HTRs, and fast reactors. Its results show that a supercell ~30 neutron mean free paths or
5 — 6 migration lengths in extent is large enough to decouple the assembly at its center from

neighbors beyond the supercell.
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1. Introduction

1.1 Background

Neutron cross section is a physical quantity that represents the probability of the reaction
between neutron and target nuclei. A precise neutronic calculation is heavily relied on the
correctness of the cross section information. There are two common ways to perform neutronic
calculation — stochastic Mote Carlo methods and deterministic methods. The former ones solve
the neutron transport equation with stochastic simulation process while the latter ones solve the
problem by using numerical methods. This work would focus on the deterministic approach.

In deterministic simulations, the whole reactor calculation is usually divided into several
stages due to highly complicated reactor geometry and different physics involved in different
scales. A typical calculation scheme for pressurized water reactor is shown as Figure 1. In the first
stage, a point-wise continuous energy cross section or an ultra-fine multigroup cross section is
used for the resonance calculation and then the cross section is condensed into few hundred groups.
Pin-cell and assembly calculations are carried out at next step. In this step, the spatial effect is
taken into account and is fully homogenized according to the neutron spectrum. As a result, a few
group spatial-homogenized cross section set is generated for each assembly configuration. Finally,
the resulting cross section sets are used in full core calculation to determine the power distribution,
which could be further used in the other research fields, such as thermal-hydraulic analysis and
safety assessments. This scheme works well for the conventional light water reactor (LWR) for
past several decades, however, in past twenty years, people found out there are some challenges
using traditional schemes for the advanced reactor design such as high temperature reactor (HTR).

For HTR, the neutron characteristics are quite different than conventional LWR. It uses
graphite as moderator, causing longer mean free path and neutron migration length in the reactor
core and the overall neutron spectrum is harder, i.e. the average neutron energy is higher, than in
the conventional LWR. In addition, there is burnable poison at the vertices of the fuel assembly,
causing local flux depression. The hard spectrum causes issues in the preparation of cross section
energy wise, while the longer mean free path and burnable poison rod increase the difficulties in

the cross section generation spatial wise.
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1.2 Motivation

As mentioned in previous section, there are some challenges in the process of cross section
preparation in both energy and spatial extents for HTR. In this section, some conventional
approaches are discussed, and the issues are pointed out accordingly.

In the first stage, energy wise cross section generation, traditional approaches use different
approximations such as narrow resonance (NR) or narrow resonance with infinite massive
approximation (NRIM) for energy self-shielding in the resonance calculations. However, for a
hard spectrum, more neutrons appear in the resonance regions. These assumptions are not suitable
for this kind of spectrum. Therefore, to improve the accuracy, more sophisticated method is
developed. Thanks to the advances of computational power, solving the slowing down equation
with an ultra-fine energy group structure has become feasible. The ultra-fine energy group
structure typically contains several tenths of thousands to half million energy points. Different
strategies and approaches are developed for ultra-fine energy group method. However, there is no
standard procedure to determine the ultra-fine group structure and corresponding cross sections.
People usually use equal lethargy and dense enough group structure to create the ultra-fine group
cross section library. The definition of “fine enough” is quite different among different research
groups. To discretize the continuous cross section library to resulting ultra-fine mesh, people
usually use a presumed spectrum to generate the resulting group cross section. For ultra-fine group
structure, the error due to using incorrect spectrum would be mitigated by the dense group
structure. The error, although a small one, is never quantitatively defined and controlled.

For the second stage, the spatial wise cross section generation, an assembly calculation is
performed, and the assembly-wise cross sections are used to homogenize everything in the fuel
block. It is not suitable for the advance reactor design due to presence of burnable poison rods.
The burnable poison rod is a strong neutron absorber, which would cause local flux depression.
Using the conventional approach, the absorber is effectively diluted into the whole assembly,
which makes it difficult to retain the original physics to full core calculation in the next stage.

In addition to preparing the cross sections at second stage, single assembly or color set (one
assembly surrounded by half of its neighbors) approach is commonly used to prepare the assembly
cross sections. This approach works well in LWRs due to small neutron mean free path (mfp) and
migration length. The neutron tends to react and being absorbed locally, hence the influences of

neighboring assemblies are limited. On the other hand, for another extreme case, in sodium fast



reactor (SFR), the size of the assembly is typically only a few mfps and the spectrum is well mixed
all over the core. Thus single assembly approach is also working for SFR. As for HTR, it uses
graphite as moderator, resulting in larger mfps and neutron migration lengths. The spectrum of
neighboring blocks would have stronger connection with each other, which is called spectrum
inter-penetration. This phenomena in HTR poses a question mark on the effectiveness of the
colorset approach in cross section preparation for high temperature reactors. In addition to the
long-range effect caused by spectrum inter-penetration, as mentioned previously, the presence of
burnable poison rods in HTR introduces asymmetries in the geometry. These facts make it difficult
to choose a proper area for cross section calculation and subsequent homogenization.

So far, several issues in conventional cross section generation procedure are identified. To
improve the accuracy and controlling the error, some novel methods are required based on correct

physics or better modeling.



1.3 Objective and Summary

The objective of this work is to propose some improvements for cross section generation
in deterministic calculation with regards to both energy and spatial extents. For the energy aspect
of cross section data preparation, an error control theory based on cross section shape is developed
and implemented into a code that starting from the pointwise continuous ENDF [23] data generates
an energy group structure based on temperature, nuclides, composition and a preset tolerance.
Then for spatial extent, first, the development of a self-consistent theory of incomplete
homogenization method for local strong heterogeneity is performed. The method generates the
cross section sets including a set of cross sections for local heterogeneity and a set of cross section
for other materials as a background. A compatible nodal diffusion solver is implemented into a
novel neutronic code — Reactor Operation Code (ROC) for testing. The resulting formulations are
tested and analyzed for several different cases. In addition to the local effect, a systematic
investigation for super cells is conducted in order to take the long-range effect into account.
Different reactor fuels are tested to find a general guidance for sufficient geometry extent in cross
section generation.

The derivation for the theory that controls the error based on ENDF raw data is formulated
in Chapter 2. A corresponding development for the on-the-fly Doppler broadening is applied in
the same section. In Chapter 3, the theory is further extended to allow a direct implementation on
pointwise ENDF data. By eliminating the need for on-the-fly calculation and assumptions made
in Chapter 2, the code efficiency is greatly improved. The new approach is able to generate a
rigorous and optimized ultra-fine group structure which controls the error in resulting group cross
section and only replies on the cross section information. For Chapter 4, the incomplete
homogenization along with a modification of the nodal method is formulated and tested against a
transport code. The extent of supercell for different type of reactors and the effectiveness of
supercell model for LWRs and HTRs are discussed in Chapter 5. Finally, the conclusions and

identification of possible future topics are presented in Chapter 6.



2. Error Control for Ultra-fine Group Cross Sections using Resonance Data

2.1 Introduction

For high fidelity resonance calculations, the ultra-fine group method is very effective, and
widely adopted. The concept of this method is to solve the slowing down equation using a very
fine energy group structure for the cross sections; typically serval thousands to tenths of thousands
energy points. In MC2-3 [2], it is even often dealt with a hyper fine group structure that has almost
half a million energy points. Since it solves the spectrum in extremely fine energy details (smaller
than the width of resonances), there is no need to perform self-shielding calculations.

There exist a variety of different approaches to implement the ultrafine group method.
Chapter 5 in Gibson’s dissertation [3] gives a comprehensive review. Although there are different
ways or approaches to solve the slowing down equation in ultra-fine group structures (UFGS),
there are only three conventional ways to derive the energy mesh:

(1) The first one uses equal lethargy or energy bins to generate the mesh structure. This method
is used in AEGIS (32,000 groups) [4], SLAROM-UF (100,000- 102,000 groups) [5],
GALAXY (120,000 groups) [6], MC2-3 (~2000 groups or ~400,000 groups) [2], CEA’s
APPOLO (11,276 groups or UF 14,767 groups) as quoted in [7] ...etc. None of the methods
provides a rationale or justification for the use of equal lethargy bins energy mesh
structures in terms of quantification and/or control of error.

(2) The second method derives the group structure using an Ad-hoc process, or trial and error
procedure. Huria and Ouisloumen [9] start from a coarse energy group structure and then
keep refining it and comparing it to a reference solution generated using MCNP5. They
repeat this process several times until a specified tolerance was achieved. At the conclusion
of applying this process, they obtained a group structure with 6,064 points. This method is
more commonly used for fine group structures, which have a couple hundred groups or up
to at most a thousand energy points.

(3) In CENTRM [8], there is a unique algorithm to determine the energy mesh. It starts from
a union (or merged) mesh with points coming from each nuclide that is present and then it
eliminates some energy points that allows the cross section to be interpolated linearly
within a preset tolerance. The resulting energy mesh is about 10,000 — 70,000 energy points

depending on the composition. This approach is effective at representing the physical



phenomena of neutron interaction with materials and obviates the need for various

approximate treatments of resonances in the preparation of multigroup data.

In these methods, the ultra-fine group cross sections in each energy bin is usually
approximated by the mid-point value, and there is no physical justification for this approximation.
However, it is completely understandable, since in general, when the energy group structure is fine
enough, the error in the spectrum can be considered to have negligible impact on the resulting
energy-collapsed cross sections (in that group structure). However, this intuitive understanding is
at best ambiguous. Considering the UFGS proposed by various researchers, it is observed that the
number of energy points varies from as low as 2,000 groups up to as high as 400,000 groups, and
even higher, as shown in Figure 2. Of course, the differences might be originating from the
composition of the studied case or from the ultra-fine mesh methodology itself. There still remains
a huge difference about the definition of “fine enough” between the various research groups.

The purpose of this chapter is to quantitatively determine how fine is fine enough and to
provide a method for controlling relative error in ultra-fine group cross sections. The new method
does not need any prior knowledge of the true spectrum. The process of preparation of multigroup
neutron cross section is a typical “chicken and egg” problem: in order to compute the multigroup
data, one needs to know the neutron spectrum, but in order to compute the neutron spectrum, one
must a-priori know the multigroup cross sections. In conventional practice, this problem is solved
by using a “typical” representative spectrum, meaning that prior, though uncertain, knowledge of
the spectrum is used. This approach works well for reactors that are already extensively studied.
For advanced reactors or new designs, this approach might cause significant difficulties, since
these reactors might have a spectrum which deviates significantly from a presumed “typical”
behavior. This work intends to develop a method that quantifies the systematic error in ultra-fine
group cross section that arises when using uncertain spectra, then provide a way for controlling it.
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Figure 2. The group density distribution for conventional group structures

* In the Ref. 3, the distribution of another 3,000 groups is not clearly stated, thus only 29,000 groups are depicted.



2.2 Theory of Energy Bin Width that Quantifies and Controls the Error in Multigroup
Cross Sections

From the Mean Value Theorem for integrals, if f is a continuous, real function and g is an

integrable non-zero function that is larger than zero on the closed, bounded interval [a, b]: there

exists ¢ in (a, b) such that

[ F0g(dx = £(0) [ g(x)dx )
Using the Extreme Value Theorem, there exists m and M such that for each x in [a, b],
m< f(x) < M. (2)

Combining above two equations, the following inequality can be derived:
m[? g(dx < [} f()g(x)dx < M [7 g(x)dx. 3
Eq. (3) can be reformulated as

b
m< Ja fb(x)g(x)dx <M 4)
Jg 9(ax

If function f is a continuous cross section and function g is an arbitrary real neutron spectrum, the
above equation suggests for any arbitrary neutron spectrum, the spectrum weighted average cross
section in the interval [a, b] would be bounded between the minimum and maximum cross sections
in the same interval. If the cross section is a monotonous function of energy E, the energy bin
width AE, could control the bounded value of the spectrum weighted average cross section. This
suggests the possibility of generating a cross section mesh that controls the error in the multigroup
cross sections that is caused by using an approximate spectrum.

The following derivations are similar to those proposed in references [10-12]. The
multigroup cross section in energy group g of width AE, in the interval [E,, E, + AE,] is defined

as
BT emeEs
Og = (5)

Eg+AE
le, % oE)aE

In Eqg. (5), it is assumed that the spectrum, ¢(E), though unknown, is exact over the interval
[Eg,Eg + AEg]. However, if the spectrum is known only approximately, say as @ (E), then only

an approximate value of a,; can be obtained, say ‘G,. This latter quantity is defined as



[29*059 o(B)p(E)aE
Og = Y (6)
ij 9 B(E)dE

The error in &, that results from the use of the approximate spectrum @(E) can be quantified as

£y = L. ™

Og

A few assumptions are made regarding the various quantities being considered in the
analysis that follows. First, it is assumed that over the interval [Ey, E, + AE,], both the

approximate and the actual spectra are non-negative, continuous as functions of E, the energy

variable, and that appropriate averages of the energy over the interval can be defined according to

N S Ll
= 8
g fgjwlsg o(E)E (8)

and
Eg+AE
5 fE;+ IEP(E)AE

— ) 9)
g — Eg+AEg _ (
ng @(E)AE

The second main assumption is that the cross section is a linear function of energy in the interval,
Ie.
o(E) = o(E;) + s(E— E,) . (10)

where s is the slope of the linear function. As a result, Eq. (7) can be rewritten as

— S(Eg_Eg) (11)

%% = 5(5g)+ (g~ Eg)

Since the energy E is confined in the interval [E,, E, + AE;]|, and based on the first
assumption that the spectra are non-negative and continuous in the same interval, using Inequality
(4) yields

Ey < E; < E; + AE,. (12)
and

Ey < Eg < Eg + AE,. (13)

The above two inequalities and Eq. (11) suggest the error resulting from using an

approximate spectrum is proportional to the difference of the exact and approximate averages of

the neutron energy, which is confined within the group width AE,, i.e.

10



leo,| o |E; — E,| (14)

and
|E; — E4| < AE,. (15)
This result hints that selection of the group bin width can be used to control the error in
group cross sections that result from the use of an approximate spectrum, as mentioned previously.
By rearranging Eq. (11), one can obtain

(Eg—Eg)+eq,(Eg— Eg)
E, =

g o(Eg)/s (16)

Applying absolute values rules to the above equation, and using Inequality (12), there results

|Eg—Eg|+|sgg|AEg

Jeos] = = (17

If one imposes on the controlled error to be lower than a prescribed tolerance, say such that 0 <
|s(,g| < €11, and using Inequality (15), for arbitrary approximate and actual spectra, the following

inequality is derived:

|£ | (1+€ct)AEg
%0l = |o(Eg)/s|

(18)
Although the true spectrum is unknown, one can always choose an approximate spectrum
for cross section generation. According to Eq. (14), the closer the guessed spectrum to the actual
one, the smaller the resulting error in the group cross section. However, for novel reactor designs,
the information on the actual spectrum is insufficient. In the worst case scenario, an approximate
spectrum could totally deviate from the true spectrum. In other words, the predicted actual and
approximate average energies (obtained from the actual and approximate spectra) could take
values at the ends of the energy bins. Practically, it could be assumed that the approximate
spectrum is obtained as a piecewise constant function, then the resulting appropriate average
energy Eg will be located at the center of the energy bin, which is more conservative in view of
Eqg. (14) than the case of the two average energy estimates sitting at either end of the energy range.

In this latter case, the approximated appropriate average energy Eg can be expressed as

= 1

Ey = Ey +S0E; = E.. (19)
Using Inequality (17) and Eq. (19), for piecewise constant approximated spectrum case and

arbitrary true spectrum, one can obtain:

11



1
(E+Ectl)AEg
|£Gg| = |o(Eg)/s| (20)
In summary, combining Inequality (18) and (20) into a single formula, the error can be
shown to satisfy

(C?p'+ectl)AEg

|£0g| = ToCen)s] (21)

where C is determined by the choice of approximate spectrum, 1.0 for an arbitrary spectrum and
0.5 for a piecewise constant spectrum. This inequality shows that the error in the group cross
section does indeed decrease as the energy interval over which it is defined becomes smaller, and
the error decreases linearly with the energy group width. From Inequality (21), it is seen that if one
uses a piecewise constant spectrum approximation instead of assuming a totally arbitrary
approximate spectrum, to compute the ultra-fine group cross section, the resulting achievable error
is smaller. This finding also provides a justification for the choice of mid-point values in most
conventional ultra-fine group slowing down codes.

A sufficient condition for achieving a specified target tolerance e for the error on the
group cross section is to impose

(Cp+ect)AEg

lea| = ¢ By = Gett (22)
which can be manipulated to give a condition on the energy interval width:
€Ectl U( Eg)
AEg = (C<7)+Ectl) s | ) (23)

This sufficient condition states that if the energy group width is less than the quantity on the right
side of the inequality, then the error on the group cross section is assured to be less than .. Of
course, this pertains only to the error caused by the lack of perfect knowledge of the neutron
spectrum. The error in the original data from evaluated nuclear data files is not accounted for in

this analysis, nor could it be.
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2.3 Preliminary Implementation of the Theory based on Resonance Data

For the preliminary test of the theory, it is assumed the bin width is small enough, such that

s ~ 92a) (24)

dE

Then Condition (23) can be rewritten as

a(Eg)
do(Eg)
dE

€ctl
AE, < —<
g (C¢+6ctl)

: (25)

In the above equation, the information provided by the cross section shape and its local derivative
is crucial for the computation. The cross section can always be represented with several common
terms and a power expansion in energy. A representation form that would work for any functional

dependence on energy is given by

1y + Co + GE + GE* + Y3 GE™ + Xf  fr(E) (26)

o(E) = —=

where the first term on the right side is the behavior commonly known as the 1/v behavior, while
the following ones are a constant (e.g., potential scattering term), a linear, a quadratic, a truncated
power series, and a sum of resonant terms. Such a formula can be used to represent any of the
behaviors that can be encountered in reactor physics.

For convenience and simplicity, the error control theory is applied on each term in Eq. (26)
individually and only the most conservative energy group width will be retained and merged into
the overall group structure. To obtain the cross section at a given temperature, the Doppler
broadening process is necessary and hence applied.

2.3.1 Doppler Broadening and Numerical Approach
Assuming Maxwellian velocity distribution for the target nuclei, it can be shown that the
Doppler broadened cross section is rigorously expressed as [13]

exp (-5 (VE-E)')
—exp (— ;;T (\/E + \/FT)Z)

where g (E,) is the cross section at 0 K temperature, as retrieved from ENDF data, the energy

o(E,T) = (i)% = [\ dE,JE, o (E,)

4mkT

(27)

variable therein, E,., is the Kkinetic energy corresponding to the relative velocity between the
neutron and the nucleus, and A is the ratio of the mass of the nucleus to the mass of the neutron
(designated by the symbol AWR in ENDF data files). It is noteworthy that within the
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approximation of Maxwellian velocity, Eq. (27) is fully rigorous and no other approximation has
been made.

Except the resonant term of Eq. (26), Doppler-broadened expressions for each term in that
equation can be derived analytically. The result of applying Doppler broadening on the first three
terms, i.e. 1/v term, constant term and linear term, can be found in many entries in the literature
(e.g., see Ref. [14]). The fourth and fifth terms are uncommon, and the Doppler broadened cross
sections corresponding to them have been derived and closed form formulas have been obtained
(A. M. Ougouag, personal communication, August 2017). For example, for the quadratic term it

was shown that

1 (kT

33 (AE % AE % AE ; AE
oo soys| O G G () |
el ) ¢ () () e ()
A similar closed-form, though substantially more complicated, has been derived for the general
term of the series given in the fifth term of the right side in Eq. (26).

The two generally known properties of Doppler broadening of cross sections can readily
be verified to be correct for the quadratic and general power terms. Specifically, at very low
incident neutron energies, i.e., when E approaches zero, the Doppler broadened cross sections
develop 1/v tails. Also, when the incident neutron energy is very large, the cross section is
invariant under Doppler broadening, with the quadratic term remaining quadratic and the power-
n term remaining the same power-n term.

The condition stated in Inequality (25) shows that derivatives of cross sections with respect
to energy are also needed for applying the error control process. Therefore, the needed derivatives
with respect to energy were also obtained for each of the first five terms on the right side of Eq.
(26). For example, the derivative of the quadratic term is

1

o= o ()@ i 2 ph 2 ()

+C, [—%5(’%)31;—2 +2(5)+ ZE] erf <J§>

Again, a similar closed-form is obtained for the general power-n term from the sum in Eq. (26).

(29)
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For each resonant term, it is assumed that the resonant behavior is appropriately
represented by the Breit-Wigner formula. This assumption provides sufficient fidelity and
simplicity since the purpose here is not to obtain values for the cross sections but only to obtain
functional behaviors adequate for the determination of suitable energy group boundaries. The
formulation of Breit-Wigner form can be found in the literatures [14-15]. Instead of using the
conventional Bethe-Placzek approximation, in this work the intention is to treat the Doppler
broadened quantities directly using a numerical method. This choice is made because the Bethe-
Placzek approach performs poorly in the estimation of the resonance cross section at high
temperature and low energy. For example, there is a 50% difference between Bethe-Placzek result
and the exact formula for the 0.296 eV fission resonance of Pu-239 at T = 2000°C [15].

The integration in the Doppler broadening process is carried out using Gauss Legendre
quadrature with a linear/rational transform, which is stable and widely used in the scientific
community. In reference [16], Townsend gives a summary of the development of the Gauss-
Legendre quadrature. In the initial implementation of the error control method, Bogaert’s Gauss
Quadrature method [17] was applied to create a simple Doppler broadening code. A difficulty in
convergence is observed when applying the method directly to Doppler broaden the resonance
kernel via numerical integration. This difficulty is mainly due to the delta function-like behavior
of the resonance, as shown in Figure 3. Since Gauss quadrature uses a weighted sum of a set of
functions evaluated at the roots of polynomials, if the number of points is not large enough, such
a numerical method may fail to capture the peak shape, which causes the difficulty in convergence.
This should be anticipated, since the Gauss-Legendre quadrature process relies on the implicit
assumption that the integrand is well represented as a truncated series expansion in Legendre
polynomials, a requirement that is not met when using a limited order Gauss-Legendre
implementation. Indeed such an implementation would be insufficient for the representation of
narrowly peaked functions (or of strong oscillations). To resolve this problem, a strategy is
deployed that consists in dividing the whole integration domain into different regions, as shown in
Figure 3. The region boundaries are 0, E;, Ey, E, and +co. E; and E}, can be set at the E-

coordinate of the edges of the practical width. The practical width T, is the distance in E between

the two values E; and Ej, at which the resonance cross section equals the background or potential

scattering cross section. Ej is the resonance energy.
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U-238 absroption resonance at 6.64eV and 0K
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Figure 3. Resonant absorption cross section of U-238 at 6.67eV and 0K

2.3.2 Methodology and Algorithm
For conservatism and convenience, the code starts from the resonant components and then

make an on-the-fly comparison with the group width derived from the non-resonant terms. The
most conservative group boundary is merged into the group structure. The scheme applied in this
chapter intends to treat overall resonances that appear at certain energy points, however, it is
impractical to add all resonances together. Fortunately, due to the nature of resonances, the
contribution of a resonance fades out quickly when the incident neutron is far from the resonance
energy, as shown in Figure 3. A reasonable strategy is to sweep in energy and to determine how
many resonances effectively appear at the energy location under consideration. A resonance is
deemed “effectively” present if the energy location is within the locus of that resonance’s practical
width (I,). Then it suffices to only treat such resonances.

To implement the idea, the following facts need to be clarified:

1. How to identify, in practice, the effective presence of a resonance?

2. How to determine the resonances are located at the energy point of interest?

3. How to identify and opt out of retaining the resonances that are not important after

Doppler broadening?
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For the first question, the effective presence or “effectiveness” of a resonance is defined as
being a “yes” if the cross section value contributed by the resonant components is larger than its
potential scattering cross section, i.e.

o; (Ey) = 05 (Ey) + 05 (Ey) + 05 (Er) 2 0y, (30)
where o/ (E,) is the modified total cross section contributed by the resonance, o, ;(E,.) is the term
for interference resonant scattering, o, (E,) is the resonant scattering term, or.(E,) is the
summation of resonant fission and capture cross section, and o, is the potential scattering cross

section. The energy boundaries can be found by solving Condition (30).

Once the effective energy range for a resonance is identified, the next step is to sort the
energy boundary of the resonance according to the group refinement direction, either from highest
energy or from the lowest one. In such a way, it is easier to determine at the current energy point,
how many important resonances are involved. For this, their boundaries must be sorted in
monotonous energy order. In this work, merge sort is applied. This scheme is stable and has better
efficiency for the average and worst cases when compared to several other sorting algorithms [18].

For an arbitrary energy point of interest, there are three possibilities; whether it is (1) in a
resonance, (2) at the region with no resonances or (3) in the overlap region of multiple resonances.
Different strategies are deployed in the code for the different situations. It is rather easy to handle
first two situations, the code just keeps refining until the evaluated point exceeds the boundary of
the resonance. If the resonance overlaps another resonance, it is important to identify with how
many resonances it actually overlaps using index searching. Then the overlapping resonances are
summed up prior to applying the group refinement algorithm. The possible scenarios for two
neighboring resonances are shown in Figure 4. The full overlap and partial overlap situations

would affect the indexing for the next resonance.

Case | Partial Overlap Case Il Fully Overlap Case lll Non Overlap
Eon-1 Eon Egn Eon-1 Eon
on—1
Epm 1 En Jo— En Em Em Ernq Ern Em Ern1 Em Emn

Figure 4. Possible scenarios for neighboring two resonances
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Also, it is necessary to keep in mind that in some cases, the energy group width thus
determined is large enough to cause a skipping of some resonances by overshooting over them
with the span of the newly determined group. Therefore, before moving to another energy point,
an examination for possible presence of resonances therein is performed. If a resonance appears
within, the energy point will be deliberately adjusted to the right boundary of that resonance.
During the refinement process, if the peak cross section of the resonance, i.e. the maximum value,
is smaller than the potential scattering cross section, then that the resonance is recognized as small
and smooth. Such a resonance is not considered as essential, so the minimum energy bin width
from among those predicted in treating the four other terms is chosen instead, i.e.
min(AE |1y, AEg |, AEg | cp, AEg| cp2).

Some additional utilities were written in this work for reading the ENDF/B-VI1.1 raw data
and extracting the resolved resonance parameters. Before performing the group refinement
process, the energy boundaries given by Condition (30) for each resonance are calculated and
sorted according to their respective right energy boundaries. Then the whole refinement starts from
a specific starting energy at the upper end of the energy domain. Then the refinement algorithm
is applied gradually down in energy, treating non-resonance regions if applicable until the first
resonance is encountered and the resonance refinement process is then applied.

The code algorithm is given below:

1. The first step is to set the resonance index n to the total number of the resonances, and assign
current operating energy point E as the starting energy E;q¢

2. Check if the current operation energy point exceeds the preset ending energy E.,,,4. If yes, stop
the calculation. If no, proceed to step 3.

3. Anidentification of the type of situation is carried out for the current energy point. The possible
scenarios are:

A. Lying in a resonance with index n
Sitting beyond the resonance n
Located between two resonances with the indices n and n-1

. At a location below the resonance n-1

m o O W

Inside a resonance with index n-1
For each different situation a different subroutine is used. These are described below in
detail.
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Situation A: Current energy point is located within a resonance with index n, so check if
any resonance is overlapping with the current resonance.

A.1. Starts from index i = n-1, checks if current energy point E satisfies the condition E;; < E <
E,;.

A.2. If yes, it means an overlapping resonance is found. Evaluate the local cross section value and
its derivative for the found resonance, and then accumulate these values to previous evaluations.
(from the already treated overlapping resonances). Then set i =i — 1, and return to step A.1.
A.3. If no, this indicates there is no more additional overlapping resonance at the energy point of
interest. Use collected local total cross section and its derivatives sum to evaluate the group width
according to Condition (25). Set E = E — 0.54E_, and return to Step 2.

Situation B: The evaluated energy point is located beyond the resonance with index n. The
situation only happens when the energy sits between Ej;,,. and the right energy boundary of the
first resonance. Perform a so-called “non-overlap” move, which calculates the group width using
non-resonant terms, and then return to Step 2.

Situation C: The evaluated point lies between the resonances n and n-1. This means from
the previous move, the resonance moves to a location between two resonances, as shown in case
[l in Figure 4. Then, perform the non-overlap move. Set n = n-1, and then return to Step 2.

Situation D: The energy point is at a value smaller than the left energy boundaries of the
resonances with indices n and n-1. In this case the energy being evaluated is in a location with
unknown status. An evaluation for the status of the point is performed.

D.1. Execute an index search to confirm the situation. Set j = n-1, check if (1) E,; = E = Ej; ,or
(2) Ejy < E&E,j < E?

D.2. If both situations are not met, set j = j -1 and return to step D.1.

D.3.If E,; = E = Ey;, then the current point under evaluation is inside the resonance with index j.
Setsn = j and returns to step 2.

D.4.If E;; < E and E,; < E, the point currently being evaluated is in a region where no resonance
is present. This case is similar to step C. Perform the non-overlap moves, then setn = j, and
return to step 1.

Situation E: The energy point of interest is inside a resonance with index n-1. Just set n
=n-1, and then return to step 2.
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The overall scheme is shown in Figure 5. As mentioned previously, before taking any move,

a conservative examination is performed to avoid any omission of resonances.
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Figure 5. Flow chart for the systematic group refinement process
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2.4 Preliminary Results

2.4.1 Description of Test Cases
For testing the group refinement scheme, five different cases have been devised. A
summary of the composition for each case is shown in Table 1. Case 1 corresponds to the fresh
High Temperature Test Reactor (HTTR) core [19]. Cases 2 and 3 correspond to two typical fresh
LWR cores. Case 4 represents an LWR core at full burn-up. The latter is defined the same as case
2 with the addition of approximately 50 fission products of neutronic importance, as inspired by
Reuss [20]. One must note that Case 3 is a simplified LWR core with only fuel, cladding material,

and moderator. Case 5 is an artificial situation with only three uranium isotopes.

Table 1. Case definition (principal nuclides contents)

Case Description Nuclide
1 HTTR He BC O Al Si P STi Cr Mn Fe Ni Cu U(234 235 238)
2 LWR Fresh H B O Cr Fe Ni Zr Nb Sn Gd U(234 235 238)
LWR Fuel, Cladding,
3 H B O Zr U(234 235 238)
Boron, Moderator

H B O Cr Fe Ni Zr Nb Sn Gd U(234 235 238)

4 LWR Burned-up o
+ ~50 fission products

5 U Heavy Metal U(234 235 238)

2.4.2 Results and Energy Group Distribution
In all the test cases it was assumed that €.,;, the imposed tolerance level on the relative
error in group cross sections in Condition (25), is 10%. Then the theory was applied to derive an
energy group structure that ensures this relative error limit is not reached. In all cases considered,
it is assumed that the temperature of all nuclides is 1000K. The results are summarized in Table
2. Note that all nuclides and all resonances, regardless of abundance and of location within the
energy range of interest to neutronic applications are given equal weights in the preliminary

implementation presented here.
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Table 2. Summary of preliminary group structures from test cases (at 10% tolerance)

Case | Represented Physical Situation | # of nuclides | # of resonances | # of Groups
1 HTTR Fresh core 41 11097 23268
2 LWR Fresh core 56 12257 39036
3 LWR Fuel + moderator only 17 6943 27215
4 LWR Burned 101 17220 36356
5 U-235+U-238+U-234 3 6618 19269

From the table, it can be seen that the group structure depends on the constitution of the
reactor core. The table also presents a seemingly paradoxical result: as the number of nuclides
increases from Case 2 to Case 4, the number of resonances obviously increases, yet the group
structure required for meeting the imposed tolerance level is less dense. This happens because as
resonances overlap the resulting macroscopic cross section is smoother and with lower gradients
as a function of energy and hence the necessary local group density is lower.

A better understanding of the derived energy group structures can be obtained from their
graphic depiction. For that, the energy group density (defined as the number of energy groups per
equal lethargy bin width in the energy domain) is shown in several figures using 500 equal lethargy
bins spanning the range from 10~%eV to 10 MeV. Figure 6 shows the energy group density
distribution for a hypothetical case consisting only of uranium isotopes (Case 5) and for the
simplest fresh HTTR (Case 1). It is obvious that the sharp increase in energy groups density for
the HTTR case displayed for energies above 10* eV is caused by the presence of light nuclides.

Similarly, Figure 7 shows a comparison between the energy group density distribution for
the fresh HTTR and LWR core cases (Cases 1 and 2, respectively). In these two cases the trends
appear similar, with two energy ranges displaying large energy group densities as well as marked
differences between the two reactor types. The highest densities occur in a range around 102 eV
(and high 10% eV’s) and one around 10° eV (and the high 10° eV’s). Thus the major differences
are observed in the range from 100 eV to 10 keV. The group structure is mainly related to the
overall cross section shape. 1f the number of resonances is higher in a given energy bin, in principle,
more groups are needed to achieve the desired error control target level. A better picture about the

cause of the differences between these two cases is given by a plot of the difference of resonance
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Figure 6.  Energy group density distribution for fresh HTTR and a hypothetical uranium-only composition
(Casesl and 5).
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Figure 7. Energy group density distribution for the fresh HTTR and a fresh typical LWR (Cases 1 and 2).
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densities between the two cases (see Figure 8). Comparing the shape of the resonance density
difference of the two cases with the resonance density of the three elements Gd, Nb and Sn taken
together, it is found that a good match is displayed around the energies where the major differences
in group density distribution between the two cases are seen to occur. This indicates that the
presence of these nuclides is the actual cause for the fine group structure requirement in the range
of 100eV to 10keV. This is physically reasonable since Gd is a strong absorber that is commonly
used as a burnable poison and it introduces large resonance peaks that require further energy
groups refinement.

Figure 9 shows the results from Cases 2 and 4, a fresh LWR core and a burned one,
respectively. The density curves completely coincide above 10° eV, as the nuclides introduced by
depletion in that energy range do not introduce a significant number of resonances beyond those
present from the heavy metal content and the light nuclides present in fresh fuel. In contrast, the
density distribution at lower energies is significantly altered by the introduction of resonances

overlap, which decreases the required energy group density. However, at intermediate energy the
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Figure 8.  Comparison of group density difference between Cases 1 and 2 and the resonance distribution density

of three elements of Case 2.
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opposite occurs, as new resonances are introduced by fission products that result in no or little
overlap with previously present resonances.

Case 3, an artificial situation defined to contain only fuel, cladding, some boron and water
moderator, adds up to 6943 resonances and results in a group structure with a surprisingly high
27215 energy groups. The reason for such a high energy group density is the absence of a
significant amount of overlap between the resonances and the implied necessary detailed
refinement. The energy group density for Case 3 is shown in grey in Figure 10, along with the
energy group density distribution for the hypothetical uranium only case (shown in blue). At lower
energies, the distributions coincide, while in the highest range (above 10* eV) a significant amount
of structure appears in the density distribution of Case 3 that do not appear for the other case.
These are attributable to the presence of Zr resonances in Case 3 but not in Case 5, requiring more
energy group refinement in the former than in the latter.
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Figure 9. Energy group density distribution for a fresh typical LWR and a burned-up LWR (Cases 2 and 4).
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2.5 Discussion and Chapter Summary

The results presented in this chapter so far are preliminary and incorporate simplifications
and approximations in the determination of the ultra-fine energy group structure. First, Eq. (24)
assumes the bin width is small enough for the cross section slope within to be well approximated
by the local derivative, a claim which may lack mathematical support. In addition, the use of Breit-
Wigner form is inappropriate if a more advanced resonance formulation is available. The code
uses a complex algorithm and on-the-fly “brute-force” numerical integrations for the Doppler
broadening on individual resonances, which deteriorates the code efficiency. In general, it takes 5
— 10 hours of computation time on a single core for the cases presented in this chapter, which is
not ideal for practical implementation. In this chapter, all the resonances and nuclides are treated
as being of equal importance regardless of their relative abundance which does not reflect a real
or realistic situation. Nevertheless, the preliminary investigation carried out in this section provides
some useful insights into the mechanism that is needed for control of error in ultra-fine multigroup
cross sections preparation. It shows the presence of any nuclide would cause a change of the
resulting group structure. The group structure for different reactors could be very different, as
shown in Figure 6 to Figure 10.

To resolve the issues mentioned above, the solution is to apply the error control theory, i.e.
Condition (23), to the pointwise linearly continuous cross section data generated by the cross
section treatment tools such as NJOY [21] and PREPRO [22]. These tools are capable of treating
a variety of resonance formulae and to generate the overall cross section shape for a given mixture
based on the relative abundances of its constituent nuclides. They also use proven and efficient
algorithm for Doppler broadening. The direct implementation on PENDF files would maximize
the efficiency of the overall process, since there would be no need for on-the-fly Doppler
broadening. However, the use of PENDF data would at best result in the same number of energy
points as in original library, which is not suitable for practical implementation. Luckily, results of
work performed with the CENTRM [8] code suggests the number of data points could be reduced
dramatically using a rather small tolerance on the cross section shape. It was shown that 110,000
data points for a mixture of U-238 and U-235 can be reduced to less than 25,000 points using
0.25% tolerance in cross section shape. For 0.75% tolerance, the energy points can be further

reduced to 15,000 points. That work inspires the content proposed in the next chapter: that the
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error control theory could be modified to work on an approximate cross section shape with an
initially given small tolerance on the cross section shape.

In summary, in this chapter, a preliminary development of the error control method for
generating ultra-fine group structure was developed. An on-the-fly Doppler broadening scheme
was applied to broaden the resonances to any specified temperature. The numerical process for the
overall group refinement was fully developed. It was tested using five different cases, the results
from which were discussed to clarify the effects of composition, resonances overlap, and Doppler
broadening. The remaining issues of the approach presented thus far have been identified and
corresponding possible solutions such as direct implementation on PENDF data were identified
and briefly discussed here. In the next chapter, the main focus will be the derivation and

implementation of such a new approach.
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3. Error Control for Ultra-fine Group Cross Sections Based on Cross Section Shape

3.1 Introduction

In the previous chapter, the energy bin width that controls the error of ultra-fine group cross
sections introduced by insufficient knowledge of the neutron spectrum was successfully derived.
Some necessary assumptions and simplifications were made for the preliminary implementation,
and the results have shown that the group structures would indeed change with different core
compositions. Nevertheless, those approximations cannot always guarantee a conservative result
and they are complicated to apply. This chapter extends the original error control theory given in
section 2.2 and makes it more rigorous and easier to implement and suitable for practical for real
reactors application.

The error control theory is developed based on the assumption of a locally linear cross
section shape. As mentioned in the previous chapter, direct implementation is not practical, since
it would at best generate the same number of energy points as the original cross section library,
which is usually a couple of million points when fissile material is involved. The piecewise
continuous data are usually reconstructed from the cross section raw data with a shape uncertainty
within 0.1% or 0.01%, which is too detailed for the purpose of optimizing the ultra-fine group
structure. Hence, an approximated cross section shape can be used instead. The methods in the
CENTRM code [8] show that an effective thinning process can reduce the number of data points
down by factors of four to seven depending on the prescribed shape tolerance. The resulting data
set contains only tenths of thousands of points, which allows a direct and practical implementation
of the error control theory in a rigorous way.

In this chapter, first an extended error control theory is derived to address the error caused
by using an approximated cross section shape. Then the new theory is incorporated into a new
code. A demonstration of the new approach is performed based on sample problems and practical

designs.
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3.2 Extended Error Control Theory for Ultra-fine Group Cross Section Based on
Approximated Cross Section Shape
An approximated linear cross section 6(E) is used to represent the original cross section

o(E) in a bounded energy interval [E,, Ep]. This approximated cross section can be expressed as

5-(E) = Sa(E - Ea) + O-(Ea): (31)
within the interval, and it satisfies

F(E)-0(E)

|—J = | <e, (32)

where &; is the prescribed cross section shape tolerance, which is normally significantly smaller
than 1, and s, is the slope for the approximated cross section function 6(E).

Assume that the group cross section is derived in the range [E,, E' ], where E' satisfies

E' = E, + AE, < Ey. (33)
Now there are two different spectra and two different cross section shapes, as a result, four different
group cross sections can be generated that correspond to each cross section and spectrum pair. To
avoid confusion, subscripts are used to indicate which cross section shape and which spectrum are
selected to generate the group cross section, i.e. gy, , Where x represents whether the
approximated (A) or exact (E) cross section shape is used to generate the group cross section, while
y indicates the choice of weighted spectrum. The definitions of the four possible group cross

sections are summarized in Table 3.

Table 3. The definition of four different group cross sections using different spectra and cross section shapes

¢ (E) @ (E)
& [ 6 (E)(E)dE [o=" o(E)p(E)AE
g o , = o EA=
9.EE f:aa+AEg (p(E)dE 9E f::+AEg (’ﬁ(E)dE
5E) [0 5 (E) p(E)IE [ 5 (E) p(E)dE
o (02 = o —
9AE fEb;a+AEg (p(E)dE 9,44 f:;a+AEg ('ﬁ(E)dE
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3.2.1 Errors Caused by Approximate Spectrum and Cross Section

The error in o, 4, from the use of both approximate spectrum and approximate cross

section can be expressed as:

— 99,AA—0g,EE __ .
gog - Og.EE - Rg,AS gA,(p + gA,m (34)

where Rg 55 is the ratio of the group cross section obtained using an approximate cross section

shape to the exact one, i.e.:

Rgas = : (35)

Og,EE

&4, IS the error in g 44 due to the use of approximate spectrum, i.e..

g, —0
Engp = 2, (36)

0g,AE
and &4, is the error in o, 4 caused by use of an approximate cross section shape, which is defined

as:

__ 09, AE—Og,EE

37)

a0
! O0g,EE

For a physical system, the cross section and the spectrum are non-negative functions, so
Cond. (3) holds true. From the constraint on the cross section shape given by Inequality (32), and
Cond. (3), Eq. (35) and (37) can be rewritten as

(1—-&) <Rgas < (1+¢g) (38)
and

—& <X Eh5 S &5 (39)
The above two conditions show that the error caused by the use of an approximate cross section
shape and the ratio of group cross section obtained using approximate cross section shape to the
one obtained using the exact shape would be related to the tolerance on the cross section shape.

As for the error caused by using the approximate spectrum on the approximate cross section
shape &4 ,, the situation is the same as in the previous chapter except for the use of the approximate
cross section shape. Thus, following a similar derivation as those shown in section 2.2, there
follows

_ (BEg—Ea)+eapdi,

Sa

where
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= [ }f;MEg EQ(E)dE — [ 5;+AE9 E®(E)dE (41)
E — f5;+AE‘g(p(E)dE y Ly = f:;+AEg<7’(E)dE
and
gEg = (EE - Ea). (42)

An inequality can be derived using a similar approach as in the previous chapter:
(Cp+leap|)AE
|eap| <= |&(2;p) ol (43)

Sa

where C is a constant determined from the approximate spectrum.

3.2.2 Energy Group Widths that Control the Error in Ultra-Fine Group Cross Sections
Based on Approximated Cross Section Shape

To quantify the error caused by the use of approximate cross section shape and approximate

neutron spectrum, the absolute value is imposed on Eq. (34), which can be written as:
|5crg| = |Rg.as " €10 + 10| < |Rgusl|eae| + |€acl (44)

Substituting Cond. (38), (39) and (43) into above equation results in:
|eag| <1+e&) % + & (45)
Sa
Assuming the error caused by the use of an approximate spectrum on approximated shape, |€A,(p|l
is smaller than a prescribed control tolerance €., then the following condition can be derived:
|eag| <1+e&) % + & (46)
Sa
The above condition indicates that the error would be related to the approximated cross section
shape, the tolerance on the approximation of the cross section shape, the energy bin width, the
approximate spectrum, and a prescribed control tolerance.
Again, a sufficient condition for achieving a specified target tolerance €., for the error on
the group cross section is to impose
(Cap+ect)AEg

|Eag| <1+ SS)F'(T t& = € (47)

Sa
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By imposing that the cross section shape tolerance &5 be smaller than the target tolerance €., a
condition on the energy bin width that controls the error based on use of an approximated cross

section shape can be obtained:

(ect1=2s) N
AE, < e |3 (48)
g (C¢+6C”) Sa

If the cross section shape is exact, i.e. &, = 0, the above condition will be exactly the same as Cond.
(23). Condition (48) shows that if the tolerance &, is close to the target tolerance €., the resulting
bin width becomes smaller and might cause over-refinement. The work presented in the CENTRM
code [8] suggests that a small tolerance can reduce significant the number of energy points. Thus,
in this work, the tolerance on cross section shape is set to be 10% of the target control tolerance,

. 1
l.6. SS = 1_06Ctl'
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3.3 Implementation and Results

3.3.1 Application of Error Control Criterion to Pointwise Cross Sections

The error control criterion must be implemented on the piecewise linear representation of
the cross section shape. The latter is easy to access in the cross section preparation process. For
well-known cross section processing tools such as NJOY [21] and PREPRO [22], in the first step,
the codes would read the cross section raw data, e.g. ENDF [23] libraries, and then reconstruct the
cross section shape in a “pointwise” or piecewise linearly continuous form. These data are then
stored in so-called PENDF files. The Doppler broadening process implemented in those codes is
used to broaden the cross sections to whatever temperature is prescribed. In this work, a pre-
generated PENDF library — POINT2018 [24] is used. For a given mixture, the pointwise cross
section data are mixed based on atom density via the MIXER module of PREPRO, which performs
linear combinations of the cross sections. The total cross section shape is used as the starting point
in the generation of the group structure. The same methodology is applied in all energy ranges.
The meshing in the unresolved resonance region is beyond the scope of this research.

A new code has been devised to read the pointwise cross section data from the PENDF file.
The first step is to acquire an approximated cross section shape, which is based on a thinning
process using Cond. (32) and a given tolerance &, to reduce the number of energy points. Then
Cond. (48) is applied on the resulting approximated shape to determine the ultra-fine group
structure. When selecting the group structure, each bin width generated by Cond. (48) is compared
to one third of the maximum averaged neutron decrement &, which is the average logarithmic
decrease in neutron energy per collision and is approximately given by

f,\,

2
A+2/3

(49)

If the predicted bin width is larger than that third, then the new bin width is taken as that third of
the average logarithmic energy decrement in order to properly capture the scattering spectrum in
the calculation at the next step in the data preparation process. In this work A is set as 250 for
conservatism. Also, if the bin width evaluated from Cond. (48) spans across different linear cross
section segments, the bin width defaults to the end of the first segment in order to preserve the

linearity assumption, since the slope would change from segment to segment.
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3.3.2 Comparison of the New Method to the Old One
In the previous chapter, Criterion (23) was directly implemented on each term of the cross

section representation given as

o(E) = ng’ + Cy + C1E + C,E? + ¥N_. C,E™ + resonance terms .

That approach is not strictly rigorous since a basic assumption in the derivation of the criterion is
that the cross section is linear in the interval under consideration. In addition, the previous chapter
used the resonance data and approximated them using the single level Breit-Wigner’s formula,
which is inappropriate if a more advanced resonance formulation is available. In the
implementation of the theory from Chapter 2, on-the-fly Doppler broadening is used to broad the
resonance for a given temperature. Also, some complex algorithms are used to deal with the
overlapping of resonances. The resulting implementation results in a slow code and is not efficient
in its treatment of overlapping resonances. The new method proposed in this chapter is more
rigorous and uses pointwise data generated using state-of-art codes that widely used by the nuclear
engineering community.

Two simple cases are used to compare the two different approaches. The first one is a
simple model containing natural uranium, which includes 99.2745% of U-238, 0.72% of U-235
and 0.0055% of U-234. Another case contains the same isotopes but equally weighted, i.e.
U234 U235 238 = 1:1:1. The former case is denoted as Nat-U, while the latter one is denoted
as U-EW. The temperature is set as 900K for both cases. Figure 11 compares the total cross
section shapes for the two cases. In the case of natural Uranium, some resonance peaks, from 1 to
100 eV, contributed by U-234 and U-235 disappear due to the low concentration of these isotopes.
On the other hand, at a higher energy range, from 100 eV up to 20 keV, the U-238 has larger
resonance peaks, so reducing the concentration of U-238 results in smaller resonance peaks in the
overall cross section shape in that range, as shown in Figure 11.

To test the codes, for Cond. (23) and (48), C;; is set as 0.5, and 10% control tolerance is
used to generate group structures. The results and computation times are summarized in Table 4.
A better understanding of the derived energy group structures can be obtained from their graphic
depiction. For that, the energy group density is shown in several figures using 2,000 equal lethargy

bins spanning the range from 1075 eV to 20 MeV. The energy group density distributions for both
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Table 4. Summary of group structures and calculation times using old and new methods

Group Numbers (Calculation time)
Cases Old code” New code”
Nat-U 17580 (9259.3s) 28640 (5.15)
U-EW 17888 (9274.85) 23637 (4.35)

* Old codes run on Intel Xeon E5-2695v4 core (2.1-3.6GHz; Q1°16)
*2 New codes runs on Intel Core 2 Duo E8400 core (3.0GHz; Q1°08)

cases, generated by the preliminary and final methods, are depicted in Figure 12 and Figure 13,
respectively.

According to Table 4, the new code shows superior efficiency. Eliminating the need for
complex on-the-fly calculation, the efficiency of the code is greatly improved. Comparing Figure
12 and Figure 13, it is seen that the new method has the ability to distinguish the cross section
shape change due to the massive presence of U-238 in the natural uranium case, whereas that effect
is absent in the equal weight case . The older approach fails at this. In Figure 14, when comparing
the difference of group distributions from the two codes to the resonance density, one can observe
that the old code has good agreement with the new one only when the resonance density is low,
while it fails to deal correctly with the region that has densely distributed resonances. This is
caused by the single-level Breit-Wigner formulation used in the old code and the limitations of the
algorithm for dealing with overlapping resonances. From the previous chapter, one concludes that
the Ultra-Fine Group Structure (UFGS) density from the old code is in general proportional to the
resonance density, while the group density predicted by the new code is directly related to the cross
section shape. The results suggest that for the same nuclides the actual composition has a great

impact on the cross section shape and the resulting UFGS.

3.3.3 Test of the New Approach for Practical Designs
Two cases are chosen for testing the new approach on practical designs. The first one is a
3D HTTR TRISO unit cell with 3.4% enriched Uranium at room temperature [19]. The second
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Figure 11.  Comparison of total cross section shapes for natural Uranium and the same isotopes with equal weights
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Figure 12.  Comparison of the group density distributions for natural Uranium and for its isotopes with equal

weights from the old code.
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one is a 2D PWR pin cell with ~3.0% enriched Uranium from an example input file of the
SERPENT [25] code, where fuel neutronic data are evaluated at 900K and the remaining materials
data are evaluated at 600 K. The total cross section shapes for these cases, as shown in Figure 15,
are derived via volumetric homogenization. For Cond. (48), C is set as 0.5, and 1% control
tolerance is used to generate the group structure. The result shows that for the 2D PWR pin cell
51,248 energy groups are needed to guarantee the error of the resulting group cross section is less
than the 1% control tolerance, while 48,116 energy groups are needed for the 3D HTTR TRISO
cell. The group density distributions for both cases are depicted in Figure 16.

Figure 15 and Figure 16 show that, in general, the group structure is proportional to the
cross section shape. In the range [6 eV, 20 keV], it can be observed that certain peaks indicate
there are more groups in the 3D HTTR case than the LWR. These peaks are mainly the
consequence of the presence of Uranium. Inthe HTTR case, the cross section is evaluated at room
temperature, while for the LWR the cross section is evaluated at a higher temperature — 900 K. In
other words, the resonance peaks in the LWR are smoother than the same ones inthe HTTR. Thus,
fewer groups are needed for the LWR at the same locations. From 20 keV to 1 MeV, many
resonances are introduced by the presence of the cladding material in the LWR, which results in
the need for refinement of the group structure at the corresponding energy locations. From 1MeV
to 10MeV, in the HTTR, there are some scattering resonances due to the presence of silicon in one
TRISO coating layer, which also cause a need for energy groups refinement.

For the PWR case, there is a huge peak in the energy group density around 15 MeV. At
such a location the cross section shape is relatively smooth. The reason this peak exists is that
many points remain following the thinning process. There are ~1,100,000 points in the original
pointwise data. The algorithm successfully reduces the points to 30,310 for 0.1% tolerance, &;.
However, in some regions too many points still remain. Such energy groups could be removed
using professional judgement or through the use of an improved thinning scheme. For example, at
such high energies, in nuclear reactor applications, the neutron population is expected to be small
compared to other energy ranges. Consequently, these extra energy groups have low importance

and would disappear if a proper condensation strategy is used that takes reaction rates into account.
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Figure 15. Comparison of total cross section shapes for 3D HTTR TRISO compact cell and 2D PWR pin cell
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3.3.4 Comparison to Conventional Equal Lethargy Approach

In Figure 17, the energy group density predicted using the new method, as shown in Figure
16, is compared to the group density from the conventional energy grids used in the MC2-3,
SLAROM-UF and GALAXY codes, respectively. At first glance, it seems that for most regions
the Hyper-Fine Group (HFG) structure in MC2-3 is fine enough to ensure that the error in hyper-
fine group cross section for HTTR and LWR cases would be smaller than 1%. However, the new
theory results shown in the figure are based on a piecewise constant approximated spectrum. For
an arbitrary spectrum, the group density would be even larger. Even if MC2-3 uses a piecewise
constant spectrum to generate its data, it over-refines at the locations without any resonances and
under-refines at two narrow energy locations where the new theory shows much larger group
densities. In the cases of SLAROM-UF and GALAXY, the energy grids cannot guarantee that the
error be controlled to under 1%. On the other hand, from Figure 18, for natural Uranium and the
same isotopes with equal weights, it is concluded that none of the conventional group structures

can guarantee the resulting error in UFG cross section be smaller than 1% for an unknown

spectrum.
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Figure 17.  Comparison of the group density distributions for 2D PWR and 3D TRISO pin cells from the new

theory to the conventional equal-lethargy approach
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Group density distribution: equal lethargy v.s. error controlling approach for
natural U and U with equal weights
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Figure 18.  Comparison of the group density distributions for natural Uranium and the same isotopes with equal

weights from this work to the conventional approaches
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3.4 Chapter Summary

The work presented here showed how the systematic relative error in multigroup ultra-fine
group cross sections can be quantified. Also, the means for controlling the error was provided.
Comparing to our preliminary work shown in chapter 2, the method proposed in this chapter is
proved to be both efficient and conservative. It was demonstrated that the assumption of equal
lethargy bin used in most of ultra-fine group method codes is insufficient for ensuring errors lower
than 1%. The work presented here provides a “sufficient” but most likely not “necessary” group
structure. For example, the work performed by Huria and Ouisloumen [9] shows that 7,000 groups
result in good predictions for pincell/assembly modeling when comparing to MCNP5 continuous
energy cross sections, however no proof of sufficiency was provided. Nevertheless, the work
presented here provides useful insight that challenges the conventional equal lethargy approach,
which spends too much efforts in regions with low importance in insufficient effort in other regions
that would need more detailed modeling.

Some possible further improvements of group structure generation are briefly discussed
below. The theory developed in this and the previous chapters assumes there is no a-prior
knowledge of the true neutron spectrum. That is to say, the group structure generated in this work
is purely based on the cross section shape. In real applications, when the reactor type is known,
some knowledge of the spectrum may be available. In such cases, the group structure should be
adjusted based on the neutron spectrum, since it is not useful to use such fine group structure in
energy ranges with comparatively low neutron populations.

As mentioned previously, for hyper-fine cross section data, some energy data points might
be left in certain regions after the thinning process has been applied. An improved thinning scheme
is need that can generate a proper approximated cross section shape with fewer points and that
would prevent too much data remaining in a region with relative smooth shapes.

The above two expressed needs can be met via an energy group condensation process based
on Contributon theory. The Contributon theory uses forward and adjoint spectra to generate the
neutron importance function over the energy variable. Group condensation using such a theory
would adjust the energy group structure based on neutron importance, thus preserving more groups
in the region with higher importance while combing the groups in regions with low importance.
An optimized fine group structure based on both spectrum and cross section shape can be derived

accordingly.
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4. Incomplete Homogenization and Burnable Poison Treatment

4.1 Introduction

Many reactor designs include the presence of burnable poison pins in certain regions of
fuel assemblies, or of fueled prismatic blocks in the case of the prismatic-block high temperature
reactors (HTRs). The burnable poison pins are lumps of highly neutron-absorbing material that
can cause local flux depressions in their immediate vicinity. Therefore, such local flux depressions
have not been properly captured when modeling the reactor with a diffusion-based nodal method.
The failure to properly capture the physics of such localized heterogeneities stems from the very
nature of modern nodal methods and the computational paradigm they are based upon. This
paradigm is briefly summarized, next.

Modern nodal methods, and the related modern homogenization methods, are a
development of the late 1970’s and early to mid-1980°s with variants and extensions appearing
later in the literature. For the most recent archival journal review, see Reference [26], and for a
quick survey of the main historical developments up to the present, see the introduction and
literature review in [27]. Older developments are reviewed in Reference [28]. The schemes in
modern nodal methods follow the same set of practical and universally used steps. Firstly, the
material and geometric details are homogenized at the assembly level. The older methods for
carrying out this step are reviewed in [29]. Since then the methods have substantially evolved and
increased in sophistication. A recent archival review of progress in this area that includes a survey
of some significant recent developments can be found in [30]. However, the most commonly used
approach is that of “Modern Equivalence Theory” [31, 32]. Secondly, given the homogenized
diffusion theory data, the second step is to carry out a full-core nodal diffusion solution for the
flux and effective multiplication factor predictions. Of course, part of the core may suffice when
symmetries are taken advantage of. This second step is carried out with a variety of codes. Most
modern codes are based on the transverse integration procedure that changes the full 3-D diffusion
problem into a coupled set of 1-D problems. The solution methods vary from polynomial
approaches to analytical ones or even function-expansion-based ones. In all cases, this second
step yields the full reactor flux solution and the effective multiplication factor.

In all cases, the methods that follow this two-step approach carry out assembly-level
homogenization in full, followed by full-core diffusion theory solution. As stated above, the

traditional approach homogenizes the burnable poisons as well as the rest of the features within
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the assembly and effectively distributes the effect (absorption) of the burnable poison uniformly
throughout the assembly.

The method presented in this work is a major departure from the conventional approach of
modern nodal methods. While the overall two-step scheme is retained, the homogenization step
is no longer required to be implemented in its entirety. Thus, instead of fully homogenizing all
the geometric and material features within an assembly, most of the features are homogenized,
while the locally confined strong absorbers such as lumped burnable poisons and control elements
are retained without homogenization. Instead, compatible diffusion theory data is generated for
them. In this way a self-consistent set of diffusion theory data is generated for the background
homogenized assembly domain and the explicitly treated strong absorbers.

The novel approach outlined above requires the development of a new method for the
partial homogenization of assemblies. The new method must be capable of generating background
homogenized diffusion theory data for the assembly while simultaneously generating compatible
data for the localized strong absorber that is left out of the homogenization process. The novel
approach also requires the availability of a compatible full-core nodal method that is capable of
the explicit treatment of local heterogeneities. Of course, in the past, nodal methods were
developed that treat explicitly mild heterogeneities such as those induced by depletion or by
smooth variations in local temperature [33] and that can be rendered by a low order polynomial
representation with reasonable accuracy. Such older methods have even been applied to the high-
fidelity modeling of realistic depletion problems [34]. The new requirement for the explicit
modeling within the nodal solver of a localized strong lumped absorber departs significantly from
such smooth situations.

The focus of this study is the development of the incomplete homogenization method. The
necessary compatible nodal method has been developed and was reported elsewhere [35]. The
reader is referred to that article for the main features of the method. Here only changes made to
the method are presented. In this chapter, first the theoretical development is presented for the
data preparation method for explicit treatment of lumped heterogeneities (i.e., burnable poisons).
Then the corresponding changes needed in the nodal code are introduced. A demonstration of the
combined use of the two new methods is performed on a sample problem in which burnable
poisons are located near some of the vertices of a hexagonal-z fuel assembly in a VVER reactor.

A variant is also presented in which the burnable poison is adjacent to an assembly surface. The
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obtained results show that the new paradigm provides an effective mean of treating burnable
poisons. Finally a sample problem with comparisons to a transport theory reference solution is

presented.
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4.2 The Incomplete Homogenization Method
The incomplete homogenization method (IHM) is presented in this section. In contrast
with traditional homogenization methods, which produce uniform average data from the properties
of assemblies, the method developed here produces two sets of data: homogenized background for
the assembly and localized heterogeneous data for lumped materials that are to be explicitly treated
in downstream processes or models. The development of the method starts with the definition of
the flux-weighted spatially averaged cross section,

S =K gDk av
ka ¢’g( #av ’

Xk, = (50)

where k identifies the node or assembly, x refers to the reaction under consideration and g denotes
the energy group. V¥ is the volume of the assembly or the computational node. The remaining
notations are standard. Eq. (50) merely presents the definition of the volume- and flux-weighted
node-averaged cross section for reaction x in energy group g over the k-th assembly or node.

If the assembly under consideration contains strong heterogeneities that are to be treated
explicitly, such as lumped absorbers or burnable poisons, the traditional homogenization procedure

is altered to generate the desired data. In such a case, the numerator of Eq. (50) is re-written as
S ZEg@ s ()aAV = [ 56 ZX g5 AV + Xh—1 [, 8p 2% g (P pg (P)AV (51)

where P is the number of strong heterogeneities under consideration, the superscript p designates
the p-th strong heterogeneity, and the superscript BG means the assembly background. A simple
example with one burnable poison rod is shown in Figure 19. The volume of the background and
the collected volumes of the strong heterogeneities add up to that of the assembly, hence

vk =yBG 4 yP_ VBP | (52)
—k, .
Let gbg me be the group-g neutron flux averaged over the assembly (or node) excluding the strong

.- . . —k,B
heterogeneities (and hence excluding their volume) and let b, " be the group-g neutron flux

averaged over the volume of the p-th strong heterogeneity. Next, define the background cross

section, Z’;;SG, and the lumped heterogeneity cross sections, ):,'ﬁ;g”, according to
JyBG ZK g dE®AV
Zk,BG — V .8 g
*g JyBG @AV (53)
and
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Conventional Incomplete Homogenization Method
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Figure 19.  Systematic comparison of conventional approach and IHM
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respectively. The integrals in the first of the last two equations are over the background volume
meaning the entire node or assembly excluding the volumes of all lumped strong heterogeneities
that are explicitly modeled. The integrals in the last equation are over the volume of the p-th
explicitly treated strong heterogeneity.

In view of the definitions just given above, the denominators of the last two equations can
be expressed as

fysc OE@®AV = G, vEC (55)
and
Jysp OE®AV = G TVE (56)

respectively. Then Eq. (51) can be re-written as
—kB
Jo ZE B dE@AV = szGq)g “yEBe 4 YT kBp¢ PyBp (57)

The left side of the above equation can be expressed in terms of average nodal flux and ordinary

node-homogenized cross section and nodal volume as

Jp ZkgDOEDAV = 25, VK. (58)
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—k
In similar fashion to Eq. (57), the product of the nodal average flux, gbg and the nodal

volume V* can be expressed in terms of separate quantities for the background region and

quantities for the heterogeneous lumps:

= [ Pe(P)AV = [ 6 ds(F)AV + X0_1 [, 5, b (F)dAV 59
59

—Kk,BG —k,Bp
It is desirable to express the first reaction rate on the right side of Eq. (57) in terms of the

background cross section and the nodal volume and nodal average flux. That can be achieved by

adding and subtracting the desired form to the right side of that equation. Thus

—k —k,BG
Zkgd,VH = kBGq; vkt 5og0e, T VS — kBch VK +
(60)

—k
In the negative term of this last equation, replacing ¢>ng by its final expression given in Eq. (59),

results in

EE VK = TKPOG VK — skPOgr G PPyme 4 vP_ pkBIG TPy (61)
i.e.,

z,lgg$l;vk kBG¢ VK +3F 152“Bp¢ PyBe (62)
where

62cy" = Zig — Zig - (63)

Eqg. (62) gives the reaction rate over the entire node as the sum of a background reaction rate over

the entire node and corrections necessary because of the presence of the strong heterogeneities.
The equations presented thus far contain no approximation beyond those inherent in

neutronics, and, given a detailed neutron transport solution for the assembly, background-averaged

data can be derived. For example, assuming a SERPENT [25] or other neutron transport code
geometrically detailed solution is available, the quantities o7, £¥5¢, £XEP and ¢> “ can

readily be evaluated per their explicit or implied definitions in the equations presented thus far.
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Before implementing this method to practical calculation, a few additional considerations
are necessary, including the derivation of a compatible approximate method for the explicit
representation of heterogeneities. Since in a nodal solution the spatial dependence of the flux
within heterogeneities such as burnable poisons is not available, an alternate representation is
proposed. The approximate presentation assumes a background cross section can be obtained, as
in the exact case, but the burnable poison is represented as a singular absorber located as the center
of the actual lump and assigned a strength that reproduces the actual reaction rate within the actual
poison lump, as shown in Figure 19. To this effect, the reaction rate is expressed in the assembly

according to the approximation given by

f ZE (DIOEDAV = KB VE = [, 5K PPEDAV (64)
where

Tk, = ZEEC 4+ ¥b_ ASEEPS(x — x,)8(y — ) (65)
is formed of a spatially constant background term and a sum of singular correction terms that take
the effect of the heterogeneities into account. The pair (x,, y,,) are the coordinates of the center of

the p-th heterogeneity lump. The approximated flux distribution &Z‘ (#) can be different than the
exact solution gbg(F) due to the approximation made for burnable poison, however, when

imposing the overall node average cross section for approximate model equals to the one in exact
model, i.e.,
o =55y (66)
the average flux for approximate model will be approximately the same as the one in exact model:
—k —k
¢, = b, (67)
Carrying out the integral on the right side of Eq. (64) and using Eq. (65) and (62) yields:
kBGq) Vk _I_Z 1821(qu)
kBG k kBp ~k (68)
= q> VE+ EPo1 A" &, (%pvp)Az,

ZTk
inwhich ¢ (xp, yp) is the z-averaged neutron flux at the location of the p-th heterogeneity in the

approximate model. Here another assumption is made to preserve flux ratio at the center of the

heterogeneity:
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—k Z_x
bg(xp.¥p) . bg(xp.yp)

—x T~ —x (69)
by g
Applying Eq. (67), above equation gives:
2k Z_k
¢g(xp' yp) = d)g(xp'yp) (70)
and Eqg. (68) can be written as:
kBG(I) Vk +2 162kBp¢
(71)

sk
= kBG¢ vk 4+ BP_ ASSS B ) (xp,yp)Az

In order for the equality in Eq. (71) to come as close as possible to being realized, the
individual reaction rates must be forced to be equal. This is accomplished in the case of the
background reaction rate by imposing:

Sept = st (72)

for the background cross section in the approximate formulation. Similarly, identifying the
heterogeneities term by term, and imposing equal individual reaction rates between the exact and
the approximate formulations imposes the choice of cross sections in the latter as given by:

k,Bp kBp
=~k B SZX 0} Bp
ASKPP - 2k Do T (73)

¢g(xp.yp) Az
All parameters and functions in the right sides of Eq (72) and (73) are available from the
geometry description of the assembly or from the transport solution and its data and have been
previously defined. Therefore, the approximate model cross section and heterogeneity strengths
can be pre-computed from the result of the transport theory model. It is noteworthy that Equation
(73) can also be written as:

k Bp q)k Bp Aker

= , 74
¢g(xp'Yp) 4

SkBp _
ASS

where A%BP s the cross sectional area of the p-th burnable poison heterogeneity in the radial plane.
This latter expression is most convenient if the transport solution and data homogenization are

carried out using a two-dimensional transport model.
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The correction terms resulting from local heterogeneities given in Eq. (62) for the exact
model ensures that if the regions identified as heterogeneities have the same properties as the
background, the corrections vanish and the ordinary fully homogenized model commonly used in
nodal methods is retrieved and used. Similarly, since the corrections in the approximate model
are proportional to those of the exact model, the approximate model reverts to the commonly used
fully homogenous formulation of nodal methods. It can also be easily seen that the correct average
nodal cross section is retrieved when the heterogeneity correction vanishes. Since by choice, per
Eq. (72), the background cross section in the approximate model is the same as that of the exact
model, the correct cross section is retrieved in the approximate model if the same is true in the
exact model. And that is indeed the case, since a zero correction in the exact model implies that
the background cross section and the burnable poison region cross section are equal and hence that
the cross section is then uniform throughout the assembly. The same can be verified from Eq. (62)
and (65). Inaprior [35, 36] incompletely developed formulation this consistency requirement was

not met.
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4.3 A Nodal Method with Explicit Treatment of Burnable Poisons

The method for incomplete homogenization presented in the previous section requires the
availability of a full-core modeling capability that can take advantage of the available data by
explicitly modeling the separately retained strong heterogeneities. Such a nodal method that
explicitly models burnable poisons was previously developed [35]. However, the development of
a compatible homogenization method was started but never satisfactorily completed or integrated
into the nodal code [36]. This section presents developments necessary for the integration of the
incomplete homogenized data of the previous two sections into a nodal code. The development of
the underlying nodal method with fully homogenized data was presented previously [35, 36, 37,
38, 39] and is not repeated in detail here.

4.3.1 Implementation of Incomplete Homogenization Method in Diffusion Code
Consider the neutron diffusion equation in node k for the neutron flux in group energy g,

—DgV2 g (r) + Zfg (D g(r) =

75
v g B (1) + 5 Ty 0 0) (7

All symbols have their usual neutron diffusion meanings. The removal cross section, Zﬁg (r), is
assumed to be only partially homogenized and hence can be written as:
E%‘g(r) kBG + Z 1AEkBp8(x—xp)6(y—yp) ) (76)
Using Eq. (76) into Eq. (75) and moving the sum to the right side an equation is obtained
that has only constant coefficients on the left side. That equation is then subjected to the transverse
integration procedure for hexagonal-z geometry [40, 41]. The resulting one-dimensional equation
with constant coefficients on the left side and an effective source S x(x) on the right side is then

solved using the Nodal Green’s function method [35, 37, 38, 39] or its semi-analytical equivalent
[42]. Then the flux solution in the x-direction is given by:

P9 = B0 Sk GRG0 — Rix? () — [l (lxo)ls o) [0 (77

In the above equation ngl is the I-th moment of the effective source, G"l (x) is the I-th moment of
the Green’s function, G . (x]|x,) is the Green’s function, ]gx (x,) is the net current in the x-

direction as a function of x,, h is the half width of hexagon, and R;‘fp (x) is given by:

() = XP_; ASS PGP (%) E (xp,yp) (78)
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In the above G;,‘cp (x) is a weighting function given in terms of the Green’s and function and y, (x),

the equation of the y-side boundary of the hexagon as a function of the x-variable, by:

k
GEP(x) = %('y? . (79)

Physically this function represents the strength of influence at some distance x from the location

of the burnable poison, (x,, y,).
The reaction rate expressed by Eq. (78) can be evaluated simply by using Ai,’fﬁp as given

by Eq. (74). Thus,

K k,Bp KBP K,
Rgg(x) = g=1 Szr,g P d)g Ak’Bpngp x) . (80)

Z_k
where it can be noted that the z-averaged flux at the center of the burnable poison, ¢ g(xp, yp),

—Kk,Bp . . e
has cancelled out. In this latter equation the term d)g ” is not available from the neutron diffusion

computations. It can be eliminated in favor of a pre-computed factor and the nodal average flux.

Multiplying the general term within the sum on the right side of Equation (80) by unity given as

k
vk : : : : i
(f{ k) in which the terms are computed using transport theory solution and assuming the
Y

trans.

average nodal flux computed using the diffusion theory nodal code is the same as that computed
using a transport theory solution, Equation (80) becomes
Kk kBp kBp 7K K,

Rgx(0) = Xp_1 825" g+ by AGgy (%) (81)
where A¥ is the cross sectional area of the k-th assembly in the radial plane. Here, the factor m’g"Bp,
akin to a flux disadvantage factor or a form function, is precomputed using transport theory at the
partial homogenization step. It is given by

—Kk,Bp
wk,Bp _ P
g =

Vk,Bp

— (82)

bgVk
All parameters in the above two equations can be determined from the data preparation

phase using the incomplete homogenization approach. The remaining unknown fluxes are then

computed within the full-core solution process. In this work, the direct coarse mesh finite

difference method [38, 39, 43, 44] and the full scale coupling formulation [38] are used, which

treat node average fluxes as unknowns and couple all the nodes together to form a “sweep-free”
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scheme among spatial nodes. The Augment Wagner’s approach is used to avoid the non-physical
terms arising from transverse integration process for hexagonal-z geometry. Ref. 39 summarizes
the common approach used in hexagonal nodal diffusion codes. Except the approximation used to
avoid the non-physical terms, which is necessary in hexagonal codes, so far the only two
approximations or assumptions that have been made are that the burnable poison can be
represented by a Dirac delta function with a strength factor and that the reaction rates computed
using diffusion and transport solutions must be equal with the addition that the average nodal flux
must be the same.

The theory presented in this section is implemented into a pre-existing nodal code [38, 39]
for the solution of the multigroup neutron diffusion equations of reactor physics in hexagonal-z
geometry. The code is extensively re-organized for a modular code structure and a modular input
structure. Furthermore, the discontinuity factors are added into the code to improve the calculation
accuracy, which will be discussed in following section. The code is named as Reactor Operation
Code (ROC).

4.3.2 Compatible Discontinuity Factor

As mentioned previously, two steps approach is used extensively in deterministic neutronic
calculation. In typical approach, in the first stage, the assembly cross sections are generated based
on infinite lattice or reflective boundary condition, i.e. net current equals to zero on the boundaries,
for various assembly designs. Then the cross section sets are used in the second stage — full core
calculation accordingly. The issue of this approach is the pre-assumed boundary condition in
assembly calculation did not necessary match the situation in the second stage. For example, a fuel
assembly surrounded by fuel elements has different neutronic characteristic when comparing to
the same one surrounded by control units. The inconsistent boundary conditions between transport
calculations (i.e., generation of group constants) and low-order approximation, e.g. diffusion
calculation, is a major source of error. Several different approaches are proposed to address this
issue. In general, the most popular methodologies are superhomogenization method (SPH) [45]
and interface discontinuity factors (IDFs) [29, 30, 31, 32]. The former one adds one more degree
of freedom to preserve the regional reaction rates, while the latter one adds one degree of freedoms
per surface to preserve the boundary physical values at each interface. The correction factors for
SPH method are direction independent. They only depend on regions which implies the loss of
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information of the transport effect on each sides [46]. In contrary, the IDF preserves more
information through imposing one degree of freedom per boundary. For this work, the location of
burnable poison would greatly affect the physical quantity at the boundaries, therefore, IDF is
adopted in this work.

Sanchez has proposed black-box interface discontinuity factor according to black-box
homogenization [30]. The idea is based on the preservation of partial currents. For diffusion theory,

the partial current can be written as:
p_% 1

where J2 is the partial current, ¢ is the neutron flux and J° is the net current. D denotes that the
physical quantity is evaluated based on diffusion theory. He introduced an IDF on the boundary

flux, such that:
hombd __ fpephg™ , jhombd
J * - 4 - 2

(84)

here hom denotes homogeneous case, which is evaluated by diffusion solver, and bd denotes

boundary values. If the conservation of partial current is imposed, i.e.,

]iom,bd — ]iet,bd1 (85)

then the black-box interface discontinuity factor (BB-IDF) can be obtained accordingly:

het,bd +]llet,bd

fgg = 2 L (86)

hom

Pbd
Eq. (84) implies the common assumption made in diffusion calculation: continuity in interfacial
current and discontinuity in interfacial flux:

U™, = Upe™),, and -

fa(dpa™), = fa(dpa™), -

From Eq. (83), in diffusion theory, the flux value can be written as

o° =202 +J) (88)
If the reference value of the partial current meets diffusion theory, i.e. the numerator of Eq. (86)
meets the above equation, then the interface discontinuity factor based on general equivalent
theory (GET-IDF) can be obtained:
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fopr = 2B 89
GET — (bhom' ( )
bd

It indicated the GET-IDF will preserve the interface current only if the heterogeneous
fluxes values are also generated by the diffusion solver [30, 46]. In summary, the use of GET-IDF
will preserve the heterogeneous asymptotic fluxes but not heterogeneous interfacial partial current
unless the heterogeneous solution is generated by diffusion solver. On the other hand, the use of
BB-IDF will preserve the heterogeneous interfacial partial current but not the reference asymptotic
fluxes unless the reference angular flux is linear anisotropic at the boundary surfaces [47]. In this
work, only GET-IDF is applied since it’s more convenient for the implementation without huge
modifications on the original code.

In Eq. (86) and (89), the denominators are the surface flux evaluated by the homogeneous
solver, which must be consistent with the method used in the diffusion core simulation [46]. In
conventional approach, it solves a fix source problem using homogeneous group constants with a
homogeneous node, and the heterogeneous boundary net currents and node averaged flux are
imposed as a boundary condition. In this work, an incomplete homogeneous node is solved instead.
Eq. (77) shows that the transverse integrated flux distribution will be also affected by the location
of the burnable poison, which implies the surface flux would be different than the homogeneous
case due to the presence of the neutron absorber.

In the following paragraph, a simple derivation for generation of IDF is presented. First, it

starts from the Eq. (77) in combination with Eqg. (81):

—k
() = Tio Sga Gt (00 — o 162“3" g b, ANGP ()

(90)
[ (X|Xo)]gx(xo)]x =—h'
and the flux moments can be obtained from above equation accordingly:
k, k
q)gxl’ Xi=o S gxll' Yp=168Zy Bp P % (|> Angxlr
(91)
- G Gl 0]
, Where
gxl - ngl gxlv (92)
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o = (Cumxliu(hD) = DD -+ 5 1 (+3) -1 (- 5) | (94)

In fixed source calculation, since there is no information from the neighboring nodes, the higher
order transverse leakage moments are set to be zero, i.e. L’;xz,z=1,z = 0. In this work, Augment

Wigner’s approach is used, so the zeroth-moment effective source is evaluated through

X k,B kB

¢1§ 1 Zl 1SgXngx10 Zp 182 P Po () Angxo
SgXO = Gk - Gk . (95)
gx00 gx00 [ngo (XO)]gX(XO)]on_h

A detail derivation of above equations can be found in Ref. 38 and 35, which is not repeated here.

For a fix source problem, the node average flux ¢_§, boundary currents ]f,fx(ih) and kess

are imposed as a boundary condition. The Green’s function in above equations are functions of
material properties and location, so they can be pre-computed. In order to calculate the surface
fluxes using Eq. (90), the source moments are needed, which are functions of the flux moments
according to Eq. (92) — (95). Again, from Eqg. (91), the flux moments are also function of the source
moments. Thus an iterative scheme is performed to solve the flux moments:

A. First initialize the flux and source moments via setting zeroth-moment of the flux ¢_§xo as
the node average flux ¢_§ and the higher moments of flux and source to be zero, i.e.

k(0) _ k (0) k (0) —
q)gxo - q)gxll 1,2 =0; ngll 1,2 = 0.

Then evaluate the zeroth moment of source S* &

gxo according to Eq. (95).

B. Use the Eq. (91) to update the flux moments ¢" (1).

C. Update the higher source moments ng(lll) 12 Via Eq. (92) — (94). Then update ng(ol) using

Eq. (95) accordingly.

D. Evaluate a new set of flux moments ¢k @) by Eg. (91) with the new source moments ng(ll).

E. Check if below convergence condition is met.

gxl gxl'
k(2)
gxl’

<e€ (96)

K@D _pk @)
=

If not, set ¢g}fll,) = ‘?5;;12') and return to Step C. Repeat these two steps until convergence

criteria is met.
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If Cond. (96) is satisfied, use Eq. (90) to calculate the surface fluxes and then use Eq. (86)

or (89) for the evaluation of the interface discontinuity factors.

An iteration-free scheme can be derived using flat approximation, which assumes higher
moments of flux, source and transverse leakage are all zero. When flat approximation is applied,
Eq. (90) and (95) can be written as:

—k
P () = ShioGitxo () = 2=y 8% wg™F by AGgl () —

(97)
[ng(xlxo)]gx(xo)]xo=_h, nd

k
Sho = o1 [~ 25 82ELP wf P &, kG, — G oG] (98)

k k
Ggxoo ngoo

Substituting Eq. (98) into Eq. (97) and setting the location at the node surfaces would result in the

surface fluxes:

kp

Pl (h) = B — TE_; SEP wf ™ . AX[G (+h)—GgXO

— [ (Ghx(Ehlxe) — Gl (x0)) ]gx(xo)] (99)

Note that ngoo equals to ngo (x) in above derivation. Eq. (99) shows that the surface flux will be
affected by the location of the burnable poison even when reflective boundary condition, i.e.

JE(£h) =0,

BP — ), the equation will become

is applied. On the other hand, if there is no burnable poison (62,
to the same as the one for homogenous node. Under this situation, if the reflective boundary
condition is used, the surface fluxes will equal to the node average flux, which can be observed

from Eq. (99).
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4.4 Application and Results
Several different cases are tested using the code ROC. For the first two cases diffusion
theory data are taken from an existing VVER benchmark [48], while for the last set of cases, the
data preparation steps are carried out using the SERPENT code [25].

4.4.1 Verification of Self-Consistency of the Model
The first test carried out using the new method was to verify that it is self-consistent and
that given data for the heterogeneity treatment that reflect an absence of burnable poisons, the

ordinary fully homogenized solution is retrieved. The result is summarized in Figure 20. The test
proved satisfactory, and when 625;5’” is set to zero for all values of p in the solution scheme with
explicit treatment of heterogeneities, the solution does indeed reproduce identically that obtained
starting with homogenous data and using an ordinary nodal solver. The diffusion theory data and
boundary conditions are the same as those of the test case of the next section, except for the zero
value of the 625;5” and w’;'B” parameters. In this case, the multiplication factor is 0.8396292 and

the power distribution is identical in the two treatments. The geometry size is arbitrary assigned

for this test, which is 36cm in the flat-to-flat dimension of assemblies.

With BP, but AE,ffg =0 (W;p = 0or 6Efj§p =0) KEFF 0.839629219

BP location
X Y
u 0.00000| 9.00000
KEFF 0.839629219

& &
ele!

Figure 20. Comparing the results for verification of self-consistency of the model
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4.4.2 Explicit Heterogeneity Treatment for a Sample Problem

A reduced scale reactor problem has been devised for testing the new code capabilities. In
this artificial case, the central assembly may contain a strongly absorbing pin as a surrogate for
burnable poison. Surrounding this central assembly is a ring of six ordinary assemblies with no
burnable poison. All seven assemblies are of VVER type, hence the reactor is a mini LWR with
hexagonal-z geometry. For this simple case, the data are taken from an existing VVER benchmark
[48]. The data are arbitrarily assigned for the surrogate burnable poison in order to test features of
the method and new code and to demonstrate the effect of a strong absorber heterogeneity. The
latter is modeled by merely assuming its removal cross section is twice that of the background

k,Bp _

material, i.e., that 6%, £r8¢ and the w’;'B"’ factor is arbitrarily assigned a value of 10%.

Two different geometries are considered in which the burnable poison is located at a vertex of the
hexagon and next to one of the hexagon sides, respectively, as shown in Figure 21. The flat-to-
flat dimension of assemblies is 36 cm. The boundary condition on all outer surfaces is assumed
to be vacuum, i.e., no incoming partial current. The diffusion theory data for this benchmark
problem are shown in Table 5.

The test then consists in varying the location of the burnable poison around the assembly.

Figure 22 shows the change in power distribution as a function of burnable poison position. As

Case 1 Case 2

Figure 21.  Two test problem configurations showing initial burnable poison rod locations
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Table 5. Diffusion theory data for test models.

. Ener _ - _
Material Grouﬁf Dg4(cm) Z,g(cm h vIf(cm D! 2,(cm™)
1 1 1.34660E+00 | 8.36200E-03 | 4.44880E-03 | 1.68930E-02
2 3.71690E-01 | 6.42770E-02 | 7.37530E-02 | 0.00000E+00
Case 1 Case 2
BF location BP location
X i X 14
u 0.00000 9.00000 9.00000| 0.00000
0.6881 | 0.6881
Case 2 )
BF location BP location
X ¥ | 2 Lk
0.00000 9.00000 % 9.00000 0.00000|
0.8230
@ 0.8230
Case 2
BF location | BP location
X i X 14
0.00000 9.00000 9.00000| 0.00000

% % w

0.6881

Figure 22.

Effect of rotating the position of the burnable poison

can readily be seen, in the outer ring, the higher power levels occur in the assemblies farthest from

the burnable poison, while the lower power levels occur in the assemblies nearest the burnable
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poison. In Case-1 the highest power is in the central assembly because of less leakage, while in
Case-2 leakages are not sufficient to offset the effect of the burnable poison in the center assembly.
In all situations from Case 1 the effective multiplication factor is 0.802579 while for Case 2 it is
0.802585.

Further rotation of the burnable poison rods to equivalent locations produces symmetric
results. The test shows that the new method is effective in representing the physics of burnable
poisons and in having their localized effects properly modeled. The next set of test cases
demonstrates that the new method reproduces transport theory results reasonably well within the

context of diffusion theory.

4.4.3 Explicit Heterogeneity Treatment Comparison to Transport Solution

A set of model problems is used to compare the results from the new method to reference
transport theory solutions. This set of problems assumes a two-ring configuration consisting of a
central assembly surrounded by six assemblies. The fuel is a VVER-440 type with 14.7 cm in flat-
to-flat dimension of the assembly. The boundary condition is taken to be reflective. The fuel in the
central block is enriched to 3.6 "% in U-235, while the peripheral assemblies have only 1.8 "%
enrichment in U-235. The central assembly contains a small pin of burnable poison consisting of
pure gadolinia (Gd203), which is placed either at the vertex or next to one of the hexagonal set, as
shown in Figure 23. The diffusion theory data for all situations are prepared using single assembly
SERPENT 2.1.30 calculations with reflective boundary conditions. The two-ring reference
solution is also obtained using the SERPENT code and also assumes reflective boundary
conditions. The SERPENT code is a stochastic neutronic code with continuous energy cross
section library and the computations assume 10 million particles per cycle for 500 cycles with the
20 first cycles omitted from tallying. The effective multiplication factor is computed using the
implicit tallying approach. The nodal code solution uses the modified Green’s function approach
with explicit treatment of burnable poisons. The model is applied in four energy group structures:
a one-group, a two-group, a four-group and an eight group. The group structure is selected based
on the eight groups spectrum of the central block to capture the overall spectrum shape. The group

structures are shown in Table 6.
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Table 6. The group structures used in this study
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-processing tool
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the output data from SERPENT to the input file of ROC. Here, the interface discontinuity factors

mentioned in previous section. The solver is

from the

-IDF). Summary results

equivalent theory (GET

are computed according to general

in Table 7 and Table 8. The diffusion theory solution cases are,

various cases are shown
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respectively, one that uses fully homogenized assembly data, one that uses assembly discontinuity
factors (ADF) in addition to the same fully homogenized data, one that uses partly homogenized
data and data for explicit modeling of the burnable poison, and one that uses the same partly
homogenized data with a compatible set of interface discontinuity factors (CIDF) developed in
this work.

The first of these two tables shows that the cases without discontinuity factor have
disadvantages for the prediction of effective multiplication factor. It is due to the cross section data
is prepared from the single assembly model with reflective boundary condition, which has exactly
the same assembly at the its surroundings. However, in the test cases, there is a huge difference in
the fuel enrichment levels between the neighbors, and the lack of a discontinuity factor causes a
failure to correct for the interfacial condition arising from different boundary conditions between
the cross section generation model and the real model. The Explicit BP treatment without any
correction has the worst prediction about the multiplication factor, which is due to the treatment
of localized heterogeneity. It lowers the absorption effect comparing to the homogeneous case,
which leads to the highest prediction of kerr. However, when the discontinuity factor is imposed,
the table shows the best prediction among other approaches from the module using burnable poison
treatment with compatible discontinuity factor, since better prediction of intra node flux is used
comparing to traditional homogenous nodal solution.

The second table presents the maximum relative power error for the various cases treated.
The table shows explicit burnable poison without any correction improves the overall prediction
of the power distribution; however, again lack of discontinuity factor fails to correct the interfacial
condition result in overestimating the suppression from burnable poison to the peripheral
assemblies and underestimating the neutron leakage out from the center block. On the other hand,
it shows significant improvements in the cases that use assembly discontinuity factors, with a
definite advantage in the case that uses explicit burnable poison modeling along with compatible
discontinuity factors, due to better prediction of the flux shape. It must be noted that using the
ordinary discontinuity factor in the explicit burnable poison treatment case would result in a
deterioration of the solution since the presence of the burnable poison would be doubly accounted

for.
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Table 7. Comparison of computed multiplication factors

Case 1 BP at one of the vertices of the center assembly

Reference k

1.18957+ 1.1pcm™*

1group | Ak (pcm) | 2groups | Ak (pcm) | 4 groups | Ak (pcm) | 8 groups | Ak (pcm)
Homogeneous | 1.192820 | 324.03 | 1.194137 | 455.71 | 1.194118 | 453.75 | 1.194290 | 471.01
Homog. wW/ADF | 1.192924 | 334.43 | 1.193888 | 430.76 | 1.193811 | 423.11 | 1.193962 | 438.24
Explicit BP 1.192924 | 334.49 | 1.194345 | 476.53 | 1.194319 | 473.85 | 1.194484 | 490.35
s\;;gllDBlf 1192921 | 334.12 | 1.193832 | 42521 | 1.193749 | 416.88 | 1.193896 | 431.56
Case 2 BP close to one of the sides of the center assembly
Reference k 1.18988+1.5pcm
1group | Ak (pcm) | 2groups | Ak (pcm) | 4 groups | Ak (pcm) | 8 groups | AK (pcm)
Homogeneous | 1.192249 | 235.90 | 1.193542 | 365.22 | 1.193537 | 364.67 | 1.193719 | 382.91
Homog. wW/ADF | 1.192285 | 239.49 | 1.193193 | 330.29 | 1.193127 | 323.75 | 1.193254 | 336.44
Explicit BP 1.192287 | 239.68 | 1.193604 | 37141 | 1.193602 | 371.16 | 1.193742 | 385.21
sv);gllglf 1.192282 | 239.15 | 1.193158 | 326.84 | 1.193088 | 319.83 | 1.193192 | 330.17

*the value is one-sigma statistical uncertainty with the unit pcm (per cent mille, 10~5)

Table 8. Maximum relative power error and error root mean square

Case 1 BP at one of the vertices of the center assembly

Maximum Assembly Power Difference (%)

Error Root Mean Square (%)

1group |2 groups|4 groups|8 groups| 1 group |2 groups |4 groups|8 groups
Homogeneous 2.706 2.228 1.985 1.985 1.780 1.746 1.647 1.647
Homog. w/ ADF 1.765 1.164 0.533 0.440 0.763 0.513 0.247 0.206
Explicit BP 1.763 3.160 2.691 2.628 0.787 1.440 1.185 1.133
Explicit BP w/CIDF 1.781 0.929 0.277 0.162 0.768 0.403 0.122 0.086

Case 2 BP close to one of the sides of the center assembly
Maximum Assembly Power Difference (%) Error Root Mean Square (%)

1group |2 groups|4 groups|8 groups| 1 group |2 groups |4 groups|8 groups
Homogeneous 2.978 2.258 2.034 2.031 1.574 1.546 1.444 1.446
Homog. w/ ADF 2.109 0.707 0.288 0.357 0.914 0.329 0.137 0.159
Explicit BP 2.102 2.550 2.159 2171 0.935 1.186 0.978 0.946
Explicit BP w/CIDF 2.128 0.555 0.257 0.251 0.928 0.285 0.126 0.149
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4.5 Chapter Summary

In this section, a method for the generation of diffusion theory data has been created that
preserves some features non-homogenized to allow their explicit treatment in a modern nodal code.
A nodal code that allows such an explicit treatment of strong heterogeneities has also been devised.
The new partial (incomplete) homogenization method generates background homogenized data
and compatible discrete data for the strong heterogeneities. Also, an auxiliary code for the
generation compatible assembly discontinuity factors has been written that post-processes output
from assembly homogenization codes (or other appropriate transport theory code). All of the new
methods have been demonstrated through two sample problem models representative of VVER
light water reactors. The test shows the theory is self-consistent. When comparing with transport
solutions, it has been shown that the use of explicit modeling of burnable poisons improves the
diffusion theory solution over the use of traditionally fully homogenized data alone. The use of
explicit modeling of burnable poisons in conjunction with compatible assembly discontinuity
factors produces the highest fidelity and accuracy results, exceeding those achievable through the
use of ordinary homogenized data and their discontinuity factors.

This chapter indicates a new direction to preserve the local heterogeneity thru partially
homogenization. The derivation is based on a better prediction of the intranode flux shape due to
the presence of the local heterogeneity. It implies that partial homogenization method is easier
adapted with other homogenization method like general equivalent theory method or
superhomogenization method. There are several other factors beyond homogenization that causes
the differences between nodal diffusion calculation and reference solution. The coarse group
structure, the cross section generation model, the methodology used for generating group
constants, and the limitation of diffusion theory are all possible sources of the error. Some
investigations of the spatial effect when choosing cross section generation model will be addressed

in the following chapter.
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5. Preliminary Investigation of Sufficient Spatial Domain in Cross Section Preparation

5.1 Introduction

In the previous chapter, the incomplete homogenization method was proposed for dealing
explicitly with local heterogeneities. In the process of preparing cross section data, in additional
to accounting for local effects, it is necessary to incorporate the effects of adjacent regions. In some
advanced reactor designs, such as High Temperature gas cooled Reactors (HTRs), the average
neutron mean free path is not large enough for an effective mixing of the spectrum over the entire
core, as is largely the case in fast reactors, and it is also not short enough to effectively decouple
the various geometric zones from their adjacent ones, as is the case for assemblies in Light Water
Reactors (LWRs) using a single type of fuel. For these reasons, the conventional infinite lattice
approaches (i.e. single assembly with reflective boundary conditions) for cross section generation
are not suitable. Physically, the actual local spectrum within an assembly or prismatic block results
from the local composition and from the spectra in neighboring assemblies. Those neighboring
spectra “penetrate” into the assembly of interest through its boundaries, i.e., the interfaces between
assemblies. This phenomenon is termed spectral inter-penetration. Accounting for this effect in
cross section preparation can be achieved by either imposing the correct boundary condition on
the Region of Interest (ROI) or using a model with sufficient geometry extent beyond the ROI.
The effect of imposing the correct boundary conditions can be proved using the integral form

(weak form) of the neutron transport equation:
(0.2 P)+< P >+ (Ko, ) = (s P+< @, >_, (100)
where (7, Q) is an arbitrary function in the solution space, and ¢(r, Q) is the neutron angular

flux. The brackets stand for integrals in Dirac’s notation and are used to simplify the equations.

They stand for integrals per the definitions
(f.@) = [ f, drd Of (r,0)g(r. D),
<@ >y=[[.,dSdQ|Q-&|f(rs,0)g(rs, Q), (101)
and K o= 2,(r) — [dQ'Z(7r, Q- Q).

V is a volume in the phase space domain while I't represent outgoing (or incoming) oriented

boundary surfaces of the volume V.
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Assume the spatial domain for the ROl is R, and assume it is contained in a trial spatial
domain T, i.e. R © T. Subscripts are introduced in Eq. (100) to characterize specific domains,
thus:

—((p,ﬁ ' lp)T+< (p,lli >T,++ (K(P, lp)T = (S) l/))T+< (,0,1/) >T,— ' (102)

Since the trial domain T can be decomposed into domain R and domainT — R, i.e., T =R +

(T — R), the integration over the domain can be written as

f,8r =8+ (f,9P1r-r (103)
Substituting Eq. (103) into Eq. (102), and then adding and subtracting the integration on the
boundary of the ROI results in:

|—(0.0-9),+< 0,1 >p1+ Ko, ¥)p — (s =< 0. % x|

(@ 0-9),_ + Ko, P)r g +[< @9 >0 —< 0,9 >g4] (104)

—(,Pr-r— [< QY > —<@Pp > [ =0
The first bracket in Eq. (104) is equal to zero, therefore

<PY>Spp —< QP >p_=

(. Q- 9),_,+ Ko, )rp = (5,7 p+< @, >4 =< @, >p_

The left side of the above equation are the surface integrals on the boundary of ROI, i.e. domain

(105)

R, and the right side are the combination of the surface integrals on the boundary of the trial spatial
domain T and the volumetric integrals of neutron source and loss terms within the domain T — R.
This equation is in fact the neutron balance equation for domain T — R, which can be also derived
from Eq. (100). Eq. (105) suggests that one can find a proper boundary condition at the surface of
ROI to well represent the neutron distribution in the domain T — R and the boundary influence at
the surface of the domain T. In order to obtain the correct boundary condition, in addition to the
discontinuity factors and the superhomogenization methods discussed in the previous chapter,
another type of approach is available, known as the “rehomogenization method,” that involves
iterations between the global solution and the local solution. This process consists in either
computing the variation of the neutron spectra between the core environment and the infinite lattice
approach [49] or correcting the boundary condition on the ROI to model the effect on it of the
global environment [50].

Another idea is to use a sufficiently large model to capture the spectral inter-penetration

effect. This is an extension of the concept known as the “colorset approach” for LWRs with
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Figure 24.  Left: the supercell centered around the peripheral block of interest with various domain sizes; Right:

homogenized 1-group cross section versus size of supercell [51]

uranium fuel assemblies and mixed oxide fuel assemblies arranged in a checkerboard pattern. The
color set approach includes half (or quarters at the corners) of the neighboring fuel blocks in order
to address the influence of adjacent assemblies on a center ROI assembly. This method works
well in LWRs, however, a previous study showed that the color-set approach fails to decouple the
HTR fuel block under consideration from those beyond the color-set boundary, as it is too small
to effectively dampen the effects from materials outside the color-set [51]. Therefore a much
larger zone, dubbed as “supercell”, is used to achieve better results, as depicted in Figure 24. That
research [51] has also shown that in order to fully decouple the single assembly ROI from its far
neighbors, the computational model may have to be as large as the full reactor core. Such a
behavior has been previously established for pebble bed reactors, in which a supercell as large as
a wedge of the full core in radial direction is used to prepare the cross section in radial direction
while the buckling/leakage iteration is adopted in axial direction [52]. Some follow up research
efforts selected two-ring supercells to generate homogenized cross sections [53 — 55] in modeling
various cases of deep-burn HTR (DB-HTR) configurations. These yielded good agreement
between the supercell approach and full core transport calculations, however only if the model
uses 9 energy groups or more. Some more recent research efforts [56 — 60] also used two-ring
supercell data preparation for modeling prismatic HTRs. All of the above mentioned efforts show
the need for using supercells, however, a systematic way to identify the extent of a sufficient
supercell was never carried out.

This chapter is intended to systematically study the effectiveness and limitations of

traditional single assembly and color set approaches and to identify and examine the extent of
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supercells that is deemed sufficient to produce satisfactory data. In addition, criteria for the
determination of supercells extent will be studied qualitatively and semi-quantitatively. These will
entail a systematic numerical investigation to provide a guideline for determining a sufficient size

of the supercell in cross section preparation.
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5.2 Effect of Local Heterogeneity on Supercell Modeling

Color sets are small supercells in which the assembly or prismatic block under
consideration is padded with parts of its surrounding assemblies. Usually, for rectangular
assemblies, the color set is formed by padding the computational domain for data preparation with
half the width of adjacent assemblies and a quarter of the assemblies that share a vertex or corner
with the central assembly of interest. For prismatic blocks of hexagonal-z assemblies, the domain
is padded to form a larger hexagonal-z domain containing one third (or a half) of each of the six
prismatic blocks adjacent to it. The colorset approach introduces into the assembly of interest some
of the effect of the spectra from the adjacent peripheral assemblies. Though it is known that the
use of color sets for ordinary light water reactors, such PWR or BWR designs, is effective in
generating proper cross sections, previous research [51] has shown that it is not so in the case of
the prismatic-block HTRs due to spectral inter-penetration. In most prismatic HTR designs, there
are burnable poisons rods (BP) at the vertices of some of the fuel assemblies, which introduce not
only flux depression but also asymmetries. The asymmetry caused by BPs in prismatic HTRs
further complicate the selection of a proper cross section generation model. In this section, a
specific test problem is chosen to demonstrate why extra caution is needed to model HTRs with

local heterogeneities.

5.2.1 Description of Test Models

In this section, a simple two-ring configuration is used. For this configuration, a burnable
poison rod (or control rod) is placed in the central block, which is surrounded by fuel blocks with
lower enrichment (i.e. half the enrichment of the central block). A reflective boundary condition
is postulated at the outer surface of the second ring, as shown by the black lines in Figure 25.
Three different cases are tested — (a) VVVER440 fuel assemblies with an inserted control rod, (b)
Modular High Temperature Gas-cooled Reactor (MHTGR350) Reserve Shut-down Control (RSC)
fuel element with control rod withdrawn surrounded by regular fuel blocks, and (c) the same
configuration as the immediate previous case but with an inserted control rod. The VVER440
configuration is from an example input file in SERPENT [25], whereas the geometry and material
information for the MHTGR350 cases are given in Ref. [56]. For each case, a full model (as shown
in Figure 25), and three additional models that are sub-domains of the original configuration, are
evaluated. These three additional models are a single block model, a color-set model of a type we

73



(b) (©)

Figure 25.  Configurations of three different cases: (a) VVVER440 fuel block with inserted control rod (b)
MHTGR350 RCS fuel block with control rod withdrawn and (c) MHTGR350 RCS fuel block with inserted
control rod
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Figure 26.  Subdomain models for VVER440, including (a) single block model, (b) color-set model 1, and (c)
color set model 2

denote as type-1 and a color-set model of type-2. The sub-domain models for VVER440
assemblies are depicted in Figure 26, where the black line indicates the boundaries of each model.
In each of the other two cases of MHTGR350, the selection of subdomain models is the same as
for the VVER models. The subdomain models represent different physical situations due to the
reflective boundary condition. This is easy to recognize by examining the physical situations that
are actually and represented by the subdomain models and that are shown in Figure 27. From this
figure, one can observe that the choice of subdomain affects the effective pitch between the
repeated instances of the center block, i.e. the red block in the figure. It can be seen that the
traditional single assembly model would overestimate the flux depression at locations around the

burnable poison rod and fail to take into consideration the effect of spectral mixing that arises from
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the presence of different enrichment levels in neighboring blocks. As for the color-set approaches,
they are traditionally expected to generate better results in comparison to the single assembly

model, since they take into account, at least in part, the neutron inter-penetration of spectra (i.e.,

(® (b)
(c) (d)

Figure 27.  Physical situation effectively represented by (a) single block model, (b) color-set model 1, (c) color-set
model 2, and (d) original two ring model of VVER440 case
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streaming between different composition zones). However, comparing cases (b) and (c) to case

(d) in Figure 27, it is clear that different physical situations are involved: the effective enrichment
in the calculation domain is clearly different and the distances between instances of the region of
interest, i.e. red blocks, are smaller than in the original model. As previously mentioned, for LWRs,
color sets may work well even if the represented physics is not correct, since the neutron mean
free path is quite short compared to the assembly size and the water moderator results in a smaller
migration length compared to that provided by graphite as a moderator. This means that neutrons
are more prone to react and be absorbed locally than in the case of HTRs, and the effect of the
peripheral assemblies conditions on the central one of interest is insignificant. In other words, the
center block would not “feel,” beyond a narrow range, a difference caused by the impact of the
peripheral assemblies . In the next section, a numerical investigation is performed as an attempt to
confirm the physical expectations just discussed. It is anticipated that for HTRs, contrary to LWRSs,

the effectively modeled situation does not match the actual situation intended to be modeled.

5.2.2 Collection and Analysis of the Computational Model Results

The models proposed in the previous section are examined using the Monte Carlo code —
SERPENT 2.1.30 with continuous energy cross section libraries. Reaction rates for a variety of
neutron interactions and the infinite multiplication factor of the center block in the various models
are tallied for comparison. The results are summarized in Table 9. Note that the total flux for the
center block is normalized to unity for all cases. To better understand the results, the physical
parameters, total mean free path and neutron migration length in the various blocks (central and
peripheral), are summarized in Table 10. The total mean free path A, is the average distance

traveled by a neutron between two consecutive reactions and is given by
Al =— (106)

where X, is the total cross section. The neutron migration length M is the square root of the
migration area M?, which is interpreted physically as one-sixth of the square of the average
distance in any direction between the neutron’s birth point, as a fast neutron, and its absorption, as
a thermal neutron. The neutron migration area is defined as the combination of the square of the
diffusion length, L?, and the square of the slowing-down length L2, or the value of the Fermi age

T at thermalization, i.e.:
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M?=[*+12=1*>+T7.
The square of the neutron diffusion length is one-sixth of the square of the average distance
between the location at which the neutron becomes thermal and the location of its absorption,
which can be written as

L= % <1r?>4y
The Fermi age at thermalization is equal to one-sixth the square of average distance in any direction

between neutron birth location as a fast neutron and the point where it has become thermalized,

i.e.
1
T=-<12>
6
Table 9. Comparison of the sub-domain models to the original (reference) configuration
Model " Difference Total Difference | Absorption | Difference Neutron Difference
ode inf
: (%) RR! (%) RR (%) GR? (%)
VVER440 with Control Rod
Reference [1.2085 6.25E-01 2.29E-02 2.77E-02

Single Block |1.1933] -1.26E+00 |6.11E-01] -2.27E+00 2.12E-02 -7.37E+00 | 2.53E-02 | -8.58E+00

ColorSetl |1.2108] 1.88E-01 |6.25E-01| -6.24E-03 2.29E-02 -1.05E-01 | 2.77E-02 7.92E-02

ColorSet2 |1.2099] 1.17E-01 |6.25E-01] 4.32E-03 2.29E-02 -4.80E-02 | 2.77E-02 6.72E-02

MHTGR350 without Control Rod

Reference |1.0733 2.89E-01 3.21E-03 3.45E-03

Single Block |1.0325| -3.80E+00 |2.91E-01] 5.07E-01 3.08E-03 -4.12E+00 | 3.18E-03 | -7.75E+00

ColorSetl |1.0744] 1.09E-01 |2.90E-01] 2.75E-01 3.27E-03 1.76E+00 3.51E-03 1.87E+00

ColorSet2 |1.0751] 1.73E-01 |2.90E-01] 1.61E-01 3.25E-03 1.23E+00 3.49E-03 1.42E+00

MHTGR350 with Control Rod

Reference 0.6967| 3.10E-01 4.47E-03 3.12E-03

Single Block [0.6298] -9.59E+00 |3.06E-01| -1.07E+00 3.71E-03 -1.70E+01 | 2.34E-03 | -2.50E+01

ColorSetl [0.6927] -5.75E-01 |3.09E-01] -3.01E-01 4.35E-03 -2.74E+00 | 3.01E-03 | -3.31E+00

ColorSet2 [0.6952] -2.07E-01 |3.09E-01] -2.07E-01 4.40E-03 -1.71E+00 | 3.06E-03 | -1.92E+00

1. RR stands for reaction rates; 2. GR stands for generation rates
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Table 10.  Physical parameters of the center and peripheral blocks

Number of mfp| Migration | Number of M per
Model mfp* (cm)
per block Length M (cm) block
VVER440 — Center Block (CB) 1.60 9.2 6.049 2.4
VVER440 — Peripheral Blocks (PB) 1.50 9.8 6.404 2.3
MHTGR350 — CB with Control Rod (CR) 3.23 11.1 16.012 2.2
MHTGR350 — CB without CR 3.46 10.4 19.670 1.8
MHTGR350 - PB 3.23 111 19.550 1.8

* mfp stands for mean free path

For this study, one group diffusion theory is used. Hence, the neutron migration length

could be approximated using the diffusion length, which can be expressed as

M~L = \/g (107)
D

where D is the diffusion coefficient, which is about one third the inverse of the transport cross
section X,,-, and Z, is the absorption cross section. The parameters are evaluated using one group
cross sections. In Table 10, all the parameters are shown as evaluated using reference model.
Evaluations of the same parameters using color-set models confirms these parameters are about
the same as in the reference model. In Table 9, it is seen that the overall reaction rates in the
Region of Interest (ROI) of the color-set models matches well the values obtained for the reference
model. This is because of the short total mean free path (mfp) in comparison to the assembly size.
According to Table 10, there are about 9 to 11 mfps per assembly (flat-to-flat distance) for both
types of reactors. This means that color-set models include at least 3 to 5 mfps beyond the ROI
and the geometric extent further away from the ROI has limited impact on the overall reaction rate
in the ROI. However, for the absorption rate and neutron generation rate, Table 9 shows that the
supercell approach works well for the VVVER440 case but not for the MHTGR350. About 2%
errors in absorption and neutron generation rates are observed for the color set models in
comparison to the reference model for the case with and inserted control rod. For the VVVER440,
Table 10 shows about the same value for the migration length in the center block and the peripheral
ones. This is reasonable, since water contributes a significant amount of absorptions in light water

reactors. The table also shows that each block is about 2.3 ~ 2.4 migration lengths, which implies
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that most neutrons would be absorbed locally. On the other hand, for the MHTGR models, the
center block with higher fuel enrichment and an inserted control rod (CR) has a migration length
of 16 cm, thus the block is about 2.25 migration lengths in extent. In contrast, the migration lengths
for the peripheral blocks and the center block without CR insertion are about 20 cm, thus such
blocks are only 1.8 migration length in extent. This implies that a sizable fraction of neutrons born
in one block would be absorbed in a neighboring block, causing spectral inter-penetration. Even
when the central block has an inserted control rod, the peripheral block would contribute a sizable
fraction of the neutrons born in them to the central block.

Different trends of the absorption rate are observed for the MHTGR350 cases shown in
Table 9. With the control rod inserted, the absorption rate increases when the geometry extent of
the subdomain models is increased from Colorset Model-1 to Colorset Model-2. On the other hand,
with the control rod withdrawn, the absorption rate decreases as the geometry extent of the model
is increased. To explain these phenomena, first, it is important to understand that changing the size
of the supercell is equivalent to changing the pitch between the center block instances, as
mentioned previously. The net absorption rates in the ROI for different models would be
influenced by (1) the number of neutrons coming into the ROI/center block and being absorbed in
it and (2) the number of neutrons exiting from the center block and being absorbed by the
peripheral ones. For the case without control rods, the migration length of the center block is about
the same as that of the peripheral ones, and when using color-set models, the pitch is smaller than
the reference model, which implies that some neutrons born in the center block have higher
chances to be absorbed in another instance of the center block. Hence higher absorption rates are
observed. Then, as the geometric extent of the supercell is increased, more neutrons are absorbed
in the peripheral blocks before they reach another instance of the center lock, and hence the
absorption rate decreases. However, when the control rod is inserted, the migration length of the
center block decreases, and less neutrons are likely to escape the center block and be absorbed by
either the peripheral ones or another instance of the center block. In contrast, the neutrons born in
the peripheral blocks of the two colorset cases are all born within one migration area of less from
the central block. For this reason, increasing the size of the colorset from case-1 to case-2 increases
the population of neutrons that can reach the central block and be absorbed in it. Hence, in the
case of the center block with an inserted control rod, the change in absorption rate is dominated by

the availability of neutrons from the peripheral blocks, which increases as the domain size is
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increased and hence the observed behavior of increasing absorption in the center block as the
extent of the supercell is increased. Conversely, it appears as though less peripheral blocks between
two center block instances lowers the absorption rate in the center block, as observed. It is
uncertain if this result is a trend that would amplify if the domain is further extended beyond the
situations considered here.

For the infinite multiplication k¢, it seems that the color-set models, for all cases, match

well the reference model results. However, this is due to cancelation of error, as can be proved

easily. The infinite multiplication factor, k;,r can be written as

Neutron generation rate GR
Kins = — GR (108)

Neutron loss (Absorption) rate T AR

Hence, it is easy to show that

dkiny _ dGR _ dAR
kinf GR AR’

(109)
From above equation, it is evident that the small error in the prediction of the infinite multiplication
factor is caused by cancelation of error.

The normalized neutron spectra in the center block for the reference models of the three
different cases considered here are depicted in Figure 28. As expected, very different spectra are
seen for the light water reactor on one hand and the high temperature gas cooled reactor on the
other. The figure shows a slightly shifted thermal peak in the MHTGRs, which is caused mainly
by higher fuel temperatures. In the epi-thermal region, there are less neutrons in the VVER than
in the MHTGR, since water has better moderation power than graphite. (Water is six times more
effective at slowing down neutrons than graphite.) The smoother fast spectrum in the MHTGR
cases is caused by the much larger moderator-to-fuel ratio (~ 50 times) in HTRs than in LWRs,
resulting in higher probability for earlier slowing down event occurrences, i.e. a neutron is slowed
down right after being born in the fuel. When the control rod is inserted into the center block, the
spectrum becomes harder, since more thermal neutrons are absorbed, as displayed in Figure 28.
Figure 29 shows the differences of the spectra between sub-domain models and the reference
model for MHTGRs. From this figure, it can be seen that the traditional single block model does
not reflect the physics intended to be modeled, as expected. When the control rod is inserted, the
single block model results in severe spectrum distortion compared to the reference case, which in

turn causes larger errors in the reaction rates, as shown in Table 9. As for the supercell models,
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when the geometry extent gets larger, less distortion in spectra is observed in Figure 29, therefore,
smaller errors in the reaction rates can be expected, as seen in Table 9.
In summary, the supercell models do not work well in HTR cases even for a simple test

problem. From the results, it is seen that although total reaction rates and k;,, display good

agreement between the color-set models and the reference ones, it is necessary to have a closer
look at the absorption rate and neutron generation rates to fully ascertain the fidelity of
representation of the actual physical situations. Given the inadequacy just uncovered of the
reduced-geometry models, it is suggested that it is prudent to choose and use the model that best
represents the original physics. In this case, that is the original model or the bottom half (or top

half) of the full domain as a supercell (with reflective boundary conditions).

Comparison of neutron spectra between the different cases
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Figure 28.  Comparison of neutron spectra for the reference models of three different cases — MHTGR350 with
control rod (CR), VVER440 with CR and MHTGR350 without CR
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Comparison of the differences in spectra for Comparison of the differences in spectra

subdomain models with reference solution for the subdomain models with reference
(w CR) solution (wo CR)
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Figure 29.  Comparison of the differences in the spectra of the center block between sub-domain models and the

reference solutions for the MHTGR350 cases: (left) with control rod insertion, and (right) without control rod
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5.3 Investigation of Sufficient Spatial Extent Of Supercells in Cross Section Preparation
This section examines the physical and modeling principles that could lead to the
elaboration of a coherent and rational approach to establishing approximate supercells that are
effective at providing sufficient levels of fidelity in the preparation of cross sections. The approach
adopted here focuses on the spatial dependence of the reaction rates at the Region of Interest (ROI)
and the average physical quantities, such as total mean free path or migration length, in the same
region. Peripheral rings of reactor regions are added to the supercell until the effect of materials
beyond the supercell outer boundary becomes negligible at the location of the central assembly of
interest and adding further rings would result in no significant change in the central block/assembly
cross sections. This “brute-force” approach is to actually gradually add rings and perform

supercell calculations until the desired conditions are observed.

5.3.1 Description of Test Cases

For a systematic investigation, eight different types of reactor fuel assemblies are tested,
including: VVER-440, Pressurized Water Reactor (PWR) with uranium oxide fuel (PWR — UOX)),
PWR with mixed oxide fuel (PWR — MOX), Modular High Temperature Gas-cooled Reactor 350
(MHTGR350), High Temperature Engineering Test Reactor (HTTR), Lead-cooled Fast Reactor
(LFR), Gas-cooled Fast Reactor (GFR), and LEU-fueled Break-even sodium-cooled Fast Reactor
(LEUBFR). The configurations for light water reactors, i.e. VVER440, PWR-MOX, and PWR-
UOX, are directly taken from the example input files of the SERPENT [25] code. The
configuration for MHTGR350 and HTTR use the data from Refs. 59 and 57, respectively. For
LFR and GFR, the assembly data are modified from full core models built by Ghasabyan at KTH
[61]. The LEUBFR is derived from the mini core test problem built by Lin [62]. The layouts of
the fuel assemblies used in this section are shown in Figure 30. Except for LEUBFR that assumes
a volumetrically homogenized fuel assembly, all fuel assemblies are modeled explicitly, including
the TRISO particles in the HTRs.

In this section, supercells with vacuum boundary conditions are compared with an infinite
lattice setting, equivalent to a single fuel block with reflective boundary conditions. In Figure 31,
the various supercells are depicted with black lines in square assemblies in PWRs and white lines
in hexagonal fuel blocks in HTRs, fast reactors and VVER440. Gradually larger supercells are

considered until the reaction rates in the region of interest converge.
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(e) HTTR fuel assembly (f) LFR fuel assembly (9) GFR fuel assembly (h) LEUBFR homogenized fuel
Figure 30. The geometry layout of eight different types of fuel assemblies

Figure 31. Diagram of the supercell configurations for a center block of interest surrounded by peripheral blocks

with various domain sizes for hexagonal fuel blocks and square fuel assemblies
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5.3.2 Calculation Results and Discussion

In this section, all the calculations are carried out using the SERPENT 2.1.30 code with
continuous cross section libraries. The reaction rates and the infinite multiplication factor in the
region of interest are tallied for comparisons. The infinite multiplication factor, group constants
and migration length for the infinite lattice cases are summarized in Table 11. It can be seen that,
except LFR, the fast reactors have longer neutron mean free paths while the light water reactors
have the shortest mean free paths. HTRs have intermediate mean free paths, between those of fast
reactors and LWRs. In the previous section, it was noted that the smaller an assembly of block is
in terms of migration lengths the stronger the inter-connection between neighboring assemblies or
blocks. For the migration lengths per block or per assembly, it is observed that the assembly size
for fast reactors are approximately 1 migration length. In light water reactors, each assembly
contains 2.3 ~ 3.4 migration lengths, which means that neutrons tend to be absorbed locally. In
other words, in LWRs, it is easy and correct to consider an assembly as decoupled from its
neighbors. In HTRs, the neutron migration length per block ranges between those of fast reactors
and light water reactors. So far, the physics shown in Table 11 for the different reactor types
matches the common practices used in cross section generation: simplified full core model for fast
reactor, single block/color-set approach for LWR and larger supercell models for HTRs.

In order to examine the impact of expanding the modeling domain on the group constants
at the region of interest, the cross sections are calculated for gradually expanded domains. For
comparison, the total flux at the ROl is normalized to 1. Instead of using the geometric scale (i.e.,
using units of distance), the number of the mean free paths or migration lengths are selected as
indices to check their impact on the changes in the reaction rates. Physically, the mean free path
represents the average distance a neutron can travel before reacting with some material and the
migration length represents how far the neutrons will diffuse from a source before they are
absorbed. Using mean free path as indices implies an observation of the reduction or damping of
the influence of neutron spectra from one region on another region. In the current study, this
pertains to the reduction of the spectral influence in the region of interest from the spectra in the
peripheral rings. Using migration length as indices examines the physical decoupling between
regions, since a short enough migration length means the neutron would be absorbed before
arriving at the ROI. The results are summarized in Figure 32 to Figure 35. In these figures, Tot

stands for total cross section X;, ABS stands for absorption cross section, X, and NSF represents
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Table 11.  The multiplication factor, group constants and migration length M for the infinite lattice of various fuel

assemblies

Reactor TypelPitch (cm)| Kkinr | Z; (cm™) | Z, (cm?) [vEr (em™?)[ 2 (cm™) 2,2 (cm)|A,/block?M (cm)[M/block

LFR 21.6 |1.1304/3.435E-01(3.940E-03/4.446E-033.395E-01| 2.91 7.4 16.3 | 1.33
GFR 17.829 (1.1241(1.771E-01}4.711E-03|5.282E-03|1.724E-01| 5.65 3.2 211 | 0.85
LEUBFR | 16.2471 [1.2874(2.587E-01/5.639E-03|7.238E-03|2.531E-01| 3.87 4.2 16.1 | 1.01
LWR-UOX | 21.612 |1.0316|6.366E-01(2.249E-02]2.316E-026.141E-01| 1.57 13.8 6.3 341
LWR-MOX| 21.612 |1.1648|5.887E-01|2.486E-022.890E-02/5.638E-01| 1.70 12.7 6.4 3.39
VVER440 14.7 |1.3431|6.185E-01|2.071E-02(2.778E-02/5.978E-01| 1.62 9.1 6.4 2.29
MHTGR 36  |1.0420(3.061E-01|3.279E-03(3.416E-03{3.029E-01| 3.27 11.0 | 188 | 1.91
HTTR 36.2 [1.4218(3.306E-01|2.027E-03(2.881E-03]3.285E-01| 3.03 120 | 22.7 | 1.60

1.A; is the total mean free path; 2. The width or flat-to-flat distance of the assembly

the fission neutron production cross section vZ¢. All these figures show convergence of the
reaction rate when the extended geometry is large enough as expected. Except for the absorption
reaction rate in HTRs, Figure 32 and Figure 33 show that after ~30 mfps, the changes in reaction
rates are smaller than 5%. According to Table 11, in HTRs, the absorption cross section is small
compared to other reactors. The cross section is inverse proportional to the neutron mean free path,
so it needs a larger domain to attain convergence. When using migration lengths as indices, Figure
34 and Figure 35 show that 5 to 6 migration lengths are sufficient to decouple the ROI at the center
of a supercell from the domain beyond. From another point of view, for a reactor with uniform
composition, an infinite lattice is sufficient to represent the full core when the core size is larger
than 5~6 migration lengths. Note that the investigation presented in this section identifies
“sufficient” but not “necessary” geometry extents for supercells.

It is worthwhile to mention the different convergence behavior in vZs and k;, for fast
reactors, which overestimate both values when the supercell is small. This can be explained using
the unique spectra of the fast reactors, as shown in Figure 36. Model 1 is a single block. The
geometry of Model 4 in the LEUBFR case contains 2 rings beyond the ROI, while model 7 has 3
rings beyond the ROI. When the geometric extent of the supercell is small, neutrons leak out before
having the chance to slow down, so the spectrum is harder. When the domain size increases, the

spectra become softer. From Figure 37, it can be seen that the fissionable isotopes start to fission
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Comparison between different models to infinite lattice for Z,and k;;
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Figure 32.  Comparison between supercells and infinite lattice case for 2, and kinr using total mean free path as

index

Comparison between different models to infinite lattice Z, and vZ;
0 5 10 15 20 25 30
100

Differences in %

-80
Extended geometry contents in terms of # of total mfp
- = =-5% - = =5% LEUFBR Abs LEUFBR nsf
——— \/VER440 Abs VVER440 Nsf e MHTGR350 Abs MHTGR350 Nsf
- LWR-MOX ABS LWR-MOX NSF = LWR-UOX ABS LWR-UOX NSF
HTTR ABS HTTR NSF LFR Abs LFR NSF
~— GFR Abs GFR Nsf

Figure 33.  Comparison between supercells and infinite lattice case for X, and v using total mean free path as

index
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Neutron spectra for LEUBFR
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Figure 36.  Neutron spectra for LEUBFR models

when the incident neutron energy exceeds 1 MeV, and from Figure 38, one sees that the average
number of neutrons released per fission event is nearly proportional to the incident neutron energy.
As a result, when the neutron spectrum is harder, the overall neutron production cross section
becomes larger. From Eqg. (108), since the total flux is normalized to 1, the multiplication factor

can be written as

kinf~% (110)
When increasing the supercell extent, the spectra become softer, and then the absorption reaction
increases while the neutron generation rate decreases. Hence, the multiplication factor decreases
as shown in Figure 32 to Figure 35. This explains the different behavior observed for the fast
reactor cases.

In summary, the findings just presented suggest the use of either 30 total mean free paths
or 6 migration lengths in determining the extent of a suitable supercell. According to Table 11,
six migration lengths means approximately 6 extra rings for the supercell in fast reactors, which is
approximately half the size of the reactor. In this case, a simplified full core model is suggested

for preparation of the data. For light water reactors, the results suggest that at most two rings are
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needed to model sufficiently a system for cross section preparation. This confirms that the
traditional colorset approach is appropriate for LWR. In the case of HTR, it is suggested to use
three to four extra rings for cross section preparation. Considering the designs currently considered
for HTRs, i.e. annular core design in MHTGR, it is suggested to use a full wedge of the reactor to
prepare the cross sections.

o, barn
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Figure 37.  Fission cross sections of the principal fissionable isotopes [15]
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Figure 38.  Average neutron number per fission v as a function of incident neutron energy [15]
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5.4 Chapter Summary

In this chapter, a numerical systematic investigation was conducted to identify or confirm
the choice of protocol for the use of supercells in the preparation of cross sections. A supercell,
as explained in this chapter, is an extension of the concept of a colorset, itself an approach
commonly used in the conventional cross section preparation process for LWRs that involve
checkerboard arrangements of uranium and mixed oxide fuel assemblies. The intent of a supercell
IS to capture the spectral inter-penetration caused by presence of different spectra in neighboring
blocks or assemblies.

In the first part of this chapter, the colorset approach was tested for a conventional light
water reactor (VVER440) and a Modular High Temperature Gas-cooled Reactor (MHTGR350).
The reference model is a simple two-ring problem with a control rod and greater fuel enrichment
in the center block surrounded by ordinary low-enrichment fuel blocks. A reflective boundary
condition is imposed on the outer surface of the second ring. Three sub-domain models were
simulated and then compared against the reference solution. When changing the domain size, due
to the use of the reflective boundary condition, there also results a change in the effective pitch
between the repeating instances of the region of interest (ROI). The results show that in all cases
the use of a single block model fails to reproduce the reaction rates and the infinite multiplication
factor due to neglecting the effect of the presence of different fuel enrichment levels in the
peripheral blocks. The total reaction rates estimated from the colorset models match well those
produced by the reference cases since, in terms of total mean free paths (mfp), there are between
9 and 11 mfps across the flat-to-flat distance of the fuel block, and about half as much in the
peripheral part of the colorset. Thus, for the total reaction rate, the colorset is sufficient to dampen
the effect of regions beyond its boundary on the ROI. For the supercell models, and additional 3
to 5 mean free paths or more beyond the ROI are included and the effect of materials further
outside is of limited impact on the overall reaction rate in the ROI. At first glance, the infinite
multiplication factor from the supercell models differs little from the reference solution, however,
upon close examination, it is determined that this is caused by cancellation of error. Overall, the
results reveal that the small supercell, or colorset, approach only works well for LWRs but not
MHTGRs, in which up to 3.3% error in neutron generation rates is observed. The main reason for
this performance is the larger neutron migration length of the MHTGR, which implies that a

substantial fraction of the neutrons born in a region (e.g., a block) can escape and be absorbed in
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neighbors. The principal recommendation regarding the use of supercells when local
heterogeneities are present is to carefully select a supercell geometry that reflects the original
physics.

In the second part of this chapter, a systematic investigation was conducted of the spatial
extent of a supercell that is sufficient for cross section preparation. Eight different types of reactors,
including fast reactor, light water reactor and gas cooled reactor, were studied. A “brute-force”
approach was adopted: gradually add rings and perform computation of reaction rates until no
significant change in the center block is observed. When such a condition is met, it is recognized
that the geometry extent beyond the final ring has a negligible effect on the cross section at the
region of interest. Two physical quantities, the total mean free path and the neutron migration
length, were chosen as indices against which to check changes in the reaction rates. The former
represents the average distance between two arbitrary reactions, while the latter quantifies how far
a neutron would diffuse on average from its birth location to the location where it is absorbed.
Physically, the mean free path allows an evaluation of the dampening of the influence of peripheral
assemblies on the region of interest, i.e. the reduction of the spectral inter-penetration from the
peripheral blocks into the ROI. On the other hand, the use of migration length as an index provides
a measure of the physical decoupling between regions. This is because a sufficiently small
diffusion length in an adjacent region means that a neutron would be absorbed before arriving into
the region of interest. The results suggest that as the supercell extent is increased, after it reaches
a depth of about 30 mean free paths or 5 to 6 migration lengths the changes in reaction rates at the
center block are smaller than 5%, which indicates a sufficiently large supercell has been found that
decouples the ROI from the neighboring domain beyond the supercell. From another point of
view, when the reactor has a uniform composition, a single block with reflective boundary
condition, i.e. an infinite lattice model, is sufficient to represent the full core when the core size is
larger than the previously mentioned criterion, i.e. 5 to 6 migration lengths or 30 mean free paths.
Taking these findings and the properties of the reactors into account, it is suggested that a
simplified full core calculation should be used for data preparation when modeling a regular fast
reactor, since the sufficient supercell would be half the size of the whole reactor. For LWRs, it
was shown that the traditional color-set approach is appropriate and correctly accounts for the
spectral interpenetration. In HTRs, the sufficient supercell for cross section preparation would be

the center block padded with 3 to 4 extra rings. If the core arrangement is an annular fuel pattern,
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as in the MHTGR, it is recommended to use a wedge of the full reactor. Finally, it is worth
mentioning that the investigation performed in this chapter results in recommendations for

“sufficient” but not for “necessary” extra geometry extents in the choice of supercells.
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6. Conclusion and Identified Future Topics
In this research, the main objective is to establish the methods for controlling the error in
the cross section generation process for deterministic calculations both with respect to the energy
treatment and the spatial one. This chapter concludes the work and contributions made in this

study and identifies potential future investigation topics that would extend this dissertation.

6.1 Improvements on Data Preparation in Energy Domain

In the energy domain, the main challenges reside in energy mesh determination, resonance
treatment and appropriate treatment of resonant thermal scattering. The conventional solution is
either solving the slowing down equation using ultra-fine group cross section (UFGXS) on an
equal-lethargy ultra-fine energy group structure, which involves tens of thousands or even up to
half a million energy points, or using self-shielding methods with a presumed spectrum. The
former method is intended to accurately capture the neutron behavior using a fine-enough energy
grid since, in general, the error in the neutron spectrum is considered to have a negligible impact
on the resulting energy-collapsed ultra-fine group cross sections when a fine enough energy group
structure is used. However, the definition of “fine-enough” is by far ambiguous. The latter method
is efficient and provides acceptable accuracy only if sufficient prior knowledge of the spectrum of
the reactor type under consideration is available, which is not the case if the method is meant for
application to novel arbitrary advanced reactor designs.

The methodology proposed in this research focused on generating an optimized ultra-fine
group structure for any given composition from the cross section raw data. No prior knowledge
of the neutron spectrum is needed. This work quantifies the systematic error in ultra-fine group
cross sections (such as arises from the computational process of collapsing in energy using
uncertain spectra), then provides a means for controlling it. The theory is integrated into a code,
which allows direct implementation on point-wise continuous ENDF [23] (PENDF) data, which
are generated using the state-of-art cross section preparation tools NJOY [21] or PREPRO [22].
Such data could be prepared for specific temperature and at specified nuclide mix abundances.
Using the theory developed in this thesis, an optimized ultra-fine group structure (UFGS) can be
obtained. The new method is compared to the conventional group structures used in the MC2-3,
SLAROM-UF, and GALAXY codes. The group structure generated in this work only refines the
group structure where resonances are present, while the conventional approaches over-refine the

group structure even at locations without any resonances, while not ensuring control of the error
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in the ultra-fine group cross sections at some locations in the energy domain. The rigorously
obtained ultra-fine group structure of this thesis can be used in slowing down codes to derive an
optimized fine group structure for lattice code calculations. Some identified future developments

are summarized below.

6.2 Treatment of Local Heterogeneity

In some advanced reactor designs, such as the high temperature gas-cooled reactor (HTR),
burnable poisons are placed at vertices of the fuel assembly, causing local flux depression. The
conventional methods used for generating node average cross sections would smear the details and
“spread” the burnable poison effect to the whole assembly, which is not physical and cannot
reproduce the original physics situation.

To deal with local heterogeneities, a self-consistent “Incomplete Homogenized Method”
(IHM) is developed in this dissertation. In a complete departure from common practice, the new
method computes the average background data for a fuel assembly as well as the strength of a
localized heterogeneity that is retained and not homogenized with the rest of the assembly. The
theory is applicable on any type of transport solver.

A compatible nodal diffusion solver ROC (Reactor Operational Code) was developed to
model the local heterogeneity explicitly. In this code, the local heterogeneity is modeled using a
Dirac delta function, which is weighted by a strength that reproduces the reaction rate of the
original heterogeneity. A compatible discontinuity factor based on general equivalence theory is
also developed. Three different cases are used for testing the new method. The results indicate
self-consistency is achieved. The cases obtained using the IHM and compatible discontinuity
factors produce the best power prediction compared to the transport reference solution, including
in comparison to the commonly accepted state-of-the-art approach.

6.3 Systematic Investigation on Supercells
In the reactors with larger mean free paths (mfp) or migration lengths, the neutron spectra
in adjacent and neighboring assemblies are strongly coupled, and the neutron spectra in the
neighbors would “penetrate” through assembly interfaces. This phenomenon is named spectral

inter-penetration. Correctly modeling this situation can be achieved by either using a local-global
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iteration scheme to correct the local spectrum or by using a large-enough geometry extent, dubbed
a “supercell”, thus including the spectral inter-penetration explicitly in the data preparation
process. The latter option is addressed in this research. The concept of supercell is an extension
of the color-set approach used in light water reactors (LWR) with checkerboard arrangement of
uranium oxide and mixed oxide fuel assemblies. A typical color-set includes half of the assemblies
around the region of interest. The color-set approach enjoys great success in the modeling of
LWRs. However, in HTRs, the intermediate values of the mfp and migration length result in the
expectation of larger errors in comparison to the case of ordinary LWRs. The presence of burnable
poison rods further complicates the determination of proper and sufficient supercells. A special
two ring model and its subdomain models are tested to demonstrate that extra caution is needed
when modeling local heterogeneities within HTRs. The results suggest that all the reaction rates
should be examined to ensure the chosen model indeed reflects well the original physics intended
to be modeled.

A systematic numerical investigation was also carried out to ascertain the sufficient
geometry extent in the selection of supercells. Eight different types of fuel blocks, including three
types of a light water reactor, two types of HTRs, and three types of fast reactors, are tested. A
supercell with vacuum boundary condition is compared to the same block with reflective boundary
conditions, i.e. to the infinite lattice model. The geometry extents are increased until convergence
of the reaction rate under consideration is observed at the center block. Two physical parameters
are selected as indices: the total neutron mean free path and the neutron migration length. The
former is the neutron travel distance between two consecutive reactions, and the latter is the
distance a neutron travels by diffusion from its birth place to the location at which it is absorbed.
The former index physically represents the dampening of the spectrum from the peripherals, while
the latter shows physical decoupling, since for a small migration length the neutron is typically
absorbed before reaching and entering the region of interest. The results show that for supercell
with peripheral extents of about 30 mfps or 5 to 6 neutron migration lengths, the remaining errors
in the reaction rates of the region of interest are smaller than 5%. This means that this distance is
large enough for decoupling the center of the supercell from the supercell neighbors, i.e., the media
beyond the boundary of the supercell. The study identifies “sufficient” rather than “necessary”

geometry extents of supercells for cross section preparation.
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6.4 Identified Future Topics

In this dissertation, the contributions are focused on (and limited to) the determination of
an optimized hyperfine (or ultra-fine) group structure, the treatment of local heterogeneities and
the numerical investigation of guidance for determining the sufficient geometry extent of a
supercell. Based on the developments here, some further possible future topics are identified.

For the energy domain, an architecture of a code for an “Optimized Cross Section library
Generator” (OXSeGen), as shown in Figure 39, was first proposed by the author in Ref. 63. The
proposed scheme would be applied to the generation of arbitrary optimized fine group cross section
libraries (~ couple hundreds of energy points) to be used in lattice calculation for arbitrary reactors.
This dissertation contributes to the sub-module Hyper-fine group width selector (HyFi) that selects
an optimized hyper fine group structure. Further development is needed to complete the whole
tool kit. A slowing down solver is needed to perform the adjoint and forward calculations in order
to generate the importance function. Then a fine group optimizer will use the resulting importance
function to collapse the energy group structure down from hyper-fine to ultra-fine and/or fine
group structures. The former would allow the utilization of the resonance scattering kernel theory
previously developed [64] to correct the resonance scattering cross section (and its resulting
scattering kernels). The latter can be used directly in lattice physics codes. The energy grid
generated from this architecture will be determined based on both the cross section shape and the
neutron spectrum. The whole process should be made automatic in order to minimize the need for
analyst judgement or intervention and would be a complete departure from prior conventional ad-
hoc approaches. The validation of the resulting group structure using neutron transport solvers is
also suggested.

Regarding the spatial aspect, several topics could be further addressed. For the local
heterogeneity, in this work, only absorption reaction of the local heterogeneity was studied. An
implementation of a more sophisticated formulation that considers all types of reactions for local
heterogeneity is recommended. Theoretically, the incomplete homogenization method (IHM)
could be implemented in any type of solver formulated using the Green’s function method. A
simplified spherical harmonic method incorporating the IHM would be a worthwhile development.
The IHM allows the preservation of the reaction rate at the pin level, hence a nodal transport

method using delta-functions to model the pins should be able to improve the accuracy and fidelity
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while maintain efficiency. Further implementations like pin-power distribution and control rod
movement can be potentially achieved using the IHM.

For long-range effects, in this dissertation, a systematic numerical investigation was carried
out. Some further theory explorations are suggested to check if a general criterion analogous to
the one proposed for the error controlling method for energy treatment is feasible for the geometric
extents. In this test, the geometries at peripheral blocks are explicitly modeled. It would be
interesting to perform a systematic study on the impact of simplified geometry use in the peripheral
blocks of the supercell.
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