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SUMMARY

In the case of nuclear reactors, aerospace structures, and the like, design of structural
components for thermal effects merits equal consideration as for the external loads. The
thermal effects are severe enough to consume a considerable part of the load carrying ca-
pacity of these structures. It becomes, therefore, worthwhile to study the effect of thermal
loads on the limit state capacity of structures subjected to mechanical loads. In literature
such analysis has been carried out by employing incremental or total strain theories. In
this paper “The Yield Equality Method’, a limit analysis method for finding the collapse
loads of rigid plastic structures developed by Adidam and Rozvany has been employed.

The foregoing method is based on the lower bound theorem used for determining the
collapse loads of axisymmetric plates subjected to rotationally symmetric loads and boun-
dary conditions. Is is assumed that the stresses and deformations have no effect on the
temperature field. Based on this assumption the temperature distribution in the solid is
determined independently. Further, for the range of temperatures considered it is assumed
that the material remains almost homogeneous.

The temperature distributions assumed are linear, parabolic and exponential over the
thickness as well as along the radius of the plate. The thermal moment (M) is then cal-
culated which is subsequently converted into thermal loads.

For an axisymmetric plate subjected to mechanical and thermal loads the equation of
equilibrium may be written as

(er”_Mf’)= _Pr (1)

where M, and M, are respectively the radial and circumferential moments, r is any radius
and P the combingd thermal and mechanical loads.

For any ten&rature distribution it can be shown that r. V2M, is a constant. The col-
lapse loads or the design moments can be calculated by using the continuity, boundary
and the yield condition. The temperature distribution and the Tresca yield criterion are
assumed to be time independent.

Typical results have been obtained for a circular plate subjected to uniformly distri-
buted and triangular loads.

Thus the yield equality method can be effectively employed for limit analysis of axi-
symmetric plates subjected to thermal and mechanical loads.
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1. Introduction

In the case of thermo-nuclear reactors, aero-space structures and the
like, design of structural components for thermal effects merits equal consi-
deration as for the external loade. The thermal effects are severe enough to
consume & considerable part of the load carrying capacity of these structures.
In literature these two problems are mostly studied independently. Some of
the well-known works in this area are due to Maulbetsch [ 1] who studied the
problem of thermal stresses in simply supported plates with temperature vari-
ation across the thickness of the plate. Latayette and Goldberg | 2] deter-
mined the flexural stresses, in a circular plate with different boundary
conditions, resulting from temperature differences between the corresponding
points on the upper and lower faces of the plate ueing the method of slopes
and moments, while Forray and Newmanl:3] studied the same problem by employ-
ing the frontal attack method. Das and Navaratna | 4 ) studied the plate
problem for non-homogeneous boundary conditions. The temperature dietributi-
on assumed in antisymmetric about the middle plamne of the plate. Newman and
Forrey[j5,6,7] analysed the problem of a circular plate with a concentric
hole subjected to a linear thermal gradient through the thicknese. Newman
and Forray['8] attempted a thermo-mechanical problem with arbltrary axi-
symmetric temperature and load distribution in pletes with inplane edge
restraints. The governing equations are derived using the Von Karman equat-
ions., Numerical resulis for uniform pressure are obtained using a finite-
difference scheme. George et. al. [9] solved the problem of circular plates
subjected to thermo-mechanical loads using thick-plate theory.

Thus 1t is evident that very little has been done to investigate the
problem of combined thermal and mechanical loads. Further the existing lite-
rature is mostly confined to the elastic range of the material behaviour. In
literature, usually incremental or total strain theories have been used to
obtain the load capacity of structures. In this paper, the problem of limit
enalysis and design of exl-symmetric plates under axi-symmetric thermal and
mechanical loads is studied by using a lower bound approach 110]. Neat,
closed form solutions have been obtalned for various temperature distributio-
ns across the thickness as well as along the radius of the plates for two
types of mechanical load diestributions.

2. Formulation
2.1 Assumptions

For problems of this neture, thermodynamic considerations heve to be
taken into account for an exact solution. In other words, the temperature,
stresses and deformetions in a body are inter-related giving rise to coupling
of temperature amd deformation terms. Within the domein of small-deflection
theory one can safely assume that the deformations have no effect on the
temperature distrihutions and hence can be treated as uncoupled.
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The governing equetions are based on the following assumptions:
(1) The material is homogeneous, isotropic amd elastic-perfectly
plastic in the temperature ranges under consideration.
(11) The temperature distribution is kmown before hand.
(111) The temperature distribution and yield condition are time
independent.
(iv) The effect of inplane forces is neglected.

2.2 Calculation of Thermal Loads
The thermal moment, M, for a circular plate (Fig. 1) is given by [17]

2C
_ ExXT(z)
Mt-oj-1_vz.dz 1)
where E - the elastic modulus,

X - the thermal coefficient of expansion,
V - the Poisson ratio,
2C - the thickness of the plate and
T(z) - the variation of temperature across the thickness.
The thermal loed, q is glven by

where V2 is the ILaplacien operator,

2.3 Yield Equality Method
The yleld equality method [10] is based on the condition that at

every point in the domain of the plate under consideration, at least one
yield inequality muet be satisfied as a yield equality. Only then, the flow
rule of plasticity permits the circumferential curvature to be non-zero.
Based on the lower bound theorem, Rozvany [11] proposed e unified approach
for the determination of collapse loads for all types of collapse mechanisms.
The basic steps involved are as follows:

(a) Select the order of regioms (topography) wherein the circum-
ferential moment equals one of its limiting values (positive
or negative moment capacities). The reglon boundaries usually
occur along concentrated line loads acting, if any.

(b) In any region, the corresponding radial moment is calculated
using the equilibrium equation.

(¢) The constants of integration and the load capacity (collapse
load) are determined from the appropriate boundary, continuity
and yleld conditions. The continuilty conditions are on radial
moment and shear across a region boundary.

(d) Sometimes, it 1s necessary to satisfy the radial yield equal-
ities et a finite number of points along the radius of the
plate to obtain a unique moment field.
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2.4 Temperature Distributions
The temperature distributions considered across the thickness as
well as along the radial directions are (i) linear, (ii) parabolic and (1it)
exponential. Consider a plate with temperatures T1 and '1‘2 at the top and
bottom surfaces respectively. The distribution of temperature at any poimt in
the plate can be obtained by considering the variations along the redius and
across the thickness. .

2.4.1 Yariation Across Redius
The temperature distributions along the radius are:
(e) Linear (Fig. 2)

T, = th + (!['1_'1 - th)(1 - t/R)

(3
Ty = Do+ (B - 70 (1 - o/R) )

where the subseripts b and t indicate the bottom and top sur-
faces respectively.
(b) Parabolic

T,o= T, (1 - r2/R2)(Tt1 - T.,) W

2 2
T, = Tb2 + (1 - 2°/R )(Tb1 - sz)

(¢) Exponential
T T,, exp (r/R) 1°g(Tt2/Tt1)
T T, exp (z/R) 1og('1‘b2/Tb1)

"

(5)

2

2.4.2 Yarietion Across_Thickness
The temperature distributions across the thickness in terms of
T1 and T2 are given by,
(a) ILinear

T(z) = Ty + (T, - T,)z/2C (6)
(b) Parabolic

Mz) = T, + (T, - T,)z/40? (n
(¢) Exponential

T(z) = T, exp (1/2C) log(T,z/T,) (8)

2.5 Governing Equation for Combined ILoads
For the exi-symmetric problem under consideration, the governing

differential equation for e plate reduces to
]

()" - My = - Por (9)
where M., My and P are the radial moment, the circumferential moment and the
combined thermel and mechanicel load respectively. The prime denotes the
differentiation with respect to radius, r. The combined load, P is given by
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P = op+oll (10)

where p is the applied mechenical load. For any temperature distribution,
it can be reaedily shown [ 13] that r. M, is a constant, say k. Hence eq. (9)
can be written as

(er)“ -M'e = -Tp -k (11)

3. Exemples

3.1 Clamped Plate

3.1.1 Uniformly Distributed ILoad
Consider the case of a circulaer plate of radius R, clamped

along its outer edge and subjected to a uniformly distributed load Po and any
of the foregoing temperature distributions considered. The plate 1s assumed
to obey the Tresca yileld crlterion.

At collapse, the plate may be divided into two regions, 0 < r <E and
E <r <R, where E is the radius at which the radial moment Mr changes sign.
The circumferential moment at the point of collapse is given by

M, = M 0L r<E
© [«] (12)
= <r<
Me = ltlr + Mo E<r<RH
The corresponding equilibrium equations for the two reglons are
1] 1]
(er1) - MQ1 = - po.r -k
(13)

n 1]
(erz) -Mg, = - PyeT - x
where the subscripts 1 and 2 refer to the two regiomns OLXr<Ead E<1r <R
respectively. Substituting eq. (12) in eq. (13), one gets

(v, )" x
I = =P .T =
1 [
" (14)
(rllrz) = -p, T~k
Integrating eq. (14), the radisl moments are given by
2
P_..T c
o _kr 21
Moy = 3 2 ¥ %t
» .r2 (15)
o _
Mr2 = =7 -II:r+012 1ogr+C22

where Cq4, 012, 021 and 022 are constants of integration to be determined
from the boundary, contimuity and yield conditions.
The boundary erd continuity conditions are:

Mr1 M91 Mo at r=0
= =E

Mr1 = 0 at T

M M at r=E

r1 r2
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1
(er1) My = (erz) - Mg, at r = E
(16)
- Mr2 = M at r="R

From egs. (15) and (16), one can readily get the moment capacity M as

o 12 + '—2' (17)

3.1.2 Conical Load
Consider the same plate as in section 3.1.1 except that it is
now subjected to a mechanical load given by

P = p,(1-%) (18)

Following the same procedure as out lined in section 3.1.1, the moment capa-~
eity Mo is given by

2
p_ R
[¢) kR
Tt (19)

Mo= 1

3.2 Partially Tosded Simply Supported Plate

3.2.1 Uniform Presgsure
Consider a simply supported circular plate of radius R,
obeying the Tresca yield criterion subjected to a mechanical load distribu-
tion given by

P = 7p O0<<r<A
° b (20)
p = 0 AS r=<R

The circumferential moment at collapse is given by
M91 = Mez = MO (21)

The equilibrium equations for any thermal load distribution are given by,

"
(M) = - Po-T - k 0<r<A (22)
"o A<r <R
(M ,) = -k £r %
The radial moments obtained by direct integration are
2
P. T c
= o - 21
Mg = ~Tg -EE+Cyy+3
. (23)
kr 22
Mo = ~3+C%+ 2

The boundary and continuity conmditions are

Mr1=M91=Mo at r=0

= M at r= A

¥ r2

r1
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] )
(rM_,) -M 1 = (M ) - M at r=4
pal e r2 02 (24)

Mrz = 0 at r=1R

By solving egs. (23) and (24), the moment capacity in nondimensional form
is given by

M 2
o a - 2 + k (25)

2
p, B

where a = A/R.

3.2.2 Conical Ioasding
Consider a plate as in section 3.2,1 except that it is subje-

cted to a mechanical load given by

P = p,(1-%) o<r <A
(26)
P = 0 A S r &R
The moment capacity Mo can be obtained as
p, B2
M, 2~ . 8°(6 - 8a + 3a°) + 1B (27)

3.3 A Typical Numerical Exemple
3.3.1 Find the collepse load of a clamped circular plate subjected

to a uniformly distributed mechanical loaed end with e temperature distribu-
tion varying linearly in both the radiel and thickness directions with the
following data.

2
7,, = 80°C, T, = 40°C¢, E = 2x 10° Kg/em
Tb1 = 100°C, sz = 50°, <« = 0,000012 /oC
20 = 2em , R = 30 cm, v = 0.25

Then the value of k = +32 Kg/cm.
For a yileld stress of 2400 Kg/cmz, the moment capacity M is

M, = 2400 Kg.cm/cm
Using eq. (17), the collapse load P, 1is given by
124
P —R—29- - 6—R 25,6 Kg/cm2

The foregoing formlae derived can be readily useéd for design purposes
as well [13].

4., Conclusion
Thus one can successfully get closed form solutions using the lower

bound theorem for any combination of thermal and mechanical loads, within the
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limitation of assumed homogeneity of the material. This method does not give
eny idea about deformations at the point of collapse. PFor a designer a lower
bound technique is always preferable over an upper bound one. This method can
be readily extended for any exi-symmetric loading and boundary conditions.
Further, this investigation reveals that in the presence of temperature gradi-
ents the design mugt be based on combined loading.
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Fig. 1. COOORDINATE SYSTRM FOR THE PLATE,

T2 ORTyp
2C

Pig. 2, LINEAR TEMPERATURE DISTRIBUTION THROUGH
THICKNESS AND RADIUS OF THE PLATE,



