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Abstract. Coagulation and cell division are both processes that are important in
controlling the fate of phytoplankton cells through sedimentation. In this paper,
we examine some basic mathematical issues associated with the development of a
numerical simulation of an algal aggregation model. The numerical algorithm is

then used to examine the basic model behavior.

1. Introduction

The formation of large aggregates of algal cells is fundamental to the dynamics

of phytoplankton populations. The increase in mean volume of particles due to this

process has the potential to limit phytoplankton population densities by increasing



the flux to the bottom of the ocean. In order to understand this transfer of algal
biomass from the ocean surface, one must examine those mechanisms in algae
dynamics which lead to larger aggregates. In this paper, we are interested in two
particular phenomena: coagulation and cell division. Coagulation, the formation of
aggregates from smaller particles depends primarily on the tendency of the smaller
particles to collide and stick together. General increase in aggregate mass (and,
hence, volume) is also caused by division of the individual cells. Past models that
have included cell division have typically assumed (Ackleh et al., 1994b) that the
daughter cells do not remain in the aggregate — they instead enter the population
as single cells. We consider in this paper a model that allows for some daughter
cells to remain in the aggregate. The model equation for the size structured algal

population is given by

dp . O(gp)

at + or Fip)
g(@o)p(t, z0) = K(p) (1.1)
p(()?x) = Po(l’),

in which
1 r—xg
Fip) =35 [ e =vwolte = w)olt.v)dy )
~olt.) [ Blayolt. vy — 7
and

Kip)= [ ale)p(t.z)da. (1.3)

0

Here the z variable represents the size (mm?®) of the aggregate, and the ¢

variable represents time. The function p(t, x) is the density of aggregates of size x



at time ¢. The function ¢ = g(x) is the size-dependent growth rate, which models
the increase in an aggregates size due to cell reproduction, w = w(x) is the size-
dependent sinking rate and Z is the depth of the surface layer. The term %
in the function F(p) represents the loss of particles of size x due to sinking out
of the surface layer.The “stickiness function” [(x,y) represents the likelihood of
an aggregate of size x sticking to an aggregate of size y. The stickiness function
includes several effects; it is usually taken (see, e.g., Ackleh et. al, 1994a) to be of

the form
B, y) = ci(dy + dy)SECLy + (7 /4) * (dy + dy)2|wx —wy|EC, .

The first term models collisions due to horizontal shear flow in the surface layer,
while the second models collisions due to differences in settling rates. The factor
EC is the contact efficiency, the probability that particles in close proximity ac-
tually come in contact. The factor ¢; is a constant involving the viscosity of the
water, d, is the diameter of an aggregate of size x, and w, is the settling rate of
an aggregate of size x. The first term in F'(p) expresses the rate at which collisions
occur to form new particles with the size x and x + dx while the second term ex-
presses the rate at which collisions cause particles to be lost from the same interval.
The function ¢(x) represents the number of new cells that fall off an aggregate of
size & and join the single cell population and K(p) is a function that describes the
addition of new cells to the population of single cells.

In order to use such a model as a predictive tool, one must understand the basic
behavior of its solutions. Toward that end, in Section 2, we examine existence,

uniqueness, and regularity questions for solutions of (1.1). In order to compare



growth and coagulation processes in the model, we construct and analyze a nu-
merical approximation scheme. Section 3 contains the numerical analysis, and in
Section 4, we present computational results which illustrate the effects of aggregate

growth and coagulation.

2. Existence, Uniqueness and Regularity of Solutions

We begin our investigation of the model by examining basic questions of well-
posedness. We shall use the space H = L*(zg, 1), and use the following abstract

form of equation (1.1)

p=Ap+ F(p)

where F'is defined in (1.2), and the linear operator A : domA C H — H given by

A = —%(Mﬁ)

with

domA = {(/5 € H|go € Hl(:lio,lfl), limy—s, (90) (%) = 0, go(x0) = [7(45)}

T

where K(¢) :/ q(z)o(t, x)dx.

Zo



We make the following assumptions about the model parameters in order to
establish existence and uniqueness. These conditions have been used in other
structured population problems (Banks Kappel, 1991; Ackleh et.al., 1994).

H1) g € W (2, 21), g(x) > 0 for 29 < 2 < xy and g(z1) =0

Ble,y) 2 0ifz +y <y
Bla,y)=0if x4y >y

We have from Banks et al. (1991) that A is an infinitesimal generator for a

Co-semigroup T'(t) that satisfies ||T(¢)|| < e*’.

Using the semigroup, we consider the mild form of the equation, given by

p(0) = T(t)po + [ 100 = )P (p(s)) ds,

which provides the first step in solving (1.1).
Lemma 2.1. For py € H, (1.1) has a unique mild solution p(¢,z) on [0,f,4.) for
some t,,q02 > 0.
proof.

Since F is independent of ¢, we need only to show (Pazy, theorem 1.4, page 185)
that F': H — H and that F'is locally lipschitz. First we show that £ : H — H.
From (H4) we have that ||3]|. < B for some constant B.

Consider the first integral term in the function F'(p). We have



r—xg 1 r—xg

1
51 ). Ble—vwlele—ylewdyl < 5B | ol —y)ry)ldy
1 Tr—x0 1 r—xo 1
< GBU[ele—n)Pani(f T loly)Pay)?
1
S

Hence

1 r—xg r—xg 1
s [T B = et = ipdyl < (GBY o) (r1 — w0)

2 o
In a similar manner one can find a bound on the second term of F(p). Hence

we get that

3 b ol
IF () < SBllol*(er = 20)* + 7]

To show that F' is locally Lipschitz, we let u, v € H with |[u|| < C and

|v]| < C we want to show that

[1F(u) = F(v)|| < L(C)|Ju = o]

Again we start by considering the first term of F'(p):

[ =) (e = nul) = oo =y)ol) )
< B[ (ule = y)uly) = ule — pe(y)
4 Jule = g)oly) = o(e = y)o(y)] )dy



IA

B[ ute =P utn) = o) P

+ B / [o(y)|*dy) ( /x [u(z = y) — vz — y)*dy)>
< Bl + o) flu = vll.

r—xTo

0

One can obtain a similar bound for the second term of F(p) and hence we can

show that

[F(u) = F(o)| < g(xl—xo)%B(HUH+HvH)Hu—vH

[0l

3(21 = 20)2Clu = vf| + == lu —v|| = L(C)||lu — v]

IA

Hence F'(p) is locally Lipschitz and this establishes the desired result.

Lemma 2.2. If py € domA, then the unique mild solution is a classical one.
Proof.
It is enough to show that F' : H — H is continuously differentiable from

H — H (see Pazy, Theorem 1.5, page 187). Let u € H we want to show that

Flu+h)— F(u) = L(u,h) + O(u, h)

for h € H, where L(u,.) € L(H), the map u — L(u,-) is continuous in the

uniform operator topology, and that

(O, A

m =0
Ik]l—0 || Al

FFirst we note that



Flut )= F) = 5 [ 8=y (e = pputy) + ule = b))
—ute) [ Bty + 1) [ ety -
45 [ Bl = e — i)y

~h(z) [ Bl hly)dy = L, b) + Ou. ).

where

e
~h(z) [ Blr.n)hiy)dy

O(u, h Bz —y,y)h(x — y)h(y)dy

For h € H we have shown earlier that

3 s
1OCu, W)l < S BIR* (21 = w0)>

hence it is clear that
. O, A

1m = 0.
Ihll=o |||

Linearity of the operator L is clear, thus, it is left to show that the map v — L(u,-)

is continuous in the uniform topology. Let u, — w in H. Then



T

+ha) [ By (waly) — uly))dy]

Zo

< Bllun — ul|[[A]| + 2B|lun — ul[]|A]]
Hence we have that
1L (s ) = L, D] < BB — ullAle1 — o)

Hence

I = L ey = sup [ ) = L )] =0

Theorem 2.1. If pg € dom A satisfies po > 0 Va € [xg, 1), then the local solution
of (1.1) is a global solution.

Proof. The basic idea in this argument is finding an upper bound for the
solution, so that the maximum interval of existence is of infinite length. Notice
first the positive quadrant of B? x [0,.) is invariant; i.e, p(¢,2) > 0 a.e. for all
t €[0,t4z). Define H(t) = /I1 zpdx.From (1.1), we obtain

o

d o

@l rpdr = — /9:1 z(gp)sdr — /9:1 x%dw + /9:1 e F(p)dx

A tedious but straightforward calculation (see Ackleh et.al., 1994) shows that

/I1 zF(p)dx = 0.

Then,
dH 1 wp !
o = /xo —7d:1;—/$0 z(gp)sde
< %/ ' xpdx —|-/ 1gpalac — :L’gp|§(1)
z o o
W| o 9|loo
< Wl gy 4 B2 gy g

z



Hence define F =

[l + 19lo< + ||¢]|co then we have
z T

This implies that

H(t) S eEt-I—Cl

for some constant ¢;. But then we have that,

T1 1
pdr < —H(t) < "TF < o0
zo Lo

Now since p is classical solution hence absolutely continuous, we have for any

compact set [0,T]:

sup sup |p(t,z)| < o0
te[0,T] z€[xo,1]

then (Pazy theorem 1.4, page 185) this implies that ¢,,,, = oc.
3. A Numerical Approximation Scheme

For our approximation scheme we use an approach similar to that used by
Banks and Kappel (1989). In addition to the assumption (H1)-(H4) we assume
the following assumptions throughout the rest of the paper:

(H5) ¢ is contiuously differentiable on [zq, 21].
(H6) w is continuous on [xg, x1].

(HT7) ¢ is continuous on [zq, 1]

10



ForN:1,2,---andj:(),---,N—lletxj:xo—l—j(“]\,ﬂanddeﬁne

1 for a; << a4

N =

0 elsewhere

For each N, these functions form an orthogonal basis for the subspaces

N-1
Nz{f€H|f=ij¢§V, fi € R}

Define the projections 7% : H — XV by

Tj+1
AN f = Zf]qﬁ with f; = N/ e)de, j=0,-- N—1
Straightforward calculations show that 7% is the orthogonal projection of H onto
XN,
We define the approximating generators A" : X — X% of the infinitesimal

generator A by:

N-1 N-—

(AP N(olasen) £ = ola) fima)o @) + 3 o)y 3(0)

J=1 7=0
for f € XV,

Applying AV to the basis elements we get:
AN = = Ng(apy1)or + Ng(ern)oip, + q(wrr1) 6y

Hence our matrix representation [AV] of AN with respect to our basis is given

by

11



Ng(z1)  —Nglazs) 0 0
0 Ng(wz) —Ng(ws) 0
e G e T

Thus, our approximating problem of (1.1) can be stated in following simple

operator form:

o v (3.1)

PN (0,2) = 7% po(w).

To prove convergence of the scheme we will use the Trotter-Kato approach
(in particular, we shall use the pi-convergence form as given in Banks and Ku-
nisch, Theorem 1.14, page 40), which involves stability (uniform boundedness of
the approximating semigroups) and consistency (convergence of the approximat-
ing generators). First we will prove stability of the scheme. Let T™(t) be the

semigroups on X defined by

TN(t) eANt

Lemma 3.1. |TV(1)|| < =t v N,
Proof.

For any f € XV we have that:

1 N-1
A2 = = D2 1l

12



Hence XV is a subspace of H which is isometrically isomorphic to RY, when
equipped with the norm ||.||y = + Z;V:_Ol |f;]*. Corresponding to this is norm is
the is the usual two matrix norm denoted by || B||; for B € RV*N

It B is an upper Hessenberg matrix, then its eigenvalues are of geometric mul-

tiplicity of one; hence, it may be diagonalized, and ||eP!||; < ¢!, where
o = max{Re()\) : Xis an eigenvalue of B}

Since our matrix [A"] is in upper Hessenberg form we only need to establish
an upper bound on the eigenvalues. To do so we use Gershgorin disks to get the

following estimate:

A+ Ng(z;)| < q(a;) + Ng(xy)

Hence this implies that Re(A) < ||¢|~, so that

HeANtHQ < etllalloo

which establishes the result.

Our next task is to prove that the approximating generators converge on a
“sufficiently big” subset of L*(xq, 1), We begin with the following lemma.

Lemma 3.2. Theset D ={ f | f € domA, f € C'[xg,x1]} is dense in H.
Proof.

Clearly S ={ f | f € C'xo,x1] supp f C [0,1)} is dense in H. We will argue

13



that D is dense in S to establish the result. Let f € S and for each ¢ > 0 define
2o+ € To 4+ €) — e
(f(oe )_f(O 62) 7 (l’—l’o)

_|_<2f(51?0 +€)—

€

2

1O = o) £ v S <+

flz) o+ e<ax <

Then clearly f.(x) is continuously differentiable and (¢f.)" € H. Since supp
f C [xo, 1) then let 6 > g s.t. suppf € [x0, 6] this implies that suppfe C [xo, ¢].
Hence f.(x1) = 0 and g(x1) = 0 so limg—,, (¢fc)(€) = 0. It remains to show that
¥, can be chosen such that (¢f.)(xo) = K(f.) and that f. — f in H. Note that

fe(@g) = 7e. For this equality to hold, we must have

Tote € €
Yeg(wo) = / q(x) (% — 2%(@' — x0) + Z—z(l‘ - wo)z) dzx

[ o (L ey L0
_2@(9[; — o) — f'(wo + e)x) dx

or

Ve (g(xo) - /w:ﬁﬁq(x)(l —22 4 x—j)d:z:) =

/;OJFE q(x) ((:1: — xo)z(f’(:z:oe—l— 6 f(:z;zj_ 6))
Hwot o)

€

Ha = a0)(2 ot o) )de+ [ gla)f(e)de

xro+e

14



2

xro+e
Since g(x¢) > 0 and / g(z)(1 =2

Jdz — 0 as € — 0, we
€ €

can choose

o = foteor = [ a0 ot o )

([ atw) (e = moyp oot - Tz,
+(z — xo)(QW — f'(xo + 6))d;1;
i + Q(w)f(x)dx)

But as € — 0 9. — g(x0) ' K(f) hence we have that f. — f, which gives us

the desired result.

A property of D that will be needed to apply Trotter-Kato is given in the
following lemma.

Lemma 3.3. There exist a Ao with Relg > w such that (Ao — A)D = H.
Proof.

Since S ={ f | f € C'zo,21] suppf C [0,1)} is dense in H, it is enough to

show that S C (A — A)D. Let ¢ € S. Then

A+ (gv) = ¢

is equivalent to

TN - _ .r_ >
U() = (wo) U8l b 51 4 g2 e [ ot (3.1)

15



Easy calculations show that ¢/’ € H. Hence, since g(x) € C'[zg, z1], we have
that (gv) € H.

Now multiplying (3.1) by g(x), we obtain,
- fm Lo ” — fm 2 _do
g(z)p(x) = 1p(x0)g(z0)e oo 9 —I-/ d(T)e” Ir W dr

Now, by dominated convergence theorem, we have that

lim g(a)i(x) = 0

r—x1
Hence it remains to show that there a A\g with ReAg > w such that g(xo)1(xo) =

K(v). Toward that end, we define

Then using the boundary condition g(z¢)1 (o) = K () we get

. o) = o . @/)(51?0)9(51?0)6_3(950) x¢(7)e—B(x0) -
sloofiten) = [ ale) (IR 4 [ e
= g(z xo) K ! e~ Bl 4 K L e B0z
= gleo)ila K (ose P 4 K(os [ o(r)ePOdr)
hence we get that :
1 A Lo -B(r
(1= KGesp= [ —Zsdo) Jitrong(oo) = £ ([ olm)ear )

Next, we note that

ol L siye) =gl )

16



hence, using (H1), we see that we can choose Rel > w large enough such that (see

Banks and Kappel, 1991),

1 A
|[&(;exp(—/$0 mda)ﬂ < 1.

Lemma 3.4 For each y € D, ||AVxVy — 7V Ay||x — 0 as N — oo

proof.
N—
N Ay = Z / —(gy)'degy = Z N(g(zhr1)Yrsr — 9(xr)y) dp
=0 Tk
and
N1 N1
v= X [u@de) = 3 awol
k=0 k=0
with
Tri1
a =N [y
Tk
But
AN(/%V = —Ng(l’kﬂ)%v + N9($k+1)¢5f+1 + Q(wk)¢év
Hence :
1 N-1
I=¥ Ay = AN=Ny N = 5 X 1N Ay) = (AN )l
1=0
1 N-1 2
= ﬁ(‘ aoNg(x1) + > arg(argr) + Ng(z1)yr — Ng(ao)yo
k=0
N1
+ | — Ng(@pq1)yres1 + Ng(xr)ye + Nagg(2r4q)

=1

17



—NOék—lg(II?k)|2)

1 N-—
= <| Ng(x1)yr + Ng(zo)yo + Nagg(z1) Z q(@pt1)]
N-1 l’k+1
+ 2 | = No(ow)yes + Ny(ew)y + N7 / (@)deg(zpm1)
N [ yladegen) )
= Zif<| Ng(z1)y1 + Ng(zo)yo + N* / x)drg(a)
N-1 N-1
= onq(@er) P + D | = Ng(@rp1)yner + Ng(aw)yr +
k=0 =0
Nlyess = 550/ (Oo(easn) = Vs — 50/ ()]
N-—

3 (1¥ateohn = 3= aton) + y<é>< P

IA

N-1
+Y {Hy'mgmﬂ — g(en)l + el (€) — (@)}
=1
Hence as N — oo then the right hand side — 0 by the uniform continuity of
y' and g.
Theorem 3.1. For any finite ¢, > 0 and any ¢ € H, [TV (t)7V¢ — VT (t)¢| — 0

as N — oo uniformly in ¢ € [0, {o].

Proof.

The proof is consequence of the above Lemmas and Trotter-Kato Theorem.
Theorem 3.2. For any finite {5 > 0, the semi-discrete solutions of equation

(3.1) converges in || - | to the unique solution of (1.1), uniformly on the interval

[0, o]

18



Proof. Note that the solution of the semidiscrete equation (3.1) satisfies

pN (1) =T ()" po + /Ot TNt — s)aN F(pN(s)) ds.

Subtracting this expression from the original mild equation, we see that an ap-

plication of Theorem 3.1. and Gronwall inequality will establish the result (for

similar results see Ackleh et. al. (1994a)).

4. Numerical Results

In this section we present some numerical simulations. In the first example, we

give some basic computations that explore the accuracy of the method. The second

and third examples illustrate the complementary effects of growth and coagulation

in the model.

Testing the method

Since we do not know of any closed form solution for equation (1.1) we used

the following technique to test our method. We choose a solution and we make our

equation obey this solution by adding a forcing term so we will instead be solving

the following equation

ol ox

00 90) _ ) fit,2)

(4.1)

N
N
)
N

9(zo)p(t, x0) = B

p(0,2) = pol(z).
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Assuming our solution is e fsintx and choosing the following functions for our
parameters
2o=0, 11 =1,¢9(x)=1—x,q(x)=0

l—a—y for x+y<1

ﬂ(xay)Z{ 0

otherwise

We find that our function

3
ft,x) = —2sinma 4+ (1 — x)coswa + 4—(1 — x)sinTx
7

—2(1l — x)cosma + —sinmasinm(z — 1

el - apeosmr + (- 1)
In all our simulation we have used a first order discretization in time. Fig. 1

represents the L error. We note that the convergence appears to be of first order,

which is what we expect since we have used first order approximation both in time

and space.
Application to biology

We note that Ackleh and Hallam (1994 ) showed that densities of large aggregate
sizes have been predicted to be lower in their model then actual experimental
values. They argued that one solution for this problem is that experimental contact
efficiencies used in there model simulation are lower than actual ones and hence
they have used inverse method to estimate a new contact effiencies which have
resulted in much better fit for large aggregates.

We will now show, using numerical simulations, how such low densities can be

considerably higher by incorporating a growth term for aggregates. To concentrate

20



our efforts on growth versus aggregation we will assume that the reproduction
function ¢(x) = 0. In order not give the growth too much weight we choose the
function g(x) = 0.1(1 — &) and to give aggregation more weight than the former

example we muliply #(x,y) by a factor of 10 to get

0(1—-—z—y) for a+y <1

ﬂ(xay)Z{ 0

otherwise

In Fig. 2a we present the density distribution for the model when g(x) = 0
and in Fig. 2b the density of distribution for the model is presented using the
above choice of g. Fig. 2c presents the difference at the final time for these two
distributions. Notice that with such a relatively low growth term the densities of
large aggregates are almost twice as high as when no growth is incorporated.

In the above example we showed (using a somewhat nonrealistic function of co-
agulation kernel) that including a growth term can solve the problem of predicting
low densities for large aggregates without using different contact efficienies than
the ones in the literature. We will now present another example using a (real)

stickiness function from Ackleh et. al. (1994b) that has the form

ei(dy +dy)PECy, + (7/4) * (dy + dy)?|wy — wy|EC,,, for x4y <1
Blay) =19

otherwise
Where
EC:y = (dpin/dmaz )P (1 + dinin/dimaz )* (4.2)
is the contact efficiency and d,,;, = min(d,, d,), where d, is the diameter of aggre-

gate of volume z and similarly d, is the diameter of aggregate of volume y, and

d oz 18 similarly defined.
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Our goal is to present a difference between the final distributions of aggregates
when simulating the following:

1) the system with ¢ = 0 (no growth) and using the contact efficiency function
developed by McCave (1984) which used a surface area contact efficiency, i.e., p = 2
in (4.2).

2) the system with ¢ = 0 and using the contact efficiency estimated by Ackleh
and Hallam (1994) which is of the form (4.2) with p = 1.2.

3) the system with a growth function ¢ = (1 — s)(s 4 .01) and the contact
efficiency developed by McCave (1984).

We again assumed that ¢(z) = 0 and we chose an initial distribution of aggre-
gates that relates to the densities at a peak of the bloom. All simulations were for
three days to check the difference in final distribution of aggregates right around
the bloom, which is of course the most important period for high aggregation (Hill,
1992). Fig3a represents the distributions of aggregates for the above three cases
and proves the point that both processes,i.e contact efficiency and growth, are im-
portant to improve the prediction for large aggregate densities. Fig3b magnifies
Fig3a for the final distributions for aggregates of volumes z > 0.6mm®, and show

Y

that the results are even higher than the ones where the contact efficiency esti-
mated by Ackleh and Hallam (1994) is used which could improve the fit by Ackleh
and Hallam which still presented lower densities for large aggregats.

The idea behind such a result is very simple. The growth term shifts aggregates
with small sizes and usually much higher densities into larger ones, but then since

the real stickiness function used depends on the volume those aggregates now will

22



tend to aggregate much faster into large ones than if they would have stayed at
their original size (no growth term). Hence growth and aggregation are processes

that enhance each other.

Fig. 1. L, error
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Fig. 2a. The density distribution using g(z) = 0.
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Fig. 2b The density distribution using g(z) = 0.1(1 — ).
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Fig. 2c¢ The difference in density distribution at the final time between Fig. 2a and
Fig. 2b.
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Fig. 3a The density distribution at the final time for the case (1) ¢
g=0,p=12and (3)g=(1—-s)(s+.01),p=2.

27



Fig. 3b The same as Fig3a for aggregates with volume 2 > 0.6 mm?.

5. Concluding remarks.
We have examined an algal dynamics model that includes the effects of coag-
ulation and growth. Numerical studies indicate that even very small aggregate

growth can have a major impact on the formation of large aggregates. While these
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computations illustrate the relative effects, they do not allow us to conclude from
experimental data what levels of growth and stickiness to choose.

In order to make definitive quantitative comparisons, one must develop inverse
methods for estimating both the growth and stickiness functions. Quantities that
have been obtained in experimental settings are values of the size densities (All-
drege and Gotschalk, 1988: Riebesell, 1991; Jackson, 1994). Methods for estimat-
ing the stickiness function have been developed (Ackleh et al. 1994; Kiorboe et al.,
1990) within the context of a purely coagulation model. In models which include
aggregate growth, it is typically assumed (Jackson, 1990; Jackson and Lochmann,
1991) that only single cells (non-aggregated) divide and cells in aggregates do not
or (Ackleh et. al., 1994) that cells that are born in aggregates fall off the aggregate
and join the single cell population. The reason behind such assumptions is the
tremendous difficulty in trying to model a growth function of an aggregate since
it is composed of many individual cells, each of which might have it’s own growth
rate. Such assumptions may underestimate the importance of the biological pro-
cesses in comparison to the physical processes of the aggregation and sinking, and
in future studies we plan to develop parameter estimation techniques that will aid
in such comparisons and give us an idea of possbile functions that might model

the growth term.
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