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ABSTRACT: The Recursive Distribution (RD) method represents a time-evolution law
of a joint distribution function of a random vector which follows a deterministic time-
evolution law under the prescription of an initial random vector. The recursive formula of
the distribution function can be decomposed into the absolutely continuous part and the
singular part, which is the Lebesgue decomposition of the distribution function. In the
present paper, the RD method is applied to a probabilistic fracture mechanics analysis
for Light Water Reactor (LWR)’s piping problem. In order to calculate the probability
of the unstable fracture of the pipe, it is needed to evaluate the singular part of the
Lebesgue decomposition. A numerical example and its comparison with MC method are
presented.*

1. INTRODUCTION

Probabilistic Fracture Mechanics (PFM) has been playing an important role in the study
on structural reliability of nuclear power plants ([12]) A basic idea of PFM is to give
random fluctuation to the initial crack geometry ——initial crack depth and aspect ratio,
and to assume a crack growth law as a deterministic process ([6], [1]). In some cases,
material constants are also supposed to be random variables. However, we exclude this
randomness in the present study, because it is not essential for PFM.

The Monte Carlo (MC) method is used in many cases as a PFM solver. The theoretical
basis of the convergence of the method depends on the law of large numbers and the central
limit theorem in probability theory ([8]). This is basically inefficient.

In the previous study([2]) we proposed a deterministic numerical method for problems
under the following general situation: (1) random vectors which prescribe an initial state
are given, and (2) a time-evolution law of the vectors is assumed to be a deterministic
discrete process represented by a given mapping. This process can be a discretized
solution of a differential equation. We construct a time-evolution law of a distribution
function of the random vector. The time-evolution law of the distribution function is
solved step by step. Furthermore, we have developed the theory, in which the recursive
formula of the distribution function can be decomposed into the absolutely continuous
part and the singular part, which is the Lebesgue decomposition of the distribution
function or the measure induced by the distribution function ([3]).

The theory of the present method is given in a general form, and can therefore be
applied not only to PFM, but to other engineering problems in a similar situation.

In the present paper, we first give a brief outline of the theory, then we apply it to a
Light Water Reactor (LWR) piping problem. In order to evaluate the probability of the

*This work was performed under the auspices of Information-Technology Promotion Agency, Japan.
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unstable fracture, one needs to evaluate the singular part of the Lebesgue decomposition
([5]). The results are compared with those of the MC method.

2. RECURSIVE FORMULA FOR DISTRIBUTION FUNCTION

Let N be a positive integer. Let U™, n = 0, 1, --- be open sets in RY, where n is
a discrete time index. Let (X¥ , ---; X%) be a given initial random vector whose
distribution function is H°. Let ®" be a deterministic time-evolution mapping for the
random vector X™:

X" =o"(X"), n=0,1,--- (1)
Let K™ be be an interval in RV of the form
K" = (a?v b?) XX (a"}tla br]t/')r (2)
and the value of X" is assumed to be in K™. Let I*(z) be an interval in K" of the form
I'(z) = (af, 1] X -+~ x (aj, 2n] @)
Then the recursive formula for the joint distribution functions is given by
H™(zy,---,zv) = HY(K" N (™)1 (I"(2))) “)
where H™ in the right hand side is the Lebesgue-Stieltjes measure induced by the distri-
bution functions H*(z1, - - -, Zn)-
Numerical calculation is performed as follows. We need to specify discretizations in the
axes T , -+ , Tn, and the formula (4) is used repeatedly on the basis of these discretiza-
tions. The joint distribution function H™ is extended to the Lebesgue-Stieltjes measure.

The measure of the image (")~ (I"*!(z)) is approximated by a finite summation of the
measure of a disjoint union of intervals:

(@I (@) = U (5)
H™((®")7 (I (2))) =~ 3 B (). (6)
Ji = (2, 2%] x - (aln, 2. (7)

H"(J;) in the right hand side of (6) is defined through the distribution function:

2 2
HY(J;) = Z . Z (__1)ll+...+lNHn (mglf), . ,:l:g\l}l)) , (8)

l1=1 In=1

Using these equations, the distribution function H™* 1 can be determined by the formula
(4). At the next step, the same procedure as above is applied to H ntl

In our PFM situation, the random vector represents crack geometry as a stochastic
process. The time-evolution mapping corresponds to a representation of a crack growth
process.
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3. LEBESGUE DECOMPOSITION OF THE INDUCED MEASURE

In the discretization process of (4) stated above, it is important to note that the Lebesgue-
Stieltjes measure H™ is absolutely continuous or singular w.r.t. the Lebesgue measure
(e.g. [5])- Only the absolute continuity of the measure allows us to use uniform or
nonuniform partitions of the axes in a normal sense. The singularity of the measure
needs a special treatment, because the measure is concentrated on certain sets whose
Lebesgue measure is zero. Therefore, we need to elucidate the analytical characteristics
of the Lebesgue-Stieltjes measure H™, which is determined mainly by the mapping o".
In the following, a critical point of a C! map ®" is defined to be a point satisfying J™(z)
= 0, where J" is the Jacobian determinant of ®". A critical value means a value ®"(z),
where z is a critical point of @ (e.g. [7]). The Lebesgue measure in RV is denoted by
p- The absolute continuity or singularity means those w.r.t. the Lebesgue measure .

Theorem. Let U™, n = 0,1,--- be open sets in R¥, and let ®" be a C! mapping of U™
into U™*!. Let A™ and D™*! be the sets of all critical points and critical values of o,
respectively. Then the time-evolution law of the distribution function which corresponds
to the time-evolution law (1) of the random vector is given as:

H™ () = Hy*Y(2) + H7 ' (2), n=1,2,--- (9)
Hg*!(z) = H{(K™ N (@") 7 (I"*! (z) — D)) (10)
HY " (z) = Hy (K™ 0 (@) 71 (1™ (2) N D™) + HP (K™ N (871" (2))). (1)

In the right hand side of (10) and (11), Hy and H' are the Lebesgue-Stieltjes measures,
while those of the left hand sides are the distribution functions. The equation (9) gives
the Lebesgue decomposition of the measure H"*'. Hy'! and Hp*! correspond to the
absolutely continuous part and the singular part of H"! respectively. Furthermore, if
H™*! has a non-trivial singular part, that is, HP™ £ 0, there exists k, 0 < k < n, such
that

u(AF) > 0. (12)
Or, equivalently, if '
u(A¥) = 0 (13)
fork=0,1,---,n, that is, each ®, k = 0, - - -, » has no critical points almost everywhere,

then H™! is absolutely continuous. m

4. APPLICATION TO PFM

4.1 Mapping induced by the crack growth

A single crack is assumed to exist on the inner surface of a pipe in the circumferential
direction. The crack is assumed to-be semi-elliptical with a crack depth a and a half
length b (See Fig.1). Let

a a

=R 7%

(14)

where h is a wall thickness. The aspect ratio v is assumed to be 0 < 7 < 1. Only
fatigue crack growth caused due to cyclic loading is considered. The time scale is divided
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into discrete time steps n = 0,1,---. As for a fatigue crack growth law, we employ the
Paris-Erdogan equation([10]):

el =gn 4 C- (AKp(a™, b)) AN™
(15)

b+ = b 4 C - (AKp(a™, b))’ AN™

where AN™ is the number of applied stress cycles between two successive time steps n
and n + 1; AK, and AKp are the effective stress intensity factors in the thickness and
surface directions, respectively(See Fig.1); C and v are material constants. The stress
intensity factor K can be expressed by Newman-Raju’s formula([9]). From (15), we can
obtain the time-evolution mapping

®(a",7") = (¢(a”,7"), %™, 7"))- (16)

K

A

2 /\
v .

—2ppB

Fig.1 Assumed semi-elliptical surface crack

4.2 Initial crack distribution

The initial crack geometry (a?, 'yo) is assumed to be a prescribed random vector. Let F(z)
and G(y) be the distribution functions of o® and 7°, respectively. The joint distribution
of (af,+Y) is given by

H(z,y) = F(z)G(y)- (17)

4.3 Accident criteria

The criterion of the leakage accident is assumed to be
o™ > a, (18)
where a is a threshold value. The criterion of the unstable fracture is assumed to be
op > oy, (19)
where oy, and o%; are the bending stress applied to the pipe and the maximum bending

stress at the n-th step, respectively. o% is defined as follows([11]): if the neutral angle
(" of the cracked section of the pipe defined by

B" = %(ﬂ' —a"f— ngn') (20)



is <7 — 6, then

2
oy = ;of(Zsinﬂ" — a"sind); (21)
else then we define
Vs 0,
n o __ 1 _ah_m
5 z_an( o a,) (22)
and
n 2 e om
oy = ;gf(2 — &™) sin g%, (23)

where o0,,, and o are the applied membrane stress and the flow stress of the material.

If the leakage occurs and it is detected by a leak detection system, then the plant op-
eration is stopped. If it is not detected, then the through-wall crack grows comparatively
rapidly. It is important to evaluate the through-wall crack growth, however, we restrict
ourselves on the assumption of the complete detection system, i.e. no through-wall crack
growth, in the present paper.

4.4 Evaluation of the accident probabilities

(a) The leakage probability.
The leakage probability is simply calculated by

pp =1— H%a, 1). (24)

(b) The unstable fracture probability.
The unstable fracture probability is obtained by

pp = H"(F). (25)

A subdomain F in K = (0,1] x (0,1] is determined by the criterion (19), and it reduces
to a union of B and I:

F=BUI, (26)
where BB and I are the region of the unstable fracture for the part-through-wall crack and
for the through-wall crack, respectively(See Fig.2 (c)). According to (9), the measure
(25) at the n + 1-th step is given by the equation:

H™WYF) = HP'YY(F) + HYYY(F), n=1,2,---. (27)
Referring (10), the first term in the right hand side in (27) is obtained simply by
Hg*(F) = Hyt'(B) = Hy (K 0 (®)7'(B)), (28)
because the Lebesgue measure of I is zero, and Hy is absolutely continuous.
The second term in the right hand side in (27) consists of two terms, according to

(11). It can be explained as follows. ® has not only critical points but also discontinuous
points. The discontinuity is caused by the assumption of the jump to the penetration
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a =1 at a = a,. Fig.2 shows this situation. The inverse image of the line segment I in
Fig.2 (c) is divided into L in (a) and I in (b), that is:

oY) =LUI,. (29)

Thus we have by (11)
HYY(F) = H{(K N L)+ H}K N I). (30)
However, the assumption of the complete detection simplifies our problem. ® does not

increase the crack length after the penetration, that is, ® is the identity mapping on the
segment I: Iy =1.

y (a) nth-step

Inverse image of
{x=a

y (c) n+1th-step

L: Region Contributing 7
through the absolutely

continuous measure

y (b) nth-step

B: Region of unstable
fracture for part-through-
wall crack

I Region of unstable
fracture for through-wall
crack

I Region contributing /
through the singular
measure whose Lebesgue
measure is 0

Fig.2 Lebesgue decomposition of the singular measure in PFM

4.5 Numerical example

A pipe analyzed is in typical main steam piping of LWR. The outer diameter is 660.4
mm, and the thickness is 33.3 mm. The material assumed is carbon steel, STS410. The
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crack growth parameters C and v in (15) are taken from ASME Code Sec.XI([4]). Both
the maximum tension and bending stresses are assumed to be 500 MPa. The threshold
value of the leakage criterion is assumed to be o, = 0.8.

As to the distribution of the initial crack geometry, the crack depth a and the aspect
ratio b/a (= 1/v) are assumed to have the exponential distribution with the parameter
A = 0.197[1/mm] and the lognormal distribution with the median py = 1.336 and the
shape factor Sy = 0.538, respectively([6]). :

The calculation is performed up to 500 stress cycles. For comparison, the same problem
is calculated using the MC method. The stratified sampling technique is used in this MC
method. Fig.3 shows the obtained probabilities of the leakage and unstable fracture as
functions of stress cycles together with the results of MC method.

- CPU time of the present method and the MC method are 60 seconds and 680 seconds,
respectively. The computer used is SUN Sparc Station 10.

: Leak RD
. Break RD
: . Leak MC
:  Break MC

10 L J 1 I
0 100 200 300 400 500

Stress cycles

Fig.3 Accident probabilities as functions of stress cycles

5. CONCLUSIONS

A theory of the Recursive Distribution method for PFM was discussed. The Lebesgue
decomposition of the recursive formula was presented. The set of critical points of the
deterministic mapping determines the Lebesgue decomposition of the induced Lebesgue-
Stieltjes measure. In a numerical example of a LWR’s piping problem, the leakage and
unstable fracture probabilities were calculated based on the Lebesgue decomposition.
The results agreed sufficiently well with those of the MC method. The CPU time of the
present method was 1/10 of that of the MC method.
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