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I. Experimentaﬁion - The experimenter is interested in the attributes of populations,
He may be primarily concerned with precise estimatioh of attributes of a single
population or with comparison of analagous attributes of two or more populations.
For example, a sociologist might wish to know with maximum accuracy the mean in-
come of negro tenant farmers in North Carolina. On the other hand, he might wish
to know how the mean incomes and variation in income compare for white and negro
tenant farmers.
Because of variation within populations (all rniegro tenant farmers do not re-
ceive equal incomes) saméles drawn from a single population will vary among ther-
 selves, It is apparent, therefore, that from samples the invéstigator can only
estimate the attributes of populations; he will never know them éxactly. (This,
of course, does not apply for finite populations on which complete and aécuratg
‘ information can‘be obtained. However, while the collection of information on all
members of a finite population is a possibility, exactness in that information is
more often than not unattainable. How will one détermine the precise income of a
tenant farmer?) |
The science of statistics is concerned with the problems imposed by the
errors involved in estimating population attributes from sample information,
II, First step in the design of a good investigation - Define carefully the popula-,
tion or pqpulations about which it is desired to draw conclusions. When this
is not done, the sampi: studied may frequently be inappropriate., For example,
if one wishes to know the incidence in corn of mutations caused by irradiation
of seed with gamma rays, yellow corn from a singlé field wﬁuld constitute an in-
adequate sample. Moisture content, color, starch content, etc. may all be fac-
tors affecting the mutation rate., Hence, it would not pe safe to draw conclu-
sions to;be'applied to corn in general unless thé sample used for experimenta-~

tion wéré representative of the general corn popﬁlation.



III.

IV,

Parameters and statistics.

A.

Constants (wﬁich may vary from one population to another) involved in the
mathematical. description of a population are called parameters.
Estimates of parcnieters based on sample information are called statistics.

Example: The "normal" distribution is described by the following equation:

L (xem)?
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where df is the frequency of population members in any infinitesimal range,

dx, of the measured character of the population. The parameters involved
are <32, the variance of the population; and m, the population mean. On
the other hand the mean of a sample drawn from the population is a statis-

tic which estimates the parameter, m.

Uses of statistics,

Summarization of data.

Estimation of parameters.

‘Determination of the precision of such estimates and tests of "signifi-

cance" of the deviation of estimates from hypothetical values.

The mean, variance, and standard deviation of populations.

Let quantitative measures on the individuals of a population be éymboiized as

Xl’ X2, XB, e o o o XN s

For example, the population might be white men 21 years of age or older in the

U.S. and the measure, height in inches, X, would then be the height of one

1

member of this populgtion, X2 the height of another, etc.

The population mean = nof X+ Xy og(x)

N N
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The population variance = & 2

e G em e .. By - 8K - m)?

The population standard deviation is the square root of the variance = §~

=A\sS$X—m22 .

N

Note: The population variance and standard deviation will also be referred to

as the variance and standard deviation of the individuals of the

population,

Sample means and variances.

A.

The sample mean = ( )
X = X ’
n
where Xl, Xz, sases Xn are quantitative measures on the individuals of a

sample., The sample mean is an unbiased statistic, i.e. on the average
sample means equal the population mean, and as sample size is increased
the sample mean may be expected to deviate less and less from the popula-'
tion mean, |

The sample variance = 5 =2

32 is also an unbiased statistic, estimating'the population variance, It

would be biased (a little too small on the average) if the denominator

were N instead of N-1,

Coding - Two sorts are common, One involves subtraction of a constant value

from each of a series of numbers. The other consists of dividing (or

miltiplying) each of a scries of numbers by a constant, The purpose is

usually to obtain numbers which render arithmetic computations less laborious.

. A,

Effect of subtraction coding on the mean and variance.

Letrg be a constant subtracted from each value of a variable, X. Then
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X = X1 - C
x2=X2—c
etc,

Where X;, X,, .... X, are the coded values of Xl’ X2, ee o X

(Xl -c)+ (X2 -C) o+ ., .(Xh - c)
' n

X=

= Sx;lnc - i—C' L

i.e, the mean of x = X ~ ¢ is the mean of the original values minus the

coding constant,

2 S [(X -c) = (X - C)ilz - sSlX-c-X+ Qgiz

X n-131. n-~1

2
:SX

i.e. the variance of the coded values is the same as thé variance of the
original values. H

B. Effect of division (or multiplication) coding. Let ¢ be a constant by
which each value of X is divided. Stated another way we are letting each

X be multiplied by 1/c. Then,

X = Xl/c
% = Xyfe
ete. .

- Xl/c + Xz/c + ceee Xn/c
X = . o=

n
5 X X, S(x) X
TR T S ke T2 == .
cn cn cn cn c

i.e. the mean of the coded values is equal to the mean of the original

value divided by the constant used as divisor in coding (or multiplied

.
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by the constant used as multiplier in coding).

_ -2 2
2 _ Sxfe-X/)2 _ sx-X° %
X n-1 T~ c4(n - 1) ;5

i.e. the variance of the coded values is equal to the variance of the

original values divided by the square of the constant used as divisor in

coding (or multiplied by the square of the constant used as multiplier in

'

coding).

C. Special case of subtraction codiﬁg in which ¢ = X, Then

xl=Xl-X
H=t-X

- ete.,

From this point on small case letters will be used only as coded values
obtained by subtraction coding with ¢ equal to the mean of the uncoded
varijables,

VIII. Working formula for the variance

S(X - %)% = 52 ~ 2% « ) = SX° - 2%S(X) « n¥? .

S(X
n -’

Now since X =

SR - (IR

. .
Therefore,

S - %)% = s - XX = SX°

e

. (SX2 is commonly called the uncorrected sum of squares; and {§X}?/n, the

correction factor.)

: . =42 . -
s2 is then SX-X)7 | s(®) - Bxi%n

n-1 - n-1 .
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Since the variancé of values obtained by subtraction coding is the same as
that of original values, we can write

2 2 8(x2) - [sx¥¥/n
SX = SX = n - 1

However, since X = 0, S(x) must equal zero, so

2 2 s

5y = 8% = n-1"°

Numerical Example of Computation of g% and sy.

The figures in the X column are the number of lines in each of six para-

graphs chosen # random from "Statistical Methods" by R.A. Fisher,

X X (s§) . (125) = 1837.5
14 196
2 2
17 289 2 . S - (SN
o x = N -1
23 529 .
- 2319 - 1837.5
" L9 - T = 96.3
10 100
. SX = 9 .3 = 9.81
34 1156
SX = 105 sx2 = 2319

From our sample we estimate the average paragraph length of the book as
17.5 lines and the standard deviation of paragraph length as 9.8l lines,

Degrees of Freedom associated with an estimated variance or standard devia-

tion are N-1 in cases like the above., Thus in this example the variance -
estimate is based on 5 degrees of freedom.
Population variances of sums and differences, Consider two populations:
Ays Ay, ¢ves Ay with mean i, and By, By, .... By with mean B,
and let the sum of an A and a B drawn at random from their respective popula-

tions be designatez as Z. Then



e

A1+Bl

i
H

22 = AQ + B2
etc.

Where the subscript numbers are applied at random to the members of the A and

B pé%ulations. :

ZzA)+By+Ay+Bye ... Mg+ By = A+ B

g
22 ~Z <A 4B -K-F = a +0
29=Zy~Z zAy+By-A-B = a,+ by

etc,

(Remember note under VII, C on significance of small case letters.)

| ) |
2 2 S(a+b) S22 25ab 5b°
crz = O-Z = N = N +» N > N

However, since the A's and B's were chosen at random in the formation of the
Z's, Sab will approach zero as N becomes large, i.e. in infinite populations,

and we can write

. 2 2
2 2 Sb 2 2 2
O‘“z =Ty = ______S; + " G‘a + 0% = O, *+ O’B .

Now suppose Z were formed by summing the values for individuals drawn at
random from three populations so that
Zl:Al*Bl'*Cl-

By procedure analogous to that above it can then be shown that

2 - 2 -+ 2 -~ 2
O“Z - O‘A O‘B O'C .

It will readily be perceived by extending the analogy that the variance of
the sum of any number of randomly selected variates will equal the sum of the

variances of those variates,
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Now consider the differences between variates, Let

l l 2 - A2“Bz,et00

Zy = A

Then

-

2y = & - by , ete.

' 2 2 |
0.2 . 2 _ Sa-b)" _ s _ 2sap . SbP
Z =GCgz = N - N N N

Since Sab approaches zero for large N, we have as before

2 2

Extending this it becomes clear that if

Z':, :A :B :C :D + tsee e e

2 2
Tz = Op +o*§ * o"g + o*é R

i.e. that when variates are combined either by addition or subtraction (or
addition of some ahd subtraction of others) the variance of the resultant
is the sum of the variances of the variates combined. Reémember that the
above holds only when the things summed are chosen randomly from their res-

pective populations,

Variance of the mean of n values from the same population,

foped x1 Xz Xn
X T e = e e e e T .
n n n

Think of a series of such means, Since the les, the Xz's, etc, are all from |
the same population, we can write

2
O-X .

2.2 . . G2
5T U5 T X,

Then remembering (fiom VII) the relation between the variance of a variable

and the variance of that variable divided by a constant (n in this case) it
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is clear from what was learned above about the variance of sums that

2 2 2 2
o8 g o n o 2
2 = Xl +-—E'2" + save -_i(_n. = X - o-x .
T3 2 2 ) T2 2 T
n n n n n

Thus the estimated variance of our estimate of the mean paragraph length in
Fisher's book (Section VIII) is 96.3/6 = 16.5 and the estimated standard devia-

tion of means of 6 paragraphs is /16.5 = 4.06 lines.

'~ The probability of specified deviations from the population mean.

From the expression for the "normal" frequency distribution (see III) the

pfoportion of a "mormally distributed" population that will deviate in'magni-

“tude by more than any specified amount from the population mean, can be

determined, V(This is accomplished by integration between limits.) Table 8.6,
p. 180 of the text gives the proportions of a normal population that have
ragnitudes equal or greater than the mean but not greater than the mean plus
various multiples of the standard deviation (symbolized by t in the table).
Since the normal distribution is symmetrical about the mean‘the tabled pro-
portions can also be taken as those equal or less than the mean but not less
than the mean minu= the in@icated rultiples of the standard deviation,

For example for t = 2,01,the tabled value is .4778 so it can be stated
that 2 x 4778 = .9556 of the individuals of a normally disiributed population
will have magnitudes in the range, n + 20l . |

As another example assume an observed difference of 16 units between tﬁo’
sample means and that the standard deviation of such differences is known to
be 10 units. Then if the true difference, i.e. the difference between the
means of the two populations from which the sa@pleS'were drawn, were zero; the
observed difference would be 1,6 standard deviations larger than the true dif-

ference which>can be considered the mean of a populatijon of which the observed
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differepce is a merber, From table 8,6 we learn that 1 -7(2 b's .hh52) = ,1096
or 10.96% of the merbers of a normal population will deviate in magnitude by
1.6 or more standard deviations. This could be stated as follows: The
probability of observing a difference as large or larger than 16 units in any
single experiment comparable to the one in question is 10.96%, if the true
difference is zero,

Ordinarily the true standard deviation is not known but an estimate of it
based on sample informntion is available. This may either be too large or too
small, The net result is that if this estimate is used as the real standard
deviation probabilities obtained as described above will be somewhat too
small, The ratio between an estimate (of the difference between a sample
value and a hypothetical population

value) and its estimated standard deviation has been designated as t

(frequently referred to as Student's t). For example

t = d/sd where d is the difference between two sample

neans.

Values of t that will be exceeded in various proportions of a larée num-
ber of cases have_béen computed from the normal frequency distribution and the
distribution of s and have been tabulated (seé table 3,8, p. 65 of the text).
For example if the estimate of a difference is 15 and its estimated standard
deviation is 6, t = 2,5, No;'suppose the estimate of the standard deviatisn
was based on 10 degiees of freedom. Then from the téble we note that the
probability of this ¢t is less than .05 if the true difference is zero.
Numerical examples of the use of the t-test,

A. Our estimate of averége paragraph length of Fisher's book was 16.5 and its
estimated standard deviation was 4.06. The latter figure is also an esti-
mate'of the standard deviation of differenges between means of samples of

size 6 and the true mean paragraph length for the book since the true
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mean is a fixed value (these differences would be of the nature of the values

14

x =X ~ a of VII, A whose variance is equal tocsi). Hence

X -m =
t = o and tsi = X -mnm

X

From tzble 3.8 we note that with 5 d.f, (degrees of freedom) 3 t as large or
larger than 2.57 will occur 5% of the time as a result of fandom variation,
Thus if we multiply si by 2.57 we have a value of X - m which ;n the averége
of a large number of cases would be exceeded in £he case of 5% of such sam-
ples, This kﬁowledge enables us to set what are calléd Fiducial Limit about
our estimate of the population mean, In this case our Fiducial Limits are:
16.5 ~ (2.57 X 4.06) = 6.1
and 16,5 + (2.57 x 4.06) = 26,9 .

In only 1 case of 20, i.e, 5% of the cases, will the population mean be out-
side the Fiducial Limits, Thus we may conclude that unless a one in twenty
chance has come off the mean paragraph length is not less than 6,1 nor more

than 26.9 lines, It is really not a very good estimate.

 In the following data Xl is the number of lines in 10 paragraphs chosen at

random in Snedecor's book and X2 is number in 10 random paragraphs of

Fisher's book,
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-1 2 X 11.3 X 17.3
5 14 R e 2 ]
) 2
9 17 sy = 48.23 s, = 73.79
8 % % .
23 1 x2 - 6._0
10 7
: : 2 ' 48,23 73.79
7 10 - e = 12,202
(X1 Xz) 10 10
9 34
2 S - - = . 9
9 21, & - %)
9 13
10 8 oy . =60 _ 1.72
T 3.49 *
A7 23
2113 173

ﬁnless there is some a priori reason for suspecting a difference between the
variances of the two populations the routine procedure is to use the sum of
the degrees of freedom for the two samples as the d.f. for t, In this case
there would be 18, The probability of t 2 1,72 with 18 d.f. is slightly
over 10% assuming'the population value of il - §2 = 0. The data suggest
there may be a difference between the books in paragraph length but are
hardly conclusive since a t as large or largér than 1.72 would occur one
time in 10 as a result of sampling error,

Paired data - Example 2.5, p. 35 of the text furnishes an example, If the

yield of ocats varies from year to year as a consequence of weather variation

it is to be anticipated that a paired comparison (concurrent observation of

the yield of both varieties in a series of years) will furnish a better esti-
mate of differences in yield of the two varieties than would one which ai-
lowed differences between years to effect the estimate of the varietal dif-

ference, The t-test is then based on differences between the paired
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observations, The data of example 2.5 are as follows:

Yield in Bushels

Year Variety A Variety B Difference (Difference)2
1 34 30 L 16

2 30 15 15 225

3 41 33 8 bl

L 25 25 0 0

5 e 25 . 20 400

K7 705
/ d = A7 _

d = 5 = 9.4
2 _ 705 = (41)%/5

Sd- h = 6508
5

Sa= 65.8/5 = 13.16 Sa' = 3-63 .
t = 9.4/3.63 = 2,59

A t of this size will occur only about 6% of the time if there is no dif-
ference between the means of thé populations sampled. Thus we would be on
fairly safe grounds if we conciude that variety A were truly a better yielder
“than variety B, For another example of this sort of data see Table 2.2,

P.Lk.
It should be noted that the tabulated probabilities of t are derived

from the normal distribution and hence are strictly applicable only to data

from normally distributed populations., However, deviation from the normal

distribution must be rather great before the t-test becomes greatly in error.
XIII. Analysis of variance. In its simplest form the analysis of variance involves
two variance estimates made in such a manner that both will be estimates of

the same population effects if an appropriate null hypothesig is true. Evi-

dence for non-validity of the null hypothesis will be e xpressed by a difference
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between the two estimates thaﬁ is of a magnitude to be expected only infre-
quently as a consequence of sampling error.
Example 1

The following-data weré obtained in an experiment comparing three diets,
The experimenﬁal anirals used were rats and the effects of the diets were
measured in terms of increase in body ﬁeight. Ten rats were assigned at
random to each diet and weight increase measured over the same period of time
for all 30 rats,

Weight gains of individuals rats

Diet A Diet B Diet C
73 98 - 9%
102 74 79
118 56 96
104 111 98
81 95 102
107 88 102
100 82 108
87 77 91
117 ' 86 120
111 92 105
1000 859 995 Grand total = 2854

The null hypéthesis (N,H,) in this case is that the ﬁreatments do not differ
in their effect on rat growth, If the N,H, is true the variation among treat-
ment sums and the variation among individuals accorded the same treaﬁment can
be used for two independent estimates.of the population variance.

Tﬁe population variance of sums of 10 random individuals ié 10.3"2 (see

iX). Thus if the variance of the three sums is divided by 10 it will be an

2 as will the average within treatment variance,

estimate of o
The computations are as follows:
A correction factof_(C.F.) is computed as follows:

B Ta v12 2
C.F. = Lo ;5—‘ = @%&)_ = 271,511,
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Total Sum of Squares (s.8.) = SX2 ~ C.F.

2 ' 2
= (73) + (102)2 + esees + (105)7 - 271,511 = 6,445.0

. | s s ?
Treatment S.5. = --Laél—- -~ C.F.

nt

(1000)% + .(859)2’+ (995)° - 2,51 1,279.6

= 10
Within treatment or error S.S.
= Total S,8. - Treatment S.S. = 6,445.0 - 1,279.6 = 5,165.4 .

These values together with associated degrees of freedom are ordinarily

tabulated as follows:

Source of variation d.f, S.S. m,S, F
Treatments 2 - 1,279.6 639.8 3.34
Within treatments 27 5,165.4 191.3

Total ‘ 29 6,445.0

The two variance estimates are obtained by dividing the two S5.S.'s by their
respective degrees of freedom, These values are termed mean squares and
are recorded in the m.s column, In this case their relative sizes suggeét
that there was a treatment difference, i.e, that the N.H. is not true.

An exact test of the discrepancy between the two mean squares is made
using F, the ratio of the largest to the smaliest. In this case F =
639.8/191.3 = 3.3L. Table 10,7, pp. 222-225 in the text gives values of F
that will be equalled or exceeded 54 and 1% of the time if the N,H, is true,
The table is entered in accordance with the numbers of degrees of freedom
associated with the two mean squares. When the larger m.s. has 2 d.f, and
the smaller 27 d.f, we note from the table that the 5% value of F is 3;35.

Thus the result olLserved in the case of this experiment is one that would
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occur only very -cry slightly more than 5% of the time if there are no real
effects of the treatments, Siﬁcei£he result observed was one to be ex—
pected S0 infrequenily in the absence of real treatment effects it
strongly suggesté that there are real differences bétween the treatments
for support of growth in rats,

Returning to the data we note that mean growth on diets A and C was
100 grams and 99.5 grams, respectively, as compared to 85.9 grams for diet
B. It would appear the suggested treatment difference is between B on the
one hand and A and C on the other. The nature of the diets makes this in~
ference logical on nutritional grounds; diet B was high in cereals while A
contained beef and C pork.
Example 2

This is data from an experiment designed to learn whether thinning of
peach trees results in production of larger fruit. Since trees may differ
in fruit size it was decided to compare a thinned and unthinned branch on
each of several trees so that differences between trees would not be a
source of error in measuring the effect of the treatment (thinning). The
data are as foilows. Bach figure is the average weight in grams of 50

peaches:
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Thinned Unthinned

Irue branch branch Sum Difference
1 lus 83 187 21
2 80 58 138 22
3 89 62 151 27
L 88 80 168 8
5 90 . 70 160 20
6 85 62 147 23
7 94 88 182 6
8 5 76 151 -1
9 87 b4 151 23

10 100 86 : 186 14
11 ' 93 85 178 8
12 102 90 192 12
13 91 8C 171 11
14 89 65 154 24
15 87 . 70 157 17
16 86 81 167 _5
Sum - 1440 - 1200 - 2640 240
Mean 90 75 15

There was an average difference of 15 grams in favor of the thinned branches.

'Moreover,.there,was a degree of consistency in the results. In 15 of the 16

trees, the thinned branches yielded the larger fruit,

This experiment was designed in such a way that the total sum of squares
is.divisable into three portions; one due to variation between trees, one to
the effect of treatment, and a remainder to unassignable causes (experi~
mental error)., Note that the sum for each tree involves data from one thinned
and one unthinned branch; and that each tree contributed cqually to each |
treatment sum., As a consequence, tree differences do not conmtribute to the
difference between tfeatment sums, nor does the difference (if any) between
treatmentsvcontribute to differences between sums for trees, In technical
language we say that the effects of trees and treatments are:unconfounded.
Laqk of confounding is obviously a‘desirable feature of an experiment,

The treatment effect can obviously be tested using t computed from the

differences; this is a paired experiment.

o P o0 rm e o v
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\ 2 2
SR DN €2 R SN () LN €110 WA LR PAPS
15 |
Sa = 468-53;13 = 2,07

t 15/2.07 = 7.25

From the t-table (p.65) we learn that when there are 15 d.f.,as in this case,
at as iarge or larger than 2,95 will occur only 1% of the time as a conse-
quence of sampling error, Thus 2 t of 7.25 can only be interpreted as evi-
dence for a difference between the treatments, |

While the treatment difference can be tested using t, the test can be.
made using analysis of variance and this would be preferred if one also wished
to test the‘reality of differences between trees. The computations are as
follows:

C.F, = 7(2640)2/32 = 217,800

(104)° + (80)° + ... (81)22—‘C.F.
Q87)2 + (138%2 + 4400 (167) - C.F.

Total S.8S. 4,320

2006

i

Tree S.S.

2 2
Treatment S.5. = (1440) = (12000 _ o.p. = 1800

Error (tree x treatment)S,S. = Total S.,S. - Tree S.S.
- Treatment S.S., = 514,

The anayisis of variance table is as follows:

Source of variation d.f. S.5. m.S, Lo
Trees 15 2006 133.73  3.89
Treatments 1 1800 1800.00  52.52
Error 15 514 34,27

Total 31 4320
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From the F-table (p. 222) we find that when there are 1 and 15 d.f., an F
value as large or larger than 8,68 will occur by chance only one time in 100.
The observed F of 52,52 therefore indicates a real treatment difference as in
the case of the t-~test. With 15 and 15 d.f. an F as large or larger than 3,52
has a random probaﬁility of only one in 100. Thus the observed F for the.tree
m,s, indicates real tree differences, This result was not available from the
t-test,

2

Note that when there is 1 d.f, for treatments F = t (52,52 = 7,25 x 7.25).
When only two things are beinéﬁcompared the t and F-tests are merely different
forms of the same te.: and always give identical results,

The computation of the analysis of variance when there are more than two
treatments are analogous to those in the above example. The divisor used in
computing a sum of squares is always the number of observations summed\in the
figures being used in getting the S.S. (for example, note that in the case of
the treatment S5.S. in this example the divisor was 16, the number of trees on
which observations were made for each treatment). '

The analysis of variance is applicable to data involving more sources bf
variation than in the abéve examples, Section 11,14, p. 304, of the text con-
tains three examples, giving computational details for tﬁe first two,

It should be noted that the F table like the 1 table is appropriate to

normally distributed material, Again, however, moderate deviations from

normality is not likely to lead to serious error,
Linear regression..

There is_frequentxy reason to believe or to suspect that one variable is
dependent on another, For example, the number of tooth.bavities may be related

to milk consumption, money spent for groceries by a family should be related
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to the family income, weight of children to their height, etc, In.some
instances there will be reason to believe that if such a relation exists it
will be of a linear form, that is, éhat the extent of the response in the
dependent variable will be the same at all levels of the indpendent variable.
In some.instances the relation will be linear (or essentially so) in a portién
of the range of variation but non-linear outside that portion of the range, In
the second example listed above income is the independent variable, money spent
for groceries the dependent. In this case the relation is probably close to
lihear until medium to high incomes are reached after which money spent for
groceries per unit income probably decreases as income gets higher.
When the relation between two variables'is linear iniform it can be ex-

pressed syﬁbolically-as follows:
® _ Y- =fX-0) o
where Y is the value Zor the dependent variable,

Y the mean of all Y's, |

X the value of the independent variable,

X the mean of all X's,

e the portion of Y - § not associated with variation in X, and

B is the chonge in Y per unit change in X, the linear regression

cocfficient,

We will be concerned with three problems.

1. How to estimate 4.

2. How to determine the probability of an estimate of;? assuming_é7=/0.

3. The precision of estimates of & .
The asSumption throughout will be that the relationship between the variables

. is linear or essentially 1:‘Lnear. This will of ¢ourse not be the case in many



2]~

problems. There are technics for testing the hypothesis of linearity and for
dealing with non-linear cases but time preventé us from considering them.
There are many cases where the assumption of linearity can be justified from

b prior knowledge.

Example:

The following data are for the State of Ohio. X is rainfall in excess of
8 inches and Y is average corn yield in bushels. Our questions are (1) is
average corn yield dependent on rainfall, and (2) if so, how much is jield in~-

creased by an inch of rain?

Year X X
1883 19 19
8L 11 18
85 13 14
86 0 12
... . 87 6 13
: 88 3 11
89 15 17
20 4 10
91 5 12
92 7 14
93 6 16
94 1 12
95 1 11
g6 26 20
97 7 16
98 8 17
99 6 14
1900 9 14
ol 9 16
02 12 17
03 12 16
04 15 18
05 11 17
06 10 16
o7 9 15
225 375

, The quantity, S(X = XY - ¥) , is an unbiased estimate of & , The statistic

P S(X - X)* , |

p = SEX-XNE-
S(x - X)2
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in addition to being unbiased, is also efficient, i.e. the data can yield no
estimate of ;9 that is more precise than b.

The quantity, S(. - X)(Y - Y) is called the sum of products for X and Y,
It can be converted to a computation form analogous to that for s(x - i)zf

The working form is

s(xy) - S(X)_s(¥)

N

For our example

2 ‘
(19 « ()2 + .... (9)% - 12230 - ax

s(x - ¥)? 2

n

SKENT-T) = (19 x19) + (11 x 18) + vev (9 x 15) - L%?izxsﬂﬁl
= 319

2
(19)2 + (3.8)2 Foeve. (15)° - QB =

-2
S5(Y - ¥) 5%

) b= 32 = .39

According to this data then, corn production per acre goes up .39 bushel for

H

each increase of one inch in rainfall., We want to know whether b = .39 is
significantly differc.t from zero and more specifically just how precise it is
as an estimste of &, the true effect of rainfall. The test of significance
can be made using either t 'or the analysis of variance. If t is to be used it
will be computed as

t = b/sb

and s, must first be computed.

L., Ba-bHu-Df
s( - 17 - S(x = X)?

(N - 2) S(x - X)*

's 5
(319)
& 172 - 2

,ﬁ\q 53(826) v= 051
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|
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= .39/.05 = 7.62
The degrees of freedom are (N - 2)., From table 3,8, p. 65 we find that &
tz 2,807 would occur only 1 time in 100 by chance. We conclude that & is
not zerd, that yield of corn in.Ohio does vary with rainfall, Using the
technic of XII, A we can state further that unless a one in twenty chance has

come off the value of/? is between

495
285

39 + (.051 x 2,069)

and .39 - (.051 x 2.069)
The analysis of variance procedure for testing whether b deviates sig-
nificantly from zero is as follows: The sum of squares for Y is divided into

two parts, that due to regression on X, and that due to deviation from

regression,

Bax-ne-nl? _

S.S. due to regression = - 123
s(x - X)?
- - -,2
. is(Xx - X)(Y -Y) ,
S.S. due to deviation _ . S(Y - Y)2 -k i=7?;L— 49
from regression s(X - X)
The analysis of variance table is as follows:
 Source of variation d.f, 3.8, m.s. L.
Regression 1 123 123 58.11
Deviation from regression 23 49 2.12
Total 2L 172

We note from the F-table that 58.11 is far above F for P = .0l when d.f. are
1 and 23, Note that as before the same result is obtained as with the t-test.
Again the two are the same test in different form and if sufficient decimals

had been carried throughout we would have had F = tz.
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Deviation of the formula for b,

b is the least =quares estimate of,é?, i.e, its computation is such that
the sum of squares of deviations of the observed Y values from the line

T, = Y + b(X - X)

is a minimum, Yp is ﬁhepredkiadvalue of Y for the value of X inserted in the
right hand side of the equation, The formula for the deviation of a specific

Y from the regression line is . :

i

Y-1, = Y-Y-bX-X)

and the sum of squares of these deviations is
S -1)? = sy~ -vx-H)?.

Taking the derivative of the right hand side with respect to b we have

d "2 ‘ - - =2
® S(¥T-1) = -28(x-X)NY-T)+ 2 SX-X).

Setting the derivative equal to zero and solving for b we have

5(X = XY - ¥)

N _
s(x - X)%

The product moment c¢orrelation coefficient,
It is commonly referred to as simply the correlation coefficient. It is
by definition

S(X = X)(¥ - 1)

rY =

AF S(X - X)® 8(Y - T)2
In the example of the preceding section

r = 219
o n (826)(172)

- 085

A correlation coefficient will always have the same ﬁrobability of chance

occurrence as the linear regression coefficient associated with it. Hence
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. there is no need to specify a significance test for fhe correlation c\:oefficjient.
fhe impo;tant attributes of the correlation coefficient are as follows:

1. It may vary from -1 to +1. A value of 1.0, either plus or minus,
signifies perfect correlation. If the sign is plus the two varigfles
vary in the same direction. If the sign is minus one is increasing
where the other is decreasing,

2, The sum of squares in Y due to regression on X is

Bx - X)(¥ - 1))
S( - X)?

2 =
= r S(Y - Y)z

The sum of squares for deviation of Y from regression on X is

(1-1r%) s(x-1)*.
The correlation coefficient is falling out of use since it furnishes no new
. ' information oﬁce b and' the two portions of the sum of vsquares of Y are known.
Since one aimost always wants to lnow those quantities r becomes‘superfluous.
FPurthermore, in a great deal of experimental data the values of the inde-
pendent variable are selected. For example, if one were experimenting in the
effect of X-rays on rmtation rate of a specified gene he would in all proba-
bility use graded doses of X~-rays., The correlation coefficient thanges with
the distribution of X-values involved, whereas the regression coefficient does
not so long as one works within the range where regression ié linear,
XVI. The binomial distribution. |
The t and F tésts are precise whenvthe variable being studied follows the
_normal disffibution. While many variables which are measured on a cohtinuous
scale are normal or reasonably close to normal in distribution, discontinuous

ones such as result from enumeration are frequently not. A distribution fre-

P

quently involved in such data.is the binomial.

»
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Suppose that in a very large population of seed corn the proportion’
capable of germinatir.. when planted is p. Then if four, taken at random, are
planted in each hill we can compute the probability of having O, 1, 2, 3, égd
4 capéble of germinétion in the same hill. It should bé noted that since five
results are the only ones thatAcan occur the sum of théir probabilities must
be one. The probabiliti;s of the five possibilities are the terms of the ex-
pansion of (p + q)% where p is the proportion capable of germination and
@=1-p. Sincep+q=1, (p+q)=1.0, i.e. the sun of the five proba-
bilities is one as it should be, The expansion is

Pk« Lpdq + 6522 « hpgd » gk .

The exponent of p serves to identify the result for which each tem is the
probability. Thus ph is the probability of four seeds taken at random all being
capable of germination, hp3q is the probability of 3 capable of germination

and one not; ete. If, for example p = .8, the theoretical distribution is as

follows:

Seed capable of

gernination

out of four Frequency
4 g () LT T3
3 a4 = 4096
2 ' 6p2q2 = 1536
1 hpq? = L0256
0 ___Sf;~= .0016
Total (p + Q¥ 1.6000

Two points should be noted about the example.
1. The ﬁrobability of a randomly drawn seed being one capable of
germination is alwéys the same,
2. Sets on which counts are mede are of constant size. Uniform prob-'

ability of the event being enumerated and enumeration in sets of
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constant size are the conditions leading to the binomial distribution.

It will be noted further that the binomial distribution is completely
specified bj two quantities, p and n. In practical problems n is usually
known, leaving only p to be estimated,

The population mean is np and tﬁe variance npq. These can be verified for
the example given above,

= L(.4096) + 3(.4096) + 2(.1536) + 1(.0256) = 3.2 =np

W >

= 16(.4096) + 9(.4096) + 4(.1536) + 1(.0256) - (3.2)°
= .64, = npq .

wﬁen,g is nmoderately large and p is between ,2 and .8 one will not fall
into serious e}ror by treating a binomial distribution as though it had the
norral form. '
Example.

Suppose one wished to test the resistance of two varieties of corn io
\smut and had inocﬁlatéd 100 plants of each variety and foundABO susceptible
plants in one variety, 50 in the other. Under the null hypothesis, i.e. that

the varieties did not differ in susceptibility, the fraction susceptible (p)

is estimated as 30 + 50 «4+ Then the variance of the number susceptible

200

out of 100 is 100(.4)(.6) = 24, the variance of the difference between two

counts is 2 x 24 = 48, and the standard error of the difference between two
counts is 6.9, Since the observed difference 20 is almost 3 times as large as
its standard error it is unlikely that it is a random deviate from a true dif-
ference of zero, We would conclude therefore that under the conditions of the
experiment that the varieties actually differ in susceptibility.

‘There are also many instances in which knowledge of the binomial distribu-
tion will be of value when the assumption of approximate normality is not - .

involved.
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Example:

Suppose one wishes to know which of a group of phenotypically normal
plants are carrying = certain'recessivé rmtant gene that has a visible effest
when homozygous. Thé obvious way to test them is to look for homozygotes
among their offspring produced by self-fertilization. How many offspring
should be observed per plant to insure that one or more homozygotes will be
observed among the progeny of any plant that is actually carrying the reces-
sive gene? Assuming equal viability of the nomal and mutant types they will
be produced in the ratio 3:1 by any heterozyous plant, If p is the propor-
tion of rmutant types, it is obviously equal to £, Then if n progeny are ob-
served per plant, the expected frequency or probability of-observing no
homozygous recessives is (1 - p)™ = (3/4)" if the parent plant carries the
gehe. Thus if 4 progeny are observed per plant

(3/6)* = 316
of the 5eterozygous parent plants would be expected to have no mutant type
offspring and would be wrongly classified. If n were increased to 10, how-
ever, this fraction of the heterozygous parent planbs‘would;be reduced to .
(3/6)10 = .056. ’
This doesn't mean that the number observed should necessarily be high. It
might well be profitable to test more parent plents observing a rather small
number of offspring per plant and use information of the above type to adjust
the results for the proporticn of heterozygous parents expected to have no
mutant types among the small number of progeny observed,

There are a variety of applications of the binomial in the investigation

of frequencies of either natural or induced mutations,



XVII. The Poisson distribu:ion.

The ratio of the mean to the variance in the binomial distribution is

npq
limit., Thus in binomial distributions the mean and variance are for all

LB o -_%E-—-—y . As p approaches zero this ratio approaches 1.0 as a
npll - p P

practical purposes equal when p is very small., This special case of the
binomial distribution is known as the Poisson distribution.
Even an extremely rare event will be noted occasionally if a large number
of cases are checked. The number of occurrences of such an évent in a
specified large number of opportunities for occurrence will be distributed as
follows:
%, No. of occurrences Frequency
0 1/em
m/e"
m?/2em
w2/(2)(3) 6"
m/(2)(3)(4)e"

W N e

ete,
where m equals mean number of occurrences in the specified humber of
opportunities.,
It will be noted that this distribution is completely specified by only
one parameter, m, which is both the mean and variance. This, of course, as-
~ sumes something close to constancy in the number of opportunities for the
event, |
The Poisson distribution is known to be important in connection with
céunts of emissions from radioactive materials. Assuming good technic suc-
‘ cessive counts over standard time intervals are considered to be distributed

'in the Poisson fashion.: Apparently the probability of_any'single emission
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being coﬁnted is very low, and whether it is actually counted or not is a
pufely random event. Further, the total rate of emission is sufficiently con-
stant to satisfy the assumption of approximate equality of total number per
unit time, ’

The fact thet guch counts are distributed Poisson~wise allows two useful
applications of our knowledge of the distribution. (1) The counting technié
can bé checked by finding whether the variance of individual counts on the
same material is of the order of the mean number of emissions counted. If it

~is larger than this mean it constitutes evidence for extraneous (other than
the effect of randormness in whether a partieular emission is actually counted)
sources of error in the counts, (2) The variances and standard errors of
individual counts, mean counts, and differences between individual or mean
counts can be inferred direﬁtly from the number of emissions counted if it has

-—

been demonstrated that extraneous errors are inconsequential.

Examgles.

(1) A simpls check for extraneous variance can be made using counts on a
series of samples from the same material, If there is no extraneous
variance the variance of the counts computed directly from the data
should be of the order of the mean of the several counts. As a statis-
tical test for agreement it will suffice to use F with N = 1 and in-
finite degrees of freedom. Suppose one had obtained the followiné
counts: | | , -

6000, 5590, 6200, 5810, 6120, 6300
6080, 5670, 6340, 5960, 6100, 5920 .
The mean is 6007.5. The computed variance is 54,257. P is %és%%%s

= 9,03 which i: much larger than F.Ol =22, for N-1=11 and : =2

degrees of freedom (see F table, p. 225, Snedecor).
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The conclusion to be drawn would be that sources of error other than
randomness in individual emissions ﬁeing counted or nof, had contributed
to the variance of the counts. Such factors as non~homogeneity of the
material from which the samples were taken or variation in sample pre-
paration could be responsible for such results, o
Assuming all the varianbg in counts to be of the Poisson soﬁrce, i.e, dﬁe
to the random element with respect to individual emissions being counted,
variances of individual counts, means, and differences are obtained |
directly from the magnitude of £he count and can be used as a guide to
counts necessary for a given purpose. Suppose one were comparing{materia7
from two sources and wished to be able to classify a difference as sig-
nificant at the 5% level if it were as large as 10% of the mean for the
two. This means that the standard error of the difference between two
counts, sa, is to be one-half of i%}-or less., (Note: If the distribu-
tion is truly“Poisson and the mean is used as the estimate of the
variance, the aistributién of the relative deviate rather than the t
distribution is used to test significance of differences., For this rur-
pose Table 8.6, p. 180 is used as in Section XI,) The variance of a
single count is m; that of the difference between two counts (see Section

IX) is 2m, and hence the standard error of the difference is 4/2m .

Thus our requirement is that
- m
4/Zm = %(15—

or less, Solving the above for m we have

-

400

2
800m - m = 0O

2m =

]
o

m(806 - m)
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vof which the pertinent solution is.
m = 800 .
Thus if the mean of two counts is 800 the standard error of the dif-
ference between them is one~half of 80 or 40. This is an extremely
simple application but the process can obviously be extended to more
intricate situations,
XVIII. Chi-square,ff.
Chi-square will be considered only with respect to its use in testing
agreement in observed frequencies of a series of events with frequencies

expected on the basis of some a priori hypothesis,
£ - leser]
_ L.
Where ¢ is the expected number in a class and o is the number observed.

\ Suppose, for example, that a mendelian traii is theoretically con-
trolled by a single gene pair of which one is completely dominant to the
other. Then the progeny of heterozygous parents should be 3/4 of one type,
1/4 of the alternative type. Suppose that of 144 individuals observed, 109
are of the dominant type, L4 of the recessive. The corresponding expected
numbers are 3/L x 144, = 108 and 1/4 x 144 = 36

2 _ (108-10007 | (b - 362 _
?ﬁ - 108 36

2.371 .

The total number of degrees of freedom for chi-square will always e
one less than the number of classes unless the expected frequencies are
based on the data in any other respect than the requirement that the totals
of the ekpected and observed frequencies be equal., In the above example
there is, therefore, 1 degree of freedom. From the chi-square tgble (9.2,

p. 190) we note that with 1 d.f, chi-square will equal or exceed 2,706 in
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1 case out of 10 as a result of random variation. Hence in the above ex-
ample, thé data do not furnish critical evidence against the hypothetical
3:1 ratio of the alternative traits, Said another way, the data are in |
reasonable agreement with the;theory.

As another example suppose we wish to make a test for linkage between
two mutant genes and have for the purpose crossed double heterozygous
(AaBb) individuals with double recessive (aabb) individuals. Four types of

progeny (AaBb, Aabb, aaBb, aabb) are expeéted in the ratio 1:1:1:1, assum~-

ing no linkage. Suppose numbers observed were as follows:

Génotﬁpe - No. observed No, expected
AaBb 130 100
Aabb lih | 100
aaBb 68 .~ 100
aabb 88 100
L0O - 400

The expected values are computed on the hypothesis of independent segrega-
tion between the two loci and equal viability of the four types of gamcis:

and zygotes,

2, 2 _
jz? . B0, QuR, (G2° Q22 | a4

100 100 100 100
Going to table 9,2, we find that with 3 d.f. 12 will equal or exceed
11,341 only one time in 100 as a result of chance, The data are clearly
- in disagreement with at least a part of the hypothesis,
A more spec’.ic hypothesis could be tested abandoning the assumption
of equal viability. Expected frequencies are ihen computed so that they .
will agree with the observéd with respect to (1) the fraction of individ~

uals carrying B, and (2) the fraction carrying A, as well as with regard
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to total number. - The expected frequencies are then - - - - - S

AZBb 2 x %.g_g x40 = 120.78
Aabb %o% x %8% . K00 = 123.22
aaBb %g% x %%% x 40O = 77.22
aabb %%g x %g% x 40O = 78.78

There is only 1 d.f. in this case because the expected numbers were mads

to agree in three ways to the four observed numberé. From theAyévz talle

we learn that with 1 d.f. a ‘?{2 of 3,527 will occur a little more than 5%

ofrthe time by chance. Hence while the data are not in real good agrermoert

1

- with the hypothesis of independent segregation between the two loci, tlerc
is a moderate possibility that the discrepancy was due to chance insteaé
of linkage,

The agreement.of the observed frequencies of A's and a's to a 1:.
ratio and of the B's and b's to a 1:1 ratio could also be tested indivicu-

ally. For the ratio of A to a types, the observed and expeeted numbers

are as follows:

_Type Observed ~  Expected
A 24 200
a 156 200
2 = 2
AR ) . (W) = 19,36, duf. =1
200 200

This 7{ 2 is highly significant.
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For the ratio of B to b types the numbers are as follows:

Type Observed. Expected
B 198 200
b 7 , 202 200

2 - (2) (2) - _
7[ = 355+ 3ee 0L, d.f. = 1.0.

It could be conclﬁded that this data was in accord with the hypothesis of
-equal probability of B and b ﬁypes, that it did not furnish strong evidence
for linkage between the two loci, but that it did not agree with the
hypothesis of equal probability bf the A and a types,

‘To summarize, 7[ 2 can always be used to test agreement of observec
frequencies in a get 6f categories with frequencies that would occur on
the sverage if a certain hypothesis weré true., A simplebrule for couniix,
degrees of freedom is to note the number of categories in which the ob-
serVed'frequency could be any number and still allow the observed and ~x-
pected frequencies to égree in the ways»specified by the hypothesis, Ior
examplé, in the above instance if expected numbers are to agree with tre
‘observed in total and in ratio of A's to a's and of B's to b's, once t'e
number of one of tne four genotypes is set, there is only one value that
can be taken by each of the other three frequencies, Hence there is but

one degree of freedom. -



It has been my experience that the value of lectures on a subject is almost

' always increased by the posscssion of an outline of the maferial prepared by the
lecturer, I have found such outlines to serve a valuable purpose in tying the lec~
tures to material available in textbooks even though the subject is covered in much

. -greater dstail in existing books, I have prepared this material in hopes that it |
will contribute to what the members of the group will retain about statistics from
the leétures presented to them.

The intent was not to cover the sﬁbjeci matter of the lectures in detail but
rather to summarize some of its more important aspects in a similar order and manner
to that iri';i?Which they were originally presented, The purpose was to give the wem-
bers of the group something to which they could return to refresh their memories on
the content of the lectures,

It was possible to use certain illustrative examples from the field of genetqi..:

‘ because the group was at the same time receiving lectures in that subject, |

\ | R. E. Comstock

o



