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1. INTRODUCTION

This paper is a continuation of [1], wherein can be found the definition
of a vector valued multivariate hazard rate, some general properties and appli-
cations to specific distributions. In the present paper we first discuss some
further general properties, and then consider some further specific distribu-
tions.

Throughout it is assumed that the variables are continuous and possess
joint density functions. We use the notation
m

(ijXj] 5 G,(x) = Pr[ n (Xj>xj)] .

m
n
. J.=1

Fy(x) = Pr[

22

2. RELATION BETWEEN HAZARD RATES AND ORTHANT DEPENDENCE

In section 3(i) of [1] it was shown that if Xl""’xm are mutually
independent then
By () = (hy (x),.05hy (x))
~ 1 m
vhere hx(g) is the (vector) multivariate hazard rate of xl,...,xm and
hX (xj) is the (univariate) hazard rate of Xj' Another way of expressing
this result is



Lehmann [2] has defined positive (negative) quadrant dependence between

two variables Xl,x2 by
2 .
¢y RF(él»Xz) = Fg(ﬁ)/{jlexj(xjj 2 (2)'1

for all Xy X

2 L]
He has shown that these definitions are equivalent to those obtained by

replacing RF(XI,XZ)(XI’XZ) by

[3¢)

2) R (x,,x,) 10%2) = Ggf£>/{j§1ij(xj)} :

Dykstra et. al. [3] have extended these definitions to define positive

(negative) orthant dependence among m(22) variables xl’XZ""’Xm “to corres-

pond to
(3)
m
Re () (x) = p%(ﬁ)/{jglpxj (xj)} 2 (2) 1
for all x .

We, however, will work with the equally natural extended definition

m
) Roppy @) = 65(5)/{jglsijxj)} 2 (9) 1

for all x , which we will call G-positive (negative) orthant dependence.

For m = 2, the two definitions are equivalent; for m > 2 this is not
so. (A counterexample is easily constructed (for m = 3) by noticing

that (3) is satisfied if the conditional joint distribution of Xl and X2



given (X3 £ XS) has positive (negative) quadrant dependence, while (4)
is satisfied if the joint distribution given (X3 > xs) has positive

(negative) quadrant dependence.)

We will now develop some relations among RG(X)(ﬁ) and various hazard

rates. We first note that

(5) lim R

X, >-®

1

XiseeesX =R Xysenasy
G(xl,...,xm)( 10000 ¥y) G(Xz,...,Xm)( 20 s ¥p)

In particular, for m = 2

(6) lim R (x,,x,) =R (x,) = G, (x,)/G, (x,)}/G, (x,) =1 .
- G(Xy,X,) 1°%2 G(X,) -2 X, 27 Px, 20 Py,
Since
@) dlog RG(x)(;\c‘)/axj = 3log G?S(gg)/axj - 3log ij(xj)/axj
= hxj(xj) - hz(’(g)j

we see that for bivariate distributions (m=2), if hx (xj) > (<) hx(;g)j
J‘ ~
for all x and j = 1,2 then (remembering (6)), the distribution has posi-

tive (negative) quadrant dependence. The converse is not necessarily true.
We cannot immediately extend this result to cases m > 2. In view of
(5), we do have results like:
"If Xl""’xm—l have G-positive (negative) orthant dependence and
hxm(xm) > (<) h?\(,(;\c,)m for all x, then Xl,...,Xm have G-pésitive (negative)

orthant dependence."



For the Morgenstern-Gumbel-Farlie bivariate distributions defined by

® By x (%)

1’

(xl)}{l - sz(xz)}]

F, (x,)F, (x,)[l1+a{l - F
X, 177X, 2 X,

or equivalently

8)’ le

,XZ(XI’XZ) = le(xl)ze(xz)[l+a{l - Gx

(x;)H1 - G, (x,)}]
1 1 X2 2

(see equation (6) in [1]), we have

(9

(10)

In this case

1+a{l - FX (xl)}{l - sz(xz)} ;

R (x,,x,)
F(X),X,) 1072 1

l+a{l - Gx (xl)}{l - ze(xz)} .

R (x,,x,)
G(Xl,xz) 1°72 1

R (x,,x,)
G(Xl,xz) 1°72

\%

() 1 according as o 2 (<) 0. (The same

is true of RF(XI,XZ)(xl’xz))' Also, in this case, from equation (7) of

11,y )

- hx(§)j has the same sign as o , so in this case the con-

verse result referred to above (that positive (negative) quadrant depend-

ence implies

hxj(xj) > (<) hx(x)j), does hold.

3. TRANSFORMATION OF VARIABLES

We first note that if X have positive (negative) orthant dependence

(in the sense of Dykstra et. al.) then -X have G-positive (negative

orthant dependence, and conversely.

If Z. = -

1

X1 then (remembering the variables are continuous)
G (z.,X,5.40.5X ) =G (Xp5e005%x)
Zl,Xz,...,Xm 1°72 m Xz,...,Xm 2 m
- le,...,xm(‘zl’xz""’xm)



and so

(11.1) hZI,Xz,...,Xm(zl’x2’°"’xm)1 = hzg(—zl,xz,...,xm)1
while for j 2 2

(11.2) h7 .,Xm(zl’x2’°"’xm)j = hx

LI 2 h ~Z s 0 e .
‘l’xz’.. Xm(xzﬂ ’x ) .&( l)xzi Sxm)j

2,--., mJ

Similar (though more complicated) results can be obtained when several of the

Xj’s are changed in sign.

If Yj is a continuous increasing monotonic function of Xj, sSo is

Xj of Yj and we can write

Xj = gj(Yj) (j=1,""m) *
Since the events (YJ. > yj) and ()(:i > Ej (yj)) are equivalent we have

GX (x) = G& (E(X))

and

(12) hX(X)f h&(ﬁ(x))j CBEJ./BYj)

If X is IHR (DHR) and agj/ayj is a non-decreasing (non-increasing)
function of Yj for j = 1,2,...,m then Y also is IHR (DHR). 1In
particular, if X is IHR (DHR) then so is yXp+ag,.0,b X +a ) if
b > 0. :¢Ses also section 3 (iv) of [1]).

It is known ([4] p. 37) that mixtures of univariate DHR distributions
are also DHR. (A similar property is not valid for IHR distributions.)

Since hx(g)l is the hazard rate of the conditional (univariate) distri-

bution of Xl given ﬂ (Xj > Xj)’ (see Section 3(iv) of [1]), it follows
j=2



that mixtures of multivariate DHR distributions are also DHR.

4. SOME FURTHER SPECIAL DISTRIBUTIONS. Details of many of these distributions

will be found in [5].

(1) Bivariate Logistic

We consider the joint comulative distribution function:

- "Xy "X2.-1
Fxlxz(xl,xz) = (1 +e +e 7)

for which
X - -X - -X -X -
(13) Gy x (xpsx) = 1= (ve 7o aae T3l L (14X, o721
Xl,kz 1°72
-X, =X -X -x -X, =X -X, =X
= e 1 2(1+e 1)-1(1+e 2)~1(1+e 1+e 2)-1(2+e 1+e 2)
We find
-X -X, =X -X, -X -x
hy(x); = (l+e 2)'1(2+e lie 2)_1{(1+e e 21, (e H7h

~

which is an increasing function of x The joint distribution is IHR.

1
For general m with

m

FX :n.-,xm(xl’...’xm) = (1 * Z

1 j=1

=X,
e --’)-1

it has not yet been possible to establish that the distribution is IHR,

though it seems very likely.

(ii) Gumbel's Bivariate Exponential Distributions.

If the joint cumulative distribution function is

~X

1

X (xl,xz) =1 -e “-e “te
1°72

; -X, —(x1+x2+ex1x2)
X
(x1>0,x2>O; e >0)

then



' (15) le’xz(xl,xz) = exp(-xl-xz-exlxz)

whence

(1+ox

2 1+9x1) .

(26) hy (%)
These components are constant with respect to variation in the

corresponding variable (ie. 'hx(§)1 does not depend on X, nor
hx(,}g)2 on x2) but not with respect to variation in the other variable.
In section 3 (v) of [1] it was shown that if hx(§) = ¢, with ¢
constant (with respect to all variables) then Xl,Xz,...,Xm must have
independent exponential distributions. For convenience we might term
hx(ﬁ) = ¢ a strictly constant hazard rate; the distribution (10), on

the other hand, may be regarded as having a locally constant hazard

rate.
. If we assume

he (o) = (£ (x5), £5(x))

then log Gxﬁg) = -xlfl(xz) + Al(xl) = -xzfz(xl) + Az(xz)
where A1(°), Az(o) are arbitrary functions subject to the standard
conditions on Gx(g).

Putting x1~= 0 gives AI(O) = -xzfz(O) + AZ(XZ)’ SO Az(xz) must
be a linear function of Xy Similarly Al(xl) must be a linear func-

tion of Xg. Now putting X, =2 # 0, we obtain

-afl(xz) = -xzfz(a) + (linear function of x2)



so that fl(xz) must be a linear function of Xye Similarly fz(xl)
must be a linear function of xl. It follows that the joint distri- |
bution of appropriate linear transforms of X‘,X2 is of form (10).
To summarize, Gumbel's family of bivariate exponential distri-
butions includes all distributions with locally constant bivariate

hazard rates.

(iii) Bivariate Exponential Distributions of Marshall and Olkin.

These have joint survival functions of form

an le,xz(xl’XZ) = exp{-klx1 - A2x2 - Alzmax(xl)xz)}
(Al,kz,xlz> 0; Xy 535> 0)
For these distributions
18 (A1a2g%hq5) (x3 < x;)
hy () =
X Ay*rypery) (g > %)

They are not strictly IHR, but for xz(xl) fixed the first (second) compon-
ent is a non-decreasing function of xl(xz).
The analysis for multivariate (m > 2) Marshall-Olkin distributions

(see [5]) follows similar lines.

(iv) Freund's Bivariate Exponential Distribution.

For this distribution, the joint density is

' aB'exp{-B'x2 - (“+3“6’)x1} (0 = X < xz)
px X (X ,X )
1272 71772 oz'Bexp{-oc'x1 - (a+s-a‘)x2} (0 < X, < xl)



with a,B8,a',8' > 0.

We will assume a+8 # o',B', and o' > 0o, B' > B . We find

r

(a+3~3°)'1[aexp{-s'xz-(a+6-6')x1}+(8-6')exp{-(a+6)x2}

(19)
(05x1<x2)
G (x,,x,) = A4
x1’x2 1°72 (a+B-B')-I[Bexp{-u“xl-(a+8-a')x2}+(a—a')exp{-(a+3)xl}
\ (05x2<x1)
and
(20) o(a+B-8")
a-(B'-B)exp{-(u+B-6')(xz-xl)} (05x1<x2)
by )y =

4

Ba'-(a'-a) (a+B)exp{-(a+B-a') (X1-X2)}
B-(a'-a)exp{-(a*ﬁ-a')(xl —xz)} (Oszsxl)

Taking the case a+B>a'>a; a+B>8'>8 we find that for X< Xy3

I

. -1 .,
5 - vih =
hé(g)l is of form cl{c2 Cs exp(c4xl)} vhere cj >0 (j=1,2,3,4), and
s0 is an increasing function of X) -

For Xy > Xp; h)&('(g)l is of form

csexp(cﬁxl) -y
c8exp(c6x1) - Cq

where cj > 0, and is an increasing function of Xy if

C,Cq CeCq > 0.
7€ = C5Cg = [B(a'—a)exp{(a+8-a')x2}][a+8-a'] >0. So

hx(g)l is also an increasing function of Xy for X > X, Similarly,

Now ¢

hx(5)2 is an increasing function of X, for all Xy e The joint



F‘

(21)

(22)

(23)

10

distribution is IHR.

The same result is obtained for other inequalities between a+8,

o' and B' (but always keeping o' > a, B' > B).

(v) A Multivariate F-Distribution.

We first consider the joint distribution of Gj = Vj/V0 (j=1,...,m)
. . 2 .
where VO’Vl""’Vm are independently distributed as x“’s with
v,2,2,...,2 degrees of freedom respectively. The joint density is

m 1
= i gy) T2 >0
p® ={rGvm/ridnia Lgy) (g; > 0)
and the joint survivor function is
-1,
Gg(g) = (1 + _E g.) 2

whence

m
1 ~1 .
ho(g); =v(l + jglgj) for all i.
The joint distribution is DHR. In this case all elements of the vector

multivariate hazard rate are equal,

These results also apply to the multivariate F-distribution which

is the joint distribution of Fy = 6. (21, ,m).

J
For the joint distribution of 13 = +/Cj we find (directly, or
from (9))

v 2.-1
hp(®); = ve, 1+ ] t2) (i=1,...,m)
~ j=1 7 (t; > 0) .

Recalling that 3%{""£§J = (A+t2)_2 (A-t%), we see that h () is an
A+t ~



11

m
increasing function of t, for ti <1+ t?-ti', decreasing for
=1
t2 51+
i .
J

e~

t§ - ti . The joint distribution is neither IHR nor DHR.
1

(vi) Bivariate Fréchet Distributions

For given marginal cumulative distribution functions Fx (xl),
1
FX (xz) the Fréchet family of bivariate distributions has joint
2
cumulative distribution function

Fx x2(xl,xz) = max{O,Fxl(xl) + sz(xz)-l} + (1-w)min{FX1(xl),sz(xz)}

1’
(0<w<1l).
Hence f
l-max{FXl(xl),sz(xz)} - wmln{Fxl(xl),sz(xz)}
ﬁrFX(ﬁ)ﬂk mﬂ <1
G (x,,x,) =4 1 2
Xl’XZ 1°72
(l-w)[l-max{Fx (xl),Fx (xz)}]
1 2
(24) for F, (x,)+F, (x,) > 1
\ X, 1R, 2
and

(fxl(xl),wfxz(xz)) for Fxl(x1)>Fx2(x2);
Fxl(x1)+Fx2(x2) <1

(o, (x,),f, (x,)) for F, (x,)<F, (x,);
X 10X, 2 X, X, 2

F, (x;)+F, (x,) <1
Gy (x)hy () = 4 SRR N

((1—&)) fxl (xl) ,0) for Fxl (x1)>FX2 (xz) 3
F, (x;)+F, (x,) > 1
Xl 1 X2 2

e .
(3,1 m)fxz(xz)) for Fxl(xl)<FX2(x20,
25)

Fxl(xl)+Fx2(x2) > 1

\

(with ij(xj) = dej(xj)/dxj).
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Note that in general there are discontinuities in the components
of h5(§) even when hX (xl) and hxz(xz) are continuous.

1
The xj component of Gx(g)hx(Q) can be

0, wij(xj), (1—w)ij(xj), or ij(xj) .

For X, fixed, as X increases Gx(x)hx(g) takes the values

£, (x), £, (x,), (1-w)f, (x,)
w X, X M w X, 1

over successive intervals of x, if F_ (x,) < L .
1 X2 2 2

If sz(xz) > % » the sequence is

mfxl(xl), 0, (l-m)fxlﬁxl) .

If Gx(g) is a continuous function of x, it is clear these cannot
be increasing or decreasing functions over the whole range of X5
for any X5 if fx (xl) # 0. So, generaily, Fréchet distributions cannot
1

be IHR or DHR, using the vector multivariate hazard rate we have defined.

(vii) Multinormal Distributions

Numerical evidence in Section 4.1 indicates that bivariate normal
distributions are IHR, at least when the correlation coefficient is not
negative. Dr. J. Galambos (private communication) has shown that this is
SO » . Here we note a few
points in connection with general m-variate multinormal distributions.

If XI’XZ”"’Xm ﬁave a joint multinormal distribution, the condi-
tional distribution of Xl, given Xz,...,Xm is normal with a fixed



13

standard deviation (which we can arrange to be 1) and expected value

m
equal to a linear function of X,,...,X (Z=) b, X, + by, say).
: 2 n j=2J Jl
The first element of the vector multivariate hazard rate is there-

fore
E[6(x;-2)]
1,2
-1 'zt t .
wvhere ¢(t) = (V21) e 3 o(y) = f ¢(t)dt and expectations are taken
-
m
with respect to Z, distributed conditionally on n (Xj > xj).
j=2
Although

$(x,-2)/{1-0(x,-2) }

is an increasing function of X5 for any Z it does not follow that

hx(y1 is an increasing function of x, for all x.

5. CONCLUDING REMARKS

We feel that enough results have been presented, in [1] and the present
paper, to provide evidence of the usefulness of our proposed vector definition
of multivariate hazard rate.

Using the definitions of IHR and IHR based on this concept we are able to
classify a number of important multivariate distributions, comparable with
those so classified by other definitions of IHR and DHR.

We feel however that the criteria of overall IHR and DHR are too sweeping
to be of general usefulness. Even for univariate distributions, the DHR
property implies that (if continuous) the density must be a decreasing function

of x over its support (because



e

14

dh () Gy (x) + {5, (x) 1
dx 6, ()12

where fx(x) = -de(x)/dx is the density function of X).

Rather, the hazard rate function itself is of value as a description of
the distribution - in particular of the intervals in which hazard rate is
increasing or decreasing.

From this point of view, the desirability of some form of vector hazard rate
for multivariate distributions is evident. Whether the particular one we have
chosen is, in any sense, optimal, is an open question. We believe that we have

shown it to be useful.
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MIMEQ SERIES NO. 873 - CORRIGENDA

. The following corrections and changes should be made to Mimeo Series
No. 873 (A Vector Valued Multivariate Hazard Rate - I by N.L. Johnson and
S. Kotz).
Page Line
1 2 hx(x) should be hx(x)
2 6 Insert "of'" between "rate’ and "Xl,"
2 11 g(x) should be g(X)
. y 1 1] 3 1 [
2 6f Should read: X1sXgse e s X for all X1oeeesXp (including xj<xj)
4 11 Replace "monotonic'" by '"increasing"
4 14 g-l(xl) should be g-l(yl)
4 4f X should be X
8 7f Insert "bivariate' between ""joint" and "distributions"

10, lower table Interchange Xy and X,

13 6 671X, should be 6 1x,
. J 3} J 3
. 13 8 Should read:
i
-3 log G, (x)/ox, = a6_( ) o7 x.-m + ])-l
XA T T j=1 I '
16 3-2f Insert "Since, for all g > 2, 2 < Kj(g) < log g, the

upper bound is, in fact [exp{Kj(go)} - 1]'1

17 1-3 Delete



