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On Bickel's Tests for Heteroscedasticity

1. Introduction. Bickel (1978), generalizing work of Anscombe (1961), considers

the general linear model

- ’ - At s
Yi = Tt o(Tin,e)ei, T, B Cin fori=1,...,n (1.1)

where B is an unknown (px1) vector, Cin is an unknown (pxl) vector, and the e,

are j.i.d. with symmetric distribution function F. The function G(Tin,e)

expresses the (possible) heteroscedasticity in the model. It is assumed that

for some function a(‘),
o(t,8) =1 + Ba(t) + o(6) as 6 >~ 0 . (1.2)

Also o(-,*) is known but 6(= en) is unknown. Bickel developed tests of the
hypothesis H: 6 = 0 (homoscedasticity) which are robust against gross errors and
heavy-tailed F. Let {ti} be the fitted values from either least squares or a
robust regression method and let b be an even, bounded (for robustness) function.
Bickel's test statistic is

n

~-1
A = o igl (a(t,) - a.(t))b(ry) (1.3)
with r. =Y. - t. (= ith residual) and
i i i
A2 % 2 -1 % 2
o, = L (a(t;) - a.(t))” (n-p) Y (b(r)) - b.(x))", (1.4)
i=1 i=1
and where for any function g and numbers XyseeesXps
-1 B
g.(x) =n g(x;)
: i=1

Let

n
b = Gn(izl (a(ty) - a,(T))Z)I/2 E e;b'(e;) (Var b(el))'%.



Bickel's theorem 3.1 shows that
D
(A, - &) > N(0,1)

under assumptions which include:

b is bounded and has two bounded, continuous derivatives, (1.5)
F has a continuously differentiable density f, (1.6)
a has two bounded, continuous derivatives. (1.7)
-4
pn ‘>0 (1.8)

Bickel states that (1.5) is "unsatisfactory', and is not satisfied for interesting

choices of b such as Huber's function squared, that is,

b(x) = min(xZ, k%) . (1.9)

Bickel's theorem 3.2 shows that (1.4) holds under considerable weakening of
(1.5), if, in addition to the other assumptions of theorem 3.1, the fitting is by

least squares, E ei < o, and
p is fixed. (1.10)

Both the assumption that E ef < © and the requirement that least squares
be used are restrictive and undesirable in situations where robust methods are
deemed necessary, so theorem 3.2 is also unsatisfactory. In another paper
(Carroll and Ruppert (1979)), we show that in Bickel's theorem 3.1, one can weaken

(1.5) (to include, for example, b given by (1.9)), if (1.8) is strengthened to

1
-

pn " =>0.

-



That paper uses methods of proof very similar to Bickel's. In this note we

develop alternate methods, and show that assumptions (1.5)-(1.7) of theorem 3.2

can be weakened, if (1.8) is replaced by (1.10). We do not require that any other
assumption besides (1.8) be strengthened. In addition, our results are scale invar-
iant, since in the definition of Ab we replace b(-) by b(-/8), where g is an esti-
mate of scale. Scale invariance is also obtained in Carroll and Ruppert (1979).

For example, G could be the scale estimate from Huber's (1964, 1973, 1977) proposal
2 or the median of {[r |, ..., |z |}, possibly normalized through division by a

positive constant.

2. Assumptions and Notations. Throughout this paper we assume (1.1), (1.2), (1.3),

and (1.10). Also we assume:

b is bounded, symmetric about 0, Lipschitz continuous, and its (2.1)
Radon-Nikodym derivative b' is bounded, :

b" exists and is bounded except at a finite number of points
(For simplicity, we take the exceptional set to be {g, -E} . (2.2)
This involves no essential loss of generality),

a is Lipschitz continuous, (2.3

n

.. -1 2

lim inf n°° } (a(t;) - 2 (1))" > O, (2.4)

i=]
F is symmetric and Lipschitz continuous in a neighborhood of £, (2.5)
Ele;| <« and Var b(e;) >0 (2.6)
sup sup [T, | < 2.7

n iszn
1
. -3 -

lim sup n” * ||e; || = 0 (2.8)

n-o i<n

where for x = (X;, ..., xp), ||x]| = max |x2|.

2<p



-1 % 2 L
sup 07 ] |l [17) <, sup|n®e| < e, (2.9)
n i=1 n ll'
and for some g > O,
Len _ %114 _
n’(o, - o) = Op(l) and n*||B -8|| = Op(l). (2.10) .

(Without loss of generality we take o = 1.) The first relation in (2.10) will
hold for most robust scale estimates if 8 = 0, and assumption (2.9) will imply

(2.10) for most estimates of o even if 6 F 0.

A . ~2 . .
Bn. Define Ab and ¢ as in (1.3) and (1.4), but with T,

Then ti = b

A

c.
in
replaced by onlri.

3. Main Results.

Theorem 1: (Compare Bickel (1978), Theorem 3.1). As n - «,

(A, - &) N,

To prove theorem 1, we need a number of preliminary results.

Lemma 1: For each i < n suppose that &in is a function from RP x R1 to Rl,

bounded uniformly in i and n. Let Cin’ i <n, n=1,2,... be non-negative constants

such that
lim sup Cin = 0 (3.1)
n- i<n
and
12
sup( ) Cin) < o, (3.2)
n i=1

Assume that for each R > 0 there exists K(R) such that for all € > 0 and all

1
e ¢ R (in the application of lemma 1, e will be one of the errors),




sup sup sup{|g; (B,e) - g1, (8005 &, &% ¢ B, [all, Il < &, fla-arl< )

@ n isn

<KM®)(|e| + g, e (3.3)

Define, for A ¢ Rp,

1
72

o~

Mn(A) =n gin(A’ei?

i=1
. -and

Nn(A) = Mn(A) - Mn(O) .

Then for each R > 0,

sup N (&) - E Nn(A)l

o (1) .
|| a|kR P

Proof: Without loss of generality we assume R = 1. Fix A such that ||A|| < 1.

By (2.6), (3.1), and (3.3),
Var Nn(A) +0 as n > «,
so for each fixed A with |A] <1,
- = .4
N _(A) - EN_(A) op(l). (3.4)
Define
.,
Hn =n” .Z (Iei| * 1)Cin'
i=1
Then by (3.2)
Hn + E Hn = Op(l) .

Fix € > 0. By (3.3), if ||A]|], ||A']] <1 and ||A-A"}| < €, then



IN_(8) - N ()| <K(1) H e. (3.5)

For n > 0 and x ¢ RP define Bx(n) = {y e RP; | ly-x|| < n}. Then choose L > 0
L

and a(l),...,a(L) € Bo(l) such that U B (e) ¢ Bo(l). Then by (3.4) and

=1 28
(3.5)
sup [N (A) - EN _(A)] <max [N (a(2)) - EN_(a())]|
lfaflst ™ n gk ! n
+ max sup IN (A) - N_(a,)| + E|N_(A) - N_(a.)]
9<L  AeB_,,.(e) " noi n not
a(f)
5_op(1) + (Hn + E Hn)e .
Since Hn is independent of €, we are done. O

We now introduce additional notation. For § ¢ Rl and A € RrP define

-1
2

A (8) = a(ty +n 2 A cin), A;n(A) = Ain(A) -A ),

1
-3

-k
Bin(d,A,e) =b((1 +n 6)(0(Ti,9)ei -n ?A Cin)) ,

and B;n(é,A,e) = Bin(G,A,e) - B.n(G,A,e)

Lemma 2. Define

1 n
_ "7
U(S,A,8) = n izl A;n(A) Bin(é,A,e) and
V(8,4,8) = U(S,A,8) - UO,0,6)

1
Then for each R > 1, asn +~ o and sup |n? 6| <
n

SUP IV(G’AJG) - E V(G’A’E’)l =0 (1)'
6]+l A[IR P




Proof: Take R = 1. We will show that lemma 1 applies with

>
g;,((6,0), ;) = A¥ (A) B, (8,A,0) and g, = 20" (1 + e, 1D By (2.3),

(2.7), and (2.8)
sup sup sup |A¥ (A)] <>, (3.6)
|s]+|Allsl n isn P |

and since b is bounded

sup sup sup |B. (8,A,8)] <. (3.7)
|s|4|alkl n i T

Moreover, by (2.1) and (2.3) there exists K such that |§]| + [[A]] <1,

|6'] + ||a']] <1, and [8-6'| + [|A-A'|| < € implies

|Bin(G,A,6) - Bin(d',A',6)| <Keg, (le;| + 1) and
(3.8)

1
-4

* - * t
|ax (&) - AF (A <n™* Keg.

Since

]A;n(A) B, ,(8,4,0) - A% (0) B;n(0,0,0) |
< |Ar (8) (B, (8,4,0) - B, (0,0,8))| + |[B; (0,0,0)(A} (A) - A} (0))]

the assumptions of lemma 1 are implied by (3.6)-(3.8). O

Lemma 3. For all R >0,

sup |E V(8,4,8)| = o(1)
|s|+]All<R

Proof: Take R = 1. Then

1
-2

E V(§,4,8) = n

e~

1 (@) - A7 (0D B;,(0,0,0) 5.9)

1
-7

+n A;n(A)(E Bin(d,A,e) - E Bin(0,0,e)) .

It~

i=1



Y -y
Let D(i,n) = {|€ - ;| < n"e, | + e < n~% , or |e;| >n""}. Define

n 2 E b'(o(t,0)e;) (8 o(t;,8)e; - (1 + n” 2 8)a'e, )

N

T, . =
1,1
- - . d
Ty " E(B; (8,4,0) - B,,(0,0,8) - T, ;)01 ID(l’n)) an
- - . . Then,
Ty 3 = E(8;;(8,4,0) B, (0,0,0) e 1y

E Bin(G’A’e) - E Bin(o’o’e) = Tl,i(l - ID(i,n)) + T2,'1 + T3,i. 7(3.10)

By (2.2), for some K,

- 1
BT, | <nt (6% o(r,,0° Ele, [n® + (A" ¢, ))K

2,i

and therefore by (3.6)

-1 0
sup n? ) |A* ET, .| =o0(1) . (3.11)
1s]+]|a] |<1 Tt B
By (2.6), E ]ei| ID(i n 0 as n ~ . By (2.1), for some K

-1 .
|T3,i| < Kn 2(Eleil ID(i,n) + |A cinl P(D(i,n)). Therefore
-1 | ‘%
sup n ¢ A* (A) T, .(5,8)] > 0. (3.12)
lsl+]]alla im0

Since E b! (OLTi,e)ei) = 0 by (2.1) and (2.5),

1
-4

Tl,i(é,A,e) = E b'(o(ri,e)ei)ei n *3§ O(Ti,e) . (3.13)

Now T1 i(d,A,O) is independent of i, so for all § and A

n
21 A (8) Ty, :(8,4,0) = 0. (3.14)

1

By (1.2) and (3.13),

1
sup T, .(8,A,8) - T, .(8,A,0)] = o(n" %) . (3.15)
jsl+1laf]st B o |

By (3.14) and (3.15),

1, I
n 2

i A3 () T; ;(8,4,8) | = o(1) . 3.16
I6I+IIA|IS]— i=1 in 1,1 I ( ) ( )



By (3.10), (3.11), (3.12), and (3.16)

., 1
sup n"* |} Ar (M)(EB;(5,4,6) - E Bico,o,e))l = o(1). (3.17)
18]+ ]a]]<1 i=1

L N ,
-2 * _ * = .
For all A, n izl (Ain(A) Ain(O)) E Bi(0,0,0) 0, and since

sup |E(B._(0,0,0) - B, (0,0,0))| = o(1),

sup [E(Byp ’ in |

o |n”2 ) (A5, - AT (0))(E B, (0,0,6) - E By (0,0,00)] = o(1) , so that
A<l i=

1
=2

sup n (A* (A) - A*_(0))E B, (0,0,0)| = o(1) , and then by (3.9) and
l1a]]+]8]<1 izl in in i I

(3.17) the lemma is proven. O

n

Combining Lemmas 2 and 3 we have:

Lemma 4: For all R > 0,

||A|Tfﬁ6|sk V(8,8,0)] = 0 (1) - (3.18)
Lemma 5. For all R > 0,
-1 % 2
|5|+TTgIISR In izl (BY (4,6,0))" - Var ble))| = op(l) (3.19)
and
! jl ORI ;21 (alry) - 2, (%] = o) . (3.20)

Proof: By the law of large numbers and the boundedness of b

-1

n (BY 0,0,00)% 5 Var b(e;) (3.21)

i~

i=1

Since b is Lipschitz, for some K > 0

1
- e
sup B, ,(4,8,6) Bin(0,0,0)| <n ).

| 8]+/lal[2
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Thus, E( sup IBin(A,é,e) - B.m(0,0,0) |) = 0(1), which implies that .
|8]+]]a] <1
sup |n‘1 E (B;R(A,s,e))2 - (B;n(o,o,O))2 =0 (1). (3.22)
|8]+]]a] =1 i=1 P
Now (3.21) and (3.22) imply (3.19). It is easy to proof (3.20). g

1
-4

n
Lemna 6: U(0,0,0) - D(0,0,0) = n™* E(>' (ep)e)e | (alry) - a ()2 + o(D).
i=

Proof: Since A;n(O) is bounded uniformly in i and n and 6 + 0, we have

- = i in i . Theref
E A;n(o)(Bin(0,0,e) Bin(0,0,0)) o(1), uniformly in i and n erefore
var(U(0,0,6) - U(0,0,0)) = o(1). By a Taylor expansion and (1.2), (2.9), and

(2.10), for some Vi

|E(B,,(0,0,8) - B, (0,0,6)) - E(b'(e;)e;)(a(r;,0) - 1)

2 .
< JEb"(v)(o(t;,8) - 17+ O(P®,,) |o(T;,6) - 1] )
- oY
-3 -
where B, = {|ei - gl <n?* or [ei + g <n )
Since sup sup |A;n(0)| < o, the proof is easily finished. 0.

n 1s<n

. s s = _ (8 - 1
Proof of theorem 1: First note that since T, e, O(Ti,e) (Sn R) Cin’

1

1
-2

n
- 2
A, = U(0,0,8) (n 151 (a(ty) - a,(1))” Var b(e;)) * + op(l)

1 - L A
for (2.10) allows us to substitute § = n* (Gnl - 1) and A = n*? (Bn-B) into

(3.18)-(3.20). By (2.1), (2.4), (2.7), and the Lindeberg Central Limit Theorem,

n 1
U(O:O,O) (n—l 'Zl (a(Ti) - a. (T))z Var b(esl)_/z 2 N(Oxl)
i=

Theorem 1 follows from lemma 6. O
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