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ABSTRACT

Sequential M- and L-estimators of location minimizing the risk
asymptotically as‘the cost of one observation tends to 0 are con-
structed. Their asymptotic risk efficiencies are shown to coincide
with the asymptotic efficiencies of the respective non-sequential
estimators; this enables to construct the asymptotically minimax
sequential M- and L-estimators in the model of contaminacy. The
asymptotic distributions of the stopping times are derived for both
types of estimators. The theorems on uniform integrability andvmoment
convergence of (non-sequential) M- and L-estimators, developed as the

main tools for the proofs, have an interest of their own.
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1. INTRODUCTION

Nonparametric sequential point estimation of location has -
received considerable attention during the recent past. Ghosh and
Mukhopadhyay (1979) and Chow and Yu (1980) have considered asymptotically
risk-efficient sequential point estimation of the mean of a population
Based on the sequence of sample means and variances, while Sen and
Ghosh (1980) have extended the theory to general U-statistics. Sen
(1980) has-considered the problém of estimating the location of
symmetric (but unknown) distribution based on a general class of rank-
order (or so called R-) estimators and established the asymptotic risk-
efficiency of the proposed sequential procedure. In the classical
non-sequential case, the R-estimators form one of the three main

groups of robust competitors of classical estimation procedures; the

other two major groups are formed by M-estimators and L-estimators

[viz., Huber (1973, 1977)]. The theory of asymptotically risk- .
efficient (sequential) point estimation based on a broad class of M-

and L-estimators is developed in the current paper. Uniform integra-

bility and moment-convergence properties of these M- and L-estimators

play a fundamental role in this context.

Along with the preliminary notions, the proposed sequentiél point
estimation procedures are outlined in Section 2. Section 3 is devoted
to the study of uniform integrability and moment convergence of the
M-estimators. Parallel results for the L-estimators are considered in
Section 4. These results are then applied in the proofs of main
theorems of Section 5 cbncerning the properties of the proposed

sequential procedures. In particular, the Section 5 deals with the

asymptotic risk-efficiency and with the asymptotic normality of the
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allied stopping times. Similarly as in the case of R-estimators
[Sen (1980)], it is shown that the asymptotic risk efficiencies of
sequential estimators coincide with the asymptotic efficiencies of
their non-sequential versions. This among others enables to extend
the asymptotic minimax properties of M- and L-estimators in the

model of contaminacy to the sequential case.

2. THE PROPOSED SEQUENTIAL PROCEDURES
Let {Xi, i 21} be a sequence of independent and identically
distributed random variables (i.i.d.r.v.) with distribution function
(d.f.) Fe(x) =F(x-0), xeR=(-»,«), where F (unknown) is symmetric
about 0 and 6 is the unknown location parameter to be estimated. Let

Tn be a suitable estimator of 6 based on xl,...,xn and assume that

vﬁ = nE(Tn —6)2 exists for all n.ZnO, (2.1)
for some no(zl) and
\)i——+v2 as n-+o, (<y<», (2.2)
We conceive the loss (in estimating 6 by Tn)
Q,(a, ¢) = a(T_-8)° +en, (2.3)

where a and ¢ are pdsitive constants. Then the risk is
-1 .2
An(a, c) = EQn(a, c)=n av_ +cn. (2.4)
We like to minimize (2.4) by a proper choice of n. The optimal choice
of n generally depends on the unknown F, for any fixed c¢ as well
as asymptotically as ¢ ¥0. In this asymptotic case, the optimal

choice of n 1is nO(c), where

no(c)'vbv, b =(a/c)l/2 and X (a, ¢) ~ 2vwac (2.5)

n,(c)

where q(c) ~r(c) denotes that 1im q(c)/r(c) =1. This suggests the
cYy0
following procedure: Let {vn} be a sequence of estimates of v

and let n' be an initial sample size (22) and h(>0) be an
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arbitrary constant. Define a stopping number N(= Nc) vby

Nc=mhdn2ﬁh nzb®n+n45},c>0 (2.6)
and consider the sequential point estimator TN based on Xl""’XN
The risk of estimating © by TN is then ) ‘

A*(a, c) = aE(T; —6)2 +cENc. (2.7)
We are primarily interested in shozing that
A*(a, c)/kno(c)(a,c)-—+1 as c¢+¥0, (2.8)

which means that the sequential procedure is asymptotically (as c4+0)
equally risk-efficient as the optimal non-sequential one, if Q were
known.

The convergence (2.8) has been studied by more authors [referred
;o in Section 1] in the case that {Tn} is either the sample mean,
U-statistic or some case of R-estimator. In the current paper, we
shall show that (2.8) holds for a broad classes of M-estimators
and L-estimators (i.e., the estimators of maximum-likelihood type and
of linear combination of order statiétics type, respectively).

An M-estimator Mn of 6 is a solution of the equation

n .
S (8) = L WX, -t) =0 (2.9)
with respect to t, where Y 1is some nondecreasing score function
(so that Sn(t) is \ in t). More precisely, Mn is defined by
¥ * %
Mn —(Mn +Mn /2, (2.10)
where
* . *k T4, .
M= sup{t: s, (t) >0} and M inf{t: s () <0}. (2.11)
Under suitable regularity conditions on ¢ and on F [viz., Huber
(1964)], to be specified later on,

1
2

L{n (Mn—e)}—+ N(O, vz(M)) as n-o (2.12)

where
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2 _ 2 2 (%2
Vo —G(M)/Y(M), My = J Y~ (x)dF(x), (2.13)
Yon =YW, F) = J{-f'(x)/f(x) H (x)dF(x) (>0) (2.14)

2
and f'(x) =é%f(x) =41§F(x) is assumed to exist almost everywhere.
: dx

In Section 3, we shall show that (2.1) and (2.2) hold for M-estimators

generated by a class of bounded {-functions. 1In this case, we shall

2
estimate v as follows. Let

M)

2 1t 2

Spoy =0 zi=1w (X; -M ), nzl, (2.15)

let ¢ be the standard normal d.f. and let @(—Tg) =g, 0<eg<1l, Put

M; = sup{t: n_ésn(t) >Ta/23n(M)}
+ L (2.16)

M= inf{t: n an(t) <—Ta/25n(M)}
M -M(20), (2.17)

dn(M) “Yn "

where o0(0<a<1) 1is some preassigned number. Then, it follows from

Jurelkova (1977) that as n increases,

p

= Yy =O(M)/Y(M); (}2.18)

Yn (M) =/E-dn(M)/2Ta/2
in fact, stronger convergence properties of Vn(M) have been studied
by Jureckova and Sen (1980 a, b). The stopping number defined by

(2.6), corresponding to {Gn} ={Gn(M)} is demoted by NEM), so that

NgM) =min{n2=n': n Zb(Gn(M) +n_h)} (2.19)

and we shall show in Section 5 that (2.8) holds for {M .

0D
The L-estimator L of location 0§ 1is typically € of the form

_tn
Ly = Li=1%ni%n, 1 (2.20)

where X <. g Xn n are the order statistics corresponding to

Xl"" N
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—-— 3 n -
hi=Cnneis1 20 ¥ 1Sisn, and ] e .=l (2.21)
Denote
' i-1 i
Jn(t) =nec . for <t <=, i =1,...,n (2.22)
and suppose that
1
Jn&)+JCU a.s., te(0,1), J(1-t)=J(t) =20, J(t)dt =1.
: 0 (2.23)
Then, under some regularity conditions [viz., Huber (1969)],
1 2
L(nz(Ln -8)) »N(0, V(L)) as n o, (2.24)
where
2 o
VL) =J J [F(x Ay) =F(xX)F(y)]J(F(x))J(F(y))dxdy . (2.25)

We proceed to estimate V%L) by

) n-1 n-1
Vo (L) =izl jzlcnicnj{n(l ARDIRE S Xy D)Xy Xy ) (2.26)
where under suitable regularity conditions [viz., Sen (1978)]

asymptotic normality results pertaining to the Vn(L) ‘are due to-
Gardiner and Sen (1979). The stopping number, defined by (2.6), for

A

{Gn} ={vn(L)}’ is denoted by NéL), so that

NéL) =min{n2n'; n Zb(Gn(L) +n—h)}- - (2.28)
| We shall show in Section 5 that (2.8) holds for {LN(L)} corresponding
to a class of J-functions which vanish outside of a ¢ compact
subinterval of (0, 1). |

In the remaining of this section, we state the basic regularity
coﬁditions on F, ¥ and J, pertaining to our study. Sections 3 and
4 are devoted to the study of the uniform integrability and the moment

convergence of {Mn} and {Ln}, respectively; these results are used
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in Section 5 in the proofs of (2.8) for the corresponding sequential

procedures.

Assumptions ‘on F: We assume that F has an absolutely continuous

density f such that f(x) =£f(-x), ¥ xeR and
£(x) is \ in x for x=20. C(2.29)

Moreover, F is supposed to have finite Fisher information, i.e.,

I(F) =J {f'(X)/f(X)}ZdF(X) <o (2.30)

=00

and we assume that there exists a positive number £ (not necessarily

an integer or =1), such that

Eix11£=J |x|£dF(x)<°° . (2.31)

-00

Assumptions on Y: We assume that ¢ is nondecreasing and skew-.

symmetric, i.e.,
Y(x) =-Y(-x) 1is f in xeR*=[0, =), (2.32)
and that there exists a positive number k such that
P(x) =¢(k)essignx for |x| >Kk. (2.33)
Moreover, suppose that i could be decomposed in the absolutely
continuous and step components, i.e.,

P (x) =¢1(x) +w2(x) ¥ xeR (2.34)
where wl(x) is absolutely continuous [inside (-k, k)] and wz is
pure step-function having a finite number of jumps inside (-k, k);
we denote the jump-points by aj, 1<j<m, and let wz(x) =Bj for
<x<aj, 1<j<m+1, where a_. =-k and a =k. Then the

aj—l 0 m+1
constant vy defined in (2.14) is equal to
(M) 1

[o0]

1 m _

-0
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cp(x) =|x|£F(x)[l ~F(x)], x €R; cz.=sup cp(x) (2
XeR

where £ is given by (2.31). Then

o ,
¢t <o, lim c,(x) =0 and | {F(x)(1 -F(x))}Pdx < @ ¥ b >3 >0.
L . L £
_Cﬂ.
Assumptions on {cni: 1 <i<n} and on J: We assume that
- . __. tn _ .
Chi *Chin-isl >0, 1<i<n; zi=1cni =1 .and that there exist an ag
1
(0<ay <3 and a sequence {kn}, kn >0 such that
) kn
i =Cn,n—i+1 =0 for i §kn where T % @s n-+o, (2
Moreover, denoting
J_(t) =nec_. for 1-1.4¢ I i=1,...,n (2
n ni n
we assume that
lim J_(t) =J(t) a.s., tel0, 1] (2
noeo
where the function J(t) has bounded variation on [0, 1] and
1
J(t) =J(1 -t) 20, tel0,1], J J(t)dt =1. (2

0
In the context of L-estimators, the assumption of finite Fisher

information may be replaced by a weaker assumption
sup |£r ()| < . (2
F'l(uo)sxsF_l(l-ao)
3. MOMENT CONVERGENCE OF M-ESTIMATORS

Uniform integrability and some moment-convergence properties of

.36)

.37)

.38)

.39)

.40)

.41)

.42)

L
{nZ(Mn -8)} are studied here. The following lemmas are needed in the

sequel but they have an interest of their own.
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LEMMA 3.1. Under the regularity conditions on Y and F of Section 2,

for every ¢, >0 and O<t</ﬁc1,

--c2t2
pe{/rTan -0] >t} =PO{/rT|Mn[ >t} <2e , (3.1)
where
c222[f(k+c1)]2>0 . (3.2)
PROOF. Note that for every t >0,
po{/ﬁ]Mnl >t} =P {/n M >t} +P/n M <-t} =2p (/oM >t},  (3.3)

where, by (2.9) -(2.11),
PV M >t) spo{n'lsn(t//ﬁ) >0}
=py{ns, (6/VR) - (8) 2w (0}, (3.4)
ar_ld
- (6) = -Egn TS (6/VR) = ~Egh(X) - (£//A)
- VX, 00K - 6] = | YRR ~FGx + (2/v)]

= | [F(x+ (t/vVn)) -F(x)]dy(x)

00

'k ;
= | [F(x + (£//A) -F(x)1d9(x)
“k
'k
- | [FOx + (0/VA)) ~F(x) +F(=x + (£/VA)) - F(-x)]dy (x)
0 [as Y(x) +P(-x) =0, V x]
[P V) B - /ANIARG) (a5 FG) +F(-x) =1, ¥ x]
J
0

k
= (2t//r_f)J £(x + (8t/vn))dy(x) [where |6] <1]
0

Y

2t/ E(k + (/A [WK) -9(0)]  [as £(x) is} in x, x=0]

> (2t/v/n) f(k +c1)\p(k), VvV te(0, cl/rT]- [as ¥(0) =0]
= (2e,) W K) (t/VR) (3.5)

Therefore, by (3.3) - (3.5), for every 0<t <c1/ﬁ R
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po{/H|Mn| >t} Szpo{%'2?=1zni 2(202)%1p(k)(t//5)} ' (3.6)
where
- t t )
Zni -U)(Xl - ;/_]T—) - Eolp(xl —7-]’_1—) s 1 =1,...,1’1 (3,7)

are independent r.v. with mean O, bounded by 2y(k) with probability
1. Hence,.using Theorem 2 of Hoeffding (1963) on r.v. (3.7), the

desired result follows from (3.6). Q.E.D.

LEMMA 3.2. Under the regularity conditions on Y and F of Section 2,

for every t >0,

7 n-1 1 n n—m-cSn
PO{/HIMHI >t} S2n[m s ] J u (1 -u) du, (3.8)
n
t
F (—k+/_ﬁ—)

mzrlgj_cmd § =1 for n=2m, § =0 for n=2m+l, mx1. (3.9)

PROOF. We consider only the case n =2m; the proof for n=2m+1 is

analogous. Note that for every t>0,

PolvniM | >t} =2P {Vn M_ >t} szpo{xn’m+1 > -k + (t/V/n)} (3.10)
where Xn 1 <reeg Xn , are the order statistics corresponding to
X,.--,X . Since the right hand side of (3.10) equals to that of (3.8)

the proof of (3.8) is complete. Q.E.D.
For any ael[0, 1], put

o(a) =4a(l -a), so that 0<p(a) =l. (3.11)
LEMMA 3.3. For every n(zl) and a>% ,
1 n-m-§
zn[]“ I]J-um(l -u) Du<2(p@))” (3.12)
where m, 6n and p(a) are defined by (3.9) and (3.11).

PROOF. We shall again prove (3.12) for n=2m only; the proof for
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n=2m+1 1is analogous. Note that by repeated partial integration,

the left-hand side of (3.12) reduces to
m-1in} i n-i n
221:0[1]3 (1 -a) SZP{B(n, a) < 5}
1 1
sZP{EB(n, a)-as E——a} , (3.13)

where B(n, a) is a binomial r.v. with parameters (n, a). Since

a >%3 by using Theorem 1 of Hoeffding (1963), we may bound the right

hand side of (3.13) by 2[p(a)]". Q.E.D.
We are now in a position to prove the main theorems of this

Section.

THEOREM 3.1. For every r >0, there exists an nr(<<w) such that,

under the regularity conditions (2.29) - (2.34),

E {nr/Z

0 |Mnlr}‘<w , uniformly in n=n_. (3.14)

T

PROOF. Let SN >k >0, where k 1is defined by (2.33). Note that

[o 0]

B, (0™ 2y |} J re™Lp (VM| > that

0
0
c.v/n
1 ® r-1 .
=[J + J ]rt PO{/31Mn| > t}dt =1, +1,, say. (3.15)
0 c,/n
Then, by Lemma 3.1,
Cl/g -c2t2 r-1 ® ¢ tz r-1
In1S2rJ e t dtSZrJe S tT Tdt < (3.16)
0 0
uniformly in n=1,2,... . On the other hand, if we let
n_ = %] +1, where £ 1is defined by (2.31) (3.17)

use (2.37) and Lemmas 3.2 and 3.3, we get
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I, sérj T o Rk + (/M) ] Mdt
c./n
1
sZrnr/ZJ W ok +u)) ] du

€1

n—nr—b o b
} [4F(y) (1 -F(y))] dy

cl—k

szr(cz)(r“l’/‘{nr/ztp(Fc—k +e))]

(3.18)

where cz'<w is given by (2.37) and b is any number satisfying

b>1/£. Since < >k, it holds F(c1 -k) >F(0) =%—, so that
n-n_-b
p(F(c1 -k)) <1 and hence, nr/2 (F(c2 -k)) T is uniformly

bounded for n an and converges to 0 as n-+c«, Finally,

[ee]

J @F(y) (1 -F(y)))Pdy <= by (2.36) and (2.37). Hence, I_,<w
cl—k
uniformly in n zn_ and it converges to 0 as n-=«. This completes

the proof of the theorem.

LEMMA 3.4. Under the regularity conditions on Y and F,

1
-

/a(M_ -6) Ll e -e) =0 (n

) (3.19)
Yon'™

where is defined by (2.14).

Y M)

PROOF. The Lemma was proved in Juregkové (1980) [Theorem 3.3].

LEMMA 3.5. Under the regularity conditions on 1y and F of Section 2,

2r

-y N
the sequence |n 222=1¢(Xi -9 ig uniformly integrable for n=1,2,...

and
-Len 2r 2r (2r)!
BoIn L3 0% -0 1T — dan 5

as n->o, phere O(M) is defined by (2.13).

, r=1, 2,... (3.20)

PROOF. Since Eelp(x1 -9) =0 and |w(y)| <yP(k) <=, ¥ y €eR, moments of
all orders of Lp(X1 -6) exist. Hence, the result follows directly

from the moment convergence result of von Bahr (1965).
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THEOREM 3.2. Under the regularity conditions (2.29) - (2.34),
. ‘ 2r 2r r
Lin Eg/n[M, -0D)" = (00 /v )" @021/ (2 T1) (3.21)

holds for Tr=1,2,..

PROOF. It follows directly from the uniform integrability ianheorem
3.1, from (3.19) and from Lemma 3.5. In fact, we need not confine
ourselves to even integer 2r. Since, by the Jensen inequality,
|n_%ZQ=IW(Xi —6)!r is uniformly -integrable for any r'e [2r -2, 2r],
we may prove on parallel lines that as n -+,

EQ(/HIMH-el)r—»(o(M)/y(M))rj |2 do(z) (3.22)

for any fixed real Tr>0. il

LEMMA 3.6. For any €>0 and & >0, there exist positive constants

¢ and n, such that

2 2 -1-8 '
P{|s_ -o5| >e} <cn , ¥ nz2ng. (3.23)

PROOF. Let us define
02
[

_.-len 2 »
L =D zi=1w (X; -6), n=21. (3.24)

Since wz(xi -8), i=1,...,n, are i.i.d. bounded valued r.v., by

Theorem 1 of Hoeffding (1963), for every € >0 there exists an n>0

such that
P{]sgz -0(2)] se/2} <27 ynx1. (3.25)
Again, by virtue of Theorem 3.1,
1 1 -1-§ '
P{IMnl >5€} =P{/H|Mn| >§/ﬁ€}3cn , ¥nzny . (3.26)

By (2.32) -(2.34), wz is of bounded variation on R, so that
2
VI = i) s (3.27)
where I, W; are nonnegative and wf is X while ¢§ is /f in

y €R. Hence, » _
sup [02 0y +0) -0P )| < W10y -38) - +ged | + (V50 +3e) - 030y -390 |

1
Itl<ze (3.28)
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Since, by (2.33), WI and WE are bounded, by using (3.28) and the

Markov inequality, we obtain that for every e€'>0,

len 2 1¢, 2 1 -1-§
P{ Sug) ‘52i=1l’) (X1+t) —qu) (Xl)l >'2—€'}S c'n » A4 1'121'10. ' (3.29)
ItIS-Z—E

(3.23) then follows from (2.13), (2.15), (3.24), (3.25), (3.26) and
(3.29). Q.E.D. '

THEOREM 3.3. Under the regularity conditions of (2.29) - (2.34), for

every €>0 and &§>0, there exist a C, 0<C<e and an n, (< =)

such that

~ -1-8
P{|v V(M)‘ >} <Cn ¥ nzn,. (3.30)

n(M)
v
PROOF. Since ¢ 1is nondecreasing, exploiting technique of Jureckova

(1969), we obtain that for every fixed K(< «) and € >0, there

exist an m(=1nK€) and a set of points (-K:S)t1 < eee< tm(s K) such
that
-k -
sup |n” s _(n ‘t) -Sn(O)} +tY(M)|
|t]<K
1 1
< max |n s (n"%.) -S_(0)} +t. +€e/2
OSjSm‘ n(07E5) =S (00} sy g | v/
L L
< max |n s _(n"%.) -S_(0)} -vnu_(t,
1stml A7) =S (0} -V ()|
+max VA () + oY anl +€/2)
1<j<m n-’j it(M)
where uj(t) is defined by (3.5) and
(3.

sup |vVny (t) + ty(M)l-—->0 as n-® .
|t]=<k

. L) . ey - ] -n?
The random variables Z3 —\p(Xi n tj) w(Xi) E\J)(Xi n tj),

i=1,...,n are independent for any fixed j(=1,2,...,m) and

1
-4

) -(3)y2 _
pzd) <0, e 0™,

(3.31)




-15-

Proceeding as in Theorem 3.1 of Juregkové and Sen (1980b), we claim that

under (2.32) - (2.34),

E[Zﬁi)]zq = O(n_q/z) for q=1,2,... . (3.33)
Thus, by Markov inequality,

: 1 L
P{ max |n"% (n"*t.) -S_(0) -/n t)| >e'}
lstmI n(n77E) =8, (0) -V (e ]

m - TN - '} = 9/2
< ijlP{|n s (n tj) s,(0) /ﬁ'un(tj)| >e'} =0(n ) (3.34)
where, given &, we may choose q .so large that q/221+¢. From

(3.31), (3.32) and (3.34), we obtain that for every € >0, &>0,

-4 -5 -1-8
p{|;T2}|n [Sn(n t) -Sn(O)] +tY(M)I >e} <cn , ¥n 2n, (3.35)
and (3.31) foilows readily from (3.23), (2.15) - (2.18) and (3.35).

Q.E.D.
4. MOMENT CONVERGENCE OF L-ESTIMATORS
First, we consider the following theorem on a.s. representation

of L .
n

THEOREM 4.1. Let Ln be an L-estimator of the form (2.20) with

i 1<i<n, satisfying (2.21) and (2.38). Let d.f. F have

the absolutely continuous symmetric demsity satisfying (2.29) and

(2.41). Then, for any mzng, there exists a sequence {Yni}?:}

of i.i.d. random variables with standard normal distribution such that

1 L N+l .
-3 ) -y ) 1
where
_ rz\b —2n+l 1 b b . =c /f(F_l(_i)) 1<ic< 4.2)
anj B o ni i=l n+1 ni’ ni “ni n+1’’’ <i<n. ‘,

i=j

PROOF. We may put 0 =0 without loss of generality. Note that by

(2.29) and (2.41), for every Be (0, %),
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sup - {Fx)[1 —F(x)]°|f'(x)/f2(x)|}
F'I(B)<x<F'1(1-B) (4.3)

< @/efE N1 sup €100 syg<e
L (g)<xsF (1-8)
where YB(> 0) may depend on B. As such, the condition (3.2)'in

Theorem 6 of CxOrgd and Révész (1978) holds for the case of

F—I(B) <X SF_l(l -B), and hence, we may virtually repeat the proof of
their Theorem 3 [using our (4.3) instead of their more stringent (3.2)]
and claim that for every n(z no), there exists a Brownian Bridge

{Bn(t): 0<t<1} such that

. sup . | £(x)q, (x) -Bn(F(x))Ia“E.O(n—élogrﬂ (4.4)
F " (B)=xsF " (1-B)
where
Y -1 i-1 i .
q () =n?[X , -F 7 (F(x))]for = <F(x) €3, l<isn. (4.5)

>

By (4.4), (4.5), we have for n-=>

max i/ﬁ{xn . —F_l(

1 - -1,
)] -B(@E/(n +1))E(F " (i/(n +1
k +l<isn-k >1 n+l : i/(m+1))]

1
_ -3
afé.o(n logn), (4.6)

so that by (2.20), (2.21) and (2.38),

/6 1y - D0 by By 3/ (0 1) | 5 007 Tog ) “.7

with bni given by (4.2).
{Wn(t) = (t +1)Bn(E4%I): t €R+} is a standard Wiener process on R+,

thus there exist _{Yni}?t} of i.i.d. random variables with the

m
standard normal distribution such that Wn(m) = z Yni’ m=12,...
i=1

Therefore,
i i i
AT B Grp) =/ TN ) R ()

. n+l

= iy oo r =
—Wn(l) n +1Wn(n +1) =

Y (4.8)

It o~

o)
.- — Y .,
nj n +1j=1 nj

i=1,2,...,n,
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so that

n i, 1 n n+l 1 v
Zi=1Bn(n 1) T /n o+l k=l nl[zj =1 nj *a +12 =1 nJ] N+ 1 Z

(4.1) then follows from (4.7) and (4.9). Q.E.D.

LEMMA 4.1. Under (2.21), (2.38) - (2.41) and (2.42), it holds for any

positive integer r,

n+1 2r (2r)'
llm E . = 4.10
LT zJ =1%nj "Ynj! (L) riof (4.10)
where v%L) 18 defined by (2.25).
-4
PROOF. Note that (n +1) ZE?+i nj Ynj have a normal distribution
with mean zero and variance
-len+l 2 *2
(n +1) zj:lani = Vo, say. | (4.11)
To prove (4.10), it thus suffices to show that
. *2 2
lim Vin —v(L), (4.12)

n-roo

but it readily follows from (4.2), (2.21), (2.38) - (2.40).

LEMMA 4.2. Under the assumptions of Therorem 4.1, for any positive
integer r, there exists a Cr >0 and an integer n such that

Eg0/m L) <C <o Vnxn. (4.13)

th -1

PROOF. Regarding (2.20) and the fact that ) e F T (
i=1

i
n+l

) =0, we

get by Jensen inequality that under 6 =0,

2 2 LA
(alL -o]) 1‘=(/H|Ln|) r (izlcni/ﬁlxn’i - n+1)|)
c5 /alx, -F ! r | 4.14
B zi=kn+l.cni('n ni - n +1)i) (4.14)
so that
2T -1 i 2r *
E,(/nlL ) _zl k o1 ¢ s EVRIX  -F () DT <cl <

holds for n an’ as it follows from Theorem 2 of Sen (1959).
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. THEOREM 4.2. Let L be an L-estimator of the form (2.20) with the

coefficients satisfying (2.21), (2.38) - (2.41). Let d.f. F have
the absolutely continuous symmetric density satisfying (2.29) and ¢

(2.42). Then, for every positive integer T,
. _ 2r _ 2r (27)!
lim EG[/H(Ln 6)]V _v(L)

(4.15)
n-oo 2rr!

PROOF. It follows directly from Theorem 4.1, Lemma 4.1 and Lemma 4.2.

Let V%L) be the asymptotic variance (2.25) of /EILH -0) and
~2

let vn(L) be its estimator (2.26). Then we shall need the following
THEOREM 4.3. Under the assumptions of Theorem 4.2, to any € >0 and

§ >0, there exist C>0 and n, such that, for nzn

0 0’
A2 2 -1-8 :
P{|vn(L) ‘“(L)I >g} <Cn . (4.16)
PROOF. Let Fn be the empirical d.f. of Xl""’xn' Then by (2.25),
(2.26), (2.39) and (2.40),
Gi(L) —v%L) =JJ{[FH(X Ay) -E (X)F ()13 (F_(x))J_(F_(y)) .
R _
- [F(x Ay) —F(X)F(y)]J(F(X)J(f(y))}dde-
' (4.17) -
Now, for every n >0, '
2
Plsup|F (x) -F(x)| >nt <2¢™™ | v n=1, (4.18)
XER n .
NXn](+1<F—1m0)"”}=P{&]n_k >EH (1 —0) +n} < [e)]", Vo1,
3 n 3

n (4.19)

where 0<p(n) <l. Also, excepting at countably many points (with
Lebesgue measure 0), J(t) has a derivative (with respect to t)
“inside [ogs 1 —ao] and sup{|J(t)]: ayst=1 —ao} <K<w, Thus, by

(4.19) and the fact that ¢ 0, V1 Skn, with probability

.-C .=
ni n,n-i+l

>1- Z[Q(n)]n, we may‘replace the domain R2 in (4.17) by

{Fvl(ao) -n, F—l(l —ao) +n}2, while on this compact region, (4.18),
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(2.39) - (2.40) and the boundedness of |J(t)| lead us to the desired

result when J(t) is continuous inside [ao, l-a Next, let us

ol

suppose that J(t) has only a finite number of saltus on [uo, 1 —uo].

Excluding small neighborhoods of these saltus points, repeating the
above proof and finally ﬁsing the boundedness of |J(t)| for these
neighborhoods, the proof follows. Finally, J(t) is a function of
bounded variation, and hence, for any n >0, J(t) can have only a
finite number of points of discontinuities at which its saltus is
greater than n. Therefore, the proof for the case of a finite number

of points of discontinuity extends to that of a countable number. Q.E.D.

5. PROPERTIES OF SEQUENTIAL M- AND L-ESTIMATORS

Let X,, X be i.i.d. random variables distributed according

ERVIEEE
to the d.f. F(x-0) such that F is symmetric and satisfies

regularity conditions (2.29) - (2.31). Unless otherwise stated, Tn
will denote either M-estimator generated by the y-function satisfying
(2.32) -(2.35) or the L-estimator with the coefficients satisfying

(2.21), (2.38) -(2.41). vz will denote the asymptotic variance of

2

n its estimator (2.15) or (2.26), respectively. Let

/r_1(Tn-6) and 9

N, be the stopping variable defined in (2.6} and let TN be the

C

estimator based on X, ,...,X

1 N
c

THEOREM 5.1. Under regularity conditions of Secton 2, for any h>0

(in (2.6)),

Nc/no(c)—2+1 and E(NC/nO(c»——+1 as ¢+ 0 (5.1)
where no(c) is defined by (2.5);

n, c)(TN -0)/v 7 N(o, 1) (5.2)

c
and

1im{1* (a, ¢)/X (a,c)} =1 (5.3)

cv0 n,(c)



_ -20-
where A*(a, ¢) and An () are given by (2.7) and (2.4), respectively.
0 ‘

a

L _
PROOF., Put b= E} , so that b-+= as c¢=>0. Then, by (2.6),

Zbl/(1'+h)

o with probability 1. (5.4)

For every c¢>0 and e: 0<g<l, put

1/ (1+h) ‘

* = - _ -

n¥ [b 1, N [no(c)(l g)] and n,. [no(c)(l +€)] (5.5)
. , . v

where we choose ¢ so small that n Snc <n1C <n0(c) <n2c. Then, by

(2.6), Theorem 3.3 and Theorem 4.3 (on noting that n/b<v(l -€),

< ~
¥ n'_nlc)f as ¢ +¥0,

= $ . *
PN, Snlc} —P{vn <n/b, for some n: ng<n Snlc}
sP{Gn.sv(l -g), for some n: n; Sn.Snlc} (5.6)
n
L p(|o -6 8/ (2(1+h
- n:nép{‘\)n-\)‘ >€\)}=O[(né) ]:O(C ( ( )))+0‘

Similarly, noting that n/b2v(l +g), ¥ n anc, we have for n anc,
P(NCZ n) =P{m<b(0m+m—h), ¥ n'<m<n} -
SP{OH -v<n} (where n>0) (5.7)
SP{IGH -v| >n} =0(n—1—6) by Theorems 3.3 and 3.4.
Then (5.6) and (5.7) imply fhat Nc/no(c)—EL+'1 as c¢¥0. Moreover,
if n Snlc, then n/nO(c) <1 -¢ and, by (5.7),
E{NC-I(NC >n20)}/n0(c)———+(). as c+0, so that (ENC)/nO(c)—~+1
as ¢ +0. This proves (5.1).
Lemma 3.4 and Theorem 4.1 ensure that the distribution of
{n;i(Tn -8)} is asymptotically normal, N(O, v2) as well as the
muniform continuity in probability'" of this sequence in the sense of
Anscombe (1952). Hence, (5.2) follows from Anscombe (1952) theorem.
Finally, to prove (5.3), we may follow the ideas of the proof of

Theorem 3.2 of Sen (1980), where the Lemmas 3.1 -3.6, 4.1, 4.2 and

Theorem 3.1 -3.3, 4.1 -4.3 of Sections 3 and 4 provide the analogous
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tools to apply the same technique in the current context. Hence, for
intended brevity, the details are omitted. Q.E.D.
It has been proved by Juregkové and Sen (1980 a, b) that

L{nd(On ))/B}-——+ N(0, 1) as n-w (5.8)

™M) "V
and

sup {nd|0

p
Y } — 0 as &40 (5.9)
m: |m-n|<&n n(M)|

m(M)

where v(M) and Vo are given by (2.13) and (2.18), respectively,

M)
1] =w1 +w2 with wl being the absolutely continuous component and

wz the step-function component and where d =%. if wz Z0 and d =%—

if o, 30, and

52 [(03/406@) *Vzof -(C/Yl)]/c(z) oo Af d=%~ o
= (5.10)
m 2 . 1
Lja1 (85 -85 ) E()) e if d =g
“where
og éJ ¢4(x)dF(x) —oiM), of =J (w'(x))zdF(x) -y%ﬁ% (5.11)
T2 l 2
(2)

(in the case Y Ewl, where G(M) and Y(M) are given by (2.13)
and (2.14), respectively), and al,...,am are the jump-points of wz

with jumps (Bj -B ), 1<j<m.

j-1
THEOREM 5.2. If the constant h 1in (2.6) satisfies h>d, then,

under the regularity conditions on F and Y of Section 2, as c Y0,
Ly () 1™ /ng(e2) 113 > H(0, 827, (5.13)

PROOF, Note that by (2.6), whenever NC >n',

A 7~ —h
bvNc <N, sb(vNc_l +(N, -1 (5.14)

so that if we put Ne =[bv] +1, we get from (2.5) and (5.14)
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h

b(\)Nc -V) SNC “Mye Sb(\)NC_1 -v) +b(Nc -1) 7, (5.15)
‘whenever N_>n'. Now, by Theorem 5.1, Nc/noc'—ge-l, while for
d -h
d <h, nOC(NC -1) " ~—0 as c+¥0, and
b—lnd ~ vn“l+d, as c¢ 0, (5.16)

Oc Oc
Thus, regarding that no(c)'vnOC, (5.13) follows from (5.8), (5.9),

(5.15) and (5.16). Q.E.D.

REMARK, Theorem 5.2 shows that, if wz =0, the rate of convergence to

the asymptotic normal -distribution in (5.13) is faster than in the case

(AR

v, 0.

Let us now consider the asymptotic distribution of the stopping

variable corresponding to the L-estimator. Gardiner and Sen (1979)

proved
L{n%(sn(L) 'V(L)} —_ N(O,Kz/(4v%L))) as n-® (5.17)
and
sup {n%lsm(L) -OH(L)I}-E—+0 as 840 (5.18)

2
where vz and vi(L) are given by (2.25) and (2.26), respectively, and

2 (It -1 -1
K =J J (st —st)LO(s)LO(t)dF (s)dF "~ (t) , (5.19)
00

with

Lo(t) =L1(t)J61)(t) -Ll(l —t)J%l)(l -t), 0=st<l (5.20)
and
1-t )
J(l)(t) =t-J(t), Ll(t) =2J uJ(u)dF “(u), 0s=st=<1l. (5.21)
0

THEOREM 5.3. If the constant h in (2.6) satisfies h >%—, then,

under the regularity conditions on F and J of Section 2, as ¢ Y0,

L{/no(c)[(NéL)/no(C)) -1]} —>N(O, (K2/4v%L))). (5.22)
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PROOF. (5.22) follows from (5.17) and (5.18) similarly as in the proof

of Theorem 5.2,

6. ASYMPTOTIC MINIMAX PROPERTY OF SEQUENTIAL
M- AND L-ESTIMATORS

Let Xl’ X2,... be a sequence of i.i.d. random variables distri-
buted according to d.f. F(x -6) where F is symmetric but generally
unknown; F is only supposed to belong to an appropriate neighborhood
F of a.given d.f. G. Suppose that the loss incurred in estimating
6 by Tn is given by (2.3). Let T denétes the set of sequences
{Tn} of translation equivariant estimators, asymptotically normally
distributed and such that the minimum asymptotic risk Ano(c)(a’ c) in
(2.5) exists and satisfies
lim[)\2
cv0 Mol
where vz(Tn, F) is the asymptotic variance of /ﬁ(Tn -9) if F(x-9)

o)/ (4ac)] =vA(T, ) ¥ FeF (6.1)

is the underlying d.f., and for which there exists sequential point

estimation procedure TN with the risk satisfying
c
Lim{A* (c)/A (a, ¢)] =1. _ (6.2)
cv0 ny(c)

Then we may consider the limit
F) = lim —p—— (6.3)

as a measure of efficiency of the sequential point estimator TN if

F 1s the underlying distribution. )
Similarly as in the non-sequential estimation procedpres, fbr an

appropriate family F of distributions, there may exist an M- or

L-estimator providing the saddle-point of the function (6.3) over

T xF, We shall formulate such result for the case that F represents
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. the contaminated distribution G; it is an extension of the Huber’s
(1964) result to the sequential case.

Let FI be the set of distribution functioné

Fl ={F=(1 -€)G+eH: Het} (6.4)

where €« [0, 1) is a fixed number, G is a symmetric d.f. which has
twice continuously differentiable density g, g 1is strongly unimodal,
I(G) <~ and Jlxlf’dG(x)<oo for some £ >0, while H is the set of
all absolutely continuous symmetric d.f.’s with J|x|£dH(x) <o for
some £ >0. Then, for the M- and L-estimators considered in this paper,
(6.1) - (6.2) hold for F EFI. (6.1) - {6.2) also hold for the sample
mean provided we assume that F er, where F; ={F=(1 -€)G +¢eH: HEZH;}
and H; ={H eH: szdH(x) <o} while G satisfies the same condition as
in (6.4). TFurther, for translation-equivariant U-statistics, (6.1) -
(6.2) hold [c.f., Sen and Ghosh (1980)] for
F ng ={F: (1 -€)G +eH: H eﬂg} where H; is the class of all d.f.’s
for which the kernel (generating the U-statistics) has finite £-th
absolute moment for some £ >2). Finally, (6.1) - (6.2) hold for a
gencral class of k—estimators [c.f. Sen (1980)] with absolutely
continuous (but possibly unbounded) score function, provided F'EFZ
where FZ is a sub-class of ‘FI for which %gpzf(x)(F(x)[l —F(x)])'S <o,

for some s >1/6. It is easy to verify that the intersection of FI

FS, Fg and FZ is a non-null set.

THEOREM 6.1. Let F; be the set of distributions defined in (6.4)
and let Tl be the set of sequential estimators satisfying (6.1)
and (6.2) for T EFI. Then there exist a sequential M-estimator

, 2 Y
Tél) and a sequential L-estimator Té )and Fo EFI such that
c : c
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e(Ty + Fy) se(TI\t), Fo) =[I(F0)]/2Se(TI\(Ji), F) (6.5)

holds for i=1,2; VTN eT, and FEFI.‘
. , c

PROOF. It follows from Huber (1964) that the asymptotic variances of

M-estimators with the y-functions satisfying (2.32) - (2.34) have a

saddle-point which corresponds to the density

(1 -e)g(k)ed*R), x < -k
£,00 =101 -)gx) K <x<k (6.6)
(1 -e)g(kye 4K k <x

and the corresponding minimax M-estimator is the maximum-likelihood

estimator corresponding to fO’ i.e.,
£4(x) |
Y. (x) =- , XeR, 1i.e., (6.7)
0 £ (x)
0
_q . X<'k
Yo (X 163 k<x<k (6.8)
q - k<x
{
where q=- 2L apd ¥ is related t di
q-= () an is related to € according
k
1/(1 -€) =J g(t)dt +2g(k)/k . (6.9)
-k

It follows from Theorem 5.1 that the sequential M-estimator T )
NN
c

corresponding to wo and to the stopping rule (2.19) is the solution
of (6.5). '

Moreover, it follows from Jaeckel (1971) that the L-estimator
Téz) corresponding to the weight function,

3, (1) =[I(F0)]‘—1'w(’)(F61(t)), 0<ts<1l (6.10) .



-26-

is asymptotically equivalent to Tﬁl). The sequential L-estimator

T(%ij Awith the stopping rule NC(L) given by (2.28) is then an M
N
C

alternative solution of (6.5), .
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