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ABSTRACT

Consider a stochastic process {x(f), teT} of random élements of é
Hilbert space #H, whose index set is a locally compact Hausdorff
space. The results obtained in this work fall into two broad categories,
first the study of weakly stationary processes and their representatlons,
and secondly the study of the sample path properties of not necessarily
stationary processes. In each case, we choose the index set T and the
Hilbert space H to be spaces appropriate to the investigation in hand.

We first deal with stationary complexlvalued stochastic processes
indexed by a locally compact topological group G, and consider thelr
spectral representatlons. We show how the representatlon may be
"1nverted" to obtain an expre551on for the spectral measure, this re-
sult may be regarded as a weak law of large numbers. We give a decom-
position of an arbitrary weakiy stationary process into mean square

continuous (m.s.c.) and "almost" uncorrelated components, and also show

how the covariance function of a m.s.c. weakly stationary process may be

estimated from the samplg values via a strong law of large numbers.

We then turn to a discussion of path properties, and show that any
méasurable complex valued process indexed by an arbitrary locally com-
péct Hausdorff space may be approximated as closely as we please in a
cértain sense by a measurable process with continuous paths. This result

is the analog of the well known measure theoretic fact that any measurable



function is "almost"'contlnuous (see e.g. Royden (1963) p 57) Nsxt

we return to the group- -indexed statlonary processes and find condltlons
on their spectral measures that are suff1c1ent for path continuity w1th
probability one. A special case of such processes are the so-called

band limited processes - we show that group indexed band llmzted processes
admit a sampling expansion, as do band Iimited processes over the real
line. We also discuss band limited processes that are not necessarily
stationary, extending an idea of Zakai‘(1965). We chsracterize such
non-stationary band limited processes and show they admit a modlfled
sampllng expansion,

Finally we deal with the concept of group indexed second order pro-
cesses having values in a separabie Hilbert space. We prove a general
representation fheorem for sush processes and from it derive a spectfal
representation for stationary processes. We prove a Hilbert space
analog of the decomposition theorem mentioned above and laStly-extend
some of the results on path properties to the case of Hilbert'sPacs

valued processes.

3



-

TABLE OF CONTENTS

1. INTRODUCTION
1.1 Introduction and summary of results
‘ 1.2 Some notations used in the sequel
2. STATIONARY PROCESSES ON GROUPS
2.1 Stationary processes and their spectral representat1ons

2.2 Decomposition of stationary covariances and statlonary
_processes :

2.3 Estimation of the covariance function and the strong
law of large numbers '

3. SAMPLE PATH PROPERTIES OF STOCHASTIC PROCESSES

3.1 Continuous path approximations to measurable stochastic
processes

3.2 Sufficient conditions for path continuity of stationary
processes

3.3 General band limited processes on R and the sampling
theorem

4. STOCHASTIC PROCESSES TAKING VALUES IN A HILBERT SPACE
4.1 Random elements taking values in a Hilbert space
4,2 H-valued stochastic processes

4.3 The spectral representation of weakly continuous
stationary H-valued processes

4.4 Path properties and sampling of H-valued processeé ’
APPENDIX “
REFERERCES

iv

16

27

40
40
52

62
83
84

88

96
112
120
123



CHAPTER I
INTRODUCTION

1.1 Introduction 'ahd a Summary of Results.

Traditionally, probabilists have treated stochastic processes as a
collection {x(t),t € T} of real or complex random variables indexed by
a set T which has usually been assumed to be either the real line R
or the integers Z, or a subset of these sets.b In this work we investi-
gate a more general situation; we allow the random variables x(t) to
take values in vector spaces more general than the complex plane, and
the "parameter" set T to be a topological space more general than R
or 2.

More specifically, we will consider the case when the random variables
of the process take values in a Hilbert space, and fhe parameter set T
is a locally compact aﬁelian (LCA) group. This choice of T is parti-
cularlyrnatural when we are dealing with stationary processes, which
depend for their definition on some binary operation on the paraneter
set. Moreover, the existing theory of abstract harmonic analysis for
such groups enables us to utilize the methods of Fourier analysis so
useful in the study of stationary proceéseS whose parameter sets T
are R or Z (briefly processes "over" IR or Z). Finally, the fact that
R and Z are themselves LCA groups indicates that the choice of T
as an LCA group is a reasonable generalization of the known cases. In
a similar way, it is reasonable to suppose that the random variébles of
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our '"generalized" oroceSS'take values in a Hilbert space. Then we have
at our disposal the theory of linear operators which will be used
frequently in Chapter VI. This case includes the concept of a vector
valued stochastic process, so again is a natural generalization of
known cases.

The results obtained in this work'fall into two broad categories:
the first, the study of covariance functions of weakly stationary
stochastic processes and their spectral representations; the second,
the study of the properties of the sample paths of not necessarily
stationary processes.

Chapter II is devoted to the first theme in the context of complex-
valued weakly stationary processes over an LCA group G; Section 2.1
is concerned with the spectral reoresentation of mean square continuous
weakly stationary processes; the principal new result here is Theorem
2.1.1 which expfesses the spectral measure of such processes in terms
of a mean square stochastic integral.  Section 2;2 gives a decomposition
of an arbitrary weakly stationary process into a mean square continuous

component and a component with "almost" uncorrelated values, (Theorem

2,2,2), a result derived from an elegant theorem in Hewitt and Ross

(1970). The 1last section, 2.3, contains some results on tho,estimation
of stationary covariances, together with a strong law of large numbers
(Theorem 2,3.1)

Our second theme of path properties is pursued in Chapter III. 1In
Section 3.1 we prove an analog for stochastic processeé of the measure
theoretic result that every measurable funotion is "almost" a continu-

ous function. Our context here is measurable complex valued processes



over a Hausdorff space T, the main result is Theorem 3.1.3.
| In section 3.2 we extend certain criteria sufficient for path con-

tinuity for stationary procesées over R to the case where G is a
compactly generated LCA group (Theorem 3.2.3) in particular we show that
"band limited" processes over such a group 'have continuous péfhs and
admit a sampling expansion (Theorem 3.2.4). ‘Section 3.3 also éoncerns
band limited processes; we consider not heceséérily stationary band-
limited processes over R and extend some results 6f~2akéi‘(f965).

Our final chapter, Chapter IV, deals with stationary Hilbert-space
- valued processes on an LCA group G. Section 4.1 contains some basic
results on Hilbert space valﬂéd random elements'(réhdbm variables),_ﬁhile
section 4.2 introduces the concept of covariance operators for Hilbert
space valued stationary processes. A Hilbert space analog of Theorem
2.2.2 is given in Theorenm 4.2.4. Section 4.3 deals with spectral repre-
sentations of weakly continuous stationary processes (theorem 4.3.5)
while in our 1ast section, 4.4, we give the Hilbert space analogs of
some of the results of Chapter III concerning path prope;fies and
'sampling. |

More detailed descriptions of our results and bibliographic inform- |

ation are given at the beginning of each section.

1.2. - Some NO‘tétion's Used in the Sequel.

We will always denote the real line by R, the integers by 2
and the complex numbers by C. The binary operation in a group will
‘be written as +, and the inversé of an element g of a group is

written as -g. If U is a subset of a group, -U denotéé the set
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4
{-g : geU} and U + U the set {g+g' : g,8" € Ul. The set U+Us,..+y

(n summands) is written nU. If A is any set we denote the complement
of A by CA, and we use the sumbol [I to signal the end of each

proof or definition,

kil



| CHAPTER II
STATIONARY PROCESSES ON GROUPS

This éhaptér contains some results from the theory of stationary
processes indexed by locally compact abelian (LCA) groups. In section
2.1 we describe a spectral representation of second order weakly stat-
ionary processes due to Kampé de Feriet (1948), and show how this repre-
sentation can be inverted to yield the spectral measure of singleton
sets. We also make a few remarks on harmonizable processes which will
be useful in Chapter III. The spectral representation applies only to
mean square con;inuous (m.s.c.) processes. The decomposition of arbit-
rary weakly stationary processes into two uncorrelated components, one
m.s.c. and the other with "almost' uncorrelated values is the subject
of section 2.2, Finally, in section 2.3 we give a few results on the
estimation of covariance functions. The results presented in this
chapter are generalizations of well known results valid for the case.
when the index groups is the real line IR or the integers Z, such

results may be. found in Doob (1953) or Rozanov (1967).

2.1. Stationary Processes and their Sﬁaectral Representations. Let

{x(g) : g € G} be a weakly stationary second order stochastic process
i.e. a family of complex-valued random variables such that E[x(g)|2 <
for all g € G and Ex(g+h)x(g) is independent of g. We will initially

suppose that the index set G is an LCA group though later we will
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assume that G has additional properties. Throughout section 2.1 we
will assume that the function g -+ Ex(g+g0)§f§5§- is cbntinuous, i.e.
that x is m.s.c.; and that Ex(g) = 0 for all g € G; indeed we |
assume throughout this work that all processes considered have zero
means,

The function R(g) = Ex(g+g0)§T§53 is called the covariance function
of the process. It is easy to see that R is positive definite and is
continuous by our assumption of mean-square cqntinuity. It follows by
the well known Bochner theorem (see e.g. Rudin (1962) p. 19) that R

has the representation

”~

(2.1.1) R(g) = J.(a,g> u(do)
G

where u is a positive measure in the class M(G) of the Appendix. The
measure u is known as the spectral measure of the process. The corres-
ponding representation of the process is due to Kampé de Feriet (1948),
who showed that x(g) has the representation

(2.1.2) x(g) = f (a,g>2(da)

A

G

where 2Z is an orthogonal stochastic measure on G with EIZ(A)IZ =
u(A) for all Borel subsets A .of 8. The'reéresentation is establish-
ed analogously to the real line case. First we note that the characters
{<°,g> :1ge@ } generate a dense linear manifold of Lz(é,u) (Hewitt
and Ross (1970) p. 211), so the correspondence x(g)<—> <°,g> can be
extended to an isometry between H(x) (the Hilbert space spanned by

the process) and Lz(ﬁ,u). The integral (2.1.2) is just the element of
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H(x) correfponding to (°,g> » in general a function ¢ € Lz(é,u) corres-

ponds to the random variable [ ¢(a)Z(de) in H(x).
. . G : 7

In the case G =2 or G = IR, it is possible to express the random
measure Z(A) in terms of the process x(t) by means of an integral
representation which is an "inversion" of (2.1.2). ”For'example,'if

{x(t), t ¢ Ik} has spectral representation

o0

x(t) = f e2™ Aty 145y

for a stochastic measure Z, then if Zt{a}) = Z({b}) = 0 a.e. the Z-

measure of the interval [a,b] is given by
T

~-27ibt -27wiat :
(2.1.3) Z([a,b]) = lim J ° =€ x(t)dt .
T -it
=T
If Z({a}l) # 0 then
, . |
2.1.4) z({a}) = 1lim 7%[ o~2™Mat, (iv4e .
T 50 0

Our aim in the sequel;is té give an expression similar to (2.1.4)
for the Z-measure of a singleton subset {a} of G . We have not been
successful in obtaining an expression similar to (2.1.3) for the Z-
measure of more general sets. |
We first make a few remarks as to the definition of a type of stoch-
_astic integral. We wish to define an integral of the form ff(g)x(g)m(dg)
where f ¢ L,(G). Let us assume that {x(g);'g € G} is a Seakly

stationary measurable process. Then



[

E flf(g)llxcg)lmcdg) = fﬂlxcg)llfcg)lmcdg) \
G

< [cElxcg)lz)%lfcg)lmcdg)

= ||l ILICElx(e)IZ)’f <w

Thus by Fubini's theorem the function f(g)x(g,w) is in Ll(G,m)-a.e.
[P] where we assume all the random variables {x(g), g €G} are defined

on the probability space (2,B,P). Hence the integral

E(w) = IX(g,w)f(g)m(dg)
G
defines a random variable except on a set of P-measure zero,
Since we have assumed x(g) to be measurable, it follows from Theorem
2.2.4 that x(g) has a spectral representation (2.1.2). We will need

the following lemma.

Lemma 2.1.1., Let f ¢ Ll(G) and let {x(g), g € G} be a measurable
(and hence m.s.c.) weakly stationary process on G, with spectral

representation (2.1.2). Then

(2.1.5) | j x(g) £(g)n(dg) = j £(-0)Z(do) a.e. [P].
G G

Proof: The integral on the right exists since %(a) is bounded and

hence in Lz(é,u) when du = Eldzlz. Now
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2
IX(g)f(g)m(ng‘ <E I [
G G

x(g)x (W) £(g)£(h) [m(dh)m(dg)
G : -

Elx(e) | 2Elxm) |9 F| £ | | £v) |m(an)m(ag)

Ia
G ey
[7p Ramaent

- Elxce)l"llflli1 <

so the integral on the left side of (2.1.5) has a second absolute moment.

Thus
[ ' ~ 2
(2.1.6) . E f’é(g)f(g)m(dg) - f f(-0)Z(da)
G 4 G :
2 - ~
J = E JX(g)f(g)m(dg)l - 2Re EjX(g)f(g)m(dg)If(-a)z(da)
G

G G

2
+ E

f £(-0)Z(do)

G

\

Let us now compute the second and third terms on the right hand side
of (2.1.6).
Consider first the second term. Let us write &(w) for

f £(-a)z(da). Then since
G

|

we can apply Fubini's theorem and obtain

2%

2 .
E Ym(dg) < =

£ (w)

£(g) l (E|x(gw)

m(dg)’;=f

X(g,w)]f(g)l E(w)

E[K(g)f(g)m(dg)i(w) = fECXCg,w)E(w) f(g)m(dw)
G

[¢ag)ECanea eaimean)
G
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Nk f B (&F) m(@h)u(da) £(gn(dg)

0 Yy
[

C)\'-—--.

JR(g -h) £(g) £(h)m(dh)m(dg)
G .

by another application of Fubini's theorem, which is justified since
fe Ll(G) and p is a finite measure. |

Consider the third term of the right side of (2.1.6). Using Fubini's
theorem again, the third term is equal to |

ol

~

u(da) = f f(a,g)f(g)m(dg)f(a h)f(h)m(dh)u(da)
G GG G

] If(g) f(a g-h)u(do)m(dh)m(dg)

G G G

= f ] R(g-h)f(g) F(w)m(dg)m(du)
GG :

so (2.1.6) is equal to zero and the lemma is proved. 0

Remark 2.1.1. If the process {x(g),g € G} 1is weakly stationary and

measurable, then the closed linear subspace H(X) of LZ(Q,B,P) gener;
ated by the x(g) is separable by Theorem 2.2.4, and we may define
stochastic integrals of the form fx(g)f(g)m(dg) for f continuous
and V relatively compact as is done in Rozanov (1967) pp. 9- 12

These are mean-square integrals in contrast to the path integrals we
have used in Lemma 2.1.1. The Rozanov integrals satisfy a modified

form of Lemma 2.1.1 - if V is relatively compact then
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[x@e@mus - | { [(q,'g>fcgjm(da)} Z(de).
v c Vv o ]

We use Lemma 2.1.1 in ﬁhe proof of Theorem 2.1.1, it is immaterial .
for the purpoée of the proof which definition of the integral we use.

With these facts at our disposal, we can proceed to the proof of the

inversion theorem, which can also be regarded as a law of large numbers.

Theorem 2.1.1, Suppose that {x(g), g€ G} is a wide sense stationary

measurable stochastic process over the LCA group G. If G is o-compact,
then there exist an increasing sequence {En};;l of relatively compact

open sets in G such that

. 1 s e s
(2.1.7) Z({a}) = 1im f x(g) {o,gym(dg) (1imit in mean square)
_ o B0 | (*2) ,

and n

(2.1.8) p({ad) = ;ii 15?%;T I R(g)(a,g)m(dg) .

E
n

Proof: Let U(G) denote the class of almost periodic functions on G.
(See Hewitt and Ross (1963) p. 247). Then there exists a unique linear
functional M on U(G) with the properties

(i) M(fg) = M(f) Vf e U(G), Vg‘e G .Qhere fg is the

function fg(h) = f(h:g) .
(i) M(f) >0 if £ > 0.
(iii) M(1) = 1.

The functional M is known as an invariant mean. In their book, Hewitt
and Ross show that the unique functional M can be expressed in the
following way. If f e U(G) is fixed, then it can-be shown that there

is a unique complex number £ such that given e > 0 there exist group
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elements Byoeers8y € G depending on € such that
(2.1.9) sup|€ - = ] flgrg )| < ¢ .
, geG k=1
The number & is M(f).
Now if we consider the class UC(G) of continuous almost periodic
functions, an even more explicit expression for M(f) is obtained by
Hewitt and Ross. If G is o-compact, there exists an increasing

sequence {En} of relatively compact open sets of G such that
1

(2.1.10) M(£f) = lim —————-J f(g)m(dg)
. m(En) ;

E
n

for all continuous f in U(G). Note that the integral exists since
E;' is compact and hence m(E ) <« and f is bounded on E . We now

apply these facts to prove a lemma essential to the proof of Theorem

2.1.1.

Lemma 2.1.2. Let {En} be the increasing sequence of sets introduced

. 1 . s
above, Then if fn(g) = ETE;T xEn(g), where XEn is the indicator

function of the set E_, the sequence {%n(a)}:=1 converges to zero

for all o # o; (the identity of G), and equals 1 if o=

G °a

Proof:
- 1 m(E )
fn(eé) = meE, £ XEn(g)m(dg) = Etg;j‘ =1

S0 fﬁ(eﬁ) +1 as n <+ «, Assume now that(x#eé , then
G ' :

p 1
£ (o) = ﬁﬁﬁ;j'j<57§> m(dg) .

E
n
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= M((%,7)).

Now a,g> is an almost periodic function, so lim f (a)
Thus it remains to prove that M((a,e)) = 0; we do this by showing thay

for any € > 0 we can find»group elements :SETRES & such that

l’l

sup o,g+g <e.
geG ( ’ k>
We adopt a result of Jajte (1967) to this end. Let N(K,8) be a
neighborhood of g in G with o ¢ N(K,$8),
Yg € compact K}

N(K,8) = {8 ¢ § :l(e,g) - 1] <6
) That N(K,8) is a neighborhood of eG is proved in Rudin (1962) p. 10.
Slnce o ¢ N(K,8) there exists an element g € K w1th N
I(a,g1> -1] =
1% C
Set S =.—-Z {(o,vg;) , where vg, = g +...+g; Cv summands). Then
n
IS l < 1' rzl "] _ a,gl)(_.(a,gl) -1) < 2
n! = Hv=l<a’g1> '5 <a,g1)- 1 =n§
if

so § >0 as n-+. Let n be such that ]Snl < g <1, then
g, ® Vg ' A .
v 1 . L
Isn} = ,E‘\)El(o"g\,)I 7< €

n
Z (a,g+g )I = |S | <€, so by (2.1.9) M((a, )) =0
0

But supj=
g
We may now proceed to the completion of the proof of Theorem 2.1.1

In Lemma 2.1.1 set f£(g) = —-——T-XE (g)<a,g> Then f ¢ Ll(G)
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and

L | a@Eames - fea
E
n

£(-8) =

where fh.‘is the function of Lemma 2.1.2. Then by Lemma 2.1.1 we
have
l a
ETE-T-fXCg)(a,g)mCdg) = I £, (8-0)2(dB)
n’ ¢ : \
n G
-and so

- 2
gvﬁfégjifx(g)(a,g)mcég);fzc{a}) i[f (8-0)2(d8) - 1 )}(B)Z(ds)l
: -

|

Now by Lemma 2.1.2 %ﬂ(s-a) -> x{a}(s) V8 e G as n~+> o , and

* N

L]

N 2
£ (B-a) - x{a}(B)’u(dB) :

(2.1.11)

l@n(B-a) - x{a}(s)l:; 2 VB e é " so by dominated convergence (2.1.11)

converges to zero, and (2.1.7) is proved. Also

u({al)

j x{a}(B)u(dB)
G

lim J.Ehfﬁ-a) u(de)

N>

~

G

1 2o

. 1 '
= lim R ,g¥m(dg
fhtﬁ;j £ (g)<ﬂ &)W( )

n

which proves (2.1.8). . . .. . ... 0O

LRV 1

We conclude this section with a few remarks on harmonizable processes.
If a second order process {x(t), t eIR} over the real line has covariance

R(t,s) which can be written as
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representations
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oo . 0

12.1.12) R(t,s) = f J exp(Zﬂi(tu-sv))u(du,dv)

00 0

where n is a complex measure on the plane of bounded variation, then

X is said to be a harmonizable process. Such processes have spectral

w©

(2.1.13) x(t) = jez“i“zcdx)

-~ 00

where Z is a random measure satisfying

E Z(A)Z(A') = u(axA').

‘ The integral (2.1.13) is defined by means of an isometry between H(X)

and the Hilbert space A2(u) consisting of all functions ¢ for which

the integral ©

f J ¢ (W) o (V) u(du,dv)

-0 .00

exists; Az(u) is a Hilbert space with inner product

w0 o

(¥,9) = J J YW (Vu(du,dv) .
The isometry in questioﬂ is given by the correspondence x(t)<—>e2“itu.
These facts may be found in Cramer (1951).
Similar definitions can be made in the case of a group parameter.

Specifically, we will say that {x(g), g € G} is harmonizable if its

covariance R(g,h) can be written
R(g:h) = I f(asg><EsH>U(du»dB)
e

where Ap € M(GxG) (see the appendix).
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The spectral representation of a harmonizable process is

x(g) ='f(u,g)2(da)
G
where E Z(A)Z(A') = u(AxA') for all Borel subsets A,A' of G. We

omit proofs;they are similar to the real line case.

Harmonizable processes over IR will be used in Chapter III, section 3.

2.2 Decompos1t'ion of Stationary Covariances and Statwnary Pr‘ocesses.

.......

to mean square continuous weakly stationary processes. It is thus of
interest to determine how an arbitrary weakly stationary process can be
decomposed into m.s.c. and "other' componénts. In this section we des-
cribe how an arbitrary>process can be split up into two orthogonal parts,
one being m.s.c. and the other with "almost™ uncorrelated values. As a
consequence of this, we will show that every measurable stochastic pro-
cess is m.s.c., and thus has a spectral representation. We begin with

a theorem of Hewitt and Ross (1970) p. 260; we give a slightly modified
version of their proof in some detail because it will be needed in

Chapter 1V,

Theorem 2.2.1. Let ¢ be a measurable, positive definite function on

G. Then ¢ has a unique decomposition ¢ = ¢l+¢2 where '¢1 is con-

tinuous and ¢ locally a.e. zero, and ¢, and ¢ - are pos1t1ve
2 1 2

. L wa e e e e

L S I N N o . e

Vdeflnlte.

Proof: Let I E denote the vector space of all complex valued functions

on G that are zero except at finitely many points of G. If € '
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denotes the function on G given by

1 g=nh

€h(g) =
0 g#h

then every element u of IE has a canonical expression
n
u =) c, :
(2) -51 i, (®

where Cpsevesc, are complex numbers. Now define the map p :E#E->C

by .
(Jege, o Tere ) =1 1.
p c.e_ , ) cle = c.clé(g.-g!) .
i=1 8 ja1 I8 yapgey 1L

Let 1E¢ ={ue E: p(u,u) = 0} . It can be shown that IE¢ is a sub-
space of IE; and that the map <u+]E ¢,v+]E ¢>—> p(u,v) is an inner
product on E/ E ¢ Let H o denote the Hilbert space obtained by
completing E/E ¢ with respect to this inner product. Now &efine a
map Vg : IE/]E¢ > IE/IE¢ by Vg(u+IE¢) = ug+IE¢ s 'where ug(h) =

u(g+h). Vg is-linear and onto, and
| [V, (u+E ¢)HZ = p(usu) = pu,u) = HuHEd,Hz .

Thus Vg is an isometry, and can be extended to an isometry H¢ -> H¢.
' *

rMoreover, Vg = V__g and Vg-r-h = Vth , and for every £ ¢ H 6 the map

g > (Vg&,E)H is positive definite since for scalars Clsens TR and

¢
gl,...',gn € G
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Also, if £,n>e H¢ » by an approximation argument and using the fact
that ¢ is measurable, it can be shown that the map g > (Vgg,n)'is

measurable. Now if ¢ Ll(G)

J'f(g)(vgg,n)lm(dg) é=f
G G

o] [l [

< lell Hinll [1£@) Incag) <

G
so we may define a bounded linear operator Tf on H¢ by
(TgE,m) = jfcg)(vgs.n)m(dg) :
G :
Consider the map g - (VngE,n). Then
VgTe £om) - (VTeE,m)| = [(TgE,V_n -V ym]

- licvg.e,V_gn - V_ m£(g"In(dg)|

l[(Vg,€¢n)(f(g'-g) - £(g'-h))m(dg) |

A

< el TIntl 112511, () where £,0e") = £8'-0).

By a theorem in Rudin (1963) p. 3, given e > 0 there exists a neigh-

borhood V of e in G such that if g-h e V then ||f - |] , < E.
. g L@

‘Hence the map g -+ (VngE;n) is uniformly continuous. Now let S
denote the closed linear span of {ng : f e Ll(G), £ e H¢}. It can

be shown that Vng = Tf

g
so Vg(Sl) < st i.e. Vg reduces S Vg € G. If £ e S, then the map

S

i 1p}

S0 Vg(S) <8 Vg»e G. Also V;(S)
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g -+ (VgE,n)'is continuous since it is the uniform limit of maps of the
form % .
- g»+)c.(VT, . ,n)
=1+ 8571

which are continuous as proved above. If ¢ ¢ stand ne S, then

I%LM=[W§mH@M@Q=jOﬂQM@)=O
G

so TeE e s*. Thus Tee = 0 since TeE ¢ 8. Thus for all £ e S,

nedt Yf ¢ Ll(G)

¢ b4

L1}
(=]

(Vga,n)f(g)m(dg)

QN> ey ©

SO (Vgg,n) = 0 locally a.e. [m].

Now let & = € * IE,. Then (VgE,E) é(g). Let ¢ = €1+£2 with

¢
£ € S and £, € st. Then

BE) = (V,5.8) = (V,E1,E) + (VyE,,E))

0;(8) + ¢,(g) say.

From the above remarks it is clear that ¢1 and ¢2 are positive definite,
¢1 is continuous and.¢2 is zero.locally a.e. If ¢ = ¢i+¢é is
another representation with the desired properties, then

¢1-¢i =,¢§'¢2 . The left side of this equation is continuous, the
right side is zero locally a.e. so that both are zero i.e. the repre-

sentation ¢ = ¢1+¢2 is unique. : - 0

Corollary 2.2.1. If the Hilbert sﬁace H, has countable dimension,

¢

then ¢2 = 0, -
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Proof: 1If H¢ has countable dimension, then st has a countable
o

n=1 ° For each pair (m,n) there is a locally null set

dense set {En .
A.m,n with (Vggm,gn) =0 for g ¢ A Let A= n’n Am,n . Then A
is locally null and (Vggm,gn) = 0 for all m,n, all g ¢ A. Thus for
L L
11 s 8§, (V g, =0V A, Vv S nsS={0} V A.
a E,n € (gEn), gé so g%;e {0} g
Thus ||g]] = llvggtl =0 VeeS' and so S' = {0} i.e. §= H¢ and

¢, = 0, and ¢ is continuous. ' 0

We can now state and prove the corresponding decomposition for a
weakly stationary process over an LCA group G. As before H(x) denotes

the closed subspace of LZ(Q,B,P) spanned by {x(g) : g € Gl.

Theorem 2.2.2. . Let {x(g), g € G} be a weakly stationary stochastic

process over the LCA group G. If ¢ , the covariance function of x(g),
is measuiadle, then.x(g) can be expressed uniqueiy as the sum of“gwo”@?o—
cesses X; and X, such that
(a) E xl(g)igfﬁj'='b Yg,he G,
(b) Xy is stationary with continuous covariance ¢1.
(c) X, is stationary with covariance ¢2 that is zero locally.
a.e., [m].

(@) H(x;) @ H(x)) = H(x).

If H(x) is separable then X, = 0, i.e. x 1is m.s.c.

.Proof: Consider a map ¢ from the linear span of the r.v’s x(g) to

H¢ -defined by

n n
9 . . = - . .
‘ (121“1*(31)) izlalsgi‘+ B3¢
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¢ is‘well defined and onto E /1E¢, moreover

E

2-1'1 n . _ .
-151 jglaiuj¢(gi-g5) i p(zaisgi’xuiegiy

-]

so ¢ preserves inner products. Thus ¢ may be extended to an isometry

n
iglaix(gi)

!2

ZdiEgi +E ¢l

between H(x) and H¢.

. -1 o .
Define xi(g) = & Vggi where € * ns = £ = £1+£2 with gl € S,

¢
52 € Sl. Then

(1) Ex @G0 = (V€ V6,

which proves (a).

0 since Vg reduces S,

(ii) E xi(g)xi(h) = (Vggi,thi) = ¢i(g-h) which proves (b)
and (c).

(1i1) % () + x,(8) 61(vgg1) + @'lcvgal)

-1
¢ (Vgé)

-1
= ¢ (eg+lE¢)

x(g)

- .which proves the decomposition.

(iv) (d) follows from (i) and (iii).

It is also true that S = §§TVggl : g e G}, 8= EETVggz : g e Gl
By virtue of the isometry, if H(x) has countable dimension so does
H¢ and so S* = {0} whence X, = 0. Lastly, we show that the
decomposition is unique. Suppose that xi(g) + xé(g) is another-

»n
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decomposition of x with the propérties (a) - (d). From the uniqué-
ness of the covariance decomposition, the covariances of xi are just

1
¢i. Let U1 be the map -Vggl - xi(g), U2 the map Vggz - xz(g)
U1 and U2 can be extended to isometries between S and H(xi) and
st and H(x3). For n e H¢ , let U be the map given by
U(n) = Ul(nl) + Uz(nz) where ™ and Ny are the projections of n

onto S and S'. U is an isometry between H and H(x), U|S =U

¢ 1

and U|st = U,. Now

UVge) = UpVoEy + Vo8, = x{(8) + x5(g) = x(g)

R | ~ Y | N - . - :
so ® = U ", Thus xi(g) = U(Vggl) = & (Vgsl) = xl(g). Similarly

x;(g) = x,(g). ' ‘ 0

We now apply these results to prove that every measurable statibnary
process over G is mean square continuous. Let {x(g), g € G} be any
second order process over G, not necessarily weakly stationary, with
each random variable x(g) defined on the samé probability space
(2,8,P). Let M denote the vector space of all complex randoml

variables on Q. M is a metric space with metric

d(X,Y) = E(IX-Y|/14]x-¥]) ;
d metrizes the topology of convergence in probability.
We will need an unpublished result of Hoffmann-Jorgensen (see also

Cohn (1972)). We give Hoffman-Jorgensen's proof.

Theorem 2.2.3. If the stochastic process {x(g),g € G} is measurable,

then the set M = {x(g):g € G} is a d-separable subset of M,
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23222} Let S denote the class of all stochasfic processes over G
»such that M above is separable. We will show that every measurable
process is in the class S. To this end, let x,; and‘:x2 € S, and
A € B(G) x B where B(G) denotes the Borel o-field of G and B is.
the o-field of the probability space (2,B,P) on which allii.v.’éAare

assumed to be defined. Set

YA(g:“’) = xl (g,w) (g,0) € A

x,(g,0) (g,w) ¢ A.

Let £ ={A e B(G) xB: Y, € Sh Since S is closed under pointwise

n

limits, I is a monotone class. Now suppose A= U BjXCj Bj € B(G),
, j=1

C. € B where the rectangles Bj x Cj are disjoint. Choose a measur-

able partition Sl”"’Sk of G and subsets Tl’;"’Tk € B such that

m
xT, and CA= u S, xCT,.
k=1 k=1 ¢ K

Then
Y, (gw) = |x;(g,0) g € S, and w € T, k=l,...,m

xzcg,AQ g e sk and o ¢ T, kel,...,m

Suppose g € Sk’ € > 0, then there are r.v.’s ny and Ny belohging
to the countable sets N1 and N2 which are dense in {xl(g) : g e G}

and'{xz(g) : g € G} such that

d(x;(g),n;) < e/2  i=1,2 .

Define

m
n,(w) weuT

n(w) = m
ny(w) ¢ v Ty
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Then

(2.2.1) d(¥,(2),n) < d(x;(g),ny) + d(x,(g),n,) < ¢ .

Since Ml and N2 are countable, the family of r.v.’s n of the type
defined above is countable; (2.2.1) shows that the set of such r.v.’s
n

n is dense, and so YA € S whenever A is of the form v B.XCj
j=1

with the rectangles Bjij disjoint. Thus ris a monotone class con-
taining the ring which generates B(G) x B, it follows that B(G)xB ¢ I.
By an induction argument it follows¢ that if xl,...,xn' are in S and
<51""’An is a partition of G x Q with each Ai € B(G)~x B ,-then.;

the process y given by

y(g,w) = xi(g:w) for (g,w) € Ai

is a process in the class S i.e. every B(G) x B simple function is
in S. Since S is closed under pointwise limits -and every measurable
process is the pointwise limit of B(G) x B simple functions, it

follows that every méasurable.process in in the class 8. 0

We now apply this result to prove that every measurable weakly

stationary process is m.s.c.

- Theorem 2.2.4, ‘Every meésurable weakly stationary process {x(g),g e G}

over an LCA group G is mean square continuous, and thus has a

spectral representation.

Proof: By Theorem 2.2.2 it is enough to prove that H(x) is separable,
i.e. has countable dimension. By Theorem 2.2.3 there exists a countable

subset GO‘ of G such that the set {x(g) : g e GO} is d-dense in
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set {x(g) : g € G}. Thus if L denotes the linear manifold generated
by {x(g) : g ¢ GO}JT' is separable. We will show that T = H(X).

It is clear that [ c H(X); to show the reverse inequality let g ¢ G.
Then there exists a sequence {gn}:;l in G, such that x(g) is the
limit in probability of the sequence {x(gn)}:=1,'andNSO'a'shbséquence
x(gﬁ) converges to x(g) a.e. [P]. Moréover;E]X(gﬁ)l2= R(e) so the!'seq-
uence x(gﬁ) is uniformly norm-bounded'.in n. By Theorem 13.44 6f Hewitt
and Stromberg (1965) p. 207, x(gﬁ) converges weakly to  x{g) in H(x).
By II 3.27 of Dunford and Schwarz (1958) p. 68, x(g) is in the closed
linear manifold generated by the x(g) i.e. x(g) € I. 1t follows

that sp(x(g) : g € G) ¢ T i.e. H(x) ¢ T. Hence H(x) is Separable

and {x(g) : g € G} is m.s.c. 0

An alternative proof to Theorem 2.2.4: We present below a direct

proof of Theorem 2.2.4 which is an adaptation of a result of M.M, Crum
(1956).
Let ¢ be the covariance function of x(g) and ¢ = ¢1+¢2 its

decomposition. Let f ¢ LZ(G) be a positive function. Then since
2 2 2
Ef |£(2)|°1x(g,0) | “m(dg) = f |£(2) |“¢(eIm(dg) < =

it follows by Fubini's theorem that f(g)x(g,w) € LZ(G) a.e. [P].

Define random variables n(h,w) by

2
n(h,w) = [ff(g)XCg.m) - £(g+h)x(g+h,w) | “m(dg) .
G
If 6 denotes the Haar measure on G, then by Plancherel's theorem

n}(h,w) = .I'l-(a,gﬂzll‘(u,m) lze(da) s

G
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where F(a,h) is the L2 Fourier transform of the function.f(g)x(g,w).

Moreover,

E| |F(a,0) |20 (do) = Eflf(g)xcg,w)lzmcdg)

]
Sy

[B17ce,0 120040
G

1
)
o
—
(3]
haed :
©-
~
.o
A
A
8

SO

E|F(e,u) | = H(o) say,

is a function in LI(G)' Thus

Eln(h,u)|? = f[l-{d,h)lzﬁ(a)e(da).

Another expression for Eln(h,m)lz is

E|n(h,w) |2 EZﬁtﬂy!ﬂxwmoF

~

- Re f(g+h)£(g)x(g+h,u)x(g,u) }m(dg)

C; ¢(e) - C, Re ¢(h)

= Cl¢1(e) - CzRe¢i(h) + C1¢2(e) - CzRe¢2(h)

for positive constants C1 and Cz. Now since H({a) € Ll(G) it
follows that f]l-(a,h)le(a)e(da) is a continuous function of h,
and since ¢1 is continuous we deduce that Re ¢2(h) is contiﬁuous.

But by a result of Rudin (1962) p. 18

[6,(h)~6,(h")] < 2 ,(e)(Re ¢,(e) - Re 4,(h-h'))
so ¢2 is continuous. Since ¢2 is zero locally a.e., it follows

that ¢2 is zero and hence ¢ is continuous. o 0
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2.3 Estimation of the Covariance Function and the Strong Law of : ‘

Large Numbers. Our goal in this section is to discuss an estim-

ator of the covariance function of a stationary process over an LCA

group G of special type, and establish some of the properties of such

an estimator. This work generalizes results known for the cases

G= 1R and G = Z, which may.be found, for example, in Doob (1953)

Chapter X §7, Chapter XI §7. A key result is Theorem 2.3.1, which asserts
that under certain conditions integral averages of the formi(2.1.7)
converge almost surely. Theorem 2.1!1 can be regarded-as an ergodic
theorem in mean square or a weak law of large numbers, while Theorem

2.3.1 is the corresponding strong law of large numbers. Theorem

2.3.1 is needed to establish the properties of our covariance estimator.

Throughout this section, we will assume that our indexing group G

has the following property:

Property 2.3.1. There exists in G a relatively compact neighbor-

hood U of e, and an element g € G such that m(U) =1 and

i = U = o =
if Un ng, + U, then Un n Um ¢m#n and U Un G.

n=a-o

For example R has this property: we may take U = [-%,%] and

get g, =1. Also Z has the prcperty: take U = {0} and g = 1.

Definition 2,3.1. A stochastic process {x(g) : g € G} is strictly

stationary if for any finite subset {gl,...,gn} of G the joint
distribution of (x(gl),...,x(gn)) is the same as (x(g1+h),...,x(gn4h))
for any h ¢ G.

Before we can formulate our strdng law of large numbers for strictly
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stationary processes, we must first discuss the canonical form of a
stochastic process and introduce a certain transformation. Suppose
all the random variables of our process {x(g), g ¢ G};are defined
on a probability space (Q,B,P). Consider the cartesian product space
CG of all functions G + C. Let B(GC) denote the o-algebra of

subsets of CG generéted by the "cylinder sets" of the form

0ec® : (4(g)),enr0g)) € B )

where Bn is a Borel subset of C". It is well known (see e.g.
Gikhman and Skorokhod (1969), p. 108) that there exists a probability
measure Q on (CG,B(GC)) and a stochastic procéss {;(g),g €G}

on the probability space {CG,B(GC),Q} given by ;(g)(¢) = @(g) such that
the finite dimensional distributions of x coincide with those of X.
X is called the canonical representation of x. Moreoever, if
Y:Q- CG is the map w » x(*,w) then Y is a measurable transform-

ation and Q = Pyl The following lemma will be useful.

Lemma 2.3.1. With the notation of the previous. remarks, let fﬁ
be a sequence of'r.v.’sion'(Q,B,P) and let fh be r.v.’s on:
1c®,8¢c®,Q} such that EW) = £(w. Then ¥ >0 a.e. [q] iff

fn + 0 a.e. [P].

Proof: Let A= {¢ecC’® : ‘1im £ (#) = 0}. Then

n->o
A= n u on {4 : !§£(¢)l <r}
>0 n=lk=n

r rational

SO0 A€ B(CG) since {¢ : -r < Ei(¢) < r} 1is a cylinder set. Hence
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QA) = P¥l(A) = Plu e 2 : ¥(w) € A}

Plw e Q : %'n‘l/(w) -+ 0} . -

P{w e @ : fn(w) + 0} 0 z

Now let Tg be the transformation CG > CG given by

T = h h) = ¢(h+g).
| g(¢) ¢ where ¢g(x) ¢ (h+g)
'I'g is a measurable transformation, and if x(g) is a strictly stat-

ionary process, then Q(A) = Q(Tg(A)) for every A ¢ B(CG). Note

also that T = T 1 .
-8 g

Definition 2.3.2. A set A« B(CG) is said to be Tg -inyafiant if

0
Q(Tg AAA) = 0 where g is the element of G in property 2.3.1,
0 | _
It is easy to see that the class of all Tg invariant sets is a sub-

0
c-algebra of B(CG). This o-algebra will be denoted by A. We shall

*

also denote by A* the class of sets {w'l(A) tAe A}l ; A is a
sub-o-algebra of B. Note that A is Tg invariant <=> A is T_

0 8o
invariant. We can now state our strong law of large numbers.

Theorem 2,3.1. Let {x(g), g € G} be a strictly stationaryAmeasurable

process over the LCA group G which has property 2.3.1. Let
' n
E = kU U then if E|x(e)] < =
=-n

. 1 *
o (2.3.1) 1lim [ x(g,w)m(dg) = E(x(e)|A) a.e. [P].
| Lin ﬁfggj-ﬁ W l
n

Proof: The proof will consist of two lemmas.

Lemma 2.3.2. - Let f ¢ Ll(CG,B(CG),Q). Then there exists an A-measurable
*
function £ e Ll(CG,B(CG),Q) such that £ (T ¢) = £(T_9) = £'(4) a.e.
' 0

[Q], and
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tin il [ £r, miam = ') ace. (@)

>0
n n B

n
and .
ff(¢)Q(d¢) = ff. (0)Q(dp) vA e A,
A A .
Proof: Let F(¢) = ff(Th(¢))m(dh) . Then

f [F(o) lQtds) < j f |£(T,(6)) Im(dh)Q(d)
G U

c® C
s . j f]f(¢)lQT (d¢)m(dh) by change of

variable and Fubini's
theoren

[£(¢) |Q(d¢Im(dh)
G

(]
o
Sy

)

- HfHlecU) <w

so F($) exists and is in LI(CG,B(CG),Q). _
By a trivial corollary of the Birkhoff ergodic theorem (see e.g.

Halmos (1956))

lim il F(T _ ¢) = f () a.e.[Q]

n-o =-n ‘go
for some f* in L (C s (C ),Q), such that VA ¢ A fF(¢)Q(d¢)

[€£7($)Qd¢) and £ (T9) = £ (T CE £(4) a.e. [Q] This last
A

statement implies that f£* is A measurable., But

n n
m(E ) = n(U. ) = m(kg +U) = 2n+l
n kz-n k kz-n 0



e ) P (e |
F(T ) = ff(T T ¢)m(dh)
k=n 80 ke-n h*-kg,
n
=) j £(T, ¢)m(dh)
k=-n X

gyt

f £(T, ¢)m(dh) ,
E

n
so 11m (E 5 f £(T, $)m(dh) = £(6) a.e. [Q].
B . |
Also,
IF(¢)Q(d¢) = £(T, ¢)m(dh)Q(d¢)
A

f(T ¢)Q(d¢)m(dh)

o —— B—
>'“'_“ C&-—-.

f(¢)0T (d¢)m(dh)

ey
>‘*—-—-

£(4)Q(d¢)m(dh)

A

n(U) ff(¢)Q(d¢)
A _

"
ot

If(¢)Q(d¢)

A
SO

ffc¢)czcd¢)= {f*(q»mcdm VA e A .
A

Lemma 2.3.3. With the notation of the preceeding page,

31
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lim
n-roco

f x(h,9)m(dh) = £*($) a.e. [Q]

En

1
m(En

provided that E|x(e)| < .

Proof: 1In Lemma 2.3.2, set f£(¢) = ¢(e). Then

f [£09)1Q(@¢) = ||£w(w)) |P(dw)

G

il
&0 e,

c

[x(e,w) |P(dw)

i}
8O ey

Elx(e)] .
Thus if E]x(e)l < ®» we can apply Lemma 2.3.2 with £(¢) = ¢(e) and

obtain the result, since

£(Tg0) = T 0(e) = d(e+g) = 6(g) = X(g,0). 0

o

The prqof of Theorem 2.3.1 is completed by setting.

fn(“-‘) = m(én) jx(hsw)m(dh) - e(x(e)lA*) s
E
n
and ~ 1 - *
‘ £,(4) = ﬁﬁﬁ;T' [x(h,¢)m(dh) - £(4),
E
n

and noting that since the process x(g,w) is measurable, fn(w) is

measurable, also

X(h,¥(@)) = ¥(w) (h) = x(h,u), and

£ (¥() = e(x(e)|A*) since for all A ¢ A
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J £ v)dr = £ (0)pv ey

b

w'l.(A)

= [f*c¢)ch¢)
A
f

i
1 S >&.—....
&
~
£
S
~
]
e
a-d
~~
<0
=
St

= [ x(e,w)P(dw) .
v=1(a)

Hence ?n(wcw))-s £,(w). By Lemma 2.3.3 £ (¢) 0 a.e. [Q], and

thus by Lemma 2.3.1 £ (w) + 0 a.e. [P], which proves (2.3.1). [0

Definition 2.3.3. Let {x(g), g € G} be a stochastic process over

the LCA group G. With the notation already established, the process
x 1is said to be metrically transitive if for all A e A,leither

Q(A) = 1 or Q(A) = 0.

With this definition we can state the following corollary to Theorem

2.3.1.

Corollary 2.3.1. Let {x(g), g € G} .be a strictly stationary measurable

process with E[x(e)| < ». If in addition {x(g), g € G} is metrically
transitive, then
(2.3.2) lin ﬁTJ x(g,w)m(dg) = Ex(e) a.e. [P].

N n
: E
n
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* v
Proof: Since f is A-measurable, if x(g) is metrically transi-

* .
tive f is a constant a.e. [Q], and thus e(x(e) |A*) is a constant

a.e. [P], i.e. e(x(e)lA*) = E(x(e)) a.e. [r]. 0

We now turn to the problem of covariance estimation. Suppose
that {x(g), g € G} is a weakly stationarybstochastic process over
the LCA group G which has Property 3.2.1. By generalizing from the
known results in the cases G = Z or R, a natural estimate for the

covariance R(g) of the process x(g) is

A, . 1 3
R 1y = ' b
(2.3.3) «8') H'E'HT JX(gﬂz Jx(gim(dg) .
E
n
We conclude this section by establishing a few properties of the
estimator (2.3.3), generalizing results of Doob (1953) Ch. X §57.
ouwr first result in this direction concérns the mean square limit of

the sequence of estimators (2.3.3).

Theorem 2.3.2. Let {x(g), g € G} be a weakly stationary measurable

process over the LCA group having Property 2.3.1. Suppose in addition

that the sets En satisfy

m(E, n (g+E))

(2.3.4) lim m(En)

N0

=1 V¥geG.

Also suppose that if X(g) = x(g+gﬁ)x(g) for fixed g' then the
process Y(g) = X(g) - E(X(g)) = X(g) - R(g") 1is a weakly stationary

process. Then

(2.3.5) 1-i;2-ﬁf%;7‘éx(g'+g,w)x(g',w)m(dg)

n
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existsin mean square and the limit (2.3.5) is. equal to R(g') with
probability 1 iff

| ST T

(2.3.6) Lim ooy [Ecxcg)iféiﬁmcdg) = [R(gN|“ .

nse O En £
_ n
Proof: The sets En are relatively compact, increasing and their
union 1s G. If they satisfy (2.3.4) then they form a sequence such
that equation (2.1.10) is satisfied. (Hewitt and Ross (1963) p. 255)
Hence, if Z‘Y is the orthogonal random measure in the spectral repre-

sentation of the process Y(g), (Y(g) has a spectral representation

since it is measurable and hence m.s.c.), by Theorem 2.1.1 we have -

fvcg)mcdg) zy({e})

.. 1
1.i.m. ——)—
n->c m-(En

T

n

Hence

]

1.i.m. ﬁ X(g)m(dg). = Z, ({e}) + R(g")

11->co n
E
n

which proves (2.3.5). Also by Theorem 2.1.1

Elzy(teh|* = uy(te]) = 1im o fRY(g)m(dg)
) N> n
where Ry(8) = E(Y(g+e)¥Te)) = EX()XTE)) - |R(g")|? .
Hence E|z ({e})l2 = lim —t fﬁ(xcg)x_('e'))m(dg) - |R(g") 2,
- Y <o m(Enf ] 8 ] ‘
n

Thus if (2.3.6) is satisfied, E|2,({e})]? = 0 so the limit (2.3.5)
is R(g') with probability 1. Conversely, if the limit is R(g') with

probability 1, then (2.3.6) is true. O
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If the process x(g) is strictly stationary, we can say more.

- Theorem 2.3.3. Let {x(g), g « G} sétisfy'the hypotheses of Theorem

2.3.2; then if x(g) is strictly stationary and metrically transitive,

(2.3.7) lim ET%KT-fx(g+g',m)x(g,m)m(dg) = R(g") a.e. [P].

En

Proof: In Lemma 2.3.2, set f£(¢) = ¢(g')¢(e) so that f(TgY(m)) =

X(g,w). Then
Ilf(¢)lQ(d¢) = ||f(¥(w))|aP

CG

|X(e) |dP-

Dy Dy

x(g',m)x(e,w}dp

Oy

;;E[x(e)[z <

since x- is weakly stationafy so that f ¢ Ll(CG,B(CG),Q). Thus since

x(g) is metrically transitive

. 1 *
lim ff(T ¢)m(dg) = £ (¢) a.e. Q
Lin oy [£(T 0)n(de a.e. [Q]

E
n

*
where f (¢) is constant. It follows from Lemma 2.3.1 that

.1 [ * |
lim X(g,w)n(dg) = f (Y(w a.e. [P].
1im ETE;T-E (g g) (Y(w) [P]
n
But f*(T(w)) = e(X(e)IA*); since f*w is constant a.e. [P] it follows

that f*(W(m))= EX(e) = R(g') which proves (2.3.7). O
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Corollary 2.3.2. Let {x(g) : g € G} be a real-valued, zero mean

measurable Gaussian process. If x(g) is weakly stationary, and its
spectral measure u 1is absolutely continuous with respect to Haar

measure and G is not compact, then the'sequenée

(2.3.8) ﬁ f x(g+g')x(g)m(dg)
n

converges to R(g') with probability 1 and also in mean square as n + «,

Proof: By a result of Blum and Eisenberg (1972), if wu is absolutely
continuous with Pespect to Haar measure on é then x(g) is metrically
transitive, hence the sequence (2.3.8) converges to R(g') with probab-
ility 1 by Theorem 2.3.3.

Since x(g) is Gaussian and real, with zero mean

EX(g)X(h) = E(x(g+g')x(g)x(h+g')x(h))
Ex(g+g')x(g)Ex(h+g')x(h) + Ex(g+g')x(h+g')
Ex(g)x(h) + Ex(g+g")x(h)Ex(g)x(h+g")

R(g)? + R(g-h)? + R(g-h+g'IR(g-h-g') .

X

Hence X(g) is stationary. Moreover,

[}

m(én) JEX(g)X(e)m(dg) m—(%r-l-)-f(R(g')2+R(g)2+R(g+g')R(g-g'))m(dg)

Bn Ba

2.1 2 '
R(g") +”-‘ﬁnT I(R(g) *+R(g+g')R(g-g'))m(dg) .
i ,
n
Thus (2.3.6) is satisfied and the result proved by Theorem 2.3.2 if

we can show that
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1im ET%_T.[(R(g)2.4 R(g+g')R(g-g'))m(dg) =0,

n->oo n En
Now
| ew? R(g's"R(z-8"Im(dg)|
E
n
(2.3.9) ;f R(g)°m(dg) + J'chg+g')ch-vg'>lmcdg)

En . En

n
¥
< f R(g)m(dg) + | chg+g')2mcdg) jR(g-g')zmdg]
n

Consider f R(g+g')2m(dg}. Set Fn = En + g'. Then
E
n

m(Fn n Fn + g) = m(g' + En ngl+g+ En)

[}

m((E, n (B *g)) + g") = mE, " (E;*e))
m(F_ nF + g)

P n n

le*wlm m(Fn)

Hence

=1 VgegG.

Thus by Hewitt and Ross (1963) p. 255,

(2.3.10) 1lim H%—Tflncg)lzm(dg) = lim H—EI_T flR(g)]Zm(dg) .
n Noseo n

e F E
n : n

Now let fh(g) be the sequence of functions defined in the state-

ment of Lemma 2,1.2. Then

lim Eﬁal“)‘ flR(g) fzm(dg)
n->o n E

n
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3

[fﬁ(g) f(u,g)u(da) I(Ejg}u(de)ﬁ(dg)

G G

7]

(a-B,g)fn(g)m(dg)u(da)u(ds)

[}
e I
¥ 5
8
[rp B e ]

CD)H—-—--.
[op B

£, (e~ B)u(do)u(dB)

1]
[~
gw
=]

[y B

) >y

(2.3.11) ¢{a,B)u(de)u(dg)

]
G >Ny
G > Sy

by the dominated convergence theorem where

1 a=8 ~
¢(a,B) =4 » since £ (a) = x{eﬁ}(a) .
G

Hence (2.3.11) is equal to

[u{s}u(ds) = T, u(ish?
“ N - BeG
G : -

where at most countably many terms in the sum are non zero. But by
hypothesis wp 1is absolutely continous with respect to Haar measure,

~

so wif} =0 VBeG Thus lim ﬁr%-Tﬂn(g)]"'m(dg) = 0. Thus by
’ n->e n’ E

(2.3.0) and (2:3.10) -

;ig ET%;T I(R(g)2 + R(g+g')JR(g-g'))Im(dg) = 0
E
n

which completes the proof of Corollary 2.3.2. il



.CHAPTER III -

SAMPLE PATH PROPERTIES
OF STOCHASTIC PROCESSES

In this chapter we investigate questions relating to the sample paths
of stochastic processes. In section 3.1 we discuss a stochastic analog
of a well known result in measure theory, relating to the approximation of
measurable functions by continuous functions, In section 3.2, we study
the paths of a stationary second qrder process over a compactly generated
group, and give conditions sufficient for the sample paths to be continu-
ous with probability one, and also prove a sampling theorem for such
processes. Finélly, in section 3.3, we discuss a generalized notion of

a 'band limited process."

3.1 Continuous-Path Approximations to Measurable Stochastic Processes.

It is a well known fact in measure theory that any measurable
function is "almost" continuous in the following sense: if f is a meas-
urable function on a finite interval [a,b] then given any € > 0 there

exists a continuous function g and a measurable set E with measure

-less than ¢ such that Sup |f(x)-g(x)]| < e  (See e.g. Royden
asxs<b
he (1963) p. 57)

The aim of this section is to formulate similar results for measurable
stochastic processes. We treat a class of processes that includes meas-

urable processes and also prbcesses having a finite p-th absolute moment.

40.
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The case p=2 is treated separately. .

Let (@,B,P) be a probability space, and let M denote the vector
space of all complex valued random variables on f. Let N be a real
function defined on the positive reals such that N is continuous, in-

creasing and N(0) = 0. Also, let N satisfy, for some fixed constant k
(3.1.1) N(2u) < kN(n) Yuz0.
Let e be a function defined on M by

Py (X) = éN{lX(w)leP .

Now let N(L(Q,B,P)) denote the space of all random‘variables X such
that pN(kx) is finite for some constant k. If we idenfify T.v.'s
that are equal a.e.[P],theﬁ‘N(L(Q,B,P)) is a modular space with modﬁlar
PN (see Rolewicz (1972) p. 18). The modular Py induces a complete
metric dN on N(L(2,B,P)) by

(3:1.2) dy(x,y) = inf{e > o,pN(iéig < e},

The spaces N(L(Q,B,P)) are thus complete metric linear spaces, with
invariant metrics: they are thus F-spaces, in the sense of Rolewicz

(1972).

Remark 3.3.1 If N(u) = u/l+u, then N satisfies (3.1.1) and

N(L(2,B,P)) is just the space of all random variables, with the topology

of convergence in probability, which is induced by the metric

d(x,y) = Eii%igéT . If N() = uP then N(L(2,8,P)) is just the space 3

of all r.v.'s x satisfying Elxlp < », which is an F-space for

0 <p <1 and a Banach space for p 21 with F-norm ||x|| = B|x|P in



the first case and ||x|| = {Elx]p}l/p in the second. [ 42

Definition 3.1.1, If (9,B,P) is a probability space, we will say that

the measure P is separable with respect to the o-field B if there
exists a countable subclass A of B such that for all ¢ > 0 and

B ¢ B there exists A e A with P(AAB) < €. O

Theorem 3.1.1. N(L(Q,B,P) is separable as a metric space iff P is

separable with respect to B.
Proof: See Rolewicz (1972) p. 30. N 0

Definition 3.1.2. Let V be a metric linear space. A sequence

{ek}:=1 of vectors in V is called a quasibasis if

(i) The subspace’spanned by the & is dense in U,

(ii) If Ex
k=1

kek =0 f@r scalars A = (.

X then each A

k

According to Peck (1968) every separable F-space has a quasibasis.
0

We now formulate our first approximation theorem. We shall con-.
sider measurable stochastic processes {x(t) : teT} defined on a prob-
ability space (2,8,P) where P is separable with respect to B, and
T is'a locally compact ' normal space. The processesv x will be
measurable with respect to the o-field IB(T) x B where B(T) is the
o-field of Borel sets of T.

We need a result similar to that mentioned in the introduction.

Theorem 3.1.2. Let T be a locally compact -normal- space, u a

finite positive Borel measure on B(T). Then given e > 0 and any
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measurable function f on T, there exists a compact set Cc T
with u(CC) < ¢ such that the restriction of £ to C has a contin-

uous extension to T. , : .

Proof: By Lusin’s theorem (Halmos (1950) p. 243) there exists a compact )
set C with u(CC) < ¢ such that the restriction g of £ to C is
continuous. Since C is compact :gnd T is locally compact, and

normal, g can be extended to a continuous function of T.

We can now formulate our theorem.

Theorem 3.1.3. Let {x(t) : teT} be a B(T) x B measurable process

defined on the probability space (Q,B,P) where P is separable with
respect to B, and T is a locally compact -mnormal” space. Suppose
also that x(t) e N(L(2,B,P)) for each teT. Let u be a finite positive
Borel measure on T. Then given any e > 0 there exists a compact

set C with u(CC) < ¢ and a measurable process y(t) with continuous
paths, and with y(t) € N(L(®,B,P)) ¥t ¢ T such that

sup oy (x(t)-y(t))< e .
teC

Proof: Since P is separable, N(L(®2,B,P)) is separable by Theorem
3.1.1. and N(L(R,B,P)) has a quasibasis {ek}. Let us say a process

z(t) is in the class S({ek}) if z(t) can be expressed in the form
-]
z(t) = Z ak(t)ek where the sequence {ak(t)}Ais ultimately zero for each
k=1 :
fixed t and each function ak(t) is B(T)-measurable. No questions of
convergence arise in this definition. The proof will be done in two parts:
Lemma 3.1.1 which shows that every process in the class S({ek}) satis- ;

fies theorem 3.1.3, and Lemma 3.1.2 which shows that every measurable
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process z(t) with z(t) e N(L(®,B,P)) ¥t € T can be approximated by

a process in S({ek}).

Lemma 3.1.1. Every process in S({ek}) satisfies Theorem 3.1.3.
©

Proof: Let 1z(t) = Z ak(t)ek‘ be a process in S({ek}). Let Ck
k=1 :
be the compact sets of Theorem 3.1.2 such that ak(t) is continuous on

C, and u(CC) < 3e/r°k’ k =1,2,... . Let b (t) be the continuous
extension of a, to T. Then if C. = nC s |
X 0= 0%

uy) < T u(c,) < ¥ =5 =2,
07 " ka1 K o1 o2

, n
and C, 1is compact. Let y (t) = ] b (t)e, . Then clearly y is a

0 n k=1 k k n
measurable process with continuous paths, with yh(t) € N(L(Q,B,P]) for
each t. It is clear that for each fixed t e Co yh(t) = z(t) for n
sufficiently large so pN(yn(t) - z(t)) converges to zero for all t ¢ CO'
Since z(t) 1is also a measurable process (being the limit oflﬁeasurable
processes) it follows that ’pN(xn(t) - z(t)) 1is méasurable by Fubini's
theorem. Hence by Egoroff's theorem, there is a compact set ACOO < C0

such that u(CO - COO) < ef/2 and

lim sup pN(yh(t) ~-z(t)) =0 .
N> teCOO

By choosing n 1large enough, and setting y = Yy

sup pp(y(t) - z(t)) < ¢
teCoo

and u(CCy0) < w(Cy-Chy) + u(Ccy) < e N 0

The next lemma will complete the‘proof of Theorem 3;1.3.

Lemma 3.1.2. For every € > 0 there exists a compact set C with
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u(CC) < ¢ and a process z(t) in S({ek}) such that

sup pN(x(t) - z(t)) < e .
teC

Proof: Let G denote the class of all B(T) x B measurable processes
z, with z(t) e N(L(2,B,P)), that can be approximated by a process in
S({ek}) in the sense of the lemma. If «,B are complek-numbers and
X,y are in G, then we will show that ox + By is in G. For each

n=12,... let xﬁ, yﬁ be processes such that

3 3e 3¢
sup p (x‘(t) - x(t)) < sup p (y'(t) - y(t)) < where C
tec. N R 2n2'n2 ’ teD N*n 21r2n2 n
n n
and D. are compact sets such that u(CCn) < —%Eil, u(CDn) < ;82 .
n Tno TN

x [« .
let C= nC_,D= nb . Then for all t e CaD , p (x'(t) - x(t))
n=l ® n=l P “N¥n
and pN(ya(t) - y(t)) converges to zero. By the properties of modulars,
pN(a(x%(t) - x(t))) and ,pN(s(yﬁ(t) - y(t))) also converge to zero. If
IIv[lN denotes the F-norm ||x|], = dy(x,0) where dy is the metric
associated with the modular py @as in (3.1.1), then l[a(xé(t) - x{t)){!N
and llB(yﬂ(t) - y(t)IlN converge to zero. (Rolewicz (1972 p. 17). Thus
for all teCnD

Tn |fa x(t) + 8 y(t) = (ax!(t) + 8y! ()]

n-»co

A

< T @) - x@)|| + Tl srm - v el

n-o n->o0

S0
TIE'IIax(t) + By(t) - (axﬁ(t) + Byﬁ(t)]‘ =0 VYteCnD,
-0 .

It follows (Rolewicz 1972 p. 17) that

Lim oy (ax(t) + By(t) - (ax}(t) + By!(t))) = 0 .
n-—-o
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Thus by Egoroff's theorem there exists a compact set CO €CnD such
that u(OCo) < e and an integer n such that
sup py(ax(t) - By(t) - (ax](t) + By!(t))) < ¢ .
Since ax!(t) +'Byﬁ(t) is in S({e,}), ox(t) + By(t) € 6.

Next we show that every B(T) x B simpie function is in G. Let

A e B(T) , B¢ B. Since

oy (Xp) é N(xp)dP

N(1)P(B) < = ,

it is clear that Xp € N(L(2,B,P)). . Thus there exist complex numbers

al,...,an such that

pN(XB za k) < e .

Set ak(t) = a, xA(t). Then

% 0 ' t ¢A
Pnaxn(ts°) = ) a, (t)e,) = '
NDaxp A St n ‘
Py (Xp™ kzlak e) teA

n

so sup p\(Xy,n(ts°) - J a, (t)e,) < e, so that x, . e G. Moreover, if
teT N TAXB k=1 k k A%B
m - ) .. - ‘
F= u A, x Bi » We can suppose without loss of generality that the
i=1 ' T
Ai X B. are disjoint, so Z XA xB is in G by the previous para-

i=1
graph. . Sets of this type generate the c-f1e1d B(T) x B so given any set

E € B(T) x B, there is a sequence {Fn} of sets of the above type such

that u x P(E 4 Fn) <1/n. It follows that N(XEA% (t,w)) is in
n

Ll(T x @, B(T) x B, u x P) and that the sequence N(XEAF‘(t,w)) converges
n
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to 0 in this space. Thus E N(’xEAF (t,°)) converges to 0 in Ll(T,B(T),u)
n

and a subsequence converges to 0 a.e.[u], and so by Egoroff's theorem
there is a compact subset C; with u(CCI) < ¢/2 such that

sup pN(xEAF (ts°)) < e/2 for some n. Now Xp is in G so there
teC1 n n

is a compact subset Cz, u(CCZ) < ¢/2 and a process z(t) in S({ek})

with z(t) e N(L(2,B,P)) such that

sup pN(XF (t:°) - Z(t)) < 5/2 .
teC2 n

Set C =C, n C,, then by noting that XEAFn = Ian~ xEl , we see that

sup pp (Fx; (t,8) - ¥2(t))

teC
< osup oy (xp(tse) - xp (t,°)) + sup p.(xp (t,°) - z(t))
tec, N E P t C, Ny

1 2
< g/2 + ef2 =¢ .

Hence Xg and thus.any simple function is in G. Now consider a
measurable process {x(t) : teT}, x(t) ¢ N(L(2,B,P)), that is positive.
Let X, be a sequence of simple functions such that xn(t,m) increases
to x(t,w) pointwise. Since N is increasing, N(|x(t,w) - xn(t,w)l) <
N|x(t,w)|. Since E N(x(t)) < », E N(|x(t,w) - xn(t,w)l) converges to
zero by dominated convergence., By Egoroff's theorem and the first part
of the proof, x ¢ G . By expressing an arbitrary process in terms of its
positive parts we see that every process x that is measurable and has
x(t) € N(L(Q,B,P) for each t ¢ T is in G, and so can be approximated by

a process in S({ek}). : 0

Corollary 3.1.1. Let {x(t), teT} be a measurable process, over the




48

probability space (2,B,P) where P is separable‘with respect to B.
Let T be a locally compact - normal space, 1 a finite positive Borel
measure on T. Then given ¢ > 0, there exists a compact set C with
u{CC) < ¢ and a measurable process y(t) with continuous paths such that

sup Plo: |x(t,0) - y(t, w)l >e] <e .

teC
Proof: Set N(t) = t/l+t. Then, as mentioned in Remark 3.1.1, N(L(®,B,P))

is the space of all r.v.'s on 9 with the topology of convergence in

x|

i . T . .
T+]x] is an F norm. By Theorem 3.1.3

probability. The modular pN(x) = E
Vé > 0, there exists a measurable process y with continuous paths and

a compact set C with u(CC) < § such that

sup E[]x(t) - y(t)|/(1+|x(t) - y&I])] < 6 .

teC
Thus sup P[m [x(t, w) - y(t, w)l > €]
' : teC
1

< == sup E[|x(t) - y(t)|/1+|x(t) - y(t)l]
teC
< 313 s .

£
1l+e

Choose & so that —E—A5'< e , then § < ¢, the result follows. [

Corollary 3.1.2. Let {x(t) : teT} be a measurable process as in

Corollary 3.1.1 and suppose Elx(t)lp <o ¥t e T for some p > 0.
Then given ¢ > 0 there exists a measurable process y(t) with contin-
uous paths and Ely(t)lP < o Vt , and a compact set C w1th u(CC) < e

such that  sup E[x(t) - y(t)lp S 5
teC , e :

Proof: Take N(u) = uP , 'then pN(x)"= EJXIP,“thé result ‘follows from

Theorem 3.1.3. 0
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Remark 3.1.2. If we restrict T to be a real interval I = [a,b],

we can apppoximéte a measurable process {x(t)feﬂi} by a process y(t) .
whose paths are infinitely &ifferentiable, instead of merely continuous.
In the proof of Theorem 3.1.3, the process y which approximates x

was obtained by approximating measurable functions on T by continuous
functions. 1In the case: T ='[é,b] éifen >0 ahd a measurable function
f on [a,b], we can find a C~ function h, and:a compact set C < [a,b],
with the Lebésgue measure of [a,b] - C less than ¢, such that g(x) =
f(x) on C. This assertion may be proved as follows. Let f be a
measurable simple function, then there is a step function g that coin-
cides with f except on a set of small measure, and a C" function h
that coincides with g except on a set of small measure. (Sée Royden
(1963) p. 58.) Thus the assertion is true for simple functions. Using
the technique of Halmos in his proof of Lusints theoremr(Halmos (1950)

p. 243), the assertion can be proved for general measurable functions.
Thus the proof of fTheorem 3.1.3 can be adapted to obtain an approximating

process with c” paths. 0

.We now turn to the approximation of second order processes. Because
every separable Hilbert space has a basis, and not just a quasibasis,

we can prove a stronger result than Theorem 3.1.3.

Theorem 3.1.4. Let {x(t), teR} be a second order measurable process

indexed by the real line IR , u a positive finite measure on R that

is absolutely continuous with respect to Lebesgue measure. Then given

X!

€ > 0 'there exists a compact set C with u(CC) < ¢ and a second order

process y(t) with continuous paths, with y(t) in the Hilbert space
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spanned by x(t), such that

sup E|x(t) - y()]|? <-¢ .
teC

Proof: Let R be the coﬁariance function of x. Let v be a measure
o _ : T -

on IR such that f R(t,t)v(dt) < » and v is equivalent to Lebesgue
-C0 . o

measure. Such a measure exists (Cambanis (1973)). Then according to

Cambanis (1973) the process X(t,m) has a representation of the form

(3.1.3) x(t,w) =kzlak(t)gk€@) + 2(t,w)

where the gk’s are orthogonal random variables and the ak’s are

- measurable. The process z(t) is orthogonal to Ek for'each t and Kk,

and Elz(t)l2 =0 a.e. [Lebesgue]; ‘For each 'k, a, is continuous on

a compact set Cy with u(CC,) < Ze/gznz. set ¢(® - 7 C, - Then
u(CC(O)) < e/3. Let bk be the eonéinuous extension_ofk-;k on Ck to
R Set y.(t, ) =k§1bg(t)zk(w). Then for all t e ¢(%)

L

Elyg® - x®% = elz@)|? + ] s ®)]? .
k=N+1

But " ) ]ak(t)]z < o (Cambanis (1973)), so
k=1
Lim By, (t) - x(t) 2= E|z2(t) |2 v ¢ ¢ |
N-»oo s ‘

Let A denote the set on which Elz(t)l2 #.0. Then there is a compact
set Ccl) with A ¢ CC(l) and u(C(l) < e/3 since u is assumed absol-
utely continuous with respect to Lebesgue measure. Thus on Ccl) n C(O)
(3.1.4) lin Ely (t) - x(t)]% = 0 .

N-»oo

By Egcroff;s theorem, the result now follows from (3.1.4) by a familiar
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argument. 0

Remark 3.1.3. This theorem is not a special case of Theorem 3.1.3 since

we can assert that the approximating process y(t) is in the space
spanned by the process x(t), and thus, in theory at least, y(t) can
be obtained by linear operations on x(t). This is not the case in the

general context. Also, we do not require P to be separable.

0
Remark 3.1.4. If the measurable process {x(t)teR} 1is stationary and

hence mean square continuous by Theorem 2.2.4, we can approximate x(t)
uniformly by processes with analytic paths. For if x(t) has spectral

representation
oo

x(t) = J eznitAZ{dA} s EIZ(A)|2 = u(d) ,

- 00

n

27itA

then the process x (t) = J e Z{dA} satisfies

-n

Elx(t) - xn(t)[2 = u(C[-n,n]) and so 1lim :qg{ﬁlx(t) - xn(t)l2 =0,
n>e te -

The process xn(t) is stationary and has analytic paths (Belayev (1959)).
Such processes with spectral measures concentrated on compact sets are

called '"band-limited;" we shall return to them in the sequel. []

Remark 3.1.5. If the measurable process x(t) is mean square continu-

ous, then the process 2z(t) in the expansion (3.1.3) vénishes, and the
series (3.1.3) converges in the mean uniformly over compaét subsets of

IR (Cambanis (1973)). It follows that for any compact subset C of R

1im Ely_(t) - x(t)]|% = 0 uniformly on C.
noe 1 ' :

0
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Remark 3.1.6.  If the process x(t) in .heorem 3.1.4 is Gaussian, then

the random variables ‘Ek in (3.1.3) can be chosen to be Gaussian
(Cambanis and Rajput (1972)) and so the approximating process is

Gaussian. ' ’ 0

3.2 Sufficient Conditions for Path Continuity of Stationary Processes

In this section we wili discuss conditions on a stationary process
that are sufficient for path continuity with probabi}ity one. We will
generalize known results (Kawaté (1969); Belayev (1959)) to weakly station-
ary second order processes indexed by a certaln type of LCA group, and
obtaln conditions on the spectral measure of a mean square continuous
~(m.s.c.) stationary process sufficient for pathrcontinuity. We also dis-
cuss band limited procésses indexed by a group and show that such processes
satisfy a ”sampiing" theorem. |

More specifically, many suff1c1ent conditions for path continuity of
a statlonary process are known. For example, if {x(t) teR} is a m.s.c.
stationary process on the real line R, with spectral measure u, then
Kawata (19695 has proved that x has continuous paths with probébility
1 if

(3.2.1) [ 1x]rog*|x[)Pux) < »

for B > 1. Kawata's proof depends heavily on the Borel-Cantelli lemﬁa,
and his approach fails even for the case of a process indexed by Blz.

A different approach, using weak convergence of probability measufes, is
used by Neuhaus (1972) to derive sufficient conditions‘fdr pathlcontinuity,
cond1t10ns which depend on the behavior of first order differences of the

process. We will follow his technique in the sequel.
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‘As mentioned in section 3;1, band limited stationary processes are
those whose spectral measures are concentrated on a compact set, i.e.,
have compact support; Such processes have anélytic paths, and have the
important property that the value of the process at any point can be
obtained from its values at the "sampling points" Eg-, k=0, £21,22,... .
More precisely, if x(t) is avband limited process whose spectral measure

v has support in the interval [-W,W] then

(3.2.2) x(t) = | x(kn/a) 218 3&:11::53 3

kz=-o

The series (3.2.2) converges uniformly on compact sets of IR with prob-
ability 1 for all o >W., (See e.g. Piranashvili (1967));

We will consider m.s.c. stationary processes indexed by an LCA group
that is compactly genérated, and obtain a condition similar to (3.2.1)
that is sufficient for path continuity with probability one. :we will also
discuss band limited processes on such groups and show thaf they can be
expressed in a sampling series similar to (3.2.2).

Every compactly generated I."A group (i.e., an LCA group that has a
compact neighborhood U of e such that G = 3 n(Un(-U)) can be ex-

n=1
pressed in the form

(3.2.3) G=RXx 2" x F
where k and m are positive integers and F is a compact abelian group.
(Hewitt and Ross (1963 p. 90). We first obtain results for H{k and then

k

combine R™ with the other factors to get the corresponding result for

G. We will use the following result of Neuhaus (1972):

Theorem 3.2.1. Let Ek denote the k-dimensional unit cube and 1et'
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{x(t) : teEk} be a stochastic process. If there exist constants

Yy20, a>1, K20 and continuous distribhtion functions Fi corres-

ponding to finite measures on Elil and satisfying

WA ey <k A—YIA%§+h]i
l 4

[t a
(3.2.4) P(IA[t Fil

for all i e I, Vt, t+h, h € Ek’ VA > 0, then x(t)b has continuous

paths with probability 1.
Proof: See Newhaus (1972). : o O

A few remarks on the notation of the above theorem are necessary.

Let Ip = {i= (il,...,ip) : il...ip areAintegers, 1 <i s...sipsk},

k .
I= vy I, and il = p. If £ is a function E, > R then £ isa
p=1

. . i = =
function Elil + IR given by f (ul,...,up) = f(t) where tiu = uu for

w=l,..,p and t =0 if véi. If t=(t,...,t;) ¢ RK and

iel, i-= (11,...,1p) then [t]i = (t.

i ,...,ti ). If £ is a function
1 vt .

P
Ep +R, t, and t, t' € Ep then

I
8 _
A f = DY CH Fs el ¢ (1-6)t),...,8. 6 + (1-8 )t
61,.§.,6 -1 (8, + (1-8))t! plp * (1-8t)
P

where the summation taken over all (61,...,6p) with VSU € {0,1} . 1In

other words, A is a difference operator.

Remark 3.2.1. The theorem remains true with Ek replaced by [-A,A]k

for A > 0.

Remark 3.2.2. By an application of the Tchebychev inequality, (3.2.4)

can be replaced by
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[t+h]: _i2 [t+h]. o
(3.2.5) EIA[t]i ix']< KlAm_ i Fi-,

1

in the case of second order processes. If we assume in addition that

the process x is m.s.c. stationary, we get the following corollary:

Corollary 3.2.1. Let {x(t), tellk} be a m.s.c. stationary stochastic

process on l{k with spectral measure u. Let f(xl,...,xk) be positive
~ and integrable on Ak = [-A,A]k. Then the paths of x(t) are continuous
with probability one on Ak if there exists o> 1 k > 0 such that

.2 .
(3.2.6) , J 13'51n wAi hi p(dll"'f’dhk)

u=1 U]

Ry

< k4P j f(xl,...,xk)dxl,...,dxk

Ai(t,h)

Viel, Vt, t+h,heAk

where Ai(t,h) is the set {(xl""’xk):tiqsijti +hi jei, j=iu
2! H H
and -Asx;<O if jéi} .
k

|

j=1
iel, ts= (tl,...,tk) and h = (hl,...,hk). Then

Proof: Let ¢(t1"“’tk) = exp 27i Ajtj . Let i= (11,...,1p)

(3.2.7)
. L6
[t+h]; i _ TS B! . _ . )
A[t]i ) s z (61) TE;exp 27i Aiu(duti + (1 6u)(t1u+hlu))
1".., p u .
= [exp(27i t. Ai ) - exp(Zwi(ti +hi )Ai ]
PP P P P
p...'l

X

§ p-1
Z (--1)““1 H %T'epowi'Ai (Guti + l-Gu(ti +hi )) .
61,...,6p-1 u=1 ! u [V |
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Proceeding in this way we see that the right hand side of (3.2.7) is

equal to
T?'(exp(2w1 t A ) - exp(2ﬂ1(t * h )A ))
u=1 ST TR .u
2% t, A, 271 h, A.
ii L1
- ‘ﬁ'e M. Ucl - e U U)
u=1
so [t+h] = 2P T¥' sinzwh. A,
[t 1 ! i i
u=1 TR
From the isomorphism theorem it follows that
[ten]; i|? 2,
E(A = 4P sin® h, A, u(dA,,...,dr).
[t 1 =1 i i 1 o
k u= u H

R

In a similar manner it can be shown that if F

i
i = F~, where

%
F(tl""’tk) = J... j .f(xl,...,xk) dxl,...,dxk R
-A -A
then .
[t+h] i_
A[t] 1F" = f(xl,...,xk) dxl,...,dxk .
A,
i _

Thus by 3.2.5 a sufficient condition for path continuity is (3.2.6)

0
If in Corollary 3.2.1 we set f(xl,...,xk) z.1, then (3.2.6) becomes

. ) . N N o
(3.2.8) ]i sin? 1A, h, u(dh,,...,d\ ) < K4~K

. i 1’2" k! =

k u=l [
R

ST

u=l

h,
i
u

Viel and h ¢ Ak .
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(3.2.8) is implied by

A. h, '
it
(3.2.9) ﬁ’—sinz Ll u(dAy, ... ,d0) < K TT‘ h, |*
2 1 k i
i e=l u=l} "u
R
for some K' 2 0. Since sinzwkhs]wkhlu: for o <2, it follows that
(3.2.9) is true if
k o
(3.2.10) J 2517wy, i ©  for 1 <a <2,
Rk 3=

We have proved

Theorem 3.2.2. If {x(t) tenlk} is a m.s.c. stationary stochastic pro-

cess then x(t) has continuous paths on every bounded set with probability
one, and hence continuous paths with probability one, if (3.2.10) is

satisfied.

Remark 3.2.3. This result is not as strong as Kawata's for the case

k = 1, However, as remarked before, his proof fails if k > 1,
0

Remark 3.2.4. By a more judicious choice of the function f in Corollary

3.2.1 it might be possible to obtain a weaker condition on u. However,

we have not been able to find such an f. 0

We now turn to the general case, where {x(g) : geG} is a m.s.c.
stationary process on G and G is a compactly generated LCA group.
The dual G of G is of the form RX x p x % where T 1is the circle
group and D is discrete. Define for each n = (nl,...,nm) in Z" a
process y , indexed by-kaF byFant,g;w)=x(t,g,n;w) where'teRk, geF.

Since Z' is a discrete group, x will have continuous paths with ﬁrob-
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ability 1 iff Yn does for each n. Let us fix an n. Suppose x

has the spectral representation

x(t,g,n) = J I j e21Ti t'A(a,g>92"i n°SZ{dA, da, ds} .
R p @

Yn

has covariance E yh(t,g) yh(t',g’) = E(x(t,g,n)x(t',g',n))'
= R(t-t', g-g',0) where R is the covariance of x. Thus Yn is
stationary with covariance Rn(t,g) = R(t,g,0). The spectral measure of Yn

is given by

W) = u@ x ™
where u 1is the spectral measure of x, and A is a Borel set in the

product o-algebra of ‘mF x D, Also,

(3.2.11)  y (t,g) = [ ™ *Ma,g) 2! (@), da)
RkXD
ﬁhere ZA(A) J e2n1 n’sZ{dk, da, ds} , A a Borel subset of RRXD.

axT™

Now u' is a finite measure; because D is discrete, it follows that

u'(RkX{a}) = 0 except for countably many o say {aj};=l . Thus if

we set Z! (E) = Z'(E x {a.}) for E a Borel set of 'Rk then
: : J,n n J - 4

23 n is an orthogonal random measure on Rk and from (3.2.11)
3

 (3.2.12) yh(t;g) =.Z {ary .

(aj’g> { eZni teA 25 .
J"l R ’

The series (3.2.12) converges in mean square since the series
-]

) u'(Rk x {a.}) converges.
j=1 )
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Write x (t) J 2ri t- A {dA} then xj n(t) is a stationary

k
R
process on Rk and the xj n(t) processes are mutually orthogonal, for
H]

jl # j2 and fixed n. The next result shows that the series (3.2.12)

converges uniformly with probability one under certain conditions.

Theorem 3.2.3. Let ¢ : D » [1,) be a function such that

Z (¢(a )) < », where {a.}mgs the set described above. If the spectral
j=1 R A
measure p of the process x satisfies

(i) J $(e)u(dr, da, ds) < » and
G
k o
(ii) j TT lkul u(dr, da, ds) <o for 1 <gqg <2
“©  u=l .
G

then the process x has continuous paths with probability 1.

Proof: Because of (ii) the processes xj n defined above have con-
— . 2

tinuous paths with probability 1 by Theorem 3.2.2,since the spectral
measure uj of x:“n is given by uj(O) = u'(A‘% {aj} x Tm) .

Thus we only have to prove that the series (3.2.12) convefges uniformly
with probability one.

It is enough to show that E Z ,x (t)l converges uniformly.
j=1

Now ] 5 n(t) y: z 2@ 4% Ix; )]
J_ 2 J_ .

n 1
< ( z 0@ ™F (] epelx @)Y
j=1 j=1 ’
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- (3 e

¢(a.)u(ka {a,} x T )%
j=1 =17 >

]
=1

= (Zl¢(aj)'1);§[f¢(a)u(d>\, da, ds))% < =
J= ‘ )

so the series (3.2.12) converges uniformly with probability one. Hence

Yo and thus x have continuous paths with probability 1. 0

Corollary 3.2.2. If the spectral measure u -has compact support, the

paths of x are continuous with probability 1.

Proof: If u has compact support, then the conditions of Theorem 3.2.3

are trivially satisfied, since the support of u is contained in a set of

the_f?rm [-A,A]k'x Do_x.,Tm where Do is a finite subset of D.  []

We now consider band limited processes indexed by G.. The spectral
measure of such a process is concentrated on a compact set Ak_x DO'X ™

say. Since the set D0 is finite, it follows that a band limited pro-
N
cess is of the form x(t,g,n) = j21<a5’g>xj’n(t) where DO = {al,...,aN}.

Since u has compact support, the spectral measures uj of the xj n
. . - >

also have compact support. We will show that a band limited process can
be expressed in a sampling series similar to (3.2.2).
Since each x, n has a spectral measure with compact support in

»

Ak’ it follows as in the case k = 1 that the series

- -] ]JI'" Hk k »
(3’2.13) xj,n(t) = Z .. .Z xj,n(—&‘“,...,“‘&') TTPE
ulg-oo Y, == 24=1

converges uniformly on compact sets of Ry with probability 1, where
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sin u(tz - pzn/u)

a >A and P, = AR O Thus
L L
1o Liepn) x0m T1
(3.2.14) x(t,g,n) = o.,g\ x. (=) P
© pezk j=1< 378 %50 0o p=1 %

where u = {ul,...,uk) € Zk'

Now let H be a discrete subgroup of F such that
(3.2.15) For 1<i<jsN, o - aj ¢ A , the annihilator of H in D.

A is discrete, since.it is a subgroup of a discrete group. Choose
~a set R c D that contains exactly one element from each coset a + A
in D/A. Without loss of generality we may assume that aj €,

j=1,...,n. Define S(g) = f (a,g) 6(do) where 6 is the Haar measufe
fQ ' .

on D, the integral exists (see Kluvanek 1965); Now let fs(g) =
(9j>8) 3=1,...,n. Then £; vanishes off 9, £ « L, (D), £; € L,(F)
and fj is continuous. Hence by a theorem of Kluvanek (1965) the

series expansion
2. .,h -h) = (a.,
(3.2.16) h§H<aJ, ) S(g-h) {%;8)

converges uniformly‘on F to the limit <aj,g> « Hence by (3.2.14)

x(t,g,n)

k
' U
11 s 9

k
Z z X(Eg_,h:n) S(g'h) TTPQI .
nh =1

We have proved
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Theorem 3.2.4. If {x(g) : geG} is a band limited m.s.c. stationary

process indexed by a compactly generated group G, and H is a discrete
subgroup of the compact factor of G with the property (3.2.15), then
x(g) has the sampling expansion

sina{tz—uzﬂ/a)
(t,-1,m/0)

k
(3.217)  x(@) = [ [ x(t5h,n) s¢e-n) T
ueZn heH =1

where g = (t,f,n), and the convergence is with probability 1.

Remark 3.2.5. The series (3.2.17) converges with probability one uni-

formly on compact sets of G. This follows from the uniform coﬁvergence

of the series (3.2.13) and (3.2.16). o 0

3.3 General Band Limited Processes on IR and the Sampling Theorem.

In the previous two sections of this chapter we have alluded to the
concept of a band limited m.s.c. stationary process, which on R is a

process having a covariance R of the form
W

(3.3.1) R(t) = J e2mirt
| i

u(dr) ,

and noted that the importance of these processes lies in the fact that
almost all paths are analytic functions and that their paths may be |
reconstructed by a knowledge of the values of the process at the
""sampling points" kn/o, keZ, a>W. It is of interest to consider pro-
cesses that are not stationary, and to find conditions that such processes
satisfy a sampling expansion, and have analytic paths.

Piranashvili (1967) proved that the sampling expansion (3.2.2) is

satisfied by second order processes having covariance functions of the
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form o -

R(t,s) = J £(t,2) £(s,n) u(da, dn).
AxA

where u is of finite variation bn fhe bounded set AxA, and for each
Aed, £(-,1) is a function of exponential type < W, say and ;
sup |£(t,A)| < = . In a different approach, Zakai (1965) consider-

telR Ach
ed second order processes x(t) such that

® 2
(3.3.2) J Elé&ﬁ%l.dt <

1+t

; -0
and found that sﬁch procééseé_satisfy the sampling theorem (and have
almost all paths analytic) if they can be reproduced without distortion .
when passed through a certain filter. Zakai's condition is "temporal"
in contrast to the "spectral" condition of Piranashvili.

Below, we briefly describe Zakai's results and then use his methods
to obtain similar results for more géneral processes than those satis-
fying (3.3.2).

Zakai considers = functions f satisfying

(3.3.3) J 1§£E%l-dt < w
+t

1

- 00
and defines such a function to be band limited (W,$) if f(t) is repro-
duced without distortion when passed through the filter h where h
is the inverse Fourier transform of the function H(W,$) in Fig. 3.3.1.

That is to say, f is band.limited (w,8) if
. - - ’ v o ‘ ’

fxh(t) = J f(s)h(t-s)ds = £f(t) a.e.

00

Zakai then defines a process to be band limited (W,$) if almost all of



T

64

A H(wi 6)

-W-6 -W W 6

Fig. 3.3.1

its sample paths are band limited (W,8) and it satisfies (3.3.2). He -
characterizes spch fup;tions and processes and shows- that the sampling-
theorem is validafor then.

We will consider the class of all second order measurable processes

{x(t),teR such that there exists a polynomial p with
(3.3.4) Elx(t)]® <p(t) Vt e R.

If R(t,s) = Ex(t)x(s) , then (3.3.4) implies that there exists a positive

integer k such that

[

(3.3.5) Jﬂé-%dt <w .

(1+t7)

=00

We will denote by N the measure with density (1+t2)-k i.e.,

'duk = (l+t2)_k'dt and by Lz(uk) the Hilbert space of all functions f

with

o0

2
el = | E9Laec o
{1+t7)

-0
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We make the following definition: -

Definition 3.3.1. Let ¢(t) = ¢(t; W,8) be a C (i.e. infinitely dif-

ferentiable) function whose Fourier transform $(x) = $(x;w,6) exists
and is a C” function such that $(x;W,8) = 0 for . x ¢ [-W-8,W+68],
$(x;W,6) =1 for x e [-W,W] and is real‘and symmetric about 0. We
will say that a function £ is band limited (W,8) (b2(W,8)) if

f e Lz(uk) for some k21 and fx ¢ = f a.e. " 0

Remark 3.3.1. We should point out that if'w is a C” function with com-

pact support [-A,A] then there exists a rapidly decreasing function ¢
which is Cw, and in L1 n L2(1§ such that 6 ='w and ¢ can be extend-
ed to an entire function on € (complex numbers) that satisfies an
inequality of the form (Donaghue (1969) p. 212): ‘

' AlIm z |
(3.3.6) lo@2)] < c (1+[z])7
for each positive integer n. HWe will consider ¢ to be such a function

in the sequel. O

Lemma 3.3.1. For f ¢ Lz(uk) and ¢ as in Definition 3.3.1, £ * ¢
exists, is in Lz(pk) and is continuous. f y ¢ may be extended to a
continuous function u on € by |

©
(3.3.7) u(z) = [ £(t)¢(z-t;W,8)dt .

u is entire if f is continuous and u satisfies

22

(3.3.8) [u(z) | ;ClIf“k(h‘zhke(ww)lm- z|
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Proof: From Remark 3.3.1 for every infegér n 21 there is a constant
C, such that 7 o |
l6(2)] ;,cn(1+]zg)-ne(w+6)llm z|

Thus

o« -]

J.Ifct)l (-t et < ¢, [ l£(0) |+ lx-t])* L g
~ o K2
<C j lf(t)' (1+t ) at .
k+1 (1+t2)k/2 (1+|x-t|)k+1

. Now . (1+t )klz (1+|x-gl)k+1 is in Lz(ﬂl), so by the Cauchy-Schwartz -

inequality (3.3.9) is less than

(3.3.10)
c J-li(y—'-zdt% J e 1 »dt'%
k) etk J et DT (afxt])?

But (1+t%) < 201+|x])2(+|t-x])2, so (3.3.10)is less than

c,..llgl] zk”cuxxnkj 1 4t <
k+1 k -w (1+,t[)2 .

and so the convolution exists. To see that f '+ ¢ € Lz(uk), we proceed

as follows:
] 1f*¢gx%12 =[ I J lf(t)?fgf$§xizl¢(x-s]| dt ds dx -
(1+x ) (1+x7)

w00 w0 =00

o 0 o

;tcn)zf f J [£0) 11£05) | (1+x®) @ |x-t ) (14 x-s[) ™ dt ds ax

~“e oo

w

(3.3.11) < (€ f f £t |2 ex®) K e |x-t )™ dt dx

-0 00
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since 2]al[b] < [al? + [b[?,where €)%= cZ [(1d|s])Mas, n > 1.

]

Define Ik(t) = f(l+x2)—k(1+(x-t)zjhkdx.

-l

Since 1 + t2 ;=2(1+x2)(1+(x-t)2), it can be seen that

: - 2 . o _
Ik(t) é=K(k)Ik~1(t)/(1+t y for k >1 and some constant K(k)
K
1

and so Ik(t) ;:E;:EE;E:l Il(t). for some constant K(1). Bqt according

to Zakei (1965), I,(t) < /lst’. Thus I, (t) §=K(0)(1+t2)'k for some

constant Keoyr St n = 2K in (3.3.11). Then (3.3.11) is less than
{ » -
©1)° J e Pasd) *arx-0% 7 ax at
P,
_ 2 2 .
=(Cy)° | 1@ () de

-]

(- 2]

,;(Cék)zx I ey ?7astHk ar <o .

(0)
Hence

(3.3.12) £ l]? S(C§k72K0l|£l|2 .

To see that U(x) is continuous, fote that if'x "+ % we have
_ & : n -

f(t)¢(xn-t) + f(t)¢(x-t) for each t since ¢ is c”. Also

ColEO g,k

1t @slx th*

[ft)ox -0 ] <

scaslx h#¥emlan®™ .
Now C'( 1+Ixn|)2k = 0(1) since X, is a convergent sequence, and

£(t) 1+t2) X e Llcnz)» since
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l£t) | a+t?) Kae < I l—T'—f(t) dt [ —Ll__at} <.
J R ) e Jirwey A

- -]

Thus we can apply the dominated convergence theorem to assert that
) ]

£x¢(x) = ff(t)cp(xn-it)dt converges to [f(t)q)(x-t)dt = f * ¢(x).

% -0

Thus f = ¢ = U 1is continuous. If f is continuous then U is entire
by Theorem 2.84 of Titchmarsh (1939). Finally, (3.3.8) is proved in a

similar way to the proof that the convolution exists; we omit the details.
o

Remark 3.3.2. If f is b2(W,8) in our sense, then f is equal a.e.

to a continuous function. Since f is defined only up to a set of
measure zero, we take for f its continuous version f * ¢. Thus by
the lemma, f » ¢ has an entire extehsion of €. In the sequel, when
we say that f e Lz(uk) is bz(w,Gj}we shall always mean this entire

version of f. : - g

Definition 3.3.2. A function of the form
W
£(t) =j eZ‘n‘itxlp(x) dx
-W )
with ¢ € LZ(—W,W) will be termed conventionally band limited (W)

(eba(¥)). Such a function is bounded by a constant (polynomial),
and is in chnz). If ¢ 1is as in Definition 3.3.1 then (f*¢)ﬂ(s)=_
E(s) $(s) = P(s) since ¢= 1 on [-W,W] and y(t) = 0 off [-W,W]. Thus

our definition contains the '"conventional' definition as a special case.

0
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Our next result shows how a b&(W,8) function can be expressed in

terms of cba(W+68) functions.

Theorem 3.3.1 (A) If fe lﬁ(uk) is ba(W,8) then its entire extension

can be written

k-1
(3.3.13) £z) = J £™oy/min®+ 2K g2)
n=0

where g(z) is the (entire) extension of a cbg (W+8) function .

k-1
) Cntn + tkg(t) where g is <cbi(A). Then
n=0 '

f(t) is ba(W,8) for W > A and § > 0,

(B) Let f£(t) =

Proof: Define functions 8poe e 28 recursively by

(3.3.14) | go(z) = £(2)
8ns1(2) = (g,(2) - g (0))/z n=1,...,k-1.

We claim that each g, is entire, in Lz(uk_n) and that

k-n_(W+8)Im|z|

for constants Kn

(3.3.15) g (2| £ K (1+]z])

The claim is obviously true for n = 0 by Lemma 3.3.1. Suppose it is ‘
true for n < k. Expanding gn(z) in its Taylor series about 0 we obtain
gn(z) = gn(O) + zy(z) for some entire function ¢. But Y(z) = gﬁ+1(z)

so g ., is entire.

Now consider |z| =2 1. Then

A

K
lgn+1(2)| ==(lgn(z)| + ]gn(o)])/|z| é=T§]{(1+|Z1)k'ne(w*6)lIm z]+1}

k-ne(w+6)|1m ;I

. ..

)

2Kn
]qgr(1+|zl)

ZKn(l'*IZ')k-n-l e(Wi‘ﬁ)lIm zl(l-r'zzl

“fa
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< 4Kn(1+fz|)k—n'1e(w+6)llm zl.

(z), . ' . . R

For |z] <1 lgn+1| is bounded by K! . say, since g . is entire.
- ! N ] - N - - N

Set Kn+1 max(4Kn,Kn+1}. Then (3.3.15) is satisfied forn + 1. To

see that gn+1 e'Lz(uk_n_l), it suffices to show that

2
[ 1oy ©1Ph py @0 < =
[t]21

since gn41 “is continuous and hence integrable over every finite

interval. Now

dt

{ asdy Uz, g @D

lg (0] %an _ (dt) < -
1:{>lgn-1-]. k~-n-1 !t leﬂz (1+t2)k n

2.k-n_ dt

l lg, (01 %+2]g, (83 |2, (0) |+ g (0) |2
|t]=1 (1+t“)

which is finite since g, € Lz(uk_n). Thus the claim is satiéfied for

all n, n=0,...,k. From (3.3.14)it follows that

(3.3.16) £(z) = ] 2'g (0) + z° g (2) .
' n=0 ’

Differentiating (3.3.16) successively and setting z = 0, we obtain :
g (0= M )/mt n=0,... ke
and so (3.3.13) is proved. Lastly, since g € LZ(IO and

}gk(Z)I ie(W+6)}Im.zl

it follows by the Paley-Weiner theorem (Boas
(1954) p. 103) that g is cba(W+6).

B. Since f is not in general Lebesgue integrable, it is the Fourier
transform not of a funcfion‘but 6f a &istribution. (See e.g. Donoghue

1969). Since £(z) is entire and
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(3.3.17) l£(2)] < c(1+]z]yKeAlIm 2]

f is the Fourier transform of a distribution with compact support
[-A,A] (Donaghue (1969) p. 213). So f =T for some tempered distri-
bution T, with support [-A,A]. Now if ¢ is as in Definition 3.3.1
with W > A and 6 > 0, and ¢ is any test function (i.e. c” with
compact support) set p = (;-1)¢, then p has compact support disjoint

from [-A,A]. Then (for the symbols used see Donoghue (1969) §30)

(T*o) v

(£%¢) " ()

= T(6v)

[}
L
~
=
N

since T = ?, and so has the same support as T, hence f(p) = 0 as

2

supp T n supp p = ¢.
Thus (f#¢) = f and so fx¢ = £ and f is bandlimited. 0

We now turn to the sampling representation of a b (W,§) function f.
Such a function is entire and satisfies (3.3.17) for some k, it follows

that (Piranashvili (1967)) £(z) has the sampling expansion

in a(z-n7n/0) ‘sinkB(z-nn/aj

.V @D S
(3.3.18) £(z) = Z_i( > a(z-nm/a) g¥ (z-nn/a)*

where o > W+8 and B < (a-W-8)/k.

If YSN(z) denotes the partial sum of (3.3.18) obtained by summing

from -N to N then

' K L(2) ayk+1 o
£(z) - S, (2) |2 (— +~)
@ - syols R (GG
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where L(z) is bounded on every bounded subset of C. We will use this

result to derive a sampling theorem for second order processes that are

bounded in the folloWing sense:

Definition 3.3.3. Let {x(t),telR} he a m.s.c. second order measurable

process that satisfies (3.3.4) and hence satisfies (3.3.5) for some
positive .integer k. Since x(t) is assumed measurable, almost all

sample paths are in 'chuk)' We will say x(t) is band limited (W,§)

if ‘almost all of its paths are bL(W,$).

In the same manner as Zakai (1965) we can prove the following result,

whose proof is omitted.

Theorem 3.3.2. Let {x(t),teR} be a second order measurable process

whose covariance R 1is continuous and satisfies (3.3.4). Then x(t)

is bR (W,8) iff

oo

(3.3.19) jR(t,v)¢(s-v;W,6)dv = R(t,s)

-0

for all t,s in R. : 0

It is clear that a m.s.c. stationary process is bg(W,§) if its
spectral measure has compact support in [-W,W], so that this definition
of a band limited process extends the usual definition. From the

definition it follows that if x(t) is ba(W,8) then

S e . .k
_ nry sin a(t-nn/a) sin B(t-nn/a)
(3.3.20) x(t) = [ x(5) a(t_nﬂ/a). py——"

n=-c
with probability one, for o,B as in (3.3.18) so our band limited pro-
cesses:admit a sampling expansion.

We now turn to the-problem of characterizing the band limited processes



73
in terms of simpler processes. '

Theorem 3.3.3. Let {x(t)teR} be b&(W,8) with covariance R satis-

fying (3.3.5). Then

k-1 x(n)(O) 0

(3.3.21) x(t) = _(0) 40, &y,

n=0

where x(n) is the n-th mean square derivative of x(t), y(t) is a
harmonizable process whose spectral measure is concentrated on

[-W-5,W+6]12 and E|y(t)|? = R (£,) € L(R).

Proof: Since x is b&(W,8) its covariance function R satisfies

(3.3.19) and hence by another application of (3.3.19)

«©w

f f Ru,v) ¢(t-u) ¢(s-v) dv du = R(t,s) .

00 00

Using the methods of Lemma 3.3.1, R can be extended to an entire

function R(£,n) which satisfies

IR(E, )| ;=C(1+|g|)k(1+|nl)ke(w+5)(lIm z|+[Im n{)

Since the covariance R has partial derivatives of all orders, the
mean square derivatives of the process x(t) all exist.

Define new processes vn(t) recursively by

(3.3.21) vy (t) = x(t)

Vo (8 = (v (t) - vn(O)/t n=1,...,k-1

whose covariances Rn are given by

R(t,s)

[H

Ro(t,s)
Rn+1(tss) = (Rn(t,S) - Rn(t,O) - RnCO,S)

+ R (0,0))/ts

(3.3.22)
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As in Theorem 3.3.1 we can show that for each n = 0,...,k’ Rn is

analytic, Rn(t,t) € Ll(uk_n) and

R (£, 0)] < ¢ asfe)y? ™)

for some constants C,» Thus

(“)(03 o

x(t) = z X + thy ()

where vy(t) = vk(t). It thus remains to prove that - y(t) is a process
of the required type. Since Ry = Rk _is bounded, and Ry(t,t) € LI(R)’
Ry(t,s) € Lz(nlz)' and hence its Fourier transform u(x,y) exists..

By copying the proof of Theorem 6 in Zakai (1965) we can see that

v(x,y) is zero off[;(w+6),W+6]2 and so the result follows. 0

Remark 3.3.3. A measurable harmonizable process {x(t),te R} whose

spectral measure is concentrated on [-A,A]2 is ba(W,8) for W > A and

6 > 0. To see this, consider
A A .
R(t,s) = J f 2™ (tu-SV), 4y dv) .

-A -A
Then %o
f R(t,A)o(s-A,W;8)dA

- 00
[+ ]

AN
j $(s-1) j I 2™ (tu-AV), gy dv) da
o0 A A 4

A A *®

J f e21ritu J e-2ﬂixv¢(s_k)d)\ u(du,dv) Lo
=A -A - w

A A g
f f’- e21ri (tu-’sV)‘;(_V)- ﬁ(du’dv)

-A -A- :

-
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A A ,

i j f g?7i (tu-sv) H(du,dv) = R(t,s)
-A -A

=]

since 6(-v) = j e2ﬂlxv¢(A)dA is equal to 1 on [-A,A] for W > A. Thus

by (3.3.19) x(t) is ba(W,6). If in addition R(t,t) ¢ LI(R) then
almost all sample paths of x(t) are in Ll(R) and so by Theorem 3.3.1

almost all sample paths are cbi(W') for W' > A ,

Alternative proof to Theorem 3.3.3. An alternative proof which gives

some insight into the form of the series expansion of a b&(W,8) process
is presented below. Since x(t) is m.s.c. and satisfies 3.3.5, it can
be expanded (Cambanis and Masry (1971)).in a series.
(3.3.23) x(t,w) = 7§ a ()€ (v)

n=1
where the series converges in mean square, the orthonormal random

variables En(m) are given by

o«

(3.3.24) g, (w) = f x(t,w)E TBw (dt)

- 00

almost surely (the functions fn are complete in Lz(uk)) and the

functions aﬁ(t) are given by

(=]

(3.3.25) a (t) = E x(t)E; = f R(t,s)%n(s)pk(ds) .

-00

We need the following lemma.
Lemma 3.3.2. If x is ba(W,8) the functions an(t) are also b&(W,8).

Proof: The a_’s are all in L,(u) since lan(t)lz < R(t,t) Vt, ¥n .

Y
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Also

(] =]

(3.3.26) f an(s)¢(t-s)ds = J E(x(s)E;)¢tt-s)ds .

-] ) : w

e[ Elx() 15 o0 las < ¢ [ Res, ¥ cefe-spy 0D g

-0 -

which is finite by a now familiar argument.
Thus we can apply Fubini's theorem to the right side of (3.3.26)

to get - .
E(E, f x(s,w)¢(t-s)ds) = E E x(t) = a_(t)

-00

since x(t) is band limited (W,$). 0

Returning to the alternate proof of Theorem 3.3.3: because the gn’s
are a c.o.n.s (complete orthonormal system) for H(x), the Hilbert space
spanned by the x(t), and because each derivative x(j)(t) of the pro-
cess x(t) is in H(x), we can express x(j)(t) as a series converging

in mean square, i.e., x(j)(t) = z E(x(j)(t)gh)gn . It is easy to
n=1

verify that E x(J)(t)E; = a(J)(t), and so
(3.3.27) xG) ey = 7 2Dy T . 5 =0,1,2,..
n=1
Note that each a is ba(W,8) and hence analytic, and in Lz(uk), so by

Theorem 3.3.1,

k-1 a0y . y
(3.3.28) - a (t) =] —2—3T——-t3 + 1t b (t)
j=0 |

where each b_ is cba(W+¢s). From (3.3.27) and (3.3.28) we get

k1 = a0
x(t) = § 7
j=0 n=1 J°

j k v
t'e +t ] b (t)g
n n=1 n n
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(3
( 220 Iy ey,

z b
where y(t) = Z bn(t)En . The convergence of this series is deduced

by summing (3.3.28). As in the first proof we deduce that E]Y(t)lz :

is Lebesgue integrable, hence,

«© [+ ]
(2]

(3.3.29) ) [ b_(t) [%at = f Ely(t)|%at < o .

n=1

-00 ) -0

Now each bn is cb&(W+8) so for each n there is a function wn(x)

€ Lz(-w-G,W+6) such that

W+$
b_(t) = e?™Xty vyax |
-(W+8) :
By the Parseval theorem,
o ' W+6
o) [%at = | Jy_0)? dx
n n )
- -W-8
Hence by (3.3.29)
w WE6
(3.3.30) ) f lv_ ()] %ax < = .
n=1-W~6
Thus Ry(6:9) = [ b,(6) BT
o FWHS W+§S
27i(tx-
- 1[0 [y o 5 ax e
n=l-w-5 -W-§8
Now w WES  WaS

) f f lop G v, )] dx gy
n=l 4.6 -w-s
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- W+é )2
=) an(x)[dx
n=1 Wes
W+d
< 2(Ws8) ) J IwnCXledx <
n=1 W-§

by the Cauchy-Schwartz inequality and (3.3.30).

[
Thus Z ¢n(x)¢niy) converges to a function ¢(x,y) integrable on
n=1

[-W-8,W+8]% and

- W+8  W+6 : : :
) e2ni(tx-sy)wn(x)E;T§§ dx dy converges to
n=l _wis -wis
W+8  W+6
eZWi(tX"SY)w(x,y) dx dy .
~W-§ ~W-§

Thus Ry is harmonizable with a a.c. spectral measure concentrated on

[-W-8,W+6]. 0
The next result is a converse to Theorem 3. 3. 3.

Theorem 3.3.4. Let y be a harmonizable process whose spectral meas-

ure is absolutely continuous and concentrated on [-A,A]2 and whose
covariance Ry satisfies Ry(t,t) € Ll(nl). If CO""’Ck-l are
random variables with E]Cnlz <®,n = 0,...,k-1 then the process

k-1

x(t) = X

Cntn + tky(t)
n=0

is ba(W,8) for all W> A and § > O,

Proof: By Remark 3.3.3, almost every sample function of y is.

cbl(W). From Theorem 3.3.1(B) it follows that almost every sample path
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of x 1is ba(W,8) and in Lz(uk). Thus x(t) is ba(W,8), W > A,

s > 0. O

Remark 3.3.4. If x(t) is ba(W,8) with covariance R(t,s) satisfying

(3.3.5), then the sample paths of x are b&(W,8) and in Lz(uk). The
same is true for the expansion coefficient functions a and also for

the functions R(¢,s) for each s. In fact we can say more; the closed

subspaces of Lz(uk) generated by these three sets of functions coincide.

This is a consequence of the following general theorem.

Theorem 3.3.5. Let {x(t),t«¢IR} be a measurable m,s.c. second order

process whose covariance R satisfies

o

(3.3.31) J R(t,t)u(dt) <=

Q0

for some finite measure u, with p mutually absolutely continuous with
respect to Lebesgue measure and let x(t) have the expansion (3.3.23).
If S(a), S(x) and S(R) denote the closed subspaces of Lz(u) gener-
ated by the coefficient functions a s almost all the sample paths and
the functions {R(-,s):sc R} respectively, then S(a) = S(x) = S(R).
Proof: First we show that S(a) = S(R). For each fixed seR
(3.3.32) R(t,s) = ) a_(t) a_(s) ;
nel D n

N s ————

the series (3.3.32) converges absolutely. Let AN(t) = z an(t) an(s).
n=1

o]

N
Then |[R(:,s) - ANc-)Hiz(u) - f R(t.5) - ] 2, () PROYRMCLS
. n=

0

the integrand of the right side converges pointwise everywhere to zero.

&!
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Also

ia .

N ' i
REt,s) - [ 8,0 BB < IRe,9)] * L la,@lla ()]

< REEORE, DT+ (] o ©)[HF ] |a_(s)]D%
: n=1 n=1 '

= (R(t,t)R(s,s))*

v |
so [R(t,s) - ] a (1) (3)|% < 4R(t,)R(Gs,s) « L,(u). So by the domin-
' n=1

ated convergence theorem it follows that AN(-) converges to R(-,s) in
Lz(u) and thus S(R) ¢ S(a). To prove equality in this inclusion, let

a € S(a) be orthogonal to each R(+,s). Then

[*]

f R(t,s) a(t) u(dt) =0 Vs e IR

which implies

(a52) = f a,(t) a(E) n(dt)

-00

©

(3.3.33) = f I R(t,s)fn(s) a(t) u(ds) u(dt) .

But R(t,s) ¢ Lz(le IR, u=x u) since R(t,t) ¢ LI(B{,u). Also
fn(s) a(t) e L2(R X R, u x ) since each factor is in Lz(u). Thus by
Holder's inequality R(t,s)g (s) a(t) ¢ L;(R x R, u x u) and we can

appeal to Fubini's theorem to assert that (3.3.33) is equal to

c© oo

f f R(t,s) a(t) u(dt) fn(s) u(ds) = 0. Thus (an,a) = 0Vn and

00 w0

so a = 0, and S(R) = S(a). Next we show that S(x) = S(R). By

‘theorem 8 of Cambanis and Masry (1971) the series (3.3.23) converges
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in Lz(u) almost surely. Thus if 90 denotes the set of probability
zero where convergence fails, x(t,w) ¢ S(a) Vw ¢ 90. Thus if
S(x) = 5p{x(*,0), we @-8y} S(x) £ S(a) = S(R). To prove the reverse

inclusion, suppose that f ¢ S(R) is orthogonal to each x(-,w)

we 9—90. Thenr )
f f(t) x(t,w)u(dt) =0 Vue Q-Qo
so
® 2
0=E [ f(t) x(t,w) u(dt)
(3.3.34) = ] f £(t) R(t,s)f(s) u(dt) u(ds) .

Now let R be the operator defined on Lz(u) by

(-]

(3.3.35) Rf(t) = f f(s)R(t,s)u(ds).

R is a compact symmetric operator on szu).so every element f of
Lz(u) can be represented as
o

(3.3.36) | f=h +nzl(f,en)en

where h is the projection of f on the subspace {f: Rf = 0} and
the en’s are eigenvectors fogming a c.o.n.s. for the closure of the
range of R, which is the closed subspace spanned by these eigenvectors .
of R correéponding to non-zero eigenvalues {An} of R. (See Reisz and
Sz-Nagy (1955) p. 242. Then by (3.3.35) and (3.3.36) (Rf,f) =

E xnlcf,eQ|2 and so by (3.3.34) and (5.3.35) (f,e;) = 0. Thus £ is

n=1
in the null space of R. Also (Cambanis and Masry 1971)
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(3.3.37) R(t,s) =} NOENG)
n=1

the series (3.3.37) converging in Lz(uk) in each variable, so R(-,s)
is in the closure of the range of R, and S(R) [~ Range R . But
f ¢ Range Rl, fe S(R) ¢ Range R so f = 0. Hence S(R) = S(x).

: 0

Remark 3.3.5, As noted in Remark 3.3.4, the three equal subspaces -

S(R), S(x) and;S(a) are generated by band limited functions if the
process x(t) is band limited. In fact, all the functions in these
three subspaces are band limited. To prove this, we argue as follows,
The linear manifold of finite linear combinations of the an’s consists

of band limited functions, since

(Cia_ +Coa_) » ¢ Cila, * ¢) +C (a_ * ¢)
1 n1 2 n2 1 n1 2 n2

C.a + C,a .
1 n, 2 n2

Now if he S(a), there exists a sequence of functions hn converging
to h in Lz(uk) with each hn a linear combination of the an’s

and hence each hn is band limited, and

I - hwsfl < [n - n[] « Hh, - heo]]

[
1

o - n [+ v - nyas] |

A

b= 0E s 05 0¥ -b] ] by 5.3.129

slh-nfla - Ch(K)) D

Thus h is band limited and S(a) contains only band limited functions.



CHAPTER IV

STOCHASTIC PROCESSES TAKING VALUES
IN A HILBERT SPACE

In this chapter we consider a further‘generalization of a stochastic
process. Instead of,considering processes that are ‘collections of
complex-valued random variables, we now consider collections of randoﬁ
elements that take values in a separable Hilbert space. H. These
include as a special case the concept of a multivariate stochastic
process, where the Hilbert space is the n-dimensional Euclidean space
B{n. Hilbeft space valued processes havebbeen considered by Several
authors. A basic source is the paper of Payen [1967], who defines
second order Hilbert space valued processes, and shows how such a pro-
cess méyrbe realized;as_a family of operators. He defines the co-
variance operatof of suéh a proéess and characierizés this class of
operators., He also gives a definition of a stationary Hilbert space
valued process and obtains a spectral representation and a moving
average representation.

We will use several of Payen's results in the sequel. The integration
of operétor-valued functions will alsb play a roie in what follows; for
the basic facts of this theory, see e.g. Hille and Phillips (1957).
Several results:of Mandrekar and Salehi (1970) are also used.

In section 4.1 we introduce the concept of Hilbert space valued
(H-valued) random elements, and show how they can be identified with a

83
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class of Hilbert-Schmidt operators in the case when they have second
absolute moments. We have relied heavily on Payén (1967), and for the
theory of Hilbert-Schmidt bperators, on Shatten (1960). In section

4.2 we define a second order H-valued stochastic process? and show how
it can be realized as a family of Hilbert-Schmidt operators. We define
the covariance operator of such a process, and show that if the process
is stationary in a sense to be deflned then the covariance operator
can be decomposed into weakly contlnuous and locally a.e. zero compon-
ents as”in Theorem 2.2,2. The corresponding decomposition is given

for processes. In section 4.3 we give the spectral repfesentation of
a stationary progess, Our approach is based on Bochner's theorem, in
contrast w1th that of Payen, who uses Stone's theorem to obtain his
spect?al representation. We prove a generalized Bochner's theorem,
uéing a result of Mandrekar and Salehi (1970) to extend a theorem of
Falb (1969). We rely heavily on the concept of the trace measure, as
in Mandrekar and Salehi, to prove a spectral representation. Finally,
in section 4.4, we take up the questions of path continuity and sampling
considered in Chapter III, and give Hilbert space analogues of theorems

proved there.

4.1. Random Elements Taking Values in a Hﬂbért Space

Much of this section is an elaboration of Payen (1967), and the

.material on tensor products.is found in Schatten (1950).

Let H be a separable Hllbert space, H* its dual. Define a map
~:H > H* by f(h) = (h,f). ~ is a conjugate linear isomorphism

between H and H* (Schatten (1950)). Let K be another Hilbert
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space, not necessarily separable. For (feH,keK) denote by £ ® k the

map H* » K given by i : .

(4.1.1) fe k(g) = (f,h)k .
It is éasily seen that £ ® k is a finite rank bounded linear operator : -
from H* to K with norm ||£f]|] ||k|]| (see e.g. Schatten (1959)). Let

H @VK denote the vector subspace of L{#H*,K] (the space of bounded

linear maps H* + K ) generated by :E-Gk for £ e H, k e K. On

H © K we may define an inner product by

n m
(4.1.2) { h, ®k, , T h!® k'.] (hy»hd) (kg k)
. igl ot jzl 3] 121321 f i’k

where the inner prodﬁcts on the right are those of the spaces H and K.
The compietibn of H @K with respect to this_inﬁér prodﬁct'is’arﬂilbert
space which we denote by H.® K -:the tensor product of H and K. Now

H © K is a:vector space of finite rank opefétbrs. Since H is reflexive,
it follows (see Schatten (1950) p. 25) that H @ K is precisely the

class of all finite rank operators fro@ H* to K. Let now {gn%:l be a:
complete orthonormal system (c.o.n.s.) for H.  Then {3 }°° is a . o
c.o.n.s. for H*. Denote by HS(H*,K) the set of all’ H11bert Schmldt h

operators H* + K i. e.‘the set- of a1l’ bounded operators A: H* K

for which Z | 1A% I'K },.~rHS(H* K) 1s a Hilbert space with inner

product (-, )HS glven by ; o

4.1.3). | o a
BBy - Z (A«z» o) | ) .

The finite rank operators H* - K are dense in HS(H*,K) in the topology

induced by the Hilbert-Schmidt inner product (°,°)HS. Moreover on -
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H ® K the inner product (4.1.2) agrees with the inner product (4.1.3).
It follows that H ® K and HS(#*,K) are equal up to isomorphism,
In the sequel we will identify HS(H*,K) with H ® K.

We now turn to a discussion of H-valued random elements.

Definition 4.1.1. Let (2,B,P) be a probability space. A function

x: @ > H is weakly measurable if (x(w),h)H is measurable in the usual
sense for all h e H, strongly measurable if it is the limit a.e. [p]
'of'aiseQuence of simpié functions of the form .E h,xg ~ where h, e H,
Bi e B,i=1,.,.,n, the limit being taken i;-%he t:pology of H.
Since H is assumed separable, the notions of strong and weak measura-

bility coincide (see Hille and Phillips (1957) p. 73) so we will just

speak of measurable maps. A measurable map 9 > H is a random element.

g

Let LZ(Q,H) be the set of all random elements x such that

fllx(w)!lzdP < +=. L,(,H) is a Hilbert space under the inner product
2

(x,y) = j(XCw),y(w)) dP .
Q .
The following theorem is fundamental (see Payen (1967)).

Theorem 4.1.1, lLet x be a random element in L2(Q,H). Then there

exists a unique operator X in HS(H,LZ(Q,C)) such that Xh = (h,x).
Conversely, if X ¢ HS(H,L (Q,Cj)‘ there exists a unique element x in
LZ(Q,H) such that Xh = (h,x). This correspondence between HS(H,LZCQ,C))

and LZ(Q,H) is an isometry.
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Proof: First we note that random elements of the form Z gi(m)hi 7

with £ e,LZ(Q,C) are dense in LZ(Q,H). Define a map

T :ALZ(Q,H) - He Lz(Q,C) (LZ(Q,C) is the space of all complex r.v.’s
n n

£ on  with Elg]z <) byT ) E.(wh,) =7 h 8&. T is well
jop 1 i i

defined and preserves inner products, so can be extended to an isometry

betweenv,Lz(Q,H) and - H QZLZ(Q,C). . By the previous remarks of this

section, we can regard Tx as a Hilbert Schmidt operator H*+L2(Q,H).

Let X be the function H + LZ(Q,C) defined by Xh = Tx(ﬁ) where the

bar denotes complex conjugate. We now must prove that Xh = (h,x)

where (h,x) is the random variable (h,x)(w) = (h,x(w)),taﬁd that

X e HS(H,LZ(Q,C)). Since x(w) is measurable, (h,x{w)) is measurable

for each h, and is in L,(2,C) since E](h,x(w))|2 ;=E|]x(w)|]2{]h]| < w,
First suppose that vx(w) =.§lgi(w)hi’ then

i=

n
I (hph)e, =(Jh&;,h) = (x,h)

~e n ad
Tx(h) =( L h; ® £)(h) =
i=1 i=1

so Xh = (h,x). Nowlet x ¢ LZ(Q,H), then there exists a sequeﬂce
X, of random elements of the above form such that X, > x in
LZ(Q,H). It follows that Txnﬁ converges to Tx h in LZ(Q,C) for

each h since {!Txnh - Tx h’le(Q,C);=’lTxn - 1x|]| ||n}]]
= 1x, - xI| [In[} >0
Also (xn,h) converges to (x,h) in LZ(Q,C). Hence

Tx h = lim Txnﬁ = lim(x_,h) = (x,h)

and so Xh = (h,x) for all x ¢ LZ(Q,H), Yh ¢ H . This representation
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~

also shows that X is-unique. Finally we must show that

X e HS(H,LZ(Q,C)). It is easy to see that X is linear, and

||x¢n!|2 = EIX(¢n)]2 = ElTngz = ][Tx$||2 so X is HS since

since Tx is.

Conversely, if X ¢ HS(H,LZ(Q,C)) then the map

X : H* > L,(2,C) defined by X(h) = X(h)
is in HS(H*,LZ(Q,C)), and so there exists an x e L,(9,H) with Tx = X,
and so Xh = (h,x). 0

4,2 H-valued Stochastic Processes

H

Definition 4.2.1. Let G be an LCA group and {x(g) : g € G} a family

of random elements with values in the séparable Hilbert space H. If
for each g ¢ G we have E][x(g)ll2 <® we will say that x(g) is a

second order H-valued process.

Remark 4.2.1. For each g € G, let Xg be the Hilbert-Schmidt operator
associated with x(g) as in Theorem 4.1.1. It is clear that the ciosed
subspace of LZ(Q,H) generated byvthe x(g) and the closed subspace of
HS(H,LZ(R,C)) generated by the Xg are isometric. Then nothing is lost

by identifying the process x(g) with the family of operators Xg.

Definition 4.2,2. let {x(g) : g € G} be a second order H-valued

process, and {Xg : g € G} the corresponding famiiy of operators.

The covariance operator of the process x(g) is the operator valued

function V(g,g') = Xz,Xg , where * denotes the édjoint. V(g,g') is
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an operator H + H and since Xg, and Xg are Hilbert-Schmidt, V(g,g')

is trace class. If the function V(g,g') depends only on g-g', the
process x(g) is said to be weakly stationary. For brevity, we will
use the term "stationary'" in the sequel, and we shall also refer to

the operators Xg as a ''stochastic process."

Definition 4.2.3. Amap V : G x G > L(H,H) (the class of bounded

linear operators H ~ H ) is of positive type if for any finite subset

{hl""’hn} of H, and {gl,...,gn} ‘of G

n n
(4.2.1) L J.Zl("(gi’gj)hi’hj) 20 .

Theorem 4.2.1. (Payen) The following are equivalent.

(a) Themap V : G x G~ L(H,H) is of positive. type.
- (b) There exists a probability space (Q,B,P) and a family of oper-

ators H - LZ(Q,H) such that xg,xg = V(g,g").

Definition 4.2.4. Amap V : G~ L(H,H) is positive definite if for

any subset {hl""’hh} of H and {gl,...,gn} of G

n n
(4.2.2) izl jzlcvggi-gj)hi,hj) >0

The following result is a corollary of Payen's theorem.

Theorem 4.2.2. The following are equivalent.

(a) V 1is a positive definite map G - T(H,H).(T(H,H) denotes the
set of trace class operators H -+ H.)

(b) There exists a probability space (2,B,P) and a stationary pro-
cess {Xg} of Hilbert-Schmidt operators H > LZ(Q,C) such that

XgiXg = Vig-g'). a

ry

o
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Our next result is an analog of Theorem 2.2.2. We first need a

definition.

Definition 4.2.5. Following Hille and Phillips (1957) p. 74, we say that

amap V : G+ L(H,H) is weakly measurable if for every h, h' ¢ H
the map g + (V(g)h,h') is measurable in the usual sense, and strongly
measurable if V(g)h is strongly measurable in the sense of Definition
4.1.1 for all h e H. O

- --We can -now+sstate our theorem.

Theorem 4.2.3. Let V : G - T(H,H) be a weakly measurable trace class

operator valued function on. G. Then there exist unique weakly measurable
frace class operator valued functions V(I) and V(z) on G such that
W v = v + v@ (g | |
(ii) The map g ~ V(¥)(g) "is weakly continuous.
(iii) V(Z)(g) =0 locally almost everywhere with respect to the

Haar measure on G.

Proof: The proof is similar to that of Theorem 2.2.2. Let EE denote
the vector space of all maps G - # that are identically zero except
at a finite number of poinfs ysveesBy Every element f of ¥E has

a canonical representation

' n
(4.2.1) £(e) = ] hie, (2)
. . . = 'Y . i=1 i
where ) :
' 1 g=g,
€ (g) = '

and the g; are distinct elements of G. Define a map p-: Ex E~» €
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n m n 1
z;m{s » Lhieg )= 1 1 (V(g;-g'hy,hl) .

by p[
8;'521 7 &) 421 je1

1

As in the scalar case it can be shown that_ﬂ% = {f ¢ E: p(f,f) = 0}

is akSubspace of IE, and that the equation
(£+ E, £ + E) = p(f,£")

defines an inner product on the quotient space IE/ Ev . Let Hv denote

the completion of IE/]EV ~with respect to this imnner product. On ]E/IEV

the equation

U (f+ B) = £ + B

where fg(g') = f(g' - g) defines a unitary operator on IE/B% which
may be extended to a unitary operator on Hv’ We thus obtain a unitary
group {Ug : g € G} of unitary operators on Hv. As in the scalar case,
since V is weakly measurable, we can find a closed subspace S of
Hv such that

() uScs, Us st v G |

(ii) for all n € HV the map g - (Ugg,n) is continuous if £ ¢ S

and locally a.e. zero if £ ¢ st.

Let P,Q be the projection'operators on S and S' so that Q= I-p,
PQ=QP = 0. If e denotes the identity of G, and h e H, let -
[h] = hee + l% » then [h] ¢ Hv' Denote by wg the map H x H > C
given by,

bg(h') = (UPIAI, PIN'D),

It is easy to see that wg is a bilinear functional, moreover

»!
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lhgthnd | < HugPially ethally

< ll(h]l!Hvll[h']l!Hv

since ||P]| = 1, HUgH =-1.
2 : 2
But Il = plheghe) = (eemb) < [V I [1n]]7
Thus ]wg(h,h')] < vt {in]} Jint]] so that ¥, 1is a bounded

bilinear functional. Thus there exists an operator V( ){g) such that

-

v ) nhy = (UPLh],P[A'D).

That V( ) is weakly contlnuous follows from the properties of the sub-

space S. To see that V( ) is positive definite,

. vW g, -g;)hy,h,) = . (U Plh;1, Uy PLh,T)
i=1 j=1 i=1 j=1 & £

2
= U _ Pfh. P
Higl g Il

In a similar manner we can show that there is a positive definite operator

function V(z) such that V(z) = 0 locally a.e. and
v® en,n') = I, Q']

Moreover (V(g)h,h'")

P(heg;h'ee)

| (U [h]. (' D)
) (U PIR],P[h']) + (U,QIh],Qlh'])
vB@nn) » v @n,nn .

It only remains to pfove that"V(l}land ngq are trace c1555'va1uedﬂ.and

)

that the decomposition is unique. The latter is proved by the method used
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in the scalar case; the former is a consequence of the next theorem.

0

Theorem 4.2.4. Let Xg be a stationary process of Hilbert-Schmidt

operators corresponding to the stationary H-valued process {x(g),g ¢ G}. .
Suppose V, the covariance operator of the process is weakly measurable.

If V= V(l) + V(Z) is the decomposition of V described in the previous
ne)

g
corresponding to stationary -H-valued processes xl(g),-xz(g) such that

theorem, then there exist stationary operator processes Xél),

@ X, =xM + xB and x(e) = %00 + 1,000 -

s o R . » Iy :
(ii) Xé}) Xél) = Vfl)(g-g') where V(l) is the covariance operator

of x., i
i

1,2 .

i) x()xP = B @) x@) <0 v, g e

@) 1£ HE, HXW, HE®)) denote the closed subspaces of
HS(H,LZ(Q,C)) generated by the processes X, X(I) and X(z)
and H(x), H(xl) H(xz)‘denote the closed subspaces of

LZ(Q,H) generated by the processes x, X; and X, then
HX) = HXD 0 Hx@®)y and H(x) = H(x) @ Hix,).

Proof: Consider the map L : na/n% -+ LZ(Q,C) given by

n n
L(J h.e + = J X 1 . L 1is well defined and preserves inner
i=1 * & i=1 8 |

‘products, and can be extended to an isometry from Hv to the closed

g

subspace M of LZ(Q,C) generated by {xgh :ge€G, heHl . Let

P = LPL’l, where P is the projection onto S of the last theorem. _' 2
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The P is a projection.

Define xél) = BX,. Then xél) is Hilbett-Schmidt since it is the
composition of a bounded operator with a Hilbert-Schmidt operator.
Moreover

(D* )y 10y ' :
(Xgr” X 'h,h")ym (nghf PX, b )Lz(n’c)

1 1

(LPL™ xgh, LPL™

¢ ML 0,0

(4.2.2)

(POgIRI, U D)y

Now S reduces Ug for each g, so P commutes with Ug and #.2.2)

equals

(U, P[h], P[h']),
v

g-g'
= (V(l) .(g-g')h’_h')H

D* (1 1 .. ~ - )
S0 Xé,) X( ) . V( )(g-g'). Similarly let Q = LQL 1 where Q is the

g
projection onto S+t of the last theorem. Define X§2)4= an and

ng)fgqgl)axé%)*x(z). Thus Xél) and Xéz) ‘are stationary, and Vcl)

~

and V(Z) are trace-class valued, Since P and Q satisfy

I, x =x®,x@ v (6.

P+Q
e g g g g

* ~A
atso x{*x(2) . x* By
g' g g Vg

unique since it is comprised of projections. The last statement

0 since PQ = 0. The decomposition is

follows as in the scalar case. The assertions for the process x(g)

follow from the above and Theorem 4.1.1. O

As in the scalar case we use these results to obtain sufficient
conditions for a stationary H-valued process to be weakly continuous,
i.e. for (V(g)h,h') to be continuous. First we note that, exactly as
in Chapter I, if Hv is separéble, then V(?)gg)i 0i.e. V(g) is

weakly continuous. In terms of the process, V(g) is weakly continuous
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if H(X) is separable,

Definition 4.2.6. An H-valued process x . is measurable if for every

h € H, (x(g,w),h) is measurable with respect to the product o-field of

subsets of G x Q. R 0

It is clear that if x is measurgble_and Xg is the "operator"
process corresponding to it, then Xgh (regarded as a complex stochastic
process) is product measurable for each h ¢ H and conversely, since
Xh() = (ux(@d)y g cy -

It follows from Theorem 2.2.4 that if Mh) denotes the closed linear
subspace of LZ(Q,C) generated by {xgh : g € G}, then Mh) is separable.
Let D be a countable dense set in H , and let M be as in the last
theorem. It is obvious that M(h) ¢ M for all h e H, so if TA] is
the closed linear manifold generated by a subset A of M we have

[v M(B)T e M

heD

Conversely if ng € M, let hn be a sequence in D converging to
£ € H. Then xghn converges to ng in LZ(Q,C) as n > o, Since

each X h e u M(h), it follows that
M hep

X E el uM(h)T and so M =T v M(h)T .
heD

g heD
Each M(h) is separable and D is countable, so M is separable.
But M is isomorphic to Hv so Hv is separable, hence V(g) is weakly

continuous. We have proved:

Theorem 4.2.5. Let {Xg : g € G} be a stationary process of Hilbert-

Schmidt operators. If Xé/ is weakly measurable (i;e. if the processes

re
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Xgh are measurable for all h ¢ H) then the covariance V(g) of the

process is weakly continuous.

4.3. The Spectral Representation of Weakly Continuous Stationanny-va]ued
Processes. |

In this section we derive the spectral representation of a weakly
continuous process using methods different from those of Payen (1967).
We use a verion of Bocﬁner's theorem which is an extension of a result
of Falb (1969), and draw on results of Mandrekar‘and Sélehi (1970). We
prove a general representation theorem to obtain the final result, tﬁat
is more general than Payen's representation theorem. Our first result
is a theorem of Mandrekar and Salehi; we give a proof baséd on a technique
of Dincleanu (1967) p. 263 since ﬁhis is not given in the paper of

Mandrekar and Salehi.

Theorem 4.3.1, Let M be a set function on a measurable space (S,S)

that takes values in the set of positive trace class operators T" (H,H).
Suppose also that M is weakly countably additive,i.e. if {An}:=1 is

a sequence of disjoint sets in 8, then
(4.3.1) M v AIx,Y) = ] (M(8)x,y)
n=1 n=1

for all x,y € H. Then
(1) If 1t is the set function defined on the sets in S by
T(4) = trace M(A) then T is a positive finite measure on S.
(2) There existsAa strongly measurable operator valued function
M'(5) on S such that M'(s) is positive and trace class a.e. [1]

and
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(4.3.2) M(A) = f M'(s)T(ds) .
' A _ -
Remark 4.3.1. The integral (4.3.2) is interpreted in the following

sense. Since M!'(s) is strongly measurable, M'(s}h is a measurable
H-valued function on S. T 1is a positive measure, so the integral
fM'(s)hr(ds) exists as a Bochner integral (see e.g. Hille and Phillips
(%957)__ p. 79) iff l{ [ (s)h]|,t(ds) < =. Moreover, if {M'(s)hr(ds)
exists as a Bochner integral for each h e H then (Hille and Phillips

(1957) p. 85) the operator A given by

Ah = IM'(s)hT(ds)
A
is a bounded operator. The theorem asserts this operator is just M(4).

O

Proof of Theorem 4.3.1: (1) Let {An}:=1 be a disjoint sequence in

S and {¢k}:=1 a c.o.n.s. in H. Then

(v An) = trace M(uAn)
n=1

o0

=) (MU Ao ,6)
k=1 n=1 n”k’'k

oo [+

(4.3.3) =k£1 nzl(M(An)¢k,¢k)

But M(An) is a positive operator for each n so (M(An)¢k,¢k) 20

¥n, ¥k. Thus we may rearrange the order of summation (4.3.3) and obtain

-]

. M(8 )d, 8, ) = ) trace M(A ) = ) t(4)
nzl kzl n" 'k k nzl n nzl n
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so that t is countably additive. That +t is positive and finite

follows from tﬁe fact that M(A) is a positive trace class operator
for each A e S;A -

(2) For each x,y e H let uxy(A) = (M(A)x,y). Since M is
weakly countably additive, My is a complex measure. Let ]uxyl

denote the variation of uxy' Then

n )
luxy’(A) = sup{kzlluxy(Ak)l : {Ak}§=l is a partition of A}

I 1Mol {Ixl] [yl] |

< s M(4,) X

= A:I})k=1 k*u d

£ su (8,) |

~{Ak§k§f, SIEIRI

(4.3.4) = (&) | |x]] [lyl]

since l[AIIu (the uniform norm of A) is less than t(A) for all positive
trace class operators A. By (4.3.4) quylris absolutely continuous with
respect to Tt. Hence by the Radon-Nikodym theorem there exists a

complex function gxy such that for all A ¢ S

by (8) = f By (S)T(ds)  amd  fu |8 = [ngycs)lrcds) :
A v A

Since |u__](a) < t(a)||x|] |ly]], it follows that
Xy

4.3.5) e @1 < 1xll Il ace. o1,

Without loss of generality we can modify gxy on a set of zero

T-measure and assume that

(4.3.6) gy, () < Hx]| [yl for all s e s.
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It is easy to see that the map <x,y> > gxy(s) is a bilinear function
on H for each fixed s; (4.3.6) shows that it is a bounded bilinear
functional. Hence there is a bounded operator M'(s) on H to H

such that
M' (s)x,y) = gxy(s) Vs € S, ¥x,y ¢ H.

(4.3.6) shows that ||M'(s)|] <1 ¥s e S. Since 8y 1S meésurable,
M!(s) is weakly measurable and hence strongly measurable since H is
separable. Now ||M!'(s)x]]| < !]M'(s)]l [1x]] < |lx]| and T is finite
;“gq;flu&ﬁ(s)xflr(ds)< © ¥x e H. Thus the equation AA(x)= fM'(s)xr(ds)

A
defines a bounded operator AA for each A € S.

But

[}

(A x,) ' (s)x,y) T(ds)

By () 7(ds)

e
!

uxy(A)

M(A)x,y)

so M(A) = [M'(s)t(ds) in the sense of Remark 4.3.1. It remains to
A
prove that M'(s) is positive and trace class.

Now (M'(s)x,x) = gxx(s) 2 0 a.e.[t] since uxx(A) = (M(A)x,x) =

for all A € S. Similarly

M'(s)é,.,) = ) g
o K7k X ot

and

at
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8

jzg¢ o, B)700) = [ fg¢ 4, (8)7(09)

=k§fM‘A)¢k’¢k)
= trace M(A)

S0 0 < Z g¢k’¢ (s) < = a.e.[t] since 0 < t(A) < » ¥A and so M (s)

is trace class a.e. [7]. . 0

We now turn to a discussion of orthogonal operator valued measures

and integrals. We first make a definition.

Definition 4.3.1. A set function 32 defined on the measurable space

(S,S) is an orthogonal Hilbert-Schmidt (H.-S.) measure if for every set
A e S, Z(A) € HS(H,LZ(Q,C)) and
(i) For any sequence {A }w= of disjoint sets of $

lim || ZZ(A) - Z( U1A)“

Now n=1

HS © )

*
(ii) If A and A' are disjoint sets in S then Z(A) Z(A) =
0

There exists a correspondence between orthogonal H.-S. measures and
measures of the type considered in Theorem 4.3.1 which is described in

the following theorem:

Theorem 4.3.2. Let Z be an orthogonal H.-S. measure on a measurable

space (5,S). Then the set function M defined on (S,S) by
M(a) = Z(A)*z(A) is a T+(H,H) valued set function satisfying the
hypotheses of Theorem 4.3.1. Conversely if M is a T+(H,H) valued

set function satisfying the hypotheses of Theorem 4.3.1, there exists
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an orthogonal H.-S. measure Z with Z(A)*Z(A') = M(A n A').
Proof: If M is a set function on (S,S) defined by M(A) = Z(A)*Z(A),
it is clear that for each A € S, M(A) € T+(H,H). Moreover, M is
weakly countably additive. To see this, let {An} be a disjoint sequence

of sets of S. Since Z is strongly countably additive, for x,y eH we

have
MCu A )x,y)y = (ZC U A)Dx, Z( U A)Y)
n=1 n H n=1 n n=1 n H
N N
= lim( ] 2(a )x, ] Z(A)Yy)
N n=1 n=1
N

lim Z Z(Z(A )x, Z(8)Y)

N+>o n=1 m=1

lim Z (2(a )%, 2(A))Y)
Noo n=1

Z M2 )%,y) .

n=

Thus the set function M satisfies the requirements of Theorem
4.3.1 and so M(A) = [ M'(s)t(ds) for some strongly measurable T' (H,H)
valued function M'.A

Conversely, if M is a set function on (S,S) satisfying the hypoth-
eses of Theorem 4.3.1, define a map F on the Cartesian product of S
with itself by F(A,A') = M(A n A')., F takes values in L(H,H), the
space of al} bounded linear operators H > H, Moreover if Al,...,An €S

and h h e H then

120

z.

i=1 j

' n n
(F(A, ,A.)h, ,h.) (M8, n A, )h )
1 171 1§1 321

IIM'.: =
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n n .
) J (' (s)h, ,h.) t(ds)
i=1 j=1)0, v
j

n n
Jaw'(s) I xy (s)h;, I x, (s)h;)r(@ds) 2 0
g i=1 %1 T §=17j

since M'(s) is a positive operator. Thus we can apply a theorem of

Payen (1967) and assert that there exists a set function Z on (S,S)

taking values in L(H,L,(2,C)) such that
Z(A)¥Z(A') = M(A n A') VA, A' € S.

Let {¢k}:;1 be a c.o.n.s. in H, then

L l1zye, |17 = ZcZ(A) Z(8)by 50y

= trace M(A) < =
so Z(A) € HS(H,LZ(Q,C)) ¥A € S.
Using the property that Z(A)*ZO(A') = M(A n A') it is easy to see

that o N
1132¢a) - 2C v 8) (13 = 1 v ) - T
k=1 X k=1 KBS N K g K

so Z 1is countably additive in H.-S. norm, and Z(A)*Z(A') =0 if

A nA' =@, Thus Z 1is an orthogonal H.-S. measure. . 0
Let us now define an operator valued integral of the form
If(s)Z(ds) for £ € L,(S,S,1).

S

n
If £ is a simple function, f£(s) = Z (s) say, define
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ff(s)z(ds) =_21cichi) .

m
Let f' be another simple function f£'(s) = 2 A.(s) Then
j=1 J

*

[ff(s)zcds)] {ff’(s)zcds)l
S S '

(4'%f7) Z Z c. c'Z(A ) Z(A )

i=1 j=1
It is easy to see that property (ii) of Definition 4.3.1 implies that

*
“Z(8) Z(A') = Z(& n A")"Z(A n A') = M(A n A') so that (4.3.7) is equal to

P lg
c! M(8; n A1)
i=1 j=1 1% "%
n m
=) 1 f c; elx, (8)x,, (s) M'(s)T(ds)
i=1 j=1 ¢ e T

£(s) £'(s) M'(s)t(ds) .
S
Thus for all simple functions f and f°

(4.3.8) [ ff(s)Z(ds)} ( Jf'(s)Z(ds)} = [f(s) £'(s) M'(s)t(ds).
S S S

Let now A be any set in S. Then if ¢ 1is a c.o.n.s. in H

f trace M'(s) (ds) = j : (M' ()0, ,4, ) T(ds)
A p k=1

-1 [ fM (5)T(ds) 6y b
k=1 A

trace M(A)

7(4)
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so that

(4.3.9) : ' trace M'(s) =1 a.e, [7].

From (4.3.8) we obtain

[ [ £(s)Z(ds), [f'(s)Z(ds))HS tface( Jf(st(ds)] { Jf’(st(ds)}
S S ' S S

trace ff(si £1(s) M'(s)t(ds) .
_ 'S
Let now {¢k}:=1 be a c.o.n.s. for H. Then (4.3.10) is equal to

(4.3.10)

(4.3.11) ) Jf(S)f'(s)(M'($)¢k,¢k)r(ds).
S -

Since M'(s) is a positive operator for each s ¢ S and since

=
"e~18
ot

flfcs)lIf'cs)!(M'cs)¢k,¢k)rcds) = flfcs)lif'cs)! LM (s)9, ,0, )T (ds)
5 8 k=1 ,

= flf(s){]f'(s)ltrace M'(s)t(ds)

= flfcs)ltf'(s)lrcds) <w

by (4.3.9), we mayAinterchangé sum and integral in (4.3.11) which is
now equal to

ff(s) £'(s) trace Mt (s)t(ds)

5 .

= jf(s) £'(s)t(ds).
s

Thus

(4.3.12) [ ff(s)Z(ds), ff'(s)Z(ds)]Hs = [f(s) f'(s)t(ds) .
S S S



105
Now let f be any function in L2(S,S,r), then there is a sequence {£ }

~ of simple functions such that {fn} converges to f in LZ(S,S,T);
(4.3.12) shows that the sequence {ffn(s)Z(ds)} is a Cauchy sequence
in HS(H,Lz(Q,C)). We define the iitegral éf(s)Z(ds) to be the limit
oflthis Cauchy sequence; it can be shown that the limit is independent
of the particular sequence chosen. The sequence also converges in the
uniform norm, consequently if £, f' e LZ(S,S,T) and {fn},{f'n} are se-

quences of simple functions converging in L2(S,S,T) to f and f', then
(ff(s)Z(ds))*(ff'(s)Z(ds)) is the limit uniform norm of the sequence
S s
{(ffn(s)Z(ds))*(ffé(s)Z(ds))}:_1 which by (4.3.8) is the same sequence
S S - v _

as {ffn(s)f'(s) M'(s)t(ds)}. Now
S

Hf“‘(‘j‘fn s) £1(s)M' (s)t(ds) - JTTf s) £'(s)M! (s)'r(ds)Hu
S S

[E@ee - e el el

A

< [lfHCS)fI'I(SJ - TG () |1 (ds)
S

which converges to zero as n > =, Thus (4,3.8) and (4.3.12) are true
for all functions in LZ(S,S,T).
We now state and prove a general representation theorem from which

we will derive a spectral representation of stationary processes.

Theorem 4. 3. 3. Let Z be an orthogonal H.-S. measure on a measurable

space (S,S) and let M, M' and t be as above. Let £(g,s) be a
function on G x S such that for each g e G, f(g,*) ¢ LZ(S,S,T)f

Then if

<
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X, = ff(g,s)Z(ds)

w3

is a process of Hilbert-Schmid; operators, the covariance operator of
Xg is given by |
(4.3.13) x;,xg - ff(g,s)f(g',s)mv(s)rcds) .

5 ,
Conversely, if M is a measure on (S,S) taking values in T+(H,H) and
satisfying the hypotheses of_theofem 4(3.1, and Xg is a process of
Hilbert-Schmidt operators having covariance (4.3.13) then there exists
an orthogonal H.-S. measure Z on (S,S) such that Z(A')*Z(A) = M(a' n 4)

YA, A' ¢ S and X, = [£(g,s)Z(ds).

Proof: The first assertion of the theorem follows frbh the proéeeding
remarks. For the converse, let Z0 be an orthogonal H.-S. measure such
that Z (A)*Z (a") =»M(Akn A'). Such a measure exists by theorem 4.3.2.
Define a process Yg by Yg = ff(g,s)z (ds). Then by the first part of
the theorem we see that xg X = Yg,Y = ff(g,s)f(g S SIM! (s)t(ds).

g g
Define now a map T from the manifold generated by the Yg,to that

~

generated by the X by T( z c. Y ) = z c; . T 1is clearly linear
i=1 1 & i=1 gl
and

n 2 n
1L et s = 11 T egn, 115

n n *

Z ) c c. trace X_ X
i=1 j=1 1] gj 84

n n

: *
=) Jc.c,traceY_ Y
1% g g
i=1 j=1

Hzcy 12 .



Thus T preserves norms and is onto, so T may be extended to an
isometry between H(Y) and H(X), the closed subspaces generated by
the Yg’s and Xg’s. Define Z(A) = TZOCA). Then Z(A) e HS(H,LZ(Q,C

VAeS. and is countably additive in H.-S. norm since ZO is. Also
R * & *
Z(Aa') Z(A) = ZO(A') T TZO(A) = ZO(A') Zo(A) = M(A n A")

since T*T‘= I because ,T is an isometry§ thus Z 1is an orthogonal
H.-s. measure. Moreoever, if f is a simple function, it is easy to
see that
(4.3.14) T ff(s)zo(ds) = Jf(s)Z(ds) .

S S
A simple passage to the limit shows that (4.3.14) is true for all

fe L2(S,S,r), hence

If(g,S)Z(dS) =T Jf(g,S)Zo(dS) = T(Yg) = X,

0

Our next result is a Hilbert-space version of Bochner's theorem

which is an extension of a theorem of Falb (1969).

Theorem 4.3.4. Let V : G » T(H,H) be weakly continuous. Then V

is positive definite iff it has the representation

(4.3.15) ' V(g) = j <a,g>M'(a)T(da)

6

for some strongly measurable function M' : G » T+(H,H).

Proof: If V(g) = f <a,g>M'(a)T(da), then for elements Bysveea8y of
B :
and hl”"’hn of H

107
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G

P
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Z Z (V(g;-g;)h; h,) =

f(a,g -8, )(M'(a)h h Jt(da)
i=1 j=1 i=1

1]
] M::t
n 1

LN
G'}>

n
Zl Zl(a,glxa,g ) 01 (b, )7 (de)
=1 j=

n
IDRCERUICINIRICORT
i=

. [
[P R o I ey

where B(a) is the positive square root of the positive operator M'(a).
Conversely, if V(g) is positive definite, then the function

g >~ (V(g)h,h) is'positive definite., Also

(V(g)h,h') = FL{(V(g)h*h' ,h+h') - (V(gh-h',h-h'))

+ i{(V(g)h+ih' ,h+ih') - (V(g)h-ih,h-ih)}]
so the function (V(g)h,h') is a linear combination of positive definite
functions. Thus there exists a complex measure LI of finite
>

variation such thét

(V(g)h,h') = I (a,g)uhh.(da) .

Now the map (h,h') - “hh'(A)v is a bilinear functional on H x H
for each fixed Borel set A and is bounded since Hpn is a positive

measure and

uhh(A) (6 = (V(h,h) < IIV(e)II | In]1?

Thus there exists a bounded linear operator M(A) such that
(M(A)h,h') = uhh,(A) for all Borel sets A and all h,h' ¢ H. Since

Hpnt is a measure, it is clear that M{A) is weakly éountabiy-additive,and
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M(A) is a positive operator for each A since Moh is a positive

measure. To see that M(A) is trace class for each 4 let {¢k} be

a c.o.n.s., for H. Then

(-

kZ§M(A)¢k’¢R) = L Voo @

= ] (V(e)ty )
kzl k*"k
= traée V(ej <,

Thus M(A) satisfies the requirements of Theorem 4.3;1,,and so there

exists a function M' : G > T+(H,H) such that

M(4) = JM'(a)T(da) .
A .
Hence (V(g)h,h) = J (d,g>(M'(a)h,h')T(du). But the integral
G
f(a,g) M! (a)ht(da) exists as a Bochner integral for all h.e H since

~

fH(«x,g)M'cu)hl‘Iu-ccda) ;Jllhllrcda) = |In]l©@) <=

G G
so V(g) = J(a,g)M'(a)T(da) in the sense of Remark 4.3.1. 0

A

G

With the aid of Theorems 4.3.2, 4.3.3 and 4.3.4, we can now easily -
prove the spectral representation of a stationary process with weakly

continuous covariance,

Theorem 4,3.5. Let Xg be a weakly continuous stationary process of

Hilbert-Schmidt operators. Then there exists an H.-S. orthogonal
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measure Z on the Borel sets of G such that

(4.3.16) : Xg = f(a,g}Z(da)
G
*
and Z (A)Z(A) = M(A) for all Borel sets A where M hie the measure

appearing in the Bochner representation of the covariance operator V

of the process Xg.

Proof: By Theorem 4.3.4, the covariance operator V has the represent-
ation (4.3.15) and thus by Theorems 4.3.2 and 4.3.3 the process has the
representation (4.3.16) and the measure 2 satisfies Z(A)*Z(A) = M(4).

g

We conclude this section w1th a few remarks on Payen's approach to
the spectral representatlon (4.3.16) which we. will use in sectlon 4.4,

Let M be the subspace of L (Q C) generated by the random Varlables
{Xgh : ge€G, heH. We may define an operator Ug by Ug(Xg,h) =
Xgig;h; Ug may be extended to a umitary operator on M. The family
of operators {Ug : g € G} constitutes a unitary group of operators,

which by Stone's theorem (see e.g. Hille and Phillips (1957) p. 598)

admits a representation

= f(a,g)E(da)

G

where E 1is a projection valued spectral measure on the Borel subsets

A

of G , and the integral is defined in the sense of Halmos (1951) p. 60.

Hence Xg = [(a,g > Z(da) where Z(A) = E(A)Xe since Xg = nge'
G
The measure M of Theorem 4.3.4 satisfies M(A) = X*E(A)Xe. _To see

this, consider the function (V(g)x,y) = (X* ng,y) (ngex,xey).
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(V(g)x,y) is the inverse Fourier transform of the measure uxy of

Theorem 4,3.3, and by Stone's theorem

‘(ngex,xey) = I(a,g)vxy(da)

G

(E(A)Xex,xey). It follows that vXy = uxy i.e. that

M(a)x,y) ¥x, y e H and so Xe*E(A)Xe = M(A) for all

where vxy(A)
(E(2)X x,X,Y)

Borel sets A,

Our final result is a lemma that will be useful in section 4.4.

C e cem om

7

Lemma”i.zfli Let f£f(a) be a bounded measuraBle'complex‘valued function

A

on G. Then
*
Trace Xe_If(a)ECda)Xe = [f(a)r(da).
Proof: It is enough to prove the lemma for the case f 2 0, since we

‘can then express a general f in terms of its positive and negative

parts and apply the result for positive f to obtain the proof of the

general case. First we prove the result for simple functions

n
£=]
i=1

cixAi . Then

n *
trace .Z cier(Ai)xé

trace X j £(a)E(do)X
e e
A i=1
G

n
= ] ¢; trace M(a,)
i=1

i

g
c.7(4,)
e e e . PRI

f £(o)T(da) .
G

Now let f be a positive bounded measurable function. There exists a
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sequence fﬁ of simple functions such that -fn‘:chvefges'to f
uniformly, and the éequence fh is increasing. (See e;g} Halmos (1950)

p. 86). Thus by monotone convergence

ff(a)r(da) -iim ffnta)r(a;)

G G

*
lim trace Xe {fﬁ(a)ﬁ(da)xe .
G

But

Q %

' *
|trace X, jf(a)E(da)Xe - trace X Ifn(a)E(da)Xe]
G G

|trace X:.j(f(a)-fan))E(da)Xel

| (X - [cfca) -£, (@))B (de)X ) |

| 1% ] Iys! | ]fca) -£ ()E(da)X ||

fia

< X Es! fo(a)-fn(a))ECda) H,

where }lAilu denotes the uniform norm of the'operator A on LZ(Q,C);

But ' .
H [(f(a)~fﬁ(a))£(doﬂ||u =-suglf(a)-fh(a)] +0asn+w
“ 0eG

: G
(see e.g. Halmos (1951) p. 62), so

n->o

* *
lim trace Xe jfﬁ(a)ﬁ(da)xe = trace Xe ff(a)E(da)xe
G G

which proves the lemma. ) a

4.4, Path Properties and Sampling of H-valued Processes.

In this section we generalize some of the results proved for complex
valued stationary processes in Chapter III relating to sampling and path

continuity. We will assume throughout this section
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that the procéss in question is indexed by the real line R, rather

than an arbitrary LCA group G, We first give definitions of path
continuity, and then generalize a result of Kawata (1969) to the H-
valued case. Finally, we show that a band limited H-valued process

satisfies a sampling theorem.

Definition 4.4.1., Let {x(t) : t ¢I# be a weakly continuous H-valued

stationary process, and {Xt :t e R} the corresponding process of
Hilbert-Schmidt operators. We will.say that x(t) has strongly contin-
uous paths with probability 1 if for almost all w , the function |
x(*,w) is continuous as a map from IR to H, If‘(x(-,w),h)H is contin-
uous with probability 1 for all h ¢ H, then we say that x(t) has weakly
continuous paths with probability 1. Clearly x(t) has weakly continuous
paths with probability 1 iff the complex.valued process Xth has
continuous paths with probability 1 for each h € H, 0

We now give a sufficient condition on a weakly continuous stationary
process x(t) for strong path contiﬁuity.A We rely heavily on a paper
of Kawata (1969). We first define a 'periodic" process based on x(t).
Let In = [2nw/T, 2(n+1)7n/T), and let E be the spectral measure in
Stone representation of the unitary group Ug introduced at the end of

section 4.3, Let Qn = E(In). Define

(4.4.1) X, (M = ] *™%/Tqx

n==ow

0
The series (4.4.1) converges in Hilbert-Schmidt norm since the Qn

are orthogonal, i.e. = § , and if {¢ } is a c.o.n.s. for H
nm ¢k
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s 27int/T v Yo
Z [le QX IIHS _z Z (QXotx> LXotklL «.,0)
- n=-» k=1 2
= vkz =Z ”ano kl ’L (Q C)
-7 [ 7 Q, Xy R
(4.4.2) | k§1 l L Q k' L,(2,C)

since the projections Qn are orthogonal. Since Z Qn =1, (4.4.2)

= =00

equals X IIXO¢kIIL (a,c) = trace XOXO

Theorem 4.4.1. Xt(T) converges to Xt in Hilbert-Schmidt norm as

T -* w.

. > 2
Proof: llxt(t)'xtlIHS

~ 2 ) 2 ~
X (M gg + 11X g = 2Re(X (T),X )y

and

( 2 e21r:'mt/T 2wint/T )

RRVE I e WXo

N= -0 = 00

z(ano QXodus

N= -0

.
lx, (]|

Z trace X;ano

= w0

[}

* 2
trace X X, = IIXtIIHS

i

. v 2mint/T
XX (M) = (] e mint/ QXysUeXo) s

= =00

v _-2mint/T *
) e trace X Q U X,

R0

E o-2mint/T

= =00

* .
trace X0 jeltAE(dk)Xo

I
n
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e-2wint/T Jeltlr(dl) (by Lemma 4.3.1)

1=t -~ I
n
v it (A-2m/T
= 7 ] it (A-2m/ )T(dk) .
= -0
I
n
Thus llxtcT)-xtllﬁ 2 ) [(l-cos t(A-2m/T))t(d))
n=-
In
°° 2 t
<2) f 2 sin E%-T(dk) 4T(IR)51n ET
o . NE= . )
I
n
2nm 2 7t
since 0 <1 - cos t(x - —Tr-) < 2 sin —F on I if T > 2|tl.
Thus IIXt - Xt(T)Ilgs converges to 0 as T » = , O

Now corresponding to the operators it(T) and Q X, we have H-valued
second order random elements x(t, T) and 5 , given by
»(ﬁ(t,T),h)H = X (T)h and (g h)H QX,h and the series

(4.4.3) 2 =1 e?mint/ Ty

= =00

converges in LZ(Q,H) norm.
We wish to prove that the series (4.4.3)‘cbhverges uniformly in
H-norm with probability 1, under certain conditions. It is enough to

prove that E( ) IIEnIIH) < » , If there exists an even function

n=-w
g : R> R which increases for t > 0, satisfies g(0) > O, Zg(n)
n=0

and jg(A)T(dAi< = then

-0

8

E Eo””n” < (0 e&EH™ (chz’“’)allz 1%

'
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(.nZO' an) ) ( Z 3(22“] trace XOQnXO)

( Z G ¢ Z gBBTyr(1_ 3

A

¢ JeEH) [emr@n <=
n=0 0

Also
-1
BT el ) 2 b gczfn*l)“ y (3 g BT (1 y)
N=ww n=-« » = —00
0 «
< ( 2 g BB [er@) <o
N= =0 o0 ‘

o £ |lg ]l <

]

Hence if such a g exists, x(t,T) has almost all paths strongly
continuous. .
The proof of the next result is the same as the corresponding result

of Kawata (1969).

Theorem 4.4.2, Let {x(t) : t € R} be a weakly continuous stationary

H-valued process. If there exists a function g(A) that is positive,

even and increasing for A 2 0 satisfying

i) Jegm?
n=1
and o
(ii) [ g)t@dr) < =

then x(t) has almost all paths strongly continuous.

Proof: By the above remarks, the processes i(t,zk) have strongly
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continuous paths. By copying the proof of Kawata's theorem 9

we see that as k + « , i(t,zk) tends uniformly to x(t) on every
compact interval with probability 1, and hence x(t) has strongly

continuous paths.

Definition 4.4.2. Let {x(t) : t ¢ R} be an H-valued weakly contin-

uous stationary process. Let Xt be the corresponding operator process
and Ut the unitary group associated with the Xt. If the spectral
measure M of Theorem 4.3;2—15 concentrated on a bounded set, we shall
say that the process Xt is band-limited. Equivaléntly, if the

_ spectral measure E in the Stone representation of the unitary group

Ut is concentrated on a bounded set, then xt is band limited.
-0

Our next theorem shows that the sampling expansion (3.2.2) is valid

for H-valued processes.

Theorem 4.4.3. With the notation of Definition 4.4.2, if E is

concentrated on the interval [-W,W] then

o] s efiery

kzaw

the series (4.4.4) converging uniformly in Hilbert-Schmidt norm for

o> W;

oo

(4.4.5) x(t) = ] x(kn/a)

= =00

sin a(t-kn/a)
aft-kn/a)

the series (4.4.5) converging in H-topology with probaﬁility 1 uni-
formly on compact sets for o > W. Finally, the paths of x(t) are

analytic with probability 1.
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X - z sin a(t-kn/a)
t ~ Lt ke attka/a) | us

Proof: Consider

sin a(t-kn/a) '

n
- (4.4.6) = ‘Ut - k=§n”kn/a a(t-kn/a) u"xpliﬂs
_ .
i Now W
©oon . . oon . .
sin a(t-kn/a) _ it ikmA/o sin o(t-kn/a)
Uy 'kZ Ykn/o attkn/a) - f(e - le a(tkn/a) B (@M
=-n W n=-n
SO
n .
IIU - Z U sin a(t—kn/u)l
t s kn/a a(t-kn/a)||u
=-n
X n . .
(4.4.7) — eltA_ z elkﬂx/a sin a(t-iw/a)
-W<AsW k=-n a(t-kn/a)
Now e r? is an entire function of exponential type |A| so by a result
of Piranashvili (1967) |
Jith g oikm\/a sina(t-kn/a) | _ Ko
=-n o(t-kn/a) | = (a-[A]{)n
for all t and some constant K, Thus the left side of (4.4.7) is
less than
Ko Ka
4.4,.8 =
( ) -w222w (a-{A[)n = (o-W)n
Thus by (4.4.6) and (4.4.8) the series @#.4.4)converges in H.-S. norm.
n
_ sin a(t-kn/a)
To prove (4.4.5), let Y (1) -kz-nxkﬂ/a attkn/a) - Then
© 2 o 2
Ko, 2 1
[ - n ]2 57 2 fug| [Py <o
s n=1li P thys Th=1 ¢W 1700 yg 42 ’
o n . 2 had 2
t-kn/a)
. B T ||x) - ) x(kn/o)3nel Il =7 ‘x -Y (t)’, < o,
n=l k=-n (t-kn/a) |[|H ne1 t n HS




, 119
Hence the series (4.4.5) converges in H-topology with probability one.

The convergence is uniform on compact sets since the convergence of

the series [ [[X,-Y (t)]|3, is uniforn. Finally, the analyticity of
n=1

the paths can be established by the methods of Belayev (1959) as in

the case of complex valued processes. ' , 0



 APPENDIX
" SOME FACTS FROM ABSTRACT HARMONIC ANALYSIS

A.1. LCA Groups. A topological group is a Hausdorff space G that
is also a group, where the group structure and the topology are related

by the requirement that the maps (gh) 2 g*hapnd g~ -g be continu-

R e A

ous. If G 1is locally compact as a topological space and abelian as
a group, it is an LCA group. All groups considered in this work are LCA,
the binary operation is always written + and the inverse of g € G

is written as -g. The symbol e will mean the identity of G.

A.2., Characters. Denote by & the set of all complex homomorphisms

o of G such that o is continuous and |a(g)| =1 ¥ge G. Follow-
ing Rudin (1962) we have throughout denoted the value of a at g by
<a,g>. It is clear that <a,e> =1 Vace é . If we défine a binary 4

~

operation + on G by

(o + B.8) = (4.8)(B.8) »
é is an abelian group with idehtity the constant homomorphism 1,
and the inverse -a of a'iS’given by (“d,g> = <Ej§> .
;é}-;*i,.ﬁfs;%lls!g; the character group (ox dual group) of G, its

A
elements are characters. It is possible to define a topdology on G

in such a way that G becomes an LCA group.

120
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