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Summary and Introduction.

The joint distribution of the characteristic roots of the quotient
of two matrices (in the sense of one matrix times.the‘inverse of the other)
was obtained under the null hypothesis and, up to a certain point, under
the non null hypothesis, by & number of workers in the late thirties and
during the forties [Tl,3_7, as part of an attempt to solve certain inference
problems in multivariate normal distributions, including, in particular,
those of testing (i) the hypothesis of equality of two dispersion matrices,
(11) the hypothesis of independence between two sets of variates and (iii)
multivariate linear hypothesis. It is well known that the three sets of
characteristic roots connected with the three problems mentioned just now
have, under the respective null hypotheses for (i), (ii), (iii), the same
form of Jjoint distribution, but have different forms of Jjoint distribution
under the respective non null hypotheses [Tl,j_]. Under the case (iii),
there are two subcases, namely (a) u < s and (b) u > s, where u denotes
the"effective number of variates" and s the "components of a linear hypothesis"

(for example, the number of treatment contrasts), both phrases (3,57 to be
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explained in the next section. While the two sets of characteristic roots
for the two subcases (a) and (b) under (iii) have the same form of joint
distribution, it is also well known that by most methods of derivation,
the distribution for the subcase (a) is considerably eagier to derive than
for the subcase (b). For example two alternative methods of deriving the
distribution for the subcase (b) are given in /3 /, but even the shorter
of the two is lengthier and more involved than that for (a). Given the
distribution for the case (a), this paper offers a method of throwing back
the distribution for the case (b) on that for the case (a) under both the
null and the non null hypothesis by using certaln arguments that are remi-
niscent and, in a sense, a generalization of the simple reasoning by which
Fisher [T 2;7 threw back on the F-distribution, the distribution of what
was essentially Hotelling's T2, at a time when he was not aware of Hotelling's

prior derivation of the distribution by a more formal and elsborate method..

2. Preliminaries.

The model for multivariate linear hypothesis / 3,5 7. Letpi; = ZT%l %é"'%h;7p
be n independent N [3 (x,), Z _/, vhere £ is an unknown symmetric p.d.

PX Dxp
matrix of parameters called the population dispersion matrix, and the

expectations are given by

(2.1) g(x') =n /4 A, 7 SN ,
nxp r m=r §2 m-r
where A = Zf Al : A2 ;7 n is the structure matrix given by the design
nxm r m-r

of the experiment and what is usually called the model by experimental

&l T
mxp §2 M- ?

statistically and ¢
p



Al is a basis (not necessarily unique) of the matrix A. It is also

assumed that rank (A) =r <m < n, and r < n-p.

The multivariate linear hypothesis 1:3,5;7. Under this model the hypothesis

;H?o to be tested and the alternative{gﬂ against which it 1s supposed to

be tested are supposed to be given by

(2.2) g}g%; s Z:-ﬁi: g?r 7 3 (rxp) W

g, (@Tep) | PO

L}
(@]

against

% :[01:02_7 £, W#O= }1 (say),

sxu
t2
where f})  1s assumed to be a "testable" /3,5 ] hypotheses for which a

necessary and sufficient condition is that

(é.}) rank [A_/ = rank /[~ g _/, vhere ¢ = [ C, & G, 7 s..
sxm r- mfr

It is assumed that rank /C/ =s < r, and rank /W / = u < p. The given
matrices C and W together are called the hypothesis metrices; u is called
the 'tffective number of variates" and s the “"number of components of the
linear hypothesis." In many problems u=p, in which case, W will disappeer
if we post multiply both sides of (2.2) vy Wt [ potice that in tﬁis case,
if u=p, W will be non-singula§:7.b A partition of A into Al and Ae induces
& partition of/%légzg §é and that in turn induces & partition of C into Cl
and 02. No matter whether we use the A criterion, or the largest root

criterion or the sum of the roots criterion the test will come out in terms

of two matrices which play a pivotsl role and are given by

(2.4) sS* = W'XQ

X' W; (p-r) § =W'XQ X' W,
uxu ¢A(o uxu

error



where Q and Qerror are nxn matrices‘(called respectively the matrices
o ,

due to the hypothesis and the error) and are given 173,5;7 in terms of

Al and Cl’ and shown to be invariant under the choice of a basis Al for A

and a consequent choice of C1 from C. The matrices S* and S themselves
sample
might be called respectively the,ﬁispersion matrices due to the hypothesis

and to the error. 5% and S are symmetric maetrices, S being, almost every-
where, p.d. and S* being, almost everywhere, at least p.s.d. of rank t=min
(u,8). Each of the three tests mentioned above comes out in terms of the

characteristic roots of [;S*S-{]; except that for the A criterion the primi-

sS*+n-rS
s+n-r

course, can be expressed in terms of the roots of / S¥ g™t _/. For the

tive form is one in terms of the roots of [;é ( 7, vwhich, of

two other tests, though not for the A criterion, the Jjoint distribution

of the roots becomes an indispensable first step toward the test construction. .
Almost everywhere, the number of positive roots of [:§*3'1_7 is equal to

t=min (u,s), the other u-t roots being zero, so that, if u < s, all the

roots are positive. The two subcases (a) u<s and (b) u > s, are thus

seen to arise in a natural manner. Under the non null hypothesisé}{ the

sampling distribution of these roots (and hence the power of anyone of the

three tests mentioned) involves as parameters, aside from the degrees

of freedom u,s and n-r, a set of "noncentrality parameters" §l§2...§
given by the positive roots of
1 = 1 o -1
(2:5) V) LAy A"y 7 7 ,
where ﬂ u is a set of "deviation parameters." These roots again are
invariant under a choice of Al (and of Cl). For the distribution of the ‘



-1 .
roots of /[ % S~_/ (to be called cl,ce,...,ct) we have, as a starting

point, the distribution of the canonical matrices Z¥ [= (Z*{ J)J and

uxs
L= (2;;)_7, given by
uxn-r

(2.6) const exp / -3 ¢ tr 2%¥ + tr z2'+ z eZ/j 2 7az*dz,
vhere the roots of ZTS*S'¥;7 are the same as of —— [IZ*Z*')(ZZ' )t 7

In this paper, assuming that the distribution of the u (positive roots) is
known for the case u < s, we shall show how the distribution of the s
(positive roots) for the case u > s, can be thrown back on the former case.
This is done by tying up the distribution for both cases with the distri-
bution of roots for the problem (ii) of‘independence between two sets of

variates.

3. Independence between two sets of variates.

For independence between a p-set and a g-set (with a p+q multivariate
normal distribution), given a'sample of size n* > p+q, we are concerned with
the joint distribution of & set of p roots (ci, cg, cees c;) which can be
expressed / 3,4 ]/ as the characteristic roots of ZTUU’(VV')-1;7 where

U Z:(uij) 7, v__ [T=(vij)_7 and T (a trianguler matrix with positive
pxn-q qxq
diagonal elements and zero upper off diagonal elements) are canonical

matrices having the distribution

_ P aq e I 4 p no¥* 2\ -
(3.1) comstexp /[ -3(Z = (u - 7thij) +Z = t3+ £ = vij)_/
i=1 j=1 1=1 j=1 1=l j=q+l1
X dUdv 7( £t an,

i=1



6

2
where 743 = P4 / /1-p] = 74 (say), for § =1, 2, ..., 1and i =1, 2,
++eey P; 8and = 0, otherwise. The p?'s are the characteristic roots of
-1 -1
Zlel 812 222 212_7, where the symmetric p. 4. population dispersion
matrix for the (p + q) set of variates is given by

(3.2) [— Z,, 2o P
z = .
z z q
L 12 22
Y q
It may be noted that if
S = s
8! S q
12 22 J
b q

is-the sample dispersion metrix, then denoting by & 's the‘squares of :

'“thersample canonical coxrelation coefficients, given by the characteristic -

-1 -1,
roots of /8,7 S, S, 812_7 , we have that
(3.4) ck = ei/ (1 - ei) (i=12,2, ..., p)

i
and hence of c§ 's are positive, and for the joint distribution of these

We observe further that if p < q, then, almost everywhere, all p of e 8

roots we can start from (3.1) as the canonical form. On the other hand,
if p > q, then while the form (3.1) would be still permissible, another
canonical form would be more convenient. To obtain this second canonical
form we first observe that even if p > q, the positive roots of

[—S-l s st Si9_7 are the same as the roots (all positive, almost

11 "12 22
-1

everywhere) of [TS'I 8, S11

the distribution problem of the roots as expressed in terms of the

810 _/. To obtain a canonical form for
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latter matrix, we reverse the roles of the p-set and the g-set and end

up with the joint distribution of canonical matrices. 2% Z; (ulijl7’
q

V. [=(v,..) /end T , given by
— 1
an}p 11 PXp
(3.5) [ % 5 3 ( )2 g é +2
3.5) constexp |- Z &£ (u - Yags baas + +
1=1 j=1 11 11§ 115 1=1 j=1 1iJ

¢ n - *_
£ = Viij},} au, av, ?T t2.: ar,
=1 J=p+l 1=1

where y,, = p,/ /1-p§ =7, (say), for y=1,2, ..., 1end1i=1, 2, ...,
q; and = O otherwise. Notice that pi are the characteristic roots of
zfz'l gt gl .5 _/ , and the positive roots of this matrix are the

22 Tly T1l1
same as the positive roots of [—Eii z Z'l 2i2_7 which would Justify

12 22
using the same symbol Py for both cases. Thus,if in (3.1) p > q, then
for the distribution of the positive characteristic roots of /UU' (VV')'¥;7
of (3.1), we use the canonical form (3.5), after having observed that
the positive roots of / UU' (VV')'1;7 are the same as those of
Z_U U' V V' 7 and with the same multiplicity. Almost everywhere,
all roots of the latter matrix are positive. This means that if, start-
ing from (3.1), we obtain, as we can, the distribution of the roots of
[uu (v V')-¥;7 (21l positive, almost everywhere) when p < q, then all
we have to do to obtain the distribution of the positive roots of this
watrix when p > q, is to take the first distribution and replace p by q,

* *
gbypand n -q by n -p.

L. Tie-up between the problems of sections 3 and k.

Comparing (2.6) with (3.1) we observe that both on the null and

* -
the non-null hypothesis <the distribution of the roots of [E*Z (z 2') _7
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is the same as of the conditional distribution, given T, of the roots of
U (v v')'1_7, if we put p = u, q = 8, n*-q =n-r, t,, =1, tij(i#J) =0
and 744 = Ci. This is otherwise obvious, once we obtain from (3.1) the
unconditional distribution of T. This unconditional distribution is ob-
tained by observing that the elements of U and V vary from -oo to +oo,

and, integrating these out, we obtain, for T, the distribution
i *

z %7 Tt 7,7t ar.
J=1 i=)

* % -
Hence, the distribution of the positive roots of Z_Z Z (2 2') l;7 will

q
(4.1) constexp [ -3 =
i=1

be the same as the conditional distribution, given T, of the positive
roots of /U U' (V V')-¥;7, after proper identification between the two
sets of parameters and proper specification of the elements of T, held
fixed. The conditional distribution of the positive roots of /U U'(V V')'¥;7
again will be the same as the conditional distribution of the roots (all
positive, almost everywhere) of Zﬁi Uy (Vl V:'L)-l . Hence it is obvious
that if, starting from (2.6), we obtain, as we can, the distribution of
the roots of Zﬁ Ut (v V')'l_7, when u < s, then, to obtain the distribu-
tion of the positive roots of the same matrix, when u > s, all we have to
do is to take the first distribution and replace u by s, s by u and n-r
by n-r-u+s; this replacement follows if we recall the nature of the tie-
up between the problems of section 2 and section 3. We have, for the
first case (p <q, u< s), p=u, q =8, n*-q = n-r, i.e., n* = n-ri4q =
n-r+s. This n* is to stay the same for both cases of section 3. Also
for the second case (p > q; u > s), again, p = u, q = s; if now for this

* *
second case we put n -p = n-r-u+s, then it turns out that n = n-r-uts+p

*
= n-r-u+s+u = n-r+s, which is a consistent result in that n should be



the same for both cases of section 3, and n-r+s should be the same for both
cases of section 2. Thus, if we relate the tie-up between the distribution
problems of the two cases of section 3 to the tie-up between the distributions

of the two cases forsection 2 we observe that

(4.2) [p—>q; q—>p; n* => n* / <> [u —> 8, 5 —> u, n-r —=> n-r-uts_J.

Special Cases. Consider,as e special casg s = 1 in section 2. We have, for

the single positive root, Hotellings T2 and, by the tie-up between the problems
of sections 2 and 3, the distribution of Hotelling's '1‘2 is the same as the
conditional distribution of the F-transform of the square of
the multiple correlation of a u-set and & l-set, that is, of a l-set and
a u-set, which is the usual F-distribution. Thisiwas essentially the argu-
ment used by Fisher. Notice that here the chain is (u >s8) —> (p 3>q)—>(qsq),
and we stop at the third stage and utilize the well-known F-distribution. This
works when s = 1. However, when both u and s are greater than 1 the chain
that we use is (u >s8) —> (p > q) — (p < q) —> (u < s).

We might conclude by giving another example [Tl,}_]: In section 2,
under;kg; the distribu:ionlof the roots for the case u < 8, is given by

u ¢, _:g:_ dci

(4.3) comst T Tr(ci-

C
a . 8 \A=-T+8§ 37
i=1 (1.n_r i 3 i>j

Hence under;){; the distribution, for the case u > g, will be given by

(0<e, <... Se, < ).

1
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u-s-1
s ci 2 dc1
(4.4) const ;{g. o E TR ;Zg(ci-cj), (0 < e; £ o0 Se < ©).
- n-r-u+s 1’ 2

Both results are, of course, well-known,

5. Concluding remarks.

It will be seen that in throwing back the second case of section 2 on
the first case the argument that is used is basically very simple. Most
of the space in this paper has been taken up just to explain the background
of the pivotal distributions (2.6),(3.1) and (3.5). If these pivotal distri-
butions and their background were better known and could be taken for granted,
then section 4, or rather the part of it that precedes the two illustrations,

is all that is needed for the derivation of the distribution for the case uws.
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