
 

 

ABSTRACT 

Baird, Brian Wray. Refining Chlorophyll-Nutrient Relationships across the U.S. Considering the 

Effect of Depth, Nutrient Enrichment, and Temperature. (Under the direction of Dr. Daniel 

Obenour). 

 

Lake eutrophication is a significant challenge for water-quality management across the world. 

Many management strategies focus on reducing nutrient inputs, but other environmental factors 

can substantially influence nutrient-algal relationships. While there have been various large-scale 

studies assessing how different lake characteristics impact eutrophication, there remains a need 

to integrate these factors into a comprehensive model.  In this study, we refine chlorophyll-

nutrient relationships across the conterminous United States (CONUS) by considering auxiliary 

variables (e.g., temperature, lake depth, nutrient enrichment) within a Bayesian hierarchical 

framework. We leverage over 4000 sampling events of 2755 different lakes from the National 

Lakes Assessments (US EPA, 2007-2022) to inform model development. We first consider 

auxiliary variables independently, exploring how they influence the intercept, slope, and critical 

nutrient ratio (nitrogen:phosphorus) in a regression to predict chlorophyll based on the limiting 

nutrient. Next, we integrate significant auxiliary variables into a comprehensive model for 

chlorophyll prediction. Results indicate an increase in the critical nutrient ratio in relation to 

increased lake depth, and an increase in the slope of the regression in relation to temperature.  

 We apply the model to map summer nutrient limitation and find similar percentages of CONUS 

lakes experience strong nitrogen and strong phosphorus limitation, with slightly more lakes 

indicating phosphorus limitation. These proportions, however, varied substantially across 

different regions. Our model can serve as an effective tool to aid water resources management, 

particularly at large spatial scales. 
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1.0 Introduction 

Algal blooms in aquatic systems cause many adverse effects. Harmful algal blooms (HAB) 

impact the ecosystem by increasing animal morbidity and mortality rates both directly (e.g., 

producing harmful toxins that lead to poisonings) and indirectly (e.g., dissolved oxygen 

depletion leading to large fish kills) (Anderson et al., 2002; Backer et al., 2015; Carmichael & 

Boyer, 2016). Algal blooms can also cause many negative health effects in humans such as 

dermal, gastrointestinal, or respiratory illnesses through the consumption of poisoned organisms, 

inhalation of toxins, or direct contact with water affected by the blooms (Backer et al., 2015; 

Grattan et al., 2016; Lad et al., 2022). The direct impacts from harmful algal blooms often lead to 

economic losses as well (Sharma et al., 2014). Not only are the effects adverse, but the 

occurrence of harmful algal blooms globally have been increasing in recent decades due to 

various anthropogenic and climatic factors (Fang et al., 2022; Huisman et al., 2018).  

 

The development of national and international databases on algae and water quality have made it 

possible to explore potential HAB drivers over large spatial scales. Large-scale models have 

been developed to quantify underlying relationships between algal abundance and driving 

factors, assess spatio-temporal trends in algal bloom occurrence, and inform water management 

strategies in lakes across the world (Qin et al., 2020; Quinlan et al., 2021; Zhao et al., 2023). 

Within the United States, large-scale models have been developed to determine the effects 

nutrients, lake and watershed characteristics, meteorological conditions, and other potentially 

influential factors have on algal concentrations. These studies have found that nutrient 

concentrations (primarily nitrogen and phosphorus) are the driving factors behind algal 

production, but other factors such as temperature, lake depth, trophic status, and precipitation can 
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be used to further enhance the predictive power of models (Brehob et al., 2024; Ho & Michalak, 

2020; Liang et al., 2023; Yuan & Pollard, 2014). Large-scale studies have also been used to 

show the convergence of US lakes towards a eutrophic condition over recent decades 

(Fernandez-Figueroa et al., 2024), enhance the prediction of harmful toxins produced by algal 

blooms across the country (Taranu et al., 2017; Yuan & Pollard, 2017), and depict 

spatiotemporal variation in chlorophyll production and nutrient limitation (Rock & Collins, 

2024; Wagner et al., 2011).  

 

Much historical algal modeling literature focuses on Liebig’s law of the minimum, which states 

that an organism’s growth is limited by the scarcest essential resource rather than the total 

amount of resources available (de Baar, 1994; Saito et al., 2008). In reference to algae, this 

principle becomes most relevant when assessing chlorophyll-nutrient relationships (i.e., the 

effects of nitrogen and phosphorus availability on algal abundance). Intuitively, this suggests any 

excess of nitrogen (N) in a phosphorus (P)-limited system or excess of P in an N-limited system 

would have minimal marginal impact on algal accumulation. Nutrient limitation is identified in 

relation to a critical N:P ratio, which represents how much nitrogen is needed in relation to 

phosphorus to support algal accumulation (Dolman & Wiedner, 2015). When observed N:P 

ratios are higher than this critical N:P ratio, the waterbody experiences P-limitation, and when 

observed N:P ratios are lower than this critical N:P ratio, the waterbody experiences N-

limitation. Knowing the limiting nutrient enables water resource managers to identify what 

nutrient reductions will be most beneficial (Liang et al., 2020; Moon et al., 2021). However, 

most large-scale studies do not incorporate the law of the minimum directly. When nutrient 

limitation is incorporated, many studies assume a constant critical N:P ratio that is based on 
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typical values observed in freshwater and marine systems worldwide (Guildford & Hecky, 2000; 

Naderian et al., 2025; Qin et al., 2020).  

 

In contrast to many large-scale algal studies, Dolman and Wiedner (2015) utilized a limiting 

nutrient model that provides unique insights into chlorophyll-nutrient relationships over large 

spatial scales (Dolman & Wiedner, 2015). This study utilized Liebig’s law of the minimum in a 

novel approach that included calibrating a critical N:P ratio to observed data. This enabled the 

defining of lakes as nitrogen or phosphorus limited based on comparing the observed N:P ratio to 

the model’s calibrated critical N:P ratio. This approach found that different lake datasets yielded 

different critical N:P mass ratios, ranging from 16 to 25 (when using total nutrients). 

Furthermore, this model was able to determine the frequency and seasonal patterns of nutrient 

limitation for algal accumulation for a variety of different lake types (Dolman et al., 2016).While 

this study provided helpful insights into chlorophyll-nutrient relationships in lakes, it did not 

consider how other factors aside from nutrient levels could impact the critical N:P ratio and 

overall chlorophyll levels.  

 

Despite the benefits offered by a limiting nutrient formulation, many large-scale models have not 

adopted this approach. A limiting nutrient formulation results in non-linarites that cannot be 

readily accommodated within conventional regression approaches, and it cannot generally be 

imposed by more flexible machine learning approaches. This is where the employment of a 

Bayesian modeling approach becomes potentially beneficial. Bayesian approaches allow for 

obtaining probabilistic parameter estimates (e.g., critical N:P ratio) and predictions for 

increasingly complex models by leveraging both informative datasets and prior knowledge 
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(Katin et al., 2021). Bayesian models have successfully been used for various purposes within 

the field of surface water quality such as predicting the mass N:P ratios of phytoplankton (Yuan 

& Jones, 2022), quantifying phosphorus sources in watersheds (Karimi & Obenour, 2024; Wei et 

al., 2024), and predicting seasonal nutrient and chlorophyll concentrations (Del Giudice et al., 

2021; Jackson-Blake et al., 2022). 

 

In this study, a Bayesian regression approach was used to model relationships between algae 

(chlorophyll) and total nitrogen and phosphorus in conterminous United States (CONUS) lakes 

based on Liebig’s law of the minimum. In addition, we assessed how chlorophyll-nutrient 

relationships are potentially mediated through auxiliary factors (i.e., lake depth, nutrient 

enrichment, and temperature). First, models were developed to determine how regression 

parameters (i.e., intercept, slope, and critical N:P ratio) may vary across different bin ranges for 

the auxiliary variables. Then, a final model was developed to integrate the combined, apparent 

effects of multiple auxiliary variables on algal production. Model output was used to assess if the 

critical N:P ratio varies substantially across CONUS lakes. Furthermore, the model was used to 

investigate what CONUS lakes are most likely to experience strong N- or P-limitation. 
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2.0 Methodology 

2.1 Data processing 

Models were created using data from EPA’s National Lakes Assessment (NLA) for the years 

2007, 2012, 2017, and 2022 (U.S. Environmental Protection Agency, 2010, 2016, 2022a, 2024). 

Each NLA year includes an abundance of data on lakes, ponds, and reservoirs across the 

conterminous United States (CONUS), which were collected and analyzed using generally 

consistent methods (U.S. Environmental Protection Agency, 2022b). The primary NLA data 

used for model formulation were chlorophyll-a (chl-a) concentration, total nitrogen (TN) 

concentration, total phosphorus (TP) concentration, and water temperature in the surface layer 

(upper 2 m), as well as water depth at the sampling location. Sampling was generally targeted 

toward the center or deepest portion of each lake. The combined dataset contained over 4000 

sampling events across 2755 CONUS waterbodies. Data were collected from May-October with 

a great majority of collection occurring from June-August (Section SI 1.1), and thus represent 

warm conditions, referred to as “summer” in this study, for brevity.   

 

The data were processed and analyzed using R version 4.4.1 (R Core Team, 2023) in RStudio 

(RStudio Team, 2020) utilizing various R packages (Garnier et al., 2023; Koenker, 2023; Landis, 

2022; Wickham et al., 2019). Exploratory assessment of the data included the development of 

histograms and other visualizations (Figures SI 1.1.1 – 1.1.3), and it was determined that outlier 

removal was appropriate, particularly for chl-a, TN, and TP. Outlier removal was primarily 

conducted using an interquartile range approach, such that 94 of the original 4242 observations 

(2.2%) were removed from the dataset (Section SI 1.1). Maps of the data used in this project 

were created using ArcGIS Pro (Esri, 2024) (Figure SI 1.1.4).   
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2.2 Algal models based on nutrients alone 

Models were created using the structure shown in equations 2.2.1 and 2.2.2, where a is chl-a 

(µg/L), TN is total nitrogen (µg/L), TP is total phosphorus (µg/L), LN is the limiting nutrient in 

phosphorus equivalents (µg/L) for a waterbody, and 𝛽 terms are parameters fitted through 

Bayesian inference. In most cases, variables were log-transformed, consistent with physical 

expectations and statistical considerations (Faraway, 2015; Ott, 1990). 

ln(𝑎) =  𝛽0 + ln(𝐿𝑁) ∗ 𝛽𝐿𝑁 + 𝜖𝑙 + 𝜖𝑠 Eq. 2.2.1 

𝐿𝑁 = min [𝑇𝑃,
𝑇𝑁

𝛽𝐶𝑅
] Eq. 2.2.2 

In this model, 𝛽𝐶𝑅 represents the critical nitrogen to phosphorus (N:P) mass ratio described in the 

introduction, 𝛽𝐿𝑁 represents the slope, and 𝛽0 represents the intercept.  Note that because 

nutrients and chl-a share the same units (µg/L), slope coefficients are unitless in this study.  

Finally, 𝜖𝑙 is a normally-distributed (on the log scale) lake-specific random effect (RE), 

𝜖𝑙~𝑁(0, 𝜎𝑙), and 𝜖𝑠 is the sample-specific model residual, 𝜖𝑠~𝑁(0, 𝜎𝑠). This hierarchical 

formulation (Gelman & Hill, 2006; Qian et al., 2010) addresses the fact that 949 (34%) lakes 

include multiple samples across the four NLA years. 

 

To compare the limiting nutrient approach to a more conventional regression approach, 

additional models were constructed where nutrient contributions are additive on the log scale. 

When back-transformed to the original scale, the nutrient effects become multiplicative, and so 

we refer to this as the “multiplicative” nutrient formulation, for brevity. The multiplicative model 

has the following structure:  

ln(𝑎) =  𝛽0 + ln(𝑇𝑁) ∗ 𝛽𝑇𝑁 + ln(𝑇𝑃) ∗ 𝛽𝑇𝑃 + 𝜖𝑙 + 𝜖𝑠 Eq. 2.2.3 
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2.3 Algal models including individual auxiliary variable 

To assess how algal-nutrient relationships may vary with other lake characteristics, the 

coefficients described in equations 2.2.1-2.2.3 (e.g., 𝛽0, 𝛽𝐿𝑁, 𝛽𝐶𝑅 for Eq. 2.2.1.) were allowed to 

vary across different ranges (i.e., ‘bins’) of auxiliary variables.  The auxiliary variables were 

motivated by previous studies (see Introduction) and included depth, temperature, and nutrient 

enrichment, all from the NLA datasets. In this study, nutrient enrichment was expressed as a 

“nutrient enrichment index” (NEI) determined by averaging the standardized natural logs of TN 

and TP concentrations for each observation (i.e., averaging the z-scores of TN and TP on the 

natural log scale for each observation). The means and standard deviations associated with this 

standardization process were 3.7 ln(µg/L) and 1.3 ln(µg/L) for TP, and 6.5 ln(µg/L) and 0.9 

ln(µg/L) for TN, respectively.  

 

We initially developed an individual model for each auxiliary variable, where all coefficients 

were allowed to vary hierarchically.  Specifically, each model coefficient (𝛽𝑋) was allowed to 

vary across five bins (j), where each bin contained a quintile of the dataset, ordered based on the 

auxiliary variable under consideration.  Bin-level coefficients were constrained by a 

hyperdistribution with mean 𝜇𝑋 and standard deviation 𝜏𝑋, such that 𝛽𝑋,𝑗~N(𝜇𝑋, 𝜏𝑋).  In the case 

of Equations 2.2.1 and 2.2.2, the revised hierarchical formulation is as follows: 

ln(𝑎) =  𝛽0,𝑗 + ln(𝐿𝑁) ∗ 𝛽𝐿𝑁,𝑗 + 𝜖𝑙 + 𝜖𝑠 Eq. 2.3.1 

𝐿𝑁 = min [𝑇𝑃,
𝑇𝑁

𝛽𝐶𝑅,𝑗
] Eq. 2.3.2 
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For each individual auxiliary variable (IAV) model, we examined patterns in the bin-level 

parameters (relative to the auxiliary variable under consideration).  Furthermore, we statistically 

assessed the distinguishability of the bin-level parameters of the two end bins (i.e., 𝛽𝑋,1 and 𝛽𝑋,5) 

by determining the probability that the bin-5 coefficient exceeds the bin-1 coefficient (based on 

Bayesian posterior samples, described below).  Probabilities greater than 97.5% and less than 

2.5% indicate that the 95% credible interval for the difference between the two end-bin 

coefficients does not include zero. In this case, the auxiliary variable was generally considered to 

be significant in mediating algal-nutrient relationships. 

 

2.4 Algal model with multiple auxiliary variables 

Finally, we constructed a comprehensive model including multiple auxiliary variables (i.e., the 

MAV model). To avoid excessive binning and over-parameterization, we developed 

relationships between the auxiliary variables and the primary model coefficients 

(e.g., 𝛽0, 𝛽𝐿𝑁, 𝛽𝐶𝑅) using linear formulations: 

𝛽𝑋 = 𝛾0 + ∑ 𝑤𝑘 ∗ 𝛾𝑘

𝑚

𝑘=1

 Eq. 2.4.1 

Here, each 𝛽𝑋 is represented as the linear combination of m auxiliary variables (𝑤𝑘) with 

coefficients, 𝛾𝑘 and 𝛾0 as an intercept.  We initially included all of the significant auxiliary 

variables identified in the IAV models (described above).  Most auxiliary variables were log-

transformed to help linearize these relationships. Finally, for parsimony, any auxiliary variables 

that were found to be both insignificant (i.e., 95% credible interval for associated 𝛾𝑘 included 

zero) and without a clear mechanistic foundation were pruned from the MAV model using 

backward selection (Faraway, 2015).  
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Bayesian inference for model parameters was conducted using Markov Chain Monte Carlo 

(MCMC) implemented via the Nimble and Coda packages in R (Plummer et al., 2006; Valpine et 

al., 2024).  Given the large dataset available for model fitting, we decided to primarily use 

uninformative priors (wide normal or uniform distributions). For the critical ratio, 𝛽𝐶𝑅, a vaguely 

informative prior was selected considering previous research related to the critical ratio (Dolman 

& Wiedner, 2015; Guildford & Hecky, 2000). A list of priors used in the development of all 

models can be found in Table 2.4.1.  
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Table 2.4.1. Model parameters and priors. The second column indicates in which models each 

parameter is used.  IAVL and MAV refer to the individual and multiple auxiliary variable 

models, respectively, both using a limiting nutrient formulation.  IAVM denotes the IAV model 

with a multiplicative nutrient formulation. The MAV parameter rows include all coefficients 

used in Eq. 2.4.1. Units designated as “various” are either unitless or ln(µg/L), depending on the 

corresponding parameter.  Note that SD indicates standard deviation.  *For the critical ratio, we 

use a prior centered on 20 rather than zero. 

Parameter Models Units Prior 

Intercept, β0 IAVL, IAVM ln(µg/L) N(0, 10) 

LN slope, βLN IAVL unitless N(0, 10) 

Critical ratio, βCR IAVL unitless N(20, 5) 

TN slope, βTN IAVM unitless N(0, 10) 

TP slope, βTP IAVM unitless N(0, 10) 

SD 𝛽𝑋, τx IAVL, IAVM various U(0,10) 

MAV parameters, 𝛾𝑘 MAV various N(0, 10) 

MAV parameters, 𝛾0 MAV various N(0*,10) 

Lake RE SD, σl all ln(µg/L) U(0,10) 

Residual SD, σs all ln(µg/L) U(0,10) 
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MCMC was conducted with 3 chains consisting of at least 40,000 samples each using default 

Nimble samplers (metropolis and conjugate samplers). At least the first 33% of samples were 

discarded as burn-in, allowing sufficient iterations to achieve convergence on the posterior 

parameter distribution.  The Gelman-Rubin diagnostic (Gelman & Rubin, 1992) was used to 

assess chain convergence for each parameter (i.e., 𝑅̂ < 1.1 indicates acceptable convergence). 

For the MAV model, auxiliary variables were zero-centered to improve convergence diagnostics.  

 

2.5 Model diagnostics and cross validation 

Model performance was assessed based on the coefficient of determination (R2), root mean 

squared error (RMSE), and residual plots of the data. The final MAV model was also subject to a 

four-fold cross-validation. In this process, the data were partitioned into four different folds, 

based on the four NLA years.  The model was then trained (i.e., parameters were re-estimated) 

with one fold of data removed, and then the model was used to make predictions for the removed 

(hold-out) data. This process was repeated four times to generate hold-out predictions across the 

entire original dataset. The complete set of hold-out predictions could then be used to assess 

overall model performance (i.e., RMSE and R2).  

 

2.6 Model application and mapping 

Due to the limiting nutrient structure in our final model, it was possible to determine the 

likelihood of whether the algal growth in each lake was limited by nitrogen or phosphorus 

availability. To do this, two uncertainties were accounted for: the uncertainty in the mean N:P 

ratio (Ro) and the uncertainty in the critical ratio identified by the model (𝛽𝐶𝑅). Both distributions 

were approximated for each individual waterbody using Bayesian posterior samples. 
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Each lake’s mean summer N:P ratio (Ro) is imprecisely known from the limited samples 

available (Ri) in the NLA dataset. To account for this, Ro was expressed with a normal 

distribution,  𝑅0~N(𝜇𝑋, 𝜎𝑙,𝑅), where 𝜇𝑋 is the mean Ro across all lakes, and 𝜎𝑙,𝑅 represents inter-

lake variability (i.e., 𝜇𝑋 and 𝜎𝑙,𝑅 are hyperparameters). Ri is then expressed as 𝑅𝑖~N(𝑅0, 𝜎𝑠,𝑅) 

where 𝜎𝑠,𝑅 reflects within-lake variability. Using a similar MCMC sampling approach as 

outlined above, Bayesian posterior sample distributions for Ro were obtained for each lake.  

 

The Bayesian posterior samples from the MAV model were used to obtain the distribution 

associated with the critical ratio, βCR, for each lake. Specifically, the observed lake auxiliary 

variable conditions (𝑤𝑘) and the posterior parameter samples (𝛾𝑘 and 𝛾0) were used in the 

equation for βCR (Equation 2.4.1). This yielded a distribution of the critical ratio for each lake 

that captures the uncertainty in βCR. 

  

A probabilistic assessment of nutrient limitation was then obtained by randomly sampling from 

the posterior distributions of Ro and βCR.  In particular, we obtained a distribution of the 

difference between Ro and βCR.  The percentage of samples where Ro exceeds βCR indicates the 

probability of the waterbody being phosphorus limited in summer.   
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3.0 Results 

3.1 Algal models including individual auxiliary variables 

The IAV models capture the effect of adding auxiliary variables to a chl-a model based on 

nutrients alone. Focusing on the IAV models with a limiting nutrient formulation, goodness-of-

fit metrics (i.e., R2 and RMSE values) indicate modest improvements resulting from the 

inclusion of auxiliary variables when compared to a model without auxiliary variables (Table 

3.1.1).  Adding temperature resulted in the highest improvement in model fit (e.g., producing an 

R2 of 0.64 vs. an R2 of 0.59 for the model without auxiliary variables). Hyperparameter estimates 

are similar across the models, with relatively small standard errors. Residual plots of the models 

depict similar patterns, with residuals generally evenly distributed with slight differences in 

variability across the range of chl-a concentrations (Figure SI 2.1.1). Note, all IAV models 

achieve sufficient convergence as indicated by low Gelman-Rubin diagnostics (all 𝑅̂ < 1.05). 

 

IAV models based on the multiplicative nutrient formulation (Eq. 2.2.3) perform worse than 

those based on the limiting nutrient formulation. The R2 values for the NEI, depth, and 

temperature binned multiplicative models (0.58, 0.57, and 0.61) (Table SI 2.1.1) are 5-7% less 

than the R2 values of the corresponding limiting nutrient models (Table 3.1.1). This suggests that 

a limiting nutrient structure is preferable over a multiplicative structure. For this reason, as well 

as mechanistic considerations (see Section 4.1), we focus on the limiting nutrient formulation 

throughout the rest of the model development.  

 

Statistically significant auxiliary variables are identified based on the distinguishability of the 

bin-level parameters for the two end bins in each model. Recall that this is based on the 95% 
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credible interval for the difference between the two end-bin coefficients not including zero 

(Section 2.3), which translates to probabilities > 0.975 or < 0.025 in Table 3.1.1. Using this 

criterion, the IAV models indicate significant variations of the critical ratio in relation to all three 

auxiliary variables as well as significant variation of the slope parameter in relation to 

temperature. No significant variations were observed across the intercept parameters. 

 

Table 3.1.1. Summary of Individual Auxiliary Variable (IAV) models using the limiting nutrient 

formulation. A model without any auxiliary variables is also included for comparison (last 

column). Model fit metrics include R2 and RMSE. Parameters βCR, βLN, and β0 are the 

hyperparameters for each model (or conventional parameters for the model with no auxiliary 

variables). Parameter standard errors are shown in parentheses. Bin-level parameters vary around 

the hyperparameters, within five bins determined by the auxiliary variables: the last three rows 

show the probability that the bin-5 parameter exceeds the bin-1 parameter.  

Metric/parameter Units 

Auxiliary variable included 

NEI Depth Temperature None 

R2 unitless 0.61 0.61 0.64 0.59 

RMSE ln(µg/L) 0.88 0.88 0.84 0.90 

βCR  unitless 18.9 (2.9) 18.3 (2.6) 16.1 (1.7) 15.4 (0.5) 

βLN  unitless 0.90 (0.05) 0.94 (0.04) 0.96 (0.05) 0.99 (0.01) 

β0  ln(µg/L) -0.72 (0.17) -0.85 (0.11) -0.94 (0.12) -1.03 (0.05) 

P(βCR,5 -βCR,1 > 0) unitless 0.00 1.00 0.00 - 

P(βLN,5 -βLN,1 > 0) unitless 0.83 0.10 1.00 - 

P(β0,5 -β0,1  > 0) unitless 0.04 0.86 0.91 - 
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Assessing variations in the bin-level parameters for the IAV models suggests relationships 

between the auxiliary variables and chl-a production (Figure 3.1.1, Table SI 2.1.2). For the IAV 

model with bins based on NEI, there is significant variability in the bin-level critical ratio 

parameter (Table 3.1.1). The critical ratio appears to decrease nearly linearly with increasing NEI 

(Figure 3.1.1, r=0.82).  There is no clear trend in the bin-level slope and intercept parameters, 

which is consistent with the lack of a significant difference between end-bin parameter estimates.  

 

For the IAV model with bins based on depth, there is significant variability in the bin-level 

critical ratio parameters (Table 3.1.1).  The critical ratio appears to increase nearly linearly with 

increasing log depth (Figure 3.1.1, r=0.98). There is no clear trend in the bin-level slope and 

intercept parameters, which is consistent with the lack of a significant difference between end-

bin parameter estimates. 

 

For the IAV model with bins based on temperature, there is significant variability in the bin-level 

slope and critical ratio parameters, but not for the bin-level intercept parameters (Table 3.1.1). 

The critical ratio and slope bin-level parameters follow roughly linear relationships (r=0.89 and 

0.79) (Figure 3.1.1). Notably, the linear fit for the variation of the slope coefficient associated 

with temperature binning increases when modeled on the original scale as opposed to the log-

scale (r=0.89). This indicates that there is no reason to log-transform temperature to capture this 

interaction in the MAV model (Section 3.2). There is no clear trend in the bin-level intercept 

parameters, which is consistent with the lack of a significant difference between end-bin 

parameter estimates. 
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Figure 3.1.1. Variation in model parameters across auxiliary variable bins in Individual Auxiliary 

Variable (IAV) models with limiting nutrient formulation. Depth and temperature bin-level 

parameter values are plotted against the mean of the log-transformed auxiliary variables for each 

bin. NEI bin-level parameter values are plotted against the mean NEI for each bin. Red error bars 

indicate the 95% confidence intervals of the parameters.  

 

3.2 Algal model with multiple auxiliary variables 

The MAV model reflects the relationships identified from the IAV models (above), followed by 

backward variable selection to promote parsimony and prevent overfitting (Equations 3.1.1 and 

3.1.2). In general, parameters converged well during the Bayesian inference process (𝑅̂ < 1.05), 

and their 95% credible intervals did not include zero (Table SI 2.2.1), consistent with the 

backward selection process.  Note that in Equations 3.1.1 and 3.1.2, the covariates representing 
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depth (ln(D)) and temperature (T) are centered by subtracting their respective means of 1.65 

ln(m) and 24.2 °C.  

ln(𝑎) =  −0.85 + ln(𝐿𝑁) ∗ (0.018 ∗ 𝑇 + 0.94) 

 

Eq. 3.1.1 

 

𝐿𝑁 = min [𝑇𝑃,
𝑇𝑁

(3.3 ∗  ln(𝐷) +  16.5)
] Eq. 3.1.2 

The parameters retained in the final model capture significant auxiliary variable relationships. 

Notably, the impacts of NEI and temperature on the critical ratio as well as the impacts of depth 

on the slope were removed during the backwards variable selection process. The impacts of 

auxiliary variables that remain in the MAV model are the impact of depth on the critical ratio 

and the impact of temperature on the slope parameter. Note that all of the relationships identified 

as insignificant in the IAV modeling results were not considered as potential predictors during 

backwards variable selection.  

 

Both visual assessments and quantitative metrics of MAV model performance indicate robust 

model performance. No clear patterns were observed in the model residuals (Figure SI 2.3.1), 

suggesting that the variable transformations and parameterizations used in the MAV model were 

appropriate. The R2 and RMSE of the model (0.65 and 0.84 ln(µg/L)) also shows improved 

performance compared to the IAV models.  

 

The only auxiliary variable impacting the critical ratio in the MAV model is lake depth, which 

consequently causes the limiting nutrient of a lake to become a function of depth and nutrient 

concentrations (Equation 3.1.2). This formulation suggests that two lakes with the same nutrient 

concentrations can experience different limiting nutrient concentrations because of variations in 
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the critical ratio (Figure 3.2.1). As limiting nutrient concentration directly impacts chl-a levels, 

this also suggests that lakes with the same nutrient concentrations can produce different levels of 

algae.  

 

 

Figure 3.2.1. Variation in limiting nutrient concentration with respect to total phosphorus and 

total nitrogen concentrations based on the MAV model. Limiting nutrient predictions are shown 

for two lakes with depths of two (A) and ten (B) meters. Points correspond with observed data 

where depths range from 1.6 to 2.4 meters (n=490) (A) and 8 to 12 meters (n=486) (B). Note, the 

slopes of the black lines correspond with the critical ratios for each depth and indicate the 

approximate boundaries between nitrogen limitation and phosphorus limitation. 

 

Once the limiting nutrient concentration is known, temperature is the only variable needed to 

predict chl-a in the MAV model (Equation 3.1.1). Chl-a levels are shown to primarily increase 

with an increase in limiting nutrient concentrations and secondarily increase with an increase in 

temperature (Figure 3.2.2). Shallow lakes are also shown to have a higher likelihood of elevated 

limiting nutrient concentrations compared to deeper lakes and subsequently have a higher 

likelihood of elevated chl-a levels.  
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Figure 3.2.2. Chlorophyll-a predictions across typical ranges of temperature and limiting nutrient 

concentration for the MAV model. Brown squares and white triangles correspond with 

observations from approximately 2-m and 10-m deep lakes, respectively.  

 

To further illustrate the relationships found in the MAV model, three example lakes were 

selected: a strongly P-limited Michigan lake, a strongly N-limited Nevada lake, and an Ohio lake 

with uncertain (or intermediate) nutrient limitation (additional lake details in Supporting 

Information Section SI 2.2).  These lakes have depths of 4.1 meters, 3.0 meters, and 12.5 meters, 

respectively, such that the Ohio lake has the highest estimated critical ratio (19.4).  The response 

of chl-a to changing phosphorus can be expressed assuming that TN levels remain constant, or 

by assuming that TN changes proportionally to TP (Figure 3.2.3a). The chlorophyll-nitrogen 

relationships can be expressed based on similar assumptions (Figure 3.2.3b). These lake 

examples highlight how an increase in the non-limiting nutrient alone has no effect on additional 

algal accumulation. Furthermore, these examples show that the chlorophyll-limiting nutrient 

relationship is approximately linear.  The relatively cool Nevada lake departs most noticeably 
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from linearity, showing a slightly saturating (concave down) response of chlorophyll to 

additional nutrients (also, see Discussion Section 4.3). 

 

  

Figure 3.2.3. Variation in chlorophyll across a range of (A) TP and (B) TN concentrations. 

Results are shown for three example lakes with varying nutrient limitation. We include scenarios 

where the alternative nutrient levels are held constant (solid line) and where nutrient levels 

increase proportionally to one another in order to maintain a constant N:P ratio (dashed line). 

Black points indicate the observed nutrient concentrations for each lake.  

 

3.3 Cross validation 

The four-fold cross validation results indicate that the model performs well when making 

predictions for waterbodies outside of its calibration dataset (Table SI 2.3.1; Figure SI 2.3.2). 

The hold-out validation folds yield a combined R2 and RMSE of 0.64 and 0.85 ln(µg/L), 

respectively. This represents a very small departure from the model calibrated to the entire 

dataset (R2 = 0.65 and RMSE = 0.84 ln(µg/L)).  In addition, across the five folds, all model 

parameters remained significant and had an average deviation of 6% (parameter deviation ranged 
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from 0.2% to 29%) relative to the model calibrated to the full dataset (Table SI 2.3.2).  Together, 

these findings indicate that the MAV model is robust. 

 

3.4 Model application and mapping 

Our probabilistic estimates of waterbody-specific critical ratios and in-lake N:P ratios allow us to 

determine the probability of phosphorus (versus nitrogen) limitation in summer. The 

hyperparameters of the Bayesian model used to estimate the natural log of the mean summer N:P 

ratio of each lake (Ro) calibrated to have a mean (𝜇𝑋) of 2.85, an inter-lake standard deviation 

(𝜎𝑙,𝑅) of 0.69, and a within-lake standard deviation (𝜎𝑠,𝑅) of 0.45. While there can be notable 

variation within a region, in-lake summer N:P ratios tend to be higher in the Northeast and 

around the western Great Lakes regions, and lower in several western states, such as Nevada and 

Idaho (Figure 3.4.1a). On the other hand, estimated critical ratios (βCR) tend to be higher in the 

southeast coastal plains and northern plains, lower in the Northeast and Northwest, and highly 

variable across most other regions (Figure 3.4.1b). When these results are combined, we find 

high concentrations of P-limited lakes in New England and the Great Lakes region, and 

substantially more N-limited lakes across the western US (Figure 3.4.1c). Out of the 2755 

different lakes included in this study, 435 (16%) of lakes indicate nitrogen limitation with a 

probability greater than 90%, and 644 (23%) of lakes indicate phosphorus limitation with a 

probability greater than 90%.   

 

Across CONUS, the overall (statistical) distribution of N versus P limitation is notably 

symmetric (Figure SI 2.4.1) suggesting approximately equal numbers of waterbodies being 

limited by each of the two nutrients, with slightly more P limited lakes.  However, the situation 
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can be quite different for particular regions and states. At one extreme, 68% of waterbodies are 

found to have strong P limitation (i.e., >90% probability of P limitation) in Michigan, while only 

2% have strong N limitation. In contrast, only 12% of waterbodies in Nevada suggest strong P 

limitation, with 64% indicating strong N limitation.     
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Figure 3.4.1. Estimated (A) summer mean N:P ratio, (B) critical N:P ratio, (C) probability of 

phosphorus versus nitrogen limitation across CONUS.  
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4.0 Discussion 

4.1 Model structure 

The superior performance of the limiting-nutrient IAV models relative to the multiplicative IAV 

models is expected. While expressing nutrients in a multiplicative fashion may seemingly add 

flexibility to a model, our results suggest it also inaccurately represents chlorophyll-nutrient 

relationships mechanistically. This is consistent with the stance of Dolman and Wiedner, who 

argue that the effects of additional TN in P-limited lakes (as well as the effects of additional TP 

in N-limited lakes) are overestimated in a multiplicative structure (Dolman & Wiedner, 2015). 

Dolman and Wiedner observe up to 9% improvement in R2 values when comparing 

multiplicative and limiting nutrient structures, which is generally consistent with our range of 5-

7% improvement (Section 3.1). Our selection of  a limiting nutrient structure also falls in line 

with the intuition behind Liebig’s law of the minimum (de Baar, 1994; Saito et al., 2008). These 

considerations support the selection of a limiting nutrient structure for the final, MAV model. 

 

The parameterization of auxiliary variable effects as linear expressions within the MAV model is 

informed by the results of the IAV models. The high correlation of log-depth with the bin-level 

critical ratios, and temperature with bin-level slopes indicate the sufficiency of a linear 

formulation in the MAV model. It is also notable that the MAV model yields an R2 of 0.65 using 

only 5 parameters, while the IAV models yield R2 values ranging from 0.59 to 0.61 while 

utilizing up to 15 parameters (not including variance or hyperparameters). The linear 

formulations not only greatly reduce MAV model complexity but also allow for enhanced 

interpretability (below). Increasing model complexity (such as through the addition of squared 

terms; not shown) has a minimal effect on model performance.  
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4.2 Interpretation of critical ratio parameters 

The estimated critical ratio values for the IAV and MAV models are within our expectations. 

Across the IAV models and all bin-levels, the critical ratio ranges between 13 and 33 with 

relatively tight standard deviations (Figure 3.1.1). When expressed as a function of depth in the 

MAV model, the critical ratio ranges from 11 to 23 (based on the 2.5 and 97.5 percentiles of 

observed NLA depths). In comparison, Dolman and Wiedner find that optimal critical TN:TP 

ratios for lakes from different regions vary substantially (25 for a set of German lakes, 16 for a 

set of CONUS lakes, and 22 for a set of Florida lakes) (Dolman & Wiedner, 2015). The 

variations in the critical ratio parameter identified in our model align with these ranges and 

support our hypothesis that the critical ratio has the potential to vary substantially across 

waterbodies.  

 

The MAV model shows that the critical ratio increases as lake depth increases (Equation 3.1.1). 

One potential mechanistic reason for this trend could be differences in phosphorus bioavailability 

between shallow and deep lakes. Phosphorus can be present in many forms in aquatic 

environments, some of which are sediment-bound and less labile (Søndergaard et al., 2003; Yuan 

& Jones, 2020). It is more likely for resuspension of sediments to occur in shallow lakes than 

deep lakes, leading to a larger proportion of the total phosphorus measurement to be in sediment-

bound forms that are less conducive to algal growth. Consequently, algae in shallow lakes 

require a greater amount of TP in order to have the same amount of bioavailable phosphorus 

(which shifts the critical ratio down). 
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It is interesting to see the effects that NEI has on the IAV and MAV models. It has been 

suggested that algal dynamics are dominated by P limitation when lakes are at a low trophic 

status, and then shift towards joint N and P influences or N limitation as trophic status increases 

(Liang et al., 2020; Zhao et al., 2023). The results of the IAV model with NEI bins, however, 

indicate higher critical ratios at lower NEI levels. This suggests a higher probability of N 

limitation at lower trophic levels, all else being equal. Furthermore, our MAV model suggests 

that trophic status has no direct impact on nutrient limitation. A likely explanation for these 

discrepancies can be attributed to the critical ratio varying with depth (Equation 3.1.2), and the 

correlation between depth and NEI (r = -0.61) (Figure SI 2.4.2). Because these two auxiliary 

variables are correlated it is natural that one would be removed during the backwards variable 

selection process when both auxiliary variables are included as candidate variables. For our 

MAV model, depth outperforms NEI as a predictor variable, and thus NEI is removed. The NEI 

IAV model relationship is potentially explained by the model capturing the impacts of depth by 

using NEI as a correlated proxy.  

 

4.3 Interpretation of slope parameters 

The slope parameters for the IAV and MAV models calibrate to reasonable values. To 

understand the implications of the slope parameter, recall that the models predict the natural log 

of chlorophyll concentrations. When back transformed, the slope and intercept parameters 

become exponents in a multiplicative formulation (i.e., 𝑎 =  𝑒𝛽0 ∗ 𝐿𝑁𝛽𝐿𝑁). With this in mind, a 

slope coefficient of one indicates a linear relationship between chlorophyll and limiting nutrient 

concentration. Across the IAV models, the slope coefficients range from 0.87 to 1.04 (Figure 

3.1.1). When expressed as a function of temperature in the MAV model, the slope parameter 
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ranges from 0.77 to 1.06 (based on the 2.5 and 97.5 percentiles of observed NLA temperatures), 

with lower temperatures yielding lower values. Lower values of the slope parameter indicate a 

somewhat saturating (concave down) relationship between chlorophyll and temperature, 

indicating that algae are less able to fully utilize the nutrients present. Lower temperatures are 

generally associated with reduced rates of algal growth and nutrient cycling.  This aligns with the 

well-established fact that kinetic rates increase with temperature (e.g., Arrhenius equation) as 

well as studies on algal growth rates, though optimal temperatures for the algal growth rates are 

species-specific (Singh & Singh, 2015). 

 

4.4 Interpretation of intercept parameters 

All intercept parameters for the IAV and MAV models calibrate to values within our 

expectations. With the back transformed structure in mind, an intercept parameter of zero would 

indicate a chlorophyll to phosphorus ratio of 1:1. Prior studies have suggested an expected range 

of 0.4:1 to 2:1 for the chlorophyll to phosphorus ratio when measuring within-cell nutrients 

(Chapra, 2008). Across the IAV models, the bin-level intercept coefficients range from -1.11 to -

0.51 ln(µg/L) (Figure 3.1.1). These values correspond with chlorophyll to total phosphorus ratios 

ranging from 0.3:1 to 0.6:1. In the MAV model, the intercept is expressed as a constant, 

intermediate value of -0.85 ln(µg/L). Such values align with expectations, especially when 

considering that total nutrient measurements (i.e., TN and TP) include both within-cell and 

extracellular nutrients.  
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4.5 Nutrient limitation mapping 

This study’s approach to mapping nutrient limitation in lakes offers insights into various aspects 

of the chlorophyll-nutrient relationships across CONUS. By utilizing an approach that includes a 

varying critical ratio and the uncertainty associated with actual within-lake N:P ratios, our 

methods provide a more quantitative approach to defining nutrient limitation than many methods 

that rely on generalized nutrient limitation cutoffs independent of lake depth or other covariates.  

For example, multiple studies have specified N limitation when N:P is less than 9 and P 

limitation when N:P is greater than 22.6, based on typical values observed in freshwater and 

marine systems worldwide (Guildford & Hecky, 2000; Naderian et al., 2025; Qin et al., 2020). 

Additionally, this study reveals large-scale regional trends in nutrient limitation that can be used 

to inform nutrient management strategies.  

 

Our results can be compared to prior research that assesses spatial variability in nutrient 

limitation and quantifies the proportions of lakes experiencing N or P limitation across CONUS.  

One study found N to generally be a better predictor of algal productivity in western CONUS 

lakes and P to be a better predictor in eastern CONSUS lakes, though there are instances where 

individual lakes within these regions deviate from these trends due to unique, context-dependent 

characteristics such as lake depth, surrounding landscape, legacy nutrient accumulation, or other 

factors. (Rock & Collins, 2024). In the context of our study, this implies a higher proportion of N 

limited lakes in western CONUS and a higher proportion of P limited lakes in eastern CONUS. 

The results of our study generally agree with that trend, as well as the expectation of intra-

regional variability in nutrient limitation.  That same study also explicitly determined that out of 

the 3270 lakes in their dataset, 436 (13%) were P-limited and 350 (11%) were N-limited based 
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on a methodology that compared high-yield chl-a and observed chl-a levels at various nutrient 

concentrations using a “tipping point N/P ratio”. Another study estimated that 17% of CONUS 

lakes experience P limitation and 14% experience N limitation using the same methodology 

(Moon et al., 2021). While the criteria used by past studies differ from ours, their results are 

generally consistent with our findings that 23% of CONUS lakes experience strong P limitation 

and 16% experience strong N limitation. 

 

4.6 Management implications and model limitations 

 

Observing the chlorophyll trends of specific lakes included in our study helps elucidate the 

management implications of the MAV model (Figure 3.2.3). Our model illustrates how in 

scenarios where the alternative (non-limiting) nutrient levels are held constant (solid lines in 

Figure 3.2.3), an increase in TP in an N-limited system or an increase in TN in a P-limited 

system has no effect on chlorophyll concentrations until the system switches nutrient limitation 

states. An alternative way to visualize lake-specific chlorophyll trends is to maintain a constant 

N:P ratio by increasing nutrients proportional to one another (dashed lines in Figure 3.2.3). Note 

that in the NLA dataset, TN and TP levels are substantially correlated (r = 0.78 for our data on 

the log scale), so it is likely that real-world nutrient reduction scenarios may typically fall in 

between the two scenarios shown in Figure 3.2.3, and perhaps closer to the case where nutrient 

levels change proportionally with one another. Our model also highlights how certain lakes can 

experience a type of dual-nutrient limitation where an increase in both TN and TP would be 

necessary to cause significant increases in chl-a (solid blue lines in Figure 3.2.3).  

 

While the primary purpose of our model is to identify large-scale regional trends in nutrient 

limitation, applying the model to individual lakes can highlight certain aspects of lake-specific 
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chlorophyll-nutrient dynamics. There are notable limitations when doing this, however. The 

model in this study does not account for fluctuations in algal concentrations across a lake. The 

NLA water quality data used to develop this model is collected at a single location roughly in the 

center of the lake. While there are guidelines for establishing this location, there is some 

ambiguity introduced during data collection. It is also common for nutrient and algal 

concentrations to vary across a waterbody based on different water depths, inflows from 

streams/point sources, sediment loading rates, and various other factors. In addition to this, our 

model only accounts for summer mean chlorophyll levels and does not consider how nutrient 

limitation and chlorophyll accumulation can change over time. To further improve the ability of 

our model to capture chlorophyll-nutrient relationships for individual lakes, steps can be taken 

such as comprehensively monitoring variations in observed N:P ratios, temperature, and water 

depth at higher temporal and spatial resolutions for the lake of interest.  
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5.0 Conclusion 

In this study, we developed a model that predicts chlorophyll levels in CONUS lakes based on 

nutrients, lake depth, and temperature using a Bayesian modeling framework. Our model not 

only has strong predictive capabilities (R2=0.65), but also explores the underlying interactions 

between nutrients, lake characteristics, the critical N:P ratio needed for algal growth, and 

chlorophyll. Our results indicate that the critical N:P ratio increases with increased lake depth, 

and that chlorophyll increases with increased temperature and critical (limiting) nutrient levels. 

Furthermore, this study found that roughly equal amounts of US lakes experience strong nitrogen 

(16%) and strong phosphorus (23%) limitation, indicating a slight inclination towards 

phosphorus limitation. These nutrient limitation proportions, however, were shown to vary 

substantially across CONUS. Our model can be used as an effective tool for making large-scale 

nutrient management decisions and refines the current understanding of chlorophyll-nutrient 

relationships in CONUS lakes.  
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SI 1.0 Methodology Supplemental Information 

SI 1.1 Data processing 

The primary datasets used in this analysis were the EPA’s National Lakes Assessments (NLA) 

from the years 2007, 2012, 2017, and 2022 (U.S. Environmental Protection Agency, 2010, 2016, 

2022a, 2024). Specifically, the data downloaded for each year included the following variables: 

unique ID (UID), site ID, visit number, date collected, coordinates of index site, temperature 

profiles, index site depth, chlorophyll-a concentration, total phosphorus concentration, and total 

nitrogen concentration.  

 

NLA data were collected from May to October during all years. Of the points used in our 

analysis, the following percentages of data were collected during each month: 1.4% in May, 

23.2% in June, 29.9% in July, 30.5% in August, 14.7% in September, and 0.2% in October.  

 

An important component of NLA data collection is the lake index site, where the water quality 

samples are collected. In natural lakes, this site is located at the deepest point in the lake. In 

reservoirs, this site is located near the midpoint of the lake. For both scenarios, the index site 

depth must not exceed 50 meters. If the first location exceeds this depth, a new index site is 

supposed to be established at a point as close to the original location as possible without 

exceeding a depth of 50 meters (U.S. Environmental Protection Agency, 2022b). Notably, 28 of 

the 4146 observations (< 1%) used in our analysis included an index site depth equal to or 

greater than 50 meters.  
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Water quality data for nutrients and chlorophyll were collected at the index site using an 

“integrated sampler”. The sampler was a two-meter long PVC tube that collects water from the 

top layer of the water column. Precautions were taken at the time of collection to ensure no 

contamination of the water samples occurred, and then the samples were transported to a lab for 

analysis (U.S. Environmental Protection Agency, 2022b).  

 

A multi-parameter water quality sonde was used to obtain temperature, dissolved oxygen, and 

pH profiles throughout the depth of the water column at the index site. Temperature 

measurements were taken at regular intervals throughout the entire water column (U.S. 

Environmental Protection Agency, 2022b). Because water quality samples were taken only over 

the top two meters, the temperature measurements with a depth less than two meters were 

averaged together to obtain the temperature used in our analysis for each lake.  

 

For our analysis, it was necessary to determine which lakes were sampled multiple times. While 

NLA recorded a unique site ID for each lake during each study, these IDs do not align across the 

different years. Because of this, the National Hydrography Dataset from USGS (U.S. Geological 

Survey, 2024) was used to identify which lakes were resampled by utilizing geoprocessing tools 

in ArcGIS Pro (Esri, 2024) and manual inspection. 

 

The raw NLA data specified a minimum reporting limit of 4 µg/L for total phosphorus (U.S. 

Environmental Protection Agency, 2022c). Consequently, total phosphorus measurements below 

this threshold (107 of the 4242 samples prior to outlier removal) were set to ½ the minimum 

reporting limit (2 µg/L) 
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Based on initial data exploration, it was decided that outlier removal was appropriate, given the 

presence of extreme values. Outlier removal based on chlorophyll, total nitrogen, and total 

phosphorus concentrations was conducted using an interquartile rule (IQR) approach on the 

natural log scale. In this approach, the interquartile range is defined as the difference between the 

75th and 25th percentile. Points are identified as outliers and removed from the dataset when the 

values are below the 25th percentile minus 1.5 times the interquartile range or when the values 

are above the 75th percentile plus 1.5 times the interquartile range. This process removed nine 

points based on chlorophyll concentration, 65 additional points based on total nitrogen 

concentration, and then 13 additional points based on total phosphorus concentration.  

 

In addition to the IQR outlier removal, seven points were removed from the dataset due to 

having implausible measurements that are most likely errors. These outliers included four points 

that were removed due to having extreme temperature values (0.8, 91.2, 88.6, and 93.1℃), one 

point with an unreasonable surface area (2176834 hectares), and two points within the same lake 

where the depth measurements were incomprehensible. The site ID and NLA years for these 

points are NLA17_WY-10032 (2017), NLA12_MN-167 (2012), NLA12_RI-102 (2012), 

NLA12_MN-135 (2012), NES22-10023 (2022), and NLA12_OK-293 (2012), respectively.  

 

The overall outlier removal process included the removal of 94 observations (~2% of the original 

dataset). Our final dataset consisted of 4148 sampling events occurring in 2755 different lakes 

across CONUS.  
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Figure SI 1.1.1. Boxplots of chlorophyll-a, TN, and TP data before and after outlier removal on 

the natural log scale.  

 

 

Figure SI 1.1.2. Correlation plots of model variables after outlier removal and data 

transformations.  
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Figure SI 1.1.3. Histograms of model variables after outlier removal. 
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Figure SI 1.1.4. Spatial distribution of model variables after outlier removal. 
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SI 2.0 Results Supplemental Information 

SI 2.1 Algal models including individual auxiliary variables 

 

 

 

  

  

Figure SI 2.1.1. Residual plots for limiting nutrient IAV models.  
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Table SI 2.1.1. Summary of multiplicative Individual Auxiliary Variable (IAV) models. βCR, βLN, 

and β0 metrics provided for the hyperparameter of binned models. Standard deviations of 

respective parameter means are expressed in parentheticals. 

Metric/Parameter Units 

Auxiliary Variable 

Eutrophication Depth Temperature None 

R2 unitless 0.58 0.57 0.61 0.56 

RMSE ln(µg/L) 0.91 0.92 0.88 0.93 

βTN  unitless 0.58 (0.07) 0.64 (0.13) 0.58 (0.04) 0.59 (0.03) 

βTP  unitless 0.43 (0.10)  0.38 (0.03) 0.44 (0.07) 0.44 (0.02) 

β0  ln(µg/L) -3.47 (1.12) -3.52 (1.08) -3.10 (0.20) -3.10 (0.12) 
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Table SI 2.1.2. Summary of parameters for limiting nutrient IAV models. Standard deviations of 

respective parameter means are expressed in parentheticals. 

Parameter Units Eutrophication Depth Temperature 

βCR,1 unitless 33.4 (4.3) 12.2 (0.8) 18.5 (1.6) 

βCR,2 unitless 15.8 (1.6) 13.5 (0.8) 16.0 (1.5) 

βCR,3 unitless 16.3 (1.1) 18.6 (1.2) 17.4 (1.3) 

βCR,4 unitless 13.8 (0.9) 20.0 (1.4) 13.4 (1.0) 

βCR,5 unitless 13.7 (0.8) 24.3 (2.1) 13.2 (1.1) 

β0,1 ln(µg/L) -0.51 (0.11) -0.88 (0.11) -1.11 (0.09) 

β0,2 ln(µg/L) -0.83 (0.16) -0.92 (0.12) -0.91 (0.08) 

β0,3 ln(µg/L) -0.70 (0.17) -0.75 (0.10) -0.93 (0.08) 

β0,4 ln(µg/L) -0.76 (0.21) -0.97 (0.12) -0.80 (0.10) 

β0,5 ln(µg/L) -0.90 (0.25) -0.73 (0.10) -0.93 (0.11) 

βLN,1 unitless 0.87 (0.06) 0.93 (0.03) 0.93 (0.03) 

βLN,2 unitless 0.89 (0.06) 0.96 (0.03) 0.91 (0.03) 

βLN,3 unitless 0.91 (0.05) 0.95 (0.03) 0.98 (0.03) 

βLN,4 unitless 0.93 (0.05) 1.00 (0.04) 0.97 (0.03) 

βLN,5 unitless 0.94 (0.05) 0.87 (0.04) 1.04 (0.03) 

σl ln(µg/L) 0.61 (0.02) 0.62 (0.02) 0.53 (0.02) 

σs ln(µg/L) 0.64 (0.01) 0.65 (0.01) 0.67 (0.01) 

τCR unitless 7.6 (1.5) 6.0 (1.8) 3.6 (1.8) 

τLN unitless 0.07 (0.07) 0.12 (0.08) 0.09 (0.06) 

τ0 ln(µg/L) 0.29 (0.22) 0.33 (0.22) 0.21 (0.15) 
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SI 2.2 Algal model with multiple auxiliary variables 

 

Equations SI 2.2.1 and 2.2.2 display the parameter calculation process where βi,j,k represents the 

the i-th parameter (slopes or intercept) for the j-th model parameter (critical ratio, limiting 

nutrient) dependent upon the k-th auxiliary variable (lake depth, temperature). D and T represent 

lake depth (m) and temperature (C), respectively. 

 

ln(𝑎) =  𝛽0 + ln(𝐿𝑁) ∗ (𝛽1,𝐿𝑁,𝑇 ∗ 𝑇 + 𝛽0,𝐿𝑁) + 𝜖𝑙 + 𝜖𝑠 

 

Eq. SI 2.2.1 

 

𝐿𝑁 = min [𝑇𝑃,
𝑇𝑁

(𝛽1,𝐶𝑅,𝐷 ∗  ln(𝐷) + 𝛽0,𝐶𝑅)
] Eq. SI 2.2.2 

 

 

Table SI 2.2.1. Summary of parameters for algal model with multiple auxiliary variables.  

Parameter Units Mean St. Deviation 

β1,CR,D ln(m-1) 3.32 0.45 

β0,CR unitless 16.51 0.57 

β1,LN,T C -1 0.018 0.00 

β0,LN unitless 0.94 0.02 

β0,0 ln(µg/L) -0.85 0.05 

σl ln(µg/L) 0.52 0.02 

σs ln(µg/L) 0.66 0.01 
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The specific lakes used to develop Figure 3.2.3 are as follows: 

• A P-limited Michigan lake (Clear Lake). This lake has two samples with the site ID 

NLA17_MI-10012 from the 2017 NLA dataset and NLA12_MI-165 from the 2012 NLA 

dataset. The average observed TP, TN, and chl-a values are 15.1 µg/L, 577 µg/L, and 

13.8 µg/L, respectively. The average index site depth is 4.1 meters, and the average lake 

temperature is 25.4℃. The percentage of samples indicating P-limitation for this lake is 

99%. 

• An N-limited Nevada lake (Bilk Creek Reservoir). This lake has the site ID NLA12_NV-

119 and is from the 2012 NLA dataset. The observed TP, TN, and chl-a values are 108 

µg/L, 510 µg/L, and 5.5 µg/L, respectively. The index site depth is 3.0 meters, and the 

lake temperature is 21.6℃. The percentage of samples indicating P-limitation for this 

lake is 15%.  

• An Ohio lake with uncertain nutrient limitation (Summit Lake) This lake has one sample 

with the site ID NLA12_OH-137 and is from the 2012 NLA dataset. The observed TP, 

TN, and chl-a values are 41 µg/L, 845 µg/L, and 36 µg/L, respectively. The index site 

depth is 12.5 meters, and the lake temperature is 27℃. The percentage of samples 

indicating P-limitation for this lake is 50%.  
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SI 2.3 Model diagnostics and cross validation 

 

  

  

Figure SI 2.3.1. Chlorophyll-a residuals (observations minus predictions) of multiple auxiliary 

variable (MAV) model. Note that the NEI was not included in the final MAV model, but is 

shown here for reference. 
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Table SI 2.3.1. Cross validation results by fold. 

Validation Data 

Calibration Validation 

R2 RMSE R2 RMSE 

NLA 2022 0.65 0.83 0.62 0.86 

NLA 2017 0.64 0.86 0.68 0.76 

NLA 2012 0.66 0.82 0.59 0.90 

NLA 2007 0.64 0.83 0.65 0.86 

Combined Validation Results - - 0.64 0.85 

Calibration Using All NLA Years 0.65 0.84 - - 

 

 

 

Figure SI 2.3.2. Cross validation observations versus predictions plots for validation dataset.  
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Table SI 2.3.2. Parameter estimates of cross validation folds. Percent deviations from the base 

MAV model calibrated to all data are shown in parentheses.  

Parameter Units Base Fold 1 Fold 2 Fold 3 Fold 4 

β1,CR,D ln(m-1) 3.32 4.12 (24%) 3.17 (-5%) 2.93 (-12%) 2.71 (-18%) 

β0,CR unitless 16.51 17.06 (3%) 17.35 (3%) 16.07 (-3%) 15.49 (-6%) 

β1,LN,T C -1 0.018 0.017 (-4%) 0.019 (7%) 0.020 (12%) 0.018 (-2%) 

β0,LN unitless 0.94 0.93 (-1%) 0.94 (0%) 0.93 (-1%) 0.99 (6%) 

β0,0 ln(µg/L) -0.85 -0.81 (-5%) -0.85 (-1%) -0.79 (-7%) -1.10 (29%) 

σl ln(µg/L) 0.52 0.51 (-2%) 0.54 (5%) 0.48 (-8%) 0.53 (2%) 

σs ln(µg/L) 0.66 0.66 (-1%) 0.67 (0%) 0.67 (1%) 0.65 (-2%) 
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SI 2.4 Model application and mapping 

 

 

 

 

 

Figure SI 2.4.1. Histograms of estimated (A) summer mean N:P ratio, (B) critical N:P ratio, (C) 

probability of phosphorus versus nitrogen limitation. 
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Figure SI 2.4.2. Correlation plots, histograms, and correlation coefficients of estimated summer 

mean N:P ratio, critical N:P ratio, probability of phosphorus limitation, nutrient enrichment 

index (NEI), and water depth. 




