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Abstract

A two-dimensional model for in-plane vibrations of a linear elastic hookean partially

clamped plate-like structure with a non-symmetrical damage is proposed. The model in-
cludes both active and passive contributions of piezoelectric ceramic patches bonded to the
surface of the structure. The strong form of the equations of motion is obtained by balancing
the forces on an infinitesimal element of the structure and by using Hooke’s constitutive law
for the two-dimensional case. The weak form of the equations of motion is found by using
Hamilton’s principle for the undamped case and by integration by parts of the strong form if
damping exists.
The problem is then formulated as a second order equation in time and the existence, unique-
ness and continuity of solutions are discussed. The general input forces due to the patches
allow well-posedness results for the weak form of the equations in the case of strong damping.
A semigroup formulation is useful to find a solution to the problem in the case of weak internal
damping.

!This research was funded in part by the National Aeronautics and Space Administration under NASA
contract number NAG-1-1600 and in part by the U.S. Air Force Office of Scientific Research under grant
number AFOSR F49620-95-1-0236.
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Introduction

Smart material technology is an active area of research, with promising applications that in-
clude, for instance, control systems [1, 5] and non-destructive evaluation [3, 5. Among the
different types of smart material structures currently studied, structures with bonded piezo-
ceramic patches are of particular interest [2]. When an electric field is applied, piezoceramic
patches induce strains in the material to which they are bonded and, conversely, they produce
a voltage when a deformation occurs in the material [4, 5]. As a consequence, these patches
can act both as actuators and sensors, providing the host structure with smart material ca-
pabilities.

The focus of this report is the study of a non-symmetrically damaged partially clamped plate-
like structure with bonded piezoceramic patches. In the first part, a two-dimensional model
for the in-plane vibrations of such a structure is proposed. Both strong and weak forms of the
equations of motion are derived for the cases with strong damping. The strong forms of the
equations of motion are obtained by balancing the forces on an infinitesimal element of the
structure. The weak form for the undamped case is obtained by energy considerations and,
for the damped case, by integration by parts of the strong form.

In the second part of this report, a mathematical formulation of the problem as a second order
equation in time is obtained. This formulation allows, in the last three parts, the discussion of
existence and uniqueness of the solutions and their continuity with respect to the data. The
general input forces due to the patches allow well-posedness for the weak form of the equations
in the case of strong damping. A semigroup formulation, presented in the third and fourth
parts, is useful to obtain a solution to the problem in the case of weak internal damping. The
last part of the report discusses the equivalence between the weak form and the strong form.
An appendix contains detailed comparisons to known models for the undamped case.



1 Two-dimensional model of the damaged plate

1.1 Description

Fig. 1 depicts the geometry of the structure with a non-symmetrical damage. The overall
structure is a partially clamped plate-like structure of length [ (in the = direction), width b (in
the z direction) and thickness A (in the y direction). Motion is assumed to be longitudinal (in
the x direction) and transverse (in the y direction). The groove in the z direction represents
the defect. Four piezoelectric patches, symmetrically bonded on the upper and lower surfaces,
are also visible. The motion of the structure in the (z,y) plane cannot be modeled accurately
by classical thin beam or thin plate models. Such models assume a shell coordinate system
with an unperturbed middle surface as the reference surface. The presence of non-symmetrical
damage introduces a coupling of the motions in the (x, y) plane which is not taken into account
by these models. We model this coupled motion with a state of plane strain in the structure;
that is, away from the edges, no displacement takes place in the z direction.

Fig. 2 represents an (z,y) cross section where a state of plane strain exists. On each side
of the central section representing the damage are two regions with varying cross sections
representing its edges. (2 is the interior of this structure, 2, the patches and I' the boundary
with no displacement. The region Q5 = Q2 U (2, is the complete structure.

Figure 1: Damaged clamped structure with piezoceramic patches

1.2 Strong form of the equations of motion

We combine force balancing with constitutive hypotheses to obtain the equations of motion
for the displacements U and V in the z and y directions, respectively.

1.2.1 Force resultants

For a plane strain as described for the structure in Fig. 2, the stresses are independent of z. A
force resultant can be found for a corresponding component of the stress tensor by integration
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Figure 2: Plate-like cross section

along the z axis (see [5], Chapters 2 and 3 for the general modeling approach and principles
we employ here). We obtain

N, b2 | Oz Oy
N, | = / oy, |dz=0b| oy (1)
zy Ty Ty

where o0, 0, and 7., are the horizontal, vertical and shear stresses and N, IV, and NV, their
corresponding force resultants. Care must be used with the notation throughout. Typically,
subscripts such as those above do not represent derivatives; for partial derivatives, we shall
use either g—g or U, whereas o, will denote the x component of the stress.

1.2.2 Strong form of the equations of motion

a. Force balancing

The equations of motion for the structure are found by considering an infinitesimal
element of length dx, height dy and width b . Fig. 3 depicts the force resultants and
body forces acting on such an element.

Balancing the forces along the x-axis gives:

ON,
oz

ON, .
(Nx + dxr — Nx> dy + (ny + —dy — ny> dz + q.dxdy = pbdxdyU, (2)

dy

where ¢, is the horizontal component of an external force /unit area acting on the element,
U the second time derivative of the displacement U and p > 0 the mass per unit volume,
a locally constant material property with definition:

P = pXa + PreXyp. (3)
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Figure 3: Force resultants on an element of the structure

where p and p,. are the mass per unit volume for, respectively, the plate and the piezo-
electric patches. xq and xq,, are characteristic functions with definition

1 inQ) 1 inQpe
Xe = { 0 otherwise and X, = { 0 otherwise (4)

Eq. (2) reduces to (see, for comparison, Eq. (2.48) of [5]):

ON,  ONgy -
. = pbU. 5
oz T oy, T&=7 (5)
Balancing the forces along the y-axis gives:
ON, ON, . .-
(Ny + a—yydy — Ny> dzr + (ny + Wydm — ny> dy + gqydzdy = pbdxdyV (6)

where g, the vertical component of a body force acting on the element and V the second
time derivative of the displacement V.

Eq. (6) reduces to:
ON,  ONyy

oy oz

+ay = bV (7)

. Constitutive law

For a time dependent plane displacement field, U = U(t, z,y) and V = V(t,z,y), the
linear strains are (see Eq. (5.3-7) p. 128 in [6]):

1
€2 =Us, €=Vy, Yay= 2 (Uy + V). (8)
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For a two dimensional strain field that includes damping, the proposed Kelvin-Voigt
stress-strain relationships assume that the stress is proportional to a linear combination
of strain and strain rate (we also invoke the usual Kirchhoff assumption of negligible
strain in the z direction):

Ee,+Cpé, = (0, —10(0y+02))

Ee,+Cpé, = (0,—0(0s+02)) )
0 = (Uz—’)(ax+0y))

Eey + Coey = (14 D)7y

where Cp > 0 is a damping coefficient, E>0is Young’s modulus and 0 < 7 < 1/2 is
Poisson’s ratio. These are locally constant material properties with definitions:

C’D = Cpxa + ODpeXQpe7 E= Exa+ EpeXQp67 v=vxa-+ Vpe X Qpe (10)
where the subscript “pe” indicates the piezoelectric patches.

The force resultants are:
b .

Ne = 0oy =20 (B(es = 2(ex — ) + Cnlés — (& — ¢,)))

b n ~ A . A . .
M= TT a2 (Bley+7(er =) + Oy +7 (€ = &))) (11)
o = i (s i)

. Equations of motion

The equations of motion are found by replacing the expressions for the resultants ob-
tained from Eq. (11) in Eq. (5) and (7). By replacing the strains by their expressions
in Eq. (8), we obtain

V=5 fﬁ (11—_2@(]’“ - %U’yy * 2(%2&)‘/’”)
+1iDﬁ (11—_21919 Uae + %U’yy - 2(%2&)%> - qf
) A (12)
=g fﬁ (11—_21/19‘/’” - %V’“ * ﬁ(]’”>
+1iDﬁ (11—_21919 Vi + %V’“ * ﬁf]’”) * %y



d. Boundary conditions

The boundary conditions are expressed in terms of stresses or displacements depending
on the boundaries considered. Nonetheless, they are all written here as conditions on
the displacements.

(a) Clamped edge, {(z,y)|lz =0,y € [0,h]}
For a clamped end, there is no in-plane displacements at any time. These boundary
conditions are written:

U(t,0,y) =0

V(t,0,y)=0 (13)

(b) All other boundaries (traction free edges)

Except for the clamped end, all boundaries are free of surface traction. By using
Cauchy’s formula, this condition can be written as:

Or Ty Ny
=0 (14)
Tzy Oy Ty

where n, and n, are the components of a unit outer normal surface vector along
the boundary.

In terms of displacements, the free boundary conditions are given by:

. 1—20
0= FE (((1 — U, +0Vy)n, + (QJ(UJJ - Vx)ny>
~ . . 1 — 20 . .
+Cp (((1 — )Uq + 0V,) ns + (TV)(U,y + Vx)ny>
(15)
. 1— 20
0= E (((1 — D)Wy +0U)ny + (721/)(‘/1 + U,y)nx>
~ . . 1 — 20 . .
+Cp (((1 — D)Wy + 02U, ny + (T”)% - U,y>nz>

e. Initial conditions The initial conditions characterize the displacement and ve-
locity at every point of the structure at ¢ = 0. These are assumed to be given
by:

U(O,l’,y) = U()(«I',y), V(vavy) = ‘/0('1.7 )

Y),
' ' for (z,y) € Q 16
0(0,2,9) = U(,y), V(O0,2,9) = Vala,y), o @¥ L (10)



1.2.3 Forces applied by the patches

For the structure depicted in Fig. 2, an applied voltage v on a piezoceramic patch of
thickness hpe induces a strain in the z direction. The magnitude of the induced free

strain is
’Udgl

(€2)pe = €pe = h—pe (17)

where d3; is a piezoceramic constant (e.g, see p. 79, [5]).

The corresponding induced external stresses are obtained by replacing the induced free

strain in Hooke’s law (see Eq. (9) with Cp = 0) and solving for the stresses. Using Eq.

(11), we obtain the induced external forces terms:

bEpe(1 — vpe) .

(14 vpe) (1 — 2vpe) ’
bE,.v.

Ny)pe = — pe_pe o

(o) (14 vpe) (1 — 20¢) “

(Nx)pe =

e

(18)

For a finite patch with edge coordinates x; and x5 located on the upper surface of the
structure, as depicted in Fig. 2, the induced external resultant forces are

bEpe(1 — vpe)

(Neloer = =7, ST = 2u) X (7:9)512(7) (19)
(Ny)per = — 1+ ,ZeE)p(elylf QVpe)epeXpel(xv y)S12(2),
where X,e1(z,y) is a characteristic function with definition
wam{(§ i o

S12(x) is an indicator function that derives from the property that opposite but equal
strains are induced about the patch midpoint. The definition is

1 o< (z1+4x2)/2
5172(1’) = 0 , L = (1’1 + 1’2)/2 (21)
-1 , x> (1 +x2)/2.

In the case of interest, there are 2 sets of upper and lower patches. The resultant forces
can be written with the appropriate characteristic and indicator functions.
The corresponding external forces/unit area are

e = a(NI)pel
T oz
22
8(Ny)pel ( )
U T



1.3 Weak form of the equations of motion
1.3.1 Hamilton’s principle applied to the undamped structure

In order to find the weak form of the equations for the structure depicted in Fig. 2, we need the
expressions of the strain and kinetic energies. The strain energy U stored during deformation
is given by

1
U=- (02€z + Oy€y + Yoy Tay)dQ5. (23)
2 Jag

Replacing the stresses and strains by their expressions in term of displacements obtained
in Eq. (8) and (9) with Cp = 0, we have

~

1
U = = U,—v(U;—V,))U,
2 QB<(1+9)(1—219)( o = WU = Vi) Uat
. ) (24)
E
2 r T T Q )
which reduces to
1 E
U:—/ 1— 0)(U2+V,2) + 20V, U,
2 Jos ((1+19)(1—219) (1=2)U + V") +20V,Us)
. (25)
P+ V242U,V | dOs.
TP (U, + V. + U,yv,)>d B
The kinetic energy T of the structure is given by:
2/ U2 - v2 dQs (26)
For an arbitrary time interval [to, t1], we consider the action integral
i t1
All] = / (T — U) dt (27)
to

where U = [U, V] is considered in the space V = HZ(Qg) x HE(Q5). We consider the
variation of the form

c = = [ Ut ,y) mt)oi(z,y
U=U+¢d = [ V(t,z,y) ] + € [ 1a(8) B2 (,

1 25)
where 77 = [, 72] and ¢ = (61, p2] are chosen so that
(i) Ut z,y) €V

(11) ﬂ(to,l‘,y) = ﬂ(tlv'rvy)



Hamilton’s principle states that the motion of the structure must give a stationary value
to the action integral when compared to variations in the motion. For all &,

d
EA[U—I—E(I)}

=0 (29)

The action integral takes the form

afo] = [ (G v amon+ (50 + anony?)

A

E ., 0 ) 0 )
T (- G+ s + (G + o))
420V 4 ) (U enon) | 30)
b

0 9 0 2
a7y (3@ + emn + (v + )

+2§(U + enlgbl) 0 (V + enggbg))) dQB} dt.

Hamilton’s principle leads to the condition

0 — QA[U}

e=0

= [ {p @b+ i)

E

+0 (MVyd1e + 12U a¢2,))

A

2(1 T 19) (nlU,y¢1,y + 772‘/@@52,1 + 771Vx¢1,y + 772U,y¢2,x)} dQBdt

Since 7(to) = 7(t1), we can integrate by part the terms U and V, and collect the 7; and
72 terms. We obtain



A

t1 . . E(l — ]9) El)
t U U{l) x A A V x
/to 771( )/QB {IOQSl + (1 ‘I‘ I))(l _ 2])) 5 ¢17 + (1 ‘I’ I/)(l _ 2]/) 7y¢17
= . Oprdt —
) ) (32)
t1 . . E(l — ]9) El)
t Vv V. U,
/to 772( )/QB {p¢2 + (1 + I))(l — 2]}) 7y¢27y + (1 + I))(l . 219) ) ¢27y
+2(1 + I)) (V ¢27 + va¢27 )} d Bdt O
The weak form of the equations of motion for the free undamped structure is
20+20)(1 —20) ., - . .
/ { WA Z20) 50,6+ (2= 20)U i + 20V, 61
Qs FE
+(1-20) (Uyory + ngbl,y)} ddp = 0 (33)
33

20+ 0)(1 —20) . - . >
/Q { ( g’ ),qugV + (2= 20)Vyday + 20Uy
B

+(1 = 20) (Voo + Uypaz)} d2s = 0.

for all & € V.

1.3.2 Weak form of the equations for the damped structure

If the model includes Kelvin-Voigt damping, the system is non conservative and Hamilton’s
principle cannot be directly applied. However, the weak form of the equations of motion can
be found by integration by parts of the strong form. Let I" denote the portion of boundary
of Qs where U = V = 0 at all times and 0{2z be the remainder of the boundary with zero
surface traction. .

) - FE ~ Cho
Defining &= om 5 a =25y 4 O = sapya =25y

, we may rewrite Eq. (12) as

pU = E((2=20)Uas + (1 — 20)Uyy + V)

+Cp (2 = 20)U e + (1 = 20) Uy + Vi ) + %””
) (34)

V= E((2-20)Vyy + (1 —20)Vas + Usy)

+OD ((2 - 279)"/,?;?; + (1 - 2’9)"/,“ + ny) + %y

Multiplying Eq. (34) by the spatial test functions ¢; and ¢, respectively, and integrating
over {1z, we obtain

10



/QBﬁUqblz /Q B(2 - 20) m¢1+/ (1-20)U yy¢1+/ EVayé

[ Co(2=20)0satr + [ Co(1= 20061+ [ CoViuyr
Qs Qs Qs

dx
+ o 36151
(35)
[ #Vee= [ B@Q-20)Vyort [ EQ-20)Vatat [ BV

+ OD(Q_QV) yy¢2+/ ODl_QV) m¢2+/ ODny¢2

/QB by,

for all sufficiently smooth ¢; and ¢, such that the integrals in Eq. (35) are defined and
gbl = ¢2 =0onl.

Using the relationships

0 ny
Jo, BVt = [, BQ—20)5- (V) u+ [ 205 (V) b "

? )
/Enyngg /B B(1—20)5( ,y)¢2+/982Eaa—y(U,x)¢2

and their equivalent for C’Dny and CpU 2y, We can integrate by parts in Eq. (35) (i.e., we
use the divergence theorem on F'¢; for F' appropriately chosen and ¢;, F' sufficiently smooth)
and obtain the system

11



) qfl)
Udr = iz
/ﬂs pU ¢y s b ®1

[ E@-20)Usér. — /Q B(1—20)(Uy + Va)bry — 2 /Q AT
B B

QB
— [ Co@=20)Uabro— [ Co(L=20)(U, +Va)ory =2 [ CoVier,
Q5 QB QB
N ) ) 1-20
w2 (B v 0, V)
oQpuUl
- o . 1—=20 . .
+ Col((1= D)+ 7y + 2520+ V) ) 4

/st)m:/%%@

~ [ E@—20)Vyda, - /Q B —20)(Uy + Vi) oo — 2 /Q EoU 0,
B B B

- CN’D(Q - 2’>)Vy¢2,y - / CN’D(l - Qﬁ)(U,y + Vr)¢2x - 2/ CN’D’)U,IQSZ?;
Q5 OB QB
- ) ) 1—-20
w2 (B0t ot + 2w 4 Vo)
8Q5UT 2

_ . . 190 . .
+ Col((1 = Dy + 90, + 1520 + Vo))

where the terms that correspond to the integration on the boundary 9€) have been grouped
together. By using Eq. (15) and the fact that ¢; and ¢, vanish on I', these vanish. The
remainder is the weak formulation:

[ o= [ %o,
Qs Oz b

— E(2 - QIQ)U,IEQSLIE - / E(l - QQ)(UJJ + Vx)¢1,y B 2/ Eﬁ‘/’ygbl’x
Qs Qp s

[ Co@=20)Uabre— [ Co(1=20)(U, + Va)ory —2 [ CoiViyor.
On On OB

/QB oo = Yo

(38)

~ [ E@—20)Vyda, - /Q B —20)(Uy + Vi)aw — 2 /Q EoU 0,
B B B

- CN’D(Q - 2’>)Vy¢2,y - / OD(l - Qﬁ)(U,y + Vx)¢2x - 2/ CN’D’)U@QSZ?;
Q5 OB QB

for all sufficiently smooth ¢; and ¢, satisfying ¢1 = ¢ =0 on I.
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2 Mathematical formulation

2.1 Formulation as a second-order equation in time

We define H} () = {¢ € H'(Q5)] ¢ =0 on I'}, a Hilbert space with the inner product

_ [ (090¥ 0009
<@ 1= /QB <8x Ox + oy 8y> '

The associated norm is equivalent to the usual norm on H'(Q5) (see Poincaré’s inequality
p. 116 in [10]). We define V' = H}(Qp) x HL(Qp) and H = L*(Qg) x L*(Qp) with the
p weighted inner product < ¢,9 >= [ ppy on L?*(Qp). Since p is bounded above and
below by a positive constant, this weighted inner product is equivalent to the usual L inner
product. Any ¢ € V or H is written ¢ = (¢, <p2)T. Both V and H are Hilbert spaces where
V' is continuously and densely embedded in H. We identify H with its dual H* through the
Riesz map. Then, V and H form the Gelfand triple V — H = H* — V* with duality pairing
< .,. >y~ y, an extension by continuity of the inner product < .,. >; from V x H to V* x H
(see [10] for this standard construction).

The weak system given by Eq. (38) can be formulated in an initial value problem: For
0<T < oo, find We L*(0,T); V) satisfying W € L*((0,T); V*) and

< W(t)7¢ >V v +U2(W(t)7¢) + Ul(W(t)7¢) =< F(t)7¢ >yEv V¢ S ‘/7 (39)
W) =W,  W(0)=W.
Here we have
T
W= (U v)' e LX0,1),V), F=|% 2] €rXo,1n),v),
pb’ pb
Wo = (Us, Vo)T, Wi = (Ur, )"
and o1, oy are the sesquilinear forms defined on V' by: for all ¢, € V'
_ 20— 9001001 51— 90001991
n@w) = [ Be-w)Frgs + [ Ba-20)5
+ / B(1— 2920200 [ of 00200
Q5 or Oy Q5 0y Ox (40)
= . 0y Oy = . Opy Oty
E(l—-20)—— —2)———=
+ /QB ( 27) Or Ox + Q5 B2 —27) Jy Oy
= . 01 Oy = 0¢1 Othy
E(l—-20)——= —_— .
+ /QB (1-27) dy Ox + Q5 2BV Jxr Oy

13



o) = [ Op2-2 20108 [ Coti-2 )%qz;%zz
AT R e (a1
+ /ns Nzﬂ—ﬂ%% + /QOD(2—2 )%?%122
. ~D(1—2A>‘z+“;1% + QBC’DQV%%—?

2.2 Properties of the sesquilinear forms o; and o,

The well-posedness of the initial value problem relies on the properties of o and o,. We will
focus on 01, noting that o3 has the same properties as long as Cp and Cpy, are positive. The
special case C'p = 0, i.e. the structure without damping, is discussed separately.

2.2.1 Properties of o,

. FE - E.
Let £ = d E, = be . Th isfies the followi
e 21+ v)(1—20) an D 2(1+Vpe)(1—21/pe) en, o; satishies the following

conditions:

1. 01 is symmetric:

It is easy to verify that
o1(¢, ) = 01(h,¢)  forall g, 9 € V. (42)

2. o7 is continuous:

Indeed, the magnitude of each term in Eq. (40) is less than 2 max(E, E,.)||¢[lv|[¢|lv,
so that

01(¢,v) < 16max (E, Eye) |¢|lvI|¢llv for all 6,9 € V. (43)

3. o0y is elliptic:

A straightforward proof of ellipticity for a completely clamped structure (I' = 0Q3) is
outlined in the next section. For the case of interest to us, we wish to prove that for
some k > 0,

01(6,6) > k|6l Vo e V. (44)

14



The inequality (44) is not trivial to obtain, for the expression of o (¢, ¢) only involves
certain combinations of first derivatives of ¢; and ¢,. Namely, grouping the appropriate
terms, we have

)
n(o) = [ B2 [ B [20]
8¢2
+ QBE(1—2) = +/QBE(2—2) i
- X g2 091 091 0o
+ QBE(2_4V)R8<8.I' 8y>+ 954E U Re (8:5 8y>

To establish inequality (44), we first split these integrals into integrals over 2 and €.,
where E and © are constant. Let ¢ = (¢1,¢92) € V, we then use Korn’s inequality (see
p. 110-111 in [8]) on

There exists ¢; > 0 such that for all ¢, ¢ € HJ(Q),

@)+ [16F+ [ 162 = 1 (InlBycar + Ioliyeo) (45)
where 2
0 0
(0= [ | % 5 =

Next, we use inequality (3.42) of p. 116 in [8]):
There exists ¢, > 0 such that for all ¢1, ¢ € Hy (),

&) > o2 ([ enll3z(0) + DIl ) - (46)

Combining inequalities (45) and (46), we find that there exists ¢ > 0 such that for all
1, ¢2 € Hy(Q),
oy
Q

On”
Q| Ox
Multiplying inequality (47) by the positive constant (2 — 4v), adding
O¢1 Dpa
4 AT o
+ 4v /Q Re ( 9z By v

to the left side, adding (1 — 2v) times a similar term with ¢, ¢ interchanged and
multiplying by E, we obtain

% 8¢1 8¢2
.I'

€(¢) =

zc (||¢1||§13(9) + ||¢2||§13(9)) - (47)

8¢1 a¢2 %+% .

ox dy
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¢1 01 |’ 02
/QE(Q—QV) S /Q (1-2v) ‘ QE(1—2)‘&5
+/QE(2 — 20) % +/QE(2—4V) Re (%%’;) (48)

¢ 0 -
o [ 4k e ( oo, ;;) > (2 40)E (161 ey + 192030y -

The same considerations for €, lead to:
06, 061
dy

ox

E.(2—2u, / E..(1—2u,
/Qpep( Vp) +Qpep( Vp)

) |09 ’ 0¢» a¢1>

Ox
+ / Bpe(2 = 2) |52 /Q peEpe(Q ve) Re(ax 5
Op1 O

+/ 4Epcvpe Re ( 9z Oy ) > (2 w)Ep (||¢1||12Hg(npe) + ||¢2||12Hg(npe)) :
(49)
An estimate for oy (see (44)) is then obtained by adding inequalities (48) and (49).

+ [ Bp(l-20)

2.2.2 Proof of ellipticity for o, for the case I' = 002

For the case of a completely clamped structure, 2, = 0 and ' = 9, we have V = Hj(Q).
An easier proof for the ellipticity of o is available. We have, for all ¢1, ¢ € C5°(92),

06,08 [ P61 _ [ 06:08
o Or Oy Qdzdy 2 8y Or
Since (¢1, 92) — Jq _8%7% and (¢1, d2) — o %‘%% are continuous on H'(2)?, we can con-

clude that, for all ¢1, 2 € C§°(Q) = Hy (),

06,75 _ [ 06,96
o O Oy Q Oy Ox

Using Eq. (50) in Eq. (40), we obtain

(50)

oo.0) = [ B9+ [ Ba-m|2]
+/QE(1—21/)‘% + QE(2—2 )‘%?

- Oz O - 091 0o
+/QE(1_2V)RQ<&5 8y> +/QE(1+2V)R€<8:5 8y>
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Using Re(ab) > —M, we obtain

> [ 35 - ¢1 +/QE(% y)“?;l
—I—/ == V)| 5 /3E——1/ 8¢2

B~ )6l 0 (51)

which proves that o, is elliptic, since 0 < v < %

This also applies to the case where Q,. # 0 and I' = 9, but not to the most general
case where Q5 \ T' # () because Eq. (50) does not hold in H} ().

We thus have proved that, for some £ > 0 and K > 0,

kI < ou( ) < KL

2.2.3 Properties of o,

When Cp > 0, we have
kol -5 < o2l ) < Fall]I}

for some ky > 0 and Ky > 0. Thus, o2 has exactly the properties of oy detailed in 2.2.1 (1),

(2), (3).

2.3 Generalization

A more general formulation of the problem is:

Let V and H be complex Hilbert spaces forming a Gelfand triple V — H = H* — V*
with pivot space H and duality pairing < .,. >y-y. That is, V is continuously and densely
embedded in H with ||¢||g < C||¢|lv, and we identify H* with H through the Riesz map.
Here V*, H* are the dual spaces to V', H, respectively. The duality pairing < .,. >y« y is
the extension by continuity of the inner product < .,. >y from V x H to V* x H. Hence,
elements v* € V* have the representation v*(v) =< v*,v >y« y.

Let o1 be a sesquilinear form o, : V x V — € that has the following properties:

e Symmetry: Vo, €V, o01(¢,¢) = o1(¢), ¢).
e Continuity: 3K > 0,Y¢p,p € V,  |o1(o,¢)| < K||o||v]|¢¥]v.
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o V-ellipticity: 3k > 0,V € V, 0a1(9, ¢) > k||¢|3 .

To allow a wide class of damping characteristics, we introduce a new Hilbert space V5
on which the sesquilinear form o5 is defined. Vj; satisfies V' C Vo, C H and we assume that
V=V — H=H"— Vy — V*is a Gelfand setting. The sesquilinear form oy : Vo x Vo —
C is assumed to have the following properties:

o Continuity: 3K> >0,V ¢ € Va,  [02(¢, V)| < Ka|9]lval[¥]ve.
o Va-ellipticity: Jk2 > 0,00 >0,V €V, 01(¢, ) + Mol F = k= ¢]7-

We then assume that the input function f satisfies f € Lo(]0, T, V5).
We consider the weak or variational form of the equation, given by

{ <g(t)7¢> +02(y'(t),¢)+01(y(t),¢) =< f(t)7¢> V¢E ‘/7 (52)
y(0) =y, (0) =1
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3 Existence and uniqueness of solutions

3.1 Resolution of the weak form
3.1.1 Statement of the theorem

We are now in a position to use known results to establish well-posedness of the general
problem in section 2.3.

Theorem 3.1 With the assumptions in section 2.3 and yo € V, y1 € H, there exists a
unique solution y to (52) with y € Lo([0,T],V), y € L2([0,T],Va) and § € Lo([0,T], V™).
Moreover, the solutions depend continuously on the data (yo,v1, f) in the sense that the map
(Yo, y1, f) = (y,9) is continuous from V x H x Ly([0,T], V5") to Ls([0,T],V) x Lo([0, T, V2).

A detailled proof of this result is given in Chapter 4 of [5].

3.1.2 Back to the damaged structure: application of the results

applying these results to our model of damaged structure, we obtain:

1. Case C’D >0

In the case with damping, the sesquilinear forms oy and o9 are both symmetric, contin-
uous and V-elliptic. We can thus take V5, =V and we have the following result:

Suppose that F' € L*((0,T),V*), Wo € V and W; € H.

The problem (38) has a unique solution W with W e L?((0,T),V), W e
L2((0,T),V) and W € L*((0,T),V*). Moreover, the solution depends con-
tinuously on the data (W, Wi, F') in that the map (Wo, W1, F) — (W, W) is
continuous from V' x H x L*((0,T),V*) to L*((0,T),V) x L*((0,T),V).

2. Case Cp =0 : no damping

If there is no damping, the hypotheses on oy force us to take Vo, = H. We thus only
have the following weaker result:

Suppose that F' € L*((0,T),H), Wo € V and W; € H.

The problem (38) has a unique solution W with W e L*((0,T),V), W €
L2((0,T),H) and W € L*((0,T),V*). Moreover, the solution depends con-
tinuously on the data (Wy, Wy, F) in that the map (Wy, Wy, F) — (W, W) is
continuous from V x H x L*((0,T), H) to L*((0,T),V) x L*((0,T), H).

_ In both cases, the result can even be strengthened to conclude that W € C((0,T),V) and
W eC((0,T), H).
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As seen in section 1, the forces applied by the patches on the structure can be very irregular,
because they involve the derivatives of the characteristic function x,. of 2, in 5. In fact xpe
is in Ly (Q2g), so that the applied forces ¢, and g, are in H*(Q25). Hence, F isin Ly([0, 7], V*).
In particular, F'(¢) is unbounded in H.

The result we have here is thus satisfactory in the case where there is damping, but not
in the case without damping. In the following section we write a semigroup formulation for
the problem, which allows us to give a solution to the problem without damping. Semigroup
formulations are commonly used in control theory. Moreover, it will leads to interesting
considerations about the energy of the system.

3.2 Semigroup formulation

We will now write a semigroup formulation for the solutions of Eq. (38). For simplicity, we
assume that A\g = 0, which is the case of our example.

3.2.1 First order form

As a first step, we rewrite Eq. (38) in first order form. For this purpose, we define the Hilbert
spaces H=V x H, V=V xV and V* =V x V*. Note that o; and oy define the operators
Ay and Ay in L(V, V*) satisfying

o1(¢, V) =< A1, ) Syey
oa(b 1) =< At Syoy T AVEV.

With these notations, Eq. (38) can be rewritten as
W(t)+ AW (t) + AW (t) = F(t)  inV*
{ W (0) = W, W(O) = Wi,
which can be reformulated as a first order differential equation problem:
Z(t)=AZ(t)+F({t) inV*,
{ Z(0) = Z

(W (0 (W . .
where Z = ( T ),.7-"— ( r ), Zy = ( a ) and A is the operator given by

0 I
domA = {(¢p,¥) e H| Y€V and A1+ Asp € H} and .Az( A A )
—A1 —Ap
Recalling that k|.||? < o1(.,.) < K]||.||}, we see that o; and < .,. >y are equivalent
norms. Hence, we can define V; as the set V' with o; as inner product: V; is then topologically
equivalent to V. Therefore, it suffices to argue that A generates a Cy-semigroup on H; =
Vi1 x H to conclude that it generates a semigroup on H.

To show that A is an infinitesimal generator in H;, we use Lumer-Phillips’ theorem (see
p. 14 in [7]).
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3.2.2 A is dissipative

Indeed, for ® = ( :Z ) € H4,

Re < A(I)v P >Hy = Re (Ul(¢7 ¢)+ < —A1¢ - A2¢7¢ >H)
= Re (Ul(¢7 ¢) - 0'1(¢, ¢) - U2(¢7 ¢))

— Re o2(¢, 9) (54)
0.

IN

Note that, in the case where there is no damping, Re < A®, & >4 = 0.

3.2.3 The range of A\ — A is H; for some )\ >0

Let A > 0 and &£ = € Hy. We want to solve (Al — A)® = ¢ for & = ( ) € domA.

U ¢
¢ (G
This equation is equivalent to

Ap—1p=n

A1+ Ay + M = (.
We can solve the first equality in ¢ = A\¢ — 1 and substitute in the second to obtain
Mo+ A1+ Az = C+ An + Ao, (55)

Then, we introduce the sesquilinear form defined on V' x V:

U,\(Cbﬂﬂ) = >‘2 < ¢7¢ >H +Ul(¢7¢) + >\U2(¢7¢)7

which satisfies:

Re U)\(QS,QS) = )\2||¢||?-1+0-1(¢7¢)+)\U2(¢7¢)
> k|lo|2. (56)

Hence, o, is V-elliptic and we can find ¢ € V satisfying Eq. (55). The corresponding
Y =Ap—nisalsoin V, and A1¢ + Asp = ( — M\ € H, so that (¢,¢) € domA.

Thus, we have shown: R(A — A) = H; for any A > 0.

3.2.4 Conclusion: mild solution of the problem

Finally, we can conclude that the operator A generates a Cy-semigroup 7 (¢) of contractions on
H. This enables us to define mild solutions for Eq. (53). For Zy € H and F € L*((0,T),H),
we let

2= T2+ | Tt = $)F(s)ds. (57)
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This mild solution is the unique strong solution of Eq. (53) when Z; € domA and F €
Cc((0,7),H) [9].

Note that it is not possible to extend directly this formula to allow F € Ly ([0, 7], V*). The
next section shows how this extension is possible.

3.2.5 Extensions

1. Case C’D >0
Under this assumption, we consider the operator A (which is an extension of A from
domA to V; = V4 x V1) given by

o(®, V) = —01(p2, Y1) + 01(d1,2) + 02(P2, P2)
= < ./Zl(I), \VJ >Vf,V1 .

The properties of o5 yield immediately:

> ollgol}
> k~2(||¢1||%/ +~||¢2||%/)—k2||¢1||%/
> k@5, — Aol @7,

Re o(®,®)

where ky and )\ are positive constants. Hence, o satisfies Garding’s inequality and we
can apply the result of the Riesz Theorem (see p. 25 and 76 in [9]):

The infinitesimal generator A generates an analytic semigroup 7~'(t) on both H; and Vf
(and hence V*). On H, we have T (t) = T (t); this allows us to extend the definition of
the mild solution to the case F' € L*([0,T], V*).

This mild solution and the weak solution found in section 3.1 are equivalent (see section
4.2 and notes p. 258-259 in [7]).

2. Case Cp = 0: no damping

In the case without damping, o does not satisfy Garding’s inequality and 7 (¢) cannot be
extended to an analytic semigroup. It is possible, however, to extend A to an operator
A with domain #;, so that A generates a Co-semigroup 7 (t) satisfying 7 (t) = T (t)
on H. This allows us to define a mild solution whenever F' € L?([0,T],V*), even if the
weak solution is not defined (see p. 113 in [5]).

In this case, we have only defined a weak solution when F' € L?*([0,T], H). This solution
is then equivalent to the mild solution (see p. 114 in [5]).

We have now defined solutions for F' € Ly([0, 7], V*) in all cases.
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4 Particularities of the semigroup 7 (¢) generated by
A: relations with the energy

4.1 When Cp =0, T (t) is a semigroup of isometries in #; and the
“internal energy” is constant in time

Let us assume that Cp = 0. We already know that 7(¢) is a semigroup of contractions. In
fact, we can even show a stronger result, namely, that 7 (¢) is a semigroup of isometries:

VoeH,  T)ollw = ¢l

To prove this, we use (55) to see that, for ¢ € domA, T(t)¢ € domA (see p. 4-5 in [7])
and

dT (t)¢
dt ? T(t)gb >H1

— 0

d s
FIT®IR, = 2Re<

so that
IT#®)9llr, = IT(0)@llae, = |3,  for all ¢ € domA.

As T (t) is bounded, the map ¢ +— T (¢)¢ is continuous. We can use the density of dom.A
in H1 to conclude that

[T (#)ll3, = [|@lln,  for all ¢ € Hy.

In particular, |7 (¢)|y, = 1.

Physically, this means that the system is neither intrinsically stable nor unstable: it is
conservative. If we don’t take into account the energy eventually given by F(t), its total
internal energy remains constant in time. More precisely, if Z(¢) is the solution of (53), we
have
d /1 :
;%@<Z@z@>%>=:M<Z@z@>WW

= Re< .AZ(t), Z(t) >Vf,V1 +Re < f(t), Z(t) >Vf,V1
= Re< f(t),Z(t) >Vf,V1 .
(% < Z(t), Z(t) >H1) represents the “energy” of the system, which can be written
- 1
2p
Re < F(t), Z(t) >v; v, is the power given by F(t) to the system.

T+u=%/ Z(t), Z(t) >, -

Q [ﬁ(U2 _I_ V2) _I_ Uxex _I_ UyEy _I_ ﬁy{EyT.’l)y:| —
B

If F(t) =0, then ||Z(t)||n, = [T (t)Zo|l%, = || Zo||n, for all t and the energy is constant in
time.

Note that, in H;, the square of the distance to 0 is the energy of the system.
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4.2 When Cp > 0, the “internal energy” is exponentially decreas-
ing

If Cp > 0, we only know that |7(¢)|, < Me ™t for some M > 1 and w > 0. It is possible,

however, to show that w > 0 when Cp > 0; which means that the system is strictly dissipative
if there is strong damping. As a first step, we note that we can strengthen the result obtained
in Eq. (56):

Re 0a(6,0) = (Re X)[6]% + 01(d, 6) + (Re N)oz(6, 9)
> (=C°P + k=K (18]

It follows that oy is V-elliptic for any X satisfying C?*|\|? + kq|\| < k, that is for

A < 2o — JEZ + 4kC2 — ki
(B .

2

For such values of A, the range of (M —.A) is H;. Therefore, the resolvent set p(.A) of A
contains the disk {|A\] < A¢}. But, as A is an analytic semigroup, 0 € p(A) and T (¢) is a
semigroup of contractions, we already know that (see p. 61 in [7])

p(A) > A, Jarg Al < 5 + ).

It follows that
sup {Re A\, Aeo(A)} >0

where o(.A) is the spectrum of A. Using that A is analytic, we can conclude (see p. 118 in
[7]) that
[T < Me™ vt>0

for some M > 1 and w > 0.

Therefore, the “energy” satisfies:
1 2 1 2 Lo _out 2
SN2, = ST @) Zoll3, < 5 M e | Zo][3,,

It is exponentially decreasing.
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5 Back to the strong formulation and the boundary
conditions

The weak solution W = ( ‘(i ) found in section 3 is a priori in C([0,7],V), where V is

Hi(Qp) x Hi(Qp). It readily satisfies the essential boundary conditions
Ut)y=V(t)=0 onT |, forallt.

It also satisfies the weak formulation of the problem (38). Taking the test functions ¢1, ¢o
in C3°(2) and in C§°(Qy.) in (38), we see that (12) is satisfied in the sense of distributions.
The natural boundary conditions in Eq. (15) are, however, more difficult to verify because
we cannot give a sense (as a function) to the trace on 9Oz of the derivatives of a H'(Qp)
function. To give a sense to the boundary conditions in Eq. (15), we have to assume that the
solution W is smoother, that is:

W e O([O, T],Hg(QB) X Hg(QB)), where Hg(QB) = Hll/(QB) N H2(QB) (58)

Then, we can define the trace of the derivatives of U(t) and V(t) on 0Qp as elements of
HY2(00p).

Assuming (58), the second space derivatives of U(t) and V' (¢) are now in L*(23). As (34)
is satisfied in the sense of distributions, ,('}U — ¢, and ,(')V — g, are both in L?(Qz) and we have

(2 = 20)(EU 4y + CpU4) + (1 — 20)(EU 4y + CpU.yy) + EVy + CpVay = pU — ¢
(1- 2’/)(Evm + éDVxx) +(2- 2’/)(Ev,yy + éDVyy) + EU,xy + CN’Dv,my = ,5V — 4y
in the L*(Q) sense, that is, Eq. (34) is satisfied almost everywhere in Q.

We can then multiply by ¢1, ¢2 € H}(25) and integrate by parts to obtain the same equa-
tions as (37).

Note that, in the most general case where U(t) and V/(¢) are only in H} (Q5), a sense can
be given to the natural boundary conditions in Eq. (15) as equalities in (H&f(f‘t))’ , that is,
not in a sense of functions, but of linear continuous operators [11]. It can then be shown that

Eq. (15) is satisfied by the weak solutions U and V in the (Héf(f‘t))’ sense. This means
that, as soon as one can give a sense to the natural boundary conditions, they will always be
satisfied by the weak solutions.
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Conclusion

A two-dimensional model for a non-symmetrically damaged clamped plate-like structure was
presented. The equations of motion were derived in both strong and weak forms for the cases
with and without strong damping. The equations were modified to account for the addition
of piezoelectric patches bonded to the structure.

A mathematical formulation of the problem as a second order equation in time allowed the
discussion of the existence and uniqueness of solutions and their continuous dependence with
respect to the data. For the case with strong damping, a satisfactory result is found in spite
of the irregularity of the forces induced by the piezoelectric patches. For the theoretical case
without damping, an equivalent semigroup formulation was necessary to obtain a solution.
Further studies will include numerical simulations and a comparison with experimental data.
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A Verification of the equation of motion for the un-
damped case

A.1 Comparison of the model to a 2-D Navier displacement field

As a verification of the model, Eq. (12) can be expressed as a special case of Navier’s equation,
the basic field equation of the linearized theory of elasticity [6]:

1 Oe 0,
G | Vu X; = : 59
(VU+1—2VE9$@-> p8t2 (59)
. auj . .
where G = —— is the shear modulus, e = — the divergence of the displacement u;

2(1+v)
or (U, V,W) and X; a body force/unit volume.

c‘?xj

In the present study, the displacements are specified. For a plane field,

U,=V,=W=0. (60)
Navier’s equation can be written:
GUgae +U )+;G3(U +V,)+X =pU
@ T Puy) T T, Mgy e T —7
. 5 (61)
G (Ve + Viyy) + 1—21/G8y (Ua +Vy) + pV

After collecting the terms U ,,,U,, and V,, in the first part of Eq. (61) and V,,,V,, and
U .y in the second part, Eq. (12) is obtained.

A.2 Comparison of the model to Kirchhoff-Love plate theory

Love’s basic assumption states that the transverse stresses in a plate or shell are small com-
pared to the other normal stresses. Taking Love’s assumption into account when writing
Hooke’s law leads to:

Eb
Nx = m (Ez ‘I— VEy)
Eb
N, = 5 (€y + veg) (62)
Eb
Nx e
v 1—|—1/Py v
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Using the force resultants from Eq. (62) into Eq. (5) and (7) provides:

FE FE Qa ..

1-.2 (€z,0 + Veya) + Ty Yoy Ty T pU )
E E ¢ -

m (€y7y + V€x7y) + mﬁ)/xy@ + f = ,OV

where the , x and ,y refer to the derivatives with respect to x and y.
Replacing the strains in Eq. (63) by their expressions in Eq. (8) allows to obtain the
equations of motion in terms of the displacements:

FE FE Gz

21 +0) (Uyy + Vay) + = pU

(64)

(Uye + Vi) + L = V7

FE
—— (Vi + VU,xy) + b

E
2(1+v)
where the subscripts represent the derivatives of the displacements U and V.

2
Multiplying Eq. (64) by and rearranging the terms lead to the equations of in-plane
vibration of a Kirchhoff-Love plate (see Eq. 2.51 p. 57 in [5]):

1- 1 1- 2 1-12).

S DR D s B e
Eb E )

1- 1 12 1—12).

Vyy + MVM n LV)U,MA— (1) 1=y

2 2 Eb MTPTE
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