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INFINITELY DIVISIBLE LAWS PARTIALLY ATTRACTED TO A POISSON LAW

w_ N
SANDOR CSORGO and ROSSITZA DODUNEKOVA

Groshev, in 1941, derived a necessary and sufficient condition for a

fixed infinitely divisibie law to belong to the domain of par-
tial attraction of some Poisson law. The condition is expréssed
through the spectral function of the Lévy-Khinchin canonical
representation for the characteristic function of the infinitely
divisible law in question. The mean X of the attracting law does
not play any role in Groshev's condition. In the present paper
we investigate the problem for any fixed » > 0 and derive cha-
racterizations involving X in terms of the measure functions

of a unique probabilistic representation for an infinitely
divisible law, obtained within the framework of a new "probabi-
listic approach" to sums of independent and identically
distributed random variables. Here, as in [2], where an arbitra-
Ty law attracted to a Poisson is characterized, the intricate
behaviour of the normalizing constants shows up. Depending on
whether A > 1 or A < 1 there are two qualitatively different
ways of choosing them and hence the attracting Poisson law
arises in two different ways. A concrete construction illustra-
tes these results and shows also that if A= 1 then both possi-

bilities may occur®
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1. INTRODUCTION, THE RESULTS, AND DISCUSSION

Let F(x) = P{X < x}, xeR, be the distribution function of a

given random variable X, and let X], 2»-+. be independent co-

pies of X. We say, that F is partially attracted by the Poisscn
distribution with mean A, if there exist a subsequence {n'} of .
the sequence {n} of the positive}integers and normalizing and

centering constants An' > 0 and Cn,ER such that
(1.1) g— (2 Xj -Ch)l 2y Y,as '+ =

where *D denotes convergence in distribution and Y, is a Pois-
son random variéble with mean X > 0, that is
P{Y, = k} = %Tk e, k=0,1,2,....

The distribution functions satisfying (1.1) form the domain of ‘ .
partial attraction of the limiting Poisson law. We write for this
set Dp (Poisson (A)). The domain of partial attraction of '
any infinitely divisible law G is defined in a way analogcus to
(1.1). Khinchin proved in 1937 that for every such G the set
Dp(G) is not void (cf. [4]). Then, of course, Dp (Poisson (1))
is not void. It is also known ({4)) that if (1.1) is true,
then {n'} can not be the whole {n}; otherwise the limiting
distribution should be stable which is not true for the Poisson
distribution. (That is exactly the reason that we talk about
partial attfaction,)

There are many reasons for the interest in the characteri-
zation of the distributions partially attracted to a Poisson

law. In,K 1941, Groshev [5] characterized the distribution func-

tions in the set U Dp (Poisson (1)). He proved that
A>0



Fe U D (Poisson (A))
o P -

if and only if

2
| X dF(hx)
(1.2) lim inf [x-1]>e 1+x = 0 for any ¢ > 0.
h+e S dF (hx)
[x-1]<e

‘This condition, being in terms of F, does not show immediately in
what sense F is restricted just as it does not show at all the
role of the mean » of the attracting law. .In the same paper,
Groshev also considered a special case of the problem when the

underlying F is infinitely divisible and proved that

Fe U D_ (Poisson (1))
x>0 P

if and only if

L. Ju-1[>¢ 1+u =
(1.3) 11£+:nf ‘ 7 IC(RY) =0,
lu-1]<e

where G(.) is the Lé&vy-Khinchin measure function of the canoni-
cal form of the characteristic function of F. As in the general
case, the condition above completely disguises the role of the
parameter A. Note that although (1.3) and (1.2) are very much
alike, the result in the special case is not a direct implica-
tion from the result in the general case. To obtain (1.3) Gro-
shev uses the special form of the general criterion of conver-
gence to an infinitely divisible law obtained for the case of
an infinitely divisible underlying distribution function (see
(4]1).

In [2), operating within the framework of the recently



developed 'probabilistic approach" to surs of independent
and identically distributed random variables ([3],'[1]5 we che-
Tacterised an arbitrary distribution function F which belongs
to Dp (Poisson (})). Starting out from the general convergence
theorems of the probabilistic approach we delineate the portion
of the sample that contributes the limiting Poisson behaviour
of the sums in (1.1) and describe the effect of extreme values.
This leads to the analytical condition (1.4) below for
Fer(Poisson (A)) expressed by the quantile function
Q(s) = inf{x! F(x) 2 s}, 0<s < 1, and the corresponding "trun-
cated variance" function, which by setting uAv = min(u,v) is
2 1-s 1-s

c"(s) = é £ (uAv-uv)dQ(u)dQ(v), 0 < s < 1/2.

The condition of [ 3] is the following:
ol + P ey 12

(1.4) lim inf = = 1 for 0 < ¢ < A/2.
N 2 ,A-¢
e o)

This implies that depending on whether A>1 or A<1 there are two

principally different ways of choosing the normalizing constants
< vnT o(1/n")
A

n|

An' in (1.1). When A > 1, then & < &, for two

1
. w ' .
positive 61 and 6, When A < 1, then L 1(1/n DR 0 as n' » =,
n !
The case A = 1 is a real borderline and both possibilities may

occur as shown by the Construction in [3]:

Just as the canonical~representation of the characteristic
function of an infinitely divisible law in (1.5) below is a
central point in the classical limit theory, the probabilistic

représentatiop of an infinitely divisible law in (1.9) below

plays an essential role within the framework of the probabilis-




tic approach. It is desirable then, in case if in (1.1) the
underlying law F is infinitely divisible, to have the necessary
and sufficient conditions for FeD (Poisson (A)) in terms of the
components of the probabilistic representat1on of F, what is the
aim of the present paper. Note that here as in [ 5], agein, a di-
rect implication from the general result (1. 4) is not possible.
To formulate the main results we need to introduce the pro-
babilistic representation of an infinitely divisible law. Let
v (t), teR, be the characteristic function of an arbitrary infi-

nitely divisible random variable Y in its Lévy form,

2.2 0 . .
(1.5)  e(t) = explite - St v 1 (1™ -1 - EEpdi(x) +
- 1+x
o f eI o1 - X HaR(0) .
0 1+x

Here © and ¢ = 0 are constants and L(x) and R(x) are two non-
decreasing uniquely determined left-continuous and right-conti-
nuous functions on (-=, 0) and (0, =), respectively, with
L(-=) = R(+=) = 0 such that

I X dL(x) + I X dR(x) < = for any ¢ > 0.

-€

Introduce the functions

(1.6)  ¥4(u) = infi{x < 0: L(x) >u}l, 0 <u<-==,

(1.7) Yz(u) inf{x < 0: -R(-x) > u}, 0 <u <=,

which obviously are non-decreasing, ron-positive and right-con-

tinuous, and also the constant

(74,%,) ,3_(1)' J-ﬁéia “—-—Z——VJ'(u) du)
¥,,Y = -J u} .
LR LA G 0 1+¥5 (u) T 1+v5 (u)

Further, let Nj(.), j = 1,2 be two independent standard left-



continuous Poisson processes with jump points ng), n=1,2,...,
given by - .

Nj(u? =

n ™8

I(séj) <u), 0su<= j=1,2

n=1

where I(.) is the indicator function and with independent expo-

nential random variables E(j), E(J),..., all having mean 1,
1 2
sV = g0) v e D) nan, 520,

Introduce also the random variables
| } s(3)
(3) j+1 !
(1.8) Vv = (-1) { J (u-Nj(UJ)de(u) + udvj(U)+?j(1)}
j 1

S%J)
j=1,2.

Let Z be a standard normal variable independent of
(N1(.), NZ(.)). Theorem 3 in [3] states that the random variable

V(l) + 0z + V(z) + 0 - 7(71, Yz) has characteristic function

v(t) of (1.5), that is we have the distributional equelity .

(1.9) ¥ = v v oz v e vy, o).

From now on we assume that the given distribution function

F is infinetely divisible. In fact,without loss of generality

we can assume that
(1.10) X = v 4 oz« v .o V(¥,,¥,,0)
which by (1.9) means of course that

X =D Y - 0 + y(w1, wz).

The simple reason is the following. The condition (1.1) is sa-
tisfied if and only if it is also satisfied for independent

copies of X - C, with the same An' and with centering constants

Bn' = Cn, -n'C, for any real C. This remark and (1.10) above .



allow us to write further (Yl,wz,o)er(Poisson (A)) instead
of Fer(Poisson (A)), just as it is adopted in [1].
For a positive integer n and for h > 0 we intrcduce

the functions

a%(n;h) =n{ J W%(u)du + ol s g Y%(u)du},
h/n h/n

a(n;h) al(n;h) + v%(h/n) + ¥2(h/n)

and a%(rn ) = ra%(n; 1/r), r = 1,2,..., which are all well defi-

ned due to the property that

J W?(u)du <=, €€>0;, j=1,2
[

obtained from the square - integrability of L and R.

Let A > 0 be fixed and intrcduce the notation

r1(k) = min{r: r positive integer, Ar > 1}.

THEOREM 1. We have (W1,Y2,c)¢Dp(Poisson (x)) if ard only
i1f for each r 2 rl(k) there exists a genuine subsequence {n'}

of the positive integers such that

(1.11) 1 _y. (&) + 0, if s > 0,
a,(rn') n
Y3
4 1 s [-ar, 1f 0 < s <2,
a,(rn') 0, Zf s> ’

as n' + =, where a. >0 7s some constant, and
“a,(a';h)

(1.13) lim lim sup —— = 0,
h+= n'+e az(rn')

To formulate the next theorem we need the function



b Gh) = x(/ viau + of o 1 vIaaw « ni2d .+ w2y,
h/x h/x * *
x> 0.

Obviously,
(1.14)  b%(n;h)

afnih) + hivi )+ vicdy,

b2 (n;1)

ag(n;l) = a%(n).

THEOREM 2. The three conditions (1.11), (1.12) and (1.13)
are satisfied along some subsequence {n'} of the poeitive inte-

gers, and hence (W1,W2,o)er(Poisson (X)) ©f and only if

b2(x;e) + bZ(x;x+c)+wf(c/x)

(1.158) lim inf

= 1 for every
xt= b (x;3-c)

0 < e s A/2,
As a matter of fact, instead of (1.15) we will use the
condition
bZ(nie) + bP(niree) + ¥I(E)

(1.16) lim inf — = 1 for every
n+e b (n;x-¢)

0 <e =1r/2,
which is equivalent, as we show just now, to (1.15). Note first

that if h < s, then

2 2 s/x s/x
b"(x;h) - b®(x3;s) = x{ ?1(u)du + f Wz(u)du}
h/x h/x

+

hir{ @) + v 2@y - sl + 2y
2x@ - DS + e ne?d) ¢ w2y - 02« vEy
=nei @ - v ¢ hed® - 3@ e o,

which means that bz(x;h) is non-increasing as a function of h.

Hence




b2 (x;e)
X 21 for x> 0 and 0 < e < /2,
b" (x;r-¢) _
2 HO)
and since Ezjﬁiiifl-z 0, —71—5———— > 0,
b (x;A-¢) b (x;A-¢€)

(1.15) means that for every 9 < e =< /2 there exists a
subsequence of real positive numbers {xm} = {xm(c)}, such that

x_ =+ = and
m

2.,€
b2(x_se) bZ(x_;r+e) ¥ &)
T 1 il + 0 n__ + 0.
b (x 3A-¢) bzcxm;x-e) bz(xm;k-e)

Because of the monotonicity of the functions bz(x,c) and Yi(c/x)
in €, none of the three ratios above increases in e. Using
this, one can easily show that the above conditions hold if and
only if there exists a subsequence {n'} of the positive integers,
independent of €, such that

2

LY
(1.17) 1lim —79—13—L51 =1, 0 < e <1/2,

n'+= b"(n';x-¢)

2 )
(1.18) 1im 2 (n'3x*e) = o g < e 5 2/2,
n'+= b7 (n';r-¢)
?f(C/n')
(1.19) 1lim =0, 0<ec<h/2.

n'+= b2 (n';i-c)

The conditions (1.17}-(1.19) are obviously equivalent to

b2(n';e) + bZ(n';h+e) + ¥i(e/n')

(1.20) 1lim y) s
: n'+e b (n'iA-¢) | -

and the latter implies, of course, (1.16). Conversely, (1.16)
implies (1.17)-(1.19), again by the monotonicity of the func-
tions bZ and ?f with respect to €.

Some results, obtained .in the proofs of our theorems, will

be used to establish the following Corollary characterizing
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the two different ways of behaviour of the normalizing con-

stants in (1.1) by comparing An' and az(n').

COROLLARY: Suppose (1.1). If X > 1, then there exist two

positive constants 61 < 62 such that

az(n')
6, < < 6,.
1 An' 2
az(n')
If A <1, then —3x— * 0 as n' + =,
n'

The proofs are in the next section. In Section 3, we illus-
trate the above results by a concrete construction of ¥,, that
is, a concrete constraction of an infinitely divisible random
variable in Dp(Poisson (A)). This construction works for all

A > 0 and it will turn out that the case when A = 1 is really a

borderline case in the sense that both possibilities of the

Corollary show up.

2. PROOFS

It is well known (see [4)) that for the Poisson law with mean

A > 0 the constant 02

in the representation (1.5) equals

zero, 6 = A/2, L(x) =0, x>0, R(x) = -x for 0 < x < 1 and
R(x) = 0 for x 2 1. Simple calculations show, that in this case
the function difined by (1.6) is identically equal to zero and
the one in (1.7), which we denote by ¥, in the sequel, is given
by \

| -1, if 0<i<a ,
- ‘¥ (u) =

0, if u 22

|llIIllllllllllIIIlIIIIIIII-IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIJ
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Furthermore we need the random variable V(O,Wx, 0) defined

by (1.10). Easy calculations in (1.8) give

(z.1) V(0,¥,,0) = N(}) - AL{x > 1} =5 Y, - AI{d > 1),

where, for simplicity, we put N(A) = NZ(X).

Proof of Theorem 1. Let Vj(Yl,Wz,o), 3 1,2,..., be inde-

pendeﬁt copies of V(?l,?z,c) end suppose (1.1). This means, ac-
cording to the remark following (1.10) that we have

nt

1 -
— Z V.(v,,¥,, - B _,} -, Y,,
An' {j=] J( 172 o) n' D *A

1
n' + =,

for some A, > 0 and B_,. Let {V§m)};=1 be independent copies

of {Vj(w1,?2,c)}j=1, m=1,2,...,r, where 1 2 r1(k). Then

_l_ { g'( ; ng)) - 1B ,} - n' + o
Apt =1 m=1 J n' D Ypy’ )
Introducing
Tiyean =T, TEmsr, e 12,
and C:, = an, + T An' and using (2.1) we see that the above
means
1 Tn' *

We are in the situation of part (v) of Theorem 12 in (1], which

necessarily implies

(2.2) AL'VI(;%,) +0, ifs>o0,

n

1 < -1, if 0 < s < 1),
(2.3) — ¥y (=) ~

n' 2'rn 0, if s > ra,

as n' + =, and
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a1(rn';h)
(2.4) lim 1lim sup T =
h+m n|+m n' -
Also,
v, (=) | ,
liT sup 2, (rn <=, for s >0, j = 1,2,
n'-+e

since otherwise we would have aé(rn')/An, + 0 as n' + =, which
by part (iv) of Theorem 12 in [1] is impossiﬂle because the
limit in (2.3) is non-zero for 1 £ s < rvA. Therefore, again by
part (v) of the same Theorem 12, there exist an {n"} C {n'}

and a constant 0 < aL < e such that

az(rn") L1
An, Gr

Putting this together with (2.2), (2.3) and (2.4), we obtain
(r.11), (1.12) and (1.13) along {n"} since a1(rn";h)
= VT a;(n";h/r) and, obviously,

a.(n";h/r)

lim lim sup 1 -
h-+e n''+e az(rn )

: al(n";h)
= lim lim sup ————
h+« n''+e a 2(rn )

This completes the proof of necessity.

Now we show sufficiency. Writing ni for the k-th term

of the sequence {n'} in (1.11), (1.12) and (1.13) and setting

(nk . !
(-)/az(rnk)»

IO I N VL WIEMCEWIELEY

j=1,2,; k=1,2,..., by the distributional equality (2.42)

of [1] we get
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n!
k
1
(2.5) ———— { X V. (¥,,¥,,0) - u_1(¥,,¥,))
e S A R R —
vhi o
= V(¥ 1s¥0, — ),
D 1k 2k a)(rn)

where

1 1
b (¥.,¥-) = n{/ wud¥,(u) - S udy,)}.
n*t'1*°2 1/n 2 1/n 1

The general convergence theorem for infinitely divisible lzws,
that is, Theorem 11 in [1] states that under the conditions

(1.11), (1.12) and (1.13),
V(¥ ¥y Yoy o/ay(rng)) »p V(0,a,¥,,0)

as X =+ =, By (2.5) and (2.1) we get

3

1
X
1 (T

- .. V-(Y ¥ ,0) . |(W ,T )} + « (Y - I{x >1 }),
az(rnﬂ) 3 jy1r2 ny 172 T A

1

as k + =, which proves sufficiency. C

The following four lemmas are required for the proof of

Theorem 2.

LEMMA 1. Let A > 1 be a fized number and {n'} be a subse-

quence such that

(2.6) —— v, E0) +0, 5> 0,
az(n')
1 s -a, 0 < s <A,
(2.7) T ‘l’z(—r) -+ <
az(n ) n 0, s > A,

as n' + =, where @ > 0 i3 gome constant, and
( a,(n';h)
2.8) lim 1im su — = 0.
hee nlea  320A7)
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Then, as n' =+ =

2

(2.9) b"(n';h) 1, 0 <hc<A,
bz(n';1)
and
bZ(n':h) .
(2.10) 21 4+ 0, h>A.
b"(n';1)

Proof. By (1.14) we have

2 2 h 2 h
bi(n';h) _ 23 (n'5R) G Y G

+ h

(2.11)
i) al(n'31)  al(a'iD)  ai(a'in)

First we investigate the behaviour of the right-hand side of

(2.11). Let 0 < h < s and consider

2 2 s/n s/n
al(n;h) - a1(n;s) =n{ J V1(u)du + f Wz(u)du}.
h/n h/n

Then
s h 2,5 2.s 2, . 2. .,
[ h 2:h 2.:h
< n(g - E) {¥] ;) + "Z(E)}
and hence

N @ almm almss)
a%(n;]) ;an;l)

(2.12) (s-h) {

ag(n;1) a%(n;l)

2 h 2 h
HE O, LG

aZ(n;1) a%(n;1)'

< (s-h){

Let h > A. By (1.14), (2.6) and (2.7) the right-hand side of

(2.12)Igoes.to zero as n' + = and this gives
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a%(n';h) af(n';s)
0 < - — +0 as n' + =, A< h <35,
azzn';1) aE(n';l) ’

which implies

af(n';h) af(n';s) )
(2.13) 1lim sup — T = lim sup —— = A7 (s).
n'-+e= az(n';l) n'+e az(n‘;1)

Since Az(s) does not increase, there exists lim Az(s)=: a 2 0.
s+

Now (2.13) and (2.8) imply & = 0 and this together with (2.6),
(2.7) and (2.11) prove (2.10). To prove (2.9), put first s = 1,
0 <h < 1in (2.12). By (2.8) and (2.7) and by A > 1 the

inequalities (2.12) give

a%(n';h) af(n';l) 2
lim { 7 = 2 ) = (1-h)0 ]
n'+e .az(n';1) az(n';I)

while by putting h = 1, 1 <'s < A they give

a%(n';1) af(n';s) ( ) 5
lim { - } = (s-1)a”,
ntee az(n';l)  az(n';n)

These two limiting equalities together with

ainin) 2l 2l .
= - + +> 1 - ’
ag(n‘;1) | gg(n';1) ag(n';l) :

as n' »+ =, imply that
al(n';h) )
(2.14) —7—————— + 1 - ha", as n' + =,  0<hCKA,
(n i 1) )
Now by (2.6), (2.7) and (2.14) used in (2.11) we easily get

(2.9).



LEMMA 2. Let A > 1 be a fized number and suppose (2.9),

(2.10) arnd that

v, (2r)

(2.15) ——m—
b(n';1)

+ 0, as n' + =,

Then there exist a subsequence {n"}C {n'} and a constant
a > 0 such that (2.6), (2.7) and (2.8) are satisfied vith n'

replaced by n".

Proof. For h > A, (2.10) and (2.11) give

aj(n';h)

———— + 0, as n' + =

a;(n';1)
which implies of course (2.8) along the original {n'}. Further-
more, the definition of bz and (1.14) easily imply that for

h < s, 1"

af(n:h) ) af(n;SJ

- bz(n;h) _ bz(n;s)
a%(n;l) as(m;1) bé(n;1) bi(m1)

2.s 2.s 2:h 2.:h
v s \y](a) . wz(ﬁ') } - hi Y1(E) . YZ(E) ).
a%(n;1) ag(n;l) a%(n;1) a%(nzl)

We substitute the right-band side of the above equality into

(2.12) and get

2. h 2,s
¥ ) Yi (=
(2.16) h{ 2‘ & } + h{

2 h, 2.5
LE . LG
a;(n;1) a%(n;l)

ag(n;l) ag(n;1)

< bimihy | bi(n;s)
) )
b“(n;1)  b%(n;1)

2 h 2 h 2
n@  nd HEIRAE

=7 }"’5{2 -

S s{

az(n;l) a%(n;l) az(n;l)- a%(n;1)
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By putting 0 < h < 1, s'= 1 into (2.186), and by (2.9) we get

2 vige

0 <
a%(n‘;1) a%(n';i)

+ 0, as n' + o,

for 0 < h < 1. From (2.15) and this (2.6) follcws for

0 <s < 1. Since for s > 1 we have by (2.15)

2,8 21
¥y (=) Y7 (=7)
1 Fr S 1 ;-r "*0’35 nl _’“’

al(a';1)  ajm'in)

(2.6) is true for all s > 0. When s = 1 and 0 < h < 1 in (2.16),

then by (2.9) we obtain

2. h 2.1
2. < YZ(HT) - YZ(HT) ' I
(2.17) 0 < V) vi + 0, as n' » .
az(n';1) az(n';l)
2.1
Since ?Z(Fr) < 1. we can find an {n"}C {n'} such that
-t =<1,
az(n';1)
2.1
¥g (gm) ol 20 as gt o=
L1 NS ’ ' ’
az(n 3 1)

which and (2.17) give

by oo,
_7——%7—— + a“, as n" + =, for 0 <h < 1.
az(n 1 1)

When putting h = 1 and 1 < s <A in (2.16) and using (2.9) we
obtain that this relation holds true for 1 < h < A as well.

Using this and the relation

2 h
26 bl ,

aZmm1) - bn0)

» @as n'" -+ e,

which according to (2.11) and (2.10) is true for h > A, ye get
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v2 (B o2 if 0 <h <A,
(2.18) ‘_73Lll___ -+ ’
al(n";1) 0, if h>A,

as n" + <. We claim that uz > 0. Suppose not. Then

v2 (G

2B — +0,as " > =
as(n";1)

and together with (2.15) this leads to

2 2
a;(n";1) W%(%n) Wz(%w) |
1", - ] B 2 1". } 2 1", ” 1,as n T
ag(n 1) aj(n";1)  aj(n"i1)

The condition above, the already proved (2.6) and (2.18) with
a = 0 show that we are.in the case (i) of Theorem 12 of [1].
Then part (v) of the theorem gives that along ({n"} we should:
have

a%(n";h)

lim limsup —5——— ~ 1
h+= n''+= az(n";1)

which contradicts the already proved (2.8). Hence 62 > 0 and

this completes the proof. =

LEMMA 3. Suppose (2.9), (2.10) and (2.15) are satisfied

along (n'} and A > 1. Then for every 0 < e < A2,

platie) g
b (n';A-¢)

(2.19)

4

b2

b“(n';A-¢)

n';A+e

(2.20) + 0,




Proof. Take any e, 0 < ¢ £ A/2. By (2.9),

b
b

2(a'ze) . bi(n'se) [bzcn';A-e) [T
(n'3;A-c)  b(a';1) [bi(n';1)

which is (2.19). Further by (2.9) and (2.10) for the ratio in
(2.20) we have |

Cbimtase) | bimare) bEmAe)| TN L g s e
bz(n';A-c) bzzh';1) EY(D,;1) ’

and finally (2.15) and (2.9) give

2 2
G G [bz(n.;A_e) T .
bZ(n';A-e)  bi(n';1) [bi(@';1)

which is (2.21).

LEMMA 4. Suppose that (2.19), (2.20) and (2.21) hold true
along some subsequence {n'} with A > 2. Then (2.9), (2.10)
and (2.15) hold true along the same subsequence and with the

same A.

Proof. The condition A > 2 implies that for 0 < e < A/Z,

A - ¢ > 1. Then by (2.19),

bz(n';c)

2
b"(n';e)
1 < —
b“(n';A-¢)

b (n';1)

<

+ 1, n' + =, 0D <e <1,

and

T b(n';e)  b(n';A-1)

2 2000,
12 @Y B L) pr s, 1< e 2 A/2,

which together give (2.9).

Furthermore, by (2.20) and (2.19) for 0 < € < A/2 we have

bztn';AfEl - bz(n';A+e) bz(n';A-c) -
bz(n';1) bz(n';A4e) bz(n';1)

0, n' + =,



and since for every h > A there exists a small €, such that

h > A+¢ and then

2
b (n'3h) o b7(n'; A+e) |
b4(n';1) b7 (n';1) ’

we have (2.10) also satisfied. Finally we use (2.21) with ¢ = 1
and get

FR 21
¥ (G ¥y ()

<
b%(n';1)  bi(n'; A-1)

+ 0, n' + =,

which is (2.15). O

Proof of Thecrem 2. Tirst we prove neccssity. Assume

(1.11), (1.12) and (1.13) for some XA > 0, & fixed r > r1(k) > 1
and some {n'}. Then we have
1
(2.22) m 1(-——;—) + 0 s >0,
"o, 0 < s <X, v

1,
(2.23) gy Yo lmm) .

’ S > TJ\,

as n' + =, where a_ > 0 is some constant, and

r

al(rn +h)
(2.24) l:!.r];]: llm'igp W

By Lemma 1, (2.22), (2.23) and (2.24) give

2 .
(2.25) Eiilﬂl;hl +

b°(rn';1) 0, h> 1A, )

1, 0<h«<r,

and, as a special case of (2.22), we have also

1
()
(2.26) ! 'a*l(m"o‘




as n' + =, By lLcemma 3, epplied eleng {rn'} erd with A = r1a,

we obtzain

birnti) ¢ bY0rnty maen) w vl ()
(2.27)  1lim > - =
n'-+= b“(rn'; ri-h)
for 0 < h < rx/2. Since

Z ‘hY = 2,00, 2, h . 2, h .

b (rn';h) = r aj(n';h/r) + h{v](7) + ¥, (v

2 h h,.2,/h 2 h/r..

R I TH G R IR CE YU A SRR LA SE)

rbz(n'; h/r),

by putting ¢ = h/r in (2.27) we cbtein (1.20) and hence (1.16).
Now assume (i.16). Then of course we have (1.17), (1.18)
and (1.19) along scme subsequence {n'}. Tzke T, = rz(A) =
= nin{r: r peositive integer, rA > 2} and write (1.17), (1.18) ang
(1.19; in the form of (2.27) with r = T, enc¢ h = T,e. By Lem-
na 4 the latter implies (2.25) and (2.26) with r = T,. By Lem-
rma 2, used for the subsequence {r,n'} and A = 1,4 > Z we can
find an {n'") C€{n'} such that (2.6), (2.7) end (2.8) a2re satis-
fied along {rzn"] for A = r,2 and some a > 0. Further we sub-
stitute t = s/r2 and get (1.11), (1.12) and (1.13) with n' rep-
laced by n'". Then, as shown in the sufficiency proof of

Theorem 1, (¥, ¥,, o)er(Poisson (). ‘ D

Froof of the Corollary. Suppose (1.1).Following the neces-
sity proof of Theorem 1, one can see, that if r 2 r1(l) then
for every {n"} € {n') there exists an {n"'} C {n"} such that we have

(2.6), (2.7) ené (-.8) aleng {rn"'} with A = T2 and, as n"' - e,
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az(rnn")

Ann!

where 0 < 6 < =. This is nothing but

az(rn')

(2.28) &, < 5 < 6y,

where 0 < 61 = 61(r) < 6 62(r) < e, 1If X > 1, then rT(A) = 1

2 =
and we get the first statement of the Corollary by putting

r =1 in (2.28). Let A < 1 and 1> max(r1(l), T%TJ' Then

2, 4 2 '
20 pZariy _bimrgny 220N

< 62(r) ')

2 2 L2 2 = 2
An' An' b"(rn';1) An' b (n';1/1)
2
§5(1) 2 . 2, 4.,
= 21‘ b (n"1) b (n ’J\ ]/r) d 0' as n' =» <,

b (n'ix-1/1) b (n';1/1)
since, using first Lemma 1 along {rn"') and with A = rX and then
Lemma 3 along {rn"'} and with A=r} and e=1 and noting that Tt > A+«

2, 011, "
b (nvl’1) N 0’ bz(n ';A-]/T) - 1’ as n"' & e

b (vt x-1/1) bt ;1/1) ’
and since {n'"} was arbitrary. 0
3. A CONSTRUCTION

Denote

tj = t() = cz‘zj, j=0,1,2,...,

1)1 - : , 3 =0,1,2,..
c(1-2 )

Introduce the function

' ’




-23=

¥(s)

and the corresponding infinitely divisible random variable
V(0,¥,0), given by (1.10) and (1.8). Since t, = c/2 < 1, simple
calculations in (1.8) show that

t

— o ) -

V(0,¥,0) = f N(s)av¥(s) = Lzo N(ty)(bypyq - byl
0 = '

where b0 = 0,
Fix A > 0, We will illustrate the results of Theorem 1 and

of the corollary by choosing X = V(0,¥%¥,0), {n'} = {nk};=1, where

(3.1) no ={2_] = nin{z:7 integer, ¢ 2 2, Xk = 0,1,2,...,
k tk tk

and An}\ = bk"‘]’ k = 0,1’2)o.~’

and discuss a bit the situation when ny above is replaced by

Mo where
A . A
(3.2) m, = {?—j = max{l:1 integer, 1 < €—}, k =20,1,2,...

Let ny be defined by (3.1). Then by elementary considera-

tions we obtain that for all k large enough,

S .
tk+1 <F}z < tk, 1f s < A ’
A A A
tk*] < B; < tk, lf [f;]:,ii ’
(3.3)
' _ A A 1.
N [tk-i Ty’
t, < S-<¢t if s > A
k - n k-1? *

43

These together with the asymptotic equality



X
(3.4)  bZ~q/eh?

imply that if s # ),

¢S
‘(ﬁ;) -1, if s < A,
(3.5) N + ¥, (s) =
Ny

0, if s > a,

as k + =, Further we want to know the behaviour of the ratios

a1(nk;h)/a2(rnk)'and aZ(nk)/Ank' For this we first analyse the

function
t
2, . _ o 2
a;y(n,; h) = n J ¥7 (s)ds.
1Yk k
h/nk
Relations (3.3) show that when h < A or h = A but [%—] > %—
k k
then
2 k 2 h oy 2
a1(nk; h) = ny {j§1(tj_1-tj)bj + (tk - H;)bk+l)'

By simple calculations this implies that when k =+ o

k+1 \
(3.6) ajln; h) ~ 2,00 - Myt e oy,
C

and : -1
k k j-1 j-1
A L2 2 -
a%(nk;x) ~—2 {z 2 [1-2 2 J +
c j=1
k -
A L2 A 2 -11,2 .- A A
+ |1 - =2 (l'—Z —') ]2 }, 1fl-—--|>—.-
Again by (3.3) when h > 2 or h = 2 but [%—] = %— we obtain
) kL k
. k-1
2 . - _ 2 _ h 2 ‘
a](nk, h) nk{ jij(tj‘1 tj)bj + (tk_1 H;)bk}

and this implies that when k + =,

, X k-1
(3.8) al(ng; h) ~2; 27 22 7, ifno>a,
[ o




and
. . -1
L ko o5-1 j-1
2 A 2 2 -2 . A 2
(3.9)  aj(nd) ~ 2 I 2 L-z ] ,:f[—ﬂ=-—.
147 2 e vl

Now the relation az(n,) = az(n,;l) + Yz(l—) and also (3.6)-(3.9)
2k 14k ny .
<how that we have to distinguish four cases.

Case 1: A > 1. By (3.3), ¥2(1) = b}

and then by (3.6)
Pk

+1

and (3.4) used with h = 1 we get

2k+1

- 2 A - A 2 )
(3.10) az(nk) 27 2 =T a1(nk), k »

From the above and using consecutively (3.8) and (3.4) we ob-

tain that wvhen k + =,

af(nk;h)
+ 0, for every h > &,
a;(ny)
and
a%(nk)
—z
Ank

These relations together with (3.5) illustrate Theorem 1 and

the first case of the corollary.

Case 2: A < 1. Since for every r 2 r1(l) we have 1/r < A

and since

2. 1/r

(E;‘)) ’

| 2
| ag(rnk) =T az(nk; 1/1) = r{a%(nk; 1/r) + ¥
by using (3.6) with h = 1/r and (3.3) with s = 1/r we obtain

(A1) -1 sz*1
[ o}

» K+ =

s ..~
az(rnk)

Then (3.8) implies that when k + =,
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2. .
31(nko h)
(3.11) — 0, for every h > 1,
az(rnk)
Furthermore, in this case by (3.3) YZ(%—) = bi apd then by (3.8) .
k R
and (3.4),

k }\"1 ~
2 A 2 2
(3.12) az(nk) ~ a%(nk) ~ ;7 2 2 , k + =,

which implies, of course, that

2
az(nk)
2
An

+ 0, k » =,
K -
This, (3.5) and (3.11) together illustrate Theorem 1 and the

second case of the corollary.

Case 3: A = 1 and we choose 0 < ¢ < 1 so that 1/c is rot

an integer. By (3.6) and (3.3) used with h = 1/r < 1 and

s = 1/r correspondingly, where 1 2 r1(1) 2, wve get

k+1
Y3 L 2r-1 ,2 -
az(rnk) —27— 2 | , kK =+ .

This and (3.8) imply that when k + =

aZ(n, ;h)

(3.13) + 0, for every h > 1.
az(nk)
Furthermore, by (3.3) ?z(l—) = bi and since by (3.7) and (3.4)
] nk #1 3

af(nk) . ) .
(3.14) Y] —* 0, k » =,

ka1

then in this case

2, 2 _ .2 _
(3.15) az(nk) bk+1 = Ank, kK » oo,

It is seen now by (3.13) and (3.15) that we are in the situationof

Case 1. (The present case also illustrates part (iii) df'Theorem 12
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in [ 1).)
Case 4: » = 1 ¢gnd Cc= 1, Relations (3.6) and (3.3) used
with h.= I/f < 1 and s = 1/r give
k41
2 2
az(rnk) ~ (r-1)2 , kK + e
and then this and (3.8) imply (3.13). By (3.3), ‘”2(:1—) = b} and
k
by (3.4) and (3.9) used with 2 = 1 we get
2.1
¥ (=)
"k

0 ke,
aj(n,)

which means that
2 2 )
(3.16) az(nk) ~ al(nk), K + e,

Using again (3.9) and (3.4) we obtain

a%(nk)

—_— 0, k =+ ==,
A :

"k
The latter and (3.13) show that we are in the situation of

Case 2.

It is perhaps interesting to rtemark the following.
As we see, the role of the "natural" normalizing constant for
our problem-is taken by az(n), while in the general case, that
is, when the 1imit in (1.1) is an arbitrary (infinitely divi-
sible) random variable this role may be taken either by a1(n)
or by az(n), as Theorem 12 of [ 1] shows. Relations (3.10),
(3.12) and (3.16) show, that in cases 1, 2 and 4 of the above

construction a1(nk) ::az(nk), k + =, while in Case'4

a](nk)/az(nk) + 0 and az(nk) “’Ank, k + =, as (3.14) and (3.15)
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show. The situation changes if we replace ny by my of (3.2).

This second construction. illustrates the szme results in the
same way, but in all four cases, that is, for every A > 0, we

bave a](mk),, az(mk).
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