
ABSTRACT

LEE, YI TSUNG. Advancements in Low-Order Modeling of Unsteady Airfoil Flows. (Under the
direction of Ashok Gopalarathnam).

Low-order aerodynamic models, such as the discrete-vortex method (DVM) based on poten-

tial flow theory, have been extensively used to study numerous types of unsteady aerodynamic

problems, such as dynamic stall of rotor, transverse gust encounter, and aeroelastic simulations.

These models offer significant advantages in terms of computational efficiency and speed com-

pared to high-fidelity computational fluid dynamics (CFD) simulations, making them valuable

for early-stage aerodynamic design and the rapid exploration of complex flow physics. The

work performed for this dissertation makes advances in several aspects of low-order modeling

of unsteady airfoil flows: (i) the effect of trailing-edge roundness, (ii) the development of a

state-variable form of a discrete-vortex method for low-order modeling, (iii) the application of

this method to transverse gust encounters, (iv) the integration of the method with structural-

dynamics equations to model aeroelastic limit-cycle oscillations, and (v) the exploration of the

connection between criticality of leading-edge suction and onset of stall on helicopter rotors.

These topics are briefly summarized in the remainder of this abstract.

Dynamic stall on rotorcraft and wind turbines is closely tied to flow separation characteris-

tics, which are heavily influenced by airfoil geometry, particularly at the leading and trailing

edges. In high advance-ratio rotor flows, reverse flow conditions are common, and separa-

tion and vortex shedding characteristics play a crucial role in the unsteady flow behavior.

Compared to conventional sharp trailing edges, a round trailing edge can mitigate separation

effects in reverse flow, enhancing rotor performance. To gain better understanding of flows over

round-trailing-edge airfoils, unsteady flow physics are studied to quantify the contributions

of trailing-edge roundness. Theoretical expression for the unsteady loading for such shapes

including the edge roundness terms are derived. These expressions and the insights form a

good foundation for future low-order simulations of unsteady flows around rounded trailing

edges.

The discrete-vortex method with leading-edge vortex (LEV) shedding modeling has shown

great success in simulating many unsteady airfoil flow problems in the past decade. LEV shed-

ding modulated by the leading-edge suction parameter (LESP) has been proved extremely

valuable in accurately predicting the LEV shedding onset and termination. To explore the appli-

cations of the method, state-space reformulation of the discrete-vortex method is performed,

aligning the model structure with other traditional systems governed by ordinary differential

equations, such as aeroelastic modeling. The discrete-vortex dynamics is reformulated as



an ODE system, and integrated with the discrete vortex shedding approach for trailing- and

leading-edge vortex predictions. The capability of the state-variable form model to simulate

unsteady airfoil flows is validated across a range of unsteady motion kinematics.

Unsteady transverse gust encounter of airfoils have been investigated recently, both ex-

perimentally and numerically. Research shows that the LEV structures associated with gust

strength and gust width play a major role in the airfoil lift responses. The state-variable form

discrete-vortex method is used to perform low-order simulations for transverse gust encoun-

ters. Comparisons between the low-order simulations and experimental data indicate the

effectiveness of the model in predicting LEV formations and lift surges during gust encounters.

To mitigate the discrepancies in the lift responses between the experiments and the model,

three-dimensional finite wing effect is studied. It is discovered that the differences in wing

aspect ratios affect the lift surges during the gust. Thus, modifications to address the finite-wing

effects to the low-order model are necessary to improve its alignment with experimental data.

Aeroelastic phenomena, such as the limit cycle oscillations (LCOs) can result in undesired

stresses on structures yet also show significant potential for applications like wind-energy har-

vesting. The coupling of nonlinear structural dynamics and nonlinear aerodynamics remains

a challenging research problem, even with modern computational tools and experimental

devices. To investigate this complex flow behavior, the state-form model is employed in con-

junction with nonlinear structural dynamic models to analyze oscillation characteristics of a

rigid airfoil across varying freestream conditions. The state-form model successfully predicts

the flutter speed of LCOs, and the associated oscillation amplitude variations, albeit with some

deviations from experimental measurements. The successful application of the state-form

model in aeroelastic simulations marks a milestone, and plans for future enhancements to

improve its predictive capability are underway.

Dynamic stall in compressible rotor flow remains a challenging topic despite decades of

research efforts. The computational cost of coupled aeroelastic and aerodynamic simulations

using high-fidelity CFD on full-scale main rotor is enormous. To explore the possibility of

low-order simulations in three-dimensional rotor flow, this work investigates the connection

between LESP variations extracted from CFD data and dynamic-stall signatures of rotor flow.

Results indicate that the onset of dynamic stall in three-dimensional rotor flow exhibits a con-

sistent critical LESP across different cases, mirroring observations in two-dimensional studies.

This discovery represents a foundational step toward employing LESP in the development of

low-order methods for modeling dynamic stall in three-dimensional rotor flow.
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CHAPTER

1

INTRODUCTION

1.1 Unsteady Aerodynamics

Unsteady aerodynamics is a �eld focusing on understanding the complex �ow physics and

dynamic responses associated with temporal changes in �ow�elds and object motions. These

unsteady phenomena can be categorized into three primary types:

• Prescribed motion of aerodynamic objects: When an object moves according to a speci-

�ed motion, it generates an unsteady �ow�eld, resulting in time-varying aerodynamic

forces. This type of study is useful for applications involving controlled maneuvers and

dynamic-stall physics.

• Unsteady �ow�eld interacting with stationary objects: In this scenario, the �ow itself

has unsteady characteristics (such as gust or upstream wake vortices) and interacts with

a stationary object, inducing unsteady aerodynamic loads. This type of study is key to

understanding phenomena like gust encounters.

• Coupled unsteady motion and �ow interactions: In this scenerio, unsteady movements

of the object and neighboring �ow interact with each other, leading to highly complex

�ow physics and structural responses. This type includes phenomena like aeroelastic

�utter, where the �ow�eld and structure responses dynamically in�uence each other.
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These scenarios de�ne distinct research areas such as dynamic stall prediction, transverse

gust interaction, and aeroelastic �utter response. Despite these distinctions, they share core

physical behaviors, including wake-structure interactions, vortex shedding from leading edges,

and unsteady pressure distributions. Practical applications of unsteady aerodynamics are

broad, including dynamic stall in helicopters and wind turbines [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11],

bio-inspired �ight [12, 13, 14, 15], micro air vehicle (MAV) design [16, 17], and �ow-energy

harvesting devices [18, 19, 20, 21]. These applications have driven signi�cant research interest

over the past few decades, with unsteady aerodynamics research remaining a rapidly growing

�eld as new challenges and insights continue to emerge.

Unsteady �ow around a dynamic airfoil is typically characterized by rapid changes in airfoil

circulation, apparent-mass effects, �ow separation, and vortex shedding [22]. Research on these

phenomena dates back to the 1920s and 1930s, when analytical analysis were deployed. Early

studies based on the potential-�ow assumption have provided much insight into attached

unsteady �ows. Wagner [23], Von Karman [24] and Theodorsen [25] derived unsteady loads for

an airfoil undergoing small-amplitude unsteady motions. Garrick [26] developed a theory for

propulsive or drag forces on an oscillating airfoil. These foundational studies illuminated the ef-

fects of unsteady motion on aerodynamic loads. However, due to their simplifying assumptions,

such as small amplitudes, planar wakes, and fully attached �ows, these models have limited

applicability in more complex scenarios. Renewed interest emerged in the 1970s, particularly

with dynamic stall on helicopter rotors becoming a focal topic. Experimental works such as

McCroskey [6, 27, 9] brought to light the dynamic-stall phenomenon using the unsteady sepa-

ration and stall phenomenon for airfoil undergoing time-dependent motions. More recently, a

number of experimental and computational studies on unsteady airfoil motions have been

completed, facilitated by advancements in experimental techniques and computational power

growth. For example, McGowan et al. [28] and Ol et al. [29] have studied unsteady loads and

�ow�elds of dynamic airfoils across a wide range of motion parameters and regimes. Current

research has increasingly focused on �ow separations and the interactions at the leading and

trailing edges.

For airfoils undergoing unsteady motions, �ow separations on the airfoil leading and

trailing-edges have been found to be highly in�uenced by edge geometries. Early airfoil designs,

motivated by low-speed, �xed-wing aircraft applications, often featured rounded leading edges

and sharp trailing edges. Non-traditional airfoils, such as the ones with blunt or round trailing

edges, have been studied for aerospace applications such as high-speed �ight, rotorcraft, and

turbine cascades. For the steady state aerodynamics, numerous works from NACA during the

1950s (Refs.[30, 31, 32, 33]) found both analytically and experimentally that a modi�ed thicker

trailing edge can generate a higher maximum lift coef�cient and higher lift curve slope in
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comparison to the conventional sharp trailing edge. More recent studies such as the work by

Hoerner [34], Ramjee et al. [35], Sato and Sunada [36] and Standish and van Dam [37] also

experimentally and numerically concluded that using a blunt trailing edge can increase the

lift curve slope and maximum lift at the cost of increased pro�le drag, via generation of a

gradual adverse pressure gradient. In reverse �ow conditions seen on rotorcraft, blunt or round

trailing edges can alleviate undesirable unsteady effects such as �ow separation and vortex

formation [38, 39, 40, 41, 42]. These efforts suggest that non-conventional trailing-edge shapes

alter separation characteristics, making research on the unsteady performance of airfoils with

various trailing-edge shapes potentially useful for optimizing airfoil shapes for applications

like rotorcraft and turbines.

Figure 1.1: Illustration of different types of gusts and gust directions with respect to a wing.
Figure is inspired by the work of Bonnet and Smith [43].

In the second type of unsteady aerodynamic problem, where external unsteady �ow inter-

acts with stationary objects, is termed a gust-encounter or wake-encounter problem. Broadly

speaking, gust encounter refers to a sudden change in velocity within the �ow�eld, while wake

encounter refers to external vortex structures approaching and interacting with the airfoil. The

earliest gust research dates back to the 1930s when Küssner [44] determined that transverse

gusts caused the highest wing stresses compared to gusts acting in other directions. Figure 1.1

illustrates the different directions of gusts. Experimentally, Küssner attributed the effect of

vertical gust to a sudden change in the angle of attack, recording airplane wing de�ection

during stormy weather. The strength of the gust is typically quanti�ed by gust ratio, GR, which
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is de�ned as the maximum gust velocity relative to the free stream velocity.

The effect of gust ratio on lift surging during gust encounter has been extensively studied

both experimentally and computationally. Among the more recent works, Biler et al. [45, 46] and

Cokery et al. [47] have conducted many experimental investigations covering a wide range of

gust ratios. Bonnet et al. [43, 48] and Badrya et al. [49] computationally investigated the �ow�eld

and unsteady lift response of an airfoil encountering different strengths of gust. Additionally,

the effect of gust pro�le has also been investigated in the work of Andreu-Angulo et al. [50].

Seeing the lift surges during the transverse gust encounter, gust mitigation algorithm has also

been studied experimentally in the work of Sedky et al. [51, 52] and Xu et al. [53, 54].

The third type of unsteady aerodynamic problem is commonly referred to as the aeroelastic

problem. This problem can be characterized into two types: 1. interactions between unsteady

motions of rigid solid objects and unsteady �ow�elds, and 2. Fluid structure interactions

(FSI), where both object deformation and motion occur simultaneously, interacting with the

surrounding �ow�eld. While the �rst type of rigid object motions coupled with �uid dynamics

is simpler than the second type of FSI, it is still a very challenging research problem due to

the coupling of structural nonlinearity and aerodynamic nonlinearity. The aeroelastic effects

often leads to undesirable consequences such as divergent oscillations, control reversal, and

�utter [55, 56]. However, they are also recognized for their potential in energy harvesting

applications. Examples include the research works from Bryant and Garcia [19] and Dunnmon

et al. [20], exploring ideas for energy harvesting from aeroelastic limit cycle oscilations (LCOs),

in which the oscillations of the aeroelastic system are bounded at constant amplitudes.

The unsteadiness of the external �ow�eld can be sourced from both gusts or vortex struc-

tures. Tang and Dowell [57] study the aeroelastic behavior of an airfoil experiencing periodic

gusts. Kirschmeier and Bryant [58] show that the wake interactions between the upstream

vortices and the wing signi�cantly in�uence the characteristics of the oscillations. For the limit

cycle oscillation, this behavior can also happen even without external disturbances, such as

in the early works of Lee et al. [59] and Price et al. [60]. These works suggest that structural

nonlinearity such as bilinear or cubic variations in stiffness can result in LCOs even with linear

aerodynamic assumption of attached potential �ow. The further work of Kirschmeier et al. [61]

presents the method to compute the aerodynamic forces and moments, and inversely derive

structural dynamic parameters for an aeroelastic wing undergoing large amplitude LCOs with

steady freestream velocities. The research �nds out the mass coupling dramatically affects the

LCO amplitude variations. Hughes et al. [62] further expanded the research to investigate the

use of upstream vortex generators to initiate or annihilate the aeroelastic LCOs. Aside from the

experimental efforts mentioned, many studies have also focused on exploring the methodology

to perform CFD simulations or coupled CFD / FEM on aeroelastic objects experiencing dynamic

4



motions and deformations. Navrose and Mittal [63] performed CFD simulations to discuss

the lock-in in vortex induced vibration of a cylinder. Turek et al. [64] discusses the numerical

simulation of a FSI problem where the CFD �uid solver is coupled with an FEM solver to predict

the structural deformations and motions.

While each type of unsteady aerodynamic problem distinguishes itself from another, a key

�ow physics that play crucial roles in all the unsteady aerodynamic problems is the leading-

edge vortex (LEV) shedding. In helicopter and wind turbine applications, the formation and

convection of LEV, or dynamic stall vortex (DSV) has been found to be critical for the dynamic

stall phenomenon [6, 27, 9, 65, 66]. McCroskey [6, 27, 9] characterized the phenomenon of

dynamic stall by a delay of �ow separation and the shedding of concentrated vorticity from the

leading edge of the airfoil, which is popularly termed as LEV or DSV. The later research works

by biologists to model the motions of insect wing for bio-inspired �ight (Dickinson et al. [14],

Ellington et al. [13, 16]), also discover this vortex structure from the unsteady motion that is

non-existent in the steady �ow. The importance of the LEVs not only exists in the airfoil with

prescribed motions, but also exists in the transverse-gust encounter problems and aeroelastic

problems. A series of experimental studies focusing on larger gust ratios, such as the works from

Perrota and Jones [67] and Corkery et al. [47], show the existence and the essential role of LEVs

in the lift surging experienced during transverse gust encounters. For aeroelastic problems,

Ramesh et al. [68], and Wang et al. [69] show how the nonlinear aerodynamics of the LEV

shedding is essential for the accurate predictions of limit-cycle oscillations. These previous

research efforts highlight that understanding the nonlinear �ow physics of LEV shedding is

critical for advancing knowledge in the �eld of unsteady aerodynamics.

1.2 Discrete-Vortex Simulations

Computationally studying complex unsteady aerodynamic problems requires signi�cant com-

putational resources for high-�delity CFD simulations. For the experimental research, the

nature of unsteady aerodynamics often requires suitable experimental devices and facilities.

As a consequence, discrete-vortex methods have been used extensively to model unsteady

separated �ow due to its balance of computational cost and speed. Discrete-vortex methods

typically are based on potential-�ow theory, and model the shear layers of the separated �ow as

discrete vortices. The works of Clements and Maull [70] and Saffman et al. [71, 72] describe the

development of the discrete-vortex method and the fundamental principles of vortex dynamics.

Leonard [73] reviews the progress on the applications of vortex methods at the time of 1980s.

Chorin [74, 75], Clement [76], Sarpkaya [77] and many other researchers have successfully

developed methods based on simulating the vorticity �ow�eld development using discrete
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vortices. Although these methods are far from capable of simulating unsteady problems with

LEV sheddings, they do have great success in predicting other unsteady �ow physics and

capturing essential vortex interactions. Recent efforts for utilizing discrete-vortex method for

low-order simulations have been developed by Ansari et al. [78, 79], Wang and Eldredge [80],

Xia and Mohseni [81, 82] and Ramesh et al. [83], with more well-developed theories to model

the �ow separations and LEV shedding. Although DVM is fundamentally a potential �ow model

that does not account for viscous effects, these efforts have demonstrated great success in

capturing essential physics across a wide range of problems. The discrete-vortex augmented

potential �ow model has proven capable of simulating critical viscous effects in the �ow�eld

by effectively modeling the dynamics of the vortices.

To model LEV shedding, it is understood that a criticality of �ow parameters can be used as

a switch for the onset of LEV shedding. In the works of Beddoes and Leishman [84] and Jones

and Platzer [85], a pressure lag on the airfoil surface with a time-delay parameter is used to

predict the occurrence of leading-edge �ow separation for different pitch motion kinematics. It

is further shown that there exist a criticality of surface pressure at the leading-edge associated

with a delayed normal force coef�cient, which correlates with the occurrence of LEV shedding

and remains independent of motion kinematics. This criticality of leading-edge pressure is

further regarded as leading-edge suction. As proposed by Katz [86], airfoils with round leading

edges can support some amount of suction forces before the separation at the leading-edge

occurs. Ramesh et al. [83] developed a low-order method called LESP-modulated discrete

vortex method (LDVM) for rapid prediction of low-Mach number unsteady airfoil �ows. The

key aspect of LDVM is the development of a new parameter termed leading-edge suction

parameter (LESP). LESP is used as a measure of the instantaneous suction on the airfoil, and

the criticality of this parameter only depends on the shape of airfoil leading edge, Reynolds

number and Mach number. The critical LESP governs the LEV shedding onset of an airfoil, such

that the initiation of LEV shedding occurs at the time when instantaneous LESP reaches the

critical value. The discrete-vortex model combined with LESP has demonstrated good success

in simulating a wide range of unsteady airfoil �ows. Subsequent developments of similar

discrete-vortex method such as works of Ramesh et al. [68], Naripur et al. [87], SureshBabu et

al. [88] and Lee et al. [89] have further expanded its applications to aeroelastic LCO predictions,

external disturbance simulations, and transverse gust simulations.

1.3 Thesis Objectives and Structure

This thesis aims to advance low-order modeling techniques for unsteady vortex-dominated

�ow in many aspects, such as the unsteady aerodynamics of round trailing-edges and dynamic
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stall predictions of three-dimensional rotor �ow. The research also involves expanding discrete-

vortex simulations to include transverse gust simulations and aeroelastic predictions of limit

cycle oscillations. Additionally the research explores the applicability of using LESP for three-

dimensional dynamic stall predictions in complex rotor �ow.

The structure of the thesis is as follows: Chapter 2 presents research on the unsteady aero-

dynamics of airfoils with rounded trailing edges. CFD simulations of unsteady airfoil motions

with varying degrees of trailing-edge roundness are performed and analyzed. This chapter also

derives a theoretical expression for unsteady loads that incorporates the contributions from

edge roundness.

Chapter 3 reformulates the LESP-modulated discrete-vortex method into a state-variable

formulation. The reformulation allows the solver to be easily integrated with other ODE sys-

tem and higher-order numerical integration methods. The state-variable form discrete-vortex

method also incorporates many improvements to enhance the accuracy of unsteady simu-

lations. The state-form model is compared with LDVM, CFD, and experimental data from

Ramesh et al. [83] and validated against experimental and computations results for a variety of

unsteady airfoil motions.

Chapter 4 discusses the research on transverse gust simulations using the state-form model.

In this chapter, the necessary modi�cations and related theories to accommodate the transverse

gust effect are discussed. Simulations of the model are compared with experimental data from

the University of Maryland to validate and examine the effectiveness of the model in predicting

the unsteady transverse gust effect.

Chapter 5 presents the research on using the state-form model to predict aeroelastic limit

cycle oscillations. Two different structural dynamic models are used in this research, to validate

the state-form model and investigate its effectiveness in LCO predictions. One set of simulation

results are compared with previous linear aerodynamic predictions for validation purposes.

The other set of simulations are compared to experimental measurements to evaluate the

current capability of the state-form model for aeroelastic predictions.

Chapter 6 explores the applicability of extending the LESP developed in two-dimensional

unsteady �ow to three-dimensional rotor �ow. High-�delity CFD data is used in this research

for post-processing and analysis to study the connections between dynamic stall physics of

the rotor and the extracted LESP information.

Finally, Chapter 7 summarizes the �ndings and conclusions, and outlines directions for

future improvements related to this thesis.
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CHAPTER

2

UNSTEADY AERODYNAMICS OF AIRFOILS

WITH ROUND TRAILING EDGES

2.1 Chapter Introduction

The unsteady aerodynamics of airfoils has been studied for several decades, with recent re-

search focusing on the mechanisms of leading-edge vortex formation and its interaction with

the airfoil and surrounding �ow�eld. LEV formation is understood to be closely related to

the leading-edge roundness of the airfoil and the corresponding leading-edge suction forces.

Recently, increasing interest in unsteady �ows around rotor blades and wind turbines has

highlighted the reverse �ow phenomenon, in which the airfoil's trailing edge effectively acts

as a leading edge. This phenomenon raises our interest in the overall �ow physics near the

rounded trailing edge of the airfoil, as this design may provide aerodynamic bene�ts under

reverse-�ow conditions. This research aims to determine whether a trailing-edge suction force

exists, and whether it can be linked to the �ow turning near the rounded trailing edge during

unsteady airfoil motions. Additionally, the research seeks to analytically connect variations

in trailing-edge roundness to trailing-edge suction forces and their impact on unsteady load

distributions.

In this chapter, section 2.2 introduces the method used to analytically generate airfoils
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with different trailing-edge roundness while maintaining consistent leading-edge roundness.

Section 2.3 describes the computational methods used for CFD simulations and presents

the theoretical expression derived for unsteady load distribution related to both edge radii.

Section 2.4 discusses the �ndings and analysis of the CFD data using the theoretical expression

derived in this work. Finally, section 2.5 summarizes the results and key �ndings.

2.2 Generation of Airfoils with Two Round Edges

The Joukowsky transformation conformally maps a circle in the � = � + i � plane to an airfoil in

the z = x + i y plane. In the traditional use of this transformation, the circle passes through

the rear singular point of the transformation. This approach results in an airfoil with a sharp

trailing edge. The Joukowsky transform has also been used to design shapes such as elliptical

airfoils [90, 91]. Here, the singular point is made to lie inside the circle rather than on it. The

Joukowsky transformation is given by:

z(x , y ) = � +
� 2

s

�
(2.1)

and the circle in the � plane is described by:

� (� , � ) = � c + i � c + r e i � (2.2)

where (� c , � c ) is the center of the circle and r =
p

(� s � � c )2 + (� c � � s)2 is the radius of the circle

from the circle center to the singular point (� s, � s = 0).

The current work uses the Joukowsky transformation in a novel way to generate airfoil

shapes with different leading- and trailing-edge radii. This is done by adjusting the circle radius

and center such that the roundness of either edge can be controlled independently. To achieve

this, a rounding factor, � , is introduced to scale up the circle radius from the distance between

the circle center and the singular point. Thus the circle with a radius of � r is given by:

� = � c + i � c + � r e i � , � � 1, (2.3)

which when mapped using Eq. 2.1, results in an airfoil with a round trailing edge. For � = 1, the

transformation reverts to the classical Joukowsky transformation and results in an airfoil with a

sharp trailing edge. The circle in this transformation is controlled by parameters, (� c , � c , � s, � ),

referred to as circle variables. Although cambered airfoils with round trailing edges may be

generated by this modi�ed transformation, only symmetric airfoils are considered in the current

work. Therefore, � c , which controls the camber, is set to zero for all cases considered in this
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paper. The four symmetric airfoils in this work all have the same chord length, and use the

leading-edge radius of NACA 0012 airfoil, but differ in trailing-edge radii, as shown in Fig. 2.1.

These airfoils are further made into meshes for CFD simulation which are presented in Sec. 2.3.

The �rst airfoil, shown in Fig. 2.1a is an elliptical airfoil, which is achieved by using only two

variables, (� s, � ) with the center of circle being �xed at (0,0). For this case, the corresponding

airfoil coordinates can be expressed as:

x (� ) =
� s

�
(� 2 + 1)cos� (2.4)

y (� ) =
� s

�
(� 2 � 1)sin � (2.5)

It is seen that this geometry is that of an ellipse, for which the chord length c is the length

of the long axis and the thickness t is the length of the short axis, which can be expressed as:

c = 2
� s

�
(� 2 + 1) (2.6)

t = 2
� s

�
(� 2 � 1) (2.7)

Of interest in this work are the values of the edge radii, R, at the two edges. To derive the

expressions for the radii, we start with the expression for curvature, � , for a point on any curve:

� (� ) =
1

R(� )
=

j(x 0y 00� y 0x 00)j

(x 02 + y 02)3=2
(2.8)

where, the derivatives are with respect to � ; i.e., x 0= d x =d � and so on. The trailing-edge and

the leading-edge radii can then be calculated at � = 0 and � = � , respectively. For the special

case of the ellipse, these two radii are equal, and can be expressed analytically as:

RLE ,e l l i p s e = RT E,e l l i p s e =
� s(� 2 � 1)2

� (� 2 + 1)
(2.9)

For the elliptical case, the geometry parameters of interest are the chord length, thickness

and edge radius. Since there are only two variables to de�ne the circle for this case, it is possible

to control only two geometry parameters for the elliptical geometry.

The more general case of symmetric airfoils is a geometry having unequal leading-edge

and trailing-edge radii. Such geometries can be generated by de�ning a circle with the center

on the � axis, so the circle variables become � c , � s, and � . The corresponding airfoil shape can

be expressed analytically using the following equations:
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x (� ) =
(� r cos� + � c )(� 2r 2 + 2� r � c cos� + � c

2 + � s
2)

� 2r 2 + 2� r � c cos� + � c
2 (2.10)

y (� ) =
� r sin � (� 2r 2 + 2� r � c cos� + � c

2 � � s
2)

� 2r 2 + 2� r � c cos� + � c
2 (2.11)

Examples of such general cases for symmetric airfoils with unequal edge radii are shown in

Figs. 2.1(b–d), with the trailing-edge radius (as a ratio of the leading-edge radius) becoming

progressively smaller from Fig. 2.1(b) to Fig. 2.1(d). The leading-edge to trailing-edge radius

Figure 2.1: Circles and the airfoils generated in this work for LE / TE radius ratios of a) 1, b) 2, c)
4 and d) 100. The black dot marks the circle center and cross symbols mark the singular points.
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ratios are 1, 2, 4, and 100 for the airfoils in Figs. 2.1(a–d), with the airfoil in Fig. 2.1(d), having a

radius ratio of 100, being an essentially sharp trailing-edge airfoil.

Since these airfoils are mathematically generated, the above equations can also be used to

derive several airfoil parameters. The chord length in this case can be de�ned by �nding the x

position at both edges, which are at � = 0 and � for trailing edge and leading edge respectively.

The maximum thickness value and maximum thickness position can be de�ned by �nding the

� at which d y =d x = 0, and using the corresponding y coordinates to determine the airfoil

maximum thickness and x coordinates for the maximum thickness position. To calculate the

leading edge and trailing edge radii, the expressions for the curvature from equation (2.8) are

used.

2.3 Method

In Sec. 2.3.1 and Sec. 2.3.2, the motion kinematics and the computational setup for simu-

lating the �ow over rounded-trailing-edge airfoils are presented. Sec. 2.3.4 shows individual

expression used to model load distribution on each portion of the airfoil. The �nal form of the

composite load distribution that is universally valid along the entire airfoil surface is presented

at the end of this section. Finally, in Sec. 2.3.5, procedures used in this work to �t the composite

load expression to the CFD results are discussed.

2.3.1 Motion Kinematics

The harmonic motion kinematics studied by McGowan et al. [28] are used in this work. The

plunge motion displacement is h (with positive h denoting upward plunge), with sinusoidal

amplitude as hm , frequency of oscillation denoted by f and the angular frequency ! equals

to 2� f . The reduced frequency, k , is de�ned by k = ! c=(2U1 ). The relations between plunge

displacement, h , plunge velocity, �h , and plunge acceleration, ḧ , are expressed in the following

equation (2.12). The sinusoidal motion is taken from the real part of the motion expression.

For the current work, two motion kinematics used in the current study are: a small-amplitude

plunge with hm =c = 0.03 and a large-amplitude plunge with hm =c = 0.1. Both motions have

the same reduced frequency of k = 3.93. The two motions are plotted in Fig. 2.2.

h = hAe i ! t , �h = i ! hAe i ! t , ḧ = � ! 2hAe i ! t (2.12)
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Figure 2.2: Motion kinematics for the two sinusoidal plunge motions.

2.3.2 CFD Setup

The CFD meshes are generated using the geometries from Sec. 2.2 and Fig. 2.1 are presented

in Fig.2.3. Two-dimensional unsteady RANS simulations are performed at Reynolds number

10,000 using the open-source CFD toolbox OpenFOAM. A body-�tted computational mesh is

moved in accordance with prescribed rate laws, and the time-dependent incompressible Navier-

Stokes equations are solved using a �nite-volume method. A second-order backward implicit

scheme is adopted to discretize the transient terms, and second-order Gaussian integration

schemes with linear interpolation for the face-centered values of the variables are used for the

gradient, divergence, and Laplacian terms. The pressure implicit with the splitting of operators

(PISO) algorithm is employed to achieve pressure-velocity coupling. The Spalart-Allmaras (SA)

turbulence model [92] is used for turbulence closure. The SA model is chosen for this problem

because of extensive previous experience in applying it successfully for unsteady, separated,

and vortex-dominated �ows at Re = 10,000 such as those considered in this research. For

instance, this setup has been previously used to study limit-cycle oscillation of a 2-degree-of-

freedom aerofoil [93], and leading-edge vortex shedding on �nite wings of different aspect

ratios [94, 95, 96, 97]. The trip terms in the original SA model are turned off, and for the low

Reynolds number cases considered in this research, the effects of the turbulence model are

con�ned to the shed vortical structures and wake.

A schematic of the dynamic meshes used in this research is shown in �g. 2.4. For all four

meshes, the chord length, c , is 0.0762m. The O-meshes have 159 cells chordwise, with increased

resolution near the leading and trailing edges. In the wall-normal direction, cell spacing begins
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Figure 2.3: Four airfoils used in the CFD simulation. The radius ratio (LE to TE) = a) 1, b) 2, c)
4 and d) 100.

at 3.8 � 10� 6 m next to the wall ( y + < 1) and extends a distance R = 12 chord lengths away from

the airfoil pivot point with an average density of 21.8 cells per chord length. The simulations

were carried out at a free stream velocity of U1 = 0.1312m=s and kinematic viscosity of � = 10� 6

m2=s. For the far-�eld, freestream (inlet / outlet) boundary conditions are used. This behaves

as a zero-gradient condition when �uid is �owing out of the boundary face, and as a �xed

value condition (equal to freestream) when �uid is not �owing out. The airfoil surface uses a

no-slip wall boundary condition. The time steps used in this research were chosen to ensure

that the maximum CFL number does not exceed 0.9. Additionally, a mesh convergence study

was conducted to verify the reliability of the mesh used in this work.

2.3.3 Validation of the CFD Setup

The setup of the CFD simulation in this study is validated using previous experimental results

from the work of Ōtomo et al. [98], in which a NACA 0018 airfoil undergoing high-amplitude

pitch motion was studied. The same dynamic mesh setup illustrated in �g. 2.4 was used in that

work. Smoothed triangular kinematics of amplitude 64 deg, with reduced frequency K = 0.22,

pivot at the quarter-chord and at a Reynolds number of 32000was considered. More details on

generating the kinematics can be found in Otomo2020.

The validation process focuses on three key aspects: �rstly, the CFD-generated �ow�eld

from the current work is compared with the particle image velocimetry (PIV) data from the

experimental portion of the work performed in Ref. [98] to validate the prediction of unsteady

�ow�eld; secondly, the trajectory and strength of leading-edge vortex is compared with those
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Figure 2.4: Schematic of the dynamic mesh in the current work

from the experiment, serving as a quantitative validation of the unsteady �ow characteristics;

and �nally, the unsteady lift is compared to the experiment to validate the unsteady load

prediction of the CFD.

Figure 2.5: Vorticity distribution at six different time instants from CFD results with identi�ed
vortex boundaries.
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Figure 2.6: Vorticity distribution at six different time instants from PIV data with identi�ed
vortex boundaries. Figure reproduced from Ōtomo et al. [98] with permission from Professor
Karen Mulleners of EPFL.

Figure 2.5 shows the vorticity distribution from the CFD simulations performed as part of

the current work, allowing for a comparison with �g.2.6 taken from the experimental work

(Ref. [98]) for six time steps. The comparison shows good agreement with the experimental

results at all six time steps, showing that the simulation effectively captures vortex-shedding

patterns near both the leading and trailing edges. To quantitatively compare the vorticity

�ow�eld, vortex identi�cation techniques are employed to track the �rst leading-edge vortex

in both CFD and PIV datasets. The identi�cation is based on calculating the swirling strength,

� c i , introduced in Zhou et al. [99], and sets up a threshold value to identify vortex boundaries.

This technique helps separate the feeding shear layer from the main vortex structure, with the

identi�ed boundaries shown using the black edge lines in both �gures 2.5 and 2.6. Once the

vortices are identi�ed, the centroids of the vorticity distribution are calculated and used as the

vortex-core locations. The circulation of each vortex is calculated by the surface integral of the

vorticity, ! , as� =
RR

! d A within each vortex boundary. The core trajectory and the circulation-

strength comparisons are shown in �g. 2.7, where the CFD results show good agreement in the

core trajectory of the �rst LEV. The circulation strength calculated from CFD, however, tends to
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have an over-prediction in later time steps, mainly due to the vorticity dissipation predicted by

the CFD. The dissipated vorticity causes the identi�ed vortex boundaries to be larger than those

in the corresponding PIV images, thereby resulting in stronger predicted circulation strength.

Finally, the lift comparison between the experiment and the CFD simulations is shown in

�g. 2.8, revealing good agreement between the two curves. Overall, the CFD setup is validated

both qualitatively and quantitatively against experimental results, demonstrating its capability

to accurately capture important �ow physics and unsteady loads induced by airfoil motions.

Figure 2.7: Comparison of trajectory and strength of the �rst LEV between CFD and experi-
ments.

2.3.4 Theoretical Method

The theoretical model is developed using matched asymptotic expansion to form a uniformly-

valid composite solution by combining inner solutions for the �ow around the rounded leading

and trailing edges with an outer solution for the majority of the airfoil chord. The inner solutions,

based on �ow past a parabola, are �rst described in the following subsection. The outer solution,

based on thin-airfoil theory, is presented in the next subsection, followed by the description of

the composite solution.
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Figure 2.8: Lift comparison between CFD and experiments.

Inner Solutions

In the classical works of van Dyke, Lighthill and others [100, 101, 102, 103, 104, 105, 106], the

inner solution uses the potential �ow past an in�nite parabola and maps this �ow to obtain

an approximation of the �ow near the round leading edge of the airfoil. The assumption is

that, in the vicinity of x =c ! 0, the rounded leading edge of most airfoils can be approximated

with a parabolic shape. The expression from Ref. [104] for the pressure distribution over the

leading-edge region is presented in Eq. (2.13) as:

pLE � p1 =
1

2
� U 2

1

�

1 � B1
2 (

p
x � a 0

1)2

x + R1=2

�

(2.13)

In the above equation, R1 is the leading-edge radius, B1 is the multiplicative factor of order 1,

which relates the �ow over the parabola to the �ow around the actual leading edge, and a 0
1 is

related to the x location of the leading-edge stagnation point. The � is used when calculating

the pressure distribution on the upper and lower surfaces respectively. Inspired by the form

of the model, we propose that a similar approach can also be used to model the �ow near

the round trailing edge. Additionally, we propose that the trailing-edge roundness will have a

coupling effect on the leading-edge �ow�eld such that the �ow�elds over the two edges are not

independent of each other. This coupling effect may be important to consider in a predictive

model, but is automatically accounted for in the current work as we use CFD solutions to tune

the parameters forming the composite solution.

Building on the leading-edge �ow solution in the literature, the current model uses the �ow

solution for the parabola for each of the round edges. Further, the model currently uses the

effective edge radii (rather than the physical radii) at the two edges by multiplying the physical
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edge radius R of each edge by a scaling factor, R0. The resulting expressions for the leading-

and trailing-edge pressure distributions become:

pLE � p1 =
1

2
� U 2

1

�

1 � B1
2 (

p
x � a 0

1)2

x + R1
0R1=2

�

(2.14)

pT E � p1 =
1

2
� U 2

1

�

1 � B2
2 (

p
c � x � a 0

2)2

c � x + R2
0R2=2

�

(2.15)

In these expressions, pT E is the trailing-edge static pressure, c is the chord length of the airfoil,

R1 and R2 are the radii of the two edges respectively, and R0
1 and R0

2 are the corresponding

radius scaling factors. These radius scaling factors were found necessary to model the small,

but noticeable, effects of the changes in effective edge radii due to the thickening effects of

the boundary layer and other viscous effects on the �ow around the edges. From these two

equations, the resulting pressure-difference distributions near the two edges of an airfoil can

be derived by subtracting the pressure on the upper surface from the pressure on the lower

surface. The resulting chordwise distributions of the pressure difference for each edge can be

expressed as:

� pLE (x )

�
=

2U1
2B1

2a 0
1

p
x

x + R1
0R1=2

(2.16)

� pT E (x )

�
=

2U1
2B2

2a 0
2

p
c � x

c � x + R2
0R2=2

(2.17)

Together the expressions in Eq. (2.16) and Eq. (2.17) form the inner solutions for the �ow around

the two round edges.

Outer Solution

The outer solution describes the general expression for the load along the entire airfoil except

for the edges. Inspired by the Fourier series expression for the chordwise distribution of the

bound-vortex sheet strength in thin airfoil theory, where a singularity at the leading edge is

used to represent the leading-edge suction, we propose that a similar form can be used as the

outer solution. To properly capture both peaks at the leading and trailing edges, we introduce

two terms, C0 and CT , to model the two load peaks at the two edges due to the respective

edge suctions. The rest of the Cn terms contribute to the general load distribution along the

entire airfoil except in the vicinity of the two edges. The expression will be based on angular

coordinate, � , to represent different chordwise locations, which is related to the chordwise

coordinate, x , as:
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x =
c

2
(1 � cos� ) (2.18)

The full expression for the chordwise loading is shown here in equation (2.19).

� p (� )

�
= 2U 2

1

�

C0 cot(� = 2) + CT tan(� = 2) +
1X

n =1

Cn sin(n � )

�

(2.19)

Figure 2.9: Shapes of the inner solutions at the two edges and outer-solution terms C0, CT , C1

to C3 using unit Fourier coef�cients.

Composite Model

The composite model is an expression for � p (x )=� that is derived by combining the inner and

outer solutions such that the expression is uniformly valid over the entire chord including the

two edges. This expression aims to eliminate the singularities at the two edges of an airfoil

and to guarantee that the load is zero right at the edge points. Figure 2.9 shows the general

shapes of curves from the C0 and CT terms of the outer solution along with the curves from the

inner solution for the two edges. The �gure shows that each inner-solution expression captures

the load peak near one edge of an airfoil, but fails to properly maintain zero load right at the

other edge point. Meanwhile, each outer-solution curve (from the C0 and CT terms) accurately

maintains the zero load at one edge point but creates a singularity on the other edge of the

airfoil. To combine both solutions, asymptotic matching is performed by equating them in

intermediate regions where both solutions are asymptotically valid. At the leading-edge region,
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the LE inner solution for x ! 1 is asymptotically matched with the outer solution for x ! 0.

On the opposite side near the trailing edge, the TE inner solution for x ! �1 is asymptotically

matched with the outer solution for x ! c , where c is the chord length.

To perform the matching at the leading edge, the LE inner solution in Eq. (2.16), when

written for x ! 1 , results in:

� pLE (x )

�
�

2U1
2B1

2a 0
1p

x
(2.20)

and the outer solution in Eq. (2.19), when written for x ! 0, results in:

� pLE (x )

�
= 2U1

2C0
2c � 2x

2
p

c x � x 2
� 2U1

2C0

s
c

x
(2.21)

Equating these two solutions yields the connection between the C0 term in the outer solution

and the parameters in the LE inner solution, as follows:

C0 =
B2

1 a 0
1p

c
(2.22)

Similarly, for the matching at the trailing edge, the TE inner solution in Eq. (2.17), when

written for x ! �1 results in:

� pT E (x )

�
�

2U1
2B2

2a 0
2p

c � x
(2.23)

while the outer solution in Eq. (2.19), when written for x ! c , results in:

� pT E (x )

�
= 2U1

2Ct
x

2
p

c � x
� 2U1

2CT
1

p
c � x

(2.24)

Equating these two solutions yields the connection between the CT term in the outer

solution and the parameters in the TE inner solution, as follows:

CT =
B2

2 a 0
2p

c
(2.25)

Finally, the composite model can be obtained by summing the inner and outer solutions and

subtracting the "overlapping" portions. The expression for the composite solution is obtained

by adding the LE and TE inner solutions (Eqs. 2.16 and 2.17) and the outer solution (Eq. 2.19)

and subtracting the overlapping solutions at the LE (Eq. 2.20 or 2.21) and the overlapping

solution at the TE (Eq. 2.23 or 2.24). The resulting expression is:
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Using the nondimensional chordwise coordinates, x =c, and pressure coef�cient Cp , the

expression becomes:

� Cp =
� p (x )
1
2 � U 2

1

= 4C0

� p
x =c

x =c + R0
1R1=2c

+

p
1 � x =c
p
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�

1
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x =c

�

+

4CT
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1 � x =c
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�
1

p
1 � x =c

�

+

4
1X

n =1

Cn sin(n � ) (2.27)

2.3.5 Data-driven Determination of Fourier Terms

The composite model provides a reasonable expression for the chordwise loading on an airfoil

with two round edges, with a possible path for use in a predictive low-order method in the future.

The current objective is to examine if the expression can be made to match with chordwise

load distributions from CFD. A good match with CFD for multiple time instants in multiple

unsteady motions will provide con�dence in the form of the loading in the composite model.

For this reason, a data-driven approach is outlined in this section for determining the unknown

parameters in the composite expression using loading data from the CFD solutions. The

unknowns in the composite model are the Fourier coef�cients, C0,CT ,C1 to Cn , and the edge-

radius scaling factors R1
0,R2

0. As a �rst step, it is proposed that the leading-edge and trailing-

edge pressure peak values and positions can be captured directly by the inner solutions. This

allows the determination of C0,R1
0and CT ,R2

0 terms. In the subsequent step, the Cn terms in

the composite model are adjusted to �t the pressure-difference distribution from the CFD-

predicted �ow. For the leading-edge region, the pressure difference from the inner solution

can be derived by substituting Eq. (2.22) into Eq. (2.16) to yield:

� p (x )

�
=

2U1
2p

c C0
p

x

x + R1
0R1=2

(2.28)

22



By matching the pressure difference from the above expression with the CFD-predicted

pressure-difference peak position and value, one can analytically get the peak position and

peak value as:

xLE ,pe ak =
R1

0R1

2
(2.29)

•
� p (x )

�

˜

LE ,pe ak

=

p
2U1

2p
c C0p

R1
0R1

(2.30)

Here, C0,R1
0can be calculated using the non-dimensional chordwise position and value of

the pressure-coef�cient difference peak from the CFD data and has the following expression:

R1
0= 2

� x

c

�

LE ,pe ak

c

R1
(2.31)

C0 =
1

4

� Cp LE ,pe ak

p
2R1

0R1
p

c
(2.32)

Similarly, the expression for the loading at the trailing edge from the inner solution can be

derived by substituting Eq. (2.25) into Eq. (2.17), yielding:

� p (x )

�
=

2U1
2p

c CT

p
c � x

c � x + R2
0R2=2

(2.33)

The pressure-difference peak and its location near the trailing edge will be:

xT E,pe ak = c �
R2

0R2

2
(2.34)

•
� p (x )

�

˜

T E,pe ak

=

p
2U1

2p
c CTp

R2
0R2

(2.35)

The corresponding CT ,R2
0can be obtained by matching the CFD pressure �eld data to the

above expression:

R2
0= 2

•
1 �

� x

c

�

T E,pe ak

˜
c

R2
(2.36)

CT =
1

4

� Cp T E,pe ak

p
2R2

0R2
p

c
(2.37)

With the variables for the leading-edge peak and trailing-edge peak determined, the rest of

23



the Fourier terms are calculated at multiple points between the leading-edge and trailing-edge

pressure-difference peaks using the pressure data from CFD results. The number of Fourier

terms, n , for C1 to Cn will be the same as the number of points selected from the data. In this

paper, the number of Fourier terms and the points used to calculate the Fourier terms are

between 20 to 35 for each airfoil with a total of 159 data points available in the CFD solutions for

the upper and lower surfaces of each airfoil. The ef�cacy of the composite-model expression

is assessed by comparing the chordwise loading from the matched expression with the CFD-

predicted loading for all 159 points including those not used in the matching process. This

comparison is done for a series of time instants from the two plunge motions considered in

this work: the small-amplitude and the large-amplitude motions (shown earlier in Fig. 2.2).

2.4 Results and Discussion

In this section we present results for the four airfoils with different trailing-edge roundness

undergoing the small- and large-amplitude plunging motions shown earlier in Sec. 2.3.1. One

of the aims of this work is in using the CFD results to study the effects of trailing-edge roundness

on the airfoil �ow�eld and forces. In particular, we wish to use the results to test the hypothesis

made in this work that there is a correlation between the instantaneous trailing-edge suction

and the trailing-edge �ow. To calculate the leading-edge and trailing-edge suction forces,

Fs,LE and Fs,T E (see Fig. 2.11), the approach described in Narsipur et al. [87] for leading-edge

suction is adapted in this work for both edges. For a given time instant, the CFD pressure

distribution, over 30% of the chord around the leading- and trailing-edge is integrated, and

the chordwise components of these forces are taken as the leading- and trailing-edge suction

forces, respectively. Leading- and trailing-edge suction force coef�cients, Cs,LE and Cs,T E , are

then calculated for that time instant using the following de�nitions.

Cs,LE = Fs,LE =qr e f c (2.38)

Cs,T E = Fs,T E =qr e f c (2.39)

Another equally important objective of the current work is to assess whether the expression

for the chordwise load distribution from the theoretical approach derived in the current work

is suitable for airfoils with rounded trailing edges. Since the theoretical approach is not a

stand-alone predictive method, it relies on a limited amount of data extracted from the CFD

solution to calculate the unknowns in the composite model using the data-driven approach

presented in Sec. 2.3.5. Of interest is the assessment of the ef�cacy of the composite model

in capturing the loading over the airfoils even at points not used in the data extraction, but
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especially near the rounded leading and trailing edges. Good match between the loading

from the model and the CFD loading for a large number of geometries, motions, and time

instants will provide con�dence in the form of the composite model, which can be used in the

future development of a predictive model. Toward this objective, chordwise distributions of the

pressure difference are compared for the different airfoils and motions between CFD and the

composite model. To speci�cally examine the effects of the round-trailing-edge terms in the

theoretical composite expression, the pressure-difference distributions from a large-amplitude

unsteady thin airfoil theory that assumes sharp trailing edges (LAUTAT, ref. [107]) are also

included in the comparison.

The results are presented in two subsections for the small-amplitude and large-amplitude

plunge motions, respectively.

2.4.1 Small-Amplitude Plunge Motion

Figure 2.10: Vorticity distribution for the four airfoils undergoing the small-amplitude plunge
motion.

Vorticity plots for the four airfoils undergoing the small-amplitude plunge motion with

hm =c = 0.03 are presented at four time instants in Fig. 2.10 to compare the �ow�eld differences
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Figure 2.11: a) Leading-edge suction force, Cs,LE , and b) trailing-edge suction force, Cs,T E , for
the four airfoils over a cycle of the small-amplitude motion.

resulting from the different values of the trailing-edge radius. The vorticity plots show that, for

all four airfoils, this motion does not result in LEV shedding. However, noticeable differences

in vorticity distribution are observed in the trailing-edge regions between the four cases. The

�ow tends to curve more at the trailing edge when the airfoil has a larger trailing-edge radius,

leading to a slightly delayed TEV shedding. The airfoil with a sharper trailing edge exhibits

reduced �ow turn-around, and the TEV can be seen leaving the airfoil at an earlier time and

with a more distinct structure. The differences in the �ow turn-around also correspond to the

different shifts of trailing-edge stagnation points of the four airfoils. More pronounced �ow

turn-around at the round elliptical airfoil indicates that the trailing-edge stagnation point can

move further upstream on the airfoil than the one with a sharp trailing edge, which can be seen

in the �gure. Sharp-trailing-edge airfoil shows little to none �ow turn-around at the trailing

edge, indicating there is very weak trailing-edge suction which is the primary force to turn the

�ow around at the trailing-edge point. At different time steps, the round trailing-edge airfoil

shows different extents of �ow curving, indicating that there are large suction variations across

different time steps.

The time variations of the suction-force coef�cients at the two edges, Cs,LE and Cs,T E ,

derived from CFD pressure data, are shown in Fig. 2.11. The suction-force histories reveal that

the four airfoils have nearly identical leading-edge suction forces but different trailing-edge

suction forces. Combined with the observation from the vorticity plots, the larger suction force

also corresponds to more pronounced �ow turning at the trailing edge, which is related to the

larger trailing-edge radius. It is worth noting that all four airfoils have the same value of the

leading-edge radius, reinforcing the strong correlation between edge radius and suction force.
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Figure 2.12: � Cp comparison between the CFD, composite model and LAUTAT for the small-
amplitude plunge motion. Sub�gures (e) and (f) show zoomed-in results for the edge regions
from (c).

The differences in the suction-force histories and the corresponding �ow�eld variations

indicate that there are differences in both pressure distribution and load distribution, which

have been studied in our previous work [108]. In that study, it was observed that the peaks of

pressure difference near trailing edges vary with the trailing-edge roundness and are strongly

correlated with the instantaneous trailing-edge suction forces. Fig. 2.12 presents the chordwise
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pressure-difference distributions obtained from CFD, the composite model, and the sharp-

trailing-edge unsteady thin-airfoil theory, LAUTAT (Ref. [107]). Zoomed-in results near the

leading edges and the trailing edges are shown in the �gure as well. The LAUTAT results are

included in the comparison as the LAUTAT theory does not incorporate a trailing edge round-

ness term in its load distribution expression, while the composite model takes trailing-edge

roundness into consideration. This comparison helps to assess the effectiveness of including

trailing-edge roundness in the current work.

The CFD data are extracted at four time steps: 0.125T, 0.25T, 0.375T, and 0.5T within a cycle,

and the composite model is used to reconstruct the load distribution to compare against the

CFD and LAUTAT. The �gure shows that the composite model accurately captures the pressure-

difference distributions for all four airfoils at each of the four time steps, exhibiting an excellent

match across all regions including the leading edge and the trailing edge. The comparison

between the CFD and LAUTAT results shows that the sharp-trailing-edge theoretical model

generally is capable of capturing the pressure difference distribution, but with some differences

which can be attributed to the airfoil thickness effect and the absence of modeling the round

trailing edge shape. It is also seen that LAUTAT predicts load distributions that more closely

match the CFD results for the airfoils featuring sharp trailing edges. The composite model

shows that incorporating trailing-edge radius as a parameter to account for the trailing-edge

suction force has the potential to signi�cantly improve the load distribution predictions.

Since the motion is unsteady, there are time steps where no apparent �ow turn-around

occurs near the trailing edge for all four airfoils, such as at 0.125T and 0.25T. The results at

these time steps reveal that the load distributions for the four airfoils are similar with no

signi�cant load peaks near trailing edges. For the other two time steps at 0.375T and 0.5T,

stronger load peaks near the trailing edges become evident, with the peak positions shifting

more upstream and local load peak values being larger with larger trailing edge radii. To further

investigate why the composite model effectively represents the load distribution, Fig. 2.13

compares the corresponding edge suction terms ( C0 and CT ) and the Fourier terms ( C1 to

Cn ) for the four airfoils at 0.375T, a time instant at which noticeable load differences arise

due to trailing-edge suction forces. It can be seen that the values of the leading-edge suction

term, C0, among the four airfoils are very similar, while the values of the trailing-edge suction

term, CT , are much smaller but differ across the four airfoils. The airfoil with a sharp trailing

edge has near-zero trailing-edge suction in this case. Another observation is that, for the

Fourier terms, the �rst few terms, such as C1 to C3, dominate the overall load distribution. The

higher-order terms have less impact on load distribution, which is similar to the trend seen

in the bound-circulation distribution of the classical thin airfoil theory. The good agreement

between the composite load distribution and the CFD results shows that this model is capable
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Figure 2.13: Fourier terms calculated for the composite model for the small-amplitude motion
at t = 0.375T, with different LE to TE radius ratio presented from a) - d).

of capturing the load distribution including the effects of the different strengths of trailing-edge

suction forces. Additionally, the results show that the composite model can generate a solution

without any singular value near the edge area while still capturing essential load distribution

characteristics due to the suction at the edges. The model also quanti�es the effect of edge

radii in the mathematical expression for the pressure-difference distribution.

2.4.2 Large-Amplitude Plunge Motion

Vorticity plots for the large-amplitude plunge motion with hm =c = 0.1 are presented in Fig. 2.14.

This particular motion was selected because LEV structures are generated near the leading

edges, allowing for a contrast with the small-amplitude case in which LEV formation does not

occur. The vorticity plots show that vortex structures are not just different near the trailing edges

of the four airfoils, but also in the leading-edge regions. For this motion, the LEV structures

are more prominent for airfoils with sharper trailing edges, indicating that the trailing-edge

roundness has some in�uence on the leading-edge suction force. Similar to the small-amplitude

motion, the �ow near the trailing edge tends to curve more for airfoils with larger values of
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Figure 2.14: Vorticity distribution for the four airfoils undergoing large-amplitude plunge
motion.

Figure 2.15: a) Leading-edge suction force, Cs,LE , and b) trailing-edge suction force, Cs,T E , for
the four airfoils over a cycle of the large-amplitude motion.

trailing-edge radius, resulting in delayed TEV shedding. This behavior is associated with the

presence of the trailing-edge suction force. Similar to the small-amplitude case, the differences

in the �ow turn-around also correspond to the different shifts of trailing-edge stagnation points

of the four airfoils. More pronounced �ow turn-around, such as for the elliptical airfoil at 0.25T,
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indicates that the trailing-edge stagnation point can move further upstream on the airfoil than

the sharp one. The sharp-trailing- edge airfoil shows little to no �ow turn-around at all four

time steps, indicating there is weak trailing-edge suction as well as small variations at the

different time steps.

Figure 2.16: � Cp comparison between the CFD and composite model for the large-amplitude
plunge motion at time step 0.375T. Sub�gures (b) and (c) show zoomed-in results for the edge
regions from (a).

Suction-force histories derived from CFD (Fig. 2.15) show similar behavior to those seen for

the small-amplitude motion, albeit with slight differences. The curves of leading-edge suction

forces for the four airfoils are similar at all times while the trailing-edge suction forces show

signi�cant variations. Although the maximum values of the leading-edge suction forces are

similar among the four airfoils, there are tiny differences in the time instants of those peaks,

which do not exist in the small-amplitude motions. This observation may explain why there are

some differences in the LEV structures between the four airfoils. It is noteworthy that, despite

the similarities in the shapes of the suction-force curves between the small-amplitude and

large-amplitude motions, the magnitude of the suction-force strengths is ten times greater in
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this motion. This can be attributed to the more intense motion, which, in turn, generates a

stronger tendency for the formation and shedding of vortex structures into the surrounding

�ow�eld.

The pressure-difference plots obtained from CFD and the composite model for the four

airfoils are presented in Fig. 2.16 at 0.375T. Although only one time step is presented here,

the composite model consistently performs well in reconstructing the load distributions for

the four airfoils, matching the CFD results at all other time steps as well. In this motion, the

existence of LEV structures makes the shapes of load distribution near the leading-edge regions

more complicated than the small-amplitude motion. Also, due to the existence of LEVs in

the �ow�elds, the LAUTAT results are not included in the comparison as LAUTAT does not

predict LEV shedding. The �gure shows that the composite expression has suf�cient degrees

of freedom to capture complex load distribution, even with the impact from the LEVs that

are present near the surface. The zoomed-in plots at the leading edge and the trailing edge

indicate that the model captures the load distributions near both edges precisely, regardless of

trailing-edge roundness.

The Fourier terms obtained from the large-amplitude motion at 0.375T are presented in

Fig. 2.17. A pattern similar to the small-amplitude motion can be seen: higher-order terms

are less signi�cant compared to the contributions from the �rst few terms such as C1, and the

CT values differ among the four airfoils due to different trailing-edge roundness. The primary

distinction between this motion and the small-amplitude one is that C0 is set equal to zero for all

four airfoils for the large-amplitude motion. The reason for doing so is that, when LEV shedding

is observed, leading-edge suction force is considered essentially nonexistent, and therefore the

corresponding leading-edge suction term C0 should be negligibly small. Meanwhile, the values

of trailing-edge suction term, CT , exhibit differences among the four airfoils, aligning with the

observation that the �ow turn-around near the trailing edges varies. This indicates that an airfoil

with a round trailing edge requires the trailing edge suction term, CT , to accurately represent

the unsteady load distribution. The success of the composite model in accurately matching

the CFD load distribution, with the effects of both LEVs and different trailing edge roundness

correctly captured, shows that this composite model provides an advanced expression for

unsteady load distribution, capable of capturing multiple �ow phenomena.

2.5 Conclusions

In this chapter, we �rst introduce an approach to generate symmetric airfoils with speci�ed

edge radii through the Joukowsky transform. Using this method, we generate four airfoils with

identical leading-edge radii but different trailing-edge radii. CFD simulations are conducted at

32



Figure 2.17: Fourier terms calculated for the composite model for the large-amplitude motion
at t = 0.375T, with different LE to TE radius ratio presented from a) - d).

a Reynolds number of 10,000 for two sinusoidal plunge motions with a reduced frequency of

k = 3.93: the �rst with a small amplitude of hm =c = 0.03 for which there is no LEV formation,

and the second with a large amplitude of hm =c = 0.1 for which LEV formation occurs. The

results are used to investigate the relation between vorticity distributions in the �ow�elds and

the edge suction forces. The simulations also reveal distinct trailing-edge suction peaks that

occur on round trailing edges. We propose a new composite model that accounts for the edge

roundness and accurately expresses unsteady load distribution for airfoils with round trailing

edges. The model comprises three parts: (1) a general Fourier-series expression for the pressure

difference with two additional terms, C0 and CT , that respectively account for the leading-edge

and trailing-edge suction forces; (2) an approximation of the round leading edge as a parabola

to enable the use of the exact solution past an in�nite parabola to model the �ow past the

round leading edge, and (3) a similar approximation of the round trailing edge shape as another

parabola to model the �ow past the round trailing edge. This novel composite model resolves

the issue of singularity at the edges of classical thin-airfoil-based expressions, and quanti�es the

contributions from the roundness of the two edges. This universally applicable load expression
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is shown to accurately �t the load distributions from CFD simulations, capturing both the

leading-edge and trailing-edge suction peaks. Even for more complicated �ow�elds with LEVs,

with a prescribed value of zero for the leading-edge suction term C0, the overall loads are shown

to be accurately expressed using this model. The leading- and trailing-edge suction terms,

C0 and CT , and parameters related to the edge roundness, R1, R2, R1
0, and R2

0, signi�cantly

contribute to the accurate �tting of the different suction peaks near the two edges for all four

airfoils.

The main advantage of the composite model is the ability to incorporate leading- and

trailing-edge roundness into the expression for unsteady load distribution. The model pre-

sented is currently not suitable for predictive purposes as it needs CFD or other pressure-

difference data to determine the model coef�cients. Rather it is a descriptive model that

presents a theoretical description of the chordwise pressure distribution on airfoils with round

trailing edges. Future research will focus on extending the capability to model cambered airfoils

and on relating the unsteady bound-circulation strength distribution to this pressure-difference

model, enabling the standalone calculation of aerodynamic loads on symmetric and cambered

airfoils. This model serves as an important stepping stone toward such a predictive capability.
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CHAPTER

3

STATE-VARIABLE FORM OF THE

DISCRETE-VORTEX METHOD

3.1 Chapter Introduction

This chapter describes the theory, governing equations, solver mechanism, and the overall

model structure of the discrete-vortex model in state-variable form. The model is built upon

the concept of using the leading-edge suction parameter (LESP) to describe the suction forces

on the airfoil leading edge during unsteady airfoil motion. The variations of LESP can be

used to govern the initiation of leading-edge vortex (LEV) shedding onset and termination,

which is �rst introduced by Ramesh et al. [83] in the development of an LESP-modulated

discrete vortex method (LDVM). The current model shares the same mechanism as LDVM for

predicting the LEV shedding but replaces the airfoil circulation expression using the lumped-

vortex-element (LVE) model adopted in the work of Narsipur [109] and Narsipur et al. [110].

The model described in this chapter inherits several features from the previous two models

with some improvements and modi�cations. The structure of the method is reformulated to

organize all critical airfoil data and �ow�eld data as a state-variable vector and develop an

ODE system that governs all the �ow�eld development. This reformulated discrete-vortex

method in state-variable form is designed to accommodate high-order numerical integration
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methods for complex �ow simulations, as well as simplify integration with other ODE systems

for coupled aerodynamic simulation, such as for aeroelastic problems.

In this chapter, section 3.2 �rst introduces the theory and governing equations used in

the model. Section 3.3 describes how the reformulation is performed with a �nal �ow chart

to visualize the process of simulation in the current model. Section 3.4 provides simulation

results from the current state-variable form model and compares these results with previous

LDVM, CFD and experimental data for validation. Finally, section 3.5 concludes the chapter

with remarks on the development and capability of the method.

3.2 Theory

3.2.1 Lumped-Vortex-Element Model and Unsteady Thin Airfoil Theory

Figure 3.1: Lumped-vortex-element (LVE) model with trailing-edge vortex shedding.

The lumped-vortex-element (LVE) model and thin airfoil theory assume that the circulation

of an airfoil can be represented by several bound vortex elements using discrete point vortices

along the camberline of the airfoil, shown in �gure 3.1. The airfoil can be separated into several

panels, with a bound point vortex placed at the 25%position of each panel, and a control point

at the 75%position of the panel, where zero-normal-�ow boundary condition is satis�ed. The

bound vortex strength on the i th panel is denoted by � i . Based on the unsteady thin airfoil

theory, at any time instant, the zero-normal-�ow condition needs to be ful�lled using the

equation below:

�
r � B + r � w + ~u 1 � ~u 0 � �� � ~r

�
� ~n = 0 (3.1)

where r � B is the velocity induced due to the velocity potential from bound vortex elements,
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r � w is the velocity induced due to all the free vortices (wake vorticies), ~u 1 is the free stream

velocity vector, ~u 0 is the translational velocity vector of the airfoil, �� � ~r is the velocity induced

due to the airfoil pitching motion, where �� is the pitching angular velocity and ~r is the position

vector of a point on the airfoil relative to the airfoil pivot point. Assuming that the airfoil is

discretized into N panels, equation (3.1) will be applied to all the N control points along the

camberline and provide N equations to solve the corresponding unknowns, which are the

instantaneous bound vortex strength on the panel, � i , with i = 1 to N . As a result, the equation

is typically separated into two sides as follows:

r � B � ~n = �
�
r � w + ~u 1 � ~u 0 � �� � ~r

�
� ~n (3.2)

Equation (3.2) states that the self-induced velocity at each control point normal to the

panel due to the bound vortices is balanced by the normal velocity components from the wake,

freestream and airfoil motions. The sum of these velocities normal to the i th panel on the

right-hand side, Wn ,i , is referred to as downwash normal to the panel, and can be separated as

follows:

Wn ,i = ~Wi � ~n i = ( ~W u1
i + ~W u0

i + ~W ��
i + ~W f v

i ) � ~n i (3.3)

The ~Wi is used to represent the downwash on the i th panel and ~n i is the unit normal vector of

that panel. This shows that there are four parts inside the downwash: free stream, ~W u1
i , airfoil

translation motion, ~W u0
i , airfoil pitching motion, ~W ��

i and free vortex-induced velocity, ~W f v
i .

Induced velocity components, u and w , due to free or bound vortex j on any point i can

be calculated using the Biot-Savart law in the x and z directions as:

u i j =
� j

2� r 2
i j

(zi � z j ) (3.4)

w i j = �
� j

2� r 2
i j

(xi � x j ) (3.5)

r 2
i j =

r �
(xi � x j )2 + (zI � z j )2

�2
+ � v 4

c o r e (3.6)

These equations are used to calculate the induced velocity on point i at coordinate (xi , zi )

due to vortex j located at (x j , z j ) as ~u i j = (u i j ,w i j ), with the strength of vortex j represented

using � j . The distance between the point i and point j is de�ned using equation (3.6), with a

special term � vc o r e, in which vc o r e is the vortex-core radius. The value of � will be zero when

the distance is calculated between a control point and a bound vortex point. By contrast, � will

be unity when the distance equation is used for calculating induced velocity from free vortices.

The introduction of the vortex-core radius is based on the work of Chorin [75], which states that
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the vortex-blob method with �nite core radii can result in more realistic vorticity distributions

and bounded induced velocities. The current vortex-core model shown in equation (3.6) is

from the work of Vatistas et al. [111], and gives excellent approximation to the Lamb-Oseen

vortex. This prevents the presence of unrealistically large induced velocities that result from the

close proximity of a free vortex to any bound or free vortex. Based on the work of Leonard [73],

the vortex core distance vc o r e is de�ned as follows:

vc o r e = 1.3c � t � (3.7)

where � t � is the non-dimensional time step, de�ned as � t � = � t j ~u 1 j=c . This de�nition also

means that the vortex core radius equals 1.3 times the average spacing between vortices, d ,

which is de�ned as:

d = j ~u 1 j� t = c � t � (3.8)

The choice of the factor 1.3 is based on the work of Hald [112], which proved that the con-

vergence of vortex-blob method requires a vortex-core radius to be larger than the average

spacing between the vortices.

The self-induced velocity on the left-hand side of Equation (3.2) is evaluated at the control

point of each panel. The induced velocity on control point i due to a unit-strength bound

vortex of panel j is represented as an in�uence coef�cient a i j as follows:

a i j =

�
1

2� r 2
i j

(zi � z j ), �
1

2� r 2
i j

(xi � x J)

�

� ~n i (3.9)

For panel i , the total induced velocity normal to the panel, qi , from all the N bound vortex

elements can be written as follows:

qi = a i 1� 1 + a i 2� 2 + � � � + a iN � N (3.10)

The balance between the self-induced velocity and the right-hand side, displayed in equa-

tion (3.2), can be rewritten as an in�uence matrix equation listed below. This equation is valid

at any time instant and can be used in both steady and unsteady simulations.

2

6
6
6
4

a11 a12 � � � a1N

a21 a22 � � � a2N

� � � � � � � � � � � �

aN 1 aN 2 � � � aN N

3

7
7
7
5

2

6
6
6
4

� 1

� 2

� � �

� N

3

7
7
7
5

=

2

6
6
6
4

� Wn ,1

� Wn ,2

� � �

� Wn ,N

3

7
7
7
5

(3.11)
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3.2.2 LESP and Vortex Shedding Mechanism

Vortex shedding from the trailing edge and leading edge are among the most important phenom-

ena as the unsteady �ow physics of an airfoil. To expand the usual in�uence matrix equation for

vortex shedding, at every new time step, a new TEV and a new LEV (if required) will be created

and released into the �ow�eld to simulate the vortex shedding. The placement methodology

of a newly generated vortex is given by the work of Ansari et al. [78, 79]. The placement of a

newly generated i th TEV or LEV follows the equation below:

~x t e vi =l e vi
= ~xT E=LE +

1

3
(~x t e vi � 1=l e vi � 1

� ~xT E=LE ) (3.12)

For the �rst TEV or LEV created during the simulation, the placement will be determined using

the sum of velocity at the corresponding shedding edge, which includes the motion-related

velocity at the corresponding edge point, the induced velocity from bound and existing free

vortices, and the freestream velocity applied at the edge point.

~x t e v1=l e v1
= ~xT E=LE +

1

2
� t (~u LE=T E ) (3.13)

Notice that the TEVs are shed at every time step during the simulation, so this initial placement

will only happen once. However, the LEV shedding during the simulation can be intermittent

(the details will be discussed later), so this initial placement of LEV will be used at the start of

every new round of LEV shedding.

Assuming there are N bound vortices distributed along the airfoil camber line with N

zero-normal-�ow boundary conditions, the introduction of the new TEV and LEV, with their

unknown strengths, will require additional equations to guarantee that the problem is solvable.

The �rst new equation to help solve the bound vortex strengths and the new TEV / LEV strengths,

is the Kelvin condition, which is as follows:

X
� b v (t � � t ) =

X
� b v (t ) + � t e v,ne w + � l e v,ne w (3.14)

The unknown strength of new TEV / LEV is denoted as � t e v,ne w and � l e v,ne w respectively. At the

start of every new time step, we assume only TEV shedding occurs, resulting in � l e v,ne w = 0.

This results in a modi�ed system with N + 1 equations and unknowns as follows:
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6
6
6
6
6
6
4

a11 a12 � � � a1N a1t e v

a21 a22 � � � a2N a2t e v
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1 1 � � � 1 1

3
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� Wn ,1

� Wn ,2
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� Wn ,NP
� b v (t � � t )

3

7
7
7
7
7
7
5

(3.15)

This equation can be used to solve for the instantaneous bound vortex strength and the new

TEV strength, where a i t e v is used to represent the unit normal induced velocity at panel i due

to the new TEV vortex. To further determine if LEV shedding should be activated at the current

step, the leading-edge suction parameter (LESP) from the work of Ramesh et al. [83] needs to

be calculated. LESP is a non-dimensional parameter representing how strong the suction is

at the leading edge of an airfoil. It is governed by the strength of the �rst bound vortex and is

de�ned in the work of Aggarwal [113] by:

LE SPr e f (t ) =
1.13� 1(t )

j ~u 1 (t )jc
�
cos� 1(1 � 2l

c ) + sin(cos� 1(1 � 2l
c ))

� (3.16)

where � 1(t ) is the strength of the �rst bound vortex on the airfoil and l is the chordwise length of

the �rst panel. For an airfoil at a given Reynolds number and Mach number, the work of Ramesh

et al. [83] stipulates that there is a corresponding maximum suction force that can be supported.

This force correlates to a critical value denoted as LE SPc r i t . When the instantaneous jLE SPr e f j

surpasses the LE SPc r i t , LEV shedding will be started, indicating that the airfoil can no longer

support enough suction at the leading edge to keep the �ow attached. When LEV shedding is

activated, the LE SPr e f will be maintained at the LE SPc r i t , which means that the �rst bound

vortex strength will also be �xed at a corresponding value, termed as � 1,c r i t , using the following

equation 3.17.

� 1,c r i t =
1

1.13
LE SPc r i t j ~u 1 (t )jc

•
cos� 1(1 �

2l

c
) + sin(cos� 1(1 �

2l

c
))

˜
(3.17)

It is worth noting the coexistence of positive and negative LE SPc r i t simultaneously, where

the positive term represents the maximum suction force the airfoil can support to maintain

the �ow attached on the upper surface while the negative term corresponds to the maximum

force that can be supported to keep �ow attached on the lower surface. This means that if the

instantaneous LE SPr e f becomes negative and reaches the negative LE SPc r i t , a counter-clock-

wise LEV will be shed from the leading edge. Since the �ow can be from upper surface to lower

surface, this LEV will naturally advect to the lower surface, resulting in shedding from the lower

surface of the airfoil. The �rst bound vortex strength will also be negative because LE SPr e f is
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�xed at � LE SPc r i t .

With the �rst bound vortex strength � 1 determined as � 1,c r i t , the remainder of the unknowns

will consist of N + 1 terms, including the remaining bound vortex strengths and the strengths of

the new TEV and LEV. Consequently, the existing N equations of zero-normal-�ow boundary

conditions and the Kelvin condition are still suf�cient to solve the unknown terms using the

following equation:
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7
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7
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� 1,c r i t (3.18)

in which the determined � 1,c r i t is now moved to the right-hand side.

The vortex shedding mechanism thus works as follows: initially, a new TEV will be placed

into the �ow�eld using equation (3.12) or (3.13) and then all the bound vortex strengths and the

strength of this new TEV are calculated using equation (3.15). If the corresponding jLE SPr e f j

based on the solved � 1 is smaller than LE SPc r i t , then the current strength of the bound vortices

and the strength of the new TEV are considered to be the �nal solution for the current time

step. By contrast, if the calculated jLE SPr e f j indicates that there is LEV shedding, then a new

LEV is generated, and the second round of calculation is required using equation (3.18). At

this time, the �rst bound vortex strength � 1 is predetermined based on the positive or negative

LE SPc r i t , and the rest of the bound vortices and the new TEV and LEV are recalculated and

saved as the �nal solution at the current time step.

Once the strengths of the bound vortices and the newly generated free vortices are �nalized,

each free vortex is convected based on its total induced velocity, which arises from the effect of

induced velocity due to freestream �ow, bound vortices, and all other free vortices as follows:

~u F V = ~u 1 + ~u i nd ,b v + ~u i nd ,f v (3.19)

3.2.3 Updated LESP Formulation

Recent research by Narsipur et al. [87] discovered that although the original LESP formulation

worked in many cases at low Reynolds numbers, it predicted large variations in critical LESP

between motions in high Reynolds number �ow. The problem was further tracked to the usage

of a single reference velocity, Ur e f , typically from a constant horizontal freestream velocity,
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U1 , or the absolute value of | ~u 1 j. Since LESP is being used to compare LEV initiation with

the unsteady motions for a wide variety of non-dimensional motion rates, a single constant

freestream velocity is not suf�cient to represent the net velocity of the airfoil relative to the

undisturbed �ow during the unsteady motion. As a result, a new time-dependent net velocity

term, Une t (t ), is introduced as a new reference velocity that will be used for non-dimensional

force coef�cients and LESP calculation.

Figure 3.2: Illustration of different contributions to half-chord net velocity. Figure modi�ed
from the work of Narsipur et al. [87].

The net velocity that is chosen to represent the airfoil's motion relative to the undisturbed

�ow�eld is the half-chord velocity. This half-chord velocity, as illustrated in �gure 3.2 consists

of many terms including the freestream velocity, airfoil surge motion, plunge motion, and pitch

motion. The ratio between the net velocity magnitude and the constant reference velocity can

be expressed using the following form:

Une t (t )

Ur e f
=

� �
Ur e f ,x

Ur e f
�

U

Ur e f
+

�� (t )c

Ur e f
(
1

2
�

xp

c
)sin � (t )

� 2

+

�
Ur e f ,z

Ur e f
�

�h

Ur e f
+

�� (t )c

Ur e f
(
1

2
�

xp

c
)cos� (t )

� 2� 1
2

(3.20)

The introduction of this net velocity, will most importantly alter the LESP value calculated

from �rst bound vortex strength, � 1. Thus, we will de�ne a net LESP, LE SPne t , to distinguish

from original reference LESP value, LE SPr e f . The relation between the reference LESP and the
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net LESP is as follows:

LE SPne t =
LE SPr e f

(Une t (t )=Ur e f )
(3.21)

As a result of this distinction, force coef�cients de�ned using the net velocity are denoted using

a subscript “ ne t ”. The original terms de�ned using the reference velocity are represented

using subscript “ r e f ”. The relations between the two different de�nitions of coef�cients are

as follows:

C ne t
s (t ) =

C r e f
s (t )

(Une t (t )=Ur e f )2
(3.22)

C ne t
p (x =c, t ) =

C r e f
p (x =c, t )

(Une t (t )=Ur e f )2
(3.23)

C ne t
f (x =c, t ) =

C r e f
f (x =c, t )

(Une t (t )=Ur e f )2
(3.24)

For unsteady motions with constant freestream velocity, zero plunge motion, and pitching

motion with the pivot point at the half-chord location, Une t is the same as Ur e f . In such a

scenario, the net force coef�cients and net LESP are the same as the ones de�ned using the

reference velocity.

The introduction of net LESP also in�uences how the solver determines the occurrence

of LEV shedding. LEV shedding is initiated when the value of jLE SPne t j instead of jLE SPr e f j

reaches the LE SPc r i t . Once shedding begins, the strength of the �rst bound vortex is main-

tained at a level that keeps the net LESP at this critical value. With the implementation of net

LESP, the relation between the �rst bound vortex strength is updated according to the net

velocity value as follows:

LE SPne t =
1.13(� 1(t ))

Une t (t )c
�
cos� 1(1 � 2l

c ) + sin(cos� 1(1 � 2l
c ))

� (3.25)

As a result, the strength of the �rst bound vortex is now determined based on the net LESP

value using the following equation:

� 1,c r i t =
1

1.13
LE SPne t ,c r i t Une t (t )c

•
cos� 1(1 �

2l

c
) + sin(cos� 1(1 �

2l

c
))

˜
(3.26)

And the criticality of LESP of an airfoil is independent of the reference velocity of choice,

resulting in the following:

LE SPne t ,c r i t = LE SPc r i t (3.27)

where the criticality of LESP can be found by either CFD or experimental results and supplied
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to the solver. The details on how to determine the LE SPc r i t based on the onset of LEV using

CFD data can be found in Ref. [87].

3.2.4 Load Prediction

To calculate the unsteady load distribution, � p (x ), the unsteady Bernoulli equation can be

used to calculate the pressure difference, based on the work of SureshBabu et al. [88]:

� p (x ) = �

�

(U cos� + W sin � + u i nd (x ))
 (x ) +
@

@t

Z x

x 0=0


 (x 0)d x 0+ �� l e v

�

(3.28)

In this equation, x represents the location along the airfoil chordwise location, U and W are

the downwash velocity due to airfoil motion in the global x and z direction, � is the airfoil

pitching angle, u i nd (x ) is the total induced velocity tangential to the camberline at x due to all

the free vortices in the �ow�eld, and 
 (x ) is the circulation distribution at x . This expression

uses a continuous bound circulation distribution 
 (x ), which can be modi�ed for the current

panel method as discrete bound vortex strength, � i . The local pressure difference at panel i

using LVE model is de�ned by:

� pi = �
�
~u 1 � ~u 0 � �� � ~r + ~u f v

�
� ~� i

� i

l i
+

@

@t

k = iX

k =1

� k +
@

@t

X
� l e v (3.29)

Here, � i and l i refers to the bound vortex strength and panel length, respectively, of the i t h panel.

~� i refers to the tangential vector of the panel and ~u f v refers to the induced velocity vector due

to all the free vortices. The physical explanation for equations (3.28) and (3.29) are as follows:

The �rst term of tangential velocity multiplied by the circulation distribution is regarded as

circulation effect. The second term of the time derivative of accumulated circulation is regarded

as the apparent-mass effect. Finally, the last term explicitly takes into account the effect of LEV

circulation production rate due to LEV shedding on the unsteady loads of the airfoil, which is

justi�ed in Ref. [88].

The normal and suction force coef�cients can be derived by summing the pressure differ-

ence and are given as:

Cn = 2

P N
i =1 � pi l i

� Ur e f
2c

(3.30)

Cs = 2� LE SP2
r e f (t ) (3.31)

Using the normal and the suction force coef�cients, the lift and drag coef�cients can be evalu-
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ated as:

Cl = Cn cos� + Cs sin � (3.32)

Cd = Cn sin � � Cs cos� (3.33)

The moment coef�cient about the chordwise location of pivot point, xp i vo t , can be calculated

using the equation,

Cm = � 2

P N
i =1 � pi l i (xi � xp i vo t )

� Ur e f
2c 2

(3.34)

The above terms are de�ned based on a constant reference velocity Ur e f . It is worth not-

ing that these coef�cients can also be de�ned using the time-dependent Une t , discussed in

section 3.2.3. When comparing the unsteady loads from the current model with CFD or experi-

ments, the force coef�cients de�ned using the constant reference velocity should be used to

ensure consistency between different data.

3.3 Model Structure of State-Variable Form

Although many previous theories have been widely implemented in other low-order mod-

els (Ramesh et al. [83], SureshBabu et al. [114], Narsipur [109], Narsipur et al. [66]), these models

were typically designed for independent use in aerodynamic simulations. In the meanwhile,

many other numerical simulations in other �eld, such as structural dynamic simulations,

usually utilize a state-variable expression and can evaluate all the information at a time directly

using a numerical integration method of choice. A typical state-variable from expression is

shown in the below equation (3.35), where state vector ~u is the vector that contains all the

information of interest at a given time t . The right-hand side of the equation, f (~u ,p , t ), is an

ODE system which describes the rate change of each terms in the state vector based on current

state ~u , parameters p , and time t .
d ~u

d t
= f (~u ,p , t ) (3.35)

The current effort focuses on reformulating the model, based on previous theories, into a

discrete-vortex method in state-variable form capable of simulating a wide range of unsteady

airfoil �ow problems. The objective is to capture essential �ow�eld and airfoil data in a state

vector, while discrete vortex shedding, vortex convection, and circulation calculation are refor-

mulated as a complex ODE function that can be numerically integrated.
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3.3.1 State Variables of Interest

For an airfoil undergoing an unsteady motion, the �rst identi�ed group of variables contains

the positions and velocities of the airfoil, termed as ~u a f here. This state vector is used to

describe the translation motion of the airfoil pivot point and the pitching angle. While the exact

location of an airfoil is typically predetermined, the velocity of the airfoil affects the downwash

calculation so it should be included as follows:

~u a f = [X ,Z ,U ,W,� , �� ]T (3.36)

d ~u a f =d t =
�
U ,W, �U , �W , �� , �̈

�T
(3.37)

In the above expression, X and Z are the positions of the airfoil pivot point in the x and z

directions, U and W are the velocities in x and z directions, and �U , �W are the accleration in x

and z directions. � , �� and �̈ are the pitching angle, velocity and acceleration of the airfoil about

the pivot axes. The time derivative of the airfoil state vector, d ~u a f =d t , includes the acceleration

terms which are used to connect the aerodynamic and external forces to the airfoil motion.

The second state vector is the background freestream velocity. Although the freestream is

usually used as a single reference velocity along the x direction, here we de�ne the freesteam

state vector with both x and z components, so that background upwash or downwash can be

added if required. The state vector of freestream is de�ned as follows:

~u 1 = [U1 ,W1 ]T (3.38)

The freestream state vector here stores the freesteam velocity that affects all the free vortices

and airfoils within the simulation domain.

The most important �ow�eld data are the vortex positions and strengths, which include

both bound vortices and free vortices. The free vortices can be characterized as three groups:

leading-edge vortex (LEV), trailing-edge vortex (TEV) and external vortex (EXTV). The external

vortex represents any external vortex structure that is inserted into the simulation domain and

not generated from the airfoil leading or trailing edge. The corresponding terms and the state

vector will be written using the subscript “ l e v ”,“ t e v”,“ e x t v ” as below:

~u l e v = [Xl e v ,Z l e v , � l e v ]T (3.39)

~u t e v = [X t e v ,Z t e v , � t e v ]T (3.40)

~u e x t v = [Xe x t v ,Ze x t v , � e x t v ]T (3.41)
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Each state vector contains the x and z coordinates and the vortex strength of each free point

vortex. The position of each free vortex is updated based on the calculated velocity applied to

it, while the strength of it, once determined, remains unchanged throughout the simulation.

Similarly, the bound vortex should also include the positions and the bound vortex strengths.

However, the positions of the bound vortices and the control points will not change based on

the velocity acting on these points but instead rely on the airfoil motion vector ~u a f to update

their positions at every time step. As a result, the bound vortex state vector, ~u b v , only contains

the strength of each bound vortex and is updated at each time step.

~u b v = [� b v ]T (3.42)

The overall state vector containing all the information in the �ow�eld and on the airfoil is the

combination of all the individual state vectors de�ned above.

3.3.2 Continuous Time-Stepping Process for Free Vortices

One of the challenges of making the discrete-vortex model in a state-variable form is that

the solver operation possesses both discrete steps, such as generating a new TEV or LEV into

the �ow�eld which increases the length of the state vector, and continuous steps, such as

stepping the positions of airfoil and free vortices. Ideally, all the state variables should be

updated simultaneously using the numerical integration method, which requires the time

derivative expression of every state variables. However, the strengths of the new vortices are

solved via the governing equations (3.15) and (3.18), and currently, there is no precise time-

derivative expression for the strengths of newly shed TEV and LEV. As a result, the current

model divides the solver operation into two stages: a continuous time-stepping process and a

discrete vortex-shedding process.

The continuous time-stepping process is where numerical integration is performed. At

the start of a time step, t n , the state vector information is passed to the numerical solver,

and the numerical integration calculates the predicted positions of each free vortex and the

airfoil position based on the motion function. The calculation of airfoil position will rely on

the airfoil motion function, which is a system of ODE that expresses the airfoil translation

velocity, acceleration, angular velocity and angular acceleration which is provided by the user.

To calculate the future positions of all the existing free vortices, a function representing the

ODE system will evaluate the velocity of each vortex, which consist of freestream velocity,

induced velocity from the current bound vortices and free vortices except for itself using

equations (3.4,3.5 and 3.6). An example expression for a TEV velocity is presented in the

following equations (3.43 and 3.44)
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d X t e v

d t
= U1 + u t e v,b v + u t e v,t e v + u t e v,l e v + u t e v,e x t v (3.43)

d Z t e v

d t
= W1 + w t e v,b v + w t e v,t e v + w t e v,l e v + u t e v,e x t v (3.44)

d � t e v

d t
= 0 (3.45)

where the �rst terms, U1 W1 , are the result of the freestrem-velocity effect in x and z directions

while the rest of the terms u t e v,b v ,u t e v,t e v ,u t e v,l e v ,u t e v,e x t v are the induced velocities from the

bound vortex, TEV, LEV and external vortices in the x direction and all the w terms are the

induced velocities in the z direction. The strength of the vortex will remain unchanged during

this process as shown in equation (3.45).

3.3.3 Interpolation of a No-Penetration Constraint for Free Vortices

By investigating the previous discrete vortex method, including the models in Ref. [83], Ref.[109],

and Ref. [110], we found that a free vortex can occasionally penetrate the airfoil camberline,

which violates the physical boundary condition. To eliminate this non-physical behavior in the

solver, we introduce a function that modi�es the calculated free vortex velocity based on the

predicted trajectory using the Euler method. If a free vortex is projected to penetrate the airfoil

camberline, the function modi�es the velocity so that the vortex moves as if it gets re�ected

from the airfoil.

Figure 3.3 shows how this function works using an example point LEV close to a panel on

the airfoil camberline between P1 and P2. First, the relative velocity, ~u l e v,r e l , of the example

vortex to the center point of the panel is calculated as:

~u l e v,r e l = ~u l e v � ~u p l , (3.46)

where the vortex velocity, ~u l e v , is calculated in section 3.3.2. This relative velocity can then

be transformed to the reference frame moving with the panel (p x 0z0), where this approach-

ing velocity can be divided into the normal approaching velocity, ~u l e v,r e l ,z0 and tangential

approaching velocity, ~u l e v,r e l ,x 0. The normal approaching velocity can be used to predict when

the vortex collides with the panel, with the normal distance between the vortex and the panel

equal to j ~u l e v,r e l ,z0j� � t . If � is smaller than 1 and larger than 0, the collision will happen in the

next predicted time step, meaning that the vortex velocity needs to be altered. The modi�ed

vortex velocity can be calculated using the relation shown in Figure 3.3(b) on the panel frame

48



Figure 3.3: Illustration of an example point LEV close to a panel on the camberline: (a) velocity
of the panel center, ~u p l and example LEV, ~u l e v in stationary inertial frame (o x z), (b) the velocity
and distance traveled in one time step by the example LEV in the reference frame of the panel
(p x 0z0). The yellow dot with black edge marks the predicted position of the vortex using the
modi�ed velocity.

(p x 0z0) as follows:

~u 0
l e v,r e l = ~u l e v,r e l � 2~u l e v,r e l ,z0(1 � � ) (3.47)

This corrected velocity can be transformed back to the inertial frame (o x z) and used in the

numerical integration so that the point vortex does not penetrate the airfoil panel.

3.3.4 Discrete-Vortex Shedding Process

Once all the existing free vortices and airfoil are moved to the future position via numerical

integration, the bound vortex positions and control points in the next time step will also be

calculated and updated, and all this information will be saved to the state vector as the result

for time step t n +1. At this point, the calculation for the time step t n +1 is only half-completed

and the solver will start the second process: discrete-vortex shedding. In this process, the solver

�rst introduces a new TEV into the �ow�eld, with the displacement method discussed at the

start of section 3.2.2.

With the new vortex being introduced into the �ow�eld, the bound vortex strength and

this new TEV strength requires recalculation using equation (3.15). The right-hand side of the
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equation is the total downwash normal to the panel on the control points calculated based on

the airfoil and free vortex positions at t n +1 which are obtained in the �rst process. This updated

bound vortex strength will allow the solver to determine the instantaneous net LESP by solving

for the �rst bound vortex strength, � 1 using equation (3.25). Based on this information, the

solver further determines if there should be LEV shedding. If the absolute value of LE SPne t

is smaller than LE SPc r i t , then no new LEV is going to be generated and the bound vortex

strengths and the new TEV strength just calculated are stored in the state vector. At this time, all

the information obtained from continuous time-stepping process and discrete-vortex shedding

process is treated as the �nal solution for time step t n +1, and the solver can proceed to calculate

the information for time step t n +2.

If the absolute value of LE SPne t is larger than LE SPc r i t , the solver then generates a new

LEV, with its position determined using the method discussed in section 3.2.2. The strength

of the new LEV and the strengths of all bound vortices and the new TEV are recalculated to

guarantee the zero-normal-�ow boundary condition is ful�lled. This is done by equation (3.18)

and equation (3.26), and should result in LE SPne t being kept at � LE SPc r i t . Once all the

calculations are �nished, the newly updated vortex strengths of the bound vortices and the

new TEV and LEV along with their positions are stored in the state vector at time step t n +1 and

regarded as the �nal solution for this time step.

The �ow chart of the current discrete-vortex model in state-variable form is presented in

the below �gure 3.4
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Figure 3.4: Flow chart of the current state-variable form discrete-vortex method. Grey boxes
indicate the functions that need to be provided externally before the simulation.
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3.4 Results

This section presents the results using the current discrete-vortex method reformulated in

state-variable form to simulate several unsteady airfoil motions. The selected cases are based

on the work of Ramesh et al. [83], for which CFD and experimental data are available. The

unsteady loads are compared with the previous low-order model (LDVM) developed by Ramesh

et al. [83], along with available CFD and experimental data. The �ow�eld comparisons are

executed based on available CFD and experimental data. The goal is to validate the current

model and discuss some differences with LDVM.

3.4.1 Numerical Solver Selection and Simulation Parameters

Although the current model is originally designed to have the capability of freely selecting

different numerical integration methods, the simulations in this section are all based on the

Euler method. This method is chosen in part to maintain consistency with the LDVM data

in Rameh et al. [83], which are also based on Euler method. The second reason is that based

on the work of Chorin [75], when numerically simulating an inviscid �uid, the vorticity �eld

can be represented into a sum of vortex blobs. Without any further effect being considered,

this collection of vortex blobs, with its initial structure and density, continues to maintain

its density at later times if the motions of these vortices are determined based on the stream

function in the neighboring �ow�eld. However when vorticity diffusion equation is considered,

Chorin [75] showed that moving the vortex points based on this velocity using the form of

explicit-Euler scheme, resulted in the vorticity density distribution satisfying the Navier-Stokes

equations. This indicates that for an inviscid method in the form of vortex-blob simulation,

such as the current state-form model or LDVM, the Euler method is the most suitable solver

for vortex-dynamics simulations. The viscous-diffusion effect seen in the real viscous �uid

is naturally captured by the Euler method in the form of the numerical error associated with

Euler solver, even with a potential-�ow based model. As a result, the Euler solver is used in the

current simulation to more accurately capture the vorticity diffusion seen in the real �uid.

For the prescribed-motion simulations discussed in this chapter, the pivot-point position,

pitching angle, translational velocity, and pitching angular velocity are provided analytically by

the motion function to ensure accurate motion simulations. The time derivatives of the airfoil

state variables, such as acceleration terms, are kept at zero to prevent numerical errors from

the Euler solver affecting the accuracy of the airfoil motions.

All the simulations in this chapter are conducted using the unit horizontal freestream

velocity, ~u 1 = (1,0). The non-dimensional time step for the state-form model, � t � , is set to

0.01 for all the simulations conducted in this chapter. The corresponding vortex-core distance
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is determined as

vc o r e = 1.3c � t � = 0.013, (3.48)

and the average spacing between the vortices, d , can be calculated as:

d = j ~u 1 j� t = c � t � = 0.01, (3.49)

which is smaller than the vortex core distance to guarantee the convergence of the model used

in this chapter according to the work of Hald [112].

3.4.2 Pitch-up-Hold-Return Motion Using SD7003 Airfoil at Re = 30,000

In this case study, the unsteady loads predicted from the current model are compared to

LDVM, experimental data, and CFD data presented in the work of [83]. An SD7003 airfoil at

Reynolds number of 30,000 undergoing a pitch-up-hold-return motion with smoothing using

the Eldredge function (Ref. [115, 80]) is studied. The details of the motion function are presented

in appendix A. The pitch amplitude, � A, is 25o , with the pivot point located at the leading edge.

The non-dimensional pitch rate, K , is 0.11, and the pitch smoothing parameter, a , is set to 11.

The critical LESP is chosen as 0.18, which is the same as the original value used in the previous

study listed in Ref. [83].

Experimental results, CFD data, and LDVM simulation data were all extracted from the

work of Ramesh et al. [83] in their �rst case study. Experiments were performed at the US Air

Force Research Laboratory's (AFRL) Horizontal Free-Surface Water Tunnel, which consists of a

three-degree-of-freedom electric motion rig to control pitch, plunge, and surge motion, with

more detail of the facility and the rig operations documented in Refs. [116, 29] and [117]. The

CFD calculations were performed using NCSU's REACTMB-INS code to solve incompressible

Navier-Stokes equations using a �nite volume method, with all the details discussed in Ref. [83].

Figure 3.5 (a) shows the LE SPne t from the current model and LE SPr e f in LDVM. It can

be seen that the current model has a higher initial LESP value, possibly due to the current

model initiating the solver from the steady-state solution. Before the pitching motion starts

(t � < 1), the current model maintains a stable LESP value while there exist a gradual change in

LESP from LDVM. This initial LESP difference may also come from the differences between

the camberline pro�les extracted from the two models. The LESP curve during the pitching

process also shows that the current model predicts a slightly earlier LEV initiation and slightly

delayed LEV termination compared to LDVM, which can also be attributed to a higher initial

LESP in the current model. During the LEV shedding process at approximately t � = 2 to 4, both

LDVM and the current model show that the LESP are kept at the critical value, indicating that
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