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ABSTRACT: Unbalanced feeder systems cause
deteratorating power quality and increase investment and
operating costs. Feeder reconfiguration and phase
swapping are two popular methods to balance the systems.
For an unbalanced feeder system, feeder reconfiguration is
difficult to meet the phase balancing criterion due to the
limited number of sectionalizing switches available. Phase
swapping is another alternative and direct approach for
phase balancing. Phase swapping has not received its
deserved attention due to the complexity of feeder systems,
the dimension of problems, and totally overlooking the
impacts of phase imbalance. Phase swapping can
economically and effectively balance the feeder systems to
improve power quality and reduce power system total cost.
Deregulation arises competition on power quality, service
reliability, and electricity price. Therefore phase swapping
can enhance utilities competitive capability. This paper
proposes a mixed-integer programming formulation for
phase swapping optimization. Single-phase loads are
treated differently with three-phase loads. Nodal phase
swapping and lateral phase swapping are also introduced.
An example is used to illustrate the proposed method.
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1. Introduction

In power distribution systems, unbalanced feeder
structures and unbalanced loading are common
phenomena. Unbalanced feeders not only increase energy
losses and the risk of overloading situations, but also affect
system power quality and electricity price. For example,
the unbalanced loading causes unbalanced voltages even
the voltage at source is balanced. Lower, higher, or
unbalanced voltage can reduce efficiency and may damage
appliances. In this case, utilities either reconfigure the
systems or install transformers or capacitors to keep
voltages within limits. Unbalanced systems also increcase
the risk of overloading on a phase line or ground line.
Overloading causes utility facilities overheating and even
damaged. In addition, an
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unbalanced feeder has a large ground current, which may
trip the protective devices. Furthermore, in unbalanced
feeders, the improvement of the utilization factor is limited
by the capacity of the ground line or one phase line.
Upgrading ground lines or feeder lines require huge
investment costs, which may be unnecessary if the system
is well balanced. Sometimes, the unbalanced situations are
acceptable if the flows are far below their capacity. If the
flows are close to their capacity, even a small unbalanced
flow can cause serious consequence.

Phase balancing problem is to make a feeder system
balanced in terms of phases. A balanced system has
smaller worst voltage drops and energy losses. Phase
balancing  improves system quality, security, and
reliability. Phase balancing can improve utilization factors
of existing facilities and defer feeder expansion projecis.
As a result, an utility can produce power with higher
quality and lower electricity price, which will attract
customers to the utility and enhance the utility competitive
ability in the deregulated environments.

Original feeder system design depends on the accuracy
of the given load data. Many distribution load forecasting
methods have been proposed to improve the accuracy of
load forecast in the past several decades [1, 2]. Distribution
load forecasting not only predicts the magnitude of loads
but also predicts the location of loads by providing a load
map. Based on the load map, a balanced feeder system is
routed to deliver electric power to the customers.
However, the prediction errors and unbalanced load
growth will make the feeder unbalanced.

There are two options for phase balancing. One is
feeder reconfiguration at the system level; the other is
phase swapping at the feeder level. Since feeder
reconfiguration is primarily designed for load balancing
among the feeders, it cannot effectively solve phase
balancing problem. Therefore, most researchers did not
consider phase balancing in feeder reconfiguration. Only a
few people incorporated phase balancing into feeder
reconfiguration approaches based on the unbalanced feeder
systems. But it is realized that feeder reconfiguration is not
sufficient to make unbalanced feeder systems phase
balancing [3]. Lin and Chin proposed a fuzzy logic
approach to reconfigure feeders on the inter-feeder load
balance and inter-phase load balance sequentially [4]. The
conflict objectives may result in an unsolvable dead lock.
Wang et al. proposed an efficient formula to update power
flows and losses in terms of the on/off switch operations
[5]. They noted that system imbalance has significant
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impact on the schemes for network reconfiguration and the
determination of the on / off status of sectionalizing and tie
switches. The phase imbalance impact upon system
performance should not be overlooked. In [6], Borozan
proposed a heuristic method to determine the minimum
loss configuration for the three-phase distribution systems.
The approach worked well with the balanced network. But
for the unbalanced network, suggested balancing the
feeder system in terms of phases before the approach is
applied. In general, feeder reconfiguration can not balance
the unbalanced feeder systems effectively.

On the other hand, phase swapping is a direct and
effective way to balance a feeder in terms of phases. At the
time being, distribution engineers already use phase
swapping to balance phase loading based on their
experiences and trial and error method. The procedure,
which is a labor intensive and time-consuming, is show in
Figure 1. Furthermore, the result usually is far from
optimal.

Start with the original feeder system

M|

v

Select phase swapping scheme based on
heuristic and experience

3

Run three-phase load flow and evaluate the
balance index

v

If the balance index is improved, the phase
swapping is accepted; otherwise it is discarded.

v

SThe phase balantTing
ituation acceptable?

Yes

Figure 1. Trial and error to balance aféeder

This paper develops a methodology to identify phase
swapping schemes to balance a radial feeder system based
on the loads at each load point and the original load
tapping scheme. Section 2 will introduce phase balancing
problem. Section 3 will propose the phase swapping
optimization formulation for single-phase loads and three-
phase loads. Section 4 will demonstrate the proposed
formulation by a six-node system. Section 5 is the
conclusion of this paper.

2. Phase Swapping Problem

The voltage drop is not considered in our proposed
phase balancing formulation to simplify the problem. Also
we assume that all the loads have the same power factor.
Thus all the loads can be modeled by their current
magnitudes. Phase swapping balances the system by re-
tapping loads or laterals to the phase lines. It requires each
single-phase load connecting to a phase line and each

phase line has at most one load at a node. Since
unbalancing is usually not emergent condition as long as it
does not causes device overloading or extensive voltage
drops or ground relay tripped, phase swapping is carried
out during maintenance or restoration periods.

Single-phase loads are treated differently from three-
phase loads in the phase swapping formulation. There are
six options to tap the loads to feeder for three single-phase
loads tapping on a three-phase feeder. There are three
options for a three-phase load (e.g. three-phase induction
motor) so as to keep the same phase sequence. Phase
swapping can be classified as nodal phase swapping and
lateral phase swapping. Nodal phase swapping is the load
swapping at a node while lateral phase swapping is to re-
tap the laterals to the primary trunk. If lateral phase
swapping is applied, all the nodes on this lateral will not be
allowed for nodal phase swapping. Therefore, the lateral
can be treated as a fictitious node on the primary trunk.
Lateral phase swapping is the same as nodal phase
swapping from the point of view of mathematical
formulation.

Phase balancing has several significant benefits, such
as improving power quality and utilization factor of
existing facilities, and reducing energy losses and price.
However. each phase swapping operation is associated
with certain costs on lineman expenses, maintenance
expenses, and planned outage duration, we could not
afford to swap phases for all nodes at all the time. The
number of phase swapping need to be compromised
between benefits and costs.

Phase swapping can be treated as load assignment to
lines. which is modeled as an integer-programming
problem. For example. a single phase load can only be
assigned to either phase a, phase b, or phase c. Therefore,
the decision variables for phase swapping are of the load
either connected or not connected to a phase line, which
can be represented as | or 0. Each node is associated with
a set of decision variables to represent its tapping scheme.
Since voltage drops and energy losses are ignored,
Kirchoff's Current Law (KCL) are linear constraints. Once
the objective is a linear function, then phase swapping
problem can be modeled as a mixed-integer-programming.

Each branch of the feeder is associated with a balance
index. for example, unbalanced flow, which is defined as
the maximum difference of flows at this branch. The lower
the unbalanced flow is, the more balanced the branch is.
Balancing a foeder is not just for source flows but for the
whole feeder. Not ali branches are worthwhile to be
monitored. Only those branches, which have important
facilities (e.g. transformer or regulator) or critical impacts
to power quality, are monitored. The phase balancing on
multiple branches in a feeder can be formulated as a multi-
objective optimization problem, which is solved by
weighting factor method. The objective function is to
minimize the weighted sum of the unbalanced flows,
where different weights are assigned to each branch based



on its importance (e.g. proportional to flow or capacity),
balance requirement, and utilization factor.

3. Mixed-Integer-Programming
Formulation

Given a radial feeder configuration and the loads
(dr,l7d:,2’d:,3) at node i, the objective of Mixed-Integer

Programming (MIP) is to find the optimal loads

assignment on the phase (a,b,c) of the feeder so that the
unbalanced flows at the monitored branches are

minimized. The unbalanced flow at branch j, U Iz 1S

. defined as the maximum difference of phase flow currents
at branch j. For example, the unbalanced flow U_’ of

branch j shown in Figure 2 (j is for branch number, i is for
node number) is:

U, = max{‘[ -1

J.a j.e? ’

[,—1

[ = [_/./7‘ } M

J.¢

where: 1,4 isthe current of phase ¢ at branch j
/ 1 2 3 4 5
= 1 2 3 4 5
A 1. I, I8
S |b L1 Lan Iss
c /, 1 I
dyudpd. ds sl

Figure 2: A small feeder system

For the feeder system shown in Figure 2, each load is
tapped to a phase line at a node. The KCL is represented
as:

[.,=1 +d

J+le j.9 ] = / . ,4 (2)

J.9

ls4=dsg $=abc 3

From the end of feeder to the source, the branch flows are
updated for every branch and phase. For any phase
swapping at node i/, all the upper stream flows (i.e. j <J)
are changed while its down stream flows (i.e. j > i) are not
changed. For example, phase swapping at node 3 will

affect its upper stream flows, = {1,2,3}. However, it

will not affect its down stream flows, 7, = {4,5} .

A typical feeder system is not as simple as the feeder
shown in Figure 2. A typical node at phase ¢ is shown in
Figure 3, where k/, k2, and k3 are the down stream
branches of node , and ; is the upper steam branch of node
i. The KCL at node i is described as:

Lig = digt g tThogthay 4
for node i and phase ¢.
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Figure 3. KCL at node i and phase ¢

The integer decision variable 7[;,,(‘) e {0,1} indicates that

the oth load at a node / is connected to phase ¢ or not. The
integer variables must satisfy several constraints to ensure
that one and only one load is assigned to a phase line. This
assignment problem can be formulated into the following

mixed-integer-programming model (for single-phase
loads):
Minimize U,
Subject to:
max{‘lm O AT BN R N } ~U, )
— ! . f . N ! -
1, 4= §1k,¢ + 72'4)’1 d, +7r¢)2 diy+ 7r¢,3 d 5 (6)
i i i =
ﬂ¢,1 + 7z¢’2 + 7r¢’3 =1 forall¢g=a b ¢ 7
A +7 47 =1 forall o =123  (8)
a,m hw c,0
lis =€ ®
ﬂ;sw € {0,1} for all (10)
where
J is any monitored branch,
U/‘ is the unbalanced flow on branch j,
! is the ¢ phase flow on branchj ,

J.¢
7,, s the decision variable for wih load tapping to

phase ¢ at node i,

C,  isthe phase line capacity of branch j.

In this MIP formulation, equality (5) is the unbalanced
flow at the monitored branch j; equation (6) represents the
KCL constraints at node /; equation (7) ensure that each
phase has a load assigned; equation (8) ensure that each
load is only assigned to a phase; inequality (9) is the line
capacity constraints. The objective of the MIP model is to
minimize the unbalanced flow at the monitored branch ;.

The above formulation is a typical mixed-integer linear
programming problem, which can be solved by branch-
and-bound method and cutting plane algorithm [7]. A node
on a three-phase feeder has a single-phase load, thus only
three 0-1 integer variables and one constraint, denoted as
3/1, are needed. A node on three-phase feeder has two
single-phase loads, then six 0-1 integer variables and five
constraints, denoted a3 6/5, are required. For three
unbalanced single-phase loads, nine 0-1-integer variables
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and six constraints are required. The summary is listed in

Table 1.

Table 1: Number of integer variables / constraints

Phases Single Two Phase Three
Phase Line Line Phase Line
# loads
1 0/0 2/1 3/1
2 N/A 4/4 6/5
3 N/A N/A 9/6

Three-phase loads are considered differently from single-
phase loads. A three-phase load (motoring loads) only has
three options for phase swapping to maintain the phase
sequence. It just needs three 0-1 integer variables and one
constraint to guarantee the phase sequence and constraints.
An integer variable 7, € {O,l} represents a load tapping

scheme, which is rotated from the current one at node /.
Three-phase load swapping can be formulated as:

[ o= %1“ trdy o dyta ed s (1)
[, = %IM + 7'[11 gt cdg (12)
1, = %1”, o d gt d 7 od, (13)
ﬂi‘ +7z'2 -Hz'3 =1 (14)

7, e{o, 1} (15)

where equations (11-13) are KCL constraints at node { for
different phase; equation (11) ensures that only one load
tapping is selected.

fors=1,2,3

Current flows are continuous values while the tapping
scheme is discrete by nature. A feeder may have more than
hundreds nodes. Therefore, the phase swapping problem
can be formulated as a large-scale mixed-integer-
programming problem. The proposed MIP model is easily
set up for any radial feeder systems based on the
formulation from equation (1) to (12). LINDO / LINGO
optimization software package can be used to solve this
model by branch-and-bound method [8]. Due to the
capability of integer programming software, the MIP
model is suitable to solve a small-sized feeder system. For
example, LINDO can colve problems with at most 4003
integer variables, 4003 columns and 2003 rows. Therefore
it is able to solve phase swapping problem for a feeder
system with less than 200 nodes.

4. lllustrative Example

This section use a six-node system shown in Figure 4
to perform lateral phase swapping to balance the primary
trunk to illustrate the proposed MIP phase swapping

methodology. The corresponding load data is listed in
Table 2. The primary trunk is branches 1 and 2. The
branch 3, 4, and 5-6 are the laterals, whose phase swapping
is used to balance the primary trunk.

a.b

Figure 4. Six-node system

The flows on the primary trunk,

{Ia-tis i} = {55130,110} and

{fl,afll.h’fl,a} = (356555}, are extremely

unbalanced. This phase balancing problem is a multi-
objective optimization problem because two branches are
monitored. This example will illustrate the use of
weighting factor method to solve the multi-objective MIP
problems.

Table 2. The load data and original tapping scheme

Phase a b c
Node

1 20 A 30A 20 A
2 25 A 35A 40 A
3 10A 30A N/A
4 N/A N/A I15A
5 N/A 25 A 20 A
6 N/A 10 A 15 A

Since lateral rather than nodal phase swapping is
considered, the laterals can be treated as the fictitious
nodes on the primary trunk as shown in Figure 5. The
fictitious node is associated with the lump sum loads on
this lateral by phase. In the reduced model, the primary
trunk flows are identical to the original feeder system.
Therefore the reduced model can be used to balance the
primary trunk flows. For example, since the loads at node

5is {ds,d;,| = {2520} and the loads at node 6 is

510

{dﬁﬁl,déﬂz} = {10,15}, the lump loads of lateral 5-6 is

{d5—6,13d5—6.2} = {ds‘lads‘z} + {dé_l‘dﬁl} = {35735} .
The loads for lateral 3 or 4 are equivalent to the loads at
node 3 or 4 respectively.




10,30
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ab,c ! a,b,c £
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Figure 5. The reduced model for 6-node system

Each phase of a lateral may tap to one of three-phase
primary trunk, represented by three 0-1 integer variables.
For this feeder system, there are total fifteen 0-1 integer
variables. The objective is to minimize the unbalanced
flows on branches 1 and 2. The weighted sum of the
unbalanced flows at the primary trunk is treated as the

single objective function. The weighting factors {Wan}

are assigned based on the branch importance, for example,

{w,, wz} = {0.6, 0.4}. The  problem  formulation
becomes:
Minimize » w, U, (16)

J

Subject to:

e T T S (YN R €

max{‘12,a by —hblha - [2,1;‘ } =z (18)
5-6 5-6

lig=lyt+ T dsg1 T o ds_g (19)

4 3 3 )
Ly = 7r¢,1 dy )+ 7z¢’1 dyg + ﬁqu “ds, 20)
7 +x% +2% =1 for all lateral ¢ 1)
a,n b0 c.m
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7r¢’] + ﬂw <t for lateral ¢=3, 5-6 (22)
IM,SC/ forg=a b c; j=2, 1 (23)
4, {01} for lateral =3, 4, 5-6 4)

In this formula, y is the unbalanced flow for branch 1, and
z is the unbalanced flow for branch 2. This MIP model can
be solved by LINDO program listed in Table 3.

The results of MIP can be read from Table 4. The
phase swapping scheme is: XC5/=1] and XA452=1 means
that lateral 5-6 is assigned to phase ¢ and a; XA4/=]
means that lateral 4 is assigned to phase a; XC3/=1 and
XB32=1] means that load 10 is assigned to phase c and load
30 is assigned to phase b.

After lateral phase swapping, the flows of primary
trunk are {17, 17,17} = {95.95,105} and

{[;)a,[;’h,I;,L} = {40,65,50}. And the unbalanced flow

of branch 1 is Ul* =10 4 and that of branch 2 is
U; =25 A4, in comparing with the original unbalanced
U =754
U, =30 A. Thus the weighted sum of unbalanced flow is

2wj -U*, =16 4 (the optimal phase balancing
J
solution for branch 1 and 2).

situation, where unbalanced flows and

Table 3. LINDO program for the reduced feeder system

MIN 0.6U1+04U2
SUBIJECT TO
XAS51+ XB51 + XC51= 1
XAS52+XB52+XC52= 1
XA41 + XB4l + XC41 = |
XA31+XB31+XC31= 1
XA32+XB32+XC32= 1
XAST+XAS2 <= |
XB31+XB32 <= 1
XC51+ XC52 <= 1
XA31 +XA32 <= 1
XB31+XB32<= 1
XC31+XC32<= 1
-Ul+1A1-1B1 <=
-Ul-1A1 +1BI <=
-Ul-IBL+ICl <=
-UL+IBI-ICT1 <=
-UlL+1A1-ICI1 <=
-UL-TA1 + ICL <=
-U2+1A2-1B2 <=
-U2-1A2+1B2 <=
~U2-1B2+1IC2 <=
-U2+1IB2-1C2 <=
-U2+1A2-1C2 <=

[=NeReloNoNelo =l ==

-U2-1A2+1C2<= 0

-35XA51-35XA52 +1A1-1A2= 20

-35XB51-35XB52+1B1-1B2= 30

-35XC51-35XC52+1C1-1C2= 20

- 15 XA41 - 10 XA31-30 XA32 +1A2= 25

-15XB41-10XB31-30XB32+1IB2= 35

-15XC41-10 XC31-30XC32+1C2= 40
END
INTE
INTE
INTE
INTE
INTE
INTE
INTE
INTE
INTE
INTE
INTE
INTE
INTE
INTE
INTE

XAS51
XB51
XCs51
XAS52
XB52
XC52
XA41
XB41
XC41
XA31
XB31
XC31
XA32
X132
XC32
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Table 4. Results of LINDO program

1) 16.000000
Variable Value Reduce cost

XAS51 0.000000 0.000000
XB51 0.000000 0.000000
XC51 1.000000 31.500000
XAS2 1.000000 -31.500000
XB52 0.000000 -31.500000
XC52 0.000000 0.000000
XA41 1.000000 -12.000001
XB41 0.000000 0.000000
XC41 0.000000 7.500000
XA31 0.000000 -13.000000
XB31 0.000000 0.000000
XC31 1.000000 0.000000
XA32 0.000000 -29.000002
XB32 1.000000 0.000000
X(C32 0.000000 10.000000
Ul 10.000000 0.000000
U2 25.000000 0.000000
1A 95.000000 0.000000
IB1 95.000000 0.000000
IC1 105.000000 0.000000
1A2 40.000000 0.000000
B2 65.000000 0.000000
1C2 50.000000 0.000000

5. Conclusion

Phase balancing problems is becoming more and more
important in the deregulated environments because it can
improve power quality and reduce electricity price with the
minimum costs. The paper proposes a MIP formulation to
find the optimal phase swapping scheme to balance a
feeder system. An illustrative example is used to
demonstrate the proposed formulation for phase balancing.
Phase swapping optimization can provide a better solution
than the trial and error method. It can maximize the
benefits for each phase swapping. The testing results show
that MIP formulation for phase swapping is an effective
tool to provide a phase balancing solution.
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