ABSTRACT

WALTER, JASON DAVID. Appearance Preserving Data Simplification. (Under the direc-
tion of Dr. Christopher G. Healey.)

Many visualization environments constantly face the issue of dealing with large, complex
datasets. Often these datasets are so complex that rendering a visualization would seem
impractical. Likewise, enormous amounts of data may overwhelm the human visual system;
thereby rendering the data incomprehensible. Thus, the need arises to deal with these
datasets in some arbitrary manner such that the resulting dataset represents the original
whole — while reducing the cost on the human and computer visual system.

A closely related problem can be found in geometric models, typically represented as a
piecewise linear collection of connected polygons (a mesh). Meshes can be obtained from
range scanners or created with a computer aided design package. However, these obtained
meshes are often very dense and have high spatial frequency. An active area of computer
graphics research is directed at the simplification of these dense meshes. Initially, mesh
simplification research aimed at preserving only the topology, but the most recent research,
appearance preserving mesh simplification, is aimed at simplification while preserving sur-
face properties of the mesh, such as color or texture.

Our work addresses the use of appearance preserving mesh simplification in a data sim-
plification environment, as well as, the issues of doing so. As a result, we present and
demonstrate a general method to simplify large multidimensional datasets using any ap-
pearance preserving mesh simplification algorithm. We add the use of principal components
analysis to reduce the dimensionality of the data prior to simplification, which allows faster
simplification on high dimensional data, and despite the reduction in dimensionality we have
shown full preservation of key features in the dataset. In addition, we introduce spatial locks

to preserve important data elements during the simplification process.
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Chapter 1

Introduction

Visualization is a way of understanding arbitrary data. In its simplest form, we are
interested in understanding a single entity with respect to another. More complicated
visualizations make use of low level properties of human vision to build preattentive visual-
izations that allow users to rapidly “realize” key features in a dataset. These preattentive
visualizations not only allow a particular user the ability to rapidly and effectively visualize
data, but it also allows the user to analyze multidimensional data.

Unfortunately, as our tools used to examine data improves so does the complexity and
size of a given dataset. And, despite our best efforts, large multidimensional datasets are
becoming increasing more prevalent in all aspects of scientific visualization. Some examples
include, geographic information systems, land and satellite weather information, and scien-
tific simulations. With the advent of machines with faster hardware and more memory it
would seem unreasonable not to use a visualization system to analyze a set of data. But
there becomes a point when, regardless of the type of system you are using, data becomes
too large or complex for a system to process in a reasonable amount of time. In many sit-
uations, these datasets are so large and complex that rendering a visualization on even the
most high-end systems is impossible, and, even if a visualization can be rendered, it often
overwhelms the user with so much visual information that it is nearly incomprehensible.

Many have acknowledged the problem of large datasets. For instance, Silbershatz et
al. [SSU90] make specific reference to the problem of large scientific datasets, and the need
to find new ways to store and query them. Also, a set of end-users, in physics, mention

the proliferation of large, multidimensional datasets and the inability to manage, explore,
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analyze, display, or discover within them [BGK'88]. Moreover, McCormick et al. [MDB87]
expressed the need for dataset management due to its enormous size, and, recently, van Dam
et al. [vDFL100] discussed the most pressing issues of scientific visualization and reminds
us that new techniques are needed to deal with large multidimensional datasets.

Typically, the “size” of a dataset refers to one or more of the following qualities [Hea98|:
e Number: the number of data elements participating in the dataset.

e Dimension: the attributes associated with each data element, e.g. temperature, pres-

sure, wind speed, etc., at a spatial location.

e Range: the range of values a particular attribute can contain, e.g. [0, 1] using single

precision, four byte, floats.

Each of these properties may need to be considered when visualizing a dataset. Naturally,
a slight change in one quality can drastically affect the size of a dataset. For example,
consider a terabyte dataset. If we added an additional attribute per data element we have
just doubled the entire size of the dataset. Therefore, it is essential to derive new ways to
deal with these large datasets.

Most of the recent work in the handling of large data can be categorized in two ways:

e Data management: how can we store large amounts data, and how can we effectively

and efficiently retrieve “important” information?

e Data simplification: can we find areas in a dataset that have little significance to the

total dataset and remove them?

Researchers who are interested in data management techniques in scientific visualization
work closely with researchers in the field of databases. These systems typically make a
bridge between a particular database system and a visualization engine. Here users can
query specific parts of a massive dataset, with reasonable access time. The work done by
Michael Cox and David Ellsworth [CE97] is a classic example of one these systems. They
overview ways to bring the computation to the data, and they take advantage of memory
hierarchy to handle large data. Also, they emphasize that given big data we must sacrifice
components of visualization (i.e. interactivity).

Others who are interested in data simplification tend to focus on ways to classify the data

as unnecessary and have it removed. These methods cull large amounts of data with high
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spatial frequency to allow a greater quantity of the data to be visualized. These types of
techniques are useful; as they curb the load on the visualization system, both graphically

and computationally, and, in turn, reduces the visual load on the user.

1.1 Main Contribution

As we agree with Cox and Ellsworth [CE97] that the most important goal to visualization
is to understand the data. We also believe that a main culprit in large data is redundancy
that can be eliminated by some type of simplification. In fact, the Department of Energy
and the National Science Foundation have recently expressed interest in financing efforts in
data simplification using Al techniques. They want “Al techniques that cull the original
dataset to ~1% of the most interesting entries” [SR98].

We approach the problem of data simplification in a slightly different perspective. First,
consider a similar problem that occurs commonly in computer graphics applications, i.e.
geometric models that have a high spatial frequency are difficult to render, if not impossible.
In lieu of this, there is a substantial amount of work that is devoted to dealing with large data
models. Specifically, this work addresses simplifying these models such that the simplified
models still retain a majority of the necessary information, i.e. topology and attribute
surface properties. Now note that in scientific visualization we have a similar problem, i.e.
large amount of data with high spatial frequency, where attribute information is assigned
at a spatial location. Therefore, it would only seem appropriate to use mesh simplification
to simplify data. However, the solution is not as simple as it seems. Many of these feature
preserving simplification algorithms assume that the data to be simplified is a geometric
model, thereby limiting scope to only a few attributes, e.g. color and normals. Because
of this assumption, consideration is not given to high-dimensionality, where the number of
attributes may be large. For example, a dataset may have as many attributes per data
element as simple geometric object has vertices. It is not that a particular algorithm is not
capable of working with more than just color or texture; it is simply that it may not be
feasible to do so. Additionally, many algorithms employ some type of vertex relocation to
create a “best fit” to the original model. However, vertex relocation may not be desired in
a visualization environment. Regardless, mesh simplification offers a plausible solution our
problem of simplifying large data. In this paper, we examine the use of mesh simplification

in a data simplification environment with the following goals:
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e General: Mesh simplification has been an active area of research, and thus it is

necessary that a visualization system not be constrained by a particular method.

o Computationally Sound: In addition to the computational complexity of a particu-
lar method, any additional overhead needed for that method should be insignificant
with respect to the method. And if a particular method’s computational complexity
explodes when introduced to large multidimensional datasets, then it is necessary to

reduce the computational load.

e Space Efficient: Because we are working with very large datasets, it is necessary to
reduce, or limit, the space overhead (in-core), in addition to a particular method’s

overhead, without imposing on our second criteria.

Our system is an implementation of three recent algorithms in mesh simplification. We
apply these algorithms to arbitrary data and employ a dimension reduction technique,
principal components analysis, to improve the performance and feasibility of the algorithm
in a data simplification environment. To illustrate the effectiveness, we compared result-
s, visually and quantitatively, before and after simplification, with and without principal
components analysis. We discovered that by using principal components analysis we can
considerable reduce the size of a dataset and improve system simplification performance.
We also found that, despite a loss in dimensionality, key dataset features still remained and
little information was lost from the change in dimension. Furthermore, principal compo-
nents analysis offered a general extension to any type of simplification algorithm, and, most
importantly, we satisfied the three conditions that we initially imposed. Each of these cases
will be illustrated with numerical and visual results, from the software that we built.

In addition, we applied locks to the dataset to emphasize important features of the dataset.
This especially useful in a point based visualization system, where the underlying mesh may

not be important to the domain.

1.2 Paper Organization

The remainder of the paper will proceed as follows. In Chapter 2, we review background
and related work in the area of scientific visualization. Chapter 3 will review the most recent

work in mesh simplification. Chapter 4 will address feature-preserving data simplification,
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with our designed extensions. Chapter 5 will focus on implementation of our method in

specific algorithms and results. Finally, future work and concluding remarks are mentioned

in Chapter 6.



Chapter 2

Arbitrary Data and Scientific

Visualization

A little over ten years ago, Richard Saul Wurman wrote that the amount of “human
information doubles every 5 years.” Even today we are aware of this information explosion,
perhaps moving much faster than the Wurman’s original conjecture. And many suggest
that by the year 2020, the amount of human information that surrounds us will double
every 73 days [Tra01]. Current estimates place the total amount of worldly information at
about 1.5 billion gigabytes of data, and, with this exponential rate of growth, the amount of
data in the 2020 will be far beyond anyone’s comprehension. Undisputedly, at the forefront
of this growth lies the computer.

Scientists in a variety of different fields depend on computers to better their understanding
of many difficult problems in science. Typically a scientist will not know the significance or
relationship between a large set of numbers. In fact, they often seek to find a correlation that
will help them better understand what they are looking at. The advent of graphical displays
allows scientists to map acquired numerical information to a visual feature that establishes
significance to the dataset; thereby giving birth to scientific visualization. For example, let
us consider a typical entomologist. Suppose this scientist, who we will call Henry, wants to
see if their is a relationship between elevation of a location versus the mosquito population
at the location. Henry samples mosquito population at discrete locations and plots them
on his computer, assigning color to the varying levels of mosquito population. Immediately,

Henry discovers that there is some relationship, but realizes he still has work ahead of him.
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In this over-simplified example, we can see the simplest form of visualization, and we can
see the breadth at which a visualization can apply. Scientific visualization is not just some-
thing for computer scientists to work on; it is “embedded in the scientific and engineering
research process” [HPvW94]. It is a tool that combines work from many disciplines, and it
has implications in many more. Meteorologist, physicists, sociologists, biologists, chemists,
and many others depend on visualizations to advance progress in their fields. And scientific
visualization is necessary as our wealth of information grows far beyond what has ever be
comprehended; as our society develops into an advanced civilization.

Surprisingly, the notion of scientific visualization is relatively new, only first mentioned
by McCormick in 1987 [MDBS87], and the study of visualization in computer science is
just as old. But the notion of visually representing numerical data has been around for
some time, e.g. cartographers and artists are masters in the creation of visually rich and
effective illustration [Tuf93].! Tt usually took these artisans considerable time to generate
an acceptable visualization, but they were well aware of how the human visual system
perceived images. Therefore they were capable of generating very effective visualizations.

In essence these artisans have some notion of mapping. They can map numerical or

conceptual data into a physical form. Or stated mathematically,
g : presentation < data (2.0.1)

where ¢ is a function that tells the artist what to do when he sees = € data. For example,
an artist working on a visualization of ocean currents may draw lines in the direction of
the current and use the density of his pen stroke to represent the current strength of that
flow [Tur96]. Another artist may choose to use a variance of color to represent height on a
topological map, creating what is known as a height map. Regardless, the notion remains
the same: take a data value and map that value to a visual feature [Hea92]. Today, these
mapping can be performed with much more speed and ease than traditional methods, i.e.
with scientific visualization software packages. These packages make use of what is known
about salient visual mappings that can create effective visualization; providing users with
their own personal artist — minus the creativity. The visualization engine simply applies a
similar mapping as in (2.0.1).

Now g can vary across the spectrum of scientific visualization software packages. At best,

most of the previous attempts in visualization were very ad hoc, rules-of-thumb based,

We will refer to cartographers and artists as just simply artists.
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and were catered to specific applications [Ros94]. Recent attempts have been more gen-
eral [Hea92, WEL100, CL93, vW91]; focusing on finding a g that is applicable across a
spectrum of scientific visualization needs. Specifically there are a broad range of datasets
that are fundamentally generic, and, therefore, we only need to find a suitably generic g.
These techniques are our primary interest, and we will devote the remainder of the chapter
to these “generic” methods. Many of these methods work well across the board of appli-
cation environments, but their shortfall is dealing with extremely large datasets. It is not
that they are not acceptable methods; it is just that were not designed with the concept of
very large datasets in mind.

On this note, it is interesting to review the tone of research issues in the field of scientific
visualization over the past 14 years. This review will emphasize the development of scientific
visualization. It will also lay the groundwork for the motivation of our work, and it will
explain why many current “generic” approaches are not designed for large data.

Most of what is scientific visualization is due, in part, to three key panels sponsored by the
Department of Energy and the Department of Defense. During the first panel discussion
in 1987 [MDB87], focus was geared primarily towards tool creation. Specifically, a push
was emphasized on the creation of tools for end users that increased scientific progress,
collaboration, and productivity. McCormick enumerates the following list of issues for tool

makers:2

e Interactive steering of computations and simulations.

e Workstation-driven use of supercomputers.

e Graphics-oriented programming environments.

e Visualization of higher-dimension scalar, vector, and tensor fields.
e Dynamic visualization of fields and flow.

e High bandwidth networks for pictures.

e Handling terabyte data sets - for signal and image processing.

e Vectorized and parallized algorithms.

2This list follows verbatim from the list provided by Rae Earnshaw [BCE*92]
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e Specialized architectures for graphics and image processing.
e Establishing a framework for international standard in scientific visualization.

Interestingly, little emphasis was placed on the management of large datasets. At a later
panel discussion in 1994 [Ros94]. A revised list of research “issues” was announced. Among

the most pressing issues at this workshop included but are not limited to:

e Dealing with large datasets in volume visualization.

Interactive scientific visualization on public networks.

e Compression algorithms for transfer of scientific visualization.

Scientific visualization in portable computing environment.

e Improving data modeling techniques, e.g. better segmentation techniques.?

Modeling of complex objects.

Here we can see more attention to the issue of large datasets, but still a large focus on
other interests in scientific visualization. Of course, this is easily understandable given the
infancy of scientific visualization. However, this tone drastically changed in 1998 when a
third panel met to review the most pressing issues in scientific visualization [SR98]. The
focus of this panel more strongly emphasized the problem with large datasets, and they
iterate that “[c]urrent graphics and visualization technology cannot cope with the volume
or complexity of the data produced by simulations that will be carried out ... in the next

two to four years” [SR98]. Moreover,

e Visualizations are nearly a necessity when understanding the “results of large-scale

scientific simulations.”
e New data management techniques are necessary.

e New systems are necessary that provide an “end-to-end” solutions for user, including

interactive manipulation of large datasets.

e Research and development activities in data manipulation and visualization techniques

need to increase significantly.

3Segmentation is the process of finding regions that satisfy a particular feature.
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This panel strongly emphasizes that large data is a problem that hinders our advancement
in scientific knowledge, both present and future. And to continue our onward march, we
must focus our efforts on systems that efficiently and effectively deal with large datasets.
Furthermore, prior to this panel, less emphasis was placed on dealing with large datasets,
and, consequently, less work was performed on data management vis-a-vis visualization
tools and techniques. Of course, it goes without saying that there has been a body of work

on the problem of data management.

2.1 Generic Visualization Techniques

Before we begin our discourse on current approaches to dealing with large data. We
will provide some background on current, commercial-based, software packages available
to researchers and scientists. However, we will only touch on a few of the most common,
generic, visualization systems, illustrating the benefits of each system. We will also illustrate
how these systems deal with large data, and we will show how these systems fail to “fit
the bill” when it comes to dealing with the large datasets of tomorrow. Following sections
will overview perceptually based multivariate visualization techniques, which is what our
system is based on. Then we will present some current work in data management.

Obviously in the creation of a visualization system, a few key properties are important.
Namely, you want the system to be useful, meaningful, intuitive, interactive, and respon-
sive [Hea92]. Because we seek a general computing environment, solutions have to be
general with respect to the type of problems that could be encountered. Specifically, sys-
tems provide a layer of glue that abstracts visual concepts with the corresponding data. For
instance, visual concepts like spatial location, color, and structure, i.e. model structure, are
typically used to map dataset features/properties to create a visual representation. More-
over, a software package must allow flexibility to create arbitrary visualizations simply and
effectively, e.g. through the use of a command language. Furthermore, a software package
must be responsive to user input such that he can “see” progress he/she is making as he/she
produces a visualization [BCE192].

Now there have been many commercial packages that attempt to do above. An example of
such a system is AVS. Application Visualization System (AVS), later renamed to Advanced
Visualization System, is a module based visualization system, where individual modules

control the functionality of the system [GM92]. This system is well developed and currently
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in its fifth revision. The basic system consists of four main modules:

e Rendering module: responsible for displaying data.
e Mapping module: creates a mapping between data and features.
e Processing and filtering module: for transposing and cropping data.

e Input module: obtains data from an input source (via data management facilities).

For the most part, AVS provides a flexible, extensible, and meaningful environment. Specif-
ically, AVS provides extensibility in a two ways. First, users can customize the parameters
of the modules to specify how to read, filter, and display data. Second, users can create
new modules through an API to add additionally functionality to the system. However, this
“feature” is limited to those who know how to write code and use the API, and, therefore,
lacks an intuitive feel. Moreover, AVS lacks advanced filtering tools, where producing a
visualization may become hindered in the presence next generation large datasets [SR9S].
Open Data Explorer (OpenDX) is an open source data visualization system that branched
off of IBM’s Data Explorer [IBM97]. It is hoped that by releasing this product to the open
source community, OpenDX will advance to suit the needs of next generation visualization.
OpenDX is client/server based, designed to run on shared multiprocessor systems. The
system is modular in design and provides a drag and drop interface for visualization creation.
The system also supports an advanced data model, where data of any type can be abstracted.
However, this system lacks any advanced data management/simplification facilities. The

set of available tools includes:*

e Reduce: Reduces the resolution of a dataset, filtering and resampling the set at a

lower resolution.

e Refine: Increases the number of samples in a data set. This module interpolates data
values or colors at the new positions from the data or color values at the original
positions. It can also convert connections from quads or faces to triangles, and from

cubes to tetrahedra.

e Slab: Takes a positional subset of a data set with regular connections (cubes, quads,
and lines). You can specify along which axis to take the subset, where the slab should

begin, and how thick the slab is to be.

“These are presented in verbatim from IBM’s reference manual [IBM97].
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e Slice: Takes a positional subset of a data set with regular connections, like the Slab
module. However, unlike the Slab module, it creates output with a dimensionality
one less than the dimensionality of the input. For example, you can import a data set
as a 4-dimensional grid, with the fourth dimension representing time. You can then

use the Slice module to create 3-dimensional slices of the data set.

None of these functions provide any advanced data culling, e.g. data mining/knowledge
discovery. Moreover, functions like Reduce and Slab are useful but too restrictive (limiting
functionality).

VIS-5D is another open source project, directed by University of Wisconsin Space Science
Center, designed for visualizing weather models and similar data sources, i.e. explaining
physical phenomenon like earthquakes. It works in a five dimensional data model, where the
first three dimensions corresponds to spatial location, the fourth is the temporal dimension,
and the data value of interest [HS90].

VIS-5D excels in its intended application environment. Specifically it excels at visual-
ization data that has some earthly meaning, e.g. cloud cover, precipitation, ground water
saturation levels, etc. It was designed to deal with large datasets that conform to the five-
dimensional format, and it provides useful and meaningful illustrations using this model.
But, unfortunately, this restriction limits the flexibility of the software and like the oth-
er packages we discussed, doesn’t provide sophisticated data management and/or culling
facilities.

All of these software packages are capable of producing effective visualizations in their
designed environments; however, more needs work needs to be done to allow access to larger,

more complex, datasets [SRIS].

2.2 Multivariate Visualization Techniques

Before we overview some of the current approaches that deal with large datasets, we will
provide a overview on multidimensional visualization systems. Specifically, perceptually
based visualization systems like that presented by [Hea92]. We choose to overview this
system here because later we will present our results using a similar system.

Often, it is not enough to have just single variate visualizations. Single variate visualiza-

tions, such as a temperature map or a precipitation map, are sufficient for evening news
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weather broadcasts, but, more often, researchers are interested in the relationship between
variables. Therefore, it would be extremely useful to somehow display two, or more, quan-
tities simultaneously, e.g. side-by-side. Specifically, we have a n dimensional data element
that we wish to map to n visual features. The data element may contain weather data,
such that the first three dimensions specific spatial location, the remaining dimensions may
contain information regarding temperature, humidity, pressure, wind speed, etc. Regard-
less, we want to “visualize” all n dimensions simultaneously. More importantly, we want all
of the n features to convey meaning such that no one feature masks, or occludes, another
feature. These cases prevent the user from “seeing” all the data.

Naturally, this is not an easy problem, and many researchers are addressing this issue.
Specifically, Healey and others [WEL100, Hea96, Hea92, Hea99] are applying concepts from
cognitive psychology to create perceptually based multidimensional visualizations. These
systems take advantage of the preattentive processing power of the human visual system.
Preattentive tasks are those that can be rapidly, less than 200ms, processed by the brain,
i.e. before visual attention. These preattentive processes handle fundamental visual tasks
like edge detection, color perception, and other spatially independent task. Some of these
tasks are illustrated in Figure 2.1. For instance, glancing quickly at Figure 2.1(a) on can
easily notice the blue dot in the field of red dots. Also looking at Figure 2.1(b) one can
quickly notice a boundary between the blue objects and the red objects. Additionally,
Figure 2.1(b) illustrates the potential to combine different preattentive features, i.e. color
and texture, to produce a multidimensional visualization. Therefore, if we can create a
system that makes use of these visual properties — and others that have been discovered
via cognitive experiments (cf. [Hea99]) — we can create an effective visualization system
that allows rapid and effortless visualizations.

However, preattentive features cannot be combined haphazardly. Some preattentive fea-
tures may occlude other features, and, thus, “block” a user’s ability to “see” data properties.
Healey has addressed this issue and has created perceptual textures.

Perceptual textures are based on the notion that texture, e.g. texture of a wall or floor,
is composed of a series of texture elements and by tuning each of those elements you can,

in effect, alter the appearance of the texture. Some of these properties include:
e Luminance: Brightness of the texture (or features within the texture).

e (Color: Color variation in the texture.
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Figure 2.1: Examples of preattentive tasks.

e Orientation: The direction of the texture, e.g. horizontal versus vertical.
e Size: The size properties within a texture, e.g. large red dots viz-4-viz small red dots.
e Density: The spatial area between objects (i.e. large spatial gap — less dense).

As it turns out, the human visual system can identify differences in texture (cf. [Hea99]).
So, Healey creates a perceptual texture element, pezel, that is based on the above texture
properties; we can assign attribute values of a data element (in a unique spatial location) to
these textural properties. Those data elements that are spatially local to one another will
create a texture pattern that describes data in that region. Figure 2.2 illustrates pexels and
the effects of varying the properties of that pexel (as the attribute values vary between some
range, e.g. [0,1], the pexel feature changes, i.e. left to right). The underlying dataset is a
weather dataset captured over the Gulf of Mexico, where color is mapped to temperature,
orientation is mapped to precipitation, pressure is mapped to density, and size is mapped to
wind speed. The combination of pexel properties create texture regions that allow the user
to rapidly find interesting and key features. Thereby creating effective, powerful, general
and useful visualizations. We make use of this visualization model in a later chapter to

demonstrate our simplification extensions.
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Figure 2.2: Using pexels to visualize datasets.

2.3 Current Large Data Approaches

As the amount of scientific data grows beyond comprehensible proportions, new techniques
are needed to foster the feasibility of a visualization. Numerous techniques currently exist
for dealing with large data, and we will review those techniques here.

As we mentioned previously, current approaches to large data visualization fall under two

major categories.

e Data management: how can we store large amounts data and efficiently retrieve im-

portant or desired information?

e Data simplification: can we find areas in a dataset that have little significance to the

total dataset and remove them?

The work in data management borrows heavily from research in databases These database
management systems (DBMS) are attractive because they offer flexibility in data represen-
tation, and they allow access to large amounts of data seamlessly. Moreover, DBMS offer

a better management strategy over previous attempts in data management, e.g. in system-



Chapter 2: Arbitrary Data and Scientific Visualization 16

s like VIS-5D, AVS, and Data explorer [Hea96]. However, traditional database systems
impose a number of problems [BCE192, Hea96]:

e They are relational — databases depend on relational properties of data. Con-
sequently, this model does not accommodate multidimensional data or the occur-
rence/presence of errors in a dataset. Moreover, it does not suit the spatial qualities

of data.

e Unwanted Facilities — databases provide superfluous functions that are unwanted and

unnecessary in a visualization system, e.g. report generation.

e Language Support — often databases do not allow extensions via scientific program-

ming languages.

More recent developments in DBMS, like Postgres and Oracle, overcome some of these
problems — in most cases providing extra glue to allow greater flexibility. As a result,
attempts have been made that link these more advanced database systems with visualization
systems. Tioga and Tioga-2 are examples of such systems [SCNT93, ACSW96]. These
systems tightly couple a database with an arbitrary visualization system. Therein providing
advanced data access/management to a visualization system; however, we are still working
with a relational model.

Nonetheless, in the case of Tioga, a bridge is made to a Postgres DBMS with all func-
tionality of Postgres available through their interface, and a language is used to bridge the
visualization application to the database server. The user can build a visualization sys-
tem using an interface based on traditional boxes and arrows — where the boxes represent
generic data structures that allow operations on the data, and the arrows depict the flow
of data from one box to another box. Within a box, the user describes the operations to
perform on the data as it flows through the box, e.g. data conversion. Furthermore, boxes
are not limited to strictly data operations; they can describe how the data is physically
displayed on the screen.’

Despite the use of advanced DBMS in systems like Tioga and Tioga-2, fundamental prob-
lems still exist in these systems. Specifically, “data with noise, non-deterministic values,

missing values, or errors are difficult to store” or represent “in a relational DBMS” [Hea96].

5 Aside, visualizations built using Tioga are called recipes, and the boxes are the ingredients. User-defined
Postgres functions are available to the user as ingredients
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Moreover, spatial and temporal properties of a dataset does not lend itself to a relational
model. And even with the generic properties of a DBMS, which allows new data types
and operators, new techniques that allow spatial and temporal relationship are difficult to
implement.

Other techniques have been developed that work around some of the inherit disadvan-
tages of a DBMS. Knowledge discovery, or data mining, is one of these fields. Specifically,
data mining allows the extrapolation of “interesting” data from a dataset, where areas are
classified as “interesting” based on a set of user-defined rules. These rules aid a data mining
system in the collection “of implicit, previously unknown, and potentially useful informa-
tion from the data” [FPSM91]. These systems combine research from statistics, artificial
intelligence, and database systems. In a sense, data mining combines these three fields to
allow the exploration of large datasets, which are so large that they could never be explored
by a human observer.

Many companies and research institutions are using data mining for a multitude of pur-
poses. For example, some US retail chains use data mining to extract subtle shopping
trends in buyers, e.g. more people buy X at Y than at Z. IBM has created a data mining
tool for the NBA that allows coaches and officials to look for interesting game statistics.
Bioinformatics and pharmaceutical companies are researching data mining techniques to
explore the human genome for “gene-related” diseases, and a number of other companies
are using data mining to perform advanced fraud detection [PS01]

Visualization systems have recently taken advantage of data mining research. For ex-
ample, Koperski [KHS98| and his group have designed a spatial data mining system that
combines decision trees and spatial data structures to explore geographic information sys-
tems, remote sensing systems and computer cartography (to name a few). Ester [EKX95]
has done similar work in spatial classification using R*-trees to perform efficient queries.
He later extends his work to handle datasets with missing and erroneous data [EKSX96].
Healey [Hea98, Hea96] successfully couples several data mining approaches with his percep-
tual based visualization system — his approach is a general attempt and not specific to a
particular application. Regardless, data mining is used to cull unimportant data from the
dataset.

Koperski interests are in the classification of data using spatial queries. His system,

GeoMine, is the result of this work. Furthermore, he classified spatial queries into the
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following categories:
e Non-spatial attributes of objects, e.g. number of stores that sell widgets.

e Spatially related attributes with no spatial values, e.g. the number of people living

1km from the store that sells widgets.
e Spatial predicates, e.g. distance_less_than_10km(X, store).
e Spatial functions, e.g. driving_distance(X, store).

His system support queries of those types of categories, and he successfully shows that this
minimum set is sufficient to perform many complex queries efficiently. Moreover, after the
query is performed the user is shown visual cues illustrating the results of the query.

Healey couples his visualization system with four different, classification based, data min-
ing techniques — techniques similar to Ester’s and Koperski’s work. They believe that clas-
sification algorithms can aid the visualization of large multidimensional datasets, through
the discovery of unknown information. They also believe that data mining algorithms can
reduce the size of large datasets. Their implementation successfully demonstrates these two
benefits. They also demonstrate that data mining performs better in the presence of errors
than conventional methods.

There have been many other attempts to deal with large data. On the data management
side, common data formats have been constructed that allow storage of spatial based data.
For example, Hierarchical Data Format (HDF) was developed by the National Center for
Supercomputer applications, University of Illinois, at Urbana-Champaign to enable appli-
cation independent data storage/exchange. Because HDF is a spatially organized format,
an application can pull specific regions out of the dataset. Common Data Format (CD-
F) is a similar attempt at an application independent data storage framework. However,
these methods do address how to design filters and visualization techniques to compress
and display a dataset in an intelligent manner.

Other simplification techniques have been used. For example, filtering is the process of
“cleaning up” arbitrary data. A user gives a criteria for removal of certain data. Those data
elements that meet the criteria are removed from the dataset. This type of simplification
is usually done post data acquisition stage, where data has been acquired from sensors and

user wants to remove noisy data. Smoothing can also be used to remove noisy data — this
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is comparable to blurring the data like you would blur an image. And projecting data into

a lower dimension can be used to curb the dimensionality of a dataset.

2.4 Future Directions

There is still considerable work left in the area of data management and data simplifi-
cation. At best, these two fields are in their infancy — even younger than the notion of
visualization systems. A number of panels have acknowledge the growing problem of da-
ta explosion and the express a absolute necessity to curb this growing problem, to propel
advances in the sciences [SR98, vDFLT00, MDB87, BGK ™88, Ros94]. This is a growing
problem that cannot be ignored.

More importantly, these panel members stress that more general methods need to be de-
veloped rather than the previous, ad hoc, attempts. Too often techniques developed are too
specific to a certain environment (i.e. they do not carry well into other type of application-
s). Moreover, they realize that not everyone has access to the most advanced visualization
systems, and, therefore, it is important that these general solutions offer scalability at a low
cost. Suggesting that scientific visualization should be a inclusive field that encompasses
the entire scientific community, where its reach is not limited.

Additionally, as Cox illustrates [CE97], the areas of data management and data simplifi-
cation should not stand on their own. In other words, a good data management technique
should not be left without a suitable data simplification algorithm. For instance, even a
simplified dataset can be so enormous that it may not fit on a single disk. Therefore, it
becomes essential that data simplification and data management become tightly coupled.

To address issues of data explosion and the need for more scalable and general solutions,
we introduce a data simplification system that is based on the previous work in computer
graphics. Specifically, we take advantage of the large base of mesh simplification research in
computer graphics. Much of the work in computer graphics have been general attempts at
a common problem in graphics, large data models. Moreover, we introduce principal com-
ponents analysis and locking to lower the dimensionality of a dataset and fixate important
elements, respectively. Our approach is a general system and can be applied in a variety
of applications. The next few chapters will introduce the concepts and constructs of our

System.
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Geometric Models and Mesh

Simplification

The ability to represent geometric objects are essential to the underpinnings of computer
graphics. Simple objects, such as a sphere or a cube, can be represented in their exact
mathematical form. Other, more complex, objects cannot be represented precisely in their
mathematical form. Instead an approximation to the original model is made such that the
geometry and topology of the approximation closely matches the geometry and topology of
the original, solid form, model. The extent at which two models match is usually based on
some visually perceived closeness, i.e. the closer the approximation looks, compared to the
original when displayed on the screen, the better the approximation.

Computer Aided Drawing (CAD) systems, must rely on higher degree of precision than
the simple “visual closeness” test. Here we must realize that the approximated object may
some day exist in a real world, physical, form instead of a conceptual, computer-based,
representation. The approximation here is driven by machine precision, i.e. how close a
machine, or the manufacturing process, can physically represent the desired object. In part
we want f,(x), the function that describes the original model, and f,(x), the function that

describes the approximation, to satisfy

1fo(x) = fa(x)[| <& (3.0.1)

where ¢ is the error introduced in the manufacturing process.

Now the means by which models are represented varies greatly, but the most common,

20
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Edge

Figure 3.1: Rendered and polygonal mesh
and pervasive, is a polygonal mesh [Wat00].! Piecewise linearly connected polygons make
up a polygonal mesh and are composed of three fundamental constructs [FvDFH96]:
e Vertices: Points in three or two dimensional space.
e FEdges: Connections between those vertices.
e Faces: The plane that is defined by a set of points and edges.

Figure 3.1 illustrates a typical mesh and each of the fundamental constructs. In the figure,
note the number of polygonal facets that are involved in the composition of the model.
Returning to Equation (3.0.1), we note that the more polygons we add to the mesh the
smaller o will be, only approaching zero. It would only seem appropriate to make the mesh

as dense as possible because we would want the most accurate possible representation.

!Polygonal meshes are commonly favored because of their simplicity, in representation, and hardware
that is commonly available to render them.
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Unfortunately, this is a pipe dream, and, on a particular system, we are working in a
finite space with limited resources. In fact, the biggest drawback to using a polygonal mesh
representation is the number of polygons present in a complex model, hundreds of thousands
is not unheard of. For example, recent advances in range scanning technology has allowed
the researchers at Stanford University to take three dimensional scans of Michelangelo’s
David [LPCT00]. The final capture contained over a billion polygons, far more than any
generic system can render in real time.

Researchers are well aware of the problem of large meshes. Even in the early days of com-
puter graphics, James Clark saw the need to reduce the size of polygonal objects [Wat00)].
But it was not until the early 1990’s that any automatic techniques were developed to
deal with the large polygonal models. These methods that were developed used decima-
tion/simplification techniques that iteratively removed vertices until a bounded error, like

that in Equation (3.0.1), was achieved.

3.1 Notation

Before we review mesh simplification, we will introduce some notation that will be common
throughout this paper. We will adhere to notation that can be found commonly in any
mathematics textbook.

First, all column vectors and matrices will be represented in bold letters. Specifically,
matrices will be presented in boldface uppercase letters and vectors will be expressed in
boldface lowercase letters. Single dimensional variables will be presented in lowercase, non-
bold font, and sets will be represented in uppercase, non-bold font. Moreover, all variables
will be real numbers, and all vectors and matrices will be n dimensional, unless otherwise
specified. For example, X is an n X n matrix; x is a n dimensional vector; X is a set; and
x is a real number.

Non-quadratic functionals will be presented in lowercase characters, and quadratic and
higher degree functionals will be bold, uppercase characters. All functional variables will

be explicitly differentiated from matrices and single dimensional variables.
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3.2 Mesh Simplification

Polygonal mesh simplification has been an active area of research in computer graphics
for the past several years. The earliest work focused on preserving the topology of the mesh.
These methods developed use a metric, m : R® — R, to measure the amount of error, € € R,
in a sample set, D. Each element in the sample set consists of a data element, d € R3,
which is simply a spatial position, i.e. vertex. Interestingly, all mesh simplification use this

criteria to evaluate a mesh, or

m(d) = e. (3.2.1)

Those regions that contributed little error can be removed or decimated from the mesh.
After this removal, the hole must be filled. Here a re-triangulation method, like [Tur92,
SZ1.92], is used to fill in any holes that may be caused by a removal, see Figure 3.2(b).
Later work discovered that it was not necessary re-triangulate a region [GH97|. Instead, we
can collapse an edge into a point, see Figure 3.2(a). In this instance, € is some combination
of the vertices defining the edge. The point of collapse in Figure 3.2(a) is usually the point
where € is the smallest.

Now the metric m varies greatly across the literature of mesh simplification. Early work
by Rossignac and Borrel [RB93] clustered groups of vertices into a single vertex and used the
coarser representation when the vertex is further away. They later discovered that this did
not produce accurate results because there was no way to mathematically express the error
that was induced through this process. So Ronfard and Rossignac [RR96] derived a new
method that used the sum of squared distances to the planes surrounding a given vertex.
Garland and Heckbert [GH97] later improved this method by encoding the sum of squared
distances in a quadric error metric, see Section 3.2.1. Lindstrom and Turk [LT98] followed
up with a similar approach using a counter intuitive memory efficient model. Schroeder et
al. [SZL92] defined an average plane spanned by a local set of vertices and measured the
distance from the average plane to other points. Others like Cohen et al. and Hoppe et al.
[CVMT96, HDD"93] take a different approach. Cohen uses envelopes that surround the
original mesh by a given user defined threshold. Simplification occurs until the decimated
mesh seeps outside of the envelope (with Cohen’s method any simplification algorithm can
be used — it is just another particular way to bound error). Hoppe, on the other hand,

solves a modified least squares problem to properly fit a mesh with a given set of vertices.
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(a) Edge Collapse.

(b) Re-triangulation after vertex removal.
Figure 3.2: Methods of vertex removal.

3.2.1 Quadric Based Simplification

In our implementation we use two quadric based simplification techniques. As a precursor,
we will provide some background in this area. Also, this will provide some intuition of a
typical metric.

Quadric based simplification has recently received a great deal attention from many people
in the computer graphics community. Initially, Garland [GH97] introduced the notion that
a quadric based metric could be used to measure € on a geometric mesh without surface
attributes. Specifically, his metric measures the squared distance from v to a plane, where
our plane is defined by a normal vector, n, and a point on the plane, p (on a triangle mesh

we can construct this plane using a triangle face, f). So, n”p defines the plane containing
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Figure 3.3: The distance between two planes.

p, and k = n”'v defines the parallel plane containing v. Figure 3.3 illustrates that given a
normal, n, and two points, v and p, we can find the distance between these two points by
letting v lie on a plane parallel to p. Thus our distance squared function for this face, f,

from v to p € f is simply

2
Q' (v) = (nTV — nTp) (3.2.2)
This is essentially a quadratic polynomial and can be expressed in matrix form, also

known as a quadric. Hoppe and Garland [Hop99, GH97] show that (3.2.2) is equivalent to

Q' (v) =vIAv +2bvl + ¢ (3.2.3)

where A = nn”, the vector b = kn”, and ¢ = k2. Therefore, given a v we can evaluate
error for v by simply applying (3.2.3). We only need to store (A, b, c) as our fundamental
quadric.

However, before this can take place we must first assign a quadric for every v € D.
Naturally more than one quadric can be assigned per vertex — recall that a vertex can

share many faces (Figure 3.1) — so we take the sum of the quadrics. This gives us

Q'= Zarea(f) Qs (3.2.4)

One can visualize (3.2.4) as creating a new plane in space, like that in Figure 3.4. We
weight the quadric by the area because we do not want large triangles with little error to
have more significance than small triangles with nearly equal error.

Figure 3.4 shows a cross section of a simple mesh with only two faces, marked with a dark

lines. Each face forms a plane that extends in the positive and negative zeta, which has
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Figure 3.4: Sum of fundamental quadrics.

been projected down onto a two dimensional plane. Therefore, we have infinitely long lines,
dotted, that represent the planes that are spanned by the faces fi and fo. Here f; and fo
share a common vertex v, and we can build two fundamental quadrics, Qft and Q2. Now
we do not want to store n different quadrics for the n faces that may share a vertex, and,
fortunately, we do not have to. We can simply add fundamental quadrics together. Figure
3.4 illustrates a possible new plane that is formed by adding two fundamental quadrics,
labeled Q' + Q2. In addition, quadratics are vector spaces and therefore adhere to other
mathematical properties, like subtraction and scalar multiplication [LE96].

Once we have completed this pre-computation step, we can then perform our mesh deci-

mation by simply evaluating

QY (v) =€ (3.2.5)
for each vertex on the mesh. We contract those edges, e = (v1,v2), in the mesh that have
vertices, vi and vo with a “small” e. After the collapse we have a new vertex, Ve, with
the fundamental quadric Q¥! + QV2.

One interesting problem in quadric based error is how to determine vy, the point to
collapse an edge to. A simple solution would be to collapse the edge to the midpoint or end
points of a edge, that is we choose a V¢, such that

V1+V2}

Vnew € {V11V27 9

The problem with selecting v, via the midpoint or end points is that we are not guaranteed
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that vie is the point of absolute minimum error. In other words, the point that induces
the least amount of error on the mesh. Sure, the edge e has the smallest error of all edges
in the mesh, but the absolute minimum error is in the neighborhood of e. This minimum

will occur when the first derivative is equal to zero [GH97], or
Avyey = —b. (3.2.6)

All we need to do is solve the system to find the appropriate vyey.

3.2.2 Simplification with Attribute Information

Initial work in simplification was only to preserve geometric qualities of an arbitrary
mesh, but it was soon realized that geometric simplification performs poorly on objects
with additional features. For example, Figure 3.5(a) demonstrates an image map that has
been placed over a mesh.

Each vertex is assigned a color value from the image map. Now if we applied just a
geometric only based simplification algorithm, then all attribute information would be lost,
as in Figure 3.5(b) — notice how the entire image plane has been distorted by geometric
only simplification. If we calculate our error with attribute information in mind, we can
preserve attribute information, and the entire structure of the mesh, as in Figure 3.5(c).

Besides color information, geometric meshes can encode additional data at their vertices.
The most commonly included attributes are normals and texture information. Normals
are used to “explain” how light interacts with the mesh (these normals can be different
from the normals described in quadric simplification). Using normals properly can make an
object, that is made up of polygonal facets, look smooth (see inset in Figure 3.1). Texture
information map a, usually repeatable, pattern to a mesh. This is to make objects “look”
like real world objects, because real world objects are rarely solid in texture. Using each
of these properties correctly, along with proper lighting, can produce strikingly realistic
images. But large meshes with high polygon count can decrease system performance, and a
simple geometric based simplification algorithm may not preserve some of the above features
properly. Thus, great attention has been focused on preserving features, such as normals,
colors, and textures, while preserving the objects geometry [COM98, GH98, Hop99, Hop96,
BS96]

In general, these appearance preserving simplification methods use a metric, m : R3*" —

R, to measure the amount of error, € € R, in a sample set, D. Each element in the sample
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set consists of a data element, d € R3>*", that contains a geometric location, v € R3, and
attributes, a € R", taken at that geometric position. Here we have a similar approach as
in (3.2.1). Those areas that contribute little error can be removed or decimated from the
mesh. The end result is a much coarser mesh that requires less storage yet still represents
key features of the original mesh.

Now this measurement m varies from method to method. Bajaj [BS96] uses a signed
distance function for m, where m measures the change in topology from mesh M; to M;1
after d’s removal. The removal of d results in a new triangulation in the region that con-
tained d. The original mesh makes a projection onto this new triangulation, and attribute
error is measured by taking the deviation between attribute values interpolated along the
new mesh and attribute values interpolated along the old triangulation. If this deviation
satisfies a user given error constraint the triangulation is kept and the process is repeated.

Cohen et al. [COM98] use a decoupled representation to attain appearance preservation
during simplification. They create a surface parameterization that is used to map attributes
onto an attribute plane. Typically, this parameterization is given, e.g. normal and texture
maps, but in a visualization environment these maps need to be created automatically
using a technique similar to [LSS1T98, EDD195]. Regardless of how the parameterization
is attained, we have these attribute planes, p,,, which map attribute information onto the
geometric mesh. Their algorithm simplifies a given geometry by removing those edges
that cause no or negligible distortion in the parametric space, texture space. Then after
a simplified geometry has been constructed attribute planes are mapped back onto the
surface.

An entirely different approach taken in mesh simplification is multi-resolution analysis
where wavelets are used to decompose a mesh into a base mesh with varying levels of
granularity. Originally, multi-resolution analysis was performed on mesh without attribute
information [EDD*95], but Certain and others [CPD*96] include color in their filterbank

analysis. This method could be generalized to include other attribute information.

3.2.3 Attribute Simplification with an Energy Function

Hoppe extends his earlier work [HDD'93] and defines an energy function composed of
several terms. This energy function is used in two ways. First, it is used to measure the

error from our original mesh to our optimized mesh. Second, he uses his energy function to
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(a) Full Mesh

(b) Geometry Only (c) Attribute Simplification

Figure 3.5: Mesh simplification with attribute information.

define a series of optimization problems where € is made as small as possible. He specifically
addresses simplification with a and includes an additional metric, m,, where m, is simply
the sum of distances from a to the parameterized mesh. A minimized value is then found
by solving a least squares problem.

Our implementation of this metric is a simplified version. Specifically, we do not perform
the least squares fit to the mesh with the new mesh. Instead we evaluate the estimated

energy imposed from an edge collapse. We restrict to testing collapses to the end points
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and the midpoint of the edge, like that suggested by Hoppe. That which has the lowest
cost is placed into the priority queue among other candidate edge collapses. Like above,
the edge is collapsed when it is removed from the queue.

Energy, m, is calculated using the sum of three functions. Specifically, two functions are

used to measure the surface error, and the final function measures error in attribute space.?
Our function breaks down into the following form:
m = Md;st + Mspring + Mattribute- (3~2-7)

Without going into too much detail we will briefly mention how each component breaks
down.

The geometry of the original mesh is recorded by copying the original set of points from
the original dataset, X. As Hoppe describes, this records the geometry of the old mesh.
This “recording” is necessary because we want to be able to measure the distance from the
new, simplified mesh, to this old mesh. Now the mg;s term is found by taking the projection
of each of the points in X onto the new mesh. The energy is the distance of this projected
points to the original points, X. The mgpring term is the sum of edge lengths. The final
term, Mattribute, 1S the measurement of attribute distance from the point of projection on

the new mesh. Details of these metrics can be found in Hoppe’s paper [Hop96].

3.2.4 Attribute Simplification with Quadrics

The quadric error metric that was developed by Garland and Heckbert [GH97] was shown
to produce fast and accurate geometric based simplification. Later, they extended their
work to work with surface attributes [GH98|. Essentially, they generalized their previous
method of measuring the squared distance to a plane, to measuring the squared distance
to the hyperplane in R3T™. As a result of this extension, the parameters and variables in
Equation (3.2.5) are vectors and matrices in R3*". The evaluation of the metric remains
the same, and we simply supply a data element d € R3".

It was later shown by Hoppe [Hop99] that this generalization may result in a misrepre-
sentation of the actual error. He realized that to capture how an attribute changes over a
surface we must measure the change on that surface and not some point in n-dimensional

space. What he sought was an equation similar to (3.2.3). In other words, we need to find

2Hoppe also includes another function that measures attribute discontinuity. However, we exclude this
function because our fields are all scalar and have no discontinuous values.
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the distance between attribute values at a point on the face of the polygon to the point in
space. Figure 3.6 illustrates this measure. Here we have three attribute values at each of
the vertex positions of the face (s¥1, s"2, and s"3), an attribute value in space (sq), and an
interpolated value on the face of the triangle (s,) that we are using to measure the difference
in attribute values, (sq — sp)Q. To find s, we need to know how s"', 5“2, and s“3 change
over the face of the triangle. Thus we need to create some functional §(p) that gives us the
attribute value at the position p. More specifically, we need a functional for every s; € a.
This functional is easily derived since our scalar values change linearly over the face of the

triangle [Hop99]. Or,

3(p) =g, p+d;

v1
7o

where g; explains how attributes s 5?2, and 353 change over a given face, and d; is the
initial value for g;. However, g; and d; are unknown, and we have to find them. To do so

we first note,

U1

T
S =g;Vvi+d;

ve T .
s;° =8jVva+dj

vy _ T )

Moreover, n will be orthonormal to g; and nng = 0. Thus we have a system of linear
equations and we can solve to find g; and dj.

So now our distance measure, for attribute deviation, is simply
Q; = (g p+dj—s)°
And we can construct a new quadric based on the sum of attribute deviations such that

Q' (

®=QM®+iQﬂm. (3.2.8)
7=1

Hoppe shows that this quadric breaks down into the same fundamental form as in (3.2.4).

Hence we have

nn” + Y gg’ | —g,-- —g, kn+ 3" djg;
T
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Figure 3.6: Distance between attribute values on a polygonal face.

where k and n are from Garland’s QEM (Quadric Error Metric) that was described earlier.

The same rules apply as did before — find all of the fundamental quadrics and iteratively
collapse lowest cost edges from the mesh. But we now have a more accurate means of
measuring error than before. And despite the similarities between these methods, Hoppe
versus Garland, the metrics provided are fundamentally different. Hoppe evaluates attribute
error on a layer by layer basis, and Garland evaluates attribute error collectively. Generally,
regardless of the type of simplification algorithm, simplification depends on vertex positions
and the attributes attached to those positions, and error is measured by some combination of
vertex positions and attribute information. This observation is keen to using the previous
work in mesh simplification as a foundation for our problem of simplifying large multi-
dimensional datasets.

In the upcoming chapters, we will present our work in mesh simplification. Specifically, its
application in a data-based environment. We will look at the similarities and dissimilarities
between model-based data and arbitrary scientific data, as well as, the problems of using
mesh simplification in a data simplification environment. Principal components analysis
will be introduced as a general extension to any existing mesh simplification algorithm, and

we will introduce spatial fixation to control movement of vertices.
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Data Simplification

It can be easily seen, by review of the literature, that mesh simplification is a very active
and diverse area of computer graphics. Interestingly, the problem of mesh simplification
does not deviate far from its counterpart in scientific visualization. That is, in scientific
visualization we have a very dense data model that contains a high amount of “redundant”
data. For instance, there may be regions of data that are planar, i.e. have common attribute
values. Therefore, if we can remove all of the similar data elements from those regions and
leave a few data elements as representatives of that region, then we can eliminate redundant
information from the dataset and reduce its size. In a way, we seek to fit the original data
model with a new data model that “fits” the original data model as closely as possible. Or

mathematically,

1fp, — foull <o (4.0.9)

where fp, is the function that describes the original data and fp, is the new, simplified
data, and o is how close we want to get to the original. Depending on how much redundant
information present will dictate how much data will be removed with respect to . In other
words, there will be more simplification in large areas that share similar properties.

Now as we saw in the previous chapter, geometric models often present the same problem.
That is, we have a dense model that we wish to fit with a less dense model, yet still accurately
“fit” the old, denser model. In fact, mathematically, the two problems can be identically
expressed. And, practically, we only need to create a suitable “link” between these to
mathematically similar problems. A bridge, per se, that allows us to take advantage of

this similar problem. However, to justify our “hunch” we must ask the following before
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Geometric Models

‘ Visualization Datasets

Samples take over a finite space connected
by a graph like structure, i.e. a mesh.

Samples taken over a domain, can be 3-
space, but it is not limited to 3-space, e.g.
samples taken over time. Also, the sam-
ples can be associated with a mesh [CE97].

Attributes are typically scalar but can be
discrete, e.g. colors.

Mostly scalar data, but can have discrete
data values, e.g. survey with “yes” or “no”
answers.

Small, finite number of attributes per data
element, i.e. color, normals, and texture.

Can have an arbitrary number of at-
tributes per data element.

Attribute values are low precision and
usually vary between [0, 1].

Attributes can be arbitrary precision (typ-
ically 8 byte doubles [SR98]).

Exact spatial location is not important.
It is only necessary that the topology be

Spatial location may be important, i.e. the
location of a weather station

preserved.

Table 4.1: Similarities between geometric meshes and scientific data.

developing any approach:

e What issues arise when one tries to apply mesh simplification to simplify an arbitrary

dataset?
e Can we simply use a mesh simplification algorithm verbatim on a visualization dataset?
e Are new algorithms necessary to simplify scientific datasets?

To address these posed questions we have outlined the important properties that are
necessary in mesh simplification algorithms, and we have mapped these properties into
their data simplification equivalent. The table above is this mapping, Table 4.1. Making
note of this table, can we apply mesh simplification verbatim? Succinctly, No. Despite the
many commonalities that are shared between geometric meshes and visualization datasets,

we cannot simply apply mesh simplification verbatim because

1. Differences in relational representation, i.e. geometric objects are spatially related,

where datasets may be related in other ways.

2. Precision issues in the mesh simplification algorithm. Simplification algorithms must

support higher-order precision.
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3. Spatial location of data points are important. Moreover, we do not want large amounts
of simplification in large planar regions because the loss of information in these regions

may confuse the user.

4. Most mesh simplification algorithms handle, or designed to handle, only a minimal
attribute set. For our concerns, it is important that a mesh simplification algorith-
m handle the next generation of datasets with more than 500 attributes per data

element [SR98].

Of these four issues, only two warrant new extensions to the previous mesh simplifica-
tion work. The other two, (1) and (2), are simply changes in representation; therefore,
they do not deviate far from the design requirements of a particular mesh simplification
algorithm. For instance, datasets may have different relational properties, e.g. growth over
time, percentage yield over time, etc. However, conceptual representation of these different
relational models typically follow spatial properties, e.g. assign time the z-azis and assign
growth to be the y-axis. As these two parameters vary a mesh is formed. In cases where a
temporal component exists in conjunction with spatial properties, we can simply perform
simplification at each time step. Typically, changes over time are often represented as an
animation [HS90]; therefore, it would not be unreasonable to use this representation.

As it turns out, case (2) also holds little relevance. As we saw in the previous chapter,
most algorithms are based on geometric relations that have mathematical properties used
to generate an appropriate €, e.g. distance to a plane. Therefore, precision is only a matter
of having the appropriate hardware that can handle the higher precision requirements. In
other words, the same mathematical properties will hold. Only the number of numbers that
can be represented will change

The following sections will address the remaining two cases, (3) and (4). In these two
sections we will demonstrate how to curb the dimensionality of a dataset and fixate impor-
tant data positions on the mesh. First we will review locking to fixate data elements to a
given spatial location. Then we will explain principal components analysis and how it can

be used to reduce the dimensionality of a dataset.
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4.1 Fixating Spatial Positions

As we have already noted, position may be important in a data model. Particularly be-
cause we are assuming a mesh has significance with regards to a collection of data elements;
however, this may not be the case. For instance, perceptual textures [HE98] assign texture
properties at each data element. There is no underlying mesh assumed, and, thus, the mesh
is not important. Now suppose that the dataset contains a high amount of redundancy;
this implies that we have large areas of no or little variability. The regions of high redun-
dancy would be removed by a specific algorithm. However, in the final visualized model
this could create undesirable artifacts. Figure 4.1(b) demonstrates this planing that could
occur during simplification — for illustrative purposes we exaggerated the amount of sim-
plification. In this figure, we see those data elements that remain after simplification of a
fully populated dataset. The arrows indicate regions that may be undesirable or unwanted,
i.e. the regions that have no information present. To limit this planing we introduce locks
in our implementation.

Locks simply fix a data element to its given location. Internally, we can allocate one bit of
information that indicates if the data element lock is on or off. Naturally, this representation
limits the amount of simplification that can be performed on the mesh. However, locks on
the mesh will reduce undesirable planing artifacts. That is, if we lock an element that
element cannot move and, therefore, planing will not occur.

To set the locks we use a simple depth first search to determine if a lock can be “turned
on.” Specifically, a d can be locked if no other locks in the A-neighborhood of that data
element are already locked, e.g. a 3-neighborhood would be those vertices that are separated
by 3 edges from the queried vertex. A similar method would use thresholding where d is
marked whenever it is involved in an edge collapse. If the data element is marked s times,
a given threshold value, then it cannot be removed after that point. The difference between
the two methods is that one requires an additional precomputation work, and the latter
can be done during simplification. Additionally, thresholding requires slightly more space
overhead than locking (depending on s), where locking only requires a bit of information.

There are some additional points to make about the depth first strategy used to perform
uniform locking. Specifically, a brute force exhaustive search should be avoided. Instead,
while searching, the search should remember what vertices it has visited. This prevents

loops from forming in the search. Figure 4.1(a) illustrates this point. The arrows indicate
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(a) Searching without remembering (b) Planing
Figure 4.1: Locking

a potential path taken by the depth first search as it traverses the mesh looking for locked
vertices in the A-neighborhood. Since none of the vertices are locked in this example, v
should be locked. But we need to find this out as quickly as possible without exhaustively
searching all the possible paths from v to A edges away.

So in addition to remembering where we already visited, the search can be guided by a
proximity function. In other words, the edges of the mesh can take us further away from
v, in Figure 4.1(a), or move us closer to v. The paths that move us away from v are the
ones we are interested in. Particularly because these places are where other vertices may be
locked; thus preventing us from locking v. So we can move from c to n, as in Figure 4.1(a)
if

l[v—c|* < ||v—n]| (4.1.1)
Thus, we can avoid those situations that do not move us towards our goal, depicted by the
red arrow in Figure 4.1(a). Moreover, we can use this proximity function as an alternative
to the A-neighborhood classification, where a vertex is permitted to be locked if no vertices
within some radius of v are locked. This allows lock searching to be used on meshes that
do not have uniform spatial distribution, like that in Figure 4.2. In this example, a 2-
neighborhood search would lock the blue colored vertex because there is not a locked, in

red, vertex within 2 edge links of the queried, blue, vertex. Of course, this may not be
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locking circumference

Figure 4.2: Non-uniform spatial distribution locking

what the user desired. Instead he may want a more uniform locking across the mesh. In
the non-uniform case, the actual goal is to test that the positional part of a data element is
not locked within a certain radius of the blue colored data element. So in addition to our

guidance equation, we need to add another test. Specifically, a vertex, v can be locked if
Vpe{deD | |v—x]|<r} (4.1.2)

p is not already locked. Where x is the positional part of a data element d, and r is the
desired radius. This extra component can be added to the depth first search process as a
stopping condition.

Whenever a locked vertex is encountered during simplification, the vertex is not permitted
to move. So either the vertex is skipped because it is locked or the edge associated with
the vertex is collapsed to the locked vertex. Naturally, the point after collapse inherits the
locked properties. In the case of an edge collapse, if both vertices of the edge are locked
then edge collapse is thrown away and a new edge is obtained from the queue of available
edges.

In addition to turning on a lock flag, we add a constant to the error associated with lock
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vertex, see Figure 4.1. Adding this additional constant prevents the algorithm from picking

evaluate_locked_data_element_costs( )
{

foreach v in data_elements do {
if ( element_is_locked( v ) ) {
cost_of_element[ v ] = evaluate_cost( v ) + locking_constant;
}
}
}

Figure 4.3: Adding additional costs to locked elements.

a vertex that contains a locked vertex. Recall that simplification algorithms pick vertices
to remove based on their cost. The higher the cost of removing the less likely the vertex is
removed. The choice of constant can vary across implementations, and it depends strictly
on how “hard” you want to lock d. The harder the lock, the larger the constant, and the
less likely a locked vertex will be picked for decimation. In our implementation the constant
is a user defined value and it is multiplied to the error on the locked vertex. Accordingly,
this allows the user to decide how likely locked vertices are evaluated in the algorithm. It
should be noted, however, that adding this cost is not necessary for locking. We only added
this extension to prevent the simplification algorithm from picking the lock vertex.

As we suggested, the notion of locks have additional benefits in a visualization environ-
ment; that is, it may be important that some data elements not be moved/removed. For
example, gridded weather data is formed from data collecting weather stations.! These sta-
tions report the current weather conditions (temperature, rain fall, pressure, etc.) specific
to the stations exact location. A nearest neighbor interpolation algorithm [FvDFH96] fills in
the gaps along a uniform grid. However, these interpolated values are only approximations,
and, therefore, may not contain the exact conditions at the interpolated position. Hence,
the closest gridded location to the original station is the most accurate and should be kept.
Existing work in mesh simplification does not provide means to classify certain locations as
significant; therefore, the only way to protect our original data appropriately is by fixating

them to their defined positions (when necessary).

1Gridded data is spatially uniform.
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4.2 Handling High Dimensionality

As we mentioned previously, dimensionality of an arbitrary dataset can pose a potential
problem for current appearance preserving mesh simplification algorithms. This is because
these algorithms [Hop99, Hop96, HM00, BS96] were only intended for use on a small at-
tribute space. In all cases, error is calculated using a given data element. Specifically, the
mesh simplification algorithm uses the given data element and surrounding data elements
to calculate the error caused by removal of the element. A particular algorithm must, at the
very least, look at some factor times the number of attributes present in the data element.
So, the computational cost of evaluating one data element is at least ©(c(n + 3)) or O(cn),
which is the lower bound for the cost of evaluating a single point. That is, we have to look
at each attribute value to derive some notion of cost. Hence, the only way we can improve
the cost of this operation is to approximate the data element with a lower dimensional
counterpart.

In lieu of this lower bound, it must be noted that not all algorithms meet this expected
lower bound. Depending on the algorithm the computational cost can be from O(n) to
©(n?), and this depends strictly on evaluating error on the mesh. In these cases, most
algorithms search for an optimal mesh that fits the old mesh as close as possible. Finding
this optimal mesh is much more expensive vis-a-vis evaluating the error on the mesh. For
instance, Hoppe [Hop96] uses a least squares fit to find a point, and attribute values, that
induces the least amount of error on a mesh. In this case, the computational cost of finding
a best fit case is ©(n?), in the general case. Therefore, given an attribute space of 500
elements, the number of operations to find this fit is 250,000; far too costly for a single
evaluation. Moreover, in quadric based simplification [GH98], an optimized data element is
found by solving a linear system of equations. Solving such a system in via direct methods
is an ©(n?) operation. Thus as the dimensionality of a data element becomes large, the cost
of performing these “evaluation operations” severely hinders the simplification process.

So, it would be useful to derive a new data element that approximates the old data element
such that this new element has a much lower dimensionality. In other words, if we can find
a p-dimensional data element that encodes the original n-dimensional data element then
the cost of evaluating a data element would be with respect to p versus n. Moreover, if
p is significantly smaller than n then that would imply a significant savings during in the

simplification process.
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Principal components analysis (PCA) is the process of finding the directions of variability
in a dataset. Using PCA we can find the directions of largest variation, and, moreover,
we can find those directions that account for a specific amount of variation in the dataset.
It is those directions of large variability that will effect the error calculated by the mesh
simplification algorithm, and, so, the least variant components have little significance in
the calculation of error. Therefore, we can give up some of our knowledge of the dataset,
the least variant parts, to generate a new data element that is p-dimensional versus n-
dimensions.

To reduce space overhead, extra computation, and speed the process of simplification,
we introduce the use of principal components analysis. However, we have to realize that
by the introduction of principal components analysis we are transforming the data into a
set of uncorrelated data. Because the user will not readily be able to understand the data
in principal component form, we have to provide a way to perform simplification using
the principal components, yet without changing the data itself or adding additional cost
in space overhead. The obvious solution, and the one we chose, is to keep the data in its
original form, but transform the data into principal component space when performing the
actual simplification.

Before we begin our discussion on PCA, it is noteworthy to mention that by transforming
the data into principal component space we cannot perform an optimization on the original
data. Instead the optimization is with respect to the transformed data. To solve the
problem one can either restrict, or not allow, the optimization of a data element, or, as
we will show, try to unproject the data element back into original space, i.e. unwind the

principal component transformation.

4.2.1 Principal Components Analysis

In general, anytime you try to reduce the dimensionality of a dataset your are bound to
lose some information in that process. We want to limit this loss. Principal component
analysis (PCA) allows us to find the directions of large and small variability, and it is by
looking in the directions of large variability that we can transform our original n dimensions
into a hopefully much smaller p.

As explained by Flury [FR88], this works well because often in high-dimensional data

we find highly correlated variables. For example, in a full blown weather model we have
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many attributes, air pressure, precipitation, temperature, and wind-speed. Each of these
variables are related to one another, in some way, during period of time the sample was
taking. Without this correlation, weather prediction is not possible. In fact, most data will
fall under this category, correlated data that we wish to understand. Thus using a method
that transforms data from a correlated set to an uncorrelated set will allow us to capture
most of the data in a hopefully much smaller dimension.

But how is this done? How do we find the corresponding uncorrelated data given corre-
lated data? The answer to this question, and the key to principal components analysis, is

what is know as the principal axes theorem.

4.2.2 Principal Axes Theorem and Eigenanalysis

The principal axes theorem states? that “any quadratic form in n variables Q(x) = x” Ax

is equivalent by means of an orthogonal matrix Z to a quadratic form

A~

Q(y) = Myi + Xoys + -+ My

where
Y1 r1
y2 :1:2 1
y= , X = .
Yn Tn

This is best illustrated by an example. Figure 4.4 illustrates two ellipses that are identical
in shape, but defined differently in terms of there quadratic form. Specifically, if we aligned
y1 and yo with z1 and xo, respectively, the resulting figures would look identical. Moreover,
the left-most figure is in standard form, i.e. we could write the equation of that figure if
we knew its radii in the z; and x9 directions. The right-most figure, on the other hand,
is not in standard form and has a x1x9 coefficient that describes how the ellipse varies on
a non-principal axis in the coordinate system of z; and x2 (let A be the matrix of this
quadratic form). However, with respect to the coordinate system of the right-most ellipse,

y1 and yo, there is no y1ys term, and, therefore, the matrix of quadratic form is

A0
0 A2

L=

2This complete theorem can be found in [Kol84].
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Figure 4.4: Similar quadratics

It follows that the matrix of the quadratic form will be diagonal if and only if its corre-
sponding quadratic form has no term with respect to the non-principal axes [LE96]. So we
seek to find z; and zs, the defining vectors for the coordinate system y; and yo, because
our resulting quadratic form is simpler and describes our right-most ellipse in terms of the
principal axis (uncorrelated) versus the non-principal axes in the coordinate system of x;

and zy (correlated). Mathematically we seek
AZ = LZ (4.2.1)

where

z:[zl Zy - 2y

As it turns out, this a classical eigenanalysis problem, where we are looking for a set
of orthogonal vectors and a diagonal matrix that describes the original matrix in simpler
terms. The columns of Z, Equation (4.2.1), are called eigenvectors and the diagonal values
of L are the eigenvalues, each eigenvector will correspond with its defining eigenvalue, i.e.
Az; = \;z; [LE96].

Now recall that the eigenvalue matrix will explain the quadratic form with respect to
the orthogonal eigenvectors. In terms of ellipsoids, this implies that large eigenvalues will
correspond to the principal, or major, axes, and smaller eigenvalues will be the directions of
minor axes. Because of this observation we will order our eigenvalues such that the largest
eigenvalues are first or

AL > Ao > > A
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Thus the major axes of the ellipsoid occur first followed by minor axes. This ordering will
allow us to make a relation between data variability and principal axes of variation in the
next section. First, although, it is important to emphasize the significance of what just
happen. That is we rotated our view of the non-standard form ellipse so that we could look
at it in standard form. To do this we needed to find the principal axes of the ellipse, which
are orthogonal. These properties will allow us to perform dimension reduction and derive
a smaller, p-dimensional, data element that will approximate our original n-dimensional

vector.

4.2.3 Dimension Reduction

Now it begs the question: what is the connection between ellipses, arbitrary datasets, and
dimension reduction? Answering this question involves changing our data into a alternative
representation, such that we can find the principal directions of the dataset. Expressed
alternatively, we seek to find the principal vector that fits the data best, in a least squares
sense. After finding this vector, we wish to find the next vector that best fits the data, yet
is orthogonal to the first vector [Jac91]. This is repeated until no more orthogonal vectors
can be found. Figure 4.5 clearly demonstrates this goal in two dimensions. The first vector,
71, is the vector of best fit through the dataset, and the second vector zs is the next best
fit to the data; yet, orthogonal to z;. Because there are no more vectors that fit — in the
least squares sense — to the data and are orthogonal to the first two, we are done.

The relationship between this and the previous section is obvious. We only need to find
a way to express our data in a quadratic form. Coincidently, the covariance matrix of
arbitrary, n-dimensional data defines a hyperellipse in n-dimensional space [Gar99]. So,
practically, we only need to form this covariance matrix and perform the eigenanalysis on
that matrix to find the uncorrelated data elements. The corresponding eigenvectors will be
the directions of variability because, in the least squares sense, the directions of variability
will be the best fit vectors.

Composing the covariance matrix is a matter of finding the covariance between the "

and ;™ attribute values for the i*?, j** entry in the matrix. Specifically, the
Cijj = COU(di, dj)

where

Cou(d;,dj) = E(did;) — E(d;)E(d;).
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X1

X2

Figure 4.5: Fitting orthogonal vectors to arbitrary data.

And E is the expected value function.® However, the covariance matrix is not sufficient
for an arbitrary dataset [Jac91] because a given dataset is not guaranteed to have common
units among its variables. We need to either standardize our data prior to making the
covariance matrix, i.e. initialize our data to fit within the unit cube in R", or compose the
correlation matrix, where correlation among variables is analyzed, and data is standardized

using standard deviations of the data. That is

where o; is the standard deviation of attribute <.

Regardless of which representation we use, the concept remains; that is we perform the
eigenanalysis on the given matrix to find the directions variability and “best” fit to the
dataset. Once in this form, the eigenvectors, Z, will allow us to perform our dimension
reduction. That is, we can take a subset of the eigenvectors and project our data into a
subspace of R™. This property is a direct result from the eigenvectors being orthogonal,

which, by properties of linear algebra, also makes the eigenvectors a basis for the vector

3Here we use subscripts as indices. The d; is the :*" attribute for d, Vd € D.
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space in R™ [LE96]. Basis vectors have this interesting property that they naturally form
subspaces within their defined vector space. For illustrative purposes let Z, = Z, where n
number of column vectors in Z. If we choose the set of column vectors from Z,, such that
zgpzj = ( then these vectors form a vector space in Z,_1. We can repeat this process and

find a subspace Z,_o or more generally,
Z,D>%2, 1D D17

Our interests are in eigenvectors that point in the largest directions of variability. Because
it is in this subspace that the majority of the data properties are described. That is we can
throw away those directions that do not account for that much variability.

To determine how much variability is explained by a set of eigenvectors, we only need to
look at the proportions of the eigenvalues. We let the user define a level of variability that
the user wishes to retain from the original dataset, 7, such that,

PN B
ﬁ ~ (4.2.2)
We are left with a subspace Z, C Z,, that captures approximately 7 percent of the variability.
Jolliffe [Jol86] and Jackson [Jac91] describe other methods to pick the statistically best p.
However, we wish to retain the flexibility that the proportion of trace gives us. In the end,
we hope p is significantly smaller than n (suggesting that most of the variability can be
captured in a few components).

This set of eigenvectors is formally known as the principal components, and once the
principal components that account for 7 are determined, we can generate the component
scores for use in simplification, which are simply the projected data points. Generating the
principal component scores is simply a matrix-vector multiplication on the original data
element, d. If the data is not in standard form we need to convert the data into standard
form prior to applying the transformation (this can be done by scaling the data by the
standard deviations). If the data has been normalized to the unit cube then we only need
the eigenvector matrix. Regardless, we will generalize the matrix in both cases as simply Z

with p eigenvectors. So the computed scores can be formed as follows:

y =27 (d-d) (4.2.3)

where d is mean data element of our dataset. Conceptually, this mapping rotates our data

element such that it is now relative to the principal component axes defined in Z7.
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Figure 4.6: Unwinding PCA calculation

Thus, we have this nice simple transformation that projects our data into a lower di-
mensional space. Furthermore, the projected data points represent most of the variability
present in the attribute space. However, having our vectors projected in this lower dimen-
sional form presents a problem. Specifically, as we mentioned, some appearance preserving
simplification algorithms find optimized data elements. Fortunately, as it turns out, we
can manipulate (4.2.3) to form another equation that will map our data values in principal

component space back into the original space.

4.2.4 Reversing Dimension Reduction

Before we begin the derivation of this equation, we would like to give a little intuition
behind its inner workings. First, note that the matrix in (4.2.3) simply rotates and scales
our data in some way. Thus a vector in principal component space has a relative length
equal to the same vector in our original space. So if we have a vector in principal component
space, we can map the movement in this space to a vector in our original space. Figure 4.6
illustrates that because we know how our components are weighted, we can form some,
approximate, mapping back into our original space. In this example, z; and zo is the
subspace that contains the projected data point, y,. The components of y, indicate the
direction and magnitude taken in this space. So the corresponding vector in the unprojected
space, Vv, is a linear combination of the components of y,. We only need to anchor the vector

appropriately to find d,.
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More generally, let y, be our optimized vertex given to the principal component module,
and let y, from Equation (4.2.3), be a value that is close to a value in our original space.

We seek d,; therefore, given Equation (4.2.3) we can compose the following:

Yo —y=2"(d, —d) - 2" (d —d) (4.2.4)

Or,
y,—y =2 (d, —d) (4.2.5)

If we assume that p = n then

Z(y,—y)=do—d (4.2.6)

because our Z vectors our orthonormal. Thus we can unwind our values by using the
following equation:

do=Z(y,—y)+d (4.2.7)

If p < n then the equality does not hold and our matrix multiplication in the solve step
of (4.2.6) represents the amount of variability explained [Jac91] in each of the respective
variables. Or conversely, the amount of variability unexplained. Therefore, if a user chooses
a 7 of 90% then they are willing to give up approximately 10% of the variability to examine
the dataset.

Ideally there are some flaws with the above statement. The variability of some variables
in the lower dimension may be completely explained by p principal components, e.g. 99%,
where other variables may lack significant explanation from the p principal components,
e.g. 50%. But those variables that are mostly explained are the most variant attributes,
and, therefore, a large deviation in the least variant attributes does not affect the unwound
vectors. If one wished to ensure a better representation of the dataset one should use a better
stopping rule presented in [Jac91], usually this implies inclusion an additional component.
For instance, some stopping rules are based on the amount of residual variability one is

willing to accept.

4.3 Additional Remarks

We now have a suitable method to approximating our original n-dimensional data element
in a much lower dimensional space. The user is given the flexibility to choose the amount

of variability he wishes to retain, and p principal components are chosen with respect
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to this desired amount. In most cases, the highest amount of variability will be present
in a only a few dimensions, and thus our error metric can be evaluated at a very low
computational cost. Naturally, as a tradeoff, we lose some of the representation of the data
space through this conversion. But we have limited this loss in only those directions of
low variability. We also described a method that allowed a transformation between the
two spaces. This is particularly important when the chosen mesh simplification algorithm
returns an “optimized” vertex position, and it becomes necessary to unwind this point back
into the original space.

In the upcoming chapter, we will iterate how to use this principal component module
within a particular appearance preserving mesh simplification algorithm. We will also
demonstrate our implementation of PCA within three popular algorithms. Results will

show that, despite the loss in dimensionality, key features of the dataset are preserved.



Chapter 5

Implementation, Analysis, and

Results

In the previous chapter, we introduced the notion of approximating a n-dimensional da-
ta elements with a p-dimensional counterpart. This was achieved by finding the principal
components of the dataset, and projecting the elements onto the p-dimensional space. This
chapter will show the results of our implementation of PCA using three popular mesh sim-
plification techniques. The first two are based on the quadric error metric [Hop99, GH98]
and the third uses the energy function described in [Hop96]. In each of these implementa-
tions, we will show how each algorithm performed with PCA versus without PCA. However,

first we will overview the implementation and analysis of PCA in the above algorithms.

5.1 Implementation and Analysis

Mesh simplification is a two stage process. You have an initialization phase and a deci-
mation phase, i.e. actual simplification. We add a third stage to this pipeline, a precom-
putation phase. We classify this precomputation phase as “offline” work. Work that can
be performed once and is only necessary to be performed once. Arguably, some, if not all,
of the initialization phase can be classified a precomputation work, but this is algorithm
dependent, and because we seek a general classification of all algorithms, we must isolate
these two steps.

With any algorithm, the first stage should be to compute the principal component matrix,

if it has not already been precomputed. In our implementation, the principal components

20
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matrix is computed each time the program is executed. However, it is entirely possible
to precompute the principal component matrix upon acquisition of the data, i.e. we can
put the cost of computing the principal components as an “off-line” cost. In a sense, we
can attach, to all datasets, a principal component matrix unique to that data. For the life
of the dataset, this principal component matrix could exist with a small storage cost of
6(n?) (considerably less than that total size of a typical dataset). Additionally, in terms of
computational cost, this principal component matrix accounts for O (nzN + nz) operations,
where N is the number of data elements, and N will typically be large, at least larger than
n. As N becomes much larger the cost becomes almost linear, but, again, this cost can be
consider negligible because it can only occur once, off-line, for the entire life of the data.

The next step, with any algorithm, is select the components that account for the given 7.
We can use Equation (4.2.2) to find this 7 during the algorithm’s initialization phase. It is
important that this operation be performed first, in the initialization phase, because other
operations may be dependent on the chosen scores.

In a quadric based error metric scheme, this additional front-end computation results
in significant savings elsewhere. Specifically, to take advantage of dimension reduction,
we substitute all instances of d with y, as in (4.2.3). So Qd becomes QY. (Note that
it is entirely possible to use the entire data element vector, attributes and geometry, in
PCA calculation, but it is better to use PCA with respect to attribute information only, as
was in our experiments.). Now, if y-score substitution is done on the fly then we add, in
terms of computation cost, at most O (Npn) operations to the initialization phase of the
algorithm. This may seem considerable, but p will usually be very small. Moreover, in
reduced dimensional space the cost of evaluating our quadrics become O (p?) versus O (n?),
using Garland’s metric, and O (p) with Hoppe’s.

Hoppe’s quadric is quite good in a multidimensional environment, but PCA adds an
additional level of flexibility not previously available. For instance, a dataset may be so
large, N or n, such that loading it into memory would be impossible. In this instance, PCA
could be useful when p is small, almost negligible, compared to n. Moreover, a p dimensional
element can also reduce the total running time. Although, here we would not want to
perform our y-score substitution on the fly because we would be incurring more cost than
the algorithm originally imposed. Instead, before the data is brought into the simplification

algorithm we could convert the data into the y-scores. After simplification, we merge the
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Figure 5.1: A possible tagging implementation.

simplified data with the old data back into its original form. We can do this by simply
tagging elements that are suppose to be removed but not actually removed, see Figure 5.1.
When simplification finishes, the algorithm can merge those non-tagged elements with the
original dataset. The intersection between these two sets will be the simplified dataset.
Additionally, we can associate a special tag with those elements that were “moved” during
simplification. These elements are special because they must go through an unproject stage,
where we have to apply Equation (4.2.7) to find the unprojected point in the original space.

To further demonstrate the flexibility our extension, we provide implementation details for
a third metric based on Hoppe’s energy function [Hop96]. Recall that this method measures
the energy from the old mesh to the new mesh. The energy itself is calculated by taking
the original set of points and measuring the distance from these original points to their
projection onto the simplified mesh. Energy of attribute space is based on the attribute

values of this point of projection onto the mesh. Using principal components analysis in this
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method is straight forward. Simply substitute the attribute values for the original points,
i.e. the points to be projected onto the new mesh, with their principal component counter
parts. We can do this because these points are only used to calculate error, and, therefore,
do not need to remain in their original space. During simplification we can again substitute
on the fly when necessary. Additionally, a tagging implementation, like above, can also be
used.

It is important to emphasize that regardless of the type of algorithm you are using, the
use of PCA can improve performance, when dealing with high dimensionality. PCA only
requires an additional precomputation step, and the results of that precomputation can be
stored for the life of the dataset, giving us a compact representation of the whole dataset. In
our implementation we created a principal component module. A simplification algorithm
can query this module for data elements. If PCA mode is turned on, i.e. the mode that
invokes data conversion, then the module returns the converted element.

Integrating locks in a simplification algorithm is also simple. Prior to evaluating an edge
or a data element, we can check a bit flag. If this flag is turned on then the element is
locked. We can simply ignore the data element, or, in the case of edge collapses, force the

collapse onto the other element.

5.2 Results

This section serves as a “proof of concept” of our work. We implemented the three
algorithms discussed above and tested those algorithms on an arbitrary dataset with and
without principal components analysis. We also performed numerical and visual tests to
verify that our component was working. In this section we will illustrate the tests performed
and provide visual results to justify our work.

The dataset was obtained from the Climate Research Unit at the University of East Anglia
[Cli00]. The data consists of half degree mean world climatologies for the month of January

from 1961-1990. At each half degree increment there are eleven attributes:
a. mean temperature — average daily temperature.
b. precipitation — monthly precipitation.

C. vVapor pressure — average pressure.
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d. wind speed — maximum daily wind speed averaged over the month.

e. frost frequency — the number of days ground was covered with frost.

f. diurnal temperature range — temperature difference between night and day.
g. cloud cover — percentage of the sky covered by clouds.

h. maximum temperature — average maximum temperature.

i. minimum temperature — average minimum temperature.

j. radiation — the amount of solar radiation received.

k. wet day frequency — the number of days with precipitation.

Now remember that these attributes are the averages for the entire month of January. For
example, mean temperature is the average daily temperature averaged over 29 years. For
illustrative purposes, we extrapolated a section of North America, (76n, 166w) to (8n, 76w).
In total, the dataset consisted of just over 10,000 data elements with about 20,000 faces
(after triangulation). This particular dataset was choosen because a novice can quickly
identify with weather data.

Before we begin, it is interesting to analyze the attributes included in the above dataset.
That is, some of the attributes are closely related to each other. For example, one would
guess that the temperature components would be highly correlated. Therefore, within these
components, there is a lot of redundancy encoded, and a method like principal components
analysis should rid us of this extra data. In fact, most weather data will fall into this
category. Specifically, there will be a number of attributes that are highly correlated,
with low covariance, and it is by “throwing-out” those variables we can gain a suitable
approximation.

Figure 5.2 illustrates the above property. This figure illustrates the color maps of each of
the above attributes; each attribute label matches the above enumerated list. Also included
in the figure are the first four principal components scores. Before score computation, each
attribute was scaled to the range [0,1], to invoke scale-invariance. The color maps are
perceptually balanced with darker, blue/green, colors representing the low values, i.e. close
to zero, and the brighter, red /pink, colors represent values at the upper spectrum, i.e. values

close to one. Likewise, the principal component scores have normalized values between
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Figure 5.2: Principal components of the CRU dataset.
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zero and one with balanced color maps. By examining the respective attribute values one
can notices interesting properties of the dataset. For instance, there are a few attributes,
namely precipitation and vapor pressure, that hardly vary. Consequently these directions of
variability will not carry much weight and, therefore, can be excluded in the computation of
error. Other attributes, like the temperature components, are highly correlated and can be
encoded together. And there may exist a few, one in this case, that has no, or has very little,
correlation with the other attributes, i.e. the variance in this dimension follows a principal
axis. The other attributes are correlated in some way, but it is not entirely obvious from the
color maps. Regardless, some combination of these components will define the vectors that
make up the principal components. We use arrows to indicate that some linear combination
of these attributes will give us the resulting scores. Keep in mind it may be the case that
only a small percentage of the attributes factor into the scores, but still there is some
present. The remaining, least variant parts would participate in the remaining scores, not
shown.!

The above principal component scores account for approximately 93% of the variability of
the dataset. Component wise, this percentage breaks down into the following percentages:
A = 54.4%, Ao = 20.9%, A3 = 10.5%, and Ay = 6.8%. Our user defined target tau was
90%. So it took four principal components to meet or exceed that value. Notice that we
could of excluded the last component and still nearly meet our desired tau. The inclusion
of the last component, which typically will have considerably less represented variance than
the previous components, will depend on how close to the desired tau one wishes.

These four components were used for the remaining test cases. Notice that the dimension-
ality of our approximated data space is considerably lower than the original eleven attribute
we started with, about a third of the size. And we suspect that this change in dimension will
allow us to save time during simplification without sacrificing much in terms of additional

error during simplification.

5.2.1 Execution Timings

This section will demonstrate the relative time performance gain using the computed prin-
cipal components vis-a-vis the original space. To compute the timings, we ran our extensions

with each of the implemented algorithms, i.e. we simplified using the principal component

'For illustrative purposes only, we have included the correlation matrix of these components in Ap-
pendix A. Each entry corresponds to the correlation between the i*" and j** attribute.
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| Time(sec) |
O0_.GQEM GQEM
% Simp || w/o PCA | w/ PCA || w/o PCA | w/ PCA
90 67.912 13.470 7.665 4.138
80 57.364 11.225 6.530 3.566
70 48.772 9.550 5.583 3.401
60 42.509 8.237 4.726 2.571
50 33.895 6.649 3.911 2.122
40 27.000 5.362 3.105 1.680
30 20.291 3.933 2.310 1.243
20 13.357 2.583 1.529 0.831
10 6.656 1.306 0.776 0.414

Table 5.1: Timings for GQEM with PCA.

scores as above. We then ran those same algorithms with the full dataset. Additionally,
each test was run on various levels of simplification to see the effects of more simplification
versus time and error. For our illustrations we will use the following abbreviations: Pro-
gressive Mesh Energy Function (PM), Hoppe’s Quadric Error Metric (HQEM), Garland’s
Quadric Error Metric (GQEM), Garland’s Quadric Error Metric with optimal placement
policy (O_.GQEM). Additionally we will tag the abbreviation PCA for those tests that used
principal component scores.

Now the below tables, 5.1 and 5.2, are the results of our timing benchmarks. Each number
is the total time of simplification in seconds. The leftmost column indicates the percentage
of simplification performed, i.e. 90% implies only 10% of the data remains. Table 5.1
shows the benchmarks for Garland’s quadric error metric using both endpoint/midpoint
and optimal placement policy. As you can notice the optimal placement calculation carries
a high computational cost that will continue to impact simplification performance as the
number data elements, and attributes increases. By compressing this space down we gain a
significant improvement in speed. Moreover, even using just endpoint placement we notice
an improvement in performance. Likewise, in Table 5.2 we can see comparable time savings.
The nice property about using PCA is that as the number of attributes increase the number
of principal components increases at a much slower rate. Of course this is assuming you

have some correlation in the dataset.



Chapter 5: Implementation, Analysis, and Results 58

| Time(sec) |
HQEM PM

% Simp || w/o PCA | w/ PCA || w/o PCA | w/ PCA
90 6.387 4.230 660.779 592.245
80 5.208 3.560 424.773 398.380
70 4.417 2.972 326.127 309.417
60 3.670 2.502 259.855 243.109
50 2.993 2.25 197.676 194.467
40 2.374 1.606 142.655 147.473
30 1.778 1.199 102.62 104.438
20 1.184 0.797 65.91 65.999
10 0.598 0.398 31.801 27.557

Table 5.2: Timings for HQEM and PM with PCA.

5.2.2 Quantitative Results

Given the savings in execution time, we were interested in how much loss, in terms of
error, occurred by using the approximated data element versus the full attribute space. In
other words, will the loss in dimensionality do more damage than good. Mesh simplification
is the process of removing as many data elements as possible inducing the least amount of
error. So, as expected, there is some level of error present from our original, fully populated,
mesh to our new, less populated, mesh. By applying our new extension we expect some
new error introduced by simplification, but we do not want this new error to far exceed the
advantages in time.

There are many common approaches to measure the error between two meshes. The most
common approach taken is the Hausdorff distance [GH98]. That is, we wish to find the
distance between the new mesh and the original mesh. To find this “distance” we must
take all of the points in the original mesh and find the average distance to the new mesh.
Moreover, because this operation may not be symmetric we need to apply the reverse as

well. Mathematically, we can say that the Hausdorff distance between two meshes is

1

ASA (d(Ma, Mp) + d(Mpy, M,)) (5.2.1)

where

(Mo, My) = minlx, =y, ||

X,EM,
such that yp € Mp. Here N, and N, are the number of elements in mesh M, and mesh

My, respectively, and x;, and y,, are the positional parts of the data elements, x and y. To
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find the error within the attribute portion of the data element, we measure the difference,
like Hoppe [Hop99], between the interpolated attribute values at x and y. To quantify

attribute, represented by a subscript a, error at these points we apply three measurements:
L1 =) |Xa, = ¥a,l, (5.2.2)
i

Lo = max|x,; — yai],

and
Ly = [|xa — ¥,

norms. For our results we found the maximum and average norm in each case, e.g. the
maximum L, norm is the maximum error in a single attribute over the entire dataset,
and the average Lo, norm is the sum of maximum error per data element divided by the
number of samples taken. Averaging these values gives us a similar equation as in (5.2.1).
Additionally because the distance is related to the distance squared we simply measured
distance squared error versus the distance. Note that this still is a norm in R, therefore,
is a valid metric. However, to differentiate, we will use the notation L3 to represent this
norm.

Figure 5.3 shows the averaged L; norms for the CRU dataset. This norms have been
scaled to represent the percentage of error present.? Each of the four graphs follow directly
from the timing results taken above. As it is clearly evident, despite the reduction in
dimensionality the average error does not deviate far from the error initially imposed by
the algorithm. In fact the differences in error is barely noticeable. The difference is only
really noticeable as the percentage of simplification increases. In some cases, the PCA
version performed better at the higher end of simplification, see Figure 5.3(d). This was
likely caused by some degeneracies along the edges of the mesh that did not appear in the
PCA version.?

Naturally, as more principal components are included the closer this error curve will
approach its non-PCA counterpart. Likewise, the fewer principal components will imply a
larger gap in-between these two curves. Regardless, we are receiving significant savings in

the execution time versus the relative loss in error.

2We can easily scale these values because we are working within the unit cube in R".
3A degenerate mesh has distorted boundaries.
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Figure 5.3: L1 norm from original mesh to the version.
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| Meth || Geom L2 (10~* | Attr Avg L3 (1072 | Attr Max L |
HQEM w/PCA 0.000129 0.00899 0.091480
HQEM 0.000128 0.00666 0.053568
GQEM w/PCA 0.000151 0.01691 0.195856
GQEM 0.000141 0.01219 0.120494
O0_.GQEM w/PCA 0.000150 0.01739 0.252785
0_GQEM 0.000138 0.01245 0.195856
PM w/PCA 0.083480 0.07752 0.390071
PM 0.056038 0.01703 0.390071

Table 5.3: Error computations for 50% simplification.

To further emphasize these results we have included the other norms for the 50 percent
simplification case, see Table 5.3.% Interestingly, the maximum error for the PM case
remained the same using the principal component scores. This implies that the principal
component extensions are doing no worse than the non PCA counterparts, i.e. in the worst
possible case. Additionally, the average difference in error over all norms taken, over all tests
performed, is just under 1% at 0.89%. Indicating that the improvement in performance is
not outweighed by the loss in error.

Aside, we had initially hoped that by using PCA would could get around some of the de-
generate issues of a particular algorithm. Specifically, Hoppe [Hop99] states that Garland’s
QEM can actually underestimate the error. He states “[t]he effect is that v is generally
not compared to the geometrically closest point, but some geometrically farther point that
has a closer attribute value” (where v is the data element). We suspected that maybe a
reduction in dimensionality would reduce this effect, but this may not necessarily be true.
For example, let us assume that we have some attributes in our original space that don’t
vary at all, i.e. var = 0. The hyperplanes that are contained in this space all fall the same
way in a particular dimension. So the effect of Hoppe’s statement is only caused by other
dimensions. Now if we vary these same dimensions slightly then the same net effect will
hold, it is just that these other dimensions will have a little influence now, and the net effect
of removing the least variant parts is small. This does not forgo the fact that we may gain

some improvement in error computation, it is just that we should not always expect it.

4The full tables can be found in Appendix A.
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5.2.3 Qualitative Results

To complement the quantitative results above, this section illustrates the qualitative ben-
efits of our extensions. Specifically, we will show that even after a large reduction in simplifi-
cation we still have visually preserved the underlying mesh. Additionally, we will “visualize”
using a multivariate visualization technique and show how locking data elements can be used
to eliminate planing, as well as preserving important data elements.

Figure 5.4 shows the original mesh and the simplified mesh using our extension. In this
example, PM was used with a simplification target of 80 percent. The two top images
represent the underlying mesh, and the bottom images are the corresponding color maps of
temperature, precipitation, and frost. Note how the the original mesh is densely populated
and obviously contains too much data. The second mesh, on the other hand, has fewer
elements but still preserves the mesh. Also, you can notice the larger areas of simplification
are in the regions of low our no variability. Areas, especially around Seattle, have been
preserved because of the large variation change in that region. Also, areas in Mexico are
preserved due to the high variation in within the frost frequency component, which is due,
in part, to the mountain ranges in that area. Likewise, we see mesh elements “dense-up”
around the Rocky Mountain range.

In retrospective, we hinted that precipitation had a very low total variation. So how did
the algorithm know to preserve the high variation change? Actually, the variation boundary
was accounted for in another component; thus, preserving that feature.

Now color meshes are convenient when we are interested in the underlying mesh, but our
interests are in multivariate visualization. That is, our visualization system is based on the
work by Healey [HE98]. Our pexels simulate painted strokes like that on a canvas. In fact,
the system we used for experimentation is a nonphotorealistic visualization system (NPVIZ).
In this system, brush strokes can vary in size, regularity, orientation, color, and density. To

visualize multiple variables at one instance, we made the following visual mappings:

e temperature — color — bluer, darker colors imply colder temperatures, and red,

pinkish colors are warmer regions.

e precipitation — orientation — horizontally positioned pexels imply no, or little pre-

cipitation, and vertical pexels are regions of high precipitation.

e pressure — density — less dense pexels contain regions of low pressure, and more
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dense pexels imply high pressure values.

o wind speed — size — larger pexels are regions of low wind speed, and smaller pexels

imply high wind speed.

We excluded regularity because it depends on a irregular placement of strokes over a regular
field, and by performing simplification we invoke some irregularity in places that should
not be irregular. Moreover, some would argue that because we are limited to visualizing
a few attributes that we should just forgo simplifying all attributes simultaneously and
only simplify those attributes that we are concerned with. But we would argue that large
datasets prevent interactive visualizations. For example, a dataset with a large number of
data elements would take considerably longer than the small dataset we have chosen for
our examples. If the user was interested in multiple relations among attributes he would
have to wait an equal amount of time per a change in mappings, whereas our method could
simplify the entire dataset once.

Figure 5.5 is our visualization using the above mappings with NPVIZ. These simplified
images were acquired by applying an 80% simplification using HQEM. The top right figure
is the full dataset. Notice how this dataset is heavily populated and contains too much
information. The left neighbor is the simplified version without using locking. You can
notice features that are still emergent in this field. Specifically, you can see that mountain
regions were preserved over the mid-western plains. Also, you can see that a majority of
simplification occurred in the upper east portion of Canada. This is due to the low, smoothly
varying data in those regions. However, there is a problem with this visualization. The user
sees a huge amount of simplification, where it would be nice to have some indication of
what is happening in those regions of large simplification. To eliminate this planing, we
lock every fifth data element. This creates a more visually appealing effect, bottom image.

Notice how the areas that suffered huge amount of simplification still have data intact.
Now the user can more readily see values in those regions. In a sense, locking has allowed
us to achieve balance between simplification and the final visualization. This is especially
true in point based visualization system because these systems do not have an underlying

mesh.
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Chapter 6

Conclusion and Future Work

Large data will always be a problem in scientific visualization. However, we can take pro-
active approaches to curb the size of these enormous datasets. Our attempt to curb dataset
size drew from previous work in computer graphics. We were able to take existing work
within mesh simplification and apply it to a data simplification environment. We overcame

the potential problems of using mesh simplification in this environment. Specifically,

e Dimensionality — because most algorithms were only designed for a small attribute
space, we introduced principal components analysis to capture most of the variability

in a much smaller dimensional space.

o Significance of Spatial Location — exact spatial location is not important in mesh
simplification, so we introduced the notion of locks to “fix” data elements to their

initial position. Also, this has the added benefit of eliminating planing.
In addition, our extensions are

e (eneral — Principal components analysis and locking can be applied to any existing

and future algorithms.

o Computationally Sound — Principal components analysis adds a minimal overhead

cost that is only necessary to compute once.

e Space Efficient — We add very little cost storage overhead to the simplification pro-

Cess.

66
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We should also add that our method is simple and flexible. That is, the principal compo-
nent module can be completely isolated from the simplification algorithm. This particular
strategy is advantageous because users can take working implementations and add a prin-
cipal component “hook.” For example a tagging based implementation would require very
little overhead in terms implementation cost. The only requirement of this type of imple-
mentation is that the output data can be identified as removed, existent, or moved (moved
vertices would have to be unprojected to find their landing point in the original space).
Additionally, the principal component module is flexible enough to work on the fly. Data
conversion could be requested whenever a data element is examined. Aside from dimension
reduction, locking alone can be beneficial to simplification in a visualization environment,
i.e. the user may want to preserve a specific set of points from being removed, and locking
can be very simply integrated into a mesh simplification algorithm — with only the added
cost of one bit of storage.

Results showed that we saved processing time and lost very little, in terms of error. But,
without hesitation, there are still many avenues for future work. Some of the potential,

future, avenues include:

e Memoryless extensions — Lindstrom and Turk [LT98] introduce the notice of re-
computing per vertex quadric each time they are encountered, rather than carrying
them through an addition operation. Their work shows improved simplification, in
terms of error. A memoryless scheme is particularly important in data simplification

environment, precisely because of the potential size of these sets.

e Out-of-core extensions — as we reviewed in previous chapters data can become large
in both dimensionality and the number of data elements. It would be useful to create
general extensions that would allow the use of current simplification algorithms with
the large data, i.e. most current approaches work in primary memory. More recent ap-
proaches like [Lin00| perform out-of-core simplification, but more general approaches
are needed that carry into all feature preserving mesh simplification algorithms. We
would like to build a simplification engine that supports disk based simplification using
a generic hierarchical data structure that can also plug-in to the various simplification

algorithms.

e Point-based simplification — many datasets are not attached to a mesh; therefore,
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rather than converting the point based dataset into a mesh, perform simplification on
the points. As the solution is not trivial, multiple regression could be used to analyze

surface fit.

e Addition of progressive mesh format — In Hoppe’s framework [Hop96], he simplifies
the data into varying levels of simplification. Each edge collapse is recorded and can
be “undone” to create a model that contains all levels of simplification simultaneously

(in effect this mimics a multiresolutional model).

Certainly, there are other avenues of future work, but these are the most pressing for our
interests.

Data acquisition methods will continue to improve, and our ability to visualize data
will depend on our ability to parse this large body of information quickly. To allow the
user to rapidly, effectively, and efficiently visualize their data, appearance preserving data
simplification offers a plausible solution that allows a user to deal with large data so that a

user can truly “see” all of their data.
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Appendix A

Simplification Tables

The following tables are the results of our error calculations performed on the CRU weath-
er dataset. Each table highlights a different simplification method. Within each table are
two entries per simplification level. The first entry corresponds to those simplification-
s where the original implementation was used. The following row is the corresponding
simplification with our principal components extension. At each simplification level, we
report the various statistics sampled for the mesh.! They are the as follows: geometric and
attribute average L2, maximum L;, maximum L, and average Lo, norms.

As it can be seen in the tables, there is only a small deviation using our extension versus
without the extension. In some cases, the maximum error did not change even after using
principal components analysis. In these cases, we can be assured that our extensions are
performing no worse than without our extensions, in the worst possible case. In general we
expect this to be true for early simplification. That is, the simplification algorithm will pick
those elements within the low variant regions of the most variant components first (recalling
that these most variant components are on top of some attributes with low variation).

Also included in this chapter is the correlation matrix computed for principal components
computation. Cross correlation between attributes ¢ and j can be examined by looking in

the ", j'* entry in the matrix.

!These statistics can be found in Chapter 5.
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HQEM Simplification Error
%Simp Geom Attribute Error

L3 (107°) | L3 Avg (107 ?) | L1 Max | Lo, Max | L, Avg
90 0.155423 0.31245 0.074884 | 0.270412 | 0.028693
90 0.15023 0.35805 0.096763 | 0.352839 | 0.030285
80 0.060784 0.05868 0.055194 | 0.194968 | 0.011155
80 0.061472 0.06679 0.055194 | 0.194968 | 0.01191
70 0.035337 0.02503 0.056853 | 0.181687 | 0.006787
70 0.036409 0.03007 0.058720 | 0.192261 | 0.007386
60 0.021629 0.01267 0.020176 | 0.067686 | 0.004439
60 0.023654 0.01589 0.027455 | 0.108022 | 0.004973
50 0.012842 0.00666 0.01193 | 0.053568 | 0.002907
50 0.012986 0.00899 0.016695 | 0.091480 | 0.003397
40 0.007579 0.00348 0.007844 | 0.029054 | 0.001867
40 0.007763 0.00516 0.016695 | 0.058378 | 0.002285
30 0.004269 0.00176 0.007779 | 0.022599 | 0.001139
30 0.003941 0.00281 0.009592 | 0.041653 | 0.001455
20 0.001759 0.00075 0.003801 | 0.013889 | 0.000612
20 0.001659 0.00141 0.007779 | 0.041660 | 0.000832
10 0.000484 0.00021 0.003121 | 0.012071 | 0.000233
10 0.000506 0.00048 0.004943 | 0.022590 | 0.000343

Table A.1: HQEM mesh error with and without PCA.
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GQEM Simplification Error
%Simp Geom Attribute Error

L3 (107°) | L3 Avg (107 ?) | L1 Max | Lo, Max | L, Avg
90 0.110945 0.21984 0.092189 | 0.343935 | 0.022532
90 0.111266 0.24180 0.097709 | 0.270993 | 0.024581
80 0.054837 0.07710 0.061577 | 0.247917 | 0.011975
80 0.058608 0.08761 0.070803 | 0.222974 | 0.012981
70 0.034267 0.03812 0.049967 | 0.247917 | 0.007759
70 0.038016 0.04764 0.070803 | 0.189554 | 0.008609
60 0.022598 0.02119 0.033396 | 0.135294 | 0.005310
60 0.024407 0.02874 0.070803 | 0.195856 | 0.006010
50 0.014160 0.01219 0.030606 | 0.120494 | 0.003605
50 0.015183 0.01691 0.037956 | 0.195856 | 0.004177
40 0.008292 0.00701 0.030709 | 0.120494 | 0.002384
40 0.009440 0.00981 0.035907 | 0.125108 | 0.002828
30 0.004340 0.00343 0.022123 | 0.069237 | 0.001454
30 0.005426 0.00544 0.034768 | 0.120494 | 0.001786
20 0.001841 0.00143 0.022123 | 0.053588 | 0.000774
20 0.002668 0.00266 0.034768 | 0.120494 | 0.000999
10 0.000599 0.00044 0.022123 | 0.052793 | 0.000306
10 0.000665 0.00082 0.011100 | 0.052793 | 0.000414

Table A.2: GQEM mesh error with and without PCA.
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O_GQEM Simplification Error
%Simp Geom Attribute Error

L3 (107°) | L3 Avg (107 ?) | L1 Max | Lo, Max | L, Avg
90 0.567935 0.29612 0.089121 | 0.287965 | 0.026350
90 0.103351 0.22801 0.097709 | 0.264337 | 0.023850
80 0.085292 0.08291 0.061577 | 0.230395 | 0.012851
80 0.058657 0.08740 0.070803 | 0.222974 | 0.013038
70 0.034033 0.03814 0.049967 | 0.199995 | 0.007911
70 0.037709 0.04816 0.070803 | 0.189554 | 0.008700
60 0.022712 0.02129 0.037956 | 0.195856 | 0.005378
60 0.024415 0.02850 0.061577 | 0.252785 | 0.006071
50 0.013868 0.01245 0.037956 | 0.195856 | 0.003651
50 0.015063 0.01739 0.052071 | 0.252785 | 0.004230
40 0.008269 0.00734 0.037956 | 0.195856 | 0.002421
40 0.009326 0.01039 0.037956 | 0.195856 | 0.002891
30 0.004339 0.00376 0.037956 | 0.195856 | 0.001489
30 0.005435 0.00575 0.037956 | 0.195856 | 0.001818
20 0.001818 0.00147 0.022123 | 0.053588 | 0.000797
20 0.002646 0.00293 0.037956 | 0.195856 | 0.001030
10 0.000598 0.00045 0.022123 | 0.052793 | 0.000317
10 0.000668 0.00108 0.037956 | 0.195856 | 0.000433

Table A.3: O_GQEM mesh error with and without PCA.
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PM Simplification Error
%Simp Geom Attribute Error

L3 (107°) | L3 Avg (107 ?) | L1 Max | Lo, Max | L, Avg
90 66.3682 0.64650 0.214361 0.84 0.028950
90 35.144 0.58827 0.214361 | 0.650602 | 0.029876
80 14.8202 0.29279 0.190984 0.84 0.015152
80 20.5815 0.34396 0.214361 | 0.650602 | 0.016528
70 9.10524 0.08213 0.176701 | 0.390071 | 0.008425
70 12.2894 0.14542 0.176701 | 0.390071 | 0.010269
60 6.22341 0.02751 0.176701 | 0.390071 | 0.004960
60 10.1949 0.11341 0.176701 | 0.390071 | 0.007299
50 5.60382 0.01703 0.176701 | 0.390071 | 0.003161
50 8.34806 0.07752 0.176701 | 0.390071 | 0.005102
40 5.27491 0.01329 0.176701 | 0.390071 | 0.002076
40 5.39937 0.01949 0.176701 | 0.390071 | 0.002722
30 4.98436 0.01102 0.176701 | 0.390071 | 0.001288
30 5.00995 0.01304 0.176701 | 0.390071 | 0.001667
20 4.72439 0.00958 0.176701 | 0.390071 | 0.000729
20 4.72482 0.01029 0.176701 | 0.390071 | 0.000968
10 4.49111 0.00866 0.176701 | 0.390071 | 0.000341
10 4.49115 0.00900 0.176701 | 0.390071 | 0.000475

Table A.4: PM mesh error with and without PCA.
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1 2 3 4 5 6 7 8 9 10 11
1 1 0.436 0.833 -0.13 -0.83 0.570 0.221 0.997 0.996 0.932 -0.00
2 ] 0.436 1 0.372  -0.09 -0.33 -0.13 0.447 0.402 0.471 0.254 0.606
3 10833 0.372 1 -0.08 -0.92 0.297 -0.04 0.815 0.848 0.827 -0.06
4 |-0.13 -0.09 -0.08 1 0.122 -0.2v -0.17 -0.15 -0.11 -0.09 -0.13
5 |-083 -033 -092 0.122 1 -0.38 0.129 -0.82 -0.84 -0.83 0.187
6 | 0570 -0.13 0.297 -0.27 -0.38 1 -0.09 0.627 0.503 0.698 -0.35
7 10221 0.447 -0.04 -0.17 0.129 -0.09 1 0.201 0.242 -0.04 0.620
8§ 10997 0.402 0.815 -0.15 -0.82 0.627 0.201 1 0.988 0.944 -0.03
9 1099 0.471 0.848 -0.11 -0.84 0.503 0.242 0.988 1 0.913 0.030
101 0932 0.254 0.827 -0.09 -0.83 0.698 -0.04 0944 0.913 1 -0.16
11| -0.00 0.606 -0.06 -0.13 0.187 -0.35 0.620 -0.03 0.030 -0.16 1

Table A.5: Correlation matrix of North America CRU dataset.




