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ABSTRACT

Kernel function methods are appealing tools for estimating the
intensity function of a nonhomogeneous Poisson process. The bandwidth,
which quantifies the smoothness of the kernel estimator, dramatically
affects the accﬁracy of the estimator. Therefore, one would like to
find a data based bandwidth selection method that performs well for
kernel intensity estimation in some sense. We consider two models for
putting a mathematical structure on the intensity function of the point
process: a simple multiplicative intensity model and a stationary Cox |
process model.

Asymptotic analysis allows one to see the basic structure of an
estimator. In this dissertation, we show that the least-squares
cross-validation bandwidth is asymptotically optimal for intensity
estimation under the simple multiplicative intensity model. We also
show that given the stationary Cox process model, this bandwidth is not
asymptotically optimal. Once asymptotic optimality of an estimator has
been established, it is important to find the rate of convergence
for that estimator. We determine the convergence rate for the
cross—-validation bandwidth by finding the asymptotic distribution of
this bandwidth under the simple multiplicative intensity model.
Finally, we include an example with coffee purchase data: this example
demonstrates how kernel ;stimation and the cross-validation bandwidth

perform on a real data set.
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CHAPTER 1

LITERATURE REVIEW AND INTRODUCTION

The goal of this dissertation is to evaluate the least-squares
cross-validation bandwidth for the kernel estimator of the intensity
function of a nonstationary Poisson process. This chapter contains a
literature review for kernel_estimation and bandwidth selection
methods. The literature related to kernel intensity estimation comes
from two fields of ;esearch. First of all, many of the ideas and
methods developed for kernel density estimation can be applied to the
intensity estimation context. Secondly, the work in intensity
estimation provides several models for the intensity function and a
variety of methods for studying this function. Therefore, the
literature review is divided into two parts; section l.a. covers kernel
density estimation methods, and section 1.b reviews intensity
estimation methods.

The last two sections of this chapter deal with the work contained
in the following chapters. In section l.c, we discuss the mathematical
frameworks that we will assume for the point processes. Finally,
section 1.d includes a summary and a brief discussion of the main

results found in this dissertation.



l.a. Kernel Density Estimation Literature Review.

In the density setting, assume that Xl. X2.....Xn are independent
identically distributed observations from an unknown probability
density f(x}. A delta sequence density estimator is a general type of
estimate of f(x) which is written in the form

1

~ 4 D
fh(x) =n 121 Gh(x.Xi)

where hem+ is the smoothing parameter.” The general formulation of this
nonparametric estimator was introduced by Watson and Leadbetter (1963)
and then extended by Foldes and Revesz (1974). By changing the
definition of 6h(x.X£). delta estimators include orthogonal series
estimators, spline estimators, histogram estimators and kernel
estimators. See Walter and Blum (1979) for examples of various delta
estimators. |

The kernel density estimator is a specific type of delta sequence

density estimator. It is defined as |

~ 1 0

fh(x) =n 151 Kh(x—Xi) (1.1)
where Kh(x} = h_1 K(x/h). K(.). known as the kernel function, is the
"shape” of the weight that is placed on each data point: h, called the
bandwidth or the smoothing parameter, is the quantity that controls the
amount of smoothing done by ;h(x). In general, the bandwidth depends
on the sample size such that as n increases, h-0 and hn—. The kernel
density estimator takes on large values where the data are dense and -
small values where the data are sparse. Due to its intuitive appeal as
well as its mathematical tractability., the kernel density estimator has

been widely studied over the past thirty years.



Early work in kernel density estimation was done by Rosenblétt
(1956), Whittle (1958), Parzen (1962), and Watson and Leadbetter
(1963). Rosenblatt {1956) introduced the kernel density estimator with
a uniform kernel. He also found expressions for the mean squared error
(MSE) and the mean integrated square error (MISE) of the first kernel
estimator. Whittle (1958) considered the problem of density estimation
with a random number of observatioﬂs on a finite interval. Among other
things, he calculated the MISE for the kernel density estimator in this
more complicated setting.

Parzen (1962) generalized Rosenblatt’s kernel estimator by
allowing K(.) to be any function that satisfies relatively
nonrestrictive conditions. When K(.) satisfies the specified
conditions. he showed that ?h(x) is a consistent estimate of f(x) and
that Eh(x) is asymptotically normal. Watson and Leadbetter (1963)
presented further consistency results for the kernel estimator. More
recently, Castellana and Leadbetter {1986) proved tbat kernel
estimators for the marginal probability density function of a
stationary sequence or a continuous parameter process are also
consistent and asymptotically normal.

In order to fully determine the kernel density estimator, the
kernel function and the bandwidth must be specified. Epanechnikov
(1969) found the kernel function, K{.), that minimizes the asymptotic
MSE among density functions with unit variance. Parzen (1962) and
Watson and Leadbetter (1963) first suggested that the kernel estimator
could be improved'asymptotically by using higher order kernels, that

is, the kernel function can assume negative values. Later, Schucanny



and Sommers {1977) and Gasser, Mueller and Mammitzsch.(IQSS) used
simulation studies to verify that higher order kernels are beneficial
for finite data sets, and Hall and Marron (1987b) proposed a method of
choosing the kernel order. However, it is believed that the choice of
the smoothing parameter is far more important than the choice of the
kernel function; see, for example, Silverman (1986, 'pp. 15-17) for a
discussion and examples illustrating this point. Therefore, for
convenience, the kernel function is often chosen to be a symmetric
probability density function.

An important goal in kernel estimation is to find the bandwidth
that minimizes the "distance” between the estimate ;h(x) and the true
density f(x). A criterion that is often used to measure this error is
the mean integrated square error where

MISE(h) = ELS(f, (x) - £(x))%dx] . (1.2
Rosenblatt {1971) presented an intuitive description for the tradeoff
between smaller and larger values of the bandwidth. The MSE of Eh(x)
is the sum of the squared bias and the variance of ?h(x). Rosenblétt
showed that a small value of h results in high variance (i.e. Eh(x) is
affected by individual observations and hence is more variable), while
a large value of h results in high bias (i.e. ;h(x) is very smooth but
may not include minor features of the true distribution). Thus, it is
desirable to find a bandwidth that balances the effects of the bias and
the variance of the estimate.

A number of methods have been proposed for choosing h. The

"plug-in" method, introduced by Woodroofe (1970) and Scott, Tapia and

Thompson (1977}, uses the concept that



V

C(K) f(x) 11/5
h [—x] n 175 (1.3)

£ (x)2
where h0 is the bandwidth that minimizes MSE. Therefore, they estimate

f and f" with kernel estimators, and then substitute these estimates
into equation {1.3) to obtain a value for h. With this procedure, a
smoothing parameter still must be chosen in order to estimate f(x) and
f"(x): in particular, f"(x) is even more difficult to estimate than
f{x). Moreover, equationl(1.3) is an asymptotic equation, and thus it
may not give a good solution for h when n is finite.

The Kullback-Leibler or pseudo-likelihood method was introduced by
Habbema, Hermans and van den Broek (1574) and Duin (1976), and later
improved by Hall (1987a). The motivation for this method is that a
function which is similar to the likelihood function is maximized over
h, and consequently, the solution is analogous to the maximum

likelihood solution. The Kullback-Leibler method maximizes the

function
n .
KL{h) =-ig1 fhi(xi} ' (1.4)
where
~ 1 B
fhi(x) = (n-1) jflKh(x-Xj} . (1.5)
j#

;hi(') is known as the leave-one-out estimator. If ;h(x).'as in (1.1),
were used in place of Ehi(x) thenlthe trivial solution h=0 would
maximize equation (1.4).

Rudemo (1982) and Bowman {1984) suggested using the method of -
least~squares cross-validation for selecting the bandwidth. Their goal

was to find a bandwidth that minimizes the integrated square error



(ISE) of Eh(x) where

ISE(h)

§[E () ~£(x)]? ax
JE, (x)%ax = 2 SE (%) f(x)ax + [E0)%dx 0 (1.6)

Rudemo (1982) and Bowman (1984) proposed choosing h to be the minimizer
of the cross validation score: |

1 oA
iElfhi(xi) (1.7)

where fhi(i) is the leave-one—out estimator as in {1.5). Since

CV(h) = Sf, (x) dx ~ 2n

n . N _
n-1 b} fhi(xi) is a method of moments estimator of Ifhf'. and If{x)2dx

i=1

is independent of h, CV(h} is a reasonable estimate of the terms in the
ISE that depend on h. Therefore, the bandwidth that hinimizes CV(ﬂ)
should be close to'the;bandwidth that minimizes the ISE of ;h(x).

The optimal rate of Eonvergence for ;h(x) was first considered by
Farrell (1972) and Stone (1980) in order to évaluate different
bandwidth selection procedures, Let C bé a given set of density
functions with two existing derivatives, then Farrell (1972) showgd
that for f(x)€C, r=2/5 is the smallest value.of r such ghat

lim lim inf P{lfh(x)—f(le {an '} = 1.

a-» n-» feC :

In other words, n-2/5 is the best possible rate of convergence for

Ifh(i)—f(x)l. Furtherm&re. he showed that when p is the number of
P/ (2p+1)

existing derivatives fqr the density f(.), is the optimal

rate of convergence for I?h(k]—f(x)]. For a clear presentation of this

result as well as other optimal rate results, see Stone {1980).
Asymptotic rates of convergence were also used to ;tudy various

bandwidths and their error criteria, ISE of MISE. Let:

ho be the bandwidth that minimizes MISE(h),



h0 be the bandwidth that minimizes ISE(h).
hcv be the bandwidth that minimizes CV(h),
hkl be the bandwidth that minimizes KL(h).

Under the assumption that f{x) has a continuous second derivative, Hall

{1983) proved that hcv is asymptotically equivalent to h0 in the sense

that
h /h — 1 in probability and
cv (4]
ISE(hcv)
- — 1 in probability.
ISE(hO)

Stone (1984) and Burman {1985} showed that under the weaker assumption

that f(x} is continuous

ISE(h_ )
cv
= — 1 a.s. and
ISE(ho)
MISE(hcv)
— 1 a.s.
MISE(ho)

Therefore, the ISE and MISE obtained with the cross-validation
bandwidth converge to the minimum ISE and MISE respectively. The
results of Hall {1983}, Stone t1984) and Burman (1985) imply that the
least—-squares cross-validation method is asymptotically optimal for
choosing h to estimate a density with any amount of underlying
smoothness. Marron and H;rdle (1986) showed that ISE and MISE are
essentially the same for large n by proving that under reasonable

assumptions

ISE(h) - MISE(h)
lim sup =0 a.s.
n—e he.Hn MISE(h)

where Hn is a finite set that depends on n. It has been proven that if



h is either hcv or hkl then

D(h)
lim————=1 a.s.
inf D(h)
e ‘heH_ :

rwhere D is eifher ISE or MISE; see for example Marron (1987). However,
Hall (1987a) and Marron (1987) concluded that the least-squares
cross—-validation method has several advantages over the
Kullback-Leibler method for choosing h. These advantages include
weaker assumptions needed and fewer sources of error for the
cross-validation method.

The rate of convergence for the least-squares cross-validation
bandwidth was introduced by Hall and Marron (1987). Since h0 depends
on the unknown density function f£(.) while ﬁo is a function of the
sample observations, they suggested that one should aim to minimize
ISE. Hall and Marron (1987a) proved that ﬂcv performs as wellras ho'
an unattainable value, when ﬂo is the standard of comparison. This is

seen from the following results:

3/10 = D . =2 20
n (ho - ho) — N{O, a, o, ).
3/10 .2 ~ D . -2 2
n (hCv - ho) — N{O, a, ocv)'

n [ISE(h ) - ISE(EO) ] -2, (agla§/2) X2,
n [ISE(h ) - ISE(h ) 1 —2— (23’02 72) X2
where a;, 03. aiv are constants depending on f{.) and K(.).

Finélly, boundary adjustments are very important for estimating
the- intensity function near the endpoints of the interval. Results
relating to boundary adjustments iﬁ the density estimation'éontext can

be found in Rice (1984), Schuster (1985), Gasser, Mueller, and

Mammitzsch (1985), and Cline and Hart (1986).



1.b. Kernel Intensity Estimation Literature Review.

Let Xl' X2 ..... XN be all of the observations on the interval [0,T]
from a point process with intensity function A(x). That is, the number
of occurrences in (0,t] has expected value equal to I; A(u)du. See Cox
and Isham (1980), Ripley (1981), and Diggle (1983) for further
information regarding point processes. The intensity function is very
similar to a density function in that we expect to have more
observations when the intensity function takes on high vélues and have
fewer observations when the intensity function takes on low values.

Hence, a natural estimate for A(x) is the kernel estimator:

~ N
Ah(x) = 1§1 Kh(x—Xi] for x€[0,T] (1.8)

where Kh(x) = h_1 K(x/h). Again, the kernel function, K(.). is
generally a symmetric probability density function, and the bandwidth,
h, is the smoothing parameter for ih(x). In the intensityAestimation
setting, N, the number of observations in [0,T]., is a random variable.
Note that the kernel density estimate, ?h(x). includes a normalization
factor of n-1 which makes ?h(x) a probability density function; this
adjustment is not needed for estimating an intensity function.

Theoretical properties of the kernel intensity estimator have been
developed by Dev;oye and Gyorfi (1984), Leadbetter and Wold {1983), and
Ellis (1986). In particular, Leadbetter and Wold {1983) proved that
ih(x) is almost sure pointwise consistent, almost sure uniformly
consistent and asymptotically normal under specified conditions.

A variety of approaches have been taken to study kernel intensity

estimation. The multiplicative intensity model, introduced by Aalen

- {1978), is frequently used to model counting processes. This model



assumes that the intensity function takes the form

A(x} = a(x) Y(x) for x€[0,T]
where a(x)} is an unknown non-negative deterministic function, and Y(x)
is a nonnegative observable stochastic proceés such that Y(x) is known
Just prior to time x. Often a(x) can be interpreted as an individual
intensity for making an occurrence, and Y(x) as the number of
individuals that are at risk at time x. In order to estimate a(x),
Ramlau-Hansen (1983) proposed the following estimator:

- n

a(x) = 151 Kh(x—Xi) / Y(Xi) .
He proved that this estimator is uniformly consistent and
asymptotically normal as n—, h-0 and nh-. See Anderson and Borgan
(1985) for an overview of the multiplicative intensity model and the
above kernel estimator ;(x)..

Diggle (1985) considered the estimation of-the intensity function,
A(x). assuming that the underlying point process is a stationary Cox
process (also known as a doubly stochastic Poisson process). This
process is defined by :

1} {A(x). x€R)} is a stationary, non-negative valued random process

2) conditional on the realization A(x) of A(x). the point process

| 1s a nonhomogeneous Poisson process with rate function A(x).
See Cox and Isham (1980) for a discussion of doubly stochastic Poisson
processes. Diggle (1985) recommended the standard kernel intensity
estimator, Xh(x). and used an empirical Bayes method to calculate its
MSE(h} = E[ih(x) - R(x)]2. For x sufficiently far from the boundaries
O and T, the MSE does not depend on x since the process A(x) is

stationary. In order to-estimate the bandwidth, Diggle (1985) proposed

10



substituting estimates for the unknown terms in the MSE, and then
minimizing this function over h. In an earlier paper, Clevenson and
Zidek (1977) developed similar methods to study Xh(x) with a uniform
kernel in the stationary Cox process setting.

¥hen ih(x) is used with a uniform kernel, Diggle and Marron (1988)
proved that Diggle's {1985) minimum MSE method and the least—squares
cross-validation bandwidth selection method choose the same bandwidth.
These two methods are motivated from very different viewpoints, and the
fact that they both select the same bandwidth confirms that this
bandwidth is a reasonable choice. More importantly, this result alsoc
indicates how asymptotic methods that were developed for density
estimation can be used in the intensity setting. Finally, Diggle
(1985) and Diggle and Marron (1988) recommend procedures that provide

boundary adjustments for the kernel intensity estimator.

1.c. Models for Intenstty Estimation.

Two mathematical models for the intensity function are considered
in this thesis; they are a simple multiplicative intensity model and a
stationary Cox process model. Intensity estimation under the
assumptions of these models are discussed in this section.

First, consider a very simple version of the multiplicative
intensity model. Let Xl. X2.....XN be-the cbservations from a
nonhomogeneous Poisson process on the interval [0.T] with intensicy
kc(x). Assume that

kc(x) = ¢ a(x)

where ¢ is a constant, and a{x) is a nonnegative deterministic function

11



such that ITa(x)dx=1. Moreover, the kernel estimate of A is

- N{c) N(c)
Rh(x) 2 Kh(x—x ) = E h K[(x—X }/h]  for x€[0,T].
_ =1

K(.) is the kernel function which we assume is a symmetric probability
density function, and h is the bandwidth. Uﬁder this model, N, the
number of observations that occur in [0.T]. is a Poisson random
variable with mean ngc(x)dx=c. Note that ac(x)%hc(kj[fgic(u}du]-l
thus, conditional on N, the observations XI,X2.....XN‘have thersame
distribution as the order statistics of N independent réndom variables
with probability density ac(x)I[o.T](x). As a result, previously
developed kernel density methods can be used to study a(x)I[O‘T](x).
Throughout the dissertation, we will assume a circular design where
hc(0)=AC(T). Aé(O):ké(T) and A;(O):R;(T). This allows usAto ignore the
boundary effects at 0 and T. |

Asymptotic analysis is a powerful tool for undérsténding the
behavior of an estimator. In the density setting, asymptotlc analy51s
with n» allows the researcher to evaluate the kernel estimator. In
this intensity model, letting c-» has the same desirable effect of
adding observations ever&wheré on the interval [0.T] and not changing
the relative shape of the target function hc(x) in the limiting
process. In other words, c_lkc(x) is a fixed function as c-. In this
thesis, we will he considering convergence of sequences of random
variables; therefore, we will construct an appropriate sequence-{.cs}s=1
of values for c¢ indexed by s. Throughout, we will assume tﬁat csﬁm.
h-0 and cshﬂm.

Next, we look at the stationary Cox process model. Let Xl,

X2. XN be all of the observations from a stationary Cox process or a

12



doubly stochastic Poisson procesé with intensity function R“(x) on the
interval [0,T]. Assume that Ap(x] is a realization of the stationary
nonegative random process {A{x), x€R}. Moreover, for each p, assume
that for all x,y€[0.T]:

1) E[A(x)] = u.

2) E[A(x)A(y)] = v(|x-y|) where v(x) = u2 vo(x)

for uo(x) a fixed function.

This model is identical to the Cox model used in Diggle {1985).

In this intensity model, asymptotic analysis is done by letting
u-»_ Consequently, assumption 2) above ensures that the relative shape
of the curve A(x) in the limiting process does not change. Again, we
construct a sequence {us}zzl. so that we can discuss convergence
properties for sequences of random variables.

The kernel estimate of ku(x) is

- N(u)
kh(x) = 121 Kh(x—xi) for x€[0,T].

M, (x) in the Cox process model is the same as A (x) in the
multiplicative intensity model for estimating A(x) from a data set.
The difference between the two models is 6nly seen when the estimators

are evaluated mathematically. Note that under the Cox process model,

E[N]:E[IEA(X)dX]:pT where N is the number of observations that occur in
[0.T]. Moreover, if we condition on {A{x). x€[0.T]}. then N is a

Poisson random variable with mean (IgA): however, N is not in general a
Poisson random variable. Finally, define a(x):A(x}[IgA(u}du]_l: then,

conditional on N, the N occurrence times have the same distribution as

13



the order statistics from N independent identically distributed random

variables with density a(x)I[o.T](x).

1.d. Results for the Least-Squares Cross-Validation Bandwidth.

An important consideration in kernel intensity estimation is the
selection of the bandwidth or smoothing parametef. Our aim is to find
a data based bandw;dth selection method which has favorable asymptotic
properties. For both of the above models, we are interested in finding
a bandwidth that minimizes the distance between the kernel estimate Xh
and the true intensity function A. Therefore, we aim to minimize the
integrated square error (ISE) of ih whére |

ISE, (b) = [ N - 2 Ig ih A+ fg A2
The first term, fg ihz. is a“function of the data, and the third term,
Iglz. is independent of h. 1In addition, let Xhi(x) be the

leave—one-out estimator,

PO N
'Khi(x) = jleh(x—Xj) for x€[0,T].
J#i '

N . -
Then, = Ah (X;) 1is a method of moments estimator for J Ahh . As a
- i=1 171 i . .

result, we can adapt Rudemo's (1982) cross-validation score function to

the intensity estimation setting by defining
\(h) = Jg N - 2iflkhi(xi) .
The cross—validation score funciton for A, CVA(h). provides a good

estimate of the first two terms of ISEA(h). and thus, the bandwidth

that minimizes.CVA(h) should be close to the bandwidth that minimizes

ISE, (h).

14



Again let ﬂcv be the bandwidth that minimizes CVA(h) and ﬁo the
bandwidth that minimizes ISEA(h). The goal in this thesis is to
minimize the ISE: hence, there are two ways that a bandwidth h* can be
optimal. First of all, ISEk(h*]. the ISE of the kernel estimator with
bandwidth h*. can be asymptotically equivalent to the minimum ISE.
Secondly, the bandwidth h* can bé asymptotically equivalent to the
bandwidth that minimizes the ISE.

It is known that the cross-validation bandwidth is asymptotically
optimal for density estimation, and we show that this is also the case
in the context of intensity estimation. In Chapter 2, given the simple
multiplicative intensity model and several reasonable assumptions we

show that hcv is asymptotically optimal in the sense that

1SE, (R,

~ — 1 a.s. asc —®, (1.9)
ISEk(ho)
~ ~ P
and hcv / ho — 1 as c —°. {(1.10)

We prove (1.9) with martingale techniques similar to those used in
H;rdle. Marron and Wand (1990) to study the asymptotics of density
derivatives. In order to prove {1.10), we use an argument that is
based on the kernel density estimation proof found in Hall (1983).
Unfortunately, it turns out that the cross-validation Bandwidth is
not asymptotically optimal under the Cox process model. This follows
from the fact that the ISE and the MISE are not asymptotically
equivalent in this setting. In Chapter 3, we discuss this more
thoroughly. and we give restrictive conditions under which the

cross-validation bandwidth is asymptotically optimal.

15



Once we determine that the least-squares cross-validation
bandwidth is asymptotically optimal, the next step is to find the rate
of convergence. Using ideas found in Hall and Marron (1987a), we show

that under- the simple multiplicative intensity model and mild

assumptions, .
1710 -~ D 2
| c, (ho ho)/ho-—fﬁ N{O, o ).
1710 = oy D 2
Cg (hcv - ho)/h0 — N(O, acv).

o5 [ISE,(h,) - ISE, (8 )] ~2—s o2 a, 2,
2

C;IEISEA(hcv) - ISEk(ho) ] __2_4 agv 84 X1
vwhere ay. ai, azv are constants depending on A(.) and K{.) and hO is
the bandwidth that minimiies the MISE of ih(x). These results imply
that when ﬁo is used as the basis for comparison, the cross-validation
bandwidth performs as well as the bandwidth that minimizes the MISE in
terms of the convergence rate. ThuS. the convergence rate, 0;1/10_
slow, but we cannot reasdnably expect it to be any faster. We also
show that the rate of convergence under the multiplicative intensity
model is comparable to the density convergence rate. In addition, the
variances oﬁ and aﬁv are similar for the two estimation settings.
Finally, we examine the variances for couple of different intensity
functions and see that the cross-validation bandwidth performs
relatively well for the intensity function with more curvature.

In the last chapter, we use the kernel intensity estimator with
the cross—*alidation bandwidth to analyze a coffee sales data set. In
this example, we afe interested in estimating the pﬁrchase rate for
various brands of coffee and in relating the purchase rate to

promotions. The Kernel estimator with the cross-validation bandwidth

16
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assists the researcher in seeing structure in the data sets; however,
there are some problems since the cross-validation score function has
miltiple minima. The coffee example showé that the least—squares

cross— validation bandwidth not only has good theoretical properties

but also is effective for data analysis.
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CHAPTER 2
ASYMPTOTIC OPTIMALITY OF THE LEAST-SQUARES CROSS-VALIDATION BANDWIDTH
UNDER THE SIMPLE MULTIFLICATIVE INTENSITY MODEL

An important aspect of kernel intensity estimation is the
selection of the bandwidth or smoothing parame;er. We are interested
in finding a data based bandwidth which has desirable ésymptotic
properties. It has been proven thaf in the related setting of kernel
density estimation, the least-squares cross-validation bandwidth is
asymptotically optimal. -There are two ways in which a bandwidth can be
asymptotically optimal. First, the performance of the bandwidth aé
measured by some error criterium can be asymptotically equivalent to
the "best” performance; secondly. the bandwidth can be asymptotically
equal to the "best" bandwidth. |

In this chapter, a simple multiplicative intensity model is used
to put a mathematical structure on the intensity function of the paint
process, Thén. we show that the performanee. measured by the
integrated squafed error (ISE), of the cross-validation bandwidth is
asymptotically optimal under the simple.multiplicative intensity model.
We also prove that under ghis model the least-squares cross—validation
bandwidth is asymptotically equivalent to the bandwidth that minimizes
the ISE. In the next chapter, we explore the same asymptotic questions

for the stationary Cox process model.



2.a. The Model and the Kernel Estimator.

Let xl.x2,....xN be all of the observations from a nonhomogeneous
Poisson process over [0.T] with intensity Ac(x). We use a simple
multiplicative intensity model to put a mathematical structure on the
intensity function. The general multiplicative intensity model.
introduced by Aalen (1978). is frequently used to model counting
processes. Assume that

kc(x) = ca{x) for x€R
where ¢ is a positive constant and a(x) is a nonnegative deterministic
function such that Iga(x)dx =1 (i.e. c= Ighc(x)dx). This model is
appropriately called a ﬁultiplicative intensity model since frequently
c can be interpreted as the number of subjects in an experiment and
a(x).as the "individual” intensity for each subject. Under this model,
N is a Poisson random variable that has expected value equal to c.
Conditional on N, the occurrence times, Xl. X2,....XN. have the same
distribution as the order statistics corresponding to N independent
random variables with probabilit& density a(x)I[d'T](x); In order to
avoid boundary effects at the endpoints O and T, we assume a circular
design such that Rc(O)zhc(T). Aé(O):Aé(T) and R;(O}:A;(T). A circular
design implies that for 0<r,s<T, Rc(-r)=kc(T—r} and AC(T+5)=hc(s).

Finally, under the simple multiplicative intensity model, we have
seen that letting c= has the desirable effect of adding observations
everywhere on the interval [0.T] without changing the relative shape of
the target function hc(x) in the limiting process. Since we will
consider the convergence properties for sequences of random variables,

we require the values of c to come from the sequence of positive real
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numbers {cs}:_1 such that c,/s — T for some constant 150 as s*. Note
that letting s-= also implies that C>.

The natural kernel estimate of'kc(x) is

~ N
Ah(x) E Kh(x—x ) for x€[0,T].

K(.) is the kernel function, and h is the bandwidth or smoothing
parameter. The kernel estimator differs from the typical kernel
density estimator in two ways. First, Xh does not include a
normalization factor, n-l, since I:A(x} is the expected number rather
than the expected proportion of observations between r and t. Second,
N is a random variable in the intensity estimation setting.

For the sequence of intensity functions Ac(x)=csa(x} indexed by s,

we construct a corresponding sequence of kernel estimators lh(x) We
assume that as c_-x, h=0 such that hc -0, It follows from
Ramlau-Hansen (1983) that Ah(x) is uniformly consistent and
asymptotically normal as c >, h=0 and hcsﬂw.

Our goal is to find a data based bandwidth that minimizes the
integrated square error (ISE) of ih where

ISE, (h) = gihz—zfgihx -3,

In the intensity estimation setting, the cross-validation score

function is defined as,

T2 _Na
vy (h) = Son, 2 - 23 Ay (X))

where Rhi(x) is the leave-one-cut estimator,

by -1
(x)= 3 h " K((x-X.)/h) .
(0= 2 0 R(Gex
N .

Since iflkhi(xi) ?s a method of moments estimator of IO Ahk . and

20



fg R2 is independent of h, CVA(h) {s a reasonable estimate of the terms
in ISEK(h) that depend on h. Therefore, the bandwidth that minimizes
CVR(h) should be near the bandwidth that minimizes ISEK(h).

The mean integrated square error (MISE) is another error criterion
that is used to evaluate bandwidth selection procedures. Def ine
k = (quK(u)du)/2. Assuming that K is a probability density function
and that A has two continuous bounded derivatives,

MISE, (b) = J5 E[(Ry,(x) - A(x))°] dx
17 Var[x, (07 + {Bias[x, ()1} ax
h-.lcS (IK2) + h4ci kzﬁg(a")z + o(hplcs+ h4c§)

as h-0, c and hcsdm. Let B(h) be the asymptotic mean integrated
square error (AMISE) of i: then,
B(h) = hle, (JK°) + nicZ 12ri(e)?

There are two interesting things to note about the AMISE of i.
First of all, the two terms of B{h) are in fact the asymptotic
integrated variance and the asymptotic integrated squared bias. As h
gets larger, there are fewer "squiggles” in the kernel estimate and
hence. the variance is lower; this is reflected in the first summand
where h-1 decreases as h increases. On the other hand, és h gets
larger, the kernel estimate is smoother and misses features of the true
intensity function. This causes the bias to become larger which is
seen in the second summand where h4 increases along with h. The second
point to note is that, B(h) is equal to the AMISE in the density
setting multiplied by ci. Thus, accounting for the difference of scale
between the density and intensity settings. the AMISE is the same in

both estimation situations.
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It turns out that the squared bias of the kernel estimator in the
intensity setting is ci times the squared bias in the density setting.
However, the variances in the two settings are different. One can show

that,

E[Var[N, (x) [N]] + Var(E[A, (x) IN]]
[ = e )21 + 7k )2 2.1)

o

where "»*" is the convolution operator. Meanwhile, for the density

Var{A, (x)]

fl

n
- -1
estimate.fh(x) =n iflKh(x—Xi).

Var[n?ﬁ(x)] = Kﬁ*nf - n-l(Kh*nf)2 .

Note that the variance of n? is similar to the first two summands of
(2.1). Since the number of observations coming from a Poisson process
is random, the variance of i has an additional positive term,
Var[E[ih(x)IN]]. Thus, the variance of the kernel qstimatof is larger
in the intensity éetting. However, the difference between the
variances is seen only in the second and higher order terms:; hence, the
asymptotic variance is similar for i and n?.

Since the number of observations in [0.T]. N, will play an
important role in the proofs in this section, we state a few properties
about this random variable. N has a Poisspn distribution with mean

(fg Rcs(x)dx). and hence,
E(N) = ] N (%) dx = c_ T a(x)dx ='cs.
S. .

As ; resﬁlt. E[(N)m] = E[N(N-1)(N-2)...(N-m+1)] = c: . and
E[N™] = cm+ o(ch . (2.2)

In addition. it is well known (e.g. Hoel, Port and Stone, 1971) that



given N, a Poisson random variable with mean Cge then

N-c¢
S d
» N(0,1) as s > {or equivalently c_—+).
VES ] s
-1/2
This implies that N/c_ = 1+ Op(cs } . In other words,
p
N/c's — 1 as s . (2.3)

2.b. Results.

Let ﬂo be any bandwidth that minimizes ISEK(h) and ﬁcv any
bandwidth that minimizes CVA(h) (these minima always exist since
ISEx(h} and CVk(h) are continuous and bounded functions). In this
section, assume that:

a) The kernel function, K(.). is a compactly supported bounded
symmetric probability demsity function. Without loss of
generality assume that K(.) is supported on [-1,1].

b) The true intensity function. A, has two continuous bounded

_ derivatives.
c) For each value of s, the bandwidths under consideration come

from a set HS where for some constants f,p,.620,

p

#(Hs) = {the number of elements in HS} < cg

and for ket , p el n ¢ el
s s s
d) For some constant 120, cs/s~—4 T as s & @]
Assumption b) is a common technical assumption which allows Taylor
expansion methods to be used for studying the error functions of hh(x).
Assumption c) can be weakened so that Hs is a continuous interval by
using a continuity argument found in Hardle and Marron (1985). This

set of possible bandwidths nearly covers the range of consistent



bandwidths. Under these assumptions, the least-squares
cross—validation bandwidth is asymptotically optimal for kernel
intensity estimation. That'is. the performance, measured in terms of
the ISE, of the kernel estimator 1s asymptotically optimal. when the
least-squares cross-validation bandwidth is used. This result is

stated in Theorem 2.1.

THEOREM 2.1 : If assumptions a). b), ¢) and d) hold,

then under the simple multiplicative intensity model,

ISE, (h,,)
- 1 a.s. as s »® |,

ISE, (h_)

In order to prove Theorem 2.1, we use arguments similar to the
martingale methods employed by H;rdle, Marron and Wand (1990) to prove
the asymptotic optimality of density derivatives. This method is based
on a martingale inequality given bleurkholder (1973). The theorem is
a direct result of the two following lemmas. In both of these lemmas,
we assume the simple multiplicative intensity model and that

assumptions a), b), c)} and d) hold.

Lemma 2.1: sup I[ISEA(h) - B(h)] / B(h)] - 0 a.s. as s - «,
hel
Lemm 2.2: sup I[Cvk(h)-ISE)\(h)-CVA(b)+ISEA(b)]/[B(h)+B(b)]I -0 a.s.
h,bel :
s

as s = @,
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Recall that B(h) is the AMISE for i. Thus, Lemma 2.1 states that
the ISE and MISE are essentially the same for large s. If we let h0 be
the bandwidth that minimizes HISEk[h). a straight forward consequence
of Theorem 2.1 is that ﬂcv is also asymptotically optimal with respect
to MISE in the sense that

HISEk(hcv)
HISEk(ho)

Furthermore. Theorem 2.1 can be used to prove that the cross-

— 1 a.s. as s = @,

validation bandwidth is asymptotically equivalent to the minimum ISE
bandwidth. However, we need to change assumption c} to
c*) For each value of s, the bandwidths under consideration come

from a set Hs where for some constants p,5.§.,720,

p

#(HS) = {the number of elements in Hs} < S

and for heH_ . o YS¢n ¢ nc MC.
s s s
The second asymptotic optimality result for the cross-validation

bandwidth is given in Theorem 2.2.

Theorem 2.2: If assumptions a), b), cx) and d) hold, then under the
simple multiplicative intensity model,

~
h
(o 3]

—s ] in probability as 545 .

&

Q

The proofs of both theorems and the two lemmas are given in the next

2
section. )



2.c. Proofs.
We will begin with the ppéof of Theorem 2.1, which states that the
ISE of A with the cross-validation bandwidth is asymptotically

equivalent to the minimum ISE.

proof of Theorem 2.1:
Lemma 2.1 says that the ISE and the asymptotic MISE of ih{x) are
asymptotically equivalent as s-; thus we get thﬁt:
ISER(?) = B{h) + o(B(h)).
Combining Lemma 2.2 and Lemma 2.1 implies that as s-,

sup |[cv (h)-ISE, (h)~CV (b)+ISEA(b)]/[ISE;\[h)-i-ISE)\(b)]] 50a.s. (2.4)
h,beH
S

Since ﬂo minimizes ISE, (h) and hcv minimizes oV, (h),
ISE, (h ) < ISE, (h_,) and V, (h_,) < vy (h) - (2.5)
As a result of (2.5), as s,
|1SE, (h,)/ISE, (R, ) - 1] = IL1sE, (h,) - ISE, (he, )] / ISE, (hey) |
< Itrse, i, 158, 6, )+ g )= (B, )1 7 15, (R ) |
< 2][ev (h )- ISEA(h )€V, (h )"‘ISE,\(h )]/[ISEA(h )+ISEA(h )11
(2.6)
From (2.4) and (2.6). we can conclude that,
IISEA(ﬂo)/ISEA(ﬁcvj -1l — 0 a.s. as s,
and hence,
]Isg(ﬁcv)/xsz)\(ﬁo)l — 1 a.s. as sw.

Thi§ completes the proof of Theorem 2.1. »%
£.)
¥

It is now necessary to prove Lemma 2.1 and Lemma 2.2. The proofs

of the two lemmas are given below in full detail.
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proof of lLemma 2.2:

Let g:{1.2,...,N) » (1.2,....N) be a random permutation of the
numbers 1,2,...,N. Define Yi = xg(i)' Essentially, the Yi's are the
"unordered” Xi‘s. Since the Xi‘s are cbservations from a Poisson
process with intensity A(x). then conditional on N, the Yi's are i.i.d
random variables with density a(x)I[o‘T](x). Therefore, the methods
developed by H;rdle. Marron and Wand (1990) for kernel density
estimates can be applied to a(x)I[O'T](x).

We begin by introducing some notation. Def ine:

_ 17X -12
ah(x) = cg ileh(x—Xi) = ¢ hh(x)

- _ -1 -1 -12
ahi(x) = jii h K((x—XJ)/h) = Ahi(x)
_ T2 1 N -2
Cv(h) = Ioah -2 C iElahi{xi) = ¢, CVA(h)

These are the typical definitions for kernel density estimates of a(x)
except that N is a réndom variable and c;I is used instead of n—l. As
a result, the ISE for ; is,
A(h) = fg;hz - offm o + I = c;2ISER(h)-
Moreover, the MISE of ;(x) is
M(h) = h e} (K3 + h4szg(a“(x))2 + o(n7let + 1),
and therefore, the asymptotic MISE of & is

nlel (%) + bhPrT (@ (x)? = o °B(h).

i

A(h)
Finally, define:
U () = Ky (YY) - D (=Y la(y)dy - a(¥y) + Sge )y
v, (h) = E(U13|Yi)

- B (Y, )aln)dy - K (r-la(y)a(z)évdz - alY,) + S ()
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wij(h)E Uij -V
= Ky (YsYy) - K -Y aly)dy = JK (Y,-y)a(y)dy
+ JJK (y-2)a(y)a(z)dydz
= -1
Rj(h) = [(N-1)e_"-1] [2/K (Y -y)a(y)dy - JIK, (y-2)a(y)a(z)dydz
T
- 2a(Y, 1+ Sa?(y)ey].
Note that for 1i,j=1.2....,N, E(ViIN)=0. w1J= W ;- and E(WiJIYi.N)=0.
If we sum over all of the data points, we can replace Yi {the
unordered observations) by X1 (the ordered observations). Therefore,’

substituting in the definitions of Vi. wij and Ri and recalling that we

are working with a circular design,

-1 N -2 N -1 N
Cg pX Vi + e z Z wij +c 3 Ri
i=1 i=1 j#i i=1
_.2 N _1 N .
=c¢ X IZKX-X)-c =] (X;=x)a(x}dx]
S 3=1 j#iKh 17y 7% 2 Uy
: N
-1 -1 . -2, T 2
- [2(N—1)cs - 1] c 1§1a(xi) + [N(N—l)cs ] Iba (x)dx.
That is,
-1 N 2N N -1 Na T
Cg .E Vi+ c ™ 3 E_Wi.+ c .E Ri = c, _E ahi(Xi) - fbaha -G (2.7)
i=1 i=1 j#i i=1 i=1
-1 2 N ' 2. T2
where G = [2(N-1)c_~ - 1] ¢ 2 afX;) - [N(N-1)c_“] [a®(x)dx.
s S 01 i s 0 :

Toward the end of this proof, we will show that Lemma 2.2 follows

directly from:

N,\ ~
ﬁug I[c;1 EIahi(Xi) - Igaha -Gl A(h)] = 0 a.s. as s, (2.8)
€] i= |

s

By (2.7). it follows that statement (2.8} holds when (2.9), (2.10)

and (2.11) hold:

v |
sup | el 3 V., /A(h) | -0 a.s. (2.9)
h€Hs i=1



N

sup | 03 3 W/ Am) | =0 as. (2.10)
hEHS i=1 j#i

_1 N
sup | c. IR 7/ A(h) | = 0 a.s. (2.11)

heH i=1

s :
Thus, in order to prove Lemma 2.2 it is sufficient to prove (2.9),
(2.10) and {(2.11). Observe that the Vi and wij
to the terms that arise in the density esimtation setting except that

terms are are similar

the number of observations is random. The Ri term is an additional
term that must be included because we are considering data from a
Poisson process.

We begin by proving (2.9). Let k < N. Then., one can easily show

that
1) U{Yl.....Yk} C o{Yl.....Yk+1}
k .
2) IV, is measurable w.r.t. oY .....Y }
j=1 1 i 1 k
k+1 k
3) E 1§1vi,| of{Y . ... Y} N] = izlvi + E[Vk+1| o{Y,..... Y.} N]

k
TV, o+ E[Vk+1| N]
i=1

v,

1

]
n xR

i

" .
Thus., conditional on N, { 2 Vi }N is a martingale with respect to
i=1 k=1

the o-fields generated by_{Yl.Y2.....Yk}.

Applying a martingale inequality given by Burkholder {1973, p. 40)
k

to { 2 v, }N implies that
i=1 k=1
k om N m
E[( swp 3V, )2| N] <aE[(3ECVE| NI)"IN)
k=1,...N i=1 i=1
w
sas B[V IN. . (212)

k=1



First, we find the order of-the two summands on the right side of
the above‘inequality. Then. these expressions will be substituted back
into the inequality. Let "a" be a generic constant throughout this
discussion énd let "am" be a generic constant that depends on m. Since

the squared bias of o has order h4. it follows that

N Lo N
E[(izlE(V?l W™ | NT = B 3 BT (Y -y)/May)dy - acy,)

- h—IIIK{(y—z)/h)a(y)a(z)dydz
+ 1@ man? | WM™ | N

N -
E[( 3 E(V;] M)™ | N] < E[(Nan)" | N
i=1

N | .
E[( 3 E(VZ] M)™ | N] ¢ a N n®", | (2.13)
) -
Moreover,
N
s B[V, 1% | N] < E[ 2 v, 12" | N7 < a N. (2.14)
k=1 .
Substituting (2. 13) and (2. 14) into Burkholder s 1nequa11ty gives,
4N —om k
Efc " 2V ] E[ sup IV, ]
S g1 1 °s K1 i= 1 1

2MECEC s S v, ) N 13
k=1, N oi=l

I~

N ®
c;2mEEaE{( 3 ELV?I DI N+ a3 VP NID by (2.12)

2m

- 4m
< g E[am N h

+aN] by (2.13) and (2.14)
=a o 2™ [h™ E(N™) + E(N)] o

=a_ c;2m [pim (g +o(cg)) +c ] by (2.2)
$a (c"h am c;2m+1)‘. (2.15)

Recall that A(h) is the AMISE of @,. and that A(h) ~ c_'n”! + nt.

Then, by (2.15) for heHs.
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-m . 4m =2m+1

N . a (¢ h +c )
-1 2m m''s s
E[e " 32V, /7 A(h) 7 ¢ —
s i1 i (csl h 1, h4)2m
oM h4m c-2m+l
S a, [ — * o ]
m T h3m c 2m h 2m -

¢a [H"+ e h”"]
N
E[c:izlvi /AR 1™ ¢a o] (2.16)

for some 7>0 and m sufficiently large. Since (2.16) holds for an

arbitrary h€Hs. we can conclude that

-1 N 2m —Tm
sup {E[cS 2 Vi 7/ A(h)] 7} € a ¢, -
heH i=1

s
1 N o , . -v/4,2m
sup { E[cs 3 Vi / A(h)]™ 7/ (cs YT S a
heHs i=1 .

c—(1/2)m.

. (2.17)

Using Chebychev's Theorem on (2.17) we get

N
-1 -1/4 =(*/2)m
;EESP[ |cs izlvil / A(h) > c ] ¢ a ¢, .
sup P[ Ic:--1 g v.| > /% A(h) J] € a
heH_ $ jup ! S -m

c—(1/2)m_

. (2.18)

Recall that by assumption c), #(Hs) < cg. In addition, choose m such
that [m > 2(p+2)/7]. Let K1 and K, be finite constants. Then, given a

sequence {cs}:_1 that satisfies assumption d),

N
) vil > e A(h)]

L]
-1
T #(H.) sup P[Ics 1

s=1 h€H i
S

o N
"¢ 3 #(H) sup PLle;" 3 V,| > min(e, %) am)]

s=1 heH i
s

[

u -1
£ = #(Hs} sup P[IcS

v1| > e A(h)]
s=1 - hEHS i

1

[ -

® N /4
+ 3 #H(H)) sup P[ |e " 3 AR c;’ A(h)]
s=r+l hEHS i=1
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N
3 #(H,) sup P[|c]" 3 V.l > e Ah)]
s=1 heH 1=1

[++]
$Kp+ 3 #) a (VA (54

s=r+l
it 2
<K + 3 cPac (p+2) since m > 2(p+2)/+
1 m s
s=r+l :
5 -2
= K1 + a 2z g
s=r+l1
4 Kl +ta K2. by assumption d)
Hence, '
] 1 N
3 #(H_) sup P[]c; 3 vil >e A(h)] < » (2.19)
s=1 hEHs i=1 _
(2.19) leads to
o 1 N © 1 N
2 P[sup {Ics b viI/A(h)}‘> e] < ' 3 P[ Ic; b Vil/A(h) > €]
s=1 h€Hs i=1 . s=1'heHs i=1
- 1 N .
¢ Z#H(H_ ) sup P[|c; 3 V. [/A(h) > €]
s=1 s he€H i=1 !
o ‘ (2.20)

Using the Borel-Cantelli Lemma with (2.20), we can conclude that

N
P[ sup {|C;1 b Vil/A(h)} > e for infinitely many s] = O .
heH i=1

Consequently. for the sequence {cs},

N .
sup | c;l 3 V. / A(h) | -0 a.s. as s - o, (2.21)
heHs i=1 ) .

Thus, we've proven statement (2.9).
Following a similar procedure, we will now pProve statement (2.10).

For k ¢ N,

k i-1 |
1) ¥ Z W, is measurable w.r.t. a{Yl....,Y }
i=1 j=1 1 k
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k+l i-1
2) E[3 = wij| o{Y,. ... Y b N]

i=1l j=1

k i-1 k l

= 2 ZIW, +EIW Joo{Y,.....Y, }. N]
1=1 j=1 ij =1 k+1,j 1 k
k i-1

= 2 ZIW
i=1 j=1 1

k i-l

Hence, conditional on N, { 2

ij } is a martingale with respect
1=1 j= 1 k=1

to the o-fields generated by {Yl. 2,....Yk}.
k i-1 N
Applying Burkholder's inequality to the martingale { 2 3 Wi }
i=1 j=1 Hka1
gives
k i~1
2m
E[( swp 3 3W )| N]
k=1,...N i=1 j=1
N i-1 m
{a E[{iElE[( 2 W | LOTIR CYRRIS SUPRIS i ) | N]
=1 k_
+a IE[(ZW ) | N]. (2.22)
k=1 Jj=1

Now., consider the two terms on the right side of the inequality.
Observe that for i#jzk,
E[w2 INJ=ah™}, and

E( IN) = E[E(W IY JN)[N] = E[E(WijIYi.N)E(WikIYi,N)IN] =

wij ik ij ik
Thus, for the first term of Burkholder's inequality, we can show that,

N  i-1
E[{ 2 E[( E LD J} IY
i=1

YN N] § N (anh)”

2m , -m

¢a NTh (2.23)

For the second term of the inequality, we use Lemma 2.3 which is stated

and proven below to show that.

© k-1 N k-1
2 E[( 2 L% ] N] = E[ 3 ( W
k=1

) 1, -2m+]
k=1 j:l kj

Ny ¢a N1 . (2.24)



Lemm 2.3 :

For any positive integer m and whj defined as above,

N k-1
E[3 (3W, Y2 | N] ¢ o N®HIp 72
. k=l sl "
proof of Lemma 2.3:
Expanding the sums gives
N k-1 N k-1
ELI (3W )2m | N] < z E[( 3 ij)zm | N
k=1 j=1 =1
N N N l
= 2 [Z ... I E(W w....W N}].
= - - ki, ki ki
k=1 jl—l j2m—1 1 2 2m
For each summand E(ij ij ...ij | N}, the set of indices
1 2 2m
(jl'j2""'j2m) take values from the set {1.2,....N}2m. Define the
function f such that
f(jl""'j2m) = {the number of distinct values in (jl....,j2m)}.

Thus, the summation could

be written in terms of f(.). Note also that,

E(WkJ ij ..ij -I,N)=0 if there exist some € such that Jp # 3y for

1 2 2m
all i#2. Then.

N k-1 2m

E[ 2 (ZW, ) [N SN[ = 3 E(wkj oW |[N)]
k=1 j=1 K r=1 {(dy+--- dg ) F(.)=r) 1 Jom
m 2m
=N[3Z - 3 i E(wkj ...wkj [NY]+ N = o
r=1 {(Jl""j2m):f('}=r} 1 2m r=m+l
m
SN[ 3 s ah~ (21},
r=1 {(Jl....j2m):f(.)=r}

For rim, let {il""'ir} be a set of r distinct numbers such that
i8€{1'2" ..N} for each . Thus, the number of sets {il""'ir} is
less than or equal to N Moreover, given a set {il. ..ir}. the
number of sets (jl,....jzm) such that jee {il""‘ir} for all

e=1,2,....2m

is less than or equal to r2m

Thus, the number of sets
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of (jl""'j2m) such that [f(.) = r] is less than or equal to (Nr r2m).

Hence, one gets the final result:

N k-1 m
ELS (3W )% | N] (N[ ZN o7 an~(Z1)5
k=1 j=1 r=1
<N m2m+1 N® ah—(2m—1)
Ca N

Thus, we héve proven Lemma 2.3. ¢

Now, we return to the proof of Lemma 2.2. We substitute the

results {(2.23) and (2.24) into Burkholder’s inequality (2.22),

N i-1 ' k i-1
E[c°3 3 wij]2m Cc™E[E[( sup 3z 3 W 2§ 1]
i=1 j=1 k=1,...N i=1 j=1 J
CcME[a N+ N R
< a (C;Zm R c-3m+1 h_2m+1).

Therefore, it follows that for some ¥>0 and m sufficiently large, and

for hEHs.
o N i-1 o a (c;2m ™ 4 c;3m+1 h—2m+1)
E[cs z 2 wij /7 A(h) J7 ¢ o E— a5
i=1 j=1 (cs h ™~ + h’)
m —m+1
< a [h™ + C h]
N i-1
E[c23 3 W, /AM) ™ <a ™ (2.25)
s . ij m s
i=l j=1
N
Similar to the argument used for X2 Vi. we can conclude from
i=1
(2.25) that:

N
sup |.e >3 3 Wy /A(h) |50 as.
heH_ i=1 j#i

This proves statement (2.10).



Finally, consider (2.11), the term involving Ri' Using Tayior

N
expansions on the second factor of I Ri' one can show that as s-x,
i=1
N ~ .2
Fp = o5 2 2K (Y, v)a(y)dy - S (v-z)aly)a(z)dydz - 2a(¥,) + Ja]
N

. 2c;1i31[th(vi—y)a(y)dy - a(Y,)]

-y
It

- Ne_ [J'foKh(y-Z)a(Y)a(Zdedz - I a?]

Fy

h2k{2c z [a"(Y )] - Ne_'S] e} + o (h ). (2.26)

Note that since heHs. s= implies that c > as well as h-0.

Moreover, by assumption b) a and a" are bounded: thus, we get

-1 N 2 T w2
El(eg” 2 [a"(YPD T S Mo (fgaa™)® < Myc o, (2.27)
N A
E[(c.} 3 [a"(Y.)])?] = (,rTaa")2+c il = (Jhaam)? as sm.  (2.28)
5 101 i 0 0
- N 2
(2.27) and (2.28) imply that (c 3 [a (Y }1) converges to J' aa” in LS
i=1
Therefore, as s-xo,
N . '
(c E [a"(Y 1) — _I' aa” . (2.29)
-1 P
Since Ncs — 1, we can also conclude that as s-m,
Ne~ ! J'Ta"a --p-—> ITaa" (2.30)
s "0 0 ) ’
Combining (2.29) and (2.30) with (2.26) leads to the result that
_ p
h 2 Fy — k{fga"a} as s-m,
and hence for 0<e<6/2,
-e | =2 P '
g h F2 — 0 as s-m, (2.31)
Furthermore, since N is Poisson(cs). it follows that as s—-=,
d
c;/2 [(N-1)/c_ 1] —> N(0,1). (2.32)



Using the definition of R, along with

i
Slutsky’s theorem to conclude that

-2 N

c1/2—e. h

-1

[c

s s i=1
It can be shown that for all positive

N
-2 -1
h {cs iElRi)]eL

[01/2—6 2m

s and {[c

s
is a uniformly integrable family.

N
csl 3R,
121
tha

2em ,T4m g

Thus, there exists some c°>0 such

N

b

1i=1

Since h€H , then for ¢ _>c_,
s s“ o

2m
Ri]

[FaN

-1
E[cs

N

2 Ri] — 0 as s,

1/72-¢

a
m

(2.31) and (2.32), we can use

P
(2.33)

integers m,

-2

h : S=1,2,...}

Hence, it follows from (2.33) that

]2m

— (0 as s - @,

t for c >c _,
s" o

~m+2ém
c
s

h

+

4m

a ¢ mH2em

m s

[Zay

-1
E[cs E

R, / A(h)]™"
i=1

N
Ec! TR 7 AP
s i=1 i

for m sufficiently large and some

seen in the proof of statement (2.9).

+>0.

1

h 4. 2m

-1y h™)

(cg

(2.34)

(2.11) follows from (2.34) as

At this point, we collect the above results to show that (2.8)

holds.

1im sup |(c;

By (2.7). (2.9). (2.10) and (2.11). it follows that

1 N~ ' i p |
izlahi(xi) - Joma — G} 7 Alh)

5= heHs
-1 N 2 N al
= lim sup {I(cs > V:l +c_ z = wij +c_ b) Ri)/ A(h) |}
S0 hGHS i=1 i=1 j#i i=1
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L N _
-~ TA
lim sup |{c b X;) - Jnq,a = G) 7 A(h)]
s heH_ jop i T o

(N o N
{ lim sup |c 3 V. /A(h)| + lim sup c23 3 LA /A{h)l
s heH_ ° =1 s heH_ ® =1 j;éi

N
lim sup ]c b Ri/A(h)I
s h€H i=1

=0 a.s.
-This limit is the same as (2.8). We now prove that (2.8) implies

the final result of Lemma 2.2.

s [V, (8) - ISE\(h) - CV,\(B) + ISE, ()] / [B() + B(b)]|
) ]

= 23 A 2 ST AT 7 [B(h) + B(b)]|
hSEIe)HI [i )\hi+ 0Ah+ 7‘bi Jo*pr1 7 [B(h) + B(b)]|

= | 2[~c_ E + + Eh - 55 al 7 [A(h)+A(D
hsggﬂs °s ahi o *+ < 21 Jomal 7 TA)+AM) ]|

-~ Th . T
<2 e () - Irea - G)/A(h
[}slzg 0% 1ah1( 1)~ Joma - G)/A(h) |

Nh ~
+ e . (X) - faa- G)/A(b
ggsl(c 2 %i(Xy) ~ Jogma - ©)/A®) | ]

— 0 a.s.

This completes the proof of Lemma 2.2. e

proof of Lemma 2.1:

Let Y Y2""'YN be the "unordered” observations as in Lemma 2.2.

1'
From the definitions of A(h) and M{(h) and the fact that we are using a

circular design, we get that

A(R) - K(h) = Jolo,(v) - a(v) 1%y - S3E(a (v) - a(y) 1%y



A(h) - M(h) = S3[a (v)-Eay (v)1%dy + 20y (v)-Ea, (v) 1[Em (v)-a(y) Jdy
- STE(a (v)~Eay (v) 1%y
N N
- c;2i 2 jiith(y YK (Y )y + e f STk, (v-¥,) 1Py

- 2c_ i>=:1J'J'Kh(y-Y1)Kh(y-X)a(X)dxdy
+ ffjkh(y—x)Kh(y—z)a(x)a(z)dxdzdy
N N
+ 2 [cglizlmch(y—vi)Kh(y—x)a(x)dxdy—cgliflmh(y-vi)a(y)dy

= JII¥, (yx)K; (y-z)a(x)a(z)dxdzdy + JIKp (y-x)a(x)a(y)dxdy]
- c;IIf[Kh(x—y)]za(x?dxdy.
Define:
v, = JIK, (v-Y K (y—x)a(x)dxdy - JK (y-Y;)a(y)dy
- JIIK, (y-x)K (y-z)a(x)a(z)dxdzdy + JSK; (y-x)a(x)a(y)dxdy
T, = NI y)dy - o NG (xy)a(x)dxdy
= JK, (y-Y;)K, (y-Y,)dy - JIK, (y-Y, K (y-x)a(x)dxdy -
- SR (y-x)K (y-Y Ja(x)dxdy + SITK (y-x)K; (y-2)a(x)a(z)dxdzdy
= —[N(N-l)/cg - 2N/c_+ 1] IIIKh(y—x)Kh(y-z)a(x)a(z)dxdzdy

N
+ 2[N/cs-1][c;1.Elfth(y-Yi)Kh{y-X}a(x)dxdy—IIKh(y-X)a(X)a(y)dxdyl
1=
+ [N/e - 1] c;III[Kh(x-y)]za(x)dxdy
N
- 20;2_21IIKh(y-Yi)Kh(y—x)a(x)dxdy.
1=

Therefore, it follows that

o N LN N
A(h) - M(h) =c“3 3 W +2_ 3V +c IT +R.  (2.35)

1=1 j#1 4 S 1

i=1 S 1=1
Consider each of the summands in the expression above. First of

all, note that

T, = cnggVar[Kh(y)]dy = o(cglh-l).
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With assumption b), this leads to

N
sup |c 3T, 7/ A(h)| =0 as s, (2.36)
h€H i=1 :

Using Burkholder's inequality, as in Lemma 2.2, it can be shown that,

N
sup |c IV, / A(h)] 0 a.s. as s - o, (2.37)
hEH i=1
-2 N
sup Ic z 2 W / A(h)] -0 a.s. as s - o, (2.38)

heH_ ° 1=l ja

Finally, consider the term R/A(h). We can write R=P,+P_+P_+P

! 1*PotPy*Py
where:
= [N(N-1)/c2 - 2N/e  + 11IIK, (y-%)K; (y~2)a(x)a(z)dxdzdy
= [N/c - 1] ¢ " IK, (x-y)TPa(x)dxdy
N |
P, = [MS-IJ[c;1 2 I, (=Y ) (y=x)a(x)axdy T IK (y-x)x(x)a(y ) dxdy ]
o N
Py = o7 3 I, K, (y-x)alx)axdy.

Since K and a are bounded and cs [N/cs-l] 4, N{(0.1). one can easily

show that
P, =0 {c-l). - (2.39)
Py = 0 (c; =372y op(c;I).- | (2.40)
Py = op(cS ). ‘ (2.41)

First look at Pl and P,. (2.39) and (2.41) imply that for
0<e<6/2,

l-e
c
s

Since for all positive integers m, [cl_&(P1+ P4)]€L2m and

p .
(P1+ P4) — 0 as s, (2.42)

[cl-e(P1+P4)]2m: s=1.2,...} is a uniformly integrable family, it

follows from (2.42) that
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2m

(2-2e)m
cg E[P1+ P‘}] — 0 as s -2,

Thus, there exists some c¢,;>0 such that for CS>°1-

2m -(2-2¢)m

E[P1+ P s

4] < a ¢ (2.43)

Next condsider P3. Taylor expansions can be used to show that as s-»

N '
3! 3 6= i (rR)ax)dxdy — Sa(y)Ky (y-x)alx)dxdy = 0 (b%).

Hence, it follows from Slutsky's theorem that,
=1/2+e
Py = op(cs

As seen above, (2.40). (2.44) can be used to show that there exists

n2). (2.44)

some c¢,»0 such that for cs>c2.

E[P,+ P,1°" ¢ a (c ;2 + o (172e)m yony (2.45)

Thus, using (2.43) and (2.45), there exists some c0>0 such that

for ¢ >c and h€H ,
s o s

[c—(2-2e)m + c-2m . c—(l-2e)m h4m]
s s s

om m
E[R/A(R}]™ ¢ 1 -
(csl h 1 + h4)2m
2em . 2m 2m 2em . m
$a [cs W™+ k™ +c_"" h ]
<a oM
m S

for m sufficiently large and some ¥v>0. Hence, using similar methods as

seen in Lemma 2.2,

sup | R 7 A(h)| = 0 a.s as s » . (2.46)
hGHS

Combining the results (2.36). (2.37). (2.38) and (2.46) in (2.35),
it follows that

lim sup |[A(h) - M(h)] 7 A(h)]
5= h€HS

N o N
IT+e I 3 wij+ R]7A(h) |
=1 i=1 j#i

4N -1
= lim sup l[2cs IV+

50 heHs i=1 i
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lim sup |[4(h) - M(h)}] / A(h)[

s=x heH
-
L N L N
< 2 lim sup |c ZV, A(h)l + lim sup |c 3T, 7/ A(h)|
s h€H i=1 . S=x0 hEH i=1
_2N
+ lim sup lcs T 3 OW i ZA(h)| + 1im sup |R / A(h)|
s-x0 hEHs i=1 j#i s-x h€ Hs
= 0 a.s. - _ | (2.47)

One can also show that for A(h), the asymptotic MISE of ;h' we get
sup |[M(h) - A(h)] /7 A(h)] = 0 a.s. as s - «. (2.48)
heH )

As a result of (2.47) and {2.48),

sup |[ISE, (h) ~ B(h)] / B(h}| = sup |[A(h) - A(h)] / A(h)]
heHs h€HS .
< sup |[A(h) ~ ¥(h)] / A(h)| + sup |[M(h) = A(h)] / A(h)|
heH h€Hs )

— 0 a.s.

Thus, we have proven Leﬁma 2.1, »x

Finally, we prove the second theorem: that is, we show that the
cross—-validation bandwidth is asymptotically equivalent to the minimum

ISE bandwidth. -

proof of Theorem 2.2:
As seen earlier in this chapter, the asymptotic MISE of the

intensity function A is defined by
B(h) = c, b (Jk°) + 2 n? k2I (a' )

as ¢ -, h=0 and cshﬂm. Let ho be the value that minimizes B(h}: then,

h°= a c—l/5 for some constant a which depéﬁds on ﬁ.and K. Moreover,

oS
V5 : (2.49)

o
B(h } = al s



for some constant a,. Therefore, in order to prove Theorem 2.2, it is
sufficient to prove the following statements:
ﬁofh°~—* 1 in probability as s-=, (2.50)
h_/h® — 1 in probability as s, (2.51)
By Lemma 2.1, ISEA(h) and B(h) are asymptotically equivalent, and
hence, one can show that
ISEA(hO)/B(ho) — 1 a.s. as s, (2.52)
As a direct result of Theorem 2.1 and (2.52), we get that
Isr.)\(hcv)/n(f) —>1 a.s. as s, (2.53)
Given (2.52) and (2.53). the argument proving (2.50) and (2.51) is
similar to the proof found in Hall (1983) (p. 1160)}. We will prove
(2.51)} here: the proof of (2.50) is analogous.
Note that ﬁcv is a function of s. By assumption c*}. it follows

1/5 7
g h_€ [€.m] ., and thus,

that for all s,
,~ o !
(hcv/h ) € [E/ao. n/ao]. (2.54)
Given < let Fs be the distribution function for (hcvfho}. Then
by (2.54). {FS 1 s=1,2,...} is said to be "tighé" sequence of

functions. Using Helly's extraction principle, there is subsequence

{ }m and a distribution function F such that F_ (x) = F(x) as k-
“k/k=1 s,

for all x€R. That is, Fsk converges weakly to F. (2.54) further
implies that the limiting distribution is proper and supported on
[E/ao. n/ao]. Let >0 be a point of support of the limiting
distribution.

Now suppose that (2.51) is not true. Then, it is possible to
choose a subsequence {sk} where &#1. Let 0<&<l; the case of £>1

follows in a similar fashion, but we will not present that argument



here. Define { = 1/2 min{2,1-2}. Now choose d)>0 sufficiently small
so that for all z€[&-{,2+(] and some p>1.
05(h°2) " 10 (@I )ay) + o202y 53T e (x)) 2

. > p. (2.55
e (0°) Wy + 20y AT e () 2ax P (259

It is always possible to find such a d because h° minimizes the
denominator. Moreover, since h = aoc;I/S.‘the left side of (2.55) is
independent of s. From the definition of B(h) and Lemma 2.1, one can .

show that

IS5, (b, ) = eghy (6%) + 2 B2 i) + o (%)

S
~=1 T-d 274 .2.Td, ,.2 -4/5
> ehy (S %) (UK?) + €5 Bey KTy “(@)® + o (c7*%). (2.56)
When (hcv/h°)€[8—§.e+§]. (2.55) and (2.56) imply that
» o,-1 2,04 2T, .2 -4/5
ISE, (h,) > p [e (0°)7 (K%Y + 2(0)* k21T + o (5 )
o -4/5
=_pAB(h ) + op(cS ).
Therefore, '
~ o ~ o ‘
ISE, (h,,)/B(h°) > p+o(1) for (h,/h")e[e-(,e4(]. (2.57)
Furthermore, since & is a point of support of the subsequence limit of

(b ,/h’). it follows that

lim sup P{(h__/h°)€[e-C,e+C) > O. (2.58)
S5=50 ' '

The combination of (2.57) and (2.58) contradicts statement {(2.53).
Hence, (2.51) must be true, and consequently the theorem has been

proven.



CHAPTER 3
THE LEAST-SQUARES CROSS~-VALIDATION BANDWIDTH UNDER THE

STATIONARY COX PROCESS MODEL

For kernel intensity estimation, we would like to find a data
based bandwidth has asymptotically appealing properties. In Chapter 2,
we proved that the least-squares cross-validation bandwidth is
asymptotically optimal under the simple multiplicative intensity model.
In this chapter, a statipnary Cox pracess model is considered for
putting a mathematical structure on the intensity function. This
situation is more complicated since the true intensity function is a
random function. We will show that in general the the least-squares
cross-validation bandwidth is not asymptotically optimal (measured by

the ISE) for a stationary Cox process model.

3.a. The Model.

A second model that is frequently used to put a mathematical
structure on counting processes is the stationary Cox process model .
Throughout this section, let XI.X2....,XN form a partial realization of
a stationary Cox process also known as a doubly stochastic Poisson
process with intensity function Au{x) on the interval [0,T]. A
stationary Cox process is defined by :

1) {A(x). x€R} is a stationary nonnegative valued random process,



2) conditional on the realization Ap(x) of A{x), the point process
is a nonhomogeneous Poisson process with rate function hu(x).
Furthermore, for each u. assume that for all x,y€[0,T],
3) E[A(x)] = u,
4) E[AGOAM] = o(ley])  where u(x)=is(x)
for vo(x) a fixed function.
The above definition and assumptions are identical to those found in
Diggle and Marron (1987). In addition. to avoid boundary effects, we
.employ a circular design where AH(O)zhu(T). A;(O):Aﬁ(T) and
A;(O);AE(T). The Cox process model differs from the simple
miltiplicative intensity model since the true intensity function.ku(x)
of a stationary Cox process is a random fungtion with mean pu.

Under the Cox process model, letting u  again has the effect of
adding observations everywhere on the interval [0,T] and not changing
the relative shape of the target function Au(x) in the limiting
process. Therefore, we require the values of B to come from the
sequence {us}:=1 such that us/s = k for some constant k>Q.

The kernel estimate of Ap (x) is
s

~ N '
= = -X,) f €{0.T].
M) = 2K (x-X,) for x€[0.T]

The kernel estimate of A under the Cox process model is identical to
Xh(x) in the simple multiplicative intensity model; the difference
between the two models is only seen when the estimators are analyzed
mathematically.

The ISE of hh(x) and the cross-validation score function are.

defined as



st - 53,22 i - 73 2

”~ NA "~
oV, (h) = Jg A2 - 2izlxhi(xi) where A (x) = jzixh(x—xj).
= #

In the Cox process setting, it is natural to consider the
expectation of the ISE of A conditional on {A(x). x€[0,T]}. When
k=(JuK)/2,

E[ISE, (h) | A] = ELSY (A(x) - AGx)® | A]

SR (x-y)A(y)dydx — STIK, (x=y)A(y)dy - A(x) TP
h T ) + 0t L)% + o(nTIsgA + niea?)

as p_-, h-0 and ushﬂm. Let B(h) be the asymptotic conditional

expectation of the ISE of ih(x). then we define
B(h) = h  (JIA)(JK?) + h* IO

Finally, one can show that E[(A"(x))z] = u§ ug4)(0). and hence, the

MISE and the asymptotic MISE (AMISE) of hh(x) are

MISE, (h) = ELSI(A(x) = A(x))7]
= 1 T 0N + w21t B /n®] 1 ¢ o 1)
= u T h K%Y +T B o{0) 12 + o0 1t
AMISE, (h) = T b (JK°) + W21 b o (0) 2.

3.b. Differences Between the Stationary Cox Process Model and the
Simple Multiplicative Intensi;y Model .

In Chapter 2, we saw that the number of observations in [0,T]
under the multiplicative intensity model is a Poisson random variable
with mean c,- As a result, N is asymptotically normal with standard
deviation c;/z. and N/cs converges to 1 in probability. Under the

stationary Cox process model, N is not a Poisson random variable, and

the relationship between N and E[N] is different. Note that,
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E[N] = E[E[N|A]] = E[ST A(x)dx] = n T

In addition,

E[N’] = E[(fg A)ax)? + T A(x)ax ] = K2 5558 vollx—y )axdy + u T
If we define G(T) = I f v (Ix y|)dxdy , then,

Var(N) = iSO(T) + T - T =" (@M1 12 + T,
and as s - ®,
Var[N/ (1 1)] = [GM-T) 12 + u TV D)? — [om)-1212

Hence, under the stationary Cox process model, as s-,

1) N/E[N] = N/{uST) does nof éonverge in probability,

2) (;.tsT)l/2 (N/(usT) - 1) does not converge in distribution

to N(O.1). |

Through out this chaﬁter. let c=ng(x)dx. Restrict the values of ¢ to
the sequence {cs}:=1 such that cs/s'% T for some constant 7>0. Then
conditional on {cs}.

1) Nis a Poisson(cs).

2) o)/ (We - 1) -HN0O,1) ass e,

3) NE[N|e ] = 1 +0 (c‘1’2).
As a result, we might want to consider the effect of cond1tion1ng on
(f A) or the effect of conditioning on {A(x). x€R} in the Cox process
setting.

The ISE and the MISE are two error criteria used for evaluating
ih' In the density estimation setting and under the multiplicative
intensity model, the_ISE and the MISE are asymptotically'equivalent.

We will show that this is not the case under the stationary Cox process

model ,
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For a simple example, consider a homogeneous doubly stochastic
Poisson process. That is, let A(x) = Ao for all x€[0,T], and assume
that Ao has an exponential distribution with mean M-

In this situation, for x,y€[0,T],
E[A(x)A(y)] = E[A2] = 2
and A"(x} =0 .

2

2 (1ee. v (Ixy]) = 2)

Using the definitions given in section 3.a,
AMISE, (h) = uTh ' (JK%)
T -1 -1,.T
E[ISE, (h) |A] = (fgA )h (k%) + o(n 50 )
-1 -1
Var[E[ISE, (h) [A]] = pTh ™ (JK%) + o(h 'w)
Thus,

E[ISERIA]
AMISE
This implies that for the homogenecus doubly stochastic Poisson
process, the varijance of |(E[ISER(h)| A] - MISE(ih))/AMISEK(h)l

converges to one, and hence, ](E[ISEA(h)l Al - MISE(ih])/AMISEA(h)I

Var — 1 as s = @,

does not converge to zero in probability.

Furthermore, consider the difference between E[ISEA(h)l A] and
MISE(h) under a more general stationary Cox process model. First, note
that,

T
E[(J A)/pT] = 1
T, e 2 -2.-1,T " 2
BTN = w2 R 00?1 = v (o)
Second, define the random variables Zl and 22 to be
0 =T D, S (4
z, = (0T MaT - 11 and 2, = [UG(AMD/0ET) - P @),

If we choose h suqh that h”u_l/s. then, as s = =,

s
E[ISE, (h) | A] - MISE,(h) = u Th (N} Z, + 2T 2y + o(uh ' +ulh®)

S0 2, + w5n2 2, + o)
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and hence,

: E[ISER(h)l A] - MISE, (h)

AMISE, ()
where a = (sz)/[(IK2)+k2v£4)(0)] and b = k2/[(IK2)+k2vg4)(O)].

= aZl + b22 + 0(1)

Moreover, one can show that .
Var[aZ, + bZ,] = a{(T 20011 o (|x-y|)axdy - 1)
¢ 222 BLIGI (0 Goan () Paxay] < [ 0)12)
- 2ab{u 12 ELSGEAG (A" (v) 2ady] - »(P(0))
As a result, Var[aZl+bZ2] may be a strictly positive constant. When
this i{s the case, the variance of ]{E[ISEA(h)]A]~MISER(h)}/AMISER(h)I
converges to a strictly positive constant as s, and hence,
I{E[ISER(h)IA]—MISEK(h)}/AMISEA(h)I dogs not cohverge to zero in
probability.

Consequently, E[ISEA(h)I A] and MISEA(h) are not asymptotically
equivalent in general. On the other hand, ISEk(h) and E[ISEA(h)I A]
are asymptoticallyvequivalent under the stationary Cox process model.
Since we are interested in minimizing the ISE of ih' we will scudy the
asymptotic behavior of the crcsg-validation bandwidth conditional on
the process A. Unfortunately, conditioning on A makes the stationary
Cox process much less interesting. Essentially, given {A(x), x€{0,T]}.
the stationary Cox process setting is equivalent to the simple
multiplicative intensity setting. Thus, conditional on
{A(x). x€[0,T]}. we can get the same asymptotic properties for the
stationary Cox process model as we p?oved for the simple multiplicative

intensity model.



3.c. Results.
As in Chapter 2, let go minimize ISER(h) and ﬁcv minimize CVk(h).
Also, assume that
a) K is a compactly supported bounded symmetric probability
density function.
b) A has two continuous bounded derivatives.
c) For each value qf s, the bandwidths under consideration come
from a set H_ where for some constants f.p.56>0,
#(H_) < c?. and for heH_, BT ¢ e’
d) For some constant 7>0, cs/s = T as s,
Under these assumptions, the least-squares cross—-validation bandwidth
is asymptotically optimal for the conditional Cox process setting.

This is stated in Theorem 3.1.

THECREM 3.1: Let assumptions a), b), ¢) and d) and the stationary Cox
process model hold. Then, conditional on the random variable cS=IgA
and the random function {a(x)=A(x)/(SgA). x€[0.T]},

ISEk(hcv)
— ] a.s. as s =%

ISE, (h_)

The proof of Theorem 3.1 is very similar to the proof of Theorem 2.1 in
the simple multiplicative case. Again the theorem is a direct result
of the two lemmas below. In these lemmas, assume that the assumptions

a).Ab). c), and d) hold.
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Lemma 3.1: Under the stationary Cox process model, and conditional
on c =ffA and {a(x)=A(x)-(S4A) . x€[0.T]}, ‘

sup [[ISF.A(h) - B(h)] B(h)| — 0 a.s. as s » o,
heH

Lemma 3.2: Under the stationary Cox process mbdel, and conditional
on ¢ =[TA and {al(x)=A(x)-(S{A) . x€[0,T]},

hstI;IeJH|[C'Vy\(h)-ISE)\(h)-CV)\(b)HSEA(b)] / fB(h)+B(b)]| -0 a.s.
’ s

as s = @«

First of all, note that under the Cox érocess model, B(h) is the
asymptotic expression of E[ISEA(h)IA]. Thus, the proof 6f.the Lemma
3.1 above is identical to the proof of Lemma 2.1 .in Chapter 2 except
that E[ISEA(h)IA] is used instead of MISEK(h). In this Chapter, we
will only present an cutline of the proof of Lemma 3.2. ‘

As in Chapter 2, we can use Theorem_3.1 to give results regarding

the convergence of (hcv/ho) conditional on the process A.

3.d. Proofs.
proof of Lemma 3.2:
We begin with some notation. For c = IgA. define,
a(x) = A(x)/cS .
Then, we can estimate a(x) by
~ __lN
ah(x) =c_ ElKh(x—Xi) .
. i=
Again, define

- fT 2

A(h)EIg;hz—2IO;ha 0 a2,
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~ - NAV ~ -
ov(h) = [{ @2 - 2cslizlahi(xi) where a (x) = csljz Kp(xX) -
= F 31
Therefore,
E[A(h) | AT = b0 et (0kP)+ B Pr(a)? + o(h™! et + )

Finally. let A(h) be the asymptotic conditional expectation of A(h),

A(h) = ¢ gy + nt k2fg(a")2 - c;2B(h] :

i

Let Yl. Y2....YN be the "unordered” observations as in Lemma 2.2.

Conditional on N and on {A(x). x€[0.T]}. the Y 's are i.i.d. random
variables with probability demsity function a(x)Iry pq(x).
Define:

Uy (h) = UK (YY) - K (=Y day)dy - alYy) + Jge(y)dy

v (h) = E(UijlYi.N)

Wy ()= Uy, -V,

R (h) = [(N-1)e;-1] [20K (Y, -V)a(y)dy - JIK, (y-2)a(y)a(z)dydz

T 2
- 2a(Y,) + Joe"(y)dy]
k N
Conditional on N and on the process A, { 2 Vi } and
i=1 k=1
k 1-1
(3 3 w..
i=1 j=1 k=1

generated by {YI’Y2""'Yk}‘ Now we proceed exactly as in Lemma 2.2

13 } are both martingales with respect to the g-fields

for the simple multiplicative intensity case except that we use
conditional expectations and probabilities given {A(x). x€[0.T1}.
By Burkholder’s inequality, it follows that
-1 N 2m —2m k 2m
E[(c;” 2 V,) | A] < ¢ " E[ EL( sup z V) | N, A] | A]
i=1 . k=1....N i=1

N

¢ 2™ E[aE[( 3

E[VZ| N.AD)™| NA] + a3 E[lelzmI N.AT | Al
i k=1

1



In addition,

N
E[(c] 3 V)| A] ¢ c_®™ EfaN™ p"

i=1

+ aN | A]

< cg ~2m [h4m (a csm + o(csm)) + acs]
=2m+1

s 1

-1 4

™
< a [c T pdm c
-1 + h", there exists some

Similar to Lemma 2.2, since A(h) ~ c h
720 so thaf for m sufficiently large and heHs.

N a_[c™ n¥® 4 2]y
m 5

-1 2m s =Tm
E[(c.” 2V, 7 AM))Y | A] ¢ —— {a ¢
S 4.1 i [csl h 1 + h4]2m m s
Equivalently, one can write,
-1 N 2m T
E[(c, iflvi /7 Ah) Y | a,c ol Cac .

Therefore, using the same procedure as seen in Lemma 2.2, conditional

on a and cs.

1
sup Ic

N _
3V, /7 Ah) | 50 a.s. as s oo (3.1)
hGH i= , o

1
Using conditional expectations and probabilities and arguments
similar to Lemma 2.2 in the simple multiplicative case it can be shown

that given a and Cg>
N

sup |c 235 3 W, /A(h)| >0 a.s. as s -, (3.2)

heH ' % =1 jei 1 . ‘
N

sup Ic 2 R /A(h) | 20 a.s. as s » =, (3.3)

heH_ ° 1=1

N
Now. let G = [2(N-1)¢]! - 1] ;! 3 a(x,) - [N(N-1)e]2] Sge(x)ax.
i=1



Then, conditional on a and Cs'

sup |[CVy(h) - ISEA(R) — C¥(5) + ISE,(0)] / [B(R) + B(b)]

h
N Fal TA, N -~ TA
= sup [[-2 2 Ayt 20N 2 3 A - 2fg™ ] 7 [B(h)+ B(b)]|
h.beH_ =1 i=1
-1, T~
< 4 sup |[¢.” 3 - e a - G] /7 A(h) |
heH_ ° om0
4 N o N
4 fsup le " 2V, 7/ A(h)| + sup |cs T OIW./ A(h) |
heH_ ° 1=1 heH % =1 jai J
_1 N
+sup e " ZR, 7/ A(h) |]
h€H. i=1
s
— 0 a.s. as s @ by (3.1}, {3.2) and {3.3)

This completes the proof of Lemma 3.2. ¢



CHAPTER 4
THE ASYMPTOTIC DISTRIBUTION OF THE LEAST-SQUARES CROSS-VALIDATION
BANDWIDTH UNDER THE SIMPLE MULTIPLICATIVE INTENSITY MODEL

In Chapter 2, we showed that the least-squares cross-validation
bandwidth is asymptotically optimal for kernel intensity estimation
under the simple multiplicative intensity model. The next problem to
consider is the rate of convergence of this bandwidth éo an optimal
bandwidth. If the rate of convergence for an asymptotically optimal
bandwidth is extraordinarily slow, then that bandwidth will often
perform poorly for moderately sized data sets. Therefore, the
convergence rate of the cross-validation bandwidth, ﬁcv' is eritical.
There are two bandwidths that could be considered "optimal"”; they
are ﬁo' the bandwidth that minimizes the integrated square error of K.
and ho. the bandwidth that minimizes the mean integrated square error
of i. If we aim to approximate the bptimal bandwidth ﬁo' then, it
turns out that the cross-validation bandwidth does és well as ho to the
first and second order. We examine the relationship between these
bandwidths by finding the asymptotic distributions of (ﬁcv- ﬂo) and
(ho— ﬁo). Moreover, in order to evaluate the performance of the
cross-validation bandwidth, we find the asymptotic distribution-of the

distance between the ISE with the cross~validation bandwidth and the

minimum ISE.



4.a. Assumptions and Notation.

Assume that Xl. X2.....XN are observations in the interval [0.T]
from a nonhomogeneous Poisson process with a simple multiplicative
intensity function

Acs(x) = csa(x) for x€R

where c is a positive constant, a(x) is a nonnegative deterministic
function such that Jgg(x)dx=1. Under this model. N is a Poisson random
variable with mean c,- Moreover, conditional on N, a(x)I[o'T](x) is
the density function of the "unordered” observations. We assume a

circular design with kc£0)=hch). AéiO):kégT) and R;gC):A;gT).

The kernel estimate of the intensity funétion is defined as in
Chapter 2,
~ N .
hh(x) = ileh(x—Xi) for x€[0,T] .
where Kh(x}=h_1K{x/h). Again. ah(x) = Ah(x)/cS will be the kernel
estimator of a(x).
A We will assume the following technical conditions throughout this
Chapter.

1} K is a compactly supported, symmetric probability density
function on R with Holder continuous derivative K’ such that,
(IzzK(z)dz)/2 = k #0. Without loss of generality, assume that
K is supported on [-1,1].

2) A is bounded and twice differentiable. A’ and A" are bounded

and integrable. A" is uniformly continuous.

3) For some constant 720, cs/s — 7 as s,

Regarding the first assumption, recall that a function g is Holder
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continuous if Ig(x)—g(y)] 4 aIx—yIE for some a.e50 and all x,y.
Assumption 2) implies that the same properties hold for a as well as
for A. Since we are going to deal with sequences of random variables
we need a countable sequence of indices {cs}:;l.

gives a sequence of values {c } such that s implies that csﬁm

The third assumption

We define the following functions of the ISE and MISE of A, :
A(h) = ¢ %ISE, (h) = 2] (0, (%) - A(x))2ax
M(h) = c52MISER(h) = 20y EL(A (%) - A(x))?1dx
D(h) = A(h) - M(h)
Essentially, 4(h) and M(h) are the ISE and the MISE for a(x). Let

Ahl(x) E h™ K((x—x }/h) be the leave—one—out estimator, then define

several functions of the cross-validation score function of ih:
. N
- 2 _ 2. .T 22 _ < _
Cv(h) = < CVA(h) = ¢ [Io Rh(x)' 2iflkhi(xi)]

. N .
5(h) = 2¢_2[1] A ()A(x)dx - 3 My (%))

T 2
0

Thus. éV(h) A(h) + 6(h) - . _
Finally, let ho’ ho and hcv be the bandwidths that minimize
MISEA(h}. ISEK(h) and QVA(h) respectively. Hence, these bandwidths
also minimize M(h), A(h) and CV(h) respectively. Define
a, = IK2 and a, = szg{a“)z

Then, given a circular design, we can conclude that as c . h=-0, and

cshdb.
M(h) = c_'h7la, + hta, + ofc;'n ! + 0ty
H'(h) = 2c'h %, + 12h%, + o(c,'h™3 + v2) .
Thus, M(h) is minimized by h0 such that ho~ aoc;I/S where

a = [a,/(éaa)]l/s. Furthermore, M"(ho) ~ a;,c;‘?‘/5 where



a, = 2a,a;3 + 12a2a§. It will also be useful to denote a, = (aiaa)/z.
Finally, define:
L{z) = -zK'(z)
o2 = 8/(a%s3) TP UK (y+2)[K(2)-L(2) dz) ay
+ 163/(a2) [fi(e)’a + (Srea)®] (4.1)
o2 = S/(aiaz) (fgaz)mz) + 166%/(a2) [Jg(a")’a + Ulaa)®] (4.2)
4.b. Results and Discussion.

Civen all of the definitions and assumptions in the previous
section, we are now prepared to present the asymptotic distribution
functions for (ﬁcv_ ﬁo) and (ﬂo- ho). It is reasonable to standardize
these differences by dividing them by h0 which is of order 0;1/5.
Hence, [(ﬁo— ho)/ho] is the relative distance between the minimum MISE
bandwidth and the minimum ISE bandwidth, while [(ﬁcv— ﬁo)/ho] is the
appropriately scaled distance between the cross—validation bandwidth

and the minimum ISE bandwidth. Using these variables, we get the

asymptotic distributions found in Theorem 4.1.

Theorem 4.1: Given assumptions 1}, 2) and 3), under the simple

multiplicative intensity model

h - h
ci/lo Oh O] D:N(O, ag) as s = ©,
L o)
and
e
1-10 cv [e] D 2
e ho ] » N(O, Ucu) as s = o,
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There are a few important things to notice regarding this theorem.

First of all, the convergence rate for [(hcv— ho)/hoj and [(ho- ho)/hoj

-1/10
c .
s

is Thus, it turns out that the cross-validation bandwidth
converges very slowly tb the bahdwidth that minimizes the ISE; howeverﬂ
in terms of the asymptotic rgte) GCV does as well as the minimum MISE
bandwidth. |

In the kernel density estimation setting, Hall and Mérron (1987)
showed that [(ﬂcv- ﬁo)/ho] and [(ﬁoj ho)/ho] converge in distribution

with rate n~;/10.

Since Cg is the expected value of the number of
observations, the convergence rate for the multiplicative intensity
model is parallel to the density estimation result. Furthermore, Hall
and Marron (1987) proved that [(hcvi ho)/hO] and [(ho— ho)/ho} are each
‘asymptotically normal. Considering this fact, our result for the
intensity estimation setting makes sense intuitively. Conditional on
N, [(hcv- ho)/ho] and [(hor ho)/ho] are asymptotically normal as in
density estimation. Moreover, the number of observations, N, is a
Poisson random variable, and a. Poisson random variable is known to be
asymptotically normally distributed. Essentially, the unconditional
asymptotic cumulative distributions of [(hcv— ho)/ho] and [(ho— ho)/ho]
are the limits of weighted normal cumulative distributions where the
weight function is the normal density. Taking the limit of this
weighted normal cumulative distribution, we find that the asymptotic
distributions of [(hcv— ho)/hoj and [(ho— ho)/ho] are also normal for
intensity estimation.

The variances for the asymptotic distributions in the intensity

setting are similar to the variances in the density setting. However,



Uﬁ are not Uiv equivalent. We compare these variances in more detail
after we present the second theorem.

The integrated square error measures the distance between the
kernel estimator and the true intensity function A, and hence, ISEk(h*)
evaluates the performance of the kernel estimator with the bandwidth
h*. Since hD minimizes ISEK. ho performs "best™ according this error
criterion. Therefore, when |ISEk(h*)—ISEk(hO)| is comparatively small,
the kernel estimator with bandwidth h* is doing a relatively good job
of estimating A.

At this point, we will compare the degree to which ISEk(hoi and
ISEh(hcv) differ from ISE(hO). Notice that the ISE of Ah is of order
ci. Thus, it makes sense to consider the scaled version of the
integrated square error A(h) = c;zlsE(h). In order to compare the
.ISE's of these bandwidths, an extra technical condition is necessary.
Thus, assume that a fourth condition holdé:

4) K has a second derivative on R, and K" is Holder

continuous.
With the above condition as well as all of the conditions and

definitions from the previous section, we can calculate the asymptotic

distributions found in Theorem 4.2.

Theorem 4.2: Given assumptions 1), 2), 3) and 4), under the simple

multiplicative intensity model

Y D 2 2
cS{A(ho) - Agho)} —— g o, X, ass> ®,

A o~ D 2 2
cS{A(hCU) A[ho)} —o_, a, X] ass->.
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Our aim is to find a bandwidth that minimizes ISE(h} or similarly
A{h). In general, we believe that the minimum MISE bandwidth, hoﬂ
would perfprm quite well; however, ho is upknown. Theorem 2.2 implies
that the data based cross-validation bandwidth performs almost as well
as ho since the distance from the minimum scaled integrated square
error {(i.e. A(ho)) islof order c;I for both A(hcv) and A(ho).

Again, the convergence rate c;l seen in Theorem 4.2 is analogous
to the n-1 rate of convergénce found b& Hall and Marron (1987) for
density estimation. In addition, both estimation settings yield
asymptotic Chi-square distributions.

At this point, it is interesting to compare the asymptdtic
variances in Theorems 4.1 and 4.2 for a nonhomogeneous Poisson process
to the respective variancgs derived from a density function. Let Ai(K)
i=1,2,3 be constants in terms of the kernel function K(.). Then, under
the multiplicative intensity model,
152°)

C A e (e + (T,
oa= Ay() [I3(e)218 (To2)
+ Ay(K) [ga)® 17 [T )2 + (fTara)?s.

oF = A|(K) (@275 ¢

For kernel estimation of a density function f estimation, let the

asymptotic variances be defined by AVar[nl/lo(ho-ho)/hoj = aﬁd and

AVar[nl/lo(ﬁ -h h ] = 02 - Then, it follows from Hall and Marron
cv "o’ o cd

(1987) that,

Toa = 40 LI()217M® (52

+ A0 L2178 (e - ()2,
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o2, = Ay(K) [S(e217 0 (e?)

+ AK) L5270 1ry®e - (geen)?.
Hence, the asymptotic variances in the density setting are similar to
the asymptotic variances in the intensity setting. Recall that when we -
contrasted the variances of the kernel estimators in the two settings
{Chapter 2, section 2.a)., we found that the variance of the kernel
intensity estimator was larger than the variance of the kernel density
estimator, but that the highest order terms were the same {i.e. the
asymptotic variances were equal). Similarly. the variance of
[(ﬁcv— ﬁo)/ho]‘and the variance of [(ﬁo— ho)/hoj are larger in the
intensity estimation setting since the number of observations from a
Poisson process is random; however, this difference shows up only in
smaller order terms. Hence,'the asymptotic distribution of the
‘craoss—validation bandwidth is eduivalent for the two estimation
settings.

The more important issue is the comparison of o§ to agv under the
simple multiplicative intensity model. First of all, we will show that
aivz aﬁ. By the Cauchy-Schwartz inequality and the fact that JK=1, it
follows that '

(K(y+2)[K(z)-L(z)1dz)? < SK(y+z)dz SK(y+z)[K(z)-L(z)] dz
= [K(y+z)[K(z)-L(z)]%dz .
Integrating over y leads to the conclusion that
F{IK(y+2) [K(z)-L(z) 1dz}2dy < J[K(z)-L(z)Tdz = JL2(z)dz.
Thus, using the definitions of ai and aiv given in (4.1) and (4.2}, we

get the result:



oy 5 = 8(aa2) (TP (L)~ (K (y+2) [K(2)-L(2) 4z} 2ay ]

oo

2 .
o ,~ s 2 0. (4.3)

As s, the asymptotic variances of [(ho-ho)/hoj and [(hcv*ho)/ho] are

(0;1/5 03) and (c;1/5 aﬁv) respectively, and the asymptotic variances
~ " ° -2 2 4 -2 2 4
of {A(ho)—A{ho)} and {A(hcv)~A(h0)} are (20s ay Uo) and (2cS ay acv)

respectively. Therefore, since our goal is to minimize ISE. (4.3)
Vimplies that h0 performs slightly better than ﬁcv.

Secondly, we illustrate the relative sizes of aﬁ and azv by giving
a couple of examples. Consider the intensity functions Ai(x)=cai(x)
i=1,2 where '
al(x) = (1/8) [sin(wmx) + 1] I[O,S](x)'
ay(x) = (.0005255) [20 - (x-4)%12 Io.g7(%)-
See figures 4.1 and 4.2.

We calculate 03 and Uiv from their definitions for the two

intensity functions hl and A2. The results appear in the following

table.
2 2
g o
o) cv
Al . 1468 L1787
h2 .5283 .6318

Both variances, azv and 03. are bigger for Az compared to Al. of
the two intensity functioné. AI has more "curvature” as it rises and

falls four times over the interval [0,8]. Therefore., from the two

2

examples it follows that o

can be lower when the intensity function
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has more curvature. The curvature of a function is often measured by
the second derivative of that function. Notice that a™ (which is

2

proportional to A") appears in the the formulas of Uiv and o, In

general, both of the variance functions are the sum of two ratios of

measures of curvature (i.e. (Igaz) / [IT(a“)2]1/5 .and [Ig(a")za +

0
T o 2 T, w12,6/5
(foz a)™] 7 [Jo(a")*T%° ).
The fact that ogv is comparatively small when the underlying
intensity function has more curvature is very encouraging. As stated

earlier, the convergence rate cillo

is disappointingly slow; on the
other hand, this slow convergence rate implies that the constants in
this situation are more important than usual. Therefore, it is useful
to know that the cross-validation bandwidth might perform reasonably

well when there exists a fair amount of curvature in the true intensity

function.

b.c. Proofs of the Theorems.
In this section, we will present. the proofs of the two theorems
given in section 4.b. The proof Theorem 4.1 depends on a number of

lemmas which are stated and proven in section 4.d. Theorem 4.2 is a

direct consequence of Theorem 4.1 and Lemma 4.6.

proof of Theorem 4.1:

We will use the lemmas that are found‘in section 4.d to prove this
theorem. * We begin by proving the asymptotic distribution of (ﬁo—ho).
First using'the fact that ﬁo minimizes the function A(h) and second

using the Mean-Value Theorem, we get



. ~ _ . ~ . ~ _ ~ _ " * . ~
0=4 (ho) =M (ho) +D (ho) = (h0 ho) M'(h) + D (ho) (4.3)
where h* lies between ho and ho' It follows from Lemma 4.3. that for
some >0,
o -1/5-¢ ‘
ho= h°+ Op(cs ) as s, (4.4)
Thus, by letting h1=h0. Lemmz 4.2 implies that
=7/10
)- (4.5)

D (ho) =D (ho) + op(cs
TIIOD'(hO) is asymptotically normal with

From Lemma 4.4, we know that Cg

zero mean and standard deviation a 20, . Therefore, it follows that

7/10 ., & D 2 2
Cg D (ho] — N(O, (ao as) ao) as s-», (4.6)
Since (4.4) implies that h /ho——+ 1 and since M"{ho)“'aacS , one can
show that
" bad _2/5 _2/5
M"(h') = a; e, Tt Op(cs )- (4.7)
With (4.6). we know that D'(h ) = op(c;7’1°). Combining this with

(4.3) and (4.7). we get

- i wep ¥y _ =1 2/56 ., .© -3/10
-(ho— ho) =D (ho} / M'(h') = a, c D (ho) + op(cS ).‘ {(4.8)
Using the fact that ho" aoc;1/§ gives the result,
1/10 o 7/10 -1,
—cg (ho— ho)/hO = Cg {aoaa) D (ho) + op(l). (4.9)

Consequently, using Slutsky's Theorem with (4.6) and (4.9) leads to the

final limit,

1710
C

(ﬁ - h )/h 2, N(O, 02) as s,
s o oo o

”~

Next, we'll prove the asymptotic distribution of (hcv- ho)'

Again, since hcv minimizes CV(h),

0 =CVi(h_) =M(h_)+D(h)+5(h)

(h_~h ) M"(b) + D'(h_) + &°(h_) (4.10)

~ P
where h* lies in between hcv and ho‘ By Lemma 4.3, h*/h0 — 1, and

67



hence,

M"(h*) = a, c;2/5+ op(c;2/5) as s, (4.11)

As above, utilizing Lemmé 4.2 and Lemma 4.3 and then utilizing Lemma

4.4 and Lemma 4.5 leads to the result that as s,
/10

D'(h_ ) + 5'(h,,) = D'(h,) + 5°(hy) + o (c."1%)
=0 (c ‘7’10) (4.12)
Combining (4.11) and (4.12) with (4.10) gives
=(h_-h ) [2s <P 0 RC 54 Op(c;7/10].

This implies that (h_- h o)=0, (¢ 3’10) and hence. it follows from
(4.11} that
(h - h) M"(0") = (h_ - h) ag .5+ o NC 7710y, (4.13)

Therefore, substituting (4.13) into (4.10) results in,

-2/5 7710

= (ﬂcv- hy) 2 ¢ %+ D (n) + 8°(h) + o (c1%).  (4.19)

From {4.5) and (4.8) in the first half of the proof, we can conclude

that .
2/5 + D (h ) + o ( =7/10

0 = (ﬁo- h;) as o ). (4.15)

Subtracting (4.15) from (4.14) gives,

= ~ -2/5 . ~7/10
0= (hcv- ho)'aa C | + 6 (ho) f op(cs ).
and consequently,
1/10 .~ o 7/10 -1 .,
—c (hcv- ho)/ho cg (aoaa) & (ho) + op(l). (4.16)
By Lemma 4.5, we know that
c//10 5'(h ) = N(O. (a, a:.)2 g2)) as s=. (4.17)

s
Finally. using Slutsky s Theorem with (4. 16) and (4.17) gives.

1/10

Cg (h - h )/h 2, N(O. o ) as s-xo,

This completes the proof of Theorem 4.1.



proof of Theorem L .2:
First, consider [A(ho)—A(ho)]. Observe that by repeatedly

applying the Mean-Value Theorem, we get,

A(h_)-A(h.)

(h,~h )a"((h -h }/2) = (h -h )[A"((h -h )/2)-4"(h_)]

(1/2)(ho-ﬁo)2a"(h*) (4.18)

~ P
where h™ lies between h  and ho‘ Since h*/hd——a 0, it is immediate

from Lemma 4.6 that as s-xo,

2/5

&)1 | = D0 | = o (%),

and hence,
NS T -2/5 =-2/5 -
A"(h'}) = M"(h ) + op(cS = s + op(cs

}=asc
iy -3/10
By Theorem 4.1, it directly follows that (ho_ho)=0p(cs }. Thus,

275y (4.19)

substituting (4.19) into (4.18) yields,

o ~2 ~2/5 -1 '
A(ho)—A(ho) = (1/2)(h0 ho} as € + op(cS ) {4.20)
Finally, by Thecrem 4.1, we know that as s-®,
D
3710 * 2 2
<. (h0 ho) — N(O. a ao). {4.21)

Therefore, using Slutsky's Theorem, {4.20) and (4.21) imply that as
5=,

> D 2 2 2 2 2
cs{A(ho)-A(ho)} — (a0 a; /2) g, X] =a, o X].
The proof for [A(ho)-A{ho)] is exactly the same as the argument
' . 2. * 2 .
presented above replacing hO and o, by hcv and T v respectively. Thus,

the proof of Theorem 4.2 is finished. ¥
4 .d. The Lemmas and Their Proofs.

Assume throughout this section that the definitions and the three

technical assumptions given in section 4.a hold. We will begin by

69



presenting some material that is useful for the proofs of the six
lemmas.
The number of observations, N, is a Poisson random varaible with

mean c_, and therefore, it can be shown that

E[N"; N>0] = E[N"] = c2+ o(cz) . (4.22)
d .

(N-cs)/\/g—m{o.n as c_= , : (4.23)

(NV/e) =1+ op(c;lfz) as ¢ . (4.24)

Recall that L(z)

-zK’(z). Using integration by parts, one can

show that
JL(z)dz = JK(z)di =1, and (4.25)
J22L(z) = 3fz%K(z)dz = 3k . (4.26)
Moreover, since K(z) is symmetric about zero,
JzL(z)dz = [22(K'(z))dz = O . | (4.27)
| -1,-1 N

We will denote wh(x) = ¢

h "3 L((x—)(i }/h).
i=]

It is also useful for us to calculate several derivatives and
moments of ah(x). Suppose that {YI.Y .....YN} are the unordered
observations (i.e. the Yi's are the observations in some random order).

In addition, assume that Y and Z are independent random variables with

density function a(x)I[o T](x)' Then, for x€{0,T],
N

e (1A = 13 [ (OGN (AP - 0K (v m)]
aN o
= og WL XK X)]
d[ay (x)1/dh = h™'[7, (x)-a (x)]. * (4.28)
Moreover, |

E[ay (x)] = e, 0K (x-y)A(y)dy

T0



Ela (x)] = JK (x-y)a(y)dy = E{K, (x-¥)] (4.29)
= a(x) + hZa"(x)[JuZK(u)/2] + o(h?).

and,

~ _o N _
E[a (x)°] = E[cszileﬁ(x—xi) + e ? 33K (xX,) Ky (xX,)]

15
= o 2N (xy)A(y)dy + c;2ffih(x-y)Kh(x-z)xty)x(z)dydz
Ela, (x)°] = < E[K.(x-Y)] + E°[K, (x-Y)]. " (4.30)
Given (4.29) and (4.30), one can show that
d(Ea, )/dh = E[d(K, (x-Y)}/dh] = h™'Ex, - h 'Ea, (4.31)

and
d(Ea?)/dn = ~2¢ T TIE[KC () ]+ 2¢ TR TELK, (x-Y)L, (x-Y)]
- 2h-1E2[Kh(x—Y}] + 2h—1E[Kh(X*Y)] E[Lh(x-Y)]
d(Eal)/dh = ~2h (< TELKO(x-Y)] - ¢ E[K, (x-Y)L, (x-Y)]
+ [Bay (x)1% ~ Elay (x) JEL7, (x)1}- (4.32)

Foy these lemmas, we are interested in calculating
Dl(h) = -(h/2)}D*(h} = {(-h/2}A°(h} - (-h/2)¥’'(h).
We will find a decomposition of Dl(h) that will be convenient for the
proofs of several lemmas. Define:
Ki(x)=Kﬁ(x—Yi)-E[Kh(x-Y)] and Li(x)th(x—Yi)—E[Lh(x—Y)].
Then., since we are using a circular design, we claim that

D (h) = ~(h/2)D'(h) = S (h)+S,(h)+S5(h)+S,(h)+S5(h)+Sg(h)  (4.33)

where S1 = Sll- Sl2' S2 = S21+ 822, 83 = 831- 832. S4 = S41- S42.
85 = S5+ S5y, and Sg = S5~ S55. and
s,,(h) = 2c;2 33 K (x) K(x) dx
1<i<J<N
S,5(h) = c;2 I3 JK (XL (x) + L (x)K, (x)}dx
1<i<j<N J J
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Sy (h) = iliglf“i(*“ﬁm(x) - En (%) - a(x)}dx
Spo(h) = cgligl'ni(x){a(x) - Eap (x)}ax

Sy, (h) = c;2ig1fkﬁ(g-yi)—- E[K2(x~Y)Jdx

Syp(h) = C;?iglmh(;‘_Yi)Lh(x-Yi) = E[Kp (x-Y)Ly (x-¥)Jax
S4(h) = {(¥-1)c]'-1) cgliglth(x-Yi)E[Kh(x—Y)]

- (1/2){K (x=Y, JE[L, (x-Y) L, (x-Y, )E[K (x-Y)]}dx
Sga(h) = IN(N-1)e 1) FE(K (x-Y)] - E[K, (x-Y)IELL, (x-Y)]}dx
S51(h) = (e '-1) JE[K, (x-1)] {26a,(x) - Ev,(x) - a(x)}dx
Sga(h) = (Ne_'-1) JE[L, (x-1)] {a(x) - Eay (x)}dx
- Sgy(h) = (Ne'-1) e SE[KE(x-Y) Jax
Sep(h) = (Ne_'-1) c;IIE[Kh(x—Y)Lh(x-Y)]dx.

Now. we must prove the claim (4.33). First, expand (-h/2)A"(h).
(-h/2)4"(h) = ~h/2 d[fla2 - 2fjma - Igaz]/dh
= b2 [f3(a)" - 20 a]
= -h [fg o} (@ -a)dx].
Using (4.28)._ we get
(W2)4° () = [(a- @) ey m)dx
(-b/2)A"(h) = Sq(ay- B)? - S0 (@ - Ba ) (r,- Ev)
+ Jolay- By )(2Ea- Ev- @) + J1(3,- Ev, )(a- Eap)
+ Ig(Eéh- a) (Ea, - Ev,). (4.34)
By substituting the definitions of @ and 7, into
[fglay -Ea ) - 5 Ea ) (7, ~E%, )] and then expanding these terms as a

sum of integrals of squares plus a sum of integrals of products, one
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can show that:

Joley,™ Ex)™ - Jolay~ Exp ) (v~ Em)
N
-2
=517 S12* S417 Sq0 * S iflﬂé(""’i)d"
_2 N ~
- <, iElth(x—Yi)Lh(x-Yi)dx.
Likewise,

Sot@, ~Eay ) (2Ex —Ev —a) + Jo(7, - Ex )(a - Eap) = S, + Syt Sc+ Seo
Thus. by (4.34),

_2N
(-h/2)A°(h) = S + S+ S+ S_ + c_ iflfkﬁ(x—Yi)dx

N . . .
- cgzileKh(x-Yi)Lh(x—Yi)dx + [o(Eay -a) (Bay,—Ev, ). (4.35)
In addition, we need to calculate (-h/2)M'(h). First of all,
G2 (R) = () d[S3E(a,)?1/dh = (-h/2)I3E(a2)" + hJoE(a,) a.
Secondly, using (4.31) and (4.32). one can show that
(-h/2)4° (h) = c;IIE[Kﬁ(x—Y)]dx - c;IIE[Kh(x—Y}Lh(x—Y)]dx + Ig(Eﬁh)z
- JfEa v - [Eaa + fiEma
= o JELK (x-Y)Jdx - o] MELK, (x-Y)L, (x-¥) Tax
+ So(Bay - @) (Eay - Ev,). | (4.36)
Combining (4.35) and (4.36), we can conclude that (4.33) holds:

D, (h) = (-h/2)D"(h)

(-h2}47(h) - (-h/2)M’ (h)

_2 N -2 N
S+S,4S 45, + ¢_ izlfKﬁ(x—Yi)dx - c, izlth(g-vi)Lh(x—Yi)dx
+ Jg(Ba, ~a) (Eay -Ex, ) = {c] JE[K2(x-Y) Jdx
- g MEDK, (x-Y)Ly (x-Y)1dx + [ (Eay ~a)(Ea, ~Ev, )}
= sl+ S2+ Saf S4+ S

<+ Sg- : (4.37)
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Furthermore, we will be interested in &'(h). Define

Then,

5,(h) = {(h/2)5" (h).

N

5,(h) = h d[{g &, (x)ay (x)dx - c;Iiflahi(Yi)]/dh

Let Y and Z be random variables with distribution a(x)]

Then, &,(h) can be decomposed such that

where T1

Tll(h)

le(h)

Ty, (b)
Tyo(h)

T31(0)

T ~, 4N
= h Jp o (x)ey (x)dx - ¢ 2 ena(Yy)

N N
= C;Iizlth(foi)a(x)dx - c;IiEIIKh(x—Yi)a(x)dx

o N N o N N
+c¢23 SK(Y.-Y.)-c23 3L(Y.-Y).
S j=1 j:lKh 1] $ =1 _j=1Lh 1]
J#i ' J#i

0.1

5,(h) = (b/2)8'(h) = T,(h) + Ty(h) + Ty(h)

=Ty~ Ty » Tg =Ty~ Ty, and Ty =Ty~ Ty, . and

-2 ' :
s 1$§<§SN{Kh(Yi-Yj) = K (Y )aly)dy - JK (y-Y5)aly)dy

2¢c

+ Ith(y—z)a(y)a(?)dydz}

-2 -
s 1S§<§SN{Lh(Yi-Yj) = L (Y,-y)a(y)dy - ILh(y-Yj)a(Y)dy

2c
+ JIL (y-2)a(y)a(z)dydz)

N
c;lifl<fkh(Yi-y)a(y)dy.- 15, (y-2)a(y)a(z)dydz - a(Y,) + fg®)

=

o' 2 ULy (Y 3)a()dy - Iy (r-2)a(y)a(z)dvdz - a(¥,) + Jgo°)
i=

N
[(N-1)e]! - 1] cgligl{th(Yi-y)a(y)dy - JL, (Y,-y)a(y)dy}

Taa(h) = [NN-1)e.? - Ne_ ' ILIIK, (v-2)a(y)a(z)dydz

= JIL, (y-z)a(y)a(z)dydz].
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It is convenient to denote

D(h) = D"(h) + R'(h) and &(h) = & (h) + p (h)

such that
(-h/2) D**(h) = (S;+ Sy* S5)
(-h/2) R"(h) = (S,+ S+ S)
(-h/2) &' (h) = (T + Ty)

(-h/2) p""(h) = T,.
Essentially. D" and &' include the terms that are found in the density
estimation case, and R* and p* include the extra terms that are
introduced by considering a nonhomogenous Poisson proéess. Thus, the
intensity setting diffefs from the density setting in two ways. First,
the number of observations in D* and 6* is now a random variable, and
second, R* and p* are new terms that have to be considered. At this

stage, we will present and prove the Lemmas that are necessary to prove

Theorem 4.1. and Theorem 4.2.

Lemm 4.1: For each 0 ( a ( b < @ and all positive integers ¢,
7,10 _x,

sup E[1c710 0% (c'P0) 1% Wy 0] < Ay(aibie), C)
s;alt<b s

sup E[|’710 6% (¢ 175)1%% : N > 0] < Av(a.b.2). (2)
s;alt<b © s

Furthermore 3 e» 0 such that
E[1Z70% (15r) - D% (1P P8 5 0] < Aala b o) It ]%f, (3)
70065 (e 1%y - 6% (PPt 5 0] < Aglanbie) it *f (v

whenever a £ r <t <b.

Ef |e
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proof of Lemma 4.1:

We will present the proofs of parts (2) and (3) of Lemma 4.1. We

1/5

begin by looking at part (3). Since h"c; » in order to prove (3) it

is sufficient to prove that for some €>0 and constant A:
9/10

ELley ") (e ") = 81,750} % 5 N > 0] ¢ Alr-t]®f, (4.39)
E[ |c 9’10 (8190 %) = 85075012 L N> 0] < Alr-c)®2,
E[|c 9/10 21(051/5r) - S2l(c; /St)}lze'; N> 0]« A]r—tlee. (4.39)
E[lcg/10{822(cs °r) = 80022} 128 N > 0] ¢ Alr-t %2,
ELle;>0%s,, (c]?r) - S3,(c2 51128 5 N > 0] < Alr-t[%¢, (4.40)
B[ (13105 (o750 53,075} 2 > 0] < Alr-eleL.

In this chapter, we will prove (4.38), (4.39), and (4.40). The proofs
of the other inequalites are similar.

Throughout this proof let a ¢ rlt { b and let A be a generic
constant that depends on K, a, b and 2. First, consider (4.38). We

can write S11 as

-1/5,
S11(eg

-2

) =c” 23 U (1)

1<1¢j<N
where E[Uij(t)l Yi'N] = E[Uij(t)| Yj.N] = 0. Furthermore, let
Wij{r.t) = Uij(r) - Uij(t) .

The left side of (4. 38) can be written in terms of W (s t):
9/10

E[ e/ *%(s; (7 %r) - s, (¢ nH”=N>01
/10 -2 20
= E[|c c 23 W (r.t)] & N> 0]
S8 1giqyen M
= MR EC| 33 oW, 50 %I N ;N> 0] (4.41)
1<1<HSN 2

Consequently, we are interested in finding an upper bound for

E[] =3 w, j(r t}]28|N] Given the definition of K, (x) we can expand
1<i<j<N

wij such that Wij(r.t) = wl(r’t'Yi'YJ) + W2(r.t.Yi) + W3(‘r,t) where
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Wl(r.t.Yi.Yj) = IK(C;IISr)(x—Yi) K(c;1/5r)(x-Yj)dx
- IK(C—I/St)(x—Yi) K(C—I/St)(x—Yj)dx.

Wo(r.t.Y)) = IK( -1/5 3 (x-Y,) E[K, 1/5 x-Y) Jdx

r){

- JX I/St)(x—Yi) E(K( 175,y (x-Y)Jdx,

(c; (c;

Wa(r.t) = IE2[K(C;1/5r)(x—Y)]dx - IEz[K(c;I/St)(x—Y)]dx.

We begin with WI. For the first integral, use the substitution

1/sr) {hence, du:(c-llsr)-ldx): and for the second integal,

1/5

u=(x-Y,)/(c_

use u=(x—Yi)/(c; t). Then,

W (r Y, Y )= e Pry 2Oy, (] PrR e )/ (e P yax
~(e7 P2 (x-v ) /(o7 PR x-Y )] P x|

= e ®r) 7l K(uK(us (Y, -Y )/(c_l/sr))du

- (P07t K(u)K(u+(Y ¥ )/(e ’5¢))dul
< (e o)t K(u)lx(u+(Y ~Y)/(c 1’Sr)) K(u+(Yi-YJ)/(c;1’5t))ldu
+ I(e] 1ss _ (c;1/5 1 I_IK(u)K(u+(Yi-Yj)/{c;l/st))du.

Since K is supported on [-1,1], K(u+(Y1—YJ)/(c;1/Sr) equals zero when

|(Y1-YJ)/(C;1/5b)| > 2. In addition, K is bounded and Holder
continuous. Therefore,
-1/
Wy (roe Y, Y ) I A 1, 2]{(Y Y )/(c 5b)}

[( -1/5 ) f -1/5

1|(Y Y, )/(c r)-(Yi-Yj)/(c t)|®tdu
T IOt ) W OOl Rl
(e, %07 Ir_pop{(Yy Y )/(c;I/sb]}

[l(r-e) (¥;=Y,)/ (e, 1’Srt)le1 + (r0)7 Y |r-t]].
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Since |(Y -Y )/ 1/5| € 2b .and (rt) < a
le(r.c.vi.\'j)l <A (T, 2t 1’5t>)}
' ' [(2b/a )e‘[r t|*t + a 2|r4t|]

LACER ARSI A [r-t]®2(c %) 1[_2'2]{(Y1—YJ)/0;1/5b}. (4.42)

Next consider W2“

|W2(r.t,Yi)| = |IK(C;1{5r)(x—Yi) [IK(c 1/5 )(x—y)a(y)dy] dx
- fK(c;I/St)(x-Yi) [IK(C;I/St)(x—y)a(y)dy] dx |

i) |IK(C-1/5r)(x~Yi) K(C—I/Sr)(x—y)dx

I~

- jK( 1/5t)(x ~Y i) K( SI/St)(x—y)dxl a(y)dy

=J W (r.e.Y, . 9) | a(y)dy.
By (4.42), we get |
Wo(re. )| < A [r-t|®2(c %) 7! 19, 97{ (Y917, %0} a(y)ay.
Since a(y) is bounded, ,
Wo(r e X0 €A Tt 5] %)™, S S Poyay

|w (r.t.Y, )| < Alr-t|®2 (4.43)

Finally. look at W3.

obtain {4.43), one can show that

.IWB(r.t}] < IITTK(C;I/Sr)(x-y) K(C;I/Sr)(x-z)a(y)a(z)dydzdx

Using similar methods as those used to

- IIIK(cglxst)(x-y) K(C;I/St)(x-z)a(y)a(z)dydzde
< II.IIK(C-I/Sr)(x—y) K(C—1/5r)(x—z)dx
s s
- fK(c;I/St)(x*y) K(C;I/St)(x—z)dxl a(y)a(z)dyd.z

< IIAlr=e ]2 (V50T 1, oo {-2)e ] Bhlaty)atz)dyaz
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Hence, ’
[¥y(r.t)] < Alr-t]®2. (4.44)
Substituting (4.42), (4.43) and {4.44) into the definition of
Wij(s.t) gives
W, (s, 00| < 2[A(c] %) ! 1[_2.2]{(Yi-YJ)/c;1/5b}|r—t|e2
+ 2A|r-t|%2 + A|r-t]%2]

W, (5.1 € Alr—e|®2 [(e]/%0)7h 10y oo ((Y;-¥ )/ o0} 411, (4.45)

Observe that, conditional on N, { 2 Z Wi (s.t)}g_1 is a
1¢i<jgk M =

martingale. As a result, we can utilize a martingale inequality found

in Burkholder (1973, p. 40).

B[] 33 W, (. )21 N1 < E[| sup 33 W (r.0)|%8 N
1<1<HSN & k=1,....N 1<i<y<k M
<mugﬁugw ( nﬂ{Y Y.} N
r,t PP f

PN Y 1 §-1
o et 00

+ A3 E[( b ij{r .t))°7| N]. (4.46)
k=1

Consider the first term on the right side of the inequality in (4.46).

Observe that

N_
E[(izlw (Tt} ) | YooYy N]
N-1
= iEIE[W?N| Yoo Yy N
N-1 N-1
+ 3 I E(W lY pree YN-l N] E(wkNIYl ---- YN_l'N]
i=1 k=1
k#i
N N
=N E[W2 | Y,N]+ 3 3o
j=1 k=1
k#j
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Using the result in (4.45) gives

N-1
E[( z w (1)) | (Yoo Yy_;3.N]

< N Ar-t |2 E[((c] /57! 1[_2'2]{(Y1FYN)/C;1/5b} + 12 |y .N]
<N AJr-c]?e2 £[(c M%) 1[_2‘2]{(Y1-YN))C;1’5b} + 1 ]Y,.N]

<N Ale-e 92 1] %0) 1, o 1Y v)/e] Polaly)dy + 1]
<N Alr-c]®*2 (7% 4 13

<A |r-t]2e2 Ne.”>.. L (4.47)

Then, the entire first term in the inequality of (4.46) equals,
N j-1 9 . p
E[( ZE[( 2 W, (r.c) )| {Y,....Y, . }.ND°I N]
i=1 ij 1 j-1

i=1
e . N1 2 2
< E[N (E[(iglwiN(r.t) Y Yy LN N

S EIN (Alr-e %2 Ne /%) | N

2628 28 875 (4.48)

N
s

S A |r-t

Next, consider the second term in Burkholder's inequality. Using

a partitioning argument as in Lemma 2.3 in Section 2.c, we can show

that .
L k-1 N k-1

SEL( W, (r.0) )| NI =E[ 3 (3 W (rt) )] N
=1 i=1 * k=1 i=1 '

ané*l E[Wig(r.t) | N].

From (4.45), this leads to the statement

® k-1
(3 E[( I W, (r.t) 28| 7
k_l i=1

< ANL E[Afr-c 2628 [(o]1P)7? 19 97( (Y57, /%0312 N]
< Alr_t|2623 Ne+1 {(c;1/5.b)-28+1

E[(c]/%b)™ 1[_2'2]{(Yi—YJ)/c;1/5£}IN] + 1]
- Ale-e[25 o1 [ 20615
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Since 821,

@ k-1 5
3 E[( 3 W, (r.t))
k=1 i=1

Thus, substituting (4.48) and (4.49) into (4.46), we get

€| N] ¢ Alr-t|2628 Ne*1 c§2/5-1/5'

(4.49)

E[|] =3 WiJ(r.t)|2e| N] < Alr-t|*fn2ec® 4 NE+1 2857175y

1<i<j<N
and hence, from {4.41), we can conclude that
9/10 -1/5 -1/5_,, 28
E[le]” 7{S (e, "7r) = 8 (e ")} : W0]
< MUSELE| 33 Wij(r.t)|2e| N] ; N>0]
1€1<j¢N
9/10 -1/5 -1/5 ., 28
E[le” {8 (e, "7r) = 8,,(c, "P0)}*" i M0]
¢ c;1143/5 E[ Alr-t]%® [n2¢ cﬁ/s ! c§8/5-1/5]
< Alr-t]¥f 1 + WS by (a.22)

< A |r-t|C.
Thus, we have proven (4.38)

Next, we consider (4.39). We can write.
_IN
t) =N~ IV (t) where E{Vi(t)]N] =0 .
i=1 -

-1/5
So1 (g

; N>0]

Let Bi(r.t) = Vi(r) - Vi(t). Note that, utilizing Taylor expansion

methods along with (4.25), (4.26) and (4.27) gives
2E[a(c;1/5t)(x)] - E[1(C;1/5t)(x)] - a(x)
I[ZK(u)q(x—c;I/St

2a(x) + (c]/®

1/5

tu)]du - a(x)

-1/5_,2
s

u) - L(u)a(x—c;

t)2/K(u)uZdu a"(x) + of(c

- (c;I/St)sz(u)uzdu a"(x)72 + o{{(c

-1/5_,2
s

(e P00 %" (x) STR(u)+(L(w)72)Juau + o((e50)?).
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With arguments similar to those used to prove (4.38), one can

prove that

B, (.0} | < S{IBLa-1/8,) (0] - EL71/5, (0] - ) )
{IK(C;I/Sr)(x-Yi)— E[K(cgllsr)(x—Y)]
- K(g;1/5t)(g—Yi) + E[K(C;I/St)(x—Y)jl}dx
+ I{IK(C;I/St)(x-Yi) - E[K(c;1/5t)(x—Y)]|}
{IE[;(C;I/Sr)(x)] - E[3(c;1/5r)(x)] - a(x)

- E[;(c;1/5t)(x)] + E[;(C;I/St)(x)] + alx) | }dx.

and hence,
B, (r.t)| ¢ Ac_¥® [r-t]®t. (4.50)
Again, Burkholder's martingale inequality can be used for the
K N
martingale { 3 Bi(r.t)} to show that
i=1 k=1

N N ©
E[liEIBi(r.t)Izel N] < AE[(_zIE[Bf(r.t)])e|N] + AiElE[IBi(r.t)IzglN]
= 1= =

N
< AEIN(E[B2(r, ©)])%| N + AEtizllBi(r.r)lzel N]

< AEIN® (e ¥° [r~c[®6)%| N7 + AEDN(;S |r-t[¢)ZE| N]

¢ NG A5 oo 208 4 g TH/5 | 2008
¢ AN M5 |poc]el, (4.51)

As before, the left side of (4.39) can be written in terms of B,(s.t):

9/10 -1/5 -1/5_,, 128
E[lcs {Sgy (e, 77r) = S (e "7t) T ¢ W0]
N
=E[1e)0 ' 2 Bi(r.t)lze : N0 ]

i=1
-2/5 N 20
c E[ E[]| = Bi(r.t)l | N] : N0 ]

S .
1=

c;efs Ef (AN’ ¢

[Fa

;42/5 |r—t|e2): N>0]
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9/10 -1/5
Etlcs {S21(cs

“1/5 .. 28

r) - 521(1:s t}} ; N>0J
= Alr-c|*® % EIvé: w03
< Alr-t]®® by (4.22).

Thus, (4.39) has been proven.

Finally, we'll prove (4.40}. As before, we represent
N
-1/5 -2
Syy(c."7t) = o 1f1vi(t) where E[Vi{t)IN]=O .

Let Bi(r.t} = Vi(r)—Vi(t). Then, Bi(r.t) can be written as
Bi(r.t)= Bl(r't'Yi) + B2(r.t) where,
B,(r.t.Y,) = IK%C;I/SP)(x—Yi)dx - IK%C;I/St)(x—Yi)dx.
By(r.t) = IE[K%C;I/Sr)(x—Y)]dx - IE[K%C;1/SC)(x-Y)]dx.
1/5

First consider Bl' Using the substitution w=(x—Yi)/(c;
/5

r) for
the first integral and w:(x—Yi)/(c;1 t) for the second integral, we

get

(3 5r) 20 v, )7 B yax
- (]P0 2R (v, ) /(e Pty yax |
= 1%t 1! KP(w)aw - (e "°0) 7L KB (w)av|

< acl® e - /e 5t K (wyax)

|Bl(r.t.Yi)|

Cae® [re)! e g KR (wnyax).
Since K is bounded and (rt)-1 < a2,

B (r.e.Y,)| < Ac)”® |r-t]®2. ' (4.52)

s
1/5

s |r-t]|*2 . and hence,

Likewise, ]B2(r.t)| € Ac

IBi(r,t)l < Aci/s |r-t|®2. (4.53)



Now, (4.53) and Burkholder's ineqqplity imply that

13/10 -1/5_, 28
E[le {s r) - 331a(°s c)}l ; 0]

)|28

31a(

E[ |c 13/10 2 E B (

1

i N>0O]

= S E[E[| 3 Bi(r.t)lze | N7 : N0].
i=1

< e "5 E[A|r-t

-2
. E[N

12 (v% 2275 4 32875y . nyo]
5

< Alr—tlee c ¢

; N>0]
< Alr-t |2,
Thefefore. we've proven (4.40). This concludes the proof of part (3)

of Lemma 4.1,

Now we prove part (2) of Lemma 4.1. Since h™c 1/§ in order to

show that part (2) holds. it is sufficient to prove:

sup E[Icg/lo T (cﬂl/st}]28 : O] <A, (4.54)
11'7s '
s;altlh
sup E[|c9/10 T12(c;1/5 )|28 ; NDO] < A,
s;altsh
sup E[|09/10 T (c—1/5t)|2£ i N>0T] < A, (4.55)
21'"s
s;altsb :
sup E[|c9/10 T22(c;1/5t)|2e_: N>0] € A.
s;aftsh ‘ . .

We will present the proofs of {4.54) and (4.55) here. The other parts

are similar. We begin with (4.54).  Notice that .
(e P = 2c? 33 W, . (t)
1<1<geN *

where E[wij(t)l Yi’N] = E[Wij(t]| YJ'N] = 0. Consequently, we can

T

write,

9/10 -
sup E[lc Tll.(cs
s;alt<b

1/5t |2E : N>0]

= sup E[|cg/102c—2 23 Wij(t)|2e ; N>0]

s:;alt<h © S 1¢i¢EN
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910 1 (cT1/5y) |28

98/5
s

sup E[lc
s;a{t<b

+ N>0]

= Ac E[ sup |c—2 3 Wij(t)l22

s;altsb ° 1€i<j<N

We now can use the same argument as seen in Lemma 2.2 from Chapter 2.

: N>0].

That is, one can use Burkholder's inequality to show that for h"'c_l/5
and £21,
- 4 2/ -98/5 ~
sup E[ICQ/IOTll(c51/5t)I2 :N>0] < Ac 9 5[A(nge 5+05132/5+4/5)] < A.
s;a{t<b

Next, look at (4.55}. We can represent

Ty (0 Pt) = ¢! 3 V. (£) where E[V,(t)] NI=0.
i=1
Thus, we can write,
sup E[|c9/10 T21{c;1/5t)|2e ; N > 0]
s:astsb )
¢ sup E[lcg/lo c_l E Vi(t)lze : N> 0]
s;aftsb
{c 98’5 Bl swp |c' Zv ()] ;N> ol
s;alt<b i=1
Again using the same argument as in Lemma 2.2 {Chapter 2) for h”c-l/s.
9/10 . -1/5 28 2 /
sup E[[c """ Ty (c ""Tt) |77 5 N0] < c9 7> [Ac 98 ®) ¢ A
s;altsh

Hence, we have proved part {2) of the lemma. This completes the proof

of Lemma 4.1. »%



Lemma 4.2: Far some €30 and any O<a(b<x,

sup (10°(c] 1P| + [6(e]2B0)1) = 0 (e T s em ()
alt<b
Furthermore, for any e,>0 and any nonrandom h, asymptotic to a constant
multiple of ¢ 1/?
: _ : p -
sup 0D ()00 ) |+ 18 Pe)-5 (h) [y — 0

_1, -
|t g Shilgcs

as s, (2)

proof of Lemma §4.2:
We'll present a proof for the D' tefm in pérf (2) and for the &' term
in (1) of Lemma 4.2. Start by considering D'(h). Note ‘that

D'(h) = D’ (h) + R™"(h).
Thus, we can treat the two summands separately. The methods used on
D" are similar to those in Lemma 3.2 in Hall and Marron (1987).
Since K and L are both H;lder continuous and have compact support,
there exists a B>0 sufficiently large such that

sup ID*'(c;I/sr) - B (e 1/5

asr<t<b
Il‘-t Isc;ﬁ-i-lfs

)| = o(c ) (4.56)

Assume that a < lim csh1 <{ b. Then, a sequence can be constructed such

Sw
that
s T R P Y S T A it TIPS TR
o 1 m-1 s g m
where t.—- t. = c-ﬁ for each i, Let
i i-1 S
_ . . - -1/5-61
= {(ti.tj) 0 ey tjg g . idm }.
Note that there are (2c_e‘/c_ﬁ) points t;. and for each t; there are
(c;I/S—e‘/c ﬁ) points tJ such that (t -t ) {c 1/5 “€1_  Therefore, the
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—2e,-1/5+28

number of pairs in ® has order o

Given any 70,

7710 %, -1/5 %, -1/5
P[ sup €g |D (cs ti) -D (cs tJ}l > 1]
(ti.tj)ee
<Pl sup /10D (T y - D (TP )| > m N0]
s s i s J
(t,..t )ee :
SR |
+ P[N=0]
-1 7/10 . *., —-1/5 *, -1/5 28
¢ 3 B el MO (e]MPr)) - D (el £ %5 0]
(t,.t )€
i
+ exp(-cs).
Using Lemma 4.1, we can conclude that
T/10 %, -1/5 *, -1/5
P[  sup cg |D (cs ti) -D (cs tj)| > nj}
(ti.tj)EO
¢ 3 n 2 aa(e V%28 4 ep(cy)
(ti.tj)ee
¢ A28 c;2&,—1/5+213 (cs-l/s—e,)eze + exp(=c).

By allowing ¢ to be sufficiently large, this term converges to zero as
s, Thus,

S5¢

7/10
sup ¢ {

< ID*.(C;I/
(ti.tj)ee

_ P
) - n*'(cslfscj)l — 0. (4.57)

{4.57) together with (4.56) imply that as s-m,

*, o -1

p
*, -1/5 . /5
sup {|D (cS ti) -D (cS tj)l} — 0. {4.58)

/10
Je-c5h, [¢e®
Now consider R*'(h)=(-h/2)_1[Sq(h)+35(h)+56(h)]. Begin by looking
at SS' We can define
S5(h) = (Ne,'-1) Q(h).
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Then, as s+ (and hence h-0),
Q(h) = J E[K, (x-Y)] {2Ea (x)~Ev, (x)-a(x)}dx
+ § E(Ly (x-1)] {a(x)~Eay (x)}dx
Se{atx) e () [fu®k/2Tro(02) } (h2a" (x) [Su2(2K-L)/2]+0 (h2) Jax

+ Sgla(x)+hZe () [fu?Lr2]+o(h2) }{-b%a" (x) [fuK/2]r0 (h2) }ax

1

n2(Joa a)[fud(2K-L)/2 - Ju/2] + op(hz)

Q(h) = b%(SJa"a)(-2k) + op(hz). (4.59)
For any t such that It-cl/sh |$ -
lage; Pty | = le 2’53 byl (fgea) (-2k) + o (c;2).
5

Since h‘Nc; and It-c;/Shilﬁcse’. we know that |t+c;/5h1|=0p{1).
In addition, a-and a" are bounded. Therefore,

late;Pe)a(h) | < A e 28 lt-c/n, | + op(c;2/5
Moreover, |t—c;/5h1] < cs €1 implies that |

2/5
c
s

By (4.24), we know that

[a(c;5¢) - q(b,)] 210 as s (4.60)

2 -1 9
{Ncs -1} —» N{0,1) as s, (4.61)

Using Slutsky’'s theorem on (4.60) and {4.61) gives.

P
210 {Isg(e;®t) - s.(h) ]} — 0 as s,

Using the same procedure for’ S4 and 86'

10 (IR (c] 150y - R (hy) |} — 0 as s

Since t was chosen arbitrarily.

p
sup 10 {IR" (M) - B (h,)]} — 0 as s=.  (4.62)

O WIThs
: s s
Combining (4.58) and (4.62) gives the main result for D' in part (2) of

Lemma 4.2.



Next, consider the &' term in part {1) of Lemma 4.2. First,
recall that 6(h)=5*(h)+p*(h). Using an argument that involves the
partitioning method found in Hall and Marron (1987) and seen above for

]
D , one can show that

-1/5 -3/5-¢

sup { |6 e, ")} =0 o(Cs

agt(b
Now. look at p (h):(—hxz)' Ty(h). First of all,

Ty(h) = [(N-1)e ! ~ 1] B(h) (1.64)

} as s-m. (4.63)

where as s-»,

N
B(h) E {IKh(x—Y Ja(x)dx - ILh(x—Y Ja{x)dx}
- Mo ISR (x-y)a(x)a(y)dxdy - FIL, (x-y)a(x)a(y)dxdy)
N

'3 an(Y)) [uP(k-L)/2] - Ne] '3 (e a) [ fuP(k-L)/2]
i=1

+ op(hz)

l

W (Slaa) [uPk-L)/2] - h2(lera) [P (k-1)/2] + op(hz)
2
= h").
0, (b%)
Hence, for any t such that O<a{t{b<{=,

-1/5 -2/5
B(cs t) = op(cs } as s-m,

Since [(N—l)c;I—I] is O (0—1/2). for some &>0,
-1/5 -4/5-
sup {IT3(c 0l =0 (c 7).
atsh
Therefore, as s-m,
-3/5~
sup {|p*"(c;"1)[} = 0 NCRS (4.65)
ast<h

(4.65) together with (4.63) imply that the main result for &' in part

(1) of the lemma holds. This completes Lemma 4.2. »x
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Lemma 4.3: For some €)0,

- h |+ Jh - h | =0 (3¢ as s,

o P S

proof of Lemma 4.3:

The proo
Hall and Marr
h_, 5 and D,
cv

V' (h,)

V' (b, )
¥We know from
Lemma 4.2,

v’
In addition,

get

v

Cvi

Combining (4.

Op_(cS

when h* lies
Substituting

This is the f

f of this lemma is parallel to the proof of Lemma 3.3 in

on {1987). Consider first Ihcv~ hol. By definition of

CV'(h ) - OV'(h_)
A'(hg) - A'(h,) + & (h) - 6°(h))
M'(h ) - M'(h_) + D'(h) - D'(h_ ) + &' (b)) ~ &' (h_).

- P
the proof of Theorem 2.2 that hcv/ho——a 1. Hence, by

-3/5-¢

s ) as s-w, (4.66) .

(hy) = M'(h)) - W' (h ) + O (c

using Lemma 4.2 and the fact that h0 minimizes M{(h), we

(b)) = A"(h) + 5" (h_)
=M'(h)) + D'(h) + &'(h )
=D'(h )+ 6 (h ) |
(h ) = Op(c;B/S_E) as s, (4.67)
66) and (4.67) implies that |
/5% s w(h) - W(h ) = (h-h_) M (H) (4.68)

between h_and h_. Since h'/h — 1 and M"(h )~a30_2/§
o cv o . o s

" tad -2/5 ""2/5
M"{h') = asc_ + op[cS )-
this into (4.68) gives

- -1/5-¢
(hy- he,) =0 (e

s ) as s-w, {4.69)

irst part of the Lemma.



Consider now |ho—h0|. In the proof of Theorem 2.2, we saw that

~ P
ho/ho--bl. Thus, Lemma 4.2 implies that as s—o,

A'(h)) = A'(h ) - A'(h )

M'(h ) - M'(ﬁ ) + D'(h ) - D*(h_)

-3/5-¢

M'(h)) - W (h ) + 0 (cg ). (4.70)

Since h0 is the minimizer of M(h}, and then by Lemma 4.2 it follows

that
-3/5-¢

A'(ho) = D'(ho) = Op(cs ). (4.71)
Using (4.70) and (4.71), we get

-3/5-¢

0 (<, ) = M'(h) - W' (h).

As above, this implies that as s-m

-1/5-¢

(h,- h o) = 0 (e, ). (4.72)

Combining (4.69) and (4.72) gives Lemma 4.3. »x

Lenma 4.4: CZ/IO

D' (h) =5 N(0. (a, as)® 02) as s - w.

proof of Lemma & .4:

Recall that Dl(h) = ={h/2)D’(h) = S + 82+ 53+ S + S + S . Thus,

it is sufficient to prove that

¢ b, (n) 2 No. a2 o2). (4.73)
We saw in the proof of Lemma 4.1 that E[Sz(h )] = 0(c_"*®). -and
-5/10 -9/10
consequently SB(ho) = op(cS ). Similarly, 6(ho) = op(cS }.

Next consider Sé(ho}'

s,(h) = [(N-1)c]'-1] B(h)
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where

N
B(h} = E J'{Kh(x'Y JELK (x-Y)]
= (1/2) (K, (x-Y,)E[L, (x-Y)] + (1/2)L, (x-Y, )E[Kh(x-Y)])}dx
- e+ 1) EPIK. (x-Y) - E[Kh(x—Y)]E[Lh(x—Y)]}dx + o0 (1)
N
= hZc 1 k a:"(Y ) [Ju® (K—L)/2]
- (Ncs ;1) h (foa"a) [fu (K;L)/2] + op{hz)
= hz{ITa"a)(—zk) - 2h2(ITa"a)(-2k) + op(hz)
B(h) = 9kh?Z (I a"a) + o (h }.

Recall that 5(h) = (Nc -1) Q{h) where by (4 59),
Q{h) = —2kh (f a"a) + o(h ).

Thus, for h~c;1/5,

[S‘i(h) + ss('h)] = (Ne_'-1) [0+ o(c_¥?)1.
Since cl/z[ c I] is asymptot1cally N{0.1)., and h aocslfs.
-5/10
one can show using Slutsky’'s theorem that [84(h°)+85(h0)] = o (cg }.

Let Si = Si(ho) in this proof. Then. in order to prove (4.73) and

hence the Lemma, it is sufficient to prove that

9’10(3 +5,) 2 n(o. 3302) as s . (4.74)
Define:
o? = (22a ) UTe?) HUK+)K(2) - L(2)1dz) 2y
o5 = 4ay k2 [Ji(e")’a - (Jga"a)?]

and observe that aﬁ =a 2(02 + ag)

In order to prove (4.74) and hence Lemma 4.4, it is sufficient to

prove that conditional on N,

c9/10 S c9/10 S

D
( s 1' 7s 2)

— (Zl. 22) as c_-» . (4.75)
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where 21 and 22 are independent normal variables with zero mean,

var(Z ) = N2c 20? and var(Zz) Nc 103 . First, we will prove

(4.75), and then we will show how (4.75) implies that {4.74) holds.

Conditional on N, S1 and 82 are similar to the terms found in the

density setting. Therefore, the proof of (4.75) is parallel to the
proof found in Hall and Marron (1987). It can be shown that

conditional on N, S1 and 82 are uncorrelated. In addition, we can

write

N
o = 3 v(Y)) (4.76)
i<j i=1

such that E[V(Yi.YJ)IYJ.N] =0 a.s. for j<i. Hence, conditional on N,

$;=23IV(Y,.Y) and §

for any a and b,

N N
aSl + bS2 = 3z Wi = 3Z[aZ V(Y Y ) + bv(Y 1]
i=1 i=1 j<4

is a martingale with respect to the o-fields generated by {Yl....YN}.

The method found in the proof of Theorem 1 in Hall (1984) can be

utilized to show that conditional on N,

(a5, + bS,) -2, xo. a’var[s, IN] + b2var[82|N]). (4.77)
Moreover, we éhow below that
cz/s var[$, IN] — N2 cg -2 o?
NZc 2 2a”!(f7a%) I[IK(y+z){x(z)-L(z)}dz]2dy. (4.78)
9/5 22 -

c var[82|N] — NcS

> o2 K (J@)’e - (Jla"a)®).  (4.89)

Using the Cramer-Wold device, (4.77), (4.78) and {(4.79) imply that

= N¢
s

{4.75) holds.
At this stage, we will prove (4.78) and {(4.79). From Hall and
Marron (1987}, we can conclude that given observations Yi. Y, from a

J
density f(x).
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VarlV(Y;.¥,)1 = 20 "(FE)(JTIK(y+2) {K(2)-L() }az]%dy) +o(b) (4.80)

var[v(Y,)] = 4h: K2 (3 - (g6 +o(hl) . (4.81)
where V(.) and v(.) are defined as iﬂ (4.76). Horeover.lin the
intensity estimation situation, we know.that conditional on N, the Yi's
are distributed with density a(x)IEO.T](x). Now,

Var[8, [N] = Var[c_? f<? V(YY) | 8] = oot (N°-N) Var[v(y,.Y PRRGE
Thus, by (4.80),

Var(s; IN] = e *0°-N) [20]1 (J3e”) UTIK(v+2) {(K(2)-L(2)}dz TPy o (n] )]

= ?nt e ? 2(Jge”) (JLK(y+2){K(z)-L(z)}dz]%ay} + o(c;2h;1).

S o
This means that _
-9/5 2 =2
c
s

Var[SllN] -— N

: 2a-! (S5e®) UTIK(y+2){K(2) - L(z)}dz1%ay).

In addition, (4.81) leads to

var[sle)

Var[c;lf v(Y,) | N]

0;2 N Var[v(Yi} | N]

o2 N [4n k? Uglaa - (Fga"a)?) + o(h?)]
= 1t ne?
s o] s

=9/5 . -1
Var[Sle] —c Ne_

a® (e - Ula"a)®) + o(c]'nd).
a® ol (e - (Slawy?y. |
The limits of Var[Sl|N] and Var[Sz|N] above confirm that (4.78) an&
(4.79) hold.

Finally. given that (4.75) is true, we will prove (4.74) and hence
the main result of Lemma 4.4, Let gk.) be the standard normal
cumalative distribugion function, and let ¢(x,a) be the normal density
function at x with mean zero and standérd deviation a. Recall that s-=

implies that csﬂm. Then,



lim PLc/10(s,+ S,) ¢ x] = lim PL(S,* Sp) ¢ e 1°

s-300 S~¥0
@
= lim{ 2 P[(S + 82) {c
s-o n=0

x]

~9/10 x | N=n] P[N=n] }.

Since the summands are positive numbers, we can move the limit inside

of the summation.

lim P[cg/10(81+82) < x].
)

=3 Un{P[(S+ 8,) S ¢
n=0 s-==

= 3 [1im{P[(S,+ S,) < .7/ 1% x | N=n]} Lim{P[Nen]}].
n~O 5= S5-0

910 4 | Nen] P[N=n]}

By (4.76), conditional on N, (Sl+ 82) is asymptotically normal with

variance [c:‘:)/5 (]’«Izc_2 a2 + Ne ! ag)}. Moreover, by (4.25), N is

1

asymptotically normal with mean ¢, and variance cg- Hence,

m P[ 9/10(sl+32) < x]
s-nn
-9/10 <
=n—o ii:{gl -9/10 2 2 % -1 3)1/2 ]}
(n+~5) - c (n-.5) - ¢
11 S | - S
s:,{§[ |
© 9710
= 11 3 [ 3
sqz{ n=0 §[ c;Q/lO (n2c-202+ ncglag)lfz ]
(n+.5) - C (n-.5) - c
Eﬁ[ 172 ] - @[ 5 }} ]}
< c
s s
c—Q/lO x 9
= > 1 —{n-c_)/2c
_if:{f§ ;9/10(2 2%}_ 1%)1/2]\58 s | Sdn}.
N - * 1 ~(n—c_)%/2¢
B ;i:{J‘§ (n (] 20? nc_ -1 3)1/2 ] vﬁ;'e ° ® dn}.




Using the substitution 'w:c;I/ (n—c ) (i.e. nc -[wc 1/?+1]). we get
RRSOBMCRENESY
172
X 2
1 -w/2
dwp (4.82)
J 1224 (w7 p) 1/2] © }
[((w o] +(w we_ +1) ) var

(4.82) implies that the _asymptotic_cumulative distribution function of
(Sl+82) is the limit of a weighted normal cumulative distribution
function with normal weights. We show below that this weighted
function actually. is a noermal distribution function. First, by the
monotone convergence theorem, it follows that

9/10

lim P[- Cg (Sl+82) < x] .

s~n
X 2
1 -w /2
lim{@ — } e dw
‘[s-m ((wcsl/2+1)2a?+(w 172 +1) 2)1/2} var _
sl |
= |1li — }'«P(W.l) dw.
s | ((we 1/2+1)2a2+ (wc -1/2 +1) 2}1/2 .
S 1 Y
Hence,

11m P[cg/lo(s +82) $x] = I@[-(-m] e(w,1) dw.
+
%9

[( 2 2 1/2]
[” ]. (.5

Thus 9/IO(S + 82) 2, N(O, a ar ) and this completes the proof of

*

the Lemma 4.4. ¢

Lemma 4.5: CZAOG (h ) — N[O (a ay) 02 ) as s 3 ®,



proof of Lemma 4.5:
First, define:
& (h) = -(h/2)6'(h) = T + T+ T

2 '3
of = = (e;) (=) (L)

o3 = 4ap k2 [fg(a") % - (Sla"a)®]-

and-observe that 02 =a 2(02 + 0 ).
cv 2

Consider T,. Recall from (4.64) that,
-1
Ty(h,) = [(N-1)c '~ 1] W(h )

where W(ho) = o(h2). Thus, one can show that T3(h } =o ( ~9/10

).
Therefore, in order to prove Lemma 4.5, it is sufficient to show

that

9/10
c
s

2 2 )

(T,+ T,) == N(o, a2 o° (a.84)

1
Given N, T1 and T2 are terms that are found in the density

setting. Therefore, we use procedure similar to the one seen in Lemma
4.4 for T1 and T2. The density setting result of Lemma 3.5 in Hall and

Marron (1987) is utilized to show that conditional on N, aT + bT2 is

asymptotically normal and
9/5 -2 2 2-2,-1, T2 2
c var(TllN) — N ¢, o] =N cg 2a0 (foa } JL=,
9/5 -1 2 -1 ,4,2 T, .2 T .. 2
c, var(Tle) — Ne " a5 =Ne_™ 4a k™ {Jo(a")%a - (Jya"a)“}.

Then, the Cramer-Wold device implies that conditional on N,

9/10 9/10 D
(cS Tl' C T2) e (Zl. 22) as ¢_— (4.85)
where Z and Z are independent normal variables with zero mean,
var(Z ) = N2c 20? and var(Zz) Nc log .

Statement (4.84) and hence Lemma 4.5 follow from (4.85) using a similar

argument to the one found in Lemma 4.4. »x
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Lemma 4.6: Given assumption 4) as well as assumptions 1), 2) and 3),

for any 0<a<b{=,

-1/5 =2/5

sup ]D"(c t)} = o (

aftsh

)} as s-m,

proof of Lemma &.6:
We begin by creating a decomposition of D2(h) = (h2/2)D"(h).
Then, as in Lemma 4.1, we can prove that

sup E[|cl/D™ (%) |2 w0] < Aca.b.e).
s;alt<b

Moreover, using the same methods as those found in Lemma 4.2, it can be

shown that for some e)Q,

sup |D n( -1/5 }I =_0 (3;2/5-6) as s,
alt<b P
sup |R "(c -1/5 t)] =0 (c;2/5-e) as s,
agt<b P
and hence,
sup |D"(c 1/51:)| = o (c ) as s-—m,
alt<b

This completes the proof of Lemma 4.6, »
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CHAPTER 5
AN EXAMPLE OF KERNEL INTENSITY ESTIMATION WITH THE LEAST-SQUARES

CROSS-VALIDATION BANDWIDTH APPLIED TO COFFEE SALES DATA

In general, there are two ways of viewing kernel estimation.
First of all, our goal might be to estimate a "true" underlying
intensity function. Certainly, this goal motivates the theory that was
presented in the previous chapters. The alternative is to view the
kernel estimator as a exploratory data analysis tool. That is., we use
smoothing techniques in order to see important features in data. This
is typically the big advantage for using kernel estimation in practice.

We saw in Chapters'2 and 4 that the least-squares cross-validation
bandwidth has desirable asymptotic properties. Asymptotic analysis
helps us see the basic structure of an estimator; however., since data
sets always have a finite number of observations, it is essential that
an estimator also performs reasonably well for moderately large data
sets. We will show how the kernel intensity estimator with the
cross-validation bandwidth can be utilized to analyze data by

presenting an actual example with coffee sales purchase data.

5.a. Kernel Estimation of the Coffee Data.
In this chapter, we aim to describe the rate of purchases for

various brands of coffee. In particular, we are interested in the



sales of regular coffee (i.e. not decaffinated and not instant) in
standard sized packages (between 13 and 32 ounces) at one given store.
The data were obtained from the Academic Research Data Base ét
Information Resources Inc. Two thousand families were observed over a
period of one hundred and eight weeks {April, 1980 through April,
1982)}. Each time a pgrticipating family member purchased coffee, the
time of the sale and the coffee brand were recorded. Therefore, each
data set represents the sales of one brand of coffee at one store. and
the observations are the ordered times that the particular brand was
purchased by any of the participants in the study.

For a process such as the sales 6f coffee, we do not expect the.
rate of observations to be constant over time. For instance, we expect
coupons, price changes and advertising campaiéns-to have an effect on
sales. Thus, we are interested in presenting a curve which describes
the purchase rate for a given brand of coffee. If we assume that the
purchase times form a nonhomogeneous Poisson process, then the
intensity function describes the rate of coffee purchases over the
relevant time. In addition, we are interested in observing the
relationship between sales and marketing efforts. By overlaying the
promotional activities above. the intensity estimate, we hope to explore
the connection between promotions and sales. .

A kernel estimator of the intensity function is appealing since it
does not restrict the researcher to any prespecified family of
functions. This method allows one to see the existing structure in a
data set since the kernel estimate is high at times when there are many

observations and is low where there are few observations. In the
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purchase rate context, the area under the curve in the interval [r,s]
is approximately the number of coffee sales that occurred between time
r and time-s.

Let t be time measured in weeks; then, for this example we are
interested in the interval [0,T] where T=108. Let N be the number of
purchases and XI.X2....XN be the purchase times that we observe. The

kernel smoothed purchase rate is:

R N
A () = ZK(tX) for t€[0.T] (5.1)
i=1

where h is the bandwidth or smoothing parameter and K(.) is the kernel
function.

Since we are estimating an intensity function on a finite interval
it is important to consider boundary effects. In particular, there are
no observations outside of the interval [0,T], and hence, the kernel
estimator is artificially low at the endpoints. In fact, if A(0) and
A(T) are positive, it is known that ih is inconsistent at the two
endpoints. This is_parallel to the problem in density estimation when
there are discontinuities in the density function. Séveral solutions
have been studied by Rice (1984), Gasser, M;ller and Mammitzsch (1985).
Schuster (1985) and Cline and Hart (1986). Furthermore, when boundary
corrections are not used, the kernel intensity estimate has mass
outside of the relevant interval, and hence, Ig ih(t)dt is smaller than
the number of observations in [0,T].

In this chapter, we use the kernel estimator with "mirror image"
corrections at the two endpoints which was presented in Schuster (1985}
and Cline and Hart (1986). With this method, the area from the kernel

functions that extends beyond the boundaries of the interval are folded
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over at O and T so that all of their area is inside of the interval
[0.T]. Therefore, the resulting kernel estimator with boundary

adjustmenis is defined by

i:(t) = 1gl[Kh(t—Xi)+Kh(t+Xi)+Kh(2T—t--—Xi)] fof t€[0,T]. (5.2)
Thus, when we use the kernel estimator wi;h en& corrections, Ig i:(t)dt
is equal to the number of observations in the interval [0,T].
The.kernel function K(.) in (5.2) is generally a symmetric
probability density function. In our analysis, for computational

simplicity we use the biweight kernel:

0.9375(1-x2)?  for -1 ¢ x < 1

K(x) = 0 otherwise.

¥With kernel smoothing, the main question is not what shape should
the kernel be, but raEher how wide should the kernel be. The smoothing
parameter, h, quantifies the width of the kernel. Thus.'choosing the
smobthing parameter for a kernel estimator is an impcrtanf concern.

Consider figures 5.1, 5.2 and 5.3. These are kernel intensity
estimates of the puchase rate for the coffee sales of Brand 4 with
three different bandwidths. The vertical axis represeﬂts the number of
saleé per week, and this brand has a total of 1506 sales between week O
and week 108. In figure 5.1, h=2.82 weeks is used. This kernel
estimate dispiays_a number of obvious peaks, but the curve is fairly
smooth over tﬁe range of the 108 weeks. Figure 5.2 shows the curve
obtained from using a very small bandwidth (h=.75). The purchase rate
curve has many sharp increases and decreases. These peaks occur
precisely when there are a relatively large number of sales in a small

time period; howeﬁer. we believe that this is an undersmoothed version
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of the purchase rate since the little peaks probably are due to noise
in the data set. For example, consider the intensity estimate from
week 28 to 35 and from week 48 to 56. Finally, in figure 5.3, a large
bandwidth is used (h=10.57). With this oversmoothed curve, we lose
some information about the purchase rate. Notice how increasing the
bandwidth results in one mild peak where there had been two dramatic
peaks in figure 5.1 (e.g. near weeks 23 and 43).

In general, small bandwidths allow one to pinpoint exactly when
the purchase rate is high and low for each brand, however, it is
important to keep in mind that these pictures also display changes in
the rates that may be due to random variation rather than identifiable
causes. Alternatively, with large bandwidths, the resulting curve may
summarize the purchase rate, but this might be an oversimplified view.
It is crucial, therefore, to choose a bandwidth so that the resulting
curve displays the important features of the data without letting the
random variation of the data set effect the curve disproportionately.

For Brand 4, the middle bandwidth, h=2.82, might be a reasonable
choice. Fortunately, we also have information about several covariates
that may influence the rate of coffee sales. For each brand., we have
weekly data that gives the average price of the coffee for that week
and indicates what type or types of marketing efforts were employed
during the week. See figure 5.4. First,-we overlay the price data;
the "+" signs indicate the average price per ounce of Brand 4 coffee.
It appears that decreasing the price does effect the purchase rate:
however, several of the peaks are not explained by price changes. We

also include the information regarding three additional covariates. A
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diamond is printed at each week that Brand 4 coupons were distributed;
a triangle marks the weeks when the brand was advertised in the local
circular: and a square is placed at the weeks when the brand was on
"special display” (i.e. either the coffee was displayed on a rack at
the end of the store aisle or else there was a big sign advertising the
coffee}. We can now see that most of these large peaks are associated
with marketing efforts. Thus, the purchase rate kernel intensity
estimate, allows a researcher to decide whether a promotion influenced
the sales rate, and she can determine the size of the effect since the
area under a curve is approximately equal to the number of purchases in

that period.

S5.b. The Least-Squares Cross-Yalidation Bandwidth.

We would like to choose the bandwidth., h, such that the resulting
kernel intensity estimator reflects the important features (and only
those) of the data. The cross-validation bandwidth selection method
can be motivated by thinking about choosing the bandwidth to minimizg
the distance between the kernel smooth and the “true” purchase rate
function, denoted by A{t). In this context, A{t) is the noiseless
ideal purchase rate underlying the sampling that is used in this study.
In order to quantify the error of X;. we use the integrated square
error (ISE) which is defined by

ISE(h) = Sofan(t)]%at - 257 N(OA(D)dE + £3 A%(e)de
We would like to find the bandwidth that minimizes ISE(h). but since A
is unknown. this is not possible. In Chapter 2, we saw that the

cross-validation score function has roughly the same behavior as

107



ISE(h). Thus., we choose h by minimizing the cross-validation score

function:

-~ N ~
CV(h) = Solan(t)1%de - 2izlx;i(xi)
A~y N
vhere Ahi = jEl[Kh(tvxj)+Kh(t+XJ)+Kh(2T-t-XJ)j. Thus, the
J#i ’

cross—-validation bandwidth should be close to the bandwidth that
minimizes ISE(h). In particular, we saw &n Chapters 2 and 4, that the
cross-validation bandwidth has some good theoretical properties, for
instance asymptotic optimality. Therefore, we used the
cross-validation bandwiath for the following purchase rate kernel
intensity estimators.

In-general. the cross—validation bandwidth selection method
performed well for the coffee data. Unfortunately, theré are some
practical problems to be dealt with. Chief ahong themlis the fact that
the cross-validation score function. CV(h), often has several local
miniﬁa. -

For example, consider for Brand 4. The cross-validation score
function appears in figure 5.5. There are twd local minima at h=2.82
and h=10.57; note log(2.82)=.45 and log{10.57)=1.02. The global
minimum of the cross-validation score function is larger than 100
weeks: however, since the entire study lasted 108 weeks, this
possibility was considered unreasonable.’ The kernel purchase.rate
estimator that is created by using the smallest local minimum baﬁdwidth
(h=2.8é) is shown in-figure 5.4, and the estimator that is created

using the larger local minimum bandwidth (h=10.57) is seen in figure
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Figure 5.5

CV(h)
-0.006

Brond 4 Cros

s—Validation Curve

-0.002

-0.004

-0.008

010

h = 2282

+

2

0.2 0.4

" -0

0.6

0.8

1.0 1.2 1.4

LOG(h)

Figure 5.6

cv(h)
' -0.012

~0.016

ss—Validation Curve

-
=
t
=3
I

~-0.008

g

v

Brand 29 Cro

T T N T

h=31.13

=0.020

0.2 0.4

0.6

0.8

1.0 1.2 1..4 1:6 1.8
LOG(h)

108




5.3. As mentioned above, the bandwidth h=2.82 seems to perform better
because the larger bandwidth, h=10.57, tends to smooth the.data such
that two distinct clusters of observations are sometimes combined to
form one peak.l Wé believe that the rather small change in CV(h) at the
second local minimum (log(h)=1.02) may indicate that the first local
minimum (log(h)=.45) gives the better bandwidtﬁ.

It is known that the cross-validation bandwidth is stongly
affected by clusters in the data. From simulafed examples, data that
have large clusters which contain smaller clusters of observations
of ten produce cross-validation score functions with iocal minima. In
addition,.Hall and Marron (1991) have shown that for density estimation
the expected number of local minima in CV(h) is proportional to
p=LI2100 (52775,

roughness, indicates the likelihood for having multiple minima. The

Thus, p, a ratio of two measures of the

existence of several minima in CV(h) is not desirable; on the other
hand, the curves that result from the vﬁrious cross—validation
bandwidths of ten provide complementary and relevant insights into the
data. Hence, for a complete data analysis, locking at the curve
estimators for each of the local minima is recommended.

Next, look at Brand 29, a brand that was introduced in the.middle
of the study and had 513 cbservations. The cross-validation curve in
figure 5.6 displays two significant minima at h=4.08 and ﬁ=31.13
(10g(4.68)=.61 and log(31.13)=1.49). The kernel inteﬂsity estimate
with the smaller bandwidth, h=4.08, is seen in figure 5.7. With this
curve, the peaks occur at or near the time of the promofions and thus

suggest a strong correlation between the marketing efforts and the
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Brand 29, h=4.08
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purchase rate. In figure 5.8, the intensity estimate with the larger
bandwidth, h=31.13, displays the overall trend of the purchase rate
over time. This brand demonstates how the loacl minima in the
cross-validation curve eééh provide interesting and valid viewpoints
for studying the data. That is, combining the two pictures shows very
clearly what is happening to the sales of Brand 29. First of all,
sales responded very well to the marketing techniques employed (seen in
figure 5.6), and looking macroscopically, the purchase rate decreased
after the introduction of the brand and then increased éfter week 80
(seen in figure 5.7).

Finally. consider Brand 20 a relatively small brand with only 217
observations. In figure 5.9, the cross-validation curve for Brand 20
has only one minimum at h=55.56 (log(55.56)=1.74). The resulting
purchase rate curve in figure 5.10 is extremely smooth. This kernel
intensity estimate indicates that the purchase rate gently rises in the
early weeks and then declines in the later weeks, but remains fairly
steady during the entire study. In figure 5.11, we consider a smaller
bandwidth (h=4.00). When h=4, peaks are evident at the times that
marketing efforts were used; however, by looking at the purchase rate
curve alone, it is difficult to distiguish the explained peaks from the
unexplained ones. Note that the intensity estimator represents between
one and seven séles per week; therefore, these peaks'may simply
represent Poisson variability in the data. As a consequence, the
smooth kernel purchase rate estimate given by the cross—validation
bandwidth (h=55.56) in figure 5.10 seems more reasonable in this

situation.
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Figure 5.9
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Figure 5.11

Brand 20, h=4.00
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i

The fairly constant sales rate for Brand 20 can be Justified by
the marketing theory that small brands may have a loyal group of
customers who continue to buy their coffee with or without promotions.
Combining the marketing theory and the purchase rate kernel estimator
with the cross-validation bandwidth leads us to believe that promotions
are not very effective for increasing the Brand 20 sales rate. Recall
that for the }arge brand, Brand 4, there appeared to be a strong
relationship between promotions and the purchase rate. Thus, one can

hypothesize that large brands derive greater benefits from marketing

- efforts compared to small brands.

The purchase data for the three coffee brands discussed above are
examples where the kernel estimator with the cross-validation bandwidth
seems to perform quite well. In particular, this bandwidth is quite
effective in distinguishing betwéen increases in sales that are due to
promotions rather than random variations in the data. Therefore, the
kernel estimator with the least-squares cross-validation bandwidth
assists us in interpreting the relationship between promotions and the
purchase rate and thus provides greater insight into the poffee data.
This example demonstrates that the cross-validation bandwidth can be a

practical bandwidth for analyzing data from a counting process.
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