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Sperner Type Theorems1

by

G. Katona2
Mathematical Institute of the
Hungarian Academy of Sciences, Budapest

First, we should like to list four problems from several branches of
mathematics.

1. A logical or truth function is an n-dimensional function de-
fined on the(n-dimensional 0-1 vectors and taking on the values 0, 1.

A truth function f 1is said to be monotonically increasing if

f(al,az,...,an) =1 and a; < bl,...,an < bn imply f(bl’bZ""’bn) = 1.
If we fix the values of the variables a, ,a, ,...,a, , say,
i3°%4i) i,
ail*,aiz*,...,air*, then we call the set {aij*} an implicant of £ if
f(al,az,...,ai;,...,air*,...,an) = 1 for all the values of aj's

(G #ip, £=1,2,...,1).

For example, let us consider a ballot with n people voting, and if
at least k of them vote '"yes'", suppose that the proposal is accepted.
It is obvious that this vote function is monotonically increasing, and we
obtain an implicant if we fix the votes of at least k people as '"yes"
and the votes of some other people as 'no".

From this example, it is obvious that an important class of implicants

are those which cease to be implicants when some of their fixed values are

1 This research was partially sponsored by the National Science
Foundation under Grant GU-2059.

2 This work was done while the author was at the Department of Statistics,
University of North Carolina at Chapel Hill.



omitted. These are called prime-implicants. In our example, if we fix
the votes of exactly k people as 'yes", we obtain a prime-implicant.
Returning to the general case, a prime-implicant can not have a

fixed value equal to zero (e.g., a; * = 0) if the function is monotonically
r

increasing. For by changing this zero to 1 by the monotonicity

f(a .sa *,...,ai *+1,...,an) also equals 1 for all values of the
T

12"

a,'s. That is, a, *,...,a, * would also be an implicant, contradict-
i i1 ip-1

ing the definition of prime implicants. That means we may consider the

i1

prime implicants as subsets of the variables (the elements of which are
fixed to be. 1), and such a subset can not be contained in any other such
subset. The question arises: What is the maximun number of prime im-
plicants of a monotonically increasing truth function? 1t is then clear
that the problem is equivalent to the following:

Given a set of n elements, what is the size of a maximal family of
(P) subsets with the property that none of its members contains any

other one?

2. [2]. Given a positive square-free integer m, what is the size
of a maximal subset of divisors of m with the property that none of
these divisors is a multiple of any other one. E.g., if m=30=2-3-5,
{23, 25, 35} 1is such a set. In general, we can associate with every
divisor of m a subset of its prime factors, and, therefore, if a set of
divisors has the above property then the family of the associated subsets
has the property described under (P). Thus, this problem also leads to

problem (P).



3. [8]. Given a set of real numbers, AysBgsesrsdys with the
property a. 21 (1<% <n), and an interval I = (b, b+1). How many

of the M umbers It | e.a. lie in I, where e; = 0 or +1?

=1 171
n n 1 . :
Let Zi=l €53y and zi=l €5 3y be two numbers lying in I, where

Ei # ei' for some 1i. Denote by A and A' the set of indices for which

e; = 1 and Ei' = 1, respectively. A > A' cannot hold, since this would
, n
imply 2,00 8485 = 250 €383 T Ly p 8 T hiar 3 Tl a3 2L

which is a contradiction, for two numbers of difference at least 1 could
not lie in an interval I = (b, b+l).

That means, if we take all the numbers Z?=l €e;a; lying in I and
if we consider the subsets of indices for which e; = 1, the family of
these subsets possesses the property described under (P). Thus, this
problem also leads to problem (P).

3A. We can formulate this problem in the language of the prob-
ability theory, too. Let €; (1 <1 < n) be a random variable taking

on the values 0 and 1 with probability %. What is the maximum value

of P(b < z? < b+1)?

=1%1%
4., Finally,we give a problem connected with finite search theory.
Let a set S of n elements be given and suppose we are looking for

an unknown element of S, having information as to whether certain sub-

sets contain the unknown element or not. It is reasonable to assume that

any two of these subsets are such that if we received the information con-

cerning the first one, we can never predict the information concerning

the second one. In other words, any two subsets divide the set into four

non-void parts.



(Following Rényi, two such subsets are called qualitatively inde-

pendent.)
The problem is the following: What is the size of a maximal family

Al’AZ""’Am of subsets of S having the property that Ai and Aj

(i # j) are qualitatively independent?

Clearly, Ai and A.j are qualitatively independent if and only if

none of the subsets A Ki’Aj’Kﬁ (K means S~A) contains any other one.

i’

That means, Al’Al’AZ’AZ""’Am’Zﬁ must have this property, and we are
again lead to problem (P).

The answer to problem (P) is contained in the following theorem:

1. SPERNERS THEOREM [2]. Let S be a set of n elements, and let

A= {AJ,A ..,Am} be a family of subsets of S with the Sperner-property:

22
Ai X Aj (i # §). Then

n
m < (/21

We now give three proofs of this theorem.

1. Proor (Sperner, [2], 1928). Let B = {B Br} be a family

1.32,...,
r). Then c(B) denotes

IA

of subsets of S such that IBi| =v (1=<i1i
the family of all subsets C satisfying |C| = v-1 and C c B, for some

i. We need a simple lemma:

lema L. 17 B - (5,

n elements, and 1f 'Bil =v (1< <vr) then

""’Br} 18 a family of subsets of a set S of

le@B | > r o — .



PROOF: Count the number of the pairs Bi’ C where C c B, and

|c|] = v-1; then

rev < Ic(B)

+ (n-v+1)

because a set C can be contained in at most n-v+l of the Bi's. The

proof is complete.

Let us now return to the proof of the theorem. Put v = max. ., _ |A,|
1<i<m i
and let il’iZ"'°’ir be those indices for which the maximum is attained,
that is, B = {Ail""’Ai } is the family of maximal elements of A.
r

Now we -prove that if A is an optimal family and n is even, then
n
(1) VS_Z—’

Assume the opposite, v >-%. Then lc(B)I 2 rev/(n-v+l) 2
r((n/2 + 1)/(n/2)) > r.

Replacing Ail,...,Air by the elements of ¢(B), we obtain a new
family having more than m elements and possessing the Sperner property
(or briefly, which is a Sperner-family). This contradicts the maximality
of A.

In the case when n 1is odd, similar considerations lead only to
v £ (n+l)/2, however, if v = (n+tl)/2, then v/(n~v+l) = 1 and
le(B)| 2 r, that is, there always exists an optimal family with
v < (n-1)/2.

If A= {Al,...,Am} possesses the Sperner-property, then obviously
so does A* = {A ,...,Kﬁ}.

must hold if n is even.

(Ni=}

Thus, for an optimal family A, IKiI <

m). If n is odd,

N
P
)_l
IA
.
IA

Comparing this with (1), we obtain IAil =



we have |Ki| < (n+l1)/2 and thus, there is an optimal family with
lAil = (n-1)/2 = [n/2]. It is trivial that the family of all [n/2] tuples
of 8§ 1is a Sperner-family.

The proof is finished, but the uniqueness of the optimal family was
proved only for even n's. If n is odd, we proved that m < ([n72])
and in an optimal family all the subsets have (n-1)/2 or (n+l)/2 ele-
ments. We will prove later, that there exist only two optimal families:
the family of all the (n-1)/2 tuples and the family of all the (n+l)/2

tuples.

2, ProoF (De Bruijn, [1], 1952). We say that a family

B = {Bl,Bz,...,Br} is a symmetrical chain if

1. BlCB c ... B

2. Bl - 1Bl =1

Bit1
3. ’Bll + IBrI =n (that is, the chain is symmetrical with

respect to n/2).

LEMMA 2, 1t 4s possible to divide all the subsets of S 1into dis-

Joint symmetrical chains.

PROOF we shall use induction on n. For n=1, the statement is
trivial. Assume now, that for n-1 we have constructed disjoint sym-—

metrical chains Bl’B B . From Bi = {B

e B, } we con-
2 b b ] u i

11°B520 008y
struct two (if r, = 1, only one) new chains:
i
B.* = (B B B v {x_}}

i il? BiZ’ Tt Tir.? Tir,
i i

{Bil U {xn}, vy Bi 1Y {xn}} s

’



where Xn is the new, n-th element. It is obvious that the new chains
are symmetrical, further that every subset is contained in at least one

new chain and that the new chains are disjoint.

Now we return to the proof of the theorem. Every [n/2]-tuple must
be contained in at least one symmetrical chain. On the other hand, every
symmetrical chain contains exactly one [n/2]-tuple because of the symmetry.
Thus, the number of symmetrical chains is exactly ([n72])' Finally, a
symmetrical chain can contain at most one element from a Sperner-family

and the theorem follows.

3. PROOF (Lubell, [18], 1966). A maximal chain is a chain of n+l
subsets. Count all the maximal chains of a set of n elements. A max-
imal chain is determined uniquely by a permutation of the n elements
(in which order we add them to the preceding subset). Thus the number of
maximal chains is n! Now fix a subset A and count the maximal chains
containing A as an element. We obtain IAI!(n—|A|)! If
A= {Al,...,Am} is a Sperner-family, then no maximal chain can contain

more than one Ai' Thus,

8

Y PEVRECEIV VDR R, 1

i=1

Hence, we obtain

-1

IA
=

n
i=1 (IA.I)
1

or



nog

(2) ] == < 1,

k=0 (k

where dk is the number of Ai's with IAiI = k. (2) is already a gen-

eralization of the Sperner theorem. Indeed, by (E) < ([n72]) we obtain

2 < 1.
n
([n/2])

and the proof is complete.

REMARK, The inequality (2) was first observed by L.D. Meshalkin [4]

(1963).

Now we will consider several generalizations of Spermer's theorem.
The four problems mentioned at the beginning will serve as a basis for
new generalizations. Let us first return to Problem 1. For practical
purposes, it is very important to write a truth function in a well-deter-
mined form, for example, in a disjunctive-normal form. This is the basis
of the synthesis of a truth function in electrical engineering. The
disjunctive-normal form is a disjunction of different terms, where a term
is a conjunction of the variables ai's and zi's such that at most one
of a; and ;i occurs in the same term:

f(al,az,...,an)=(aill&ai &...&ai )v...v(ai &a, &...&ai ).

12 1r t1 Tt2 ts

(0V0O = 0, OVl =1V0 =1Vl =1, O0&0 = 0&1 = 1&0 =0, 1&l1 = 1).

It is a well-known fact in the theory of truth functions that the dis-
junction of all the prime-implicants has minimal length (minimal number

of operations) among the disjunctive-normal forms of a monotonically in-

creasing truth function. That means the number of needed electrical



components will be minimal if we make the synthesis on a basis of this
disjunctive-normal form instead of others. Thus, the real problem, in
this case, is not to determine the maximum number of prime-implicants but
the maximum of the sum of variables of the prime-implicants. Or, in the

language of subsets, we have to determine max Z?=1|A where

1
A= {Al,...,Am} is a Sperner-family. Here we can use (2): What is the
maximum of I _k if gt ( /(n)) < 1?

1=08% =0 {4/ () = 1?2

We can write

n

(3) I /23 T/ Q) < /23 5,00,
k=0

where {x} denotes the least integer not less than x. Here, if k 2 f%}

then

n n, _ n(m1)...(n-{n/2}+1) 1 - 2...k
4 /23 o)/ G) = T D o (kD)

{n/2} {n/2}+1 k-1
n-k+1 n-k+2 °"°°° n-{n/2}

= -k 2k
and if k < {n/2}, then n-k 2 {n/2}, thus

(5) (/23 Do)/ G = /23 7,012 2 (/2) > k.

Using (4) and (5) in (3), we obtain

IA

n
/23 (e /0y

"

k=0

Thus we can state:

THEOREM 2, 17 A= 14

1""’Am} 18 a Spermer-family, then

m
n
z 'A.l < {n/2}({n/2}).

i
i=1
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Let us now consider Problem 3. Previously we proved that the maxi-

n a, lying in an open interval (b,b+l) is less

mum number of sums I, _g.a,
i=1"14

than or equal to the solution of the Sperner-problem, that is, < (

n
[n/2]

If we choose a, = 1 (1 5£1i<mn), then ([n72]) sums have the value
[n/2], that is, our estimation obtained by Sperner's theorem is sharp.
Now let us generalize the problem. It is clear that if we use

e, = %,% instead of e, = 0,1, then the sums I .e.a. decrease
i i i=1"1i71

uniquely by %22 thus the maximum number of sums lying in an open

=1%°
interval of length 1 does not change. Multiplying by 2, we obtain

e, = -1,1 and an interval of length 2. Here we can already allow nega-

tive ai's with Iail > 1 (instead of a; 2 1). Indeed, in this case,

the set of values of sums Zi=l€iai is unchanged if we replace some of
the ai's by -a, . Hence we obtain the following result:

Ifr Agseees@, are real numbers with Iail 21, and
e, = -1,+1, then the maximum number of sums Zz—leiai lying in an open

interval of length 2 is (. " ).
I teng [n/2]
But what can we say about longer intervals, say, of length 2h?

. 1yi i interval
18131 ying in an i va

Let us again associate with each sum Z?=
(b,b+2h) the subset of indices with e; = 1. Clearly, among these sub-
sets there does not exist a pair A, A' for which A > A' and

|A-A'| 2 h because of

~1 B
™
Y]
|
™
[V
[l

() a;- 1 ap-C) a -] ay
i=1 i=1 ieA i¢A icA’ idA?

]
N
~
[V
v
]
=

ieA-A"
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Thus, the following theorem will be useful.

THEOREM 3, [8]. Let A = {AJ,A ..,Am} be a fanily of subsets of

2%

aset S of n elements, and h a natural number. If
(6) Ai > Aj lAi—Ajl >h (1<1i, j <m)

never holds, then m is less than or equal to the sum of the h largest

binomial coefficients of order n.

This theorem will be a special case of the following theorem:

THEOREM 3A.  (Erdls, 1945, [8]). Let A = {4 senesd Y be a family

1
of different subsets of a set S of n elements and h a natural num-
ber., If the family has the property that a sequence of differvent sub-

sets

(7 A, A, D ...>A

does not exist, then m <is less than or equal to the sum of the largest
h binomial coefficients of order n, and this estimate is the best

possible.

PrROOF OF THEOREM 3A. The proof is based on Lemma 2. In a symmetrical
chain at most h of the above subsets can occur. If the length £ of
the chain is less than h, then this number is obviously at most £. We
only have to count the number of chains having length at least £.

Consider a subset of ﬁ@+€»2] elements. Because of the symmetricity,

it is contained in a chain of length at least 4£. On the other hand, each
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chain of length at least £ must contain a subset of [@+{)/2] elements.
Thus, the number of chains of length at least £ is exactly
n . ; .
([(n+£)/2])' Thus, the desired estimate is:
h-1

z £ + (the number of symmetrical chains with length £)
£=1

+ (h ¢ (the number of symmetrical chains with length at least h))
h

= Z (the number of symmetrical chains with length at least &)
=1

h : [(n+h-1) /2]

N n -\
= L Gty = (1)
£=1 i = [(n=h+1)/2]

This latter quantity is the sum of the h largest binomial coefficients.
The family of all the [(n-h+1)/2]-tuples, [(n-h+1)/2]+1-tuples, ...,
[(n+h-1)/2]-tuples shows that the estimate of the theorem is the best

possible.

PRoOF OF THEOREM 3, (Erdos' original proof followed the proof of
Sperner. Here we follow De Bruijn's proof.) If a family has no subsets
of type (6), then it cannot have subsets of type (7), thus the same esti-
mate is valid. The family of all [(n-h+1)/2]-tuples, [(n-h+1l)/2]+1-tuples,
eees [(nth-1)/2]-tuples shows again that the estimate is the best

possible.

We can formulate Theorem 3A in another form, too:
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THEOREM 3B, ret Ay = 14, lml}, A, = {Agl,...,/lgmz},

A = {Ahl”"’Ahmh} be disjoint families of subsets of a set S of n

oA

h
elements. If each Ai (1 <7 <h) <is a Sperner-family, then

~1 5
8

i=1
18 less than or equal to the sum of the h largest binomial coefficients

of order n, and this estimate is the best possible.

PROOF, The family A = Ulril:lAi satisfy the conditions of Theorem

3A, thus the same estimate is wvalid.

Returning now to Problem 3A, can we generalize it to two-dimensional

vectors a, with Iail 2 1? The answer is yes, but not trivial. It is
clear that in this case we can reduce the problem to the case when the
first coordinate of the ai's is non-negative. However, the Sperner-
theorem does not help, because the sum of vectors a, in the half plane
with IaiI 2 1 can have absolute value less than 1. (In the half-line
this cannot happen, which is the reason for the applicability of the
Sperner-theorem in the one-dimensional case.) But, in a quadrant, the

sum of the ai's have again absolute value greater than 1. Thus, in-

stead of the Sperner-theorem, we can use a theorem where the elements

are divided into two disjoint parts:

THEOREM 4, (Kleitman [11] and Katona [19], independently (1965)).

Let Sl and 32

If A= {4

be disjoint sets of n, and n, elements respectively

n, < n,. 1,...,Am} 18 a fanmily of subsets of S, U8, and 1f

neither
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(8) Ainsl=Ajnsl,AnSZDA.nsz i #3)
nor
9) AinslsAjnsl, AlnSZ=AJnSZ (CUE D)

ean occur, then

Il
j=]
+
=}

m < ([n?Z])’ where n

PROOF- By Lemma 2, we can divide the subsets of S into disjoint

1
symmetrical chains. Let Bl’BZ""’Bh be such a chain. Denote by AE
the following family of intersections of 32 with those Aj which have

a common intersection BE with Sl:

A, = {A: for some j, A=AjnS

v and A.nS =B£}.

2 j 1

AZ and Ak (£ # k) are disjoint because of (9). Namely, if AeAK
and AeAk were true, then the sets BKUA and BkuA would satisfy (9),
since BZDBk' Moreover, AK (1 £1i <h) is a Sperner-family because of

(8). Thus, we can use Theorem 3B:

[ (nt+h-1)/2]

n
Z |A£| < > (,g)'
£=[ (n~h+1)/2]

Hence we obtain

[(n2+h-1)/2]
\ \ n
Y P
K=[(n2—h+l)/2]

IA

(10) m

where the first sum runs over all the symmetrical chains given in the de-

composition of Sl'
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From the proof of Theorem 3A, we know that the number of symmetrical

chains of length at least h in S1 is ([(nl+:§/2]). It follows from
(10) that
nl+1 4
1 2 _ 01 n
m5 ) Qo) Caymne? T L GO Qg 21-0
h=1 i=0
ny+n,

( ).
[(nl+n2)/2]

The proof is finished.

This theorem is a stronger form of Sperner's theorem since the con-
dition is weaker, but the result is the same. The only difference is that

the optimal family is not unique. An example of an optimal family is the

family of different A's satisfying [AnS.| =u and |AnS

1 2|

, even, 0 <u=< nl).

Using Theorem 4, it is not difficult to verify the statement of

(nz—nl)/Z + u (nl+n

Problem 3A in the two-dimensional case. The statement for the three-
dimensional case is not yet proved. The generalization of Theorem 4 for

3 parts does not help. There are two possible generalizations. If we

exclude

(i) AinSl = AjnSl AinszéAjnS2 AinSBDAjnSS’

(ii) AiﬂSlDA.jﬂSl A.inS2 = AjnS2 AinSBDAjnSB,

(iii) AinSIDAjnSl AinSZDAjnS2 AinS3 = AjnS3,

then for Sl and 32US3, the conditions of Theorem 4 are satisfied, and

the same result is valid, but it is not useful.
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If we exclude

i n = =

(i) Ai Sl Ajmsl Ains2 Ajns2 AinsjaAjnSy
(11) (ii) AinS1 = AjnSl AimSzDAjnS2 Ains3 = AjnSB’

(iidi) AinSlDAjnS1 Ains2 = Ajns2 Ains3 = AjnSB’

it would be useful, but the estimate of Theorem 4 is not true in this

case. For example, if ISl] = n-2, ISZI = |83| =1 (n is odd), the
family of all subsets A satisfying one of

) Ans =22 jansl=0 laas=o,

(i1) A sl =22 Jans)=1 lansgl =1,

(ii1) Ans =22 jans,i=0 lans,)=1,

(iv) Ans =3 qansl=1  lans, =o,

does not contain subsets of type (11). Nevertheless, it has

n-1 n

n-2 _ S
Ha-3)72) = 2a-nyy22 O (o1 g2

elements.

OPEN PROBLEM- What is the maximum number of elements of a family A
of subsets having the property that none of (11) can hold?

Let us consider again Problem 2. 1Is its statement true for an arbi-
trary non-square-free natural number m, too? Obviously, instead of sub-
sets (which are 0-1 valued functions), we have to consider non-negative
integer-valued functions which have an upper bound (the exponent of P

in m) for the values at each point.

THEOREM 5.  (De Bruijn, Tengbergen, Kruyswijk [1], 1952). Let

f]’fg" . "fm be integer-valued functions defined on a set S = {xl,. . .,xn},
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satisfying the condition
(12) osfi(xk)sak, (1 <4i<m, 1<%k<n)

where the ak's age given positive integers. If

does not hold for any pair (i # j) then

where M 1s the number of functions satisfying ZZ:Zf(xk) =

[(2]_ja.)/2] = [o/2].

In the case of aj =1 (1 <3 <n), the theorem reduces to the

Sperner—-theorem.

PROOF. First we prove a generalization of Lemma 2, and give the

generalizations of the needed concepts. We say that a set F = {fl,...,fr}
of functions satisfying (12) is a chain, if fl < f2 < ... £ fr and each
fi (r 21i 21) differs from fi-l only in one place by 1, that is
there exists an X for every fi such that
i
fi(xk,) = fi-l(xk,) + 1 and
i i
fi(X) = fi_l(x) if x # xki.
We say that a chain F = {fl”"’fr} is symmetrical if
n n
L o£0) + 1 £.0 =

=1 k=1
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LEMva 3, [1]. It is possible to divide all the functions satisfying

(12) into disjoint symmetrical chains.

PROOF. We shall use induction over n. For n=l1, the statement is
trivial. Assume now that for n-1, we have the disjoint symmetrical
chains Fl’FZ""’Fu' If f 1is a function defined on the first n-1 x's,

£ denotes its extension with fy(xn) = y. We construct for a chain

F. ={f,,,...,f. _} new chains in the following manner:
i il iry
0 1 2 %n
fil fil fil fil
0 1 2 %n
fi2 £i2 £i2 ) £io
0 £l 2 ®n
i,r,-2 i,r, -2 i,ri—2 i,ri—2
e | £l £2 n
> i,r,~1 i,r,-1 i,r.-1
i i
a
n
fO f} f? f
i,r i,r, i,r i,r
i i i i

J_ (gl ] j+l n
Clearly, Fi {fil,fiZ""’fi,ri—j’ i,ri—j""’fi,ri—j (0 < j <
min(an, ri—l)) will be a symmetrical chain again.
Indeed,
n n o n~-1 n-1
N n - + 3
I f) + 1 fi,ri—j(xk) I C ) fi,ri—j(xk) I+
k=1 k=1 k=1 k=1
n-1 n-1 n
PG DA COIEE T TN

k=1 k=1 1 k=1
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Further, it is easy to see that:

1. Every function is contained in at least one new chain.

2. The new chains are disjoint.

Now, we can return to the proof of the theorem. Every function having
the value-sum

n
(13) I f(x) = [a/2]
k=1

must be contained in a symmetrical chain. On the other hand, every sym-
metrical chain contains exactly one function of type (13). Thus, the
number of symmetrical chains is exactly the same as the number of functions
satisfying (13), that is, M.

The set of all functions satisfying (13) shows that our estimate is

the best possible. The theorem is proved.

Recently, Schonheim [9] proved a common generalization of Theorems
3A and 5, further_of Theorems 4 and 5.

Now we give a generalization of all three theorems in a more general
language.

We will say that a directed graph G is a symmetrical chain-graph
if

1. There exists a partition of its vertices into disjoint subsets

KO’K1’°"’Kn (they are called levels) of k .,kn elements,

0rKysee

and all the directed edges connect a vertex of Ki with a

vertex of Ki (0 £1i < n).

+1
2. kg <k s...< k[n/2]
k, =k (0 £1i<n)

i n-~i
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3. There exists a partition of its vertices into disjoint symmetrical
chains, where a symmetrical chain is a set of vertices such that
the vertices are connected by a directed path, and further, if the
starting point of this path is in Ki’ then the endpoint is in
K ;-

Consider now a set S of n elements. Let its subsets be the ver-
tices of a graph G and connect two vertices A and B if BoA and
|IB-A| = 1. It is easy to see that this graph satisfies the conditions 1
and 2, and by Lemma 2, condition 3 also.

Similarly, if we consider the graph of functions of type (12) and
we connect tﬁo vertices f and g if f = g except in one place x
where f(x) + 1 = g(x), then by Lemma 3, it will also be a symmetrical
chain-graph.

The direct sum G+H of two symmetrical chain-graphs G and H will
be the following. Its vertices will be the ordered pairs (g,h) geG,
heH, and (gl,hl) is joined to (gz,hz) only if 818, and hl and
h are joined or h_=h and g1 and g, are joined.

2 12

If G 1is the graph of the subsets of a set Sl and H is the graph
of the subsets of a (disjoint) set SZ’ then G+H 1is the graph of the

subsets of S_UuS The situation is similar in the case of finite functions

17°2°

of type (12); the direct sum produces a larger graph of similar type.
The generalization of the Sperner (and also of De Bruijn-Tenbergen-
Kruyswijk) theorem in this language is the following. If we have a set

al,az,...,an of vertices of a symmetrical chain-graph and no two of them

are connected by a directed path, then

m < k[n/2] .
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The generalization of Theorem 3A would then be:

+ oo i i
(14) If no h+l of ajsa,, a (ai#aj) lie in a directed
chain, then m < the sum of the h largest numbers of type
< i <
ki (0 <1i<n).

In a direct sum graph, we will use a weaker condition instead of

(14).

THEOREM 6. et ¢ and # be symmetrical chain-graphs with levels

KO’KJ""’Kh (of ko,...,kn elements) and LO’LZ"'

elements), respectively. If we have a set (gl’hl)”"’(gnfhm) of ver-

L (of Loy.nsl
p (oF L p

tices of the direct sum graph G+H such that no h+l different ones of

then satisfy the condition

g. =8 =8, = = g.
1 iy i Ty

hi ,...,hi lie in a directed path in H (in this order)

(15) 1 W

h, = ... =h
1w Th+l

B, seeesE. lie in a directed path in G (in this order)
lw 1h+1

for some w (1l sw < h+l), then m < the sum of the h largest numbers
s}
of type Zi=0kiza—i'

REMARK 1, 1f ¢ and H are subsets—graphs of sets S, and S, of

n and p elements, respectively, then

= (0 = (P _ ,ntp
k, = (i), Li = () and ) ky £ = ( 0)-

a-1i
i=0

On the other hand, (15) means that there are no h+l different subsets
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Al’AZ""’Ah+l in the given family of subsets of SluS2 such that

Alns1 = A2nSl = ,.. = Awnsl, Alnschznszc e CAwnSl
(16)
Awnslc cee CAh+lnsl’ A,wnS2 = L. 0= Ah+1ns2

holds for some w (1 < w < h+l).

It is clear if (16) holds, then

A1 c A2 C ... C Aw C +4s © Ah+l

also holds, that is, in this case we have a weaker condition than the one
in Theorem 3A, but we obtain the same result, The connection between this
case of Theorem 6 and Theorem 3 is the same as the connection between

Theorem 4 and Sperner's theorem.

REMARK 2, 1f we put h=1 in the above example, we obtain Theorem

REMARK 3- Let us consider now another important special case. Let
S1 be a one-element set, and let the vertices of G be the "functions"
f defined on Sl’ such that 0 < f <n and f is an integer. There
is a directed edge from f to g only if g = f+1. Thus G will be a
directed path of length n+l.

Let H be the same with p instead of n. G+H is in this case a

rectangular (n+l) x (p+l) 1lattice.
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In this special case, Theorem 6 would state that if we have a set of
points of this rectangle, no two of which are connected by a directed
path, then fhe maximal number of these points is the length of a maximal
diagonal (a diagonal is a set of vertices with the same coordinate—sﬁms),
that is min(n+l,p+l).

Schonheim's generalization of Theorem 3A in this special case would
state that if we have a set of points in this rectangle with the property

that
(17) no h+l different members of this set lie in a directed path,

then the maximal number of these points is the sum of the lengths of the
h largest different diagonals:

Theorem 6 says that if we exclude the existence of h+l different
points lying in a directed path which consists of two straight lines

(instead of (17)), we obtain the same maximum.

First we prove this special case.

LEMMA B, Let B Be a graph with vertices (i,4) (0 <1 < a;
grap
0 <gJ<b; 1,5 are integers) uwhere there are directed edges from

(i,§) only to (i, g+1) and (i+1, j). If we have a set of m vertices
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such that there are no h+1 different vertices (il’Jl)""’(th+1’Jh+1)

with the property

(18)
htl  Jw T dwrr T ot T g

for some w (1 <w < h+l), then m < swunm of the lengths of the h

largest different diagonals.

PrROOF, The set of vertices (io,j) where io is fixed and

0 <j<b is called the iO—th column. The rows are similarly defined.
Let V be a set of vertices satisfying the conditions of the lemma and
denote by . the number of columns with exactly t vertices from V.

Obviously, by (18) c, = 0 4if t > h. Thus

h
(19) Z c, = a+1.
t=0

Let us count in two different ways the number of points which are at
least u-th elements of V in any column starting from below. In a col-
unmn where the number of elements of V is less than u, we have to count

0, so counting column by column we obtain

cu + 2cu+l + 3cu+2 + ... + (h—u+1)ch .

On the other hand, counting row by row, we obtain that this number is at
most (h-utl)(b-u+2) because we do not have to consider the first wu-1
rows, and in the other rows we can have at most h-ut+l such points by

condition (18). Thus we obtain the inequality

(20) c, + 2cu+l + 3cu+2 + ... + (h—u+l)ch < (h-u+l) (b-u+2), (1l<uc<h).



25

We have to maximize Z}il=0ici under the conditions (19) and (20).

If atl < b-h+2, then obviously the optimal solution is o = a+l,

Ch—l = L. = c1 = 0. Assume now that at+l > b-h+2. First we will show

that there is an optimal solution with o, = b-h+2. If we have an optimal

solution ch',ch_l',...,cl', with ch' < b-h+2, then o = b-h+2,

- ' _ - 1 = 1 _ - 1 = 1
o1 = Spop T 2(bhH2-q ), o 5 = o ,Hbohi2-q s o 5= 5t
-_— ' 4 h 1 '
1- % > Liogtey = Tyoqfey s

and since the ci"s satisfy (20), it follows that (20) holds for the

c is also an optimal solution because

c,'s, too.

i
u=nh-1: ¢ ,*+2 =¢ ;- 2(b-h+2-¢}) + 2(b-h+2)
= Cﬂ—l + 2cﬁ < 2(b-h+2)
u £ h-2: 4 + ... + (h—u—l)ch_2 + (h-u)ch_l + (h-—u+1)ch
=c, ..o+ (h-u-D) (¢ ,+b-htl-c))
+ (h—u)(c}'l_l - 2<b_h+2—°t'n)) + (h-u+l) (b-h+2)
= c& + ... + (h-u—l)cl_'l_2 + (h—u)clfl_1 + (h—u+l)cﬁ
< (h-ut+l) (b=ut2).
Thus, for this special optimal solution we have
(21) <, + 2cu+l + ...+ (h—u)ch_l < (h-u+l) (h-u) (1 < u < h-1)

instead of (20). If a+l < b-h+4, then the optimal solution is:

Ch—l = 2 or 1, according to whether a+l = b-h+4 or b-h+3,

%r2:= cee =€ S 0. Let us assume that a+l > b-h+4. It is easy to see
that there exists an optimal solution for which Cy1 = 2 (naturally

o, = b-h+2 1is fixed). If we have another optimal solution cﬂ_l,...,
ci, with cﬁ_l < 2, then we can change to another one through Cho1 = 2,

o2 T Sp-2 T 22T p)s g T g P (Zmg ) o T o geeeenCy T O
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which satisfies (21). Following this procedure, we obtain that there

exists an optimal solution of the form cg b-h+2, Cg—l = 2,

0 0
cg_z =2, vu., Cor1 = 2, c, = 1 or o0, 03_1 = ... 0= cg = 0, where v is
determined by (19).
The set of points (i,j) satisfying i+j = k is called the k-th

diagonal of the rectangle and is denoted by D The h wmiddle diagonals

K’

are D where y = [(atb-h+1)/2]. It is easy to see

y? Dy+l’ T Dy+h—l’
that the number of points of the h middle diagonals is just Zicg,
and hence maximal. This means that they are also the h largest diagonals

because any h arbitrary diagonals satisfy the conditions of the lemma.

The lemma is proved.

PROOF OF THEOREM 6., By part 3 of the definition of symmetrical
chain graphs, the vertices of G and H can be partitioned into sym-
metrical chains. Denote by G' and H' the graphs which have edges only
along these chains. Thus, G' and H' are subgraphs of G and H
respectively. It follows that G'+H' is a subgraph of G+H. So it is
sufficient to prove the theorem for G'+H' instead of G+H. However,
G'+H' consists of rectangular lattices, and condition (17) of the theorem
simply means condition (18) in every such rectangular lattice. We know
that an optimal set of points in every rectangle is the union of the h

middle diagonals. Define the levels of G'+H' 4in the following manner:

(g,h) € Mj iff ge Ki, h € Lj—i for some 1.

By the definition of the direct sum, it is easy to see that the Mj's

satisfy the first part of the definition of a symmetrical chain-graph.

The h middle levels of G'+H' are L where

z+l"’°’Mz+h—l’

z = [ (n+p-h+1)/2].
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We will show that the union of the h middle diagonals for all the
rectangles is just the union of the h middle levels in G'+H'.

First we verify that an element of the h middle diagonals in a
rectangle is an element of the h middle levels in G'+H'. Let us con-
sider a fixed rectangle which is a direct sum of two symmetrical chains

,h re-—

from G' and H' with vertices Bgs8ys 98, and h,,h b

S L

spectively. If gy € Ki’ then by the symmetry g, € Kn—i and thus

ita = n-i, or
(22) i = —.

(Obviously, n and a have the same parity.) Similarly, if h0 3 Lj,
then
(23) io= B2

If a point (gk’hﬂ) is in Dr’ one of the h middle diagonals of the

rectangle, then

(24) k+4£ = r
g © Ki+k’ hﬂ € Lj+ﬂ’ thus (gk’hﬂ) € Mi+j+k+£’ or using (22), (23),(24)
(25) (g, hy)) e M .

k> L n+22a b . ‘

Since y = [(atb-h+1)/2] < r <y +h ~ 1, we have z = [(n+p~h)/2] <
(n+p-a-b)/2 + r < z+ h - 1, and (25) means that (gk’hﬁ) is in one of
the h middle levels of G'+H',

Conversely, let (g,h) be an element of Ms’ where z<s<z+h-1l. Then
(g,h) 1is contained in a rectangle which is a direct sum of two symmetrical

chains, say, AT ERRRET- N and hO, l,...,hb. Then by (22) and (23)
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If (g,h) = (gk’hl)’ then (n-a)/2 + (p-b)/2 + k + £ = s, that is for
r =k+ =s - (n-a)/2 - (p-b)/2 the following inequality holds:
+_. — —_
[a b2h+l] - - n+22a b << [a+b2h+l] +h -1,
and thus (g,h) is an element of one of the h middle diagonals.
Thus we have proved that the points of the h middle levels form an

optimal set. For the union of h arbitrarily chosen levels of GH+H,

the conditions of the theorem are satisfied; so the h middle levels
must be the h largest. The number of elements in Ma is obviously

£ k. £ _.; thus the optimal number is the sum of the h 1largest of

i=0 1 o-1i

these numbers. The proof is complete.

Now we will prove another generalization of a theorem of Erdds. We
intend to give a class of problems where the maximum is a sum of binomial
coefficients. We will state the theorem only for subsets of a finite set,
but everything is the same for any symmetrical chain graph.

Let S be a set of n elements and let A]’AZ""’Ah be families
of subsets of S, where AI’AZ”"’Ah satisfy a finite system z of
axioms Oi (1 £41i < s), where the Oi's satisfy several conditions:

1. oy (1 £1i < s) has the form T 3 (Cl’CZ""’Cki)Fi’ where F
is a finite formula containing the variables Cl’CZ""’Cki’ AI""’Ah
and the signs € (is an element of), ¢ (is contained by), &, | |
(number of elements), =, #, <, <,

2. If Cl,...,Cki, AI""’Ah satisfy F, then for every pair

C C either Cj cC or C, ¢ Cj holds (or both).

i’ Tk’ k K
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Let D, ¢ D, ¢ ... ¢ Dn be a fixed sequence of subsets of S with

0 1
X . +
the property lDil =i (0 <4i<n). If A? l,A?+l,...,A;+1 is a system

of families satisfying z but having elements only among DO’Dl""’Dn’

L L £

then denote by AI’AZ""’Ah (£ = n+tl,n-1,n-3,...; £ 2 1) the families

defined by
£ _ . n+l n-£+1 . nt+l-1
Ai = {Dj. Dj € Ai y 5 <1 < 1.
3. There exists a system A?+l,...,A2+l of families satisfying

Z and having elements only from DO,Dl,...,Dn, such that among the sys-

tems of families satisfying Z and having elements only from

Din—t41y/2° P (nrl-1)/2°

| is maximal for all £ (£ = n+i,n-1,n-3,...; £ = 1).

THEOREM /, If AT’ Z""’Ah are families of subsets of a set S
of n elements, z 18 a system of axioms satisfying 1, 2, and 38,
and A]’AZ"’°’Ah satisfy ), then

h
Dol < TG

1
i=1
where j runs over the number of elements of the subsets lying in

A7+1,...,AZ+1 which are defined under 3. This estimate is best possible.

PROOF, By Lemma 2, we can divide the set of all subsets into dis-
joint symmetrical chains. Consider a fixed chain E(n—ﬂ+l)/2”"’

. i i t
E(n+£—l)/2 We will show that the maximal number of elements tha
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A”...,Ah can have in E(n_£+l)/2)- oo ,E(n+£,—l)/2 iS

In order to show this, it is sufficient to verify that if we have a sys-
tem of families satisfying z, then the system obtained by permutation

of the elements of S will also satisfy z. Indeed, we can obtain

E(n—£+l)/2""’E(n+£—l)/2 by a permutation of S from D(n—ﬂ+l)/2"'°’

D(n+£—1)/2' However, the above property follows from 1. The proof of

the above statement is trivial. If after the permutation we would have

CysCysevesCy . satisfying Fi’ then the re-permuted sets Ci,C',...,
1 .

C would satisfy Fi (in contradiction to our hypothesis) because our

ki

signs €, <, U, n, | |, =, £ are invariant relative to the permutation.
A more detailed proof would use induction over the number of signs in Fi'

So, in every chain of length £ we determined an upper bound

=3

L
(26) ) |Ai|.

i=1

In order to obtain an upper bound for Z?=1|Ail’ we only have to sum
(26) for all chains. The best method to accomplish this is to form an

optimal system in every chain and to number the sets in all the chains.

VAR A 2*
Let A7 ’AZ ""’Ah be an optimal system in a chain of length £,
where the star denotes the appropriate permutation. The permutation does
+
not change the number of elements of a set in A?,...,Aﬁ. If Dje ntl

then an arbitrary set D of j elements is an element of a chain of

length £ ((n-£41)/2 < j < (n+€-1)/2), and by definition of Aﬁ and

2¥* A

Ak , DeA” . Similarly, if Dj¢

AE+1 then no set D of j elements can

be an element of the optimal system.
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The upper bound is established. We only have to prove that the
optimal systems defined in this way satisfy z. If this were false then

we would have an axiom oy and sets Cl’CZ"' satisfying Fi'

.,C
,ki

However, by property 2 it follows that Cl,Cz,...,Ck. form a chain
i

(perhaps with equal terms) which is  part of a chain of length n+l.
From that we can form, by an appropriate permutation of elements of S,

the chain D0 IS Dl C ... C Dn' Thus, the sets Ci,Cé,...,Cii thus ob-

tained would be elements of this chain D0 c Dl S ... < Dn' The permu-

]

.o ,C! would
2’ b ki

tation does not change the number of elements, so Ci,C

remain elements of the corresponding families A?+l,...,A2+l and they

would satisfy Fi which contradicts our hypothesis. The proof is

finished.

EXAMPLES,
1. SPERNER'S THEOREM. Let | contain only one axiom:

-3 (Cl,Cz): (CleAl’ CZGAI’ Cl#CZ, Clccz). In any chain D(n—£+l)/2”"’

D(n+£—1)/2 we can only choose a family A, with a single element, and

if we choose D[n/2]’ it satisfies the condition 3, and so, by Theorem 7
_ n
maxlA,l = ([n/Z])'

2. ERDOS' THEOREM (Theorem 3A).
-,§| (Cl’CZ""’Ch+l): (C1€A1"”’Ch+1EA1’ cl#cz,...,clfchﬂ,...,ch#chﬂ,

C CCZC...CC ), where hs<n+l. In a chain D(n—£+1)/2"'°’D(n+2—l)/2

1 h+1

we can choose a family A] with at most min(£,h) elements, and if we

choose for £ = n+l the family D[(n—h+l)/2]""’D[(n+h—1)/2] it will

be maximal for every £. Thus, by Theorem 7:
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[(a+h-1) /2]

-\ n

max [A,] = @
i=[(n-h+1) /2]

3.0 G, G ) (CreAq, ., eA, Ci#CyseresCiAG L1
2 G PG €€, Gy )

T3¢ (CeAy, Ic,1 < k)

where h < n+l and [(n-h+1)/2] < k < [(nt+h-1)/2]. In a chain

D(n—ﬂ+l)/2’i "D(n+£—1)/2 we can choose a family A1 with at most
min(((n+£-1)/2) - k, h) elements, and if we choose for £ = n+l the

family Dk+1’Dk+2""’Dk+h’ it will be maximal for every 4£. Thus, by

Theorem 7:

k+h
max ]A7| = ) (?)
i=k+1

4, The previous example with lC1l=k instead of IClISk.

[(nth)/2]

max |A7| = > (2)-
i=[(n-h)/2]
i#k

5. -,_:j(cl,cz): (cleA,,c?_eAI, claécz, C,<C,, Icz—cl| <1)
13 (€: (€ eA,, IC 1 = [n/2] + 1)

i LI i i A
In a chain D(n-£+l)/2’ ’Dn+£—l)/2 we can form a maximal family 1

. . . (£ = o+l
choosing every other one, leaving out D[n/2]+l Thus, if for £ =n

we choose "D[n/2]—2’D[n/2]’D[n/2]+2""’ this family will be maximal



for every £. By Theorem 7,

max ]A,] =

>

(-1i=(-p[n/2]

6.

A version of Erdos' theorem (Theorem 3B)

13 (cl,cz): (clccz, CleAI’ CzeAl)

13 (él,cz): (CfCZ’ cleAH, czeAH)

13 Cy: CIEAl’ CleAZ

13 C1: CleA], CleA3

M3 Cq: CpeAy s CeAy.

The solution is the same as in the example 2.

13 (cl,cz,c3) (cleAl, czeA,, c3eA1, claécz, Cl¢c3, CZ#C3,
€,C,<C )
T3 (€1:C55C4) (Cyehy, Coehy, Cyehy, € 7C,, C17C40 CofCy,
€1€,%C )
T3 (€1,C,) (CieAy, cyeh,, CyFCys CyoCy)
For £ = n+l an optimal solution is ;= {D[n/2]—l’D[n/2]}’

and it is an optimal solution for each £,

2 = Orn/212 Pras21e1’s

since the optimum for 4£=2 is 3 and for 4£=1 is 2.

n n n _ nt+2
max(|A;|+]A;]) Cn/21-1 F 2a/20 * Qor2ier? = (o/2ien-

33
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8. Let h and H be integers with the property h+H-1 > n+l.

1 H(Cl, Cos vens Ch+2—w): (CleAi . CleAi s e CleAi s CzeAi ,
1 V4 w w
27 CzeAiw, cens Ch+2—w€A1 , C1 c C2 C ... C Ch+2—w’ Cl#Cz, Cl#C3, eees
Ch+1—w#Ch+2—w)

for every w (1 £w £ h+l) and 1 < i1 < i2 < Le. < iw < H.
Let us construct a graph with vertices (i,j) where
(n-€+1)/2 <'i < (nH€-1)/2 and 1 < j < H. There are directed edges
from (i,j) only to (i,j+1) and (i+l,j). Let Di’ Aj correspond to
the vertex (i,j), the condition (27) is just (18), so we can use Lemma
4: the maximal number of vertices is the sum of lengths of the h largest

diagonals of this rectangle. So if for A£=n+l we choose the h largest

diagonals in the '"middle":

n+l

A’ B {D[(n+H—h)/2]’ ter D[(n+H-h)/2]+h—l}

nt+l

AZ B {D[(n+H—h)/2]—1’ teeo D[(n+H-h)/2]+h-2}

:n+l

AT T Drmeny 21-@-1)° 0 D[ (atioh) /2] +h-

then Af, ceey Aﬁ will have the optimal property in all the smaller

rectangles, since the corresponding vertices will also form the h
"middle" diagonals. Thus, we may apply Theorem 7:

0 gy [(otH=h)/2]-j+h+1

max ) |Ad = ) > )

1 1

i=1 j=0 i=[ (n+H-h)/2]1-3
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n ol n
(G atti-n)y /2]-8+10 ¥ 2 mamony /27-0420 F 3 ution) /2]-m43) T o
n

n
* 2([ (n4-n) /2 )+h-2

* ([ (atli-h) /2]+h-1)

Obviously, conditions 2 and 3 are strong. For instance, if in ex-

ample 5 we omit the second axiom and n 1is even, then for £=nt+l the

only optimal solution is A?+l = {DO’DZ’D4"'°’Dh}' In this case,
{D2,D4,...,Dn_2} does not form an optimal solution for 4£=n-1 because

{Dl,D3,...,Dn_l} has more elements. Thus, in this case Theorem 7 does

not work, although it is easy to see that in this case

max |Ai| - oot

holds, too. Let e be a fixed element of S. If AcS-{e}, then among
A and Au{e} A7 can contain at most one. That means AI can contain
only half of the subsets of §; |A1| < (2n/2) = 2n—l. The construction

of example 5 shows that this estimate is best possible.

Now, we prove a generalization of this statement.

THEOREM 8, If A=1{4 .,Am} 18 a family of subsets of a set S

IR

of n elements and no two different subsets satisfy the condition

Ai c Aj, IAj—AiI < k-1 (k = 2)

then

< \ n
S ™
i=[n/2](mod k)

and this estimate is best possible.
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First we prove the following lemma:

LEmva 5. If k=22, then it is possible to divide the subsets of a
set S of n elements into disjoint chains which are
(a) of length k

or (b) of length less than k and symmetrical.

ProoF oF LEMMA 5, we use induction on n. For n=1, we have one
chain of length 2 which is symmetrical. Assume we have constructed ap-
propriate chains for n-l. From these chains, we will constuct new
chains using the n-th element, x . From a chain {Bl,...,Bk} of length

k we form two chains {B ,B.} and {Blu{xn},...,BkU{xn}}. They

12 oBy

have property (a) again. From a chain {B .,Bi} (i < k) we form the

177"

following two chains:

{B cees Bi’ Bi U {xn}}, {B1 U {xn}, cees Bi-l U {xn}}.

l’
The lengths of the new chains of this type will be <k, and they will
be symmetrical; |B1|+|Bi u{xn}l = |Bl|+lBil +1=n-141 = n and
IBlU{xn}I + IBi_lu{xn}l = |B1|+|Bi_1| + 2 =n, It is clear, further,
that the new chains are disjoint and that they contain every subset of

S. The proof of the lemma is finished.

PrOOF OF THEOREM 8, Let us comsider a set of disjoint chains given
by Lemma 5. A chain of length at most k cannot have two elements of A

by the condition of the theorem. Thus,
(28) |A] = m < number of chains.

By symmetry, every chain of type (b) has an element of size [n/2], and
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every chain of type (a) has an element of size = [n/2](mod k). Since a
chain cannot contain two elements of size = [n/2](mod k), the number

of chains is exactly

\ n
/ ),

1

i=[n/2](mod k)
which by (28) yields the desired inequality. The family of all sets
having 1i=[n/2](mod k) elements shows that the estimate is best possible.

The proof is complete.

Brief List of Further Results.
We have seen in Lemma 1 that J|c¢(B)| =2 r « v/(n-v+l). An interesting
question is the following: 'What is the minimum of |c(B)| if

B = {Bl,...,Br} and r is fixed?" The natural conjecture that if

r = (E), then minlc(B)| = (V?l) is correct. More generally, every r>0
& ay-1 at
ro= ()+ () + .+ (0

in a uniquely determined manner if v is fixed and a, > eee > 2,

t 21, aj 23 (t<j<vwv). J.B. Kruskal [15] proved that

min|c(B)| = (;Ti) + (iZ;}) +oo.. (:fl) .

A simpler proof is given by Katona [16].
A similar problem is the following. If B = {Bl’BZ""’Br} is a
family of subsets of S (|S|=n) and IBil=v, |Biqu12]g (1<i,j<r;

1<k<v<n), then we know [14]
v
IC(B) | Z v_k+l r .

The exact minimum is still an open problem.
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Using the result mentioned above, Milner [13] proved the following
theorem:

If A= {Al,...,Am} is a family of subsets of S such that no two
different ones are in the relation AiCAj’ and such that for all pairs

lAiUAkl > k, then

n
([ (1) /27

and the estimate is best possible.

Sperner's Theorem says if we have a family A = {Al,...,Am}, where
m > ([n72]) . there is a pair satisfying AiCAj’ i#j. Kleitman [7] con-
sidered the question of the least number of such pairs we must have:
if m= ([n72])+x, then the number of such pairs is at least x([n/2]+1).

n
A < .

This is exact if x < ([n/2]+1)’ but for larger x the exact estimate
is not yet known.

The most interesting application of Sperner's theorem is given by
Kolmogorov [17]. The concentration function of a random variable & is

defined as follows:

Qg(v) = sup P(x < & < x+v)

If gl,gz,...,gn are independent, identically distributed random var-
iables, Qi(v) will denote the concentration function of the sum

E1 + &+ ... + En. Kolmogorov proved

Q" < e

3=

In the proof, he used Sperner's theorem through the sums Zeiai which were

mentioned din the third example in the introduction.
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For the more-dimensional generalization of this probability theory
theorem, Sazonov [5] needed a new generalization of Sperner's theorem.
This generalization is given by Meshalkin [4]: Let A = {Al,...,Am}

be a family of partitions of a set S of n elements, where A de-

i
notes the partition Ail’AiZ""’Air (r is fixed). Assume no two dif-
ferent partitions Ai’ Aj have subsets Aik’ Ajk with the property
AikcAjk' Then

n!

m < max
eeo n !
r

1
tn,=n "1°
i
and this estimate is best possible., If we exclude two partitions Ai’
Aj if AikCAjk or AikDAjk for each k, then the problem is still
open.

Rényi [3] asked how many subsets we can choose having the Sperner
property if we choose every subset independently and with probability

n . n . -
1/2". The answer is (2/V3)" which is definitely less than
([n72]) ~ 2n//; v2/m. The other generalizations of Sperner's theorem
are not yet investigated in the random case.

An o0ld problem is: how many Sperner families are there? It is easy
to give a lower bound for the number ¢(n) of Sperner families on a set
S of n elements. The family of all [n/2]-tuples is a Sperner family.
Similarly, an arbitrary subfamily of this is again a Sperner family. So

G 00
2 [n/2] < y(n).
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The newest result was obtained by Kleitman [20]:

c ¢, log n

n 1 n
([n/z])(l+—~n-) ([n/2])(l+ - )
2 < yh) = 2 ,

2
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