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CHAPTER I

INTRODUCTION

1ol G

In many experimental situations the question frequently arises as
to which of two or more methods of measurement should be wsed to observe
some characteristic or response of interest. In such cases it is neces=
sary to have a means of comparing the relative merits of the various
methods. When the true value of the characteristic of interest is known,
the customary procedure is to determine the accuracy of a measurement
method by comparing the measured value with the true value, and to deter=-
mine its standard deviation as a measure of the precision or reproduc=-
ibility of the method. Accuracy and precision are then used as a basis
for comparison of alternative methods. However, there are many situa-
tions in which the characteristic of interest is either ill-defined;
such as, qality, performance, etc., or can only be measured by means of
the instruments being compareds such as, strength, smoothness, etc. In
this case it is necessary to have a means of comparing the relative merits
of methods of measurement which is independent o\f any knowledge of the
true value of the characteristic of interest.

Both of these situations, where the true value of the characteristic
is either known or unknown, have been discussed by Cochran (1943) and
Mandel and Stiehler (195L), and they suggested the concept of sensitivity
as a qualitative measure of merit of measurement methods. Basically, the

sensitivity of a measurement is a combination of its ability to detect
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small variations in the characteristic of interest, or small differences
between treaiments; and its repfo&ucibili’ey. As Cochran put it:

"It is clear that the answer (to the semsitivity question)

depends both on the experimental errors associated with

the scales and on the magnitudes of the treatment effects

in the two scales.™
Tns, the most sensitive method will be that method which provides the
optimim cembination of high discrimination of treatment effects and high
reproducibility or minirmum error wvariance.

When the sensitivity problem is to'be invéstigated, e@erimeﬁts my
be carried out specifically for the purpese of comparing two methods or
scales of measurement. I1:, is assumed that it is possible to. select
treatments that will effect changes in the characteristic of interest,
or ﬁat materials can be selected which are known to span the range of
values of this charac’aeristic; for example, see Lashof, Mandel and
Worthington (1956). It is not mnecessary to know the true values of the
charaéteristic, only that differences, be they large or small, exist.
When at least one of the measurement processes leawies the characteristic
of interest unaltered, both methods of measurement may be applied to the
sane experimental units. In the situation where both measurement processes
alter the characteristic of interest, it is oftem possible to apply the
two methods of measurement to separate sets of subsaﬁples from the same
experimental units. There may be situations, however, “where it will be
nécessary to apply the methods to be compared to independent experiments,
the only common feature being that the same set of treatments will be
used in both experiments( This last situation has been considered by

Schumann and Bradley (1957) and (1959).
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Provided the techniques of analysis of variance are applicable, it
is possible to obtain a comparison of sensitivities of methods of measure=-
ment by comparing the F-ratios for treatments from the amalysis for each
method. The most sensitive method is that one which better demonstrates
treatment effects (Model I of the analysis of variance) or the existence
of a between=treatments component of variance (Model II of the analysis
of variance). This definition of the most sensitive measurement method
conforms to that given previously.

The comparison of F-ratios is the approach considered by Schumann
and Bradley. They deal with the situation where independent experiments
are conducted; and, hence, the F-ratios to be compared are independén'h.
In the situation where one experiment is conducted and both methods of
measirement are applied to the same experimental units, or to subsamples
of the same experimental units, the comparison of the F-ratios for treat=-
ments from the anglysés of variance will involve the comparison of corre-
lated F-ratios. It is this latter situation with which this paper is

concerned.

1.2 Statement of the Problem

The primary objective of the study reported in this paper was to
develop a statistical test for the comparison of the sensitivities of
two methods of measurement applied to the same experiment. The appreoach
to be considered was the comparison of the Fe-ratios for treatments from
the analyses of variance. Two situations were of primary interest: the
firsf. being the case where both measurement methods can be‘ applied to
the same experimental units, and t.her second being the case where the



measurement me thods must be applied to separate samples from the same
experimental units. The secondary objective was to investigate the
properties of the tests that were developed, particularly with regard
 the power of the tests.

As an outgrowth of the study it was possible to develop an approxi-
mate test for the case considered by Schumann and Bradley (1959). They
developed an exact test for the case where two indepe;:dent experiments
are conducted. A further development was a solution for the problem of
obtaining maximum sensitivity with minimmm cost. The theoretical
development of these and the original objectives is presented in
Chapter III, Illustrative examples of the application of the tests are
given in Chapter IV,



CHAPTER II
DISCUSSION OF LITERATURE

2.1 General
The problem of determining the appropriate scale or method of measure=

ment to be employed for the determination of a particular characteristic,
or ﬂ;e.esﬁmaﬁ.om of a particular response, has been discussed throughout
the literature. A great majority of the articles in which this problem
has been discussed have made no attempt at presenting a general approach
to the problem, Tt rather have dealt with the topic only in so far as it
pertained to the particular study being presented. A few examples are
Dillon (1936), Roth and Stiehler (1948), Carlin, Kempthorne and Gordon
(19%6), Lashof, gt al. (1956), Teichman, gt al. (1957), and Hart (1958).
The only articles to be discussed in this chapter, however, are those in
which an attempt has been made to present a valid statistical test for
the gereral problem of comparing sensitivities of measurements. These

latter articles are comparable to the type of study presented in this paper.

2,2 Multivariate Approach
The statistical aspects of the problem of compatring different scales

of measurement for experimental results were discussed in considerable
detail by Cochran (1943). He assumed that the techniques of analysis of
variance were applicable and confined his attention to the case in which
all scales measure the same replicated experiment. What was at that time
reeént work in multivariate analysis was used to provide tests of the
hypothesis that the treatment effects are the same in 2ll scales, and of
the hypothesis that the scales are limsarly related. All of the tests



presented were for large sample results; Aside from indicating the
problems involved, no attempt was made to develop small sample tests.

A brief discussion was presented of methods for comparing the
"relative sensitivity™ of two scales. What Cochran refers to as relative
sensitivity corresponds to what has been called the "sensitivity ratio®
by other authors. Tests were suggested for canparisén of two scales when
onlyr Vtwo treatments are used and the scales are either equivalent or
linearly related. 7

For the case where more than two treatments are used it was indicated
that the comparison of two scales would inwlve a test of the hypothesis -
that two non=-central variance ratios are equal. However, no such test

was actually developed.

2.3 Components of Measurement
Several publications have appeared in which the proposed technique

for camparing two or more methods of measurement assumes that a measure=
ment is made up of several components. In an article presented by
Grubbs (1948) a rrieasurement or observed value was considered to be the
sum of two components — one the absolute value of the characteristic
measured and the other an error of measurement. He called the first
component, product variability; whereas, the second vcmnponen'trwas refer=
" red to as the precision of the measuranent; Techniques were given for
separating and estimating product variability and precision of the
measurement, and the application of these techniques to cases involving
the comparison of two or more measurement methods were discussed. No

gignificance tests were presented. The decision as. to which measuring



method is superior was determined by comparing the relative order of
magnitude of the estimates of the components. '

Later, Smith (1950)used Grubbs! development to consider the prob-
lem of comparing two instruments for measuring a character which cen
only be observed via these or similar instruments; i.e., there are mno
theoretically absolute values against which the instruments can be
calibrated. He presents a technique for computing the precision of two
measuring instruments when there is a linear relation between the scales
of the two instruments. A technique is presented for obtaining estimates
of the components of ﬁeasuranent as defined by Grubbs, which requires an
estimate of the regression of one scale on the other. Since Smith uses
the linear relationship between the scales only as a means of obtaining
estimates of the components of measurement, the ocutcame is ind'ependent.
of which regression is estimated.

Further work in the use of components was presented by Mandel (1959)
and by Mandel and Lashof (1959). Both papers gave particular attention
to interlabaratory studies of test methods. The assumption was made that
systematic differences exist between sets of measurements made by the
same observer at different times or on different instruments, or by
different observers in the same or different laboratories, and that these
systematic differences are linear functims of the magnitude of the
measurements.

The fa“.rsi paper by Mandel proposes a theoretical framework for the
mathematical exmression of the sources of variation in measuring methods
and develops a suitable method of statistical analysis. The latter
paper deals with the practical aspects of the scheme, which is called
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Rthe linear model", and demonstrates its use in the design and analysis
-for round~robin tests. A further discussion of the use of interlaboratory
studies for the purpose of comparing methods of measurement was also
presented.
2.4 Sensitivity ‘mterion
An alternative'approach to the preceding techniques falls into a
category of its own, which will be referred to as the sensitivity crie
terion. This criterion was presented by Mandel and Stiehler (195h).
They suggested as a measure of the sensitivity of a test
Yy = || /oy | (2.1)
where M is an obtainable measure of some property of interest, Q, and Oy
is its standard deviation. It was pointed out that the advantage of this
criterion is that it takes into account, not only the reporducibility of
the testing procedure, but also its ability to detect small variations
in the characteristic to be measured.
For the case where we wish to compare the sensitivities of two alter=-
native methods of measurement applied to the same experimemt, the sensi-

tivity ratio was presented in the form

Yy ) | ,
-:I-‘-;s %“Oaﬁ' ’ (202)

where M and N are the alternative measuring methods. This sensitivity

ratio was then reduced to

=2 @)
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Hence, it was pointed out that it is not necessary to have a knowledge of
the relation of M and N to the theoretical Q. All that is required is a
knowledge of the mutual re]ationshib between M and N, Mandel and Stiehler
indicated that AM/AN will be the slope of the curve of M plotted as a
:E‘anetieﬁ of N. The superior method is detemimed by observing in which
direction the sensitivity ratio deviates from ene. When there is ne
difference In the sensitivities this ratio will equal one.

Mandel and Stishler further stated that the functional relatieaship
assumed to exist between the methods M and N need not be known for the
application of the sensitivity ratio approach. Tlmy ~implied that it is
only necessary to obtain the regression of M on N; and then AM/AN will be
estimated by the slope of this regression.

Let us investigate this point. If fe (f{lK) denotes the conditional
distritution of M given N, the regression of M on N is defined as

®
CE(MIN) =/ Mg (u|N)Jad , (2.h)
.m
and, similarly, the regression of N on M is
®
E(NiM) = / N[£ (N|M)]av , (2.5)
o0
Their respective slopes will therefore be
w )
. 32, (MIM) ]
%= _G{M(_""“—w ) a , (2.6)
and
®
: oL£, (2[1) ] :
% IN( caM ) aN . (2.7)
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Now,
Yu 1 M N 1 '
——m == implies o« == B e (2.8)
o MI9M|@LE |
b % Bt oy
which implies

’fﬂ@[fﬁlmvm _ ]/ fN(a[fc$IM)1> dN' . (2.9)
B 4 2

It is well known that this last relationship is not necessarily twue.

For exsmple, if M and N come from a bivariate normal population,

q,
BN = g+ p ot (V=) (2.10)
and, hence |
aMo_2EMm) _ %M
AN o " Po y (2.11)

By the same ‘token

- JE(N|M < .
o - 2. . Pz% y (2.12)

Therefore, substitating (2.11) and (2.12) in (2.8) gives
lp| = |1/e| » (2.13)

which is a contradiction except when p= 1, Hemnce, the determination of
the most sensitive method of measurement, using the slope of the regres=
sion of one method on the other as saggested by Mandel and Stiehler, is
dependent on which regression is estimated. |

A proposal for obtaining confidemce limits for the semsitivity ratio
by use of the relation

Q

8- - (8] -t - (3) (2
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where I is distributed as Snedecorts F and AM/AN is assumed to be deter=
mined without error, was presented; This relation may be incorrect since
the variances which appear in the ratio under consideration are correiated
when both methods are used on ‘the same experiment. In this case, the
relation that should be used for confidemnce bounds on |aM/AN| (G'N/O'M) is
that given by Pitman (1939), namelys
() (- 21\.1)2(11.2)

o
Foa o , (2.15)

sady (4)° (22

where F is distributed as Snedecorts F with (1, n-2) degrees of freedom,
2 2 : . ' ,
= SMN/SMSN, n'is the mumber of samples measured, and Sy Sy and Sy
are the sample standard deviations and covarignces” :respectively.
Aside from these points, if the functiomal relationship between the
two me thods of measurement is known, or the @uality Q can be measured with-

out error, the sensitivity criterion appears to be a satisfactory approach.

2.5 Comparison of Similar Experiments
The comparison of variance ratios from independent but similar experi-
ments as an'approach to comparing sensitivities was introduced by Sclumam
and Bradley (1957). They suggest that in order to compare two methods of
meagsurement, two. independent but similar experiments should be set up, and
that the two scales of measurement 'bea applied to separate experiments.
The term "similar experiments" wes used in the sense that the F-ratios
for treatment comparisons resulting from the two experiments have the same
degrees of freedom. The objective was to select that measuring method
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which has the larger F-ratio, with the assumption that this would be am
indication that that method was more sensitive to differemces in the
treatments than the method yielding .the smaller F-ratio. The model |
assumed for the experiments was Model I, the fixed effects model of the
analysis of variance as defined by Eisenhart (19h7); and a test was
developed for testing the hypothesis that the non=-centrality parameters
of the two non-central variance ratios are equal. |

The distribution of the ratio of two independent non=-central wvariance
ratios was obtained and its properties discussed. Using the result of
Patnaik (1949) they showed that the ratio of two non-central variance
ratios may be approximated adequately by the distribution of the ratio
of two centrgl variance ratios with appropriately adjusted degrees of
freedan. A table for use in applications of the latter distribution,
with experiments in which the degrees of freedom for the F-ratios are the
same and the treatment means are based on the same mumber of replications,
was given for one-sided tests at the 5% level of significance. Siml-
taneously with this paper a companion paper was presented by Bradley and
Schumann (1959) in which applications of the similar experiment approach
and use of the table were presented.

Later the applicatic;n of the similar experiment approach to Medel II,
the random effectes model, of the analysis of variance as defined by
Eisenhart (1947), was presented by Bross (1959), and Schumann and Bradley
(1999) « Both papers extended the Vearlier work of Schumann and Bradley
(1957) on the comparison of sensitivities of experiments based on Model I
of the analysis of variance to experiments based on Model II of the
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analysis of variance. In addition, the Sclumann and Bradley paper
presented additional tables for the distribution of the ratio of two
central variance ratios with equal pairs of degrees of freedom. The
new tables are for the 2.5%, 1% and 0.5% levels of significance.



CHAPTER IIT
THEORETICAL DEVELOPMENT

3.1 Introduction

In this .chapterbprocedures are devedoped for a statistical test for
coﬁxparing ‘bhe sen»si-ﬁvifies of two methods of measuring some quality of
a materigl where both methods are applied to the same experiment. Two
cases are of primai'y' interest. These are:

Case It Both méthods of measﬁremen‘b are applied to the same

experimental units, |

Cage IT3y Each method of measurement is applied to separate

subsamples from the ‘same experimental units.

A procedure is then presented ff'dr determining the relative simple
size of twd measurement methods. From the relative sample size it is
possgible ’c.b de’cemilner the number of additional samples required with the
least sensii;ive method to make the two methods equal in sensitivity.

Cost considerations are introduced and a determination made as to which |
method is the least expenéive to apply. The power of the tests developed
for the two.cases of interest is discussed, and power curves are presented
for several valués of the parameters. Finally, an é.pproxima'bion for the
Schuniann—Brédley test for the case of independent experiments is developed,
and the 'cﬁtical vélues obtained with the approximation are compared with
-bhe. exact values obfained by Schumann and Bradley. This is referred to

as Case IIT.,
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The following assumptions sre made throughout this chapters
(1) The pairs of observations on each experimental unit are
assumed to come from a bivar:ia’c;e-nomal parent population.
(2) The applicable model is Model IT, the random effects model,
of the analysis of variance. '
(3) The assumptions required for the use of analysis of variance
procedures to infer the existence of components of variance,
&s described by Eisenhart (19’47), are applicable to the
experimental situations under consideration,
§.2 Case It ‘”Both Measurements Taken on the
A _ — Same Ixperimental Units =
3:2.1 Notation and hypothesis. Suppose for simplicity samples are

" tested from m grades of a material, by two methods or far two properties,
y th

Xé and Xs. Let n#, be the number of samples fraom the r™ grade, and let
r2.(111,) = N, Then, from the analysis of variance and covariance for the
two methods, we obtain 'the‘ sums of séuares and sums of products presented
in Table 3.l.

Table 3.l. Anail.ysis of variance and covariance

2 ' 2

Source d.f, Sxi S_xg xb Sx,b
Between Grades ml ay ¢y bl
Within Grades mz ay c:’2 b2

m, = m=l, and m, = % (nr-l) = Nem
r=
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The necessary expectations are:

E(%)-c§+k°§ , E(%)= ¢§+k§¢§ ; (3.2)
2@)-2 L x@)-£ . o2

where ko will equal n, in the particular case where the same mumber of
samples are oﬁserved in each grade.

Now, as stated in Chapter I, the goal of such an experiment is to
determine which method does the best Job of detecting the existence of
a between-grades camponent of variance., Hence, the hypothesis o be

tested is: 2 5
N
H o O—lb- = b
of 2 2 (3+3)
o 4
w w
against the alternative
o2 42
H 8 ""b" -P" ° (301‘)

a 2 2
%W %
This alternative will be one=-sided when companing a new procedure with a

standard or accepted procedure. Since the ko's are the same, Ho is

equivalent to
k0'2+0‘2 k¢2+¢2
H o, 2B __ W . ob__w (3.5)
o ° 2 2 ) °
o g
W W
which can further be written
2
g, o0 %w ?227.. (3.9
ol £’ 3.
o'b W W
or \
/U
Ht: = 1, (307)
2
° k¢+¢2 rd
8,0,

Obviously, for either of the forms, the appropriate statistic is

ba, °
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Except for the correlation between X, and X, this 'si»:atistic could
be eipressed as a ratio of Snedecorts "FR1§ or a difference of - Fisherts
nZits . Since the correlation cén not be ignored, the test of signifi-
canee will be dependent on the e'_s as well as the a's and Db!s.

3:2+2 Adjustment for the cerrelation. The "Emveen-gfades" and
tyithin-grades® lines of the analysis being independent, it is possible,
from Pitnan (1939), to find the distribution of the ratlc;of mean
squares for each line, and then of their ratio. Thus, for either line

of the analysis we have from Pitman
: 5,
2 . (ai/ bi - Cdi) (mi"'l)
i 2
h(l"ri) (ai/bi) wi

where t; is distributed as Student!s M yrith (mi-l) degrees of freedom,

2
i

s (i = 1,2); (3*8)

5
rs = ci/aibi’ and the ey 's are:

k 02 + 0'2

w_g-;g-;b——E (3,9’)
I 2 2 ’
ko‘&b"‘ ﬁw

and C72

@y = Jgi . : (3420)
P

The null hypothesis may now be written

H: @) = ¢, (3.31Y)
b .
Now, to obtain the distribution of %—a-z— we mst first solve (3.8)
2

for ., which yields

2 2 2,1/2 2,0 2y 11/29
w; = %3' {1 e U oY [1 ¥ By ] } (3.12)
i

(1) (mg-1)Y/2 (my 1)
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Next, let
di = "_'_"—]7'2_' ’ (3.13)
(mi—l) . v
then (3.11) can be written
b ,
i) o 2 1/2 .
AN (5.;) 1+ 2d] 2di(1 + di) . (3.14)

It is important to note that these limits are reciprocal; i.e.

2 . 2.1/2 - '
1e 28020, (1r Y2/ [1e 26 m20, 0 DY L (a9

Finally, let
Fpo= 1+ 242 + 2d(1+ d1)1/2= [4, + 1+ Y22, (3.36)
m .
Fy=1+2024 201+ aDY2a[ay+ v DY2P (3.17)
‘then
alb ' V . o ,,»;s, F2 6.)1 7
:I.s distributed a8 = (==) ; (3.18)
Be RIS (“2) T

and, if we let W = F2/F1,

b
% is distributed as W , (319)

under H c').

3+2.2,1 Tests of hypothesis. An «=level ’oes’c of H' against the

two=-sided altermt:.ve (3.3) will be, "Reject H' ITWEW 4/2 OF

WW i /22 otherwise do not reject H(')."' To determme which method is
most sensitive we need only observe that if W €W "(/2, the me thod
associated with X is the more sensitive method; if W >W,; «f2? the
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method associated with Xa is the more sensitive method. If we fail to
reject Hé the results of the investigatdon indicate that there is no
difference in sensitivity between methods Xa and Xb.

An alternative approach tof the test is to look at the two ratios
(a.l/a ) and (Db /b2) and to place the larger value in the numerator of W.
Hence, for the two~-sided alternative, the test of significance will then
be, "Reject H} if WW,_,/,, otherwise do nob reject HIG" In this case,
pi'ovided H:) is rejected by the test, the most sensitive method will be
that method associated with the merator of W. -

3e2.2.2. Confidence boynds. Confidence bounds may be obtained for

the sengitivity ratio, C‘J:L/tz:2 , if we first note that from the relation
in (3.15) W/, = 1M, _ fpe Thus

. b, b,
Prob.[:j: 2/w1_,</2 \:1% L ]=1—,< . (3.20)

3.2.3 Distribution of the test statistic. In order to perform the

statistical test described in the previous section we must first obtain
the distribution of W. Remémberiﬁg that W = Fz/Fl’ we may seb up the
following relations

= (1/2) ln(Fz/El) )

= In[d, + (1 + dg)l/z] - In[d, + (1 + di)l/zj , (3.21)

= sinh™ d, - sinh™ d;
Next, let d, = sinh z, and d, = sinh z,, then

U=z, =2y (3.22)

where, since they are rela‘ted to the "between-grades® and "“within-grades®

lines of the analysis, respectively, Zq and z, are independentr.
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From (3.13) we see that d‘.L is merely a transformation on Studentt!s

t-distribution; hence, Zg is also a transformation on Student's t-digtri~

'bu’bion; ieeey 1-r2 1 /2 : .
Binh Zi = (m—i:%) ti ’ (3.23)
where by is distributed with (ml-l) degrees of freedom. Thus,
Ty
f(Z)“ 1 '-'( ) — cOShZi y = WK%, <®
e sinn? z, \"/% 1t
AT
le-r
i
n3 .
i r("é) (12) mi-l)/2 cosh z, (3.2)
ey
Since 'z:.t and z, are 'independent, their joint distribution iss -
M) YT (“‘.L"l)/ 2 12 (my=1)/2
ey ) asb 2
12927~ my ~1 o=l 1
RE=pE= I'“2 &
h h
cosh z, cosh z, (3.25)

X
oM /2 72
(éosh2 Zy = T ) 1 (c:osh2 Z, = rg)mz

Now, put p = (zl + 22)/2 and q = (25 - zl‘)/2, ‘and substitute in (3.25) to

get

2
s e

2 cosh (p~-q) cosh (p+q)
24 m /2

r(-ml) l—‘(k) (l-ri)(ml-lf/z(1_rg)(m2"1)/2

m 7- o (3.26)

[cosxh2 (p=-q) - ry ['cossh2 (p-l-q) - r
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' Thence, by integrating p out of this expression, we can obtain the dise-
tribution of qs and, since u = 2q, we would then be able to obtain the
distribution of u.

As an altermative approach, calculate the characteristic function
of Zje Then, if we note that cosh z = cosh (~z), the characteristic
function of m: is the product of the characteristic functions of the
z{8s, Thus, the inversion procedures presented by Cramér (1957 sec.
10.3) could be gpplied in order to obtain the distribation of u. Ilet
it suffice to say that this approach requires an equally intricate
integration to that required for the approach using equation (3.26) «

The characteristic function of z;, §, (8), will be obtained here,

i

however, By rewriting equation (3.2l) in the farm
2

- Lem, T -m, /2
‘ f(zi) = K(cosh z,i‘) l( - - ; ) : s (3.27)
cosh™ 3,
and expanding the negative binomial, we get n m
1,4
lem, r - .m, , T, 2 ==(a= 4+ 1) r, b
e Kl N i S N (R S Bl i )
£(z3) = K(cosh z3) “[1 T2 ‘(éosh 27 ) o 2\ (cosh 7, * ]’
m, /m m,
= K d ) sL I‘i (COSh Zi)’ . (3028)
)
r‘(-—- +s)r ei@zi
4 ()= 2; %y 28 + mg-l 1423
) r(s+1) - (8" +e
(mi-l) /2 m. 2 M. +23-l m; +2s-1 i
, (1r3) [ 4)e? TE— 2) [ - B
) - s0  [(s+1) 2 I"(mi+2s-1)
. (3.29)
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. Equation (3.29) may then be used to generate the moments of z,.
However, there is a more direct approach. From (3.23) we have that
. : -1 o 1wd s
zi = ginh ™ A 1% where }‘i = ml'_-T s and 'bi follows the t=distribution
. with (mi-l) degrees of freedom. Obviously tlen, z; is distributed

symetrically about zeros therefore,
B(z2) = 0, 5 = 0,1,2,00e .

(For the remainder of the development of the moments of z5 the sub-
script, i, will be omitted.) Expanding z in a Taylor's series about

zero gives:

ponee B0 G000 B 00T,

o )1 é 8
RNV O O LT L
6 8
Zh.s (lt)h"g%bl-*'l%%" cse o

,zé = (xt)6 - (}ac)8 + aeo s

Thus,

58 = (L'b)s ™ esoe o
and from the moments of the t-distribution [Cramér (1957)],

2; - 2.2 132 2,3 -1)3
E(z2) = (ﬁ) C-:-_% - 33; (1-]15{_) Zm-SmHi-gS * L% (%1'?1—) Zm-BlS SZmTE:LS%m-?S
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Similarly L
2.2 2.3 |

Ly _ 3(1-r _ 10(1-r 19(1-r2)

E(2") = 751371%:§7 ) e =Ty T T3y (5 (m=7 ) (m=9) ~ "'’
6y 15(1-r°)3 105(1-r2)"

B(2") = w3 m) ) m-3)(m-59(m-%)(m-9)

and

B(z8) = 105(2-x2)"

m4§)(m-5)(m—7)(m-95

These moments may now be simplified by expanding the denominators
in a binomial series, as follows:
o e e T
(m-3)"me5) = 2w B3 e donh 4 L,
(n-3)"L(n8) K1) =2 w8 h L,
_(m-3)-1(m-5)-1(m-7)'l(m-9')'1 = mlha ..
Letting A = 1-r2, the moments of z can be written as:

B(dy o A, Al oa-® s 8/33  27acion® s yoa-1a4 |

m m2 m3 mh B
Bl < 20, 2100 | - asond s port
m2 m3 m
3 3.105aL
n(by - 2587, 2zsadaomlt
m i

8y _ 1osal
B(z") = = +
m
Due to the independence of Zq and %o the moments of u may be obtained

by taking the expectation of the expansion of ul = (z2-zl)n, ne 125000 o
Since 2, and z, are symmetrically distributed about zero, w is also sym-

metrically distributed about zero. Héx:xce,
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E(‘uzsﬂ') = O, 8 = 091,2, oee 3

and the even moments are:

E(gz) .-.(.A_'-L. + f%) . (3A1'A:2L . %zﬁ) . (9A1-8A +8/3 Al |

moom \ompmp m
9h,-8A5+8/3 Ag)
4+ eee
3 .
2 2003 2 2on3
B = (3‘41 3‘;‘2) Gy Ay +_(21’A1;19A1 . 2“2;10‘*2)
o T My m ™2
(351“2“‘1-&2 3-42“1"%) .
m1”‘2 Momy
£6) - (15§i L2, (Wz ),
™ ) mlmz ’“2"‘1

105%‘ 105Aé‘

8
EB{u) = + ¥ eee. o
P

Since m will in general be larger than my,, it can be seen by

inspections and by noting that 0<A; <1, that all terms of third order

or higher in rrgl will be negligible, even for values of m; as small as
ten. Thus, dropping terms of third order and higher, the moments of w

become o 2 2
6§ = ﬂl— + fﬁ + 3A12A1 + 3A22A2 R (3.30)
S ™ Mo
uh(u) = 3 (% + %) . | (3.31)

Now, since u is syxmnetricallj distributed about zero, the skewness -

coefficient of u is geroj.and, if thée third order terms are omitted,
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the kurtosis coefficient of u is three. These are the skewness and
kurtosis coefficients of the normal diétxibuﬁon, thus for values of-
my and my for which it is reasonable to drop the higher order terms in
m;]‘ s u/o, approximates the standard normal distribution.

. For values of m between five and ten, the third order terms of the

moments must be retained; thus,

2 ., g2 2 3 2 3
A, 3A-A% 3A,-A5 9A,-8A%« 8/3 9A,=8A5+ 8/3 A
2_,%*?2+ oAy 3k, S SLe B3 4y 9By B/ 2, (3.32)

o
2 2
- T ™2 m o
while, for wvalues of my equal to or greater than thirty-five, second and
third order terms in mj- of o= may be dropped, glving
R n o4
2
ZmZe= (3.33)
M

When ml' is less than five the normal approximation should not be used.
Note that the higher the correlation betwsen X, and X, the smaller the
vg.lues of A’l and A2 will beg ﬁnd, hence, the better the normal approxi=-
matipn will fit,

/ 8ince the objective of this section was to obtain the distribution
of W, note that u = (1/2) 1In(W) and that, as has been shown above, u is
approximately normally distriluted with mean zero and varian¢e oﬁ o Then |

W has approximately a lognormal distribution with mean +29% and variance

)-3-0'2 )-LG'2
e u(e u

1t &= u/o?, then to calculate the oritical value W_, / We need

-1).

first obtain the critical value 81_ «/2 eori;eépongj.ng to ‘the ‘area upder
- 20 &L
the normal curve of 1l-«/2. Thus, W, _ A2 =@ w142 For example,
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. if <= ,05 and my is largs,
A A\ 1/2
3o
W = e M T
; 975 .
. .3 Case IT: Each Measurement Taken on Separate Subsamples

from the Same Experimental Unit

3301 };xpothgsis‘ Va:nd notation., Suppose now that two test procedures,

. or methods of measurement, are being compared which are both of a destruc=-

tive nature. In this case it is not possible to apply both tests to the
same experimental units. The experimental design here would require
that 2nr samples be taken from the rth grade of the material under study.
These 2nr samples would then be divided equally between the two test
procedures so that each procedure is applied to n, samples., If

R n .
. %‘(nr) = N, the analysis of variance and covariance will be the same
ra : ,
as in Section 3.2.1; Tabls 3.1, except that the sums of squares from
the mwrithin-grades" line of the analysis are now independent; i.e., the

sum of products temrm cy will not appear.
The hypothesis to be tested is exactly the same as for Case Ij

1.80
’ k 02 + 0'2 0'2
H ob W = _'_W_, . (B.h)

o ° 2 2 2
’ koﬂb"" ?‘w ¢W

However, for this case tile right-hand ratio is a ratio of independent
variances, and its estimate a,/b, is distrituted as Fo(cz/y!z),
where Fg < follows an F-distrilmtion with m, degrees of freedom for both

the mumerator and denominator.



27
. Tt should be noted that the approach for Case IT is not restricted

to the situation where both methods are of a destructive nature. Even

. though both methods of measurement may be applied to the same sample, it
may be desirable to use separate samples for each method. This might
occur if a time effect exists between successive measurements on the same
experimental unit and we wish to eliminate it in this way. It will be
shown in Section 3.5, however, that the test for Case IT is not as
statistically powerful as the test for Case I.

3.3.2 Distribution of the test statistic. The test of hypothesis

and confidence bounds discussed in Sections 3.2.2.1 and 3.2.2.2 are also

applicable to Case II; however, the test statistie

alb2 FO Wy (3.3)
is now distributed as & (-—) 3 3.3
Py8y Fp \wp/ |
. where FO is distributed as Snedecor's F with m, degrees of freedom for

both the numerator and denominator, and Fy is as in Section 3.2.2. Let

wm = FO/Fl, then under H!

alb2 '
T is distributed ag W . (3.35)
1%2

* Next, to obtain the distribution of W', let

ut = (1/2) In(Fy/F) 5
= (1/2) In(Fy) - (1/2) In(Fy) (3.36)
) = 2y~ 29
where z, is dlstributed as Fisher!s z-distribution with (m2,m2) degrees

- of freedom, z; is as in equation (3.2), and zb and z, are independent.
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The moments of z, have been presented in Section 3.2.3; thus, to
obtain the moments of u' we need the moments of Zge First, note that
when the numerator and denominator degrees of freedom are equal, Fisherts
z=distribution is symmetrically distributed about zero; hence,

28+1
(z,

E g0 s Sao,l,a’... L]

The even moments of z, are [Cornish and Fisher (1937) J¢

E(Zg)" L"'%"’% s
moomy 3m
E(zg)= 3-2-+§-§-+;ﬁ s
M T2 T |
E(zg)a O+%+uo+é’% .
My My Wy M

Therefore, since Zq and 2z, are independent, u! = Zg = %q is also

symmetrically distributed about zero, and its moments are

E(u'2s+1) =0 , 8=0,1,2,¢es. ,

a2 -842 & 3 :
wh (D) s
E(u'h) =<il—21—2-+i-§-)+;22+ (2 %l&i-b%) mglAl m:;l'n)+ vees g
E(u"é) | =15A§' SAl SA:-L-+ cer o
_ 3 2

m mlm M2
Referring to the discussion at the end of Section 3.2.3 we see that
it is reasonable to drop higher order terms of the moments. Thus, for
my greater than or equal to ten, :
' 2
1 3A, = 1 ,
°§i”<f‘1'*““) *(AlAl'*'—') s (3.37)
e
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and i
Al 14,2
@) =3 (Ee )" (3.38)
L i
Again a normal approximation may be used in that u'/cru, is approximately
distributed as a standard normal. Hence, W' is approximately distrituted

2 2
2"51 Lo, hcu,

as a lognormal with mean e and variance e ° (e -1) .

For values of my between five and ten, use

"5: = (fl.. + i.>+ (3A.3-_—.A_12.+ i.).,. (ﬁ-aﬁit /3 Ai + 23) 3 (3.39)

2 2 3
np M ™ o s ] 3m
and, for values of m, greater than thirty-five, use
| A, 1
2 1 .
oS, === — (3.40)
I J

The proposed test should again not be used for wvalues of my less than
five.
s '
To calculate the critical value Wl-a</2 R

20 . B
Wi_42 s e ut 1-42 (30h1)

where S.L- 4/2 is the normal deviate corresponding to an area under the

normal curve of'i-&/Zo For example if « = .05 and mq is large,

1
3029 ﬁ"' —
Wt = (ml mz)
975 % © .

3.4 Determination of relative sample size. In conjunction with

any comparison of sensitivities of measurement methods, we may also be
interested in comparing the cost of obtaining a given sensitivity.

Suppose, for example, in an acceptance~testing situation it has been
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determined that we should test n samples from a particular shipment of
material, using a standard test procedure, Further suppose that an
experiment designed to compare sensitivities has shown this accepted
method, say Xa, to be more sensitive than some alternative method, say Xb.
Now, ‘the question arises as to how many samples would be required with
method X‘b to attain the same sensitivity that we have using n samples and
method Xa? And, using these sample sizes, which method has the minimum
cogt? By referring to the hypothesis aotually being testedy we can pror
vide an ansuer to the&ﬁerquestions.

To obtain an answer to this problem, let us first consider what
this difference in sensitivity implies. When we say that method X;‘ is

more sensitive than method X, we are saying that

2 2
o ¢ :
25 . | (3.2)
0"W ¢W‘

Now, if n samples are observed in each grade, (3.L42) may be written

ng!z
b
7 > 7z

W w

Hence, in order to make these two sensitivities equal we must obtain a

1%,

. (3.43)

multiplier for the right=hand side of (3.43); i.e.,

2 2
no ng.
__';2. - E?.éé_tl , . (3.4
o by

where hbé is acj;uale the relative sample size of method Xb given the
sample size to be used with method Xyo The sample size to be used with
method Xb to attain a sensitivity equal to that given by method X; when
n samples are used will then be h’ba.n‘ |
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The first step in obtaining the value of hba is to obtain estimates

of o;i, cfw, ¢% , and y!i from the analysis of variance and covariance. These

2-@-Bh - R-GH

will be:

(3.L45)
a b

32 = 2 and 22 = 2 .

w m, w m,

Thus, substituting these estimates in (3.LL) and solving for hy ., we got

A2 22
hb& = 3"'2" §’§' . (3 0)4-6)
w w

To determine the total cost, if C a is the cost per sample using
method Xa’ and Gb is the cost per sample using method X’b’ then
T, = Cgn » and Ty = (Gphy,n) (3.47)

are the respective total costs. If Ty is 'léss than T_, method X, is
the most economical for a given sensitivityy and, if T, is less than ‘315,
method Xa is the most economical.

If,instead, the relative sample size of method Xa’ given the sample
size to be used with method X, is desired, (3.44) will be written

h_. 0o ngf'z
ab b = b . ( 3, u 8)
2 2
(o) ;
w w

Substituting the estimates of the components of variance in (3.48) and

solving for hab’ we get

2 /2 *

b b :

hab = é-é-/?z' ° (3.49)
W w
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Note that hab = l/hba' The total costs in this instance will be

Ta. = -(Gah

a.bn) ,ard Ty =G, (3.50)

respectively.

It must be pointed out that the development in this section is not
a procedure for determining the sample size required for a particular
sampling protlem. It is assumed that the optimum sample size has been
determined previously; and, hence, the mumber of samples required for at

leaét one of the methods is known.

3.5 Power of the tests. In order to assess the value of the tests

described in Sections 3.2 and 3.3, it is necessary to look at the power
of the tests. The power of a test is defined as the probability of
making the correct decision when, in fact, the alternative hypothesis
is true. Since the main goal of the test of sensitivities is to select
the best measuring procedure for a particular type of problem, it is
important to know how cépable the test is of detecting differences when
they exist.

Tn both Case I and II when the normal approximation is appropriate
it has been pointed out that the test statistic, W, follows the log-
normal distribution. AThus , the first sﬁep in calculating the power is

to obtain the critical values of the test under Hi.
| As shown previously, the critical values under Hc') for the two-tailed
test are
W0 = e2Guf-5'_1;“/2
1-4/2 s
and (3.51)

0 _ ) .
Wy © 1N1-42 3
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where £ is distributed N(0,1). The critical values under the altermative

will be
W%’i%ﬁ/““ﬂ“? 3
and _ | (3.52)
W= Yy (90/)
Hence, for a particular simple alternative hypothesis; i.e., a particular
value of wl/ @5 the power of the test may be calculated from the relation

Power = Prob.(WéW?, ‘wl/m2)+ Prob.(W)W%,wi/az) . (3.53)
Remembering that u = (1/2) 1n(W), (3.53) can be written

Power = Prob.(us ui,ml/wz) + Prob.(u3 uglcol/coz) , (3.54)
where

af = (1/2) (i)
. (3.55)
= 9 &1_4p= (1/2) In(@,/e,)
and '

2= (1/2) W) ,
e @ L (3.56)

="[°'1{§ 17_,‘,(/2"" (1/2) 1n(°-’1/¢°2) 1 .

To obtain the desired probabilities for equation (3.54) it is only
necessary to consult a table of the Cumiative Normal Distribution,
since u’/6_ is distributed N(0,1).

Figure 3.1 presents power curves of the tests of sensitivity for
4= 05, m, = 10, m2 = 55 and t‘hree values of ry and r,. For simplicity,
Ty and T, have been set equal to each other; however, this would not
generally be the case. Curves for both Case I and Case II are presented
on the same figure. Note that except for Figure 3.1 (a), where the two
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Figure 3.1. Power curves of the tests for sensitivity
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cases have the same power, the test for Case I is uniformly more powerful
than the test for Case II. Note also that the power increases as the
correlation between Xa and Xb increases. In fact, the power is inversely
proportional to S, 3 and, hence, an increase in the correlation or in the
degrees of freedom, which will in tum bring about a decrease in 61;.’ will
result in an incréase in power.

Figure 3.2 again presents power curves of the tests of sensitivity
for « = ,05 and my = 10, m, = 55, but with various combinations of values
of Ty and The The comparison of curve 1 with curve 2, and curve 3 with
curve L, illustrates the effect of changes in Tos while the comparison
of curve 1 with curve 3, and curve 2 with curve L, illustrates the effect
of changes in rye Note that changes in rq have a marked effect on power,
whereas changes in T, have a neglig’?tble effect on power. Also, note that
any increase in correlation increases the power.

It has been pointed out previously that even if both methods of
measurement can be applied to the same sample, it is still valid to use
an experimental design which would be classified under Case II. How=-
ever, the reduction in power from Case I to Case II, illustrated in
Figure 3.1, would indicate that a design suitable to Case I should be

used.,

3.6 Case IIT: Approximation for the Schumann-Bradley Test
3.6,1 Notation and m othesis. As a means of demonstrating the

closeness of the approximations developed in Sections 3.2 and 3.3 we

will develop an approximation for the Schumann-Bradley test, and
compare the critical values obtained by the approximation to the
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exact values obtained by Schumann and Bradley (1959). The experimental
situation considered by Schumann and Bradley is the case in which two
independent experiments are conducted and a different method of measure-
ment is applied to each experiment. They have developed an exact test
for the comparison of the sensitivities of the two measurement methods
which involves & ratio of the F-ratios for treatments from the analyses
of variance for the two indep‘ende'n'b experiments. As explained preyicusly,
the use of their tables requires that the experiments be identical; i.e.,
that the degrees of freedom for the F-ratios for treatments and the
mumber of observations for a given tz;eaiment are the same in both experi-
ments. Using the approach of Sections 3.2 and 3.3, it is possible to
develop an approximate test for this case.

Buppose m treatments are selected which will produce differences in
the characteristic of interest. ILet n, be the number of samples obserwved

m
in the r P treatment, and 1et§ (nr)= N. Next, suppose that two experi-

ments are conducted in which i:: same m treatments are used, and n,
samples are observed in the rt'h treatment in each experiment. Further,
suppose that measurement method Xa is applied to one experiment, and
measurement method Xb is applied to the other experiment. Then the sums
of squares from the analysis of each method would be the same as in
Table 3.1. For this situation, howeVer, the sums of products terms s ©
and Cos would not appear.

The hypothesis to be tested is exactly the same as for the previous

two cases; i.e.,
, k c% + 0'2 02

= = - (3.57)
Tk A

L2 )
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However, these are now ratios of independent variances, and their estimates
al/bl and a,z/b2 are each distri‘bxrbed as Fy a5 1 = 1,25 where the F,!s
follow an F-distribution in whiéh the degrees of freedom are the same for
both the mumerstor and the denominator, amd ‘the @,'s are as in equations
(39) and (310).

It should be pointed out that for the case of independent experiments
it is not necessary to write the null hypothesis in this form. However,
this form of the hypothesis gives us the advantage that the F-ratios to
be used in determining the distribution of the test statistic have the
same degrees of freedom in both the numerator and denominator. Hence,
when we transfarm to the z-distribution we obtain symmetry about Zero.

The development in Section 3.6.) indicates the effect on the caleulation
of the eritical value of not having the mumerator and denominator degrees

of freedom equal .

3.6.2 Distribution of the test statistic. Once again the discus-

sion of the tests of hypothesis and confidence bounds in Sections 3.2.2.1
and 3.2.2.2 is applicable. However, the test statistic

b F .
zle is now distributed as F(E -5-];) s (3.58)
271 o1'™2
where F02 follows an F-distribution with (mz,mz) degrees of freedam, FOl

follows an F-distribution with (ml,ml) degrees of freedom, and the ;s
are as in Section 3.2.2. If we let Wt = FOZ/F01 R
i)

8gby

is distributed as W" (3.59)

1
under HO °
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To obtain the distribution of W4, let
ut = (1/2) 1n(F02/F01) 2
= (1/2) In(Fyy) - (1/2) n(Fy) (3.60)

= 290 < Zop ?

where %oy 8nd Z,, are distributed as Fisherts z with (ml’ml) and (mz,mz)

02
degrees of freedom, respectively.
Now, the moments of the z-distribution, when both degrees of freedom

are the same, have been presented previously in Section 3.3.2. They are:

E(Zgz*l) = 0 5, 8= 0,125000
and

E(zgi) =3‘7+l-2-+-g-§ s

mg my  3mg
L = 3,8 .1

E(ZOS.) = m2 + m3 + ;E s
i 1 i

E(Zgi) = O+%L¥+%Q+-6—$- .
mpom My

[ - .
Hence, the moments of u 202 301 ares

E(u,,Zs-l-l) = 0 s 8 = 0,192,..0 )

and
X ]

E(u"h) =(}-2-+3—2)+ A6_. +(-8-§+§?-)+<6 + 6 )+...,
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Again we see that it is reasonable to drop higher order terms and to
use a normal approximation; i.e., u"/o*u,, is approximately distributed

ag a standard normal. For my between five and ten use

32“ = (!'— + !'—) + (!'-2- ' -1'-2-) + (—2- + —2-5-) , (3.61)

Ty o) \mpom) A 3w
for m:L between ten and thirty-five use
cﬁ,, = (-]-‘- + -:-L-) + <-]=§ + -1?) s (3.62)
T M/ Ny T
and for my greater than thirty-five use
0’3,, = (}m-‘.[ + 'IJTZ-) . (3463)

As for the tests developed in Sections 3.2 and 3.3, the distribution

of W* will be appmroximately a lognormal distribution with mean ezcﬁ“ and
2 2
Llo'uu eho'un

%ra.r:{é'nce e -1). Hence, the critical value is

20 n&4.
Wy = oo ML (3.6L)

where gl_ 42 is the normal deviate corresponding to an area under the
normal curve of l-«/2,ard o,u is as above.
Finally, it should be pointed out that the determination of relative

sample size presented in Section 3.l is also applicable to this case.

3.6.3 Comparison of the approximate test to the exact test. In

order to compare the approximate test to the Schumann-Bradley test,
Table 3.2 has been prepared. This table presents the critical values
for both tests for various values of the degrees of freedom. The upper
values are from the table presented by Schumann and Bradley (1957) and

(1959), while the lower values are the critical values calculated as
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‘ Table 3.2. Comperison of critical values for the 5% level of significance
for the Schumann-Bradley test (upper value) and the new approx=
:una'be test (lower valueg '

- m&z 8 10 1@ Y 16 18 20 30 o

8. 87 7.70  TJ1  6.68 612 6423 6,09 5.96 5.6l 5.05
8s9L  TeTT  To10 6475  6ul2 6,30 6411 6,05 5,70 5,10

6 7.86 6.77 6.18 5.78 5.5 5.38 5.25 5,13 L.82  1.28
7,92 6482 6,23 5,87 5,58 5,42 5,26 5,15 L.86 L.31

8 5.75 5.21  L.88 L.65 L.L48 L.35  L.25  3.9Lh 3.4k

5 o76  5e21  Ue90  Leb66 L8  Le35  Le26 3,97 3}0145

9 SU5  1.92 L.59  L.36 L9  L.07  3.98 3.68  3.18

5:i7 Le95 Le62 Le35 Le18  Le10 3.97 3471 3619

10 Le70 437 Lk 3.98  3.86  3.76 3.8  2.98
Le68 Le35 Lol 3,98 3,86 3,74  3.49 2.97

11 452 1.9 3.98  3.82  3.70 3.60 3.32 2.82
Le50  Lel8 3,98 3.82 3,71 3,60 3.32 2,83

E Le06 3,82 3,67 3,56 3.6 3.19 2,69
1l 363 347 3.36  3.26 2.98 2.9
3.63 3.6 3,35 3,25 3,00 2.8

15 350 3039 3.27  3.18  2.90 2.0
3052 3039 3025 3019 2.92 2.14.1

3432 3,20 3,13 2,86 2,34

17 3.26 3.1  3.05 2.77 2.28
3025 | 3613 3,06 2477 2027

18 3,00  3.00 2.72 2.22
3,10 3,00 2,72 2,22

20 2,91 2.63 2.12
2;89 2.&]. 29'12

21 2.87 2.59 2.08

2,86 2,59 2,08

‘ 30 2.36 1.85
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above. Since the Schumann-Bradley table presents critical values such

that 1 - G(Wo) = .05, the critical value for the approximate test is

wh .95 3 (=] °

As one might expect, for the smallest values of my, five or six,
the value for the approximate test is not as close to the value for the
exact test as it is for larger values. However, even for these two
values the maxinum discrepancs is only +.09, while the average
discrepance is +.0L6. For the remainder of the table the maximum
discrepance is +.0); and the average discrepance is +.0015. Note that
there is no negative discrepance greater than .02. In general then, and
particularly for small values of m s We cen say that the approximate
test is a slightly more conservative test of the null hypothesis of
equal sensitivity.

3.6.1 Dissimilar experiments. Occasionally, situations might arise

wherein the experiments to be used for comparing the sensitivities of
two measuring methods do not have the same degrees of freedom. This
might be the case if some ‘experimental units are accidentally destroyed
in one experiment and not in the other; or possibly, even though the
same treatments are used in each experiment, the experiments are based
on different mumbers of replications or have different experimental
designs.

In this case; neither the degrees of freedom nor the coefficient
of the between-grades component of variance will be the same from one
experiment to the other. When this is the case, the discussion of the
hypothesis Hé s pm'esenﬁed in Section 3.2.1, will not be applicable. In



that section it was pointed out that the null hypothesls we wished ‘to

test was: 2 2
H=i=¢b [
"L

and it was shown that, since both kéé,s. were the same, this could be
written

2
o, o * kﬂ‘i
o 2

% w

If the kc's are not the same, it is not possible to rewrite Ho asg Hg.
Hence, for this case, H0 can not be tested merely by comparing the
F-ratios for treatmentes from the analyses of variance.

This situation has been discussed by Schumann and Bradley (1957)
and (1959), and they suggested a procedure for testing H . They
suggest that, since H implies (ag/qs) = (#ﬁ/ﬁg) = ¢y, we obtain an
estimate of ( cb/o' ) from the analysis of method X, s and an estimate
of (;&blﬂé) from the analysis of method X . They then let q equal
the average of these two estimates, and, under Ho’ q is assumed to be

an estimate of <, In the notation of this paper their test statistic

"would bes
(almmi)(l + ky0) .
distributed as = ; (3.65)
(—Lm-%-)(l + k) 2
bomy

where (ml,mz)'and kl are the degrees of freedom and coefficient of the
between-grades component of variance associated with the analysis of
measurement method X , (“"1’“’5) and k, are the degrees of freedom and
coefficient of the between-grades component of variance associated
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with the analysis of measurement method Xb’ and Fl and F2 each follow an

F-digtribution with (m),m,) and (mi,mé) degrees of freedom, respectively.

Following the procedure used previously in this chapter, if we set
Wn = (Fl/Fz), ard let

ut = (1/2) In(Ww") , (3.66)

we get that u" = 2z, - 2,, where 2z, and z, each follow a z-distribution
with (ml,mz) and (m.l,mé.) degrees of freedom, respectively. For this
case, zq and z, are not symmetrically distributed about zero. Hence,
using the moments of the general z-distribution as developed by Cornish

and Fisher (1937), the mean and variance of u® will be

1,1 1 1 .1 114 1 T 1
(B iy ey

my m mom m mly
and
Bud(Beleloly bl Ly
my m o omy om my m mly mh
1 .1 ,1 ,1
+ P I T e E
e )

Now, since u® is not symmetrically distributed about zero, we find
that (u o - u") /o, approximates the standard normal distribution; and
the critical value Wi’_ /2 will now be calculated from

20,089 ‘
Wogp=e 42, C (3.67)

where o;i,, and B gn 2re as above, and El- «/2 is the normal deviate corres-

ponding to an area under the normal curve of 1l-«/2.
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As Schurpann and Bradley point out, this is a somewhat crude method
of obtalning an approximation to the critical value for this situation,
but the sultablility of the procedure is not yet subject to check. Where
one experiment is conducted and both methods of measurement are applied

to the same experimental units, this situation can not arise.



CHAPIER IV

APPLICATION
.1 Test Procedures

As stated previously, experiments may be carried out specifically
for the purpose of comparing the sensitivitles of two methods of measure-
ment. When such experiments are conducted, it is assumed that 1t 1s
possible to select materials which are known to span the range of values
for the characteristic of interest; or that it is possible to select
treatment 8 such that when they are applied to the material under study
they bring sbout differences in the characteristic of interest. It is
not necessary to know the true differences between experimental uniﬁs,
only that differences exist. It is important to note that it is not the
effects of the treatments themselves that are of interest, but rather
that the differences due to the treatments are of sufficient magnitude
that they would be considered to be of practical importance. The
treatments then are used only as a means of obtaining a sample of the
population we wish to study.

Although, in the tests of sensitlivity desecribed in this paper,
the'statistic W is calculated using sums of squares, W is in reality a
ratio of the F-ratios for treatments from the analysis for each measure- |
ment method. The most sensitive method is defined as that method which
bettér demonstrates the existence of a "between~treatments® cémponen'b
of variance (Model IT of the analysls of variance). Thus, equality of
the Feratios implies equal sensitivities for the two methods of measure-

mnt. The null hypothesis representing this equality of sensitivities 1s
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2 2 2 2
o.+ k + k
H' : W ch = ¢W Oﬂb s ‘ \(.}4‘1)
: GW w

where the terms in the ratios are the expected mean squares from the
analysis of variance and covariance as illustrated in Table 3.1 and
Section 3.2.1. In the theoretical development presented in Chapter III,

wl and cqz were defined as

g. t+k
w, = a4 ob (4.2)
P * Kby
and g 0_2
W
IR ] —-é- . (h'B)
2 ¢,
The null hypothesis was then written
H so =y (Lel)

There are three alternatives against which HC') may be tested. They are

Hé.l :G)1>Q2 s (4.5)

Hl, ey <@y s (L+6)
and, '

HEs teo Fey, . (L)

From the theoretical development we can see that the test against the

alternative H':12 is merely the reciprocal of the test against Hél‘ Al so,
since H! implies equality of sensitivities, Hgl implies that the method
associated with }ia is n_aoi*e sensitive than the method associated with xt;,

H; 5 implies that the method associated with Xb is the most sensitive,

while Hé merely implies that the two methods under consideration have

3
different sensitivities.
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An «=level test for Hé against
1
1) =Y,
reject Hé."

will bé; "Reject Hé if W>W1_ 2 otherwise do not
'2) Hl, will be; "Reject H! if w<1/w1_ . Otherwise do not
reject H:’." |
3) 'HéB will be; "Reject H! if W< :L/wl_;(/2 or W>W, _ </2?
otherwise do not reject Hg)."
In the discussion above the test sta'bistic has been referred to as
W, the statistic for Case I however, it should be kept in mind that all
comments made 'in this section are equally applicable to W', the statistic
for Case II, and W", the statistic for Case III. The basic difference
in the significance tests for each case is whether or not it is necessary
to calculate the correlation coefficients, ry and To) i.e.y to calculate
the critical value for a particular case we must first obtain the appro=-

priate c-i, 02,, or G,i“l which, in turn, are dependent on ri, and rg, only

u
ri, and neither ri nor rg, respectively.

To perform the tests of significance for comparing the sensitivities
of two measurement methods the following steps are required.

1. Do the analysis of variance and covariance for the experiment
as shown in Table 3.1, Section 3.2.l1. (Table 3".1 is reproduced here to

facilitate references

Table 3.1« Analysis of variance and covariance

Source defe Sxaé Sxaxb . Sx.g
Between Grades m aq ¢q bl

Within Grades m2 a-2 02 b2
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[ ) 2. Formilate the mill hypothesis, H!, and the appropriate alternative
hypothesis, He'a,i'
3. Decide on the significance level, <« to be used
L. Calculate W=W! = WH = (albz)/(azbl), selecting the appropriate
statistic depending on whether the experiment falls into Case I, II, or
IIT.

5. Compute A = (l-ri), using

02 02
2 1 2 2 .
I‘l = E‘;_T}Z s and 1"2 = a’2b2 . (-)-108)

If the test statistic to be used is W', only Al need be computed. If
the statistic to be used is W", this entire step may be omitted.

6. Determine the critical value for the particular case being used

. from , o &
\ W= e w2
20.¢&4.
_ W - e2 ut > Lex/2 (L4.9)
, W= LY W
where & is the normal deviate corresponding to an area under the

1=
normal curve of 1=+  and 0'121 is determined according to the case under

consideration as follows:
a) For Case I
2 2 2 3 2 3
. o /A A\ BA-AT 3As-An\  9A-BA1+8/3 A7 9A,-BA8/3 A7
cu=<—+—>+(—-T-+—-2—- *( 3 + 3 .
oM M My

. . 2 (),.10)
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b) For Case II

2 <A1 ) (3A1“A1 ) <9A1" A%B/ 34 N 1_) . (h-ll)‘

— e —

gy = 3
* e ™ L) ™ ™

.c) For Case III
2 =<.1_ ;L._) (.1_+;L_)+(_a.+_2_) (1,.12)
o + + 3 . .
u m My “‘% my 3“‘?. 3“‘3

For values of my from five to ten calculate the variances as shown above;
for my between ten and thirty-five the third bracketed term on the right
may be dropped before calculating the variances; and, for m equal to or
greater than thirty-five the second and third bracketed terms may be
dropped.

7) Compare the test statistic with the appropriate critical value
and reject H(') in favor of Hé.i in accordance with the rules set forth
previously.

Confidence bounds may be obtained for 01/602 by the relation
b b
Prob. a; 1/ 1oufn € €1/ € a'-;bi 'W1-42}= 1= . (113)

" This relation will hold for all three cases by uéing the appropriate
critical value.

Finally, the relative sample size for either of .the thrée .cases
may be calculated from the following relations.

a) For the relative sample size of method X given the sample

glze to be used with method Xa:

_(%-%> (_2_) (b.1L)
b = (%"TE) a2,/ ° *
2
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b) For the relative sample size of method Xa given the sample size

to0 be used with method sz

- 1%__’% (%) . (1,.15)
&%)

}i.2 Example of a Case I Experiment

The following example is taken from a study by Fromm (1959). The
objective of the study was to compare two methods for determination of
egg shell permeability. The first method utilized a dye penetration
technique and a measure of optical density, while the second was a
measure of the egg weight loss. It was known that the permeability of
the egg shell increases with age so that nine ages were .selected as the
treatments, and eight pairs of egg»s erre observed for each age. The
weight observations on each pair were averaged, while the optical density
reading was made on a pooled sample of the shells from each pair. Hence,
there was only one optical density reading per pair.

The test for comparison of the sensitivities of the two methods
now :t‘.ollow_s:

1. The analysis of variance and covariance is given in Table L.l.

Table L;.1. Analysis of variance and covariance for egg data

Source defe S:X_'Z Sxaxb ber
Between Ages 8 +7896 7.2760 81.3923
Within Ages 63 8194 3189 6.0666

Xa =0ptical density réading
xb =Weight loss determination
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2. The hypothesis to be tested is H! :¢), Wy, against

HéB :Q.l # C».)zo

3. It is specified that <= .05.

v 7896 6.0666 _
he W 516 b 4 m 0718 .

| o
2 22760)" e
TR Dl B R

1763 .

2
2 +3189
™) = TEISEERRET = 025 s A= 9195 .
2 - 01 63 09 5 0176 - 01 6 . =\ s 5

= 00h68337 .
O'u = 0216,4 .
The third term of o:i was not used here, even though 1 < 10, sinece it was

obviously less than .0001

3

L 3-92(.216)) _ |
N 2.3396

o 3920208 | yom

W08 ’
T« ©Since W<Wc‘</2, I-I(') is rejected in favor of H«’:IB; i.26ey The
results of this experiment indicate that there is a significant difference
in the sensitivities of the two methods. Obviously, the welght loss
procedure ig the most sensitive procedure.
A 95% confidence interval for the sensitivity ratio is given by
< f .
WXW oo £/, & WX W ooe
that is,
(.0718)(.L27h) s <, /e, ¢ (.0718)(2.3396)

0307 € e /e, & 1680 .
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Ory since the method corresponding to Xb was the most sensitive method,

we might prefer the confidence interval for &),/¢,. This is

W ooos/il € @/ & W goufi
which gives

L.3 Example of a Case IT Experiment
The following example is taken from a study presented by Hart (1958).

The objJective of the study was to develop a more rapid test method for
determining the durability of Type II (water-resistamt) hardwood plywood.
Since the standard test requires up to fifteen days for acceptance or
Irejection of a shipment, while the proposed accelerated procedure requires
only twemty-four hours for a determination of durability, it was of
interest to determine which test does the better job of measuring dura-
bility. For the comparison of sensitivities the standard test was modi-
fied. Normally the test is run for a maximum of fifteen cycles of wetting
and drying, and the cycle at which two inches of continuous delamination
along any glué line of the test specimen occurs is fecorded. The speci-
mens are required to average ten cycles or better to prove acceptable.

For this study the test was continued beyond fifteen cycles, and the cycie
at which the required delamination finally occurred was recorded. The

new test, which introduced a new 'hjpe of test specimen as well as an
accelerated wetting-drying cycles was run for twenty-four cycles and

the measure of durability used was the percent of the exbosed edges on

which delamination had occurred.
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For the portion of the study presented here, tlree glués were .
selected, two urea resin glues and one protein glue. These glues will be
referred to as UF65-100, UF65-150, and soybean. It was of interest to
compare the sengitlivities both within the various glues, and over all * -
three glues. The treatments used to effect differences in durability
were combinations of species of wood, veneer thickness, and construction
(ply)s In all, sixteen panels were prepared for each glue z_rxi:ébwe, and
two specimens from each panel were tested by each procedure. For the
comparison of sensitivities, those pa.nelé Whose speciméns failed on the
first cycle with the standard procedure and also registered 100%
delamination on the accelerated procgdure were dropped. Hence, for the
final analysis there were less 'bhaﬁ sixteen panels for two of the glues.

For the analysis of the data, a logarithmic transformation has. been
applied to the results of the standard procédure, Xa; while an arcsine
transformation has been applied to the results of thé accelerated
procedure, Xb.

The test for the comparison of the sensitivities of the standard
test and the accelerated test is given below.

l. Since it is of interest to compare the sensitivities for the
three glues separately, Table }.2 presents the analysisr for each of

the glues.
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Table };.2. Analysis of variance and covariance for
the three glue mixtures.

Source d.f. sz Sxaxb S}:'E

| UF€5-100
Between Panels 13 1.0879 =7.L312 16.5562
Within Panels 1 +3872 3.6788

UF65-150
Between Panels 15  L4.583L  ~6.12)2  17.7663
Within Panels 16 6377 2.9139

_ Soybean

Between Panels 10 1.6985 -2.4373 543969
Within Panels 1L 8705 1,.1896

2. The null hypothesis is H! : €, = c,, and the alternative
hypothesis is H;-3 2 0y £ oz. The two-sided alternative is used here
since the new procedure is twelve to fifteen times faster than the
standard procedure; and, hence, might be used even if it is less sensitive,
depending on how much iess sensitiﬁe it is. |

3. The significance level to be used is <= .05.

For UF65-100: -

- 0879 3.6788 =
ho St = %-.w X -:3-872 2-358 [
5. 12 = U312 g = .18)1
. I’l = 20 79 " 3 [) Al . .
2
2 _ a8 1 . 3 .18;,12-§ 280)° 1
6‘.. o‘u' = 13 + E + 7 1 + m 009378 .

0;1' = 0306 .



ThﬂS,
- 83.92( .306) = 333201 ,

Wiors
W g = o=3:92(23068) _ ;5
For UF65-150:
. - - 058 2.91 9 = :
ha W' = T’}%% X 7% 101789 .
2
5. 12 = ket = U606 s Ay = S
2
6. oy = 223k + Ly » A2 + ghg = 10826 .
O'u; = 0329 . v
Thus,
W o= 0203) L g0
Wt = 6-3.92( ‘329) = .2753 .

025

For Soy_b_ean:

7= %-% X :1.?36 = 1051116

2
2 _ __(=2.1373 - -
ot LT TEmIG.pe) T 0 s Ay = 3520

2
2 _'52 1 3.52-.52 1 -
6. oy =350+ qp+ BRI 4 oy - uzes

Lo Wt

Thus,

v 8

we = 3-3.92( '379) = .225h
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T« For all three glues we do not reject H('J. Hence, the results of
this experiment indicate that there is no significant difference between
the sensitivities of the new accelerated test and the standard test.

Since the sensitivities of the two methods are essentially the same
for all tihree glues, we will now pool the data to obtain an estimate of
the sensitivity ratio for all three glues. The analysis of the pooled
data is as follows: |

l. Table Lj«.3. Analysis of variance and covariance for
the pooled plywood data

2 2

Source d Ffe : Sxa Sxaxb be
Betwsen Panels 1,0 11.9338 =17.362), 41,0982
' Within Panels 1 . 1.895) 10.7723

2. =%§%§§§x%=1.6511 ,

2
2= '17-362 —
3¢ T = T30 (0055 - -6l s Ay = 38l .

L. ci, = *%l-‘ + '])ﬁ' = ,034025

Gu' = o1 81], .
Thus,

W = 3:92(418L) = 2054l

W s = o220 L ges

Then confidence limits for the overall sensitivity ratio are

.8038 £ wl/m2 ¢ 3.3920 .
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Even if the resul'bé of an experiment to eomparé the sensitivities of
two methods of measurement indicate that there is no difference in sensi-
tivity between the two methods, we may still wish to calculate relative
sample size. For this particular example one would not need to determine
~ relative sample size. However, in order to demonstrate the computations
involved, the determination of the relative sample size of method Xb,

given that two samples are to be observed if method Xa is used, is as

02 83 - .O 62 100 82 -
b, = '5'1'.09_u__h3')'27 —5857) X 115538 = 1135 -

Hence, the sample size to be used with the new method to insure that the

follows:

same degree of sensitivity is attained will be (1.135)x(2) = 2.27 or 2.

This is as expected for this example.



CHAPIER V

SUMMARY
5.1 _Summary

In this dissertation statistical tests of significance are developed
for comparing the sensitivities of two methods of measuring some charac-
teristic or response of interest, where both measuring methods are applied
to the same experiment. Two experimental situations were of primery
interest, namely:

(1) Case It Both measurement methods applied to the same

experimental units,
('ii) Cage II: Each measurement method applied to separate
sub~-samples from the same experimental units.

A technique is presented for determining the relative sensitivity
of the two measurement methods. The relative sensitivity is then used
to determine the number of additional samples required with the least
gensitive method to provide the same sensitivity as would be obtained
with the most sensitive method.

The power of the tests developed for Cases I and II is discussed,
and power curves are presented for several values of the parameters.

As an outgrowth of the study for Case I and Case IT, a test was
developed for a third experimental situation; viz.,

(iii) Case III: Each measurement method applied to independent
experiments.
Two situations are dealt with; the first is the case where both experi~-

ments have the same degrees of freedom, and the second is the case where .
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the degrees of freedom are different in each experiment. A table is pre-
sented camparing critical values for the 5% significance level of the test
developed in this study, and the corresponding critical values of a test
developed previously by Schumann and Bradley.

I1lustrations are given in Chapter IV to present the coamputational
procedures for use of the tests for Case I and Cage II. Confidence
bounds are calculated for the sensititivy ratios, and the use of the

relative sample size for determining required'sample size is demonstrated.

5.2 Suggestions for Further Research
The development in this dissertation has been restricted to Model II

(the random effects model) of the analysis of variance. There is a need

for the development of a statistical test for the comparison of sensi-

tivities of two measurement methods applied to the same experiment when
Model I (the fixed effects model) of the analysis of variance is the
applicable model.

An extension of the procedures presented here for comparing more than
two measurement methods applied to the same experiment is also needed.
For this case some form of ranking procedure will be necessary.

Finally, the criterion used here selects:as the most sensitive
method that method which exhibitsg the optimum combination of maximmum
discrimination of differences in the characteristic of interest and
maximum repeatability. In some situations it seems reasonable to agsume
that what may be required is some weighting of these two factors, either
in favor of more precision or in favor of greater ability to discriminate.
Hence, a critical study of the criterion for the most sensitive measure-

ment method would be a worthwhile investigation.
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