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MATERIAL DAMAGE IN STRUCTURAL ANALYSIS
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The paper gives a survey of the development of continuous damage mechanics
during the 20 years following the originating paper by Kachanov in 1958.

In contrast to the stiffness of a structure its strength may be drastically
influenced by local material defects. These defects may be macroscopic, such
as finite sharp cracks, or microscopic, such as grain boundary voids, slag in-
clusions, etc.

The strength of a structure in the presence of one or several finite cracks
is studied in Fracture Mechanics (FM). The crack is here assumed to be em-
bedded in a material without microscopic defects. In contrast the strenath of
a structure in the presence of a great number of microscopic defects, but
without macroscopic cracks, may be studied by methods developed in Continuous
Damage Mechanics (CDM). Here the material defects are assumed to be con-
tinously distributed throughout the material volume. The mechanical state of
the material may then be described by a continuous field quantity, denoted
damage, in addition to those normally used, viz. stress and strain.

The basic ideas and assumptions in CDM, as well as applications to various
problems of structural strength and lifetime analyses, are presented and dis-
cussed. Among these are creep buckling under the influence of damace, and
quantlitative comparisons are made with the case of creep buckling in the ab-
sence of damage.

Simultaneous presence of macroscopic cracks and microscopic defects will lead
to a decrease i1n strength, which is larger than that caused by any of these
two causes separately. The analytic tools developed in FM and CD!M have been
combined to study this effect. A Dugdale type crack model is analysed, assum-
ing continuous damage to develop in the thin zones extending ahead of the
crack but also in the surrounding medium. The amount of the damace is related
to the separation of the two opposite faces in these zones. For constant
applied load and ambient temperature, when the material is assumed to be
elastic - perfectly plastic, an instability criterion is found, which combines
the wellknown Griffith and Dugdale results. For constant load and high tempe-
rature, where creep deformation is assumed to occur, the common relation be-
tween load an creep rupture lifetime is found. For cyclic load at ambient
temperature a relatlon between crack propagation rate and variation in stress
intensity factor is obtained, which closely resembles the Paris law for
fatigue crack propagation. Finally, for cyclic load at high temperature
strongly non-linear creep - fatigue - interaction is found to result, in
close similarity to what is found for most metals.

The various cases give a strong support to further development of CDM as a
tool to be used with confidence in design work.



1. Introduction

The term damage was introduced into structural mechanics by Miner [1l] in
a study of fatigue under cyclic loads with varying amplitude. He restated a
formula for the fatigue lifetime previously proposed by Palmgren [2]. If a
member is subjected to n; load cycles at an amplitude Oy which would cause
fatigue failure after Ni load cycles, then the member is said to have suffered

a damage

D, = n,/N; (1)

If the member is subjected to a sequence of loads with amplitudes cl, 02, caey

then fatigue failure is assumed to occur, when
D, =1 (2)

This linear cumulative damage theory has found wide use in fatigque design,
even though experimental results sometimes deviate strongly from (2).

A similar linear damage theory had been proposed by Robinson [3] for
creep rupture under varying load. A member subjected to ti hours of tensile
stress 04 which would cause creep rupture after Ti hours, is said to have
suffered a damage

Di = ti/Ti (3)

If the member is subjected to a sequence of loads Oqr Ogr eeey then creep
rupture is assumed to occur, when the conditlon (2) is satisfied. Even though
field experience has sometimes shown marked deviations from this linear damage
theory, its conceptual simplicity has been much appreciated in design work.

The expressions (1) and (3) are both posterior definitions of damage in
the sense that the failure quantities Ni and Ti first have to be determined
before Di may be calculated.

An entirely different damage concept was proposed by Kachanov [4] in a
study of brittle creep rupture. It was defined as the relative decrease in
load carrying area of a tensile member, due to the formation of microcracks,
voids, and cavities occurring during creep. With A denoting the current area,
measured externally, and An the net load carrying area, Kachanov defined
damage as

w = (A-An)/A (4)

In the virgin state An=A and hence w=0. In the limiting state of complete
inner destruction of the material An=0 and hence w=1. Normally equilibrium
will be lost, and hence rupture will occur, before the damage level w=1l is
reached.

Kachanov postulated the growth law

dw/at = cs” (5)
where
s = ¢/ (1-w) (6)

denotes the "net stress"”, i.e. the average stress acting on the net load
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carrying area An' The quantities C and v are temperature dependent material
parameters. The quantity o in (6) is the "current stress", i.e. the hypothe-
tical stress acting on the current area A.

For a material which shows very little creep deformation, such that A:AO,
where A0 is the virgin area, the current stress ¢ closely equals the nominal
stress 94- Eg:s (5) and (6) then yield, after integration and considering the
initial condition w(0)=0

w(t) =1-[1 - (l+\))CGB’t]l/(l+\)) -

From (5) and (6) or from (7) follows that dw/dt +« at time
_ v
tR = l/[(l+v)Cco] (8)

which is then a measure of the brittle creep rupture time.
For a sequence of nominal stresses 017 Tggr t-- acting during time in-
tervals tl, t2, ... there results the creep rupture condition

Eti/tRi =1 (9)

Hence Kachanov's theory is compatible with Robinson's postulate (2). Likewise
the simplified form of Kachanov's damage growth law (5), viz.

dw/dt = CoV (10)

due to Taira [5], implies the rupture condition (9). In contrast to the Kacha-
nov theory (5), (6), which describes an accelerated damage growth, the Taira
law (10) describes a constant rate of damage growth, which is in opposition
to experimental results. Hence the Taira law (5) has not found much use in
design work.

Kachanov also considered the influence of creep deformation on the creep
rupture process. He then assumed the creep strain rate de/dt to depend on the
current stress o, i.e. to be unaffected by the damage. Rabotnov [6] made the

more reasonable assumption that de/dt depens on the net stress s

Kachanov Taira Rabotnov
de/dt F (o) F (o) F(s)
dw/dt f(s) £ (o) f(s)

None of these relations describe the effect of instantaneous load changes
In order to take primary creep into account, by modelling it as an instantane-
ous strain increment, Odqvist (7] supplemented the stationary creep law de/dt=
=F(0) by a term G'(o)-do/dt. Similarly Broberg [8] supplemented the stationary
damage law dw/dt=f(s) by a term g'(s)-ds/dt, which corresponds to an instan-
taneous damage increment

st
de/dt F(o) +G' (o) -do/dt F(s) +G'(s) *ds/dt (11)
dw/dt f(s) +g'(s) -ds/dt (12)
Damage laws for multiaxial stress fields have been developed by Kachanov

[4,9]1, Rabotnov [10], Hayhurst [11l], Hayhurst & Leckie [12], Leckie & Hayhurst
[13,14,15], Leckie [16], Chaboche [17] and others. These laws are all out-
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growths of the original Kachanov theory (4), (5), (6)

2. Tensile and comoressive failure of rods

If a tensile load P is applied to a rod in the creep and damage regime,
the rod may rupture during load application (instant rupture) or at a later
time (creep rupture). Likewise a compressive load P applied to a slightly bent
road may cause buckling during load application (instant buckling) or at a
later time (creep buckling). All these failure modes may be derived from the
creep and damage laws (11), (12) and the geometrical nonlinearities involved
in the two cases.

2.1 Tensile failure
When the rod in Fig. 1 is loaded, it will elongate and contract uniformly.
For isochoric deformation the current stress ¢ is related to the nominal

stress oy as
g = co(l+e) (13)
and hence from (6) the net stress is

s = (1+e)/ (1-w) (14)

%
This combines with (11), (12) to yield a differential equation for s(t) in
terms of oo(t). The use of logarithmic instead of linear measures of strain

and damage, cf. Hult [18], would change (14) into

s = o, expl(etw) (15)

0
giving the differential equation

[1/s=-G'(s) -g'(s)]-ds/dt - [F(s) + £(s)] = (1/00)-d00/dt (1e6)
For instantaneous load changes (16) degenerates to
[1/s~-G'(s) - g'(s)]-ds/do0 = l/c0 (17)

Hence ds/doO»00 or ds/dt + =, implying instantaneous or delayed rupture, when

ss, where

- 1 - ' =
/s -G'(s ) -g'(s) 0 (18)
Hence a rupture locus

s, =0, exp (e+w) (19)

w
exists in the £-w=-0,-space (Fig. 3). Tensile rupture occurs when the state
point (s,w,co) reaches this surface. For any prescribed loading history oo(t)
the rupture time t, may be determined from (16) and condition s(t*) =s cf.

Westlund [19].

2.2 Compressive failure

When the slightly bent rod in Fig. 2a is loaded in compression, further
bending deformation will be concentrated to the midspan region, if the creep
and damage laws are strongly nonlinear. A hinge model, shown in Fig. 2b, may
then be used to describe the mechanics of the rod, cf. Bostrdm [20]. For small

deflections the current bending moment at the hinge is
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W= g (Le) (20)

where u0==P-(L/2)-(u0/2) is the nominal bending moment. The close similarity
between (13) and (20) should be noted. With damage w developing in the hinge,
a net bending moment may be defined analogously to the net stress s in (6)

m = u/(l-w) (21)
and hence
m = uy(l+e)/ (1-w) (22)

This combines with the creep and damage laws for the hinge

de/dt = F(m) + G'(m)-dm/dt (23)
dw/dt = f(m) + g'(m)-dm/dt (24)

to yield a differential equation for m(t) in terms of uo(t). The use of loga-

rithmic instead of linear measures of strain and damage would change (22) into
m = u, exp(etw) (25)

Hence all the conclusions drawn for tensile loading have a direct counterpart
for compressive loading. In particular an instability locus exists in the
€-w-U,-space (Fig. 4) . For any prescribed loading history uo(t) the buckling
time t* may be determined from the condition m(t*) =m_, where

l/m* - G'(m*) - g'(m*) =0 (26)

Numerical evaluations by Bialkiewicz [21] show the relative importance
of geometrical and physical (creep and damage) nonlinearities. As expected

the overall picture is quite similar to that for tensile failure.

3. Finite crack in damaging material

Fracture mechanics (FM) has been developed to describe the strength of
structures containing one or several cracks of finite size embedded in an
otherwise defect free continuuum. Continuous damage mechanics (CDM) , on the
other hand, describes the strength of crack free structures in terms of a
continuous defect field. Hence FM and CDM may be considered as dealing with
two extremes: FM deals with complete absence of damage and CDM with absence
of finite cracks. It is reasonable to expect a closer description of real
structural strength by combining FM and CDM.

The specific surface energy, often denoted y, is a basic parameter in
linear elastic fracture mechanics (LEFM). Tt may be used also to determine the
ideal fracture strength (cohesive strength) cé of a linearly elastic material.
A simple analysis yields

oh = YYE/b (27)

where E denotes Young's modulus and b the interatomic distance.
A basic, linear CDM model material is defined by the strain and damage
relations

e = s/E , w = s/D (28)
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corresponding to F=0, G'=1/E, f=0, g'=1/D in (11), (12). From (18) then
follows s, =ED/ (E+D) and the fracture damage

wp = E/ (E+D) (29)

Combination of the LEFM and CDM approaches yields the lowered fracture stress
(Janson & Hult {22])

Op = of/l—wF = cévD?(E+D) (30)

Similarly the interaction between the singular stress field around a
sharp, finite crack and a surrounding damaging medium may be considered. The
analysis in general becomes highly complex, and calls for a numerical approach
at an early stage. The great simplification offered by the Dugdale model in
studying elastic-plastic media may be utilized also here, cf. Jansson [23,24,
25,26]. The state of stress in the thin zones extending ahead of the crack
may be considered to be uniaxial. The amount of damage in these zones has
been related to the separation of the two opposite faces, and in addition a
simple expression has been adopted for the smaller damage accumulation occur-
ring in the surrounding medium. Four kinds of loading have been analyzed, and

the following results have been obtained:

3.1 Constant load, ambient temperature

A relation for the critical crack length is found (Fig. 5), which is
smaller than that obtained by LEFM (Griffith's result). For small crack
lengths Dugdale's result is approached.

3.2 Constant load, elevated temperature

Creep rupture lifetimes are obtained, which increase with decreasing
initial crack length (Fig. 6). The standard creep rupture curve is approached
for zero crack length.

3.3 Cvclic load, ambilent temperature

After a certain incubation period the crack begins to extend in a step-
wise manner. The rate of growth is related to the variation in stress inten-
sity factor (Fig. 7). This relationship is found to depend very weakly on
various assumptions made in the analysis and to be resemble closely the one

given by Paris [27].

3.4 Cyclic load, elevated temperature

Strongly concave creep-fatigue interaction curves are obtained (Fig. 8)
for a wide range of parameter variations. This general non-linear type of in-
teraction is characteristic of most metals tested so far in creep-fatigue

loading.

4. Conclusions

This survey of the fundamentals of continuous damage mechanics (CDM) and
its use in the analysis of rupture phenomena, separately or in combination
with fracture mechanics (FM) concepts, indicates that CDM may find increasing
use in design work. Even though an unambiguous physical interpretation of the
damage quantity itself, as defined by Kachanov and others, is still lacking,
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its conceptual simplicity makes it a natural addition to the classical parame-
ters used in analyses of structural strength.
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