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ABSTRACT

This work presents an efficient and accurate incremental finite element procedure, without
involving any integral translormations, to deal with viscoelastic cracked structures with compli-
cated geometries subjected to dynamic presures and thermal loadings for which time effect and
temperature effects for relaxation are considered.

"To reduce data storage and computing time , the constitutive integral equations are expressed
by an incremental recurrence formula which is developed for relaxation modulus represented by
an exponential series. With the recurrence formula , the value of a hereditary integral at current
time step depends only on that of previous time step . Hence , the viscoelastic problems can be
solved in a fashion similar to the elasiic problems for each time step.

The computation has been carried out for viscoelastic cracked rectangular plate which is
initially loaded by uniform tractions along the boundary with a Heaviside function. The time
variation of the mode I dynamic viscoelastic stress intensity factor is determined for the case
with a center crack. As would be expected, the stress intensity factors of viscoelastic structure
are smaller than those of the elastic solid due to the relaxation effect. Further, as time passes, the
dynamic viscoelastic stress intensity factors will converge to their corresponding static values.

The technique developed here will be helpful for the safety evaluation of viscoelastic cracked
structures serviced in severe loading and temperature environments,

1 INTRODUCTION

The fracture behaviour and dynamic effect estimation of viscoelastic cracked structure be-
comes important with the increasing utilization of polymeric or metal materials (Acki et al.
1980; Schapery 1975). In rocketry, the fracture mechanics analysis of solid propellant requires
viscoelastic analyses of which hoth time-dependent and temperature-dependent effects need to
be taken into account (Williams et al. 1964). Other important engineering fracture problems,
such as turbine blade design , jet engine design and building structural analysis in earthquakes,
involve the same considerations.

As is known, the mechanical behaviour of viscoelastic materials depends not only upon the
current stress at any given instant, but alsc upon the full history of stress. The finite element
technique which has been demonstrated as an excellent analysis method has been introduced
by numerous authors (Chen et al. 1982; White 1968) for analysing the viscoelastic or creep
behaviour of non-cracked structures. Since the failure of structures is frequently attributed
SMIRT 11 Transactions Vol. G (August 1991) Tokyo, Japan, © 1991

— 267 —



to the existence of crack, the knowledge for determining the stress and strain fields near the
crack tip is necessary. Thus , it is the objective of this work to develop a hybrid finite element
algorithm for determining the accurate stress and strain fields for thermoviscoelastic cracked
solids subjected to dynamic pressure and thermal loadings.

2 INCREMENTAL FORM OF CONSTITUTIVE EQUATION

The hereditary integral of the isothermal viscoelastic constitutive relations can be formed as
follow (Christensen 1982):
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where ;; represents the total stress, ¢;; represents the total strain; Gy is called as relaxation
function and Jijp is called as creep function. If there is a step discontinuity of strain history at
t=0, it is found that
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Since the material is considered as homogeneous, isotropic and viscoelastic, the most general
isotropic representation of a fourth order tensor is given by

1
Gir(t) = < [Galt) — G ()] 63560 + §G1(t) [6itbj + 6apbj]
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where G1(t) is the shear relaxation function and G1(%) = 2u(t). Ga(?) denotes the dilatation
relaxation function and G3(t) = 3A(¢) 4+ 2u(t). The above equation becomes

Gij(t) = 2 j(;t /,Lijkg(t — T)%dT + 655 //Di At — T)éig-}z——sz
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To account for the temperature-effect, the so called WLF equation (Williams et al. 1964) is
used as

where ap(t) is the shift function and (' and C; are the constants to be measured. Ty is
the reference temperature. According to the time-temperature correspondence principle , the
hereditary integral can be reformed as the following equivalent equation with reduced time £
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where £ = [} Q;Tdr, &= ;‘Tl—u)du , @ 1 thermal expansion coefficient, K(£) is a bulk
modulus and p(£),A(€) are Lame constants.

In order to properly model the specific stress-strain-time characteristics in finite element,
analysis, the constitutive integral equations need be expressed by an incremental recurrence
formula. Asume the incremental stress , strain and temperature during the time step [ty—q,ty]
as

Aoij(in) = oyltn) = oi(ty-1)
Aey(tn) = ey(tn) — cij(tv-a)
AB(in) = 0(tn) — 6(in-1)

After expressing the shear relaxation modulus and thermal expansion coefficient by a Prony
series, the incremental form of thermo-viscoelastic constitutive equation (1) can be represenied
as the following eguivalent elastic-like form

Aoii(in) = 2 Ti(ty)bes(in) + i A(tn) Aew(tn) — 6:58(tn) AB(tw)
— of(tn) (2)
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In the formula, Aty == ty — ty_y is the time increment , Ay = En — En_1 is the reduced
e ) = ) - 1 . . . :

;nl‘rlle increment , B(ty) = sty and Blin-1) = ar(in 7y Lhe recurrence formula is defined as
ollows :
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Then , equation (2) can be rewritten as
Ao‘i]'(i]\}) = Cf}kz(ir\])ﬂfk[(iz\]) - G‘Q~(t ) - Eﬁﬁ(fﬂ])é‘ (3)

where O, (¢n) is the viscoelastic modulus matrix, of (tN) can be treated as the equivalent
initial stress in each time increment .

3 INCREMENTAL HYBRID FINITE ELEMENT MODEL

Based on the modified Hamilton principle for dynamic thermoviscoelastic cracked problems,
the functional of an incremental hybrid finite element model can be stated as
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where @, is the mth element region and 82, is the mth element boundary. Av; is the assumed
incremental interelement displacement on 8%, , Au; is the assumed incremental element interior
displacement in {2,,. Ty is the Lagrangian multiplier which is nothing but the element boundary
traction on 9,. pm, is the density function of the mth element. F, and AF; represent the
prescribed body force and incremental body force and T; and AT} represent the prescribed
surface traction and incremental surface traction,respectively.

Now , the incremental displacements Zw;({) can be assumed in finite element version as (in
matrix form) :

{Au} = [0 {8} + [V2]{ B} (5)

where [U1]{5} is the pure strain displacement and [U3]{£} is for rigid body motion (Chen et al.
1981). {8} and {£} are the unknown independent parameters. From strain and displacement
relation

{Be} = B} (6)

Similarly, from equation (3)



{Ac} = [C"H e} — {40 ~ 6;{046) (7)

The incremental interelement boundary displacement Av; and element boundary traction Ty,
are

[Av] = [L{Aq) (8)

{71} = [Ril{o} + [B2J{7} + [Ral{a} (9)

where {Ag} is the incremental nodal displacement for each time step. [Z] is interpolation func-
tion (Chen et al. 1981). {a} and {4} are the unknown independent parameters. Substituting
equations (5)~ (9) into equation (3), after tedious manipulations, one can obtain the final si-
multaneous ordinary differential equation for dynamic thermoviscoelastic problems:

(MHAGY + [5HAT} = {AQ") (10)

4 RESULTS AND DISCUSSION

For want of space, only the analysis for the isothermal viscoelastic rectangular plate with
a center crack subjected to a Heaviside impact loading is presented. The geometry and finite
element meshes of the first quadrant solved are illustrated in Fig.1. Fig.2 shows the time variation
of the normalized mode I dynamic stress instensity factor &i(t)/o/Tag for the problem. The
relaxation modulus used in the present estimation is

w(t) = 29.4 (% + (1,0 - %) e"ﬂt> GNm?

Poisson’s ratio is 0.288, density function p is 2.45 x 10%g/m?, o is 0.2 x 1055~ and £ is taken
as 0.4 X 10%s~1. Good agreement between the present computed results and available solutions
(A40ki,1980) can be noted.

REFERENCES
Aoki, 5.; Kishimoto, K.; Izumihara, Y. and Sakata, M. (1980). Dynamic analysis of Cracked
Linear Viscoelastic Solids by Finite Element Method Using Singular Element. Internati-

onal Journal of Fracture, Vol. 16, No. 2, pp. 97-109.

Chen, W.H. and Chen, K.T. (1981). On the Study of Mixed Mode Thermal Fracture Using
Modified Jp Integrals. International Journal of Fracture, Vol. 17, pp. R99-103.

Chen, W.H. and Lin, T.C. (1982). Dynamic Analysis of Viscoelastic Structures Using Incr-
emental Finite Element Method. Eng. Struct., Vol. 4, pp. 271-276.

— 2771 —



Chen, W.H. and Lin, W.Y. (1981). Dynamic Analysis of Two Dimensional Elastic-Plastic
Structures Using Finite Element Method. Proc. of 5th Int. Conf. on Structural Mecha-
nics in Reactor Technology, Paries, France, pp. 17-21 Aug. paper M6/6.

Christensen, R.M. (1982). Theory of Viscoelasticity - An Introduction. 2nd Edition,
Academic Press.

Schapery, R.A. (1975). A Theory of Crack Initiation and Growth in Viscoelastic Media 1.
Theoretical Development. International Journal of Fracture, Vol. 11,No.1, Feb. pp. 141
-159.

Schapery, R.A. (1975). A Theory of Crack Initiation and Growth in Viscoelastic Media 1.
Approximate Meyhods of Analysis. International Journal of Fracture, Vol. 11, No.3,June,
pp- 369-388.

Schapery, R.A. (1975). A Theory of Crack Initiation and Growth in Viscoelastic Media IIL
Analysis of Continuous Growth. International Journal of Fracture, Vol. 11, No.4,Angust,
pp. 549-562.

White, J.L. (1968). Finite Element in Linear Viscoelasticity. Proc. of the 2nd Conference
on Matrix Method in Structural Mechanics, AFFDL-TR-68-150, pp. 489-516.

Williams, M.L., Landel, R.F. and Ferry, J.D. (1864). Structural Analysis of Viscoelastic
Materials. AIAA J., Vol. b, pp. 785-808.

52 mm

o o
@98 ogaad?®
2N
07 ey

Ky o/ees

4¢

#  ——-—ELASTIC SOLID
. % e eoc ADKT (1980)
/
7

20

—— ANALYTIC {1980]

e — ¥ PRESENT
2 | j
[ .

G 5 0 150us)
Fig.1 the geometry and finite element Fig.2 the time variation of normalized
mesh of viscoelastic cracked plate mode I dynamic stress intensity factor
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