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. Lo JREERAREEARR .  Let {Xi,iz_l} be a sequence of independent and identically

distributed random vectors (iidrv) defined on a probability space (,R,P), with
each Xi having a distribution function (df) F(x), XeRp, the p(>1) - dimensional
Fuclidean space. Let g(Xl,...,Xm), symmetric in its m(>1) arguments, be a Borel

measurable kernel of degree m, and consider the regular functional

(1.1) o(F) = fgﬁﬁ fe(x ), xR (x)) -+ -dF ()5 Felf

where ¥ = {F: |6(F)| <o}, The minimum variance unbiased estimator of O(F) based

on a sample X ..,Xn of size n is (the U-statistic)

1’

i n,m

-1
(1.2) U = M™Y. g® ,....X )3 C_ = {l<i<...<i <n}.
n m Cn,m i, n -1 m—

If we let c(u) to be equal to 1 if all the p components of u are non-negative

and otherwise let c(u)=0, then on defining the empirical df
(1.3) F (x) = n_lz n c(x-%X.) xeRP, n>1

: n i=1 i’ T
the corresponding functional

(1.4) o(F ) = féﬁmfg(xl,...,xm) dF_(x))...dF (x)

n-mzil=1"’zin=l g% »enX; )
m 1 m

is termed a von Mises' (1947) differentiable statistical function.

Asymptotic normality of n%[Un-e(F)] and n%[G(Fn) - 6(F)] are studied in
von Mises (1947) and Hoeffding (1948). Under the same set of regularity condi-
tions, Loynes (1970) has shown that a process obtained by linear interpolation
from {n%[Uk-e(F)]; kzp} weakly converges to a Wiener process, as n=><. Also,
Miller and Sen (1972) have shown that under the same set of conditions, pro-
cesses obtained by linear interpolation from {ﬁ%k[Uk—e(F)], m<k<n} and

{ﬁ%k[e(Fk) - 9(F)], 1<k<n} converge in distribution in the uniform topology on



the C[0,1] space to a common Wiener process, as n>©., In the present paper, among
other results, these weak convergence results are strengthened to almost sure
(a.s.) convergence results.

For sums of independent random variables and martingales, Strassen (1967)
studied three a.s. invariance principles. His first invariance principle, namely,
the a.s. convergence of sample partial cumulative sums to Wiener processes is
extended here (see Theorem 2.1) to a broad class of'{Un} and'{e(Fn)}. In Theorem
2.2, we consider a result analogous to his third a.s. invariance principle, and
this is particularly useful in the context of the law of interated logarithm and
the probability of moderate deviations for Un and G(Fn), for which we may refer
to Rubin and Sethuraman (1965) and Ghosh and Sen (1970) for earlier works.

The basic results along with the regularity conditions are stated in section
2. The proofs of the theorems are presented in section 3. A few applications

are sketched in the last section.

RS AARRRRRIARE SRR RARA R AR - Define for every h (Ochem),

(2.1) gh(xl,...,xh) = Eg(xl...,xh,xh+1,...,Xm), g0=6(F);
- Eo2 _p2 -0-
(2'2) gh(F) - Egh(xl,‘°"xh) e (F), Co(F) 0)
max 2
(2.3) - g*(F) = 1<i,<...<i <m Eg (xil,...,xim).

We term that 6(F) is stationary of order zero [cf. Hoeffding (1948)], if

(2.4) 0 < El(F) < oo,

Let S = {S(t): 0<t<w} be a random process, where

tn

0, 0<k<m-1,

2.5 Sk) = S, =
2-%) ko k-8 @)1, e,

and S(t) Sk for k<t<k+1l, k>0. Similarly, let §* =



{S*(t): 0<t<w} be a random process, where

0, k=0
(2.6) S*(k) = S

kT kler-e(m)], o1,

and S*(t) = Si for k<t<k+l, k>0. Alternatively, S(t) [and S*(t)] can also be
defined by linear interpolation between (Sk, Sk+1) [and S*, S§+1)] when

te[k, k+1], k>0. Consider now a positive and real valued function £(t),

te[0,%), such that
2.7 £(t) is + but tTI£(t) is ¥ in t: 0<t<w;

(2.8) I [£em)] ™ B{Igt (X )12 T([gf (& )1*> £} < =,
n>1 n

for every ¢>0, where gi(x) = gl(x) - B(F) and I(A) denotes the indicator func-
tion of a set A. Finally, let {&(t): 0§p<W} = £ be a standard Wiener (Brownian

motion) process, and we let
(2.9) ¥Y? = m’g, (F) (>0 by (2.4)).

Then, the following theorem extends Strassen's (1967) first a.s. invariance

principle to {Un} and {S(Fn)}.

THEOREM 2.1. lf_e(F) is stationary of order zero and Cm(F)<w, then under (2.7)

ﬂlii_ (2'8), E t-)oo,
(2.10) S(t) = YE) + o(tf(£))" log t) a.s.

Also, under (2.4), (2.7) and (2.8), if g*(F)<w, then as t-,

Y

YE(t) + o((tf(t))" log t) a.s.;

(2.11) S*(t)

%

o((tf(t))" log t) a.s.

(2.12) S(t) - S*(t)

Let now ¢ = {¢(t): 0<t<w} be a positive function with a continuous derivative

{¢'(t)}, such that as to,



(2.13) s/t > 1=>¢'(s)/¢'(t) + 1,
(2.14) 1:";i é(t) is 4+ but t“h¢(t) is ¥+ in t for some %<h<3/5;
(2.15) [ 73 %0 myexpl- 7102 (1)} dt < .

Then, as an extension of Theorems 1.4 and 4.9 of Strassen (1967), we have the

following theorem where we define {Sm} and {S;} as in (2.5) and (2.6).

THEOREM 2.2. ;g_g(xl,...,xm) has a finite moment generating function in a

neighbourhood of 0, then under (2.4), (2.13), (2.14) and (2.15), as n>°,

(2.16) PLor S,/600)>Y} ~ ;%: N £ 7241 () expl-}t 20%(t)}dt,
= ™

while, if in addition, g(Xi ,...,X.1 ) has a finite moment generating function
1 m
in a neighbourhood of 0 for every 15;153..5}m§m, then as nx,

(2.17) PSP s2/6(K)>Y} - ~/;—_ [2 7% (1) expl-tt o2 (6 )t
— m

The proofs of the theorems rest on the reverse martingale property of {Un}
[See Berk (1966)], certain related results studied in Miller and Sen (1972) and
the basic theorems of Strassen (1967). We shall see in section 4 that Theorem

2.2 strengthens some earlier results of Rubin and Sethuraman (1965) on U-statistics.,

QnARRKRXRﬁ&RRARiﬁKRRARﬁkRAKRRRA&&' Proceeding as in Miller and Sen (1972}, we

have for every n>1,

_ m m,,, (h),

(3.1) O(F ) = 6(F) + zh=1(h)vn ;
(3.2) v e (x ) }ﬁd[p (x.)-F(x.)], 1<h<m
- n gph/Bn 1 % 3=1% g 2

and for every n>m,
U(h) U(l) = V(l);
n n

O(F) + Ipoy () n

(3.3) U
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(h) _ ,-[n] D leE
(3.4) Uy =m an’h I5h Igh(xl,...,xh)jgld[c(xj-xij)-F(xj)],

where n'[h] = {n...(n-h+1)}—1 and Py = {lfjl#...+ih§p}, h=1,...,m.

»
We start with the proof of (2.10) in Theorem 2.1. Let us define

(3.5) sﬁl) - kUél) if k>m, and 0, if k<m-1.

Also, et (1) = (s (t): 0<t<w} is defined by letting for t e[k, k+l),

sy = sél), k>0. Further, let
(3.6) ur = 12 u, non,

Then, to prove (2.10), it suffices, by virtue of (2.5), (3.1), (3.5) and (3.6),

to prove that as t-,

(3.7) s (e) = yE(E) + o((t£(E)) log t) a.s.,
and as o,

(3.8) MKy [ (ke (k) 1og k1711 % 0.

Now, since sﬁl) = kUél) = zitl[gl(xi)-e(p)], k>1, involve the sequence of

i1i * = - c 1> * = * 2:
iidrv {gi(Xi) gl(Xi) 6(F); i>1} where Egt(X,) = 0 and E[g}(X,)] ¢, (F) (>0,
and (2.7) - (2.8) hold, the proof of (3.7) follows directly from Theorem 4.4 of

Strassen (1967). So, we need to prove only (3.8). For this, on writing
Y% -1

(3.9) ¢ = k[(kf(k)" log k] *, k>1,

we note that {ck} a sequence of positive numbers such that

(3.10) Cp is 4 in k [by (2.7)].

Now, {Ui, k>m} being a U-statistics sequence is a reverse martingale with respect



to a non-increasing sequence of 0O-fields [cf. Berk (1966)]. Further, as in

Hoeffding (1948), it can be shown on using (3.6) that for every n>m,

(3.11) E[U*—U*+l]2 E[U*]2 - E[U*+l]2
= E[Un—e(F)]2 - mZE[Ur(ll)]z
- E[U_,,-8(F)]? + m E[u(l)]2

-lvm m -1
O L @) G, () - m?nT g ()

- THTIE O

m

P e () + () T ()

A

C(F)n_3, where C(F) <« when Cm(F)<w.
Finally, as in (3.11), E[U;]Z E_C(F)n-2 for every n>m, so that by (2.7) and (3.9),

(3.12) lim 2E[u*] } = 0.

n—>°°n

Consequently, by (3.10), (3.11), (3.12) and Theorem 1 of Chow (1960) [i.e., the
Hijek-Rényi inequality for sub-martingales], we obtain on noting that ci=o(n3/2)
[by(2.7) and (3.10)] that for every €>0,

max *
(3.13) P{k>nck|Uk| > €}

E[U* ux 1%}

{zk =n k k+1

<c(re? Zk:ncik'S

- cP)E o ?)] > 0 as noe.

Thus, (3.8) holds and the proof of (2.10) is complete. We next consider the proof

of (2.12). Proceeding as in the proof of Lemma 2.6 of Miller and Sen (1972), it can

be shown that for every n>m,
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(3.14) E(n[0(F ) - U ]} < cr(F)n"t,
where C*(F) < « whenever ;*(F) < ». Therefore, for every € > 0,
sup .
(3.15) P{} [IS(t) -s (t)|/[(tf(t) log t]] > €}
{max[kle(F ) -U I/[(kf(k)leog k]] > €}
1
Z P{k|o(F) - U | > e[ (kf(k))? log k}
~ k=n
<or®e? 57 K e 10g K17
< or@®eEm1 2 (tog my 72 1,2 k732
- oo ®)e £ m ] Y2 (tog 1) 20 )] > 0 as e
Thus, (2.12) follows from (3.15), and (2.11) follows directly from (2.10) and
(2.12), and hence, the proof of Theorem 2.1 is complete.
For the proof of Theorem 2.2, we first consider the following.
LEMMA 3.1. For even k (2<k <o( %)), as n>», for every 1<h<m,
K k (hk )! -I
(3.16) ™M™ < 1o, )1 Nz {1+0(1)},
K 2 (shk ),I
where E[Ig(Xl,.. ,X )I n] < c’>'—f>(3 (F) < = for h=1,
Proof. We sketch the proof only for the case of h=2; the same proof holds for
every 1<h<m. By (3.4) and the Fubini theorem,
k 2 k
(2);'n _ -1 e , - n
EfnU “] * = E{(n-1) I ] zpf g, (x)5xp) Iy dle(x;-%; ) F(xj)]}

n,2 R J

-k k
m-1) " I f'éﬁk [Ty 8 (xpy5%pp) 1
R n

k2
n
-X, - F . s
(3.17) E{£51 jgl d[c(x‘,_j Xlzj) (XKJ)]}



where the summation z; extends over all 1 f-iﬂl # iz2 < n, £=1,...,kn.

For a given set {iﬂj’ j=1,2,£=1,...,kn} of 2k  integers,

suppose that there are Sy distinct integers jl,...,js ,an}, where jk occurs

n
rk(Z}) times, so that r1+...+rSn = 2kn. Then,
kn 2

(3.18) IE{£I=I1 jgl d[C(xij-Xizj) - F(xzj)]}l

= 0, if at least one of rl,...rk =1,

n
kn 2
S-KEI jgl dF(ij), otherwise,

for every set of {iﬂj’ j=1,2,£=1,...,kn}. Thus, the leading terms in (3.17) arises
k

from sets for which S, = kn’ )= e = rkn = 2; there being [(an)!/z n kn!] such

sets, their total contribution in (3.17) is bounded by

(2kn)!
kn
1
(3.19) 2 kn'

k
[fr’{él’)”gz(xl,xz)ldl: (x)dF (x)] °

k k
- n ' n '
[CZ(F)] -Kan)-/2 . kn-],
i
where CZ(F) < [£m(F) + 62(F)]? < « whenever gm(F) < », The other sets with non-
zero contributions in (3.17) correspond to values of sn j_kn—l with Ty > 2 for
|1+u

k=1,...,sn. If s, = kn—u, u>1, and Elg < » (as assumed), then the contribution

of the sets to (3.17) is bounded by (3.19) times a coefficient which is

(3.20) O[(k;/n)u], for u=1,...,k -1.

Thus, the total contribution of these sets (with snfkn-l) is bounded above by

(3.19) times a coefficient

S
(3.21) Lyop Ol kD7)

<om™Kk2) + (k20K



= O(n_lk;) = o(1).

Hence, the lemma follows.
A direct consequence of (3.6) and Lemma 3.1 is the following.

k
LEMMA 3.2. lg_EIgl T ¢ o, then for every even kn[2§kn=o(n%)], as m,

% kn m kn kn ' kn '
(3.22) E[nUn] < (5) TIC,(F) {(2kn)./2 kn.}{1+o(1)}.

[Note that in deriving (3.22), we make use of the fact that for every h>2,
k
(™ (h=2)/2 00 kn):/(zkn)z][knz/(%hkn)z]z‘(h/z“l)kn}—+o as m. ]
Also, by using (3.1) - (3.3), and proceeding as in Lemma 3.1, we have the

following.

LEMMA 3.3. 1If E|g(Xi ,...,Xi )| N ¢ o for every lfi1f3°'fimfm’ then for every
1 m
even k_ [2<k =o(n%)], as noe
k

k k
k m, n n v/ N 1 1.
(3.23) E[S}I““Sr(ll)] n < () MC,E] T {2k )/2 Tk tHIso (D],

where S; and Sél) are defined by (2.6) and (3.5).

LEMMA 3.4. If E(explug(X;,....X)}) <= for |ul < e(>0) and %<b<i,
0<3a<4b-1 (»0<a<1/3), then as n >,

a
(3.24) plk|uz| > 11k° for some k>n} = o(e™ ),

and, if E(exp{ug(xi R & )} < = for every liilff..fimfm, |lu| < e, then, as n,
- 1 m
a

(3.25) P{|Si-m8£1)| > 4k° for some k>n} = o(e™" ).

Proof. By (3.22) and the Markov inequality, for large n,
b b, *n kA

(3.26) P{n|U;| >in}t < () E|nU;|

b. *n m Kn kn kn

< em”) "G e, ()] Mk /2 Tk tHire (L)),

. . . _a .
so that on choosing kn as the largest even integer contained in n”, we obtain that
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the right hand side of (3.26) is asymptotically (as n>®) equal to

k 2k_+% —2kn k kn+% -k

2@ic, y/n® Mek) Me M2k e MHiro)

a a a a
. [m(m—l)Cz(F)/nb]n 2" e )™ {1+0(1)}

(3.27)
a a

- [2m(m-1)c2(1:)/nb‘a]n e ™ {1+0(1)}.

Now, 3a<4b-1=>>4(b-a) > l-a > 2/3=>b-a > 1/6. Therefore the first factor on the

a
-1/6]n )

right hand side of (3.27) is bounded above by [2m(m—1)C2(F)n Consequently,

by (3.26), (3.27) and the Bonferroni inequality, as n->,

P{k|Ui| > 5P for some k>n}

< Lo pklug| > 2"}

(3.28) a
1/65k e—k

a
) [1+0(1)]

< T [2m(m-1)C, (F)K

a . _ a
™ [Lro(D)] I 7 [2n(n-1)C, Bk 01

| A

I}
o
~
o

-1/6,k2

as Zk:n[Zm(m—l)Cz(F)k ]° =+ 0 as n»>». The proof of (3.25) follows similarly by

using Lemma 3.3. Q.E.D.

THEOREM 3.5. If 6(F) is stationary of order 0 and E(exp{ug(xl,...,xm)})

< o for |u| < €(>0), then there is a standard Brownian motion £={g(t): 0<t<w}

such that if %<b<)% and 0<3a<4b-1, then as s,

a
(3.29) P{|s(t) - YE(®)] > t® for some t>s} = ole™® ),

and, if further, E(exp{ug(xi seeesXy }}) < = for |u|<€(>o), uniformly in
1 m

1<i.<...<i_<m, then as s7»,
S g — ==

a
(3.30) P{|s*(t) - v&E(t)| > tb for some t>s} = o(e™> ),
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where S(t) and S*(t) are defined as in Section 2.

Proof. We only prove (3.29) as (3.30) follows on parallel lines. By virtue of
(3.3) and (3.5), Sk = msél) + kUi, so that the event [IS(t)-‘YC(t)| > tb for some
t > s] is contained in the union of the two events [lmS(I)(t) - YC(t)I > %tb for
some t>s] and [lkUil > %kb for some k>s]. Thus, the lefthand side of (3.29) is

bounded above by
P{Ims(l)(t) - vz ()] > 15tP for some t>s} +
(3.31) P{|kuz| >3k for some k>s).

Since S(l)(t) involves the iidrv {gl(Xi) - 8(F), i>1}, by Theorem 4.8 of Strassen
a
(1967), it can be shown that the first term in (3.31) is o(e—S ) as s>, while by
a
Lemma 3.4, it follows that the second term is also o(e—s ) as s»°, Hence the

theorem follows.
Returning now to the proof of Theorem 2.2, we observe that the proof follows
along the same line as in Corollary 4.9 of Strassen (1967) where in his (204) and

(206), we need to use our Theorem 3.5, instead of his Theorem 4.8. For brevity,

the details are therefore omitted.

A SRR ARRLARAL ARG  For {Un} and {G(Fn)}, the law of iterated logarithm has
been studied in Sproule (1969) and Ghosh and Sen (1970), respectively. The same

result follows directly from theorem 2.2 by letting
1
(4.1) ¢(n) = [2n(l+e) log log nl?2, >0,

and noting that the right hand side of (2.16) or (2.17) is then asymptotically
equal to [V4T €(log n)e]—l, and converges to 0 as n>® (for every €>0).

Rubin and Sethuraman (1965) have shown that as m>»,

- 1 1
(4.2) (log n) 1 log P{n4|Un—e(F)| > yc(log n)é} > —%cz, c>0.
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i
On substituting ¢(n) = c¢[n log n}?, ¢>0, we obtain from Theorem 2.2 that as n->®,
L L
P{k lUk—G(F)I > yc(log k) for some k>n}

0 - _ 2
. (C/zm)flog N u 1/2 o 1/2¢c%u du

(4.3)
- 1oz a2 (1og n) /2 [1+0( (10g )11}

Thus, not only (4.3) specifies a better order in asymptotic expression, but also
strengthens (4.2) to the entire tail of{Uk, kzp}. The same result holds for
{6(F); k>nl.

Theorem 2.1 is of great help in the developing area of sequential procedures
based on U-statistics and {G(Fn)}, where the derived Wiener process approximation
simplifies the ASN and the OC functions in certain asymptotic sense. These will

be considered in a separate paper.
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