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LIST OF SYMBOIS

Symbol Meaning

vxv matrix of 1's,

J : vxb matrix of 1l's.

I vxv identity matrix.

X transpose of the vector x.
N transpose of the matrix N.

IN| determinant of the matrix N.
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CHAPTER I

INTRODUCTION
L

l.1l. Balanced Incomplete Block (BIB) Designs [3], [13].

A balanced incomplete block (BIB) design is an arrangement of v
elements (objects, varieties, treatments) in b subsets, called blocks,
such that

(i) each block contains exactly k elements, all distinct,

(ii) each element appears in exactly r blocks,

(iii) each pair of distinct elements occur tbgether in exactly A

blocks. The numbers
(1.1.1) v, b, r, k, A

are called the parameters of the design; all must be positive integers.
The parameters k and r are referred to as the block size and the
number of replications, respectively. We shall refer to a BIB design
with the parameters (1.1.1) as a BIB (v, b, r, k,A).

It is easy to see that the parameters (1.1.1) must satisfy the

relations

(L.1.2) bk = vr

Y Numbers in square brackets refer. to bibliography entries.



and

(1.1.3) | AMv=1) = r(k-1) .

Suppose @ and B are two distinct treatments of a BIB design.
Then o and P occur together in A blocks, and & occurs in a total of
r blocks; thus A< r. In case A =r, we see from (1.1.3) that v =k,
and the design is a randomized blocks design; then for a "proper” BIB

design, i.e., one that is not a randomized blocks design, we have
(1.1.4%) 0<A<TY .

Now consider the vxb matrix N = ( (nij) Y (1 =1,2, cou, V3

j=1,2, «.., b), where

(1.1.5) n.

13 1 if the ith treatment occurs in the jth

block,

0 otherwise.

We shall call N +the incidence matrix for the BIB (v, b, r, k,N). It

is clear from (1.1.5) that

(1.1.6) N g, = ka,V
and
1
(L.1.7) Moo= rI o+ A(JV-IV) .
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Conversely, if (1.1.4) holds and if N dis a vxb matrix of O's and 1's
satisfying (l.Al.6) and (1.1.7), then N is an incidence matrix for a
BIB (v, b, r, k, A\) [20]. Thus we have the following lemma.
Lemms 1.1l,1

Suppose N is a vxb matrix of O's and 1's, and‘suppose AN and r
are integers such that 0 < A < r. Then the necessary and sufficient

condition for N to be an incidence matrix for a BIB (v, b, r, k, A)

is that
(1) n o= kT and
(ii) W o= r I, * 7\(JV - I",). |
Now from (1.1.7) we see that INTN'I = rk(r-?x)v-l. Then (1.1.4)

t t
implies that| NN | > O for a proper BIB design. Hence NN , which is
a vxv matrix, has rank v. We know that the rank of N can not ex-
]
ceed b, the number of columns of N. Then b > rank N= rank NN =v;

thus for a proper BIB design, we have the inequelity
(1.1.8) b > v o,

which was first proved by R. A. Fisher [11].

For any mxn matrix A of O's and 1's, the matrix I n " A shall
2

be called the complement of A. We now prove the following lemma.

‘Lemma 1.1.2

“Stippose N is an incidence matrix for a BIB (v, b, r, k, A),

and suppose k < v-l.‘ Then the complement of N is an incidence

matrix for a BIB (v, b, r, k , A ), where.



* *

* * *
vV =v, b =b, r =Db-r, k = vk, A =Db-2r + A,

: *
Proof: Denote the complement of N by N ; i.e.,

t
N = J'V’b-N. From (1.1.5), N J,=kJ

then

* ? 4
(N ) Jv = (Jv,b-N) J.v = Jb,v

From (1.1.7),

W o= rI o+ M, -I);

v

then

(Jv,b - M) (Jv,b - N)'

=
—
=
—~r
n

= Jub 9,7 " N Ip,v T Yv,0

(b - 2r + N) I, * (r=-N) I,

(b-r) I, * (o -2r + N) (JV

* ¥*

i

bJV-rJv-rJv+rIv+7\(Jv-I

d. = k*J
b,v b, Vv

N J -Jd N + NN

)

v

- Iv)

From (1.1.4) we see that A < r; adding (b-2r) to both sides of

) ) * % *
the inequality, we have N <r . Now A=
v -1

*, ¥
r(k-1) _
= -

(b=-r) (v-k-1) .

-1

* *
Then if k < v-1, A > 0, and by Lemma 1.1.1 N is an incidence matrix




for a BIB(V*{ b*, r%, k*, x%).

(Note: The only case not allowed in Lemma 1l.1.2, when k = v-1, gives
a trivial example of a BIB design; some references, for example [20],
omit the case k = v-1 altogether in considering BIB designs.)

A BIB design with v = b and r = k is known as a symmetric BIB
design. In this paper we shall be concerned largely with such de-
signs.

Now the relations (1.1.2) and (1.1.3) are necessary, but not in
general sufficient, for the existence of a BIB(v, b, r, k, A). How-
ever, Hanani has shown [14] that (i) for k = 3,4, and any N or
(ii) for k = 5 and A = 1,4,20, the relations (1.1.2) and (1.1.3) are
both necessary and sufficient for the existence of a BIB (v, b, r, k,N).

Fisher and Yateé [12] have tabled BIB designs with r < 15. Rao
[19] has studjed BIB designs with r = il to 15. Sprott [25] lists
designs with r = 16 to 20. The literature contains a large number
of articles showing the impossibility of certain BIB designs: for
example, [21] and [22].

Numerous methods may be employed in the construction of BIB
designs. A few examples are the method of differences [1], finite
geometrics [1], construction from known BIB designs [3], orthogonal
arrays [9], Hadamard matrices [23], and association schemes [23].

The last method has been used to construct some symmetric BIB designs.
This work will be concerned with an analysis of methods of construc-
ting BIB designs from association matrices. Two methods will be
employed. The first, linear combinations of aésociation matrices, is

quite similar to a method suggested by Shrikhande and Singh in [23];



however, the result in the present work was arrived at independently.
The second method, juxtaposition of association matrices, is believed

to be new.

1.2, Association Schemes [2]

An association scheme in m associate classes is & set of v
elements (objects, treatments, varieties) which satisfies the follow-

ing conditions:

(i) any two treatments are either 1lst, 2nd, ..., or mth associates,

and the relation of association is symmetrical;
(ii) each element has exactly n, ith associates i=12..., m),
where the number n, is independent of the element chosen;
(iii) if o and B are ith associates, then the number of elements
which are jth associates of & and kth associates of P is pﬁk s
and pﬁk is independent of the pair of ith associates chosen

The numbers
i
(1.2.1) vy By Py

are called the parameters of the association scheme; all must be

positive integers.

The following relations among the parameters (1.2.1) are easily

shown:

G S WS G NS BS WS e ou =e



e '."illf.'. -l m A m e ..l.1l|;.l. M B AR E n an

7
m
(1.2.3) N }; n; = vl
i=1
_ m
(1.2.4) Py = By if 1443,
=1 o
= n-lifi=93;
i 3§ k
(1.2.5) ng Py = By Piy =0y Pij

It is useful to make the convention that each element is the

zero-th associate of itself and of no other elements., Then we must

have
(1.2.6) n =13
o _ 0o _ AP
(1.2.7) Pi; = Py = 0 ififg,
= nj ifi=J3;
i i -
(1.2.8) Dy, =Py =0 ififk,
=1 ifi=k.

Then (1.2.3) and (1.2.4) become

m
(1.2-9) y ni = v )
i=0
i
(1.2.10) i
}j P = Py
k=0



1
For the case m = 2, it is sufficient to specify v, ny» Pj;, and

2
P ll)

[2].

Given an m-class association scheme, we call the matrices Bi

and the other parameters are then determined; see, for example,

(i=0, 1, ..., m) the association matrices of the scheme, where

1l 2 v
(1.2.11) : ‘ bli bli cee bli
_ B _ ] . . s 0 .
By =( (B ) ) = . D e and
1 2 LN V
bv;L bvi bV’l

(1.2.12) bp =1 if o and P are ith associates,

ai
= O otherwise.
Clearly, we have
(1.2.13) B, = I,
and
(1.2.11#) Bo + Bl + eee T Bm = Jv .

. . e . .
Also, the linear form c, Bo + 1 Bl + ces * cm Bm is equal to the

zero matrix if and only if c =€y = ..s =Cp =03 i.e., the B;'s are

m

linearly independent. The association matrices satisfy the relation

o 1 m
(1'2‘15) Bde Bj B]{=p,jk B°+ij Bl+ vee +ij Bm

(,j,k O, l, seey m)_.
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R nad

The result (1.2.15), along with the linear independence of the Bi's R

will be quité important in the proofs of the theorems in Chapter II .

1.3. Partially Balanced Incomplete Block (PBIB) Designs [2]

Given an m-class association scheme of v treatments, a partially
balanced incomplete block (PBIB) design is an arrangement of the v
treatments in b blocks such that

(1) each block contains exactly k treatments, all distinct;

(ii) eacn treatment occurs in exactly r blocks

iii) if two treatments @ and .B are ith associates, they occur
together in exactly )i blocks, where )i is independent of
the choice of the particular pair of ith associates & and B'
(i=1, 2, +oo, m),
Clearly, if-xl = )2 = 4. = Am, the design is a BIB design.

PBIB designs were introduced by Bose and Nair [6]; a slightly
generalized definition was given by Nair and Reo [16]. The definitién
in the preceding paragraph is that of Nair and Rao. Bose and Shima-
moto [8] introduced the concept of associétion schemes and based the
definition of PBIB designs on these schemes. The present work will
not be concerned with PBIB designs, but they are mentioned because

of their direct connection with association schemes.



CHAPTER II

THE PROBLEM AND FUNDAMENTAL RESULTS

The problem considered here is that of construction of BIB designs
from the association matrices Bi by the following two methods:

(1) to obtain a matrix of the form B, + B, + ... + B, wvhich
_ i,7 i, i

will be a BIB incidence matrix, and
(ii) to obtain a matrix of the form [ B, : B, I ... ! By ]
1 2 N
which will be a BIB incidence matrix.
A matrix of type (i) will be referred to as a linear combination of
association matrices, and a matrix of type (ii) will be called a

juxtaposition of association matrices. The two theorems which follow

‘give the necessary and sufficient conditions for (i) and (ii).

Theorem 2.1 (Linear Combinations)

Suppose We have an m-class association scheme in v elements,
with association matrices Bo = Iv’ Bl’ Ba, veey Bm. Suppose
1, i5y eeey iy are distinct integers such that ij €(0,1,2,...,m) for

j =12, ..., t <m Then the necessary and sufficient condition for

Q
1

Bi + Bi + .. + Bi to be an incidence matrix for a BIB
1 2 t

7 . ] (il:iz)"'}i-b)

(v, v, v, T, A where

r=mn, +n, +...+ni
ll' 12 t




11
and ( )
i,i ,l‘l,i -
A 1’72 't - rgr 1) ,
v=1
(il’i2’°"’it) t k
is that A be a positive integer and £ 1, +
R il
3=l 7373
t (1,53, ,000,1,)
2 p? 5 = A 2 v for k = 1,2, ..., m.
Jj<e 378
(il’iz""’it)
Proof: (For convenience, we shall denote A by A

during the proof.) Suppose A is a positive integer. Then the

required necessary and sufficient condition is that

(1) CJ, = rJ,
and

(2) cc = (r-A) I,*Ad, = rI + 7\(Jv - Iv).

Now

cJ._ = (B, +B, +...+Bi)Jv

it
L
oy

1
cc = (B + B  eee + B, ) (B. + ses + B, )
11 12 1t i i,
t
= B, B, +B, B, + .. +B.B.+2ZB B
i i i, "1 i i
1 "1 22 t 7t 5<b J y/



m m m l
k k k
= p. . B zp. . B, 4+ e Z P. B
Z i1y k 115 k 1.1y k ‘l
k=0 k= k=0
m t II
k
+ 22 z pi.iz Bk .
k=o j<t ¢ ]l
Since po. = n, and pC. =0 for i # j, we have
i1 T By 5% Fig ’ l
% %
' 1 1
e —rIv+(Zpi.i.+2zp1.iz) By '
j=1 I i<s Y _
% t l
2 2
+ (Zpl.i. v Pid, ) B,
=1 <t l
: t t .
m m
+"’+(Zpi.i. ¥ ezpi.iz) By ¢
SR <t ?
Now
A (13:L + By + .es +_Bm) = 'A(Jv - Iv), .

Then, since the Bi's are linearly independent, the necessary and

sufficient condition for (2) to hold is that

t t

k k
Zpi.i. + 22 pi.iz =7\, k=l, 2, esey, N
= 0 i<¢ Y

Theorem 2,2 (Jmctapoéition)

Suppose we have an m-class association scheme in v elements,

with association matrices By = Iy, By, By, «+«, B . Suppose



(W [

13

i, ips , @re distinct integers such that ij e(1,2,..., m)

for =1, 2, «+.s, © <me Then the necessary and sufficient con-

eo ey i

dition for D= [ B. * B, ¢ «.. + B, ] to be an incidence matrix for
ipe i 9 )

a BIB (v, tv, tk, Xk, N 4 . ), where
l 2‘000

1t

thk-l , is that

)‘iliz...it = 91

(1) N i ...q Pea positive integer ,

12ttt
(ii) n, =n, =...=n, =k,
ll 12 lt
t t t
‘s ‘1 _ 2 . _ m _
(1i1) ) vy i = zpl i, - T Zpi.i. =N
je1 9 Y = 373 o1 9 12"t

Proof: (For convenience, we shall denote )i X . by A.) Suppose
e ——— . 112...1t
A is a positive integer, and suppose n, =n, = ... =n, =K.

1 2 1t

(It is obvious that (i) and (ii) must be satisfied for D to be a
BIB incidence matrix.) Then the required necessary and sufficient
condition is that
t
(1) D g, =k T,

and

(2) ™o

(tk = N) I, +NJ,

th I+ ')\(Jv -I).

v



. |
Lo lI
B, kJ ' . |
l 1
DJ = 'K} J = P = K J . I
v \ v tv,
B, S l
t :
|
l
Then (1) is always satisfied. '
, i
DD =[131:Bi....‘131] B,
1 2 Tt 1 '
By
: |
;. |
"t o
=B Bi + B Bi F oees F Bi B, tk I
171 2 2 t 7t
m mo m
c c c .
* }:pilil:Bc'1L }jpiaie By #oeee * 2; pitit'Bc
cel c=l c=l
t
m
_th+(zll)3+(zll () 38 1) 3y
P IR P iip

Now

7\(Bl + By oo +Bm) = 7\(JV - Iv) .

Then, by the linear independence of the Bi's, the necessary and

sufficient condition for (2) to hold is that
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t

t
1 _ 2 _ _ m N
CPia 7 O Py 3, 7 '
;l 33 j=1 d d : J d

If we want an m-class association scheme in v elements such

3

that [ B. ¢ B, ¢ +oe B, Jand [B, +B, + ... +B, ] are
e e © Tl i dg

both BIB incidence matrices, where s <t and the B,'s form a sub-

J
set of the Bi's, then the necessary and sufficient condition is
found by combining the conditions from Theorems 2.1 and 2.2.

If we want the scheme such that [ Bi: Bj ] and [Bi + Bj] are

both BIB incidence matrices, we have

- ekSk-lz and A(ij) - 2k(2k-1 Y where n, =n = k.
v-1 v-1 1

A 3

ij

Note that k(lJ) -2 )ij = %§l 3 but 2k < v-1 if the scheme has

~ more than two associate classes, and in any event 2k is not greater

than v-1. Then (K(ij)- 2 )ij) is an integer only if 2k=n,-+n,=v-1.

In this case there are only two associate classes and Bl + B2 is

trivially an incildence matrix for a BIB, since Bl+B2 = Jv - Iv'
In Theorem 2.1, let t =2 and m = 3., Then we see that the

necessary and sufficient condition for Bi + Bj to be a BIB incidence

matrix is that A(la) be an integer and
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Letting t = 1 in Theorem 2.1, we get the condition for Bi to
be a BIB incidence matrix; viz., that

1 _ .2 _ _.m _ (i)
13 TPy T e TP 5 N

where R(l) is a positive integer. The following corollary shows

that in this case it is enough to show that pii = pﬁi =40 = p?i;

the common value must then be k(l). Shrikhande and Singh [23]

proved that the condition in Theorem 2.1 allows an m-class scheme

to be collapsed into a two-class scheme such that pil = pil or

péz = pgz . However, Theorem 2.1 and the following corollary

were proved independently.

Corollary 2.3 (to Theorem 2.1)

Tor an m-class association scheme in v elements with associa-
tion matrices Bo = Iv’ Bl, Bz,..., Bm’ the necessary and sufficient

condition for B, to be an incidence metrix for a BIB(v,v,ni;ni,)‘l)),

ni(ni-l)
V=

where k(l) = , is that

Pig =Pj3 =+ = P33 =% for some positive integer x.‘

Proof: Suppose pii = P?i = s = p?i for some i e(1,2,...,m);

let x be the common value, Now
n
i . A
;: P.. = ni-l, since pio = 13

also,

l—l? L'?
’du

i
or L. = ‘s
plj ii
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Then m m
zz Piy © zz n, Pii
=1 j=l
and we have n pl +n p2 +eee +n P =n,.(n - 1), or
1 “ii 2 ~ii m -4t ivi ?
x(nl o, ..t nm) = ni(n:.L - 1). Since
n,(n,-1) .
= y- S NN €5
Dty e, b= vel, X o= o = A ’

and the condition in Theorem 1 is satisfied if x is a positive

integer.

In Theorem 2.2, taking t = 2 and m = 3, we see that the condition

for [ By . Bj ] to b a BIB incidence matrix is that ng =ny = k (say)

'2kgk-lz s . 1 1 2 2
= Civ and -+ =
xij ) be a positive integer, pii pjj pii + pjj

2.

P T Py T Nay

For the case t =3 and m = 3, we must have n, =Dn, =ny = k,

)123 = 5$_§'l a positive inﬁeger: and

1 1 _2 .2 .2 _ .3 3 3 _ )

1
Pyy * Pop T Pyz T Pyy T Ppp * Paz = Pyt Py t Py 123

In this case 3k = v-1 and %125 = kel,

If t =2 and m = 2, the condition for [ BlZ 32 ] to be a BIB

e . e s 1 L .2 2
incidence matrix is that nl n2 and pll + p22 = pll + p22 = %12-
For this case,
(n,+n.)(n, -1)
Ll ML - : o -
N, = oy n,-1 (equlvalegtly, )12 =n, 1).

1}
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In Chapters III and IV various methods of constructing associa=
tion schemes of two and three associate classes are discussed. These
sassociation schemes are examined for their possible use in construce
ting BIB designs in the special cases considered in Theorems 2.1
and 2.2, Whenever the parameter 7\(1) or 7\(ij) appears it will be
understood to be defined as in Theorem 2.1; a parameter of the form

N y or N gk 18 defined as in Theorem 2.2.




CHAPTER III

TWO-CLASS ASSOCIATION SCHEMES

3.1. Introduction

Several methods of constructing two-class association schemes
will be discussed. The parameters resulting from each method will be
examined in order to determine whether

(2) By,

(b) B,
(c) [8;% B, ]
can be BIB incidence matrices. The methods discussed can be found in

[2], [8], and [15]. The necessary and sufficient conditions in each

case are as follows, from Theorems 2.1 and 2.2:

(8) Py, = Py 3
Pyy Pyy 3
T _ 2

_ 1 1 2 2
(¢) ny =n, and py) + Py, =Py + Py, =n - 1L

We note that if Nv is a BIB incidence matrix, then the pairs

b
>
( 8) must occur an equal number of times for any two rows, as well as

the pairs (i). Then the complement of N, or Jv b- N, is also a BIB

2

incidence matrix. Thus it is unnecessary to consider the combinations

B+ Bl and Bo + B2, since Bo + By = Jv - 32 and Bo + 32 = JV - Bl'
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3.2, Group Divisible (GD) Scheme [8]
3.2.1. The scheme

Suppose, for integers £ 272 and n > 2, there is a set of v = n
elements. Let the elements be arranged in a rectangular array with
2 rows and n columns, Call any two elementsrwhich appear together
in a row first associates; if tﬁo elements are in different rows
they are second associates. Then the rectangular array gives us a

two-class association scheme with the following parameters.

Vv=_n

n1 = nel

n, = n(£-1)

(3.2.1)1%1 = n2 Pil =0
Piz =0 pie = nal
ps, = n(s-1) r2, = n(8-2)
3.2.2, Designs from B,

We need pl = p2 s but p2 = 0, Then B, can not be a BIB in-

11 11 ©T11 1

cidence matrix.

34263 ﬁesigns from BE—

"1 .
The condition is that Py, = pga; then n(#-1) = n(#-2), and n=0.

Thus 32 can not be a BIB incidence matrix.

e

P
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3.2.4. Designs from [ 31:-52—1

_ 1.1 2 2
1 = P 8nd Py * Ppy = Ppy + Pyy =1y -l. But

2n-1
n

We must have n

n, =n, for n -1 = n(#-1), or & = . There are no integers

1
£, n > 2 which satisfy the above; thus [ B s B2 ] can not be a BIB
incidence matrix.

Then GD schemes can not be used to construct any BIB design such

that By, By, or [ B,: B, ] is the incidence matrix.

5.3. Triangular Association Scheme [8]

3+¢3.1. Definition of the scheme

Suppose, for some positive integer n, there is a set of

v = (2) = Eig:ll elements. Arrange the v elements in an nxn array
as follows: leave the leading diagonal positions blank, and £ill fhe
Eig:;l positions above the leading diasgonal with the v elements; f£ill
_ the remaining aln-l positions so as to make the array symmetric with
respect to the diagonal. Define first associates as two elements
which appear in the same row (equivalently, the same column) of. the
resulting array; if two treatments do not appear in the same row,

they are second associates.

The v elements might also be considered as unordered pairs
(i,3), vhere i # j and 1,j = 0,1, ..., n-1. Then two elements are
first associates if they differ in exactly one coordinate; otherwise
they are second associates.

Such an array is an association scheme, called a triangular‘

association scheme. The parameters of the scheme are as follows.
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[

1
o = {n-2)(0-3)
2 2
1 : 2 _
( ) Py =02 Py =k
30301
. piz = n-3 ' pie =2n - 8
1 (n-3)(n-k4) 2 _ (n-4)(n-5)
Poo 2 Poo 2

From the parameter values, we see that n > L, An example of a tri-

angular scheme, with n=l, is the following.

x1253
1xks
2h x6
356x
Element First associates Second associates
1 2 3 4 5 6 .
2 1 3 4 6 5
3 125 6 L
4 1256 3
5 13 4 6 2
6 2 3 4 5 1

An examination of the parameters (3.3.1)shows that in one case B,

will be a BIB incidence matrix; B, and [B :B,] can never be BIB in-

cidence matrices.

3.3.2, Designs from B,

We must have pl = p?_l; then n=6 and p]l'l = p?l = 4., So for n=6,
11
B, is a BIB incidence matrix. The parameters and scheme for this .




case are the following.

2>

v =15
n, = 8
n2 = 5
Pil = b pil =4
p:]l:2=5 p]2-2=)+
1 2
Poo 3 Poo 1
x 1 2 3 L4 5
1L x 6.7 8 9
2 6 x 10 11 12
5 7 10 x 13 1k
L 8 11 13 x 15
5 9 12 1k 15 «x
Element First associates Second associates
1 2 3 b5 6 7 8 9 10 11 12 13 14 15
2 1 3 4 5 6 10 11 12 7 8 9 13 1k 15
3 1 2 4 5 7 10 13 14 6 8 9 11 12 15
L 1 2 35 8 11 13 15 6 7 9 10 12 14
5 1 2 3 4 9 12 1k 15 6 7 8 10 11 13
6 12 78 9 10 11 12 3 4 5 13 14 15
7 1 36 8 9 10 13 14 2 4 5 11 12 15
8 1 4 6 7 9 11 13 15 2 3 5 10 12 14
9 15 6 7 8 12 1k 15 2 3 4 10 11 13
10 2 3 6 7 11 12 13 14 1 4 5 8 9 15
11 2 4 6 8 10 12 13 15 1 3 5 7 9 14
12 2 5 6 9 10 11 1k 15 1 3 L4 7 8 13
13 3 4 7 8 10 11 1% 15 1 2 5 6 9 12
14 3 5 7 9 10 12 13 15 1 2 L 6 8 11
15 b 5 8 9 11 12 13 1k 1 2 3 6 7 10
B, is an incidence matrix for a  BIB(15, 15, 8, 8, 4),
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3.3.3, Designs from B,

The condition is that péa = Pga

we
&
[¢)
=

(n-%(n-tu ] (n-u)z(n-zz or  neh.

)

But in this case the common value of péa and pga is 0. Then B2 can

be a BIB incidence matrix.

3,3,4, Designs from [ BlE-EQ—l

_ 1 1 _ .2 2 :
We must haye n, =0, and Pl + Doy = Pl + Pop = )12. Now

n, =1, for 2(n-2) = (5:2%}2;2) , or n=7. Thenn, =n, =10 and

v=21;7\J2=M2=9, Forn=7’ ph+p§2=5+%2;llfllz,
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Then [ Bl: B2 ] can not be a BIB incidence matrix.

3.1, Pseudo-Cyclic Association Scheme [8], [15]

3.4.1, Definition
Suppose there is a set of v elements; denote them by the
integers 1, 2, cees v. Suppose there is a set of integers

(dl, d2, eeey d ) satisfying the following conditions:

(1) the d's are distinct, and 0 < dj <v (j=1212,..0, l),

(ii) among the nl(nl-l) differences di-dj(ifj; 1,321,240, nl)

reduced (mod v), each of the numbers d;, dy, -, dnl ocecurs

a times and each of the numbers €15 €ps ey en2 occurs B
times, where dl, d2, voey dnl, el, s o0y en2 are 8ll the
integers 1, 2, ..., v-1l. Clearly, n, Qn, P = nl(nl-l).

Given the element k (k = 1, 2, ..., V), define its first

T



(3.4.1)

the following paranmeters.
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associates as the elements k+dl, k+d2, seey k+dn (mod v); the re-
maining (v4nl-l) elements are the second associates of k. Then we

have an association shceme, called a cyclic association scheme, with

v
o,
n2 = v-nl-l
1 2 _
P 7@ Py =B
1 2
Ppp = 7yl Ppp =P
pl = n,.=-n. o+l p2 = n.-n +B-l
22 2 pore) 2L

We see that, given v, the set of d's completely determines such

a scheme. A few examples of cyclic association schemes are given
below.
Some Cyclic Association Schemes
v n, B, Set of d's
13 6 6 2, 5, 6, 7,8, 11
17 8 8 3, 5, 6, 7,10, 11, 12, 1k
29 | 1k 1 1, 4, 5,6, 7, 9, 15, 16,20,22,23,24,25,28

All the known cyclic association schemes are such that

v = butl, n

(3.4.2)

=n

1

v

n

1

2
Then the association scheme has the following parameters.

P11

= 2u, and & = u-l, for some positive integer u.

by + 1

Np

= =1

2u

Pip
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1
Pip =0 P§2=“
1 2
P22=u P22=u-l

Following the nomenclature in [15], we will call any association

scheme satisfying the parameters (3.4.2) pseudo-cyclic, whether or
not it is obtainable by the cyclic method described in [8].
Let us examine the parameters (3.4.2) to determine whether B, ,

B

, OF [ Bl: 32 ] can be & BIB incidence matrix.

3.4.2, Designs from BL—

We must have pil = p?l; but pil = u~1l and pil =u. Then Bl can

not be a BIB incidence matrix.

3.4.3, Designs from B,

We need pil = sz ; but pil = u and p22'= u-l. Then B2 can not

be & BIB incidence matrixe.

3.4.4 Designs from [ B.: B

The condition is that n, =1, and Pil'+ péz = pil + pga = )12 =

nl-l. Now n, = n2 = 2u for any pseudo-cyclic scheme, and

1
P11

scheme, with parameters (3.%4.2), [ Bl: B, ] is an incidence matrix

1 _ .2 2 . L.
+ p22 = 2u~l = pll + p22. Thus for any pseudo-cyclic association
for a BIB (bu +1, 2(ku + 1), 4u, 2u, 2u-1)., An example is the
following:
u=2,v=9,nl=n2=l;.,

(Note that this scheme is not obtainable by the cyclic method.)




I i

l Element . Tirst associates Second associates

' 1 2 3 L 5 6 7 8 9
. 2 1 3 6 7 L 5 8 9
3 1 2 8 9 Y 5 6 7
L 1 5 6 8 2 2 7 9
5 1L 4 7 9 2 3 6 8
6 2 4 7 8 1 35 9
7 2 5 6 9 1 3 4 8
8 5 4 6 9 12 5 7
9 55 7 8 1 2 L4 6
1 2
Py =1 Py =2
B, = 2 P, = 2
1 2
Ppp = 2 Pop =1
[B:B)= | 611110000 o0o000OLLIIL1
101001100 0001100011
110000011 000111100
100011010 0110001001
100100101 011001010
010100110 101010001
010011001 101100010
001101001 110010100
001010110 110101000
———— St

[Bl; 32] is a incidence matrix for a BIB(9, 18, 8, 4, 3).

3.5. Singly Linked Block (SLB) Association Scheme [2], [8]

3+.5.1, The scheme

Suppose N' is an incidence matrix f‘or a BIB design with b
treatments, v blocks, k replications, block size r, and A = 1ji.e.
every pair of treatments occurs together in exactly one block. Then
bk = vr and b-1 = 1;.(1*-1); this gives us v = }3(5'_1121:-_1{11;)_ and b=rk-k+1,

It has been shown that in this case N ‘is an incidence matrix
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for a PBIB design with v treatments, b blocks, r replications, k

plots per block, )1 =1, and )2 = 0. Defining first associates as
two treatments which appear together in some block of the derived
PBIB design, we get a two-class association scheme called a singly

linked block (SIB) association scheme, with the following perameters.

v = K ( rk-k+1)

n, = r(k-1)
k=-r -1)(k-1
3.5.1) T = ¢ )ii ) (k-1)
pil = k-2+(r-1)° pil = 7
pi, = (r-1)(k-r) 15, = r(k-r-1)
Péa _ (.r-l)(k;r)(k-r-ll Pge - (ker)?+ 2(2-1) kgf-l)

For r=2 the SLB scheme is the same as the triangular scheme
with m = k+1.

An examination of the parameters (3.5.1) shows that one series of
SLB schemes  is such that one of the association matrices is a

BIB incidence matrix.

3.5.2., Designs from B

- ,
- . 1 _ .2 : 2 2
The condition is that py; = Pyy; then (k-2) + (r-1)° = r<, or

k = 2r +1. In this case the SLB scheme has the following parameters,

in terms of r.

M E S S S NS U y BN n B A S y am e
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v = (2r-1)(2r+1)
n, = 2r?
n, = 2(r-1)(r+1)
3.5.2 1 2 2 2
G.5.2) Py 57T Ppp 57T
1 2 2
Py = (r-1)(r+1) Pp =T
1 2 2
Py = (r=1)(r+l) Pop =T -5
. . . 2 2 2
Then B, is an incidence matrix of a BIB (4r®-1, kr -1, 2r°,

1
2r2, r2). In this case the original BIB of interest, from which

the SLB scheme is obtainable, has r(2r-1) treatments, (hra-l) blocks,

(2r+l) replications, r plots per block, and A = 1.

5.5.3. Designsfrom 32

We must have p%e = p225 hence

D) Cer)emrd) o (kar)? 4 p(ee1) - KD g ko= 2re

In this case the SLB scheme has the following parameters.

. - (er1) (P o5re)
r
n, = 2r(r-1)
: n = Egr-lEB
(3.5.3) 2 r
12 2 2
Py =¥ 2 Ppp =7
1 _ 2 2
Py, = (r-1) Py, = r(r-2)
1 _ gr-lgz(r-Qz 2 _ (r-1 2(r-2
Poo r Pop- T



But note that in (3.5.3), p;Q and pga can never be integers fa

r > 2, and for r = 2 the common value is 0. Then B2 can never be

s BIB incidence matrix.

3.5.4. Designs from [B.: Byl

_ 1l 1 .2 2 _ _
We need n, =n, and Py + Pop = Pyp + Py = )12. Now n,=n,

for r(k-1) ﬁk-r)(%;l)(k-Ll , or k= £§%§:il . In this case

r 2r2~2r+l 2r5-2r2+l

- _ 1. .1
by =0y s T=1 and My = (7o) » Now Py * Py

“e

Qr-l)(%:r)(k-rfllA _ 2r3-2r2+r+l for k r(2r-1)

2
k-2 + (r-1)° + ) )
1 1 2 .
then P11 + p22 = )12 when 2r§-2r +1 = 2r5-2r2 + r+l, l.e., fqr
r = 0. But there can be no such association scheme, and so [BlIBa]

can not be a BIB incidence matrix.

3.6. Latin Square (L (n) ) and Pseudo-Latin Square Association

2
Schemes [2], [8], [15]
3,6.1. Definition of the scheme

Suppose we have a éet of v = n2 elements, arranged in an nxn
array. Letting two elements which appear in the same row or the
same column be first associates and two elements which do not
appear together in a row or column be second associates, we can

define an L2(n) association scheme.
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For 3 < g < n+l, if a set of (g-2) mutually orthogonal nxn Latin
squares exists, we can define a Latin square (Lg(n) ) association
scheme from the nxn array of the v elements in the following manner.

If two elements appear in the same row or column of the array, or if

- they correspond to the same symbol in one of the (g-2) Latin squares,

they are first associates; otherwise the two elements are second

associates.

For the case g=lt, n=li, we can take the Latin squares LS, and

LSz, where
1, = 1| 2|3 (b
2 114 |53
3 L l]2
L 31211
and
' a 1 3 4
L82 = .

W
Rlw ]+l
-
N

£ | P
N

If the 16 elements are arranged in the array
—_ . . , ﬁ—-
5 6 17 8
9 10 11 12

13 14 15 16

—— ——

then the first associates of the element 8 are 5,0,7,4,12,16,3,9,14,

2,11,and 13; for 8 corresponds to the symbol 3 in LS, and to the
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to the symbol 2 in LS2'

For 2 < g <n + 1, the Latin square association scheme has the

following parameters.

v = n2
n = g(n-1)
. rlxe = (n-g+1)(n-1) 2
py; = (g-1)(g-2)+n-2 p,; = elg-1)
py, = (n-g+1)(g-1) 5, = g(n-g)
oL, = (n-g+1) (n-g) w2, = (n-g) + g2

Followifig the nomenclature in [15], let us call an association

scheme with the parameters (3.6.1) a pseudo-Latin square association

scheme, whether or not it is obtainable from a set of (g-2) mutually
orthogonal Latin squares. For example, an L5(6) scheme can be ob=
tained from any 6 x 6 Latin square; its complement, or the scheme
obtained by interchanging first and second associate classes, has the
parameters of an Lu(6) scheme, but no pair of mutually orthogonal
6 x 6 Latin squares exists.

An exsmination of the parameters (3.6.1) shows that two distinct
series of pseudo-Latin square aséociation schemes are such that - BIB

designs can be constructed from the association matrices.

3.6.2. Designs from B,

The condition is that pil = pil ;3 then (g-1)(g-2) + n-2 = g(g~-1),

or n = 2g. In this case the parameters of the association scheme are

as Tollows.
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v = bg?
n, = g(2g-1)
n, = (g+1)(2g-1)
(3.6.2) py; = a(g-1) pil = g(g-1)
pie = (g-1)(g*1) Pig = ¢
2, = s(eH) 5, = (g+2)(g-1)

Then B, is an incidence matrix for a BIB(hge, hge, g(eg-1), g(2g-1),
g(g-1) ). The first three members of the series n = 2g (letting

g =2,3, and &, respectively) exist, and they give the following
BIB designs: V(16, 16, 6, 6, 2), (36, 36, 15, 15, 6) and

(6k, 64, 28, 28, 12).

3.6.3. Designs from B,

The condition is that péé = p§25 then (n-g+l)(n-g) = (n-g)2 +

g~2, or n = 2(g~1). In this case the parameters are the following,

v = 4(@-1)2
n, = g(2g-3)
(5.6.3) n, = (g-1)(2g-3)
pil = (g-2)(g+1) pil = g(g-1)
pié = (g-1)2 ' P?z = g(g-2)
D5y = (g-1)(g-2) to, = (g-1)(g-2)

It should be noted that the scheme with the parameters (3.6.3) is the

complement of the scheme with parameters (3.6.2), which was shown
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to be such that Bl is a BIB incidence matrix. Then we get no new

designs by considering B2

3,6.4, Designs from [ B BE]
1 2

We need n1 n and Pil + p22 pll + p22 )12 Now n = 2

for g(n-l) = (n-g+l) (n-1), or n = 2g =1; then no=n, = 2g(g-1),

and )12 2g -2g-1. For

= 2g-l,

1 _ 2 1. .
p, = & -g-1 end D, = gle-1);

then
1 1
Pt P = Mp o
2 2
Also, Py, = g(g=1) and Pop = (n-g)(n-g-1) + n-2

2
=g -g-1;

then

o 2 _,2 )
Py * Ppp = 282871 = N

Then for any Lg(n) association scheme with n=2g-1, [31:32] is
s BIB incidence matrix. In this case the parameters of the scheme

are as follows.

= (2g-1)°
n =n, = 2g(g-1)
(3.6.4) Pil = ga'g'l P?l = g(g-1)
p], = &(g-1) 15, = g(g-1)
D, = &(g-1) p§2 = ofg-1

For such a scheme, [Bl:Bz]-is an incidence matrix for a BIB( (2g-l)2

- 3
. '
K

P T
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2 2 .
2(2g-1)", 4glg-1), 2g(g-1), 28" -g-1). Letting g = 2, 3, and 4, re-
spectively, we see that the corresponding schewmes exist, and we ob-
tain the following BIB designs: (9, 18, 8, 4, 3), (25, 50, 24, 12, 11),

and (49, 98, 48, 24, 23).

3.7. Negative Latin Square (NL (n) ) Association Scheme [15]
1=

3.7.1. Definition
It has been found that in many cases negative values of g and n
will result in non-negative integers for the Lg(n) parameters (3.6.1).

The simplest case is for g = -1 and n = =4; the resulting scheme

has the following parameters.

v =16

‘nl =5

n, = 10

Py =0 Pil =2
Piz =L | Piz =:5
Pée =6 'ng =6

Substituting -g for g and -n for n in (3.6.1), we get the

following set of parameters.

2
Vv=n
: n, = g(n+l)
(3.7.1)
n, = (n-g-1)(n+1)
pil = (g+1)(g+2)-n-2 pil = g(g+l)
Pia = (n-g-1)(g+1) _Piz = g(n-g)
D3, = (ng-1)(n-g) w2, = (n-g)°-(g+2)
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An association scheme with the parameters (3.7.1) will be called a

negative Latin square (NLg(n))association‘scheme.

Let us examine the parameters (5.7.1) to determine whether B., B

1 T2’

~and [B IB2] can be BIB incidence matrices.

BeTel4 Designs from B

l.- .
We must have pil = pil; then (g+l)(g+2)-n-2= g(g+l), or n=Rg. 1In

this,case the NLg(n) parameters are the following, in terms of g.

vV = hga
n, = g(2g+1)
n, = (g-1)(2g+1)
(3.7.2) 1 5
py; = &(g+l) Py, = &lgtl).
by, = (-1)(g+1) pia = &
p;2 = g(g-1) p§2 = (g-2)(g+1)

Then B, is an incidence matrix for a BIB (hgz, hge, g(2g+1), g(2g+1),
g(g+l) ). TFor g=2, the NLg(Qg) scheme exists [15], and we get the
BIB (16, 16, 10, 10, ). For n=3, the existence of the scheme is un-
known [15]. Letting n=k, the scheme exists [15], and we get thé

BIB (64, 64, 36, 36, 20).

- 3+7.3. Designs from B.

The condition is that p;é = pgeg then (n-g-1)(n-g) = (n-g)2 - (g+2),
or n=2(g+1l). It is easily verified that the resulting scheme is Just

the complement of the NLg(n) scheme with n=2g. Then we can not obtain

any further BIB designs by considering 32 .
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3.7.4s Designs from [Bl _Q]

_ 1 1 _ .2 _
We need n, =1, and Pip t Pop = Pyt p22 )12 Now n, =n, for

g(n+l) = (n-g-1) (n+1), or n = 2g+l; then n. = n, = 2g(g+l), and

1

Ale = 2g2+2g-1. For n = 2g+l, the parameters are as follows.
= (2g+1)%
n, = n, = 2g(g+l)
G.7.3) pil = gfrg-1 pil = glg+l)
Pie = g(eg+1) Pie = g(g+1)
o = 8(81) | Pay = g vg-1

1 1,2 2 2 2
Then P+ Ppy = 2g +2g-1 = )12 and Py * Pop = 2g" + 2g=1 = )12. Then
for n = 2g+l, a negative Latin square association scheme is such that

[BlsBa] is an incidence matrix for a BIB((2g+l)2, 2(2g+l)2, he(g+1),

2g(g+l), 2g2+2g-1); Note that a member of this series of BIB designs
is also obtainable from a scheme with Lg+l (2g+1) parameters, if such a

scheme exists.

5.8. Pseudo-Geometric Association Scheme [2]

3.8.1 Partial Geometry

A partial geometry (r,k,t) is a system of points and lines, and a
relation of incidence which satisfies the following axioms:
(1) any two distinct points are incident with not more than one
line;
(ii) each point is incident with r lines;
(1ii) each line is incident with k points;

(iv) 4if the point P is not incident with the line £, then there are
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exactly t lines (t > 1) vhich are incident with P and also incident with

some point incident with £,

Clearly, we have

(3.8.1) = 1<t<k, 1<t<r, wvhere r and k are 2>2.

It is easily seen from an exsmination of the four axioms above that
given a partial geometry (r,k,t), we can obtain a dual partial geometry
(x,r,t) by changing foints to lines and lines to points.

The number of points v and the number of lines b in a partial

geometry (r,k,t) satisfy the relations

(3.8.2) v k[(r'l)ék‘l)+tl
and
.(3.8.3) b T[(r-l%(k-l)+t]

For convenience, we may use the ordinary geometric langusge when
referring to partial geometries. Thus if a point ahd line are incident,
we say that the point lies on the line (is contained in the line) and
that the line passes through the point. A line which contains two
points P and Q Jjoins P and Q. If a point P lies on two lines
£ and m, we say that £ and m intersect at P.

Let us call the points of a partial geometry treatments and call
the lines blocks. The relation of incidence will then be that of a
treatment's being contained in a block. Call two treatments first

associates if they occur together in a block; otherwise they are second

- associates. Thus we see that a partial geometry (r,k,t) is equivalent



b laE .l .. III‘I'}IIII R BE N8 BN am o .II||’ | .

59

to a PBIB design with parameters

(3.8.4) v, b, 1, K, N=1, A\ =0

vhere v and b are given by (3.8.2) and (3.8.3)., The parsmeters of

the corresponding association scheme are the following.

v = EL(r-1)(k-1)+t]
t

n, = r(k-1)
n, = Lr-l)(f-l)(k-t)
(3.8.5) ' ‘
pil = (£-1)(r-1)+k-2 pil = rt
pié = (r-1)(k-t) pia = r(k-t-1)
L _ (r-1)(k-t)(k-t=1) 2 _ (r-1)(k-1)(k-t)
Pop = T Pop = t

r(k-t-1)-1

We will call any association scheme with the parameters (3.8.5) and
for which (5.8.1) holds a pseudo-geometric association scheme, since
such a scheme may exist without bring derived from a partial geometry
(r,k,t). However, if a pseudo-geometric scheme is a scheme derived from
a partial geometry, we will call it a geometric association scheme.

In this section we consider no methods of constructingrpartial
geometries and the corresponding schemes. . However, several of the
association schemes mentioned earlier in this chapter are special cases
of pseudo-geometric schemes. In particular, a partial geometry (r,k,r-1)
giyes rise to an Lr(k)‘sCheme. Thus a pseudo-Latin square scheme is
just a special case of a pseudo-geometric scheme. Also, a partial

geonetry (r,k,r) gives us an SLB association sciewme; thus we might
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introduce the term pseudo-SLB scheme, corresponding to a pseudo- geometric
scheme with the aépropriate parameters. It has been noted previously
that a triangular schewe is a special case of an SLB scheme; hence we

- rmight speak of a pseudo-triangular scheme asra special case of a pseudo-
geometric scheme. |

Let us now examine the parameters (3.8.5) for possible BIB designs.

From the preceding paragraph, we know that we will obtain some; however,
there may be BIB designs obtainable from pseudo-geometric schemes which

are not pseudo-Latin square or pseudo~SLB shcemes.

3.8.2, Designs from B

For Bl to be a BIB incidence matrix, we need pi1 = pil; then
(t=1)(r-1)+k-2 = rt, or t = k-r-1, In this case the scheme has the

following parameters.

v = ri(k-2)

T ker-l
n,=r k-1)
o = Lr=1) (1) (k-1)
2 Kap-1
(5'8.6)
pl = r(k-r-1) p2 = r(k-r-1)
11 11
1 _ . 2 _ .2
oy = (x-1)(241) 2 -
1 _ r(r=1)(x+l) v 2 _ ¥4y - Dk42
Pop = Thor-1 Pop Temro1

Thus a pseudo-geometric association scheme with the parameters
(3.8.6) is such that B, is a BIB incidence matrix. From (3.8.1), we see

thet in this case

(3.8.7) r+2 <k <2r+l .,
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. e e . vi(-2)  rk(k-2) -
Then B, is an incidence matrix for a BIB (k-r-l R ) ,r(k-1),

r(k-1), r(k-r-1). Now for the case k = 2r, the scheme (3.8.6) is of
pseudo-Latin square type, and the BIB design obtained from Bl is given
in section 3.6.2. If & = 2r + 1, we get a schene with SLB pafameters,

and the BIB design is given in section 3.5.2.

3.8.3. Designs from B,
P

We need pée =7p225 then Lr-l)(kfg)(k-t-l) = Lr-l)(i{-]’)(k-&)-'r(k't“l)

-l, or t = k-r+l. In this case the pseudo-geometric scheme has the

following parameters.

_ Efr(k-2)+2]

lter+l
0 = v(kz-
1 r(lk-1)
3.8.8 :
( ) B (r-l)e(k-l)
n2 T4l
1 . 2 2 .
Py = 1 (k+1)~r"-2 Pl = 1 (ker+1)
AR Y- 2 . ’
p12 - ("- ]) Pl?. - *(-’-"2)
o) 132
pl =L1%:_;L (x-2 P2 = Lj_::-lz (r-2)
22 =l 22 X=rtl

The inequalities (5.8.1) impose the further restriction
(5.8.9) r<k<2r-l .

Then a pseudo-geometric scheme with parameters (%.5.8) is such that

the association matrix B2 is an incidence matrix for a BIB

k[r(k-2)+2) k[r(u-2)+2] (r-1)2(k-1) (r-12(:-1) (r-1)2(r-2) ),

( Tmr ) 2 k=p+1 2 k=r+1 7 ker+l 7 ker+l
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ote that for k = 2(r-l), the scheme (3.8.8) is a psuedo-Latin square

scheme; for k = 2r«l, it has SLB parameters.

5.8.4. Designs fron [Blfgel

For [Bl:Ba] to be a BIB incidence matrix, the condition is that

_ 1 1.2 2 o (=) (x-1)(k=%)
n, =n, and pi, + Dpp = Py *+ Ppp Now n) = n, for r(k-1) = £ X
_ kgr-lz - B - . _
or t = =3—=£ ., 1In this case n; =n, = r(k-1), and N, = rk-r-1, Now
oy K1) 11 _2fkdePa o2 2 2rfkorkord
2r-1 ° P11 " Ppp T o Pr1 7 P T T g

then for equality we ramst have 2r2k-hr2+1 = 2r2k-2rk-2r+l, or k=2r-l.

Then k=2r-1, t=r-1, pil+pég = pil + pgé = 2r2-2r-1 = %1é, and the
association scheme is as follows.
v = (2e1)?
n, = 2r(r-1)
(3.8.10) - Dy = 2r(r-1)
pil = rPop-l ' Pil = r{r-1)
piz = r(r;l) piz = r(r-1)
P%a = r(r-1) pga = rfra1

For a scheme with parameters (3.8.10), [B1; B2] is an incidence matrix
for a BIB((2r-l)2, 2(2r-l)2, br(r-1), 2r(r-1), 2r2-r-l). Note that
this series of designs is included in the series obtained from pseudo-
cyclic schemes such that [Bl;Be] is an BIB incidence mgtrix. The
nembers of the present series are the members of the series obtained

from pseudo-cyclic schemes for which u = r2-r for some r > 2 (see

section 3.4).

- IlI:l';lll‘ s om we om ow wPss on ws ww ww ou om wd e lllln



CHAPTER IV
THREE-CLASS ASSOCIATION SCHEMES

h.1. Introduction

In this chapter we shall discuss some methods of constructing
three-ciass association schemes and determine whether linear combinations
or juxtapositions of the aééociation matrices obtained can be incidencé
matrices for BIB designs. The necessary and sufficient conditions

for the cases considered are the following: for

| - 1 .2 _ .3 |
Bi (1—1,2,3), Pii = Pii = pii s
for '
B, + Bj (i £ 35 1,3 = 1,2,3),
1 1 1 _ 2 2 2 _ .3 3 5
BRNCENE
for
(B;:B,1, 0y =n,
and
1 1 _ .2 2 3 3
Pig T P55 T Pig Py TPy YRy = N
Tor
[B,:B,:B;], n) =n, =n,
and
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T 1 .1 2 2 .2 3 35 3
Py + Py * Pyx = Pyy * Py FPyz = Ppy FPpp Pz = Apse

It should be noted that it is unnecessary to consider the combinations
BO + Bk; for B0 + Bk will be a BIB incidence matrix if and only if

B; + Bj is,-since B, +B = J-(Bi + Bj) (1 £3#%k 1,3,k = 1,2,3).

4.2. Group Divisible (GD) m-Associate Scheme [17]

4,2.1., Definition of the scheme

Suppose we have the number of elements

= t
v=N N, ... N, vhere all the N, 's are > 2.

We can denote an element by an ordered m-triple (il’iz? vee, 1),
where ij e(O,l,...,Nj—l) for j = 1,2,..., m. Let two elements which
have only the first (m-j) coordinates in common be jth associates

m

(j=1,2,+..,m). Then we have an association scheme, called a group
divisible m-associate scheme, with the following parameters: for i=l,2,

“ess, M, We have

v o= NN, ... N,
By = N oo Mogee Woogag= 1)
(k.2.1) .
_ : (
O1-1)x(1-1) 4 *1-1 | %(1-1)x(m-1)
{4y | lmmm e ke e e o g
P=(p k) = 1 | (j:k=l:2:5) ’
3 . , |
i1 '
I D, .
-------- | (m-i+1)x(m=i+1)
|
Ot )x(i-1) |

llll'l'IIll e o IIIIV - e .III:I'IIII B U8 N = N . Il‘l' s e

B_
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where osxt is the sxt matrix of ZErog, X, is a colunn vector of order

(i-1) with elements Dys Nps eee, By 5, Tespectively, and D(m-i+l)x(m-i+l)

is a diagonal matri:z: with diagonal elements

[N N eee N

N1 m-i+2(N .+l-2)], D412 By4po +ees B, Tespectively.

m-i
For a 3-class GD schene, we have Nl’ Né,,N5 S 2, with the parameters

given below.

vV = Nl N2 Né

nl = N5-l,

n, = NB(Né -1)

ny = N5N2 (1\1..L - 1)
(4.2.2)1 . 5
Py = N2 Pjp =0 P =0
1 2 . 5
Pp =0 Prp = Ny-1 Py =0
1 2 _ > _
Pz =0 Pz =0 P13 = Ny-1
1 2 3
=N - - - _
Pop = N (N,-1) Pop = N3(N,-2) Ppp =0
1 2 _ 5
Ppz = O Doz = 0 Do = Ny(N,-1)
1 2 : 3
= -] = - .. = -
P55 = Nsllp(My-1)  ply = NN, (W,-1)  poy = M, (N, -2)

An example is the following.

N, =3, N, =N, =2

1 2 3
v =12
nl=
ny =2
% =
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1 2 _ 5 _
P1; = 0. Py =0 P11
1 2 _ 3 _
Ppp =0 Pp =1 Pp = O
1 2 3
Pz =0 Py =0 Pz =1
1 2 _ 3
Ppp = 2 Pop = 0 Pop = 0
1 _ 2 _ 5
Pp3 = 0 Ppz =0 Pp3 = 2
1 2 _ 3 _
P35 = 8 P55 = 8 P55 =
3~coordinate | First Second Third
Element | representation | associates | associates associates
1 (0,0,0) 2 3,4 5,6,7,8,9,10,11,12
2 (0,0,1) 1 3,4 5,6 7,8,9,10,11,12
3 (0,1,0 4 1,2 ‘ 5,6,7,8,9,10,11,12
L (0,1,1 3 1,2 5,6,7,8,9,10,11,12
5 (1,0,0 6 7,8 1,2 ;,u,9,1o,11,12
6 (1,0,1; 5 7,8 1,2,5 4,9,10,11,12
7 (1,1,0 8 5,6 1,2,3,& 9,10,11, 12
8 (L,1,1) 7 5,6 1,2,3,4,9,10, 11,12
9 (2,0,0) 10 11,12 1,2,3,4,5, 6 7, 8
10 (2,0,1) 9 11,12 1,2,3,4,5, 6 7, 8
11 (2,1,0; 12 9,10 1,2,3,k4,5, 6, 7, 8
12 (2,1,1 11 9,10 1,2,3,4,5, 6, 7, 8

Let us investigate the possibility of constructing BIB design from 3-class

GD schemes.

ll“2-2o

Linéar combinations
(1) B, *+ B,
If By + B2
of, + vy + 2aly = 7y +mp, + 28y, =

(12)

is a BIB incidence matrix, then pil + pég + gpie =

3 3 .o

. Bub Py, * Dy * 2Py, =

w-.---'-‘----J'—-"
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therefore, Bl + 32 can not be a BIB incidence matrix.

+ B.
D

(i1) B,
1 1 1 .2 2 2
Now Py + p.f5 + 2p13 = Pyq + p53 + 2915
for
Ny - 24 N; Né(Nl-l) = Ny Né(Nl-l), or m3 = 23
p5 + p5 + ?nz- =N, N.(N,-2) + N, -]
11 33 7713 3 oMl 3
= 2Nl N2 - ANQ + 1 for HB =2, and
1 1 L2 2 2 .
Py * Prz 2015 = Ppy + Py 2pp = 2N N, - 2N,
Then

Py * Pz ¥ 2013 = Py *+ Dyz + 204

Then Bl + B, can not be a BIB incidence matrizx.

3

(iii) B, * 35

1 1 1 _ .2 2 2
Now p22 + p53 + 2p23 = p22 + p55 + 2p25

NB(Né-l) * NN, (Nl-l) = NB(Né-z) + NSNé(Nl-l), or N3 = 0.

Then 32 + B3 can not be a BIB incidence matrix.

(iv) B,

z
il’ Bl can not be a BIB incidence matrix.

. 2 _ A _
Since Pyq = O =p
(v) B,

B2 can not be a BIB incidence matrix, for PZE = 0.
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(vi) B
Now pl = Pg; = NN, .(N,-1); but p5 = N N_(N_-2), and -
35 20 ety 7 33 3L 7
1 _.2 _.> _ ..
P33 = P33 = Pxs for 1\1'2N5 = 0. Then B5 can not be a BIB incidence
matrix,

h,2.3. Juxtapositions

(1) [3,:B,]

2 Né-l
We have n) = n, for Ny-l = Ns(Né-l): or N, = W .3

there are no integers Né’N5 > 2 vhich satisfy the above relation. Then

[Bl:BQJ can not be a BIB incidence matrix.

(i1) EBl;B5J

Now n, = n, for N, -1 = NBNé(Nl_l)’ or

1 3 3
N, = L
3 1+ (Né-NzNE?
We see that N, - NN, = Na(lfme) < -2; for, N,, N, > 2 and 1-N, < -1
Then the above expression for N? is negative; therefore [Bl:BBJ can not

be a BIB incidence matrix.

(ii1) [32;B5]

_ 2N, -1
- = - = B .
Now n, = ny for Né(NE-l) = NBNé(Nl 1), or N, = X ; thus

we have the same situation as for [BlZBa], and [B2235] can not be a
BIB incidence matrix,
(iv) [B,:B,:B,]

Since no two of the ni's can be the same, certainly all three

. lll“l'llll I N N == .Ill‘.l’llll ME R I = N Em Illll’ I e
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can not be equal; then [B,:B 235] can not be a BIB incidence matrix.

4,3, Tetrahedral Association Scheme [4]

4.,3,1. Definition of scheme

A three-class association scheme, called a tetrahedral scheme,
can be defined in a manner analogous to the definition of the two-
class triangular scheme. Suppose there exists 8 set of v = (;)
elements, for some positive integer n; we can denote the v elements
by unordered triples (xl, Xps xz), where x, # %, # X5 and x,,x,, and
x3 range from 0 to n-1. Ihe elements can then be considered as points
in three-dimensional Euclidean space; two elements with the same
coordinates, in any order, will be considered the same. For i=l,2,3,
call two elements ith éssociates if they differ in exactly i coordi-
nates; for example, the elements (1,2,3) and (1,4,2) are first asso-
ciates. This definition of association gives us an association scheme

in three classes, with the following parameters.

v = ngn-lggn-az

n, = 3(n-3)
np = 284 act
(4.3.1) _ {n-3)(n-b)(n-5)
"3 6
Py = n2 oy =k p’::f o
D], = 2(n-k) Bo, = 2(n-k) v, =9
pi3 -0 p§5 = n-5 PiB = 3(n-6)
Dy, = (n-k)? r2, = L‘tieﬂﬁi?l B2, = 9(n-6)
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Lo-lamD) R (aes)(n6)  p), - 2estllel)

Poz =2 Po3 = 2

p;3 - (n-h)(2-5)(n-6) p§3 - (n-5)(2-6)(n-7) p;3= (n-6) (n~7)(n-8)

We see that for such a scheme to exist we must have n > 6.
Let us examine the parameters of the tetrahedral scheme and attempt

to construct BIB designs.

4,3.2, Linear combinations

(i) B, + B,

Now ok, + pL, # 201, = (n-2) + (n-4)® + h(n-b) = n°-3n-2, and

2
p?l + pga + apia =4 + i&:é%&ﬁigl + b(n-b) = E_igﬂ:é&, ‘Then we must

2 . .
have n2-5n-2 = E.iéE:é& y Or n2-11n+50 = 03 in order for tetrahedral

2
scheme to exist, we must take n = 6. But p3 + p5 + 2p3 = 9(n-6)+18
4 g 11 22 12

1

4+B, can not be

+ 2p12 = 16; then B +B,

= 18 for n = 6, whereas pil + P
a BIB incidence matrix. '

(i1) B, + B3

1 1 1
We have Py + p35 + apl3 = ne-2 +

(n-h)én-s)(h-é)

3 2 :
n” -15n EIBOn-132 , and Pﬁl . P§5 + 2P§5 = b + (n-5)(2-6)(n-71 + 2(n-5)

n - 18n° + 119n - 246
= 6 N .

n - 15n2 + 80n - 132 = no - 18n° + 119n - 246, or n° - 13n + 38 = O.

The condition then requires

Since the above has no integral solution, Bl + B3 can not be a BIB

incidence matrix.

- .. II-;'I'IIII I I IR mE s .IIIJ'I'IIII I N = T =N s lllllb m
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(iii) 32A+ B3 |
Now D3, + D35 + 205 = (n-b)? + (20)@2)(6) 4 (44)(nus)
3 2 ,
b -3n 6- 28n + 96 , and pga . ,pgj + 2p§3 _ gn-522$n+22 +

3 2
(n-5)(n56)(n-7) + 2(n-5)(n-6) = L=20 gBhn * 120 | fThen we mst

have n3 -5n2-28n+96=n5-3n2 - 34n + 120, or n = 4. Since a
tetrahedral scheme requires n > 6, B, + 183 can not be a BIB incidence
matrix.

(iv) B,

Since p?_l = Q, Bl can not be a BIB incidence matrix.

(v) By |
Now péa = pga for (n-h)a = ﬁazilén_@l , or n2-13n+h2 = 0.

Thenn=6orn="7 Forn=§6, p;'2=p§2=)+; butp22=9(n-6)=o.

' 2
Forn=17, pg,z'z = p22 = 9, and pga = 9, In this case 32 is an incidence

matrix for & BIB(35, 35, 18, 18, 9).

(v) B

Now p;3 = p§5 for Ln-u)%n-s)(n-ﬂ - Q-S)(n?)(n-'z) . tnen

n must be 6 for a tetrahedral scheme to exist. But for n = 6, p;'B =

2 _ 3 _ .
p53 = p33 0. Then 135 can not be a BIB incidence matrix.

k.5.3. Juxtapositions

(i) [B,:B.]
—dle2 _
Now n, = n, for 3(n-3) = .3.!2:'_32).{“_'41 , or n = 6; then n,=n,=9
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ﬂ%ﬂ = -J-']-.l%, and?\lzisnotan

integer. Then [31:32] can not be a BIB incidence matrix.

and v = 20. But for n = 6, No =

{ii) [31583]

Now ny = ng for 3(n-3) =

(n-B)(g-h)(n-ﬂ , or ng - 9n+2 = 0.

Since the above has no integral solution, [313133] can not be a BIB

incidence metrix.

(i11) [B,:B,] |
Nownz =n3for.3.£.r_1:2%i£ﬂ =LI_1-_3)_(1_’1§+_)_£_I£21’ orn:lh.;

then n, = n, = 165 and v = 364, But for n = 14, 7\23 - 32%;22) -
1’ and 7\23 is not an integer. Then [32:33] can not be a BIB
incidence matrix.

(iv) [B):B,:B5]

From {i) above we see that n, # B for all integral n. Then

[312321133] can not be a BIB incidence matrix.

L4, Cubic Association Scheme [18]

h,h,1. The scheme
3

Suppose we have a set of v = n” elements, for some integer n > 2.
Consider the v elements as ordered triples (xl, X9 x3) , vwhere Xqy5 X5

and X range from O to n-l. Call two treatments ith associates if

they have exactly i coordinates different (i = 1, 2, 3). Equivalently,
we can consider the elements as points in three~dimensional Euclidean

.space. Then the first associates of a point O are those points lying

on the three lines through ¢ which are perpendicular to the coordi=-

nate planes; the second associatés of @ are the remaining points

-’-—---‘--—-—-a’-—
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lying in the three planes determined by the first associates of Qj

other points are third associates of .

The resulting scheme is an association scheme in three classes,

called a cubic scheme. The parameters are the following.

v = n3
n, = 3(n-1)
n, = 3(n-1)2
(4.4, 1) = (n)’
A, ns
1 - 2 - 3 -
Py = B-2 P =2 - P =0
le_a = 2(n-1) | p?z = 2(n-2) Pia =3
Pl =0 py5 = n-1 p25 = 3(n-2)
p:2L2 = 2(n-1)(n-2) pga = re-an+2 PZz = 6(n-2)
2k = (ne1)? ves = 2(n-2)(n-1) 73y = 3(n-2)?
i, = (1-1Pm2) ol = ()2 B = (a2

An examination of the sbove parameters shows that we can obtain

one BIB design from the association matrices of a cubic scheme,

h,4h.2, Linear combinations

(1) B, *+ B,

Now Py, * B3, + 20], = (n2) + 2(n-1)(n-2) + U(n-1) = erfn-2,

and p?.l + Pga + 210?,2 =2 + n2-2n+2+hn-8 = n2+2n-l& ;s then we must have

onn-2 = n2+2n-h, or n2-3n+2=0 The only n > 2 which satisfies this

relation is n = 2; then p:Jl..l + p;2 + 2P]]:2 = P?.l + pga + 2p§2 = b,

. 1 .
But in this case P?_'L + PZa + 2p)5 = 6n - 12 + 6 = 6; therefore B,+B,
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can not be a BIB incidence matrix.

(i1) B, +B5

Now Pii + P;-B + EPJJZB = (n=2) + (n-].)2 (n-2) = w -hn2+6n-h, and

1)+ 2oy + 2055 = 2 + (n-1)(n-2)® + 2n2 = w-50° + 10n-b; then ve

need > -hn2+6n-li= w -5n2+10n-h, or n°bn=0. In this case n = 4 and

3 3 5

1 1 1 _ .2 2 3 _ :
+2p13—pll+p35+2p13—20. Iﬁkvw,pll+p§3+2p13 =

P13 * P33
(11-2)3 + 6(n-2) =20 for n = b; v = 6k, n, =9, n, =27, ny = 27, and

7\(15) . 26,35=20. So B, + 33 is an incidence matrix for a BIB
3

(64, 64, 36, 36, 20).

(iii) B, + B:
1

We have D3, + Pgz + 2Pp5 = 2(a-1)(n-2) + (n-1)%(n-2) + 2(n-1)

00 -5n+4, and pge + p§3 + ep§3 = n2-gn#2+(n-1)(n-2)% + k(n-2)(n-1)

n ~6n+6; our condition requires that w -5n+ = 3 -6n+6, or n = 2,

1 1 _-
In this case péa + P33 * 2Pz = Pga + P§3 + 21’25 = 2; but Pza * 1%5 *

21323 = 6(n-2) + (1.'1-2).5 +-6(n-2)2 = 0 for n = 2, Then B, + 133 can not

be a BIB incidence matrix.

(iv) B,

Now p?_l = O3 then Bl can not be a BIB incidence matrix.

(v) B,
1 _.2 2 2
We have p,, = Py, for 2(n-1)(n-2) = n“-2n+2, ar n"-kn+2 = 0;

this relation has no integral solution, and B2 can not be a BIB in-

cidence matrix.
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vi) B
(vi) B

Now P%j = p% for (n-l)a(n-a) = (n-l)(n-2)2, or n =2. But
in this case p% = p§5 = p§3 = 0, Then B5 can not be e BIB incidence

matrix.

L.h.3., Juxtapositions

(1) [B:B,]

We have n. = n, for 3(n-1) = 3(n-1)2, or n = 2; then n =n,=5 and

1 2
_ . _203)(2) _12

v = 8, But in this case 7\12 = 7 = and 7\12 is not an integer.

Thus [31:32] can not be a BIB incidence matrix.

(i1) [B,:B,]
Now n, = ns for 3(n-1) = (n-l)i, or n®-2n-2 = 0. Since this

relation has no integral solution, [31233] can not be a BIB incidence

matrix,
(ii1) [32535]
Now n, = ny for 5(n-1)2 = (n—l)3, or n = 4; in this case

n, = 1’13 =27 and v = 64, But for n = ’-I-,?\as = 2(2%(26) =_1$6 » and

7\23 is not an integer. Thus [82235] can not be a BIB incidence matrix.

(iv) [31:32:33]
The condition requires n, = n, = By but we saw in (ii) above

L] :B :
that n, and ny can not be equal. Then [Bl. 2.33] can not be a BIB

incidence mabtrix.
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4.,5. Rectangular Association Scheme [26]

4.5.1. The scheme

Suppose we have a set of v = /n elements for some integers Z,n> 2.
Then we can arrange the v elements in a rectangular array with £ rows
and n columns. If two elements appear in the same row, call them
first associates; if they appear in the same column, call them second
associates; otherwise call them third associates. Then we have a three-
class association scheme, called & rectangular scheme, with the follow=-

ing parameters.,

v =/n
n:L = nel
n, = -1
(4.5.1) ny = (4-1)(a-1)
7y =82 | P?_l =0 B, =0
Pp = Pop = O 0, =1
PiB =0 P?j = n-1 p§15 = n-2
Fpp = O | Pge =4-2 B, =0
= ()(m2) 2= (42)m1) Bl = (4-2)(n-2)

Let us exemine the perameters of the ree,fanglﬂ.ar scheme to deter-
mine whether linear combinations or partitions of the association

matrices can give us BIB designs.

4,5.2, Linear combinations

(1) B, + B,
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1 1 1 _ 2 2 2 .
Now pll + Pso + 2p12 = p-2, and Pyq + Psp + 2p12 = f-2; then
. - ) 3 3 _ .

we must have f=n. Now pll + p22 + 2p12 = 2, which tells us that the

common value of 4 and n must be 4, In this case v = 16, n = 3,

n, = 3, n2 =3, ny = 9, and )12 = ‘é%ézl = 2. Then B1 + 32 is an

incidence matrix for a BIB(16, 16, 6, 6, 2).

(1i) B, + Bé
1 1 1 : =
Now Py + Pzz + 2p15 = n-2 + (4-1)(n-2) = 4(n-2), and
2 2 2
Py * Pz * 2pl3 = (4=2)(n=1) + 2(n-1) = £(n-1); the condition requires
that 4(n-2) = £(n-1), which is an impossible relation for positive

£, n. Then Bl + Bj'cannot be a B IB incidence matrix,

(iii) B, + 35

We have Dy, + p%‘5 + ap;3 = (4-1)(n-2) + 2(4-1) = n(4-1), and

2 2 2
Pop + Pzz #2055 = 4-2 * (£-2)(n-1) = n(#=2). Then we must have

n(£=1) = n(£-2), which can not be satisfied for positive £, n. So

32 + 33 can not be a BIB incidence matrix.

(iV’) 1

Since p?l = pil = 0, Bl can not be g BIB incidence matrix.

(v) B,

]

. 1 5 R .
Since Ppp = Ppp = o, 32 can not be a BIB incidence matrix.

vi) B
(vi) By
1 2 3. 1 .3 VY -
We need pxz = P35 = P33 but Pz3 = P33 for (£-1)(n-2) =
(4-2)(n-2), or n = 2. In this case p%3= pg3 = 0, S0 33 can not be

a2 BIB incidence matrix.
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k5.3, Juxtepositions
(1) [B,:B,]
1 1 _ .2 2 _ . > =
We need Py + Ppp = Ppp + Ppo P?.l + pgz H but Py + p322-

O. Then [Bl;BQJ can not be a BIB incidence matrix.
(11) [B,:B;]
Now n, = ng for n~1 = (£-1)(n-1), or £=2. The condition requires

1 1 _ .2 2 _ .3 3, 2 2 _ .3 3
Piq +P35 =P +P35 =P +p33, but for £=2, pu +;p33 P, +p53

= 0. 8o [31233] can not be a BIB incidence matrix.
(i11) [32:33]

We have n, = ny for £-1 = (£-1)(n=1), or n = 2.  The condition

1 1 2 2 _ .5 . - 1 1
requires p22 + p35 = p22 + p35 = p22 + p§3, but for n = 2, p22 + 1.133
=922+P23=0. Theretore [B, 133] can not be a BIB incidence matrix.

(1) [B)iBpB;]
= 1 1 1
Now n =n, =1y for f=n=2; but then Py * Py * P33 =
2 2 2 _ .3 3 3 -

BIB incidence matrix.

4,6, Three-Class Association Scheme from an Orthogonal Array [2k]

4.6.6. Orthogonal arrays

An orthogonal array (N, m, 8, t) is an mxN rectangulaf array of
N assembles, with m contraints, in s symbols (e.g., the elements
© of the array may be the integers O, 1, ..., s-l), such that in any
t-rowed submatrix oi_‘ the arrwy each of the sJc possible column vectors

appears exactly A times, where A s® = N. 2 is called the index of




the array.

29

h.6.2, Definition of the scheme

Suppose we have an orthogonal array (n2, Bl + Ba, n, 2), where

nl, ﬁl, and 52 are positive integers such that n > 2 and Bl + 62 < n,

We see that the index A =1 in this case. Consider the na assemblies

88 treatments. Define two treatments « and B as first associates if

the columns corresponding to & and P are alike in exactly one position

in the first ﬁl rows; let ¢ and B be second associates if the colums

corresponding to them coincide in exactly one position in the remaining

52 rows; otherwise ¢ and B will be third associates. Since the array has

strength 2 and index 1, we see that the definition of association is

unanbiguous; for two columns of the array can be alike in at most one

position. Then we have a three-class association scheme with the

following parameters.

v = n2
ny = By(n-1)
n, = B,(n-1)
(5.6.1) ng = BB(n-l), where Py = ntl - (B, +B,)
pr, = 0-2+(8 1) (8,-2) 15y = By(B-1) Ty = By(By-1)
p], = By(B;-1) o, = By(B,-1) D2, =By B,
pl5 = B5(8;-1) Bys = By B B = By (By-1)
Dh, = By(Bym1) 12, = n-2+(8,-1)(B,-2) Thp = By(By-1)
1%5 = B, B3 p§3 = B3(By-1) p23 = B, (Bs-1)
B35 = B5(B5-1) ros = B3(B5-1) P55 = n-2+(By-1)(B5-2)
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Now let us attempt to construct BIB desligns from linear combinations

and Juxtapositions of the association matrices Bi'

4.6.3. Linear combinations

1) B,
The i‘equiremen‘b is that p}_l = P?.l = pil . Now p?-l = pil =
Bl(Bl-l);

L .
Pll = ne2 + (61-1)(61'2) = Bl(ﬁl-l) for 51 = n/2 .
Then n mst be even and we mst take Bl = n/ 23 in this case the

association scheme with parameters (4.6.1) is such that B, is an

incidence matrix for a BIB(nz, n2, %(n-l) , g-(n-l) , E-(n-a)).

(11) ?2
5 2

2 1

1 _ .2 _ .3 ) _
We need p,, = Ppy = pga . Now Ppop = Ppp = 62(62 1), and Pop

n-2+({32-l)(f52-2). Then our condition is satisfied for 52== n/ 2, in

whi . 2 2n
ch case B, will be an incidence matrix for a BIB(n“,n ,g(n-l) ,

A(n-1), $(n-2)); thus we get no new designs from considering B,.
2 N 2

(ii1) 33_

We see tnaf p;'B = p§3 = 53(53-1), and p§3 = n-2 + (53-1)(53-2);

thus if 55 = n/ 2, we get the same series of BIB designs as obtained

fromBla.ndB.

2
(iv) B, + B,
The condition in this case is that pl + pl + 2pl = p2 +
11 22 12 1
Pga + 2P§2 = P?_l + Pga + 2P22 = 7\(12), where 7\(12) =
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- b

Then to construct the BIB(36, 36, 15, 15, 6) from B, B

61

(nl-lna ) (nl+n2 -1)

. - 1 1 1 _
vl is a positive integer. Now Pt Pop +2p, =

n-2+(B)-1)(B)-2) + By(By=1) + 2 By(B,-1) = n + (B+8,)°-3(8,+8,);

the value of pil + pga + 2p§2 is the same. We have P?.l + pga + 2p§2 =

2 .
B1(By-1) + B,(By-1) + 28,8, = (B) #8,)° ~ (B;#B,). Then we mst have

n 4 (8#8,)° - 3(8,46,) = (B,#8,)° - (B48,), or B 46, = .

. i i i n(n-2) X
In this case the common value of P11 + Ppo + 2p12 is s which
is also the value of 7\(12). Thus if n is an even positive integer and
the orthogonal array (n2, -g-, n, 2) exists, the derived association
scheme with parameters given by (%.6.1), where p, and Bjare any positive

integers such that Bl+f32 = -g-, is such that 31432 is an incidence mabtrix

for a BIB(nz, na, g-(n-l), Eg—(n-l), aln-2 ). Again, we have the same
series of designs as we got from considering Bi alone. However, it is

worthwhile to consider Bl+32 also, since it may allow us to construct

designs not obtainable from the B; alone, For example, let n = 6.

o9 or 35 would
require the existence of an orthogonal array (36, 4,6,2); we see this
by 1ettiﬁg.51,32, or B, be g, or 3. But the existence of such an array
is equivalent to the existence of a pair of orthogonal Latin squares of
side 6, which is impossible; then the orthogonal arrey (36,4,6,2) does
not exist, and Bi(i=l, 2,3) can not be an incidence matrix for the
BIB(36,36,15,15,6). However, the brthogonal array (36,3,6,2), which
is equivalent to one Latin square of side 6, does exist., Letting

61 =1, B2 = 2, we see that the association scheme with parameters

(4.6.1) is then such that B)*B, is an incidence matrix for a BIB(36,36,

15,15,6).



(v) IB:L+B5
The requirement for Bl+B5 to be a BIB incidence matrix is that

1 1 '1 _.2 2 2 _ 3 3 _ .(13)
pll + P35 + 2P13 = Pll + p35 + 2P13 pll + p33 +2p315 = )\ .

A little ma.nipulation like that done when considering B:L+B2 will show
that the requirement is satisfied when BlﬁﬁB = - for some even positive
integer n; then we get the same BIB designs by considering B]_+B3 as we

got from Bl+32.

(vi) Ba-rB2

As in parts (iv) and (v), B 4-B3 will be an incidence matrix for

the m(n , n® , ;(n-l), 2(n-:l.), M%—-al ) when ﬂ2+B3 = 2 and the

orthogonal array (n » Bp#Bs, 1, 2) exists.

| 4.6.h., Juxtapositions
(1) 8,:3,]

The requirement for [31232] to be a BIB incidence matrix is that
_ 1 1 _ .2 2 3 3
n) =0, and Py + Ppp = Py + Ppp =Py * Ppp = Nypy WheTe Ay =

2n1(n1-1)

) is a positive integer. Now n, = n, for ﬁl ==ﬁ2; let x be the

common value of Bl and Ba. Then pil + pg_‘a = pil + p22 = n+2x2-hx,

and pil + pZa = 2x2 - 2x; we see that for equality we must have
n+2x -le=2x2 2x, orx--g-. In this case p11+p22 _rgg-_)

-n =21 - a(n-2) -
and n, =n, 5 5 then ?\]2 =5 and our requ}rement is satis

fied, Then if n is an even'intege_r > 2 and the orthogonsl array

)



'Pll+p33=pll+p22=

63

(n2, n, n, 2) exists, the scheme with parameters (4.6.1) is such that

(B :'132] is an incidence matrix for a BIB(ne, 2n2, n(n-l),n(g'l) ,ngn-?_) ).

The simplest example is for n = 4; then we get the BIB(16, 32, 12,6, u).

(1) (BB 5 [55]

. . . _ 1l 1 -
For [31:35], the requirement is that n; ns and p), + Pzz =

2 2 - ) 7\15 By the same reasoning as for [Bl:Ba],

we see that if Bl = ﬁ5 = -g- and 52 = 1 and if the orthogonal array

(n2, %—2-, n, 2) exists, then the scheme with parameters (4.6.1) is such

that [B]_:Bj] is an incidence matrix for a BIB (n2, gnz, n(n_l),n%—l} ,

ngg-22 ). Therefore we gain nothing extra by considering [31333].

Similerly, we get the same series of designs by considering [32235].

(iii) [31532535]

— . - - o -!-1--*-—]; - =
We need n, n2-n3, then Bl-Ba -755 =", and nl n2 n3
2
_n -l s 1 1 1 _ .2 2 2 _
=3 . We require also that Pll + p22 + p35 pll + p22 + p33
5 _
3 3 3 _n"=4 . 4 :
Py * Ppp * Pz = -l = 55— ¢ We gee from (4.6.1) that for
n+l

Bl = 52 = 53 =" the requirement is satisfied., Then if n is greater

2 (mod 3) and if the orthogonal array (n2,_2_§§_ﬂl,n,2)

than 2 and n

exists, then the association scheme with parameters (4.6.1) is such
2

that [31532533] is an incidence matrix for a BIB(ne,Bne,ne-l,E-B:-]-‘,
n2—'4
3 ). The simplest case, n = 5, gives us the BIB(25,75,24,8,7).



[1]

(]

3]

[%]

(5]

(6l

[71

(el

Bose,

Bose,

Bose,

Bose,

Bose,

Bose,

Bose,

Bose,

BIBLIOGRAPHY

R. C. (1939), "On the conmstruction of balanced incomplete

block d_esigns." Annals of Eugenics, 9, 353-399.

R. C. (1963), ‘“Combinatorial properties of partially

balanced designs and association schemes." Sankhya,

Series A, 25, 109-136.

R. C. TUnpublished notes.

R. C. and Laskar, Remu (1966), "A characterization of

tetrahedral graphs." Unpublished paper.

R. C. and Mesner, D. M. (1959), "On linear associative
alegebras corresponding to association schemes of partially

balanced designs." Annals of Mathematical Statistics, 30,

21-38.

R, C. and Nair, K. R. (1939), "Partially balanced in=-
complete block designs." Sankhya , %, 337-372.

R. C. and Nair, K. R. (1962), "Resolvable balanced in-

complete block designs with two replications.” Sankhya,

Series A, 24, 9-2L.
R. C. and Shimsmoto, T. (1952), "Classification and analysis

of partially balanced incomplete block designs with two

associate classes." Journal of the American Statistical

Association, 47, 151-18k.,




[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

65

Bose, R. C. and Shrikhande, S. S. (1960), "On the composition

of balanced incomplete block designs.” Canadian Journal

of Mathematics, 12, 177-188.

Connor, W. S. (1952), "On the structure of balanced incomplete

block designs." Annals of Mathematical Statistics, 23,

5T=T1.

Fisher, R. A. (1940), "An examination of the different possible
solutions of a problem in incomplete blocks." Annals of

Eugenics, 10, 52-75.

Fisher, R. A. and Yates, F. (1963), Statistical Tables, Sixth

edition, Edinburgh: Oliver and Boyd.

Guerin, R. (1963), "Survey of balanced and partially balanced
incomplete block designs."” International Statistical

Institute, 34th Session.

Hanani, Haim (1961), "The existence and construction of

balanced incomplete block designs.'" Annals of Mathematical

Statistics, 32, 361-386.

Mesner, D. M. (1964), "Negative Latin square designs." Institute

of Statistics, Mimeo Series No. 410.

Nair, K. R. and Rao, C. R. (1942), "A note on partially balanced

incomplete block designs." Science and Culture, 7, 568-569,

Raghavarao, D. (1960), "A generalization of group divisible

designs." Annals of Mathematical Statistics, 31, 756-77Ll.

t

Raghaverao, D. and Chandrasekhararao, K. (1954), "Cubic designs.’

Annals or Mathemabical Statistics, 35 R 389-597.




[19]

[20]

[21]

[22]

[23]

(k]

[25]

[26]

66

Rao, C. R. (1961), "A study of balanced incomplete block designs

with replications 11l to 15." Sankhy®, Series A, 23, 117~

127,

Ryser, H. J. (1965) , Combinatorial Mathematics, Syracuse:

Mathematical Association of America.,

Shrikhande, S. S. (1950), "The impossibility of certain sym-
metrical balanced incomplete block designs.'" Annals of

Mathematical Statistics, 21, 106-111.

Shrikhande, S. S. (1953), '"The non-existence of certain affine
resolvable balanced incomplete block designs." Canadian

Journal of Mathematics, 5, 413-420,

Shrikhande, S. S. and Singh, N. K. (1962), "On a method of
constructing symmetrical balanced incomplete block designs."

Sankhye, Series A, 2k, 25-32,

Singh, N. K. and Shukla, G. C. (1963), "The non-existence of
some partially bs,lax;ced incomplete block designs with

three associate classes." Journal of the Indian Statis=~

tical Association, 1, 71-T7.

Sprott, D. A. (1962), "Listing of BIB from r = 16 to 20."

Sankhya , Series A, 2, 203-20k4,

Vartak, M. N. (1959), "The non-existence of certain partially
balanced incomplete block designs." Annals of Mathematical

Statisties, 30, 1051-1062.

- -.-“- B WS s mm



