A FAST SOLVER FOR THE ORNSTEIN-ZERNIKE EQUATIONS *

C. T. KELLEYf AND B. MONTGOMERY PETTITT

Abstract. In this paper we report on the design and analysis of a multilevel method for the solution of the Ornstein-
Zernike Equations and related systems of integro-algebraic equations. Our approach is based on an extension of the
Atkinson-Brakhage method, with Newton-GMRES used as the coarse mesh solver. We report on several numerical
experiments to illustrate the effectiveness of the method.
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1. Introduction. In this paper we propose a fast multi-level method for the solution of a class
of integral equations called the Ornstein-Zernike (OZ) equations, which are useful in calculat-
ing probability distributions of matter (atoms) in fluid states [10]. Our approach is faster than a
Newton-Krylov approach, such as the one proposed in [2], because the linear solver is only used
on a coarse mesh problem.

The OZ equations were initially designed to model density fluctuations near the critical point
via the equilibrium theory of liquids [8,15]. Since then the range of validity and usefulness has been
extended to include the entire fluid range of states. This set of nonlinear coupled integral equations
has been derived from the full partition function for atomic systems [20] and while essentially
never solved without some approximations has proved a useful tool for understanding liquids at
the atomic level for over 50 years. While the OZ equation has two unknowns it is usually closed
with another often algebraic relation between the two unknown functions. Two useful approximate
closure relations are the Perkus-Yevick equation [16] and the hyper netted chain equation [21].
These equations then provide essentially two equations and two unknowns and when convenient
may be substituted into the OZ equation to provide a single nonlinear integral equation for the
unknown probability distribution function.

The equations, when the physical parameters are reasonably adjusted, have solutions which
can be achieved by a variety of techniques [10]. Those methods include Picard iteration with or
with out relaxation and basis set (variational) methods. In cases where the physical parameters
make the equations stiff, iterative solutions are particularly tedious.

The objectives of this paper are to describe an multilevel approach for solving the OZ equa-
tions and apply that new approach to two examples. The multilevel method is based on the en-
hanced version of the Atkinson-Brakhage [1, 3] method from [13]. We show that we can compute
the solution to the accuracy of truncation errocifil) fine mesh function evaluations.

In their simplest isotropic form the OZ equations are a system consisting of an integral equa-
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tion

(1.1) h(r) = c(r) + p(h* c)(r)

where

(1.2) (h*c)(r) = /c(||r—r’||)h(||r’||)dr’

and the integral is oveR®. The unknown functions andc are radially symmetrid, e. functions

of r = ||r|| only. p is the total number density usually expressed in particles per volume such

as atoms per cubic angstromjs the radial pair correlation function ards the so called direct
correlation function and may be taken to be defined by this equation. The total radial correlation
function, h, is an experimental observable from x-ray or neutron diffraction experiments which
provides a connection for this theory to physics.

The convolutiorhxc can be computed with only one-dimensional integrals using the spherical-
Bessel transform. I decays sufficiently rapidly we define

(k) = HB) (k) = dm [ sin(kr)

2
; . h(r)rdr

and

hr) = H (R (r) = — I SIKT) ok s,

T or2 kr

We computé x ¢ by discretizing the formula
(1.3) hsc=H"(he),

whereh¢ is the pointwise product of functions.
Next we can view the closure equation as an algebraic constraint. Here we chose the HNC
equation which may be derived as an approximation from the partition function for the system.

(1.4) exp(—pu(r) + h(r) —c(r)) —h(r) =1 =0, forall 0 < r < 0.

The unknowns aré, ¢ € C[0,c0]. We truncate the interval for computational purposes and con-
siderh, c € C0, L] for L < oo.

In (1.4),u is the pair potential between particles. Here we will take the usual Lennard-Jones
potential as typical

(1.5) u(r) = de <<%>12 - (g>6> .

In (1.5), 3, ¢, ando are parameters. In particularis the inverse of the product of absolute
temperature and Boltzmanns constanis the well depth of the potential, arnddetermines the
size of the patrticles.

Equations (1.1)—(1.4) are representative of more general systems of equations [7, 18] in which
the p may be unknown and/or the unknowns may be matrix-valued. We apply the algorithm pro-
posed in this paper to such problemsi8.

The system (1.1)-(1.4) and the more complex systems from [7, 18] can be expressed in the
general form
(1.6) FU)=MU)-K(U) =0.
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In (1.6) the unknown is an vector-valued functibne X = C([0, L], R”).
M (U) a substitution operatofs (U) is a completely continuous nonlinear map of the form

@7 KO)r) = ([BE (-0 ),

In (1.7)® € C(R",R"), B € C(R" x R, R") andB is linear in its first argument. This means
that evaluations of{ (U) and K'(U)W require only convolutions.

We will assume throughout this paper that the standard assumptions [14] for nonlinear equa-
tions hold for (1.6). These are that there is a solutiore X, thatF is Fréchet differentiable and
Lipschitz continuous in a neighborhood@f, and thatF'(U*) is nonsingular. These assumptions
imply that M'(U*) is a nonsingulaP x P matrix-valued function of-.

In the simple example consisting of equations (1.1) and (45 2, @ is the identity,U =

(h, ),
wer-of(2).(4)- (%)
and
M= ( exp(—Bu(r) K g()r)_ N (cr()r)) —h(r)— 1 ) , and
(1.8)

K0 = = e )

2. Algorithms. In this section we focus entirely on the simple system (1.1)-(1.4). The more
general systems can be solved using exactly the same intergrid transfers and discretizations. The
notation is complicated by the need to refer to the mesh size for both the approximate solutions
and the discretized nonlinear equations.

2.1. Discretization. We will approximate(h, ¢) by piecewise linear functions. The approxi-
mating space is
X;=Vy

whereV; is the space of piecewise linear functions with nodes on
Qs = {T?}i]\il

whered = L/(N — 1) is the mesh width and? = (i — 1)6. We will approximate the integral
operators with the trapezoid rule.

Our fine-to-coarse mesh intergrid transfer will be based on the uguatojection ontol;.
Foru € C[0, L] let

(Psu)(r) = /OLP(S(?”, ru(r’) dr' = Y bi(r)l /L u(r')g;(r') dr'

ij=1 0

where{¢;} are the nodal PL basis functions and

N L
6ij = kz::l lzk /0 ¢k(rl)¢j (T,) d?“,.
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Ps is an integral operator with kernel

N
ps(r,r’) = Z lij¢i(r)d;(r').
1,j=1
Foru,v € V5 we compute the discrete convolution indirectly using a discrete spherical-Bessel
transform. We begin by discretizing frequency in a way that allows us to use the fast fourier
transform to evaluate the convolution. Lgt= (j — 1)d; whered, = n6/(N — 1). We define, for
2<j<N-1

2.1) = S i = Dvisin(i — 1)(j — 1)8,0)

N-1,.

= ST = sin((i — 1)~ D /(N - 1)

Then, for2 <i < N —1,

mzf;k@j sin((i —1)(j — 1)a/(N —1)).

H (D), =
Finally, define for2 <i: < N — 1,
(u*v); = H ™ (00)

whereuo denotes the component-wise product. We(setv) y = 0 and defindu x v); by linear
interpolation
(uxv); =2(u*v)e — (u*v)s.

This discretization of the convolution is second order accuragdan u, v € C2.
Our discrete convolution operator is the piecewise linear interpolafitof v);}Y, at the
nodes{r;}~,.

(2.2) Qs(u, v)(r) = 2_:1 ¢i(r) (u + v);

whereu; = u(r?), v; = v(r?). The sum in (2.2) can be evaluated with a fast Fourier transform in
O(N log N) floating operations. We approximake by

K;5(U) = ( pQé(pSh, Pyc) ) '

We approximate the solution of (1.1)-(1.4) with the functiéhe X; that satisfies
(2.3) M(U°)(r7) = Ks(U?)(r7) = 0,
for 1 < < N. We will express this equation as

F5(U°) = M(U?) — Ky(U°) = 0.
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Note that (2.3) is equivalent to a fully discrete system for the valuésamidc at the nodes

hi — ci — pQs(h, ¢)(r}) =0
exp(—ﬁui + hz — CZ') — hz—l = 0,
which is the finite-dimensional system that one solves numerically.

The Kantorovich theorem [11] and the uniform Lipschitz continuityjfimply that if U* is
sufficiently smooth and®(U*) is nonsingular, then (2.3) has a soluti for all § sufficiently
small,

e U’ =U*+0(8?),and

e F}(U°) is nonsingular.

Moreover, for allU € X, Kj(U) — K'(U) in the operator norm oX. Therefore,K'(U°) —
K'(U*) in the operator norm.

2.2. Nested Iteration. Both of the algorithms in this paper use multiple meshes and require
intergrid transfers. Following standard notation [4], wellgtbe the intergrid transfer between a
sourceX;, and targetX;,. Nested iteration requires only a coarse-to-fine transfer, in whicho,
and we do this transfer at the fully discrete level with piecewise linear interpolation. Since

X5 C X§/2

the coarse-to-fine intergrid transfer is simply the identity if the grids are nested. We id&ntify
with X, and use the notatioff for the map that interpolates a vectorif to produce piecewise
linear functionsh andc.
A nested iteration approximately solvé&$U) = 0 on a sequence of meshes, terminating with
a solution at a target, finest mesh.
The nonlinear solve inside the loop wéstgenericis often only a single step of an approxi-
mate Newton iteration. We advocate two such nested iteration algorithms here. They differ only in
how the approximate Newton step on approximate on each mesh is computed. The coarse mesh has
width §, and the mesh is refined by halving the width. The ultimate mesh width42 .

Algorithm 1 Generic nested iteration.
nestgeneriqU, F, 0o, lmaz)
[ 0;0 ¢ 60U U
Solve F;(U%) = 0 to high accuracy witli/J° as the initial iterate.
while [ < [,,,, do
d0/2;1«1+1
Interpolatel/?° to 5 to obtainU}

Solve F;(U?) = 0 to reasonable accuracy witf§ as the initial iterate.
end while

For the computations in this paper, we used nested grids with the mesh size reduced by a
factor of two at each level. The design of the algorithms allows for non-nested grids. Second order
accuracy implies that the truncation error should be reduced by a factor of four at each level. To that
end we solve the equation on the coarsest mesh of high precision, driving the nonlinear residual to
a very small value, and then ask that the nonlinear solver reduce the nonlinear residual by a factor
of ten on the subsequent, finer, grids. This took a single nonlinear iteration in the computations
reported in§ 3.
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2.3. Nested Newton-GMRES.The Newton-GMRES method is an inexact Newton method
which approximates the solution of the linear equation for the Newton steplfrom

(2.4) F'(U.)s = =F(U.),

with a GMRES [19] iteration. The termination criterion for the linear iteration is the standard [9,14]
inexact Newton condition:
(2.5) |F'(Ue)s + F (U < nl| F(U)|I-

n is a parameter, which we set1@10 in all of the computations reported §8.

The Newton-GMRES code NITSOL [17] was applied to the OZ equations in [2]. The al-
gorithm performed well, which is not surprising in view of the mesh independence results for
GMRES when applied to integral equations.

Mesh-independence of the GMRES iteration will follow from the convergendg’(f°) to
K'(U*) in the operator norm [5, 6]. This means that then the number of GMRES iterations needed
to satisfy (2.5) from an initial iterate of = 0 is independent of the levélof discretization.

Algorithm 2 Newton-GMRES
newton-gmresU, F, 7,, 7, 1)
EvaluateF (U); 7 < 7||F(U)|| + 4.
while || F(U)|| > 7 do
Solve the linear syste®’ (U)s = —F(U)
with GMRES and terminate when (2.5) holds.
U+U-+s
EvaluateF (U).
end while

Our implementation of nested Newton-GMRES usewton-gmresto solve the coarse mesh
equation to high precision. On the finer meshes we ask that the size of the residual be reduced
by a factor of ten. This nesting is a step beyond the method in [2] and substantially improves
performance, because the most of the matrix-vector products are done on coarse grids.

The theory in [6] implies that the number of GMRES iterations at each level is bounded
independently ob. Since each GMRES iteration requires a function evaluation for the forward
difference approximation to the Jacobian-vector product and only one nonlinear iteration per level
will be needed if the coarse mesh solution is sufficiently accurate, the number of calls to the
function at each level is bounded. L@} () denote the the cost of a function evaluation{an
For the examples considered here,

Cr(9) = O(log(1/6)/9).

Assume that no more thati; GMRES iterations are needed at each level. The the cost of the
solve can be bounded by

Imaz

(2.6) (Ca+1) > Cr(2'/d010g(2'/d0) < 2(Ci +1)Cr(Gimac)-
1=0

Hence, if the coarse mesh solution is sufficiently accurate, a solution accurate to truncation error
can be obtained at a cost proportional to that of a fine-mesh function evaluation. The proportional-
ity constant is related to the number of GMRES iterations needed for each nonlinear iteration.
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2.4. Multilevel Iteration. In this section we describe an approximate Newton method that
uses an extension of the method in [13] to approximate the Newton step. The idea is to use a
coarse mesh approximate inversefd{U) and base the computation of the approximate Newton
step on that approximate inverse.

The approach in [13], which we follow in this section, is a degenerate kernel approach for
solving second kind Fredholm integral equations of the form

2.7) (I — K)u(r) = u(r) — /0 k) dr = F(r).

The approach is to build an approximate inverse To solve the discretization of (2(T), ave
approximatel’ by K, where

(Kau)(r) = /OL ka(r,ru(r') dr' = (Ku)(r) = /OL k(r, r"u(r') dr',

where

Zkl7] )¢J()

andg; is the piecewise linear “hat function” centeredﬁjét The operatorg — K5 converge in the
operator norm td — K and, therefore(/ — K1) ! is an approximate inverse ¢f— K and can
be used as a preconditioner for a Richardson iteration to solve the discrete probignioomany
0 < A.

The preconditioned Richardson iteration for the discretization of (2.7) is

up = — (I = Ka)™'(f = (I = K)ue).

The implementation requires one fine-mesh operator-function product to compute the residual
f — (I — K)u,. After the computation of, one solves

(2.8) s — Kas = w.

Let P> be theL? projection onto the piecewise linear functions with nodes$)an To solve
(2.8) we first finds® = P2s. as follows. Sinces® is uniquely determined by its values at the
coarse mesh odes, we can solve a finite dimensional system for
sI'P = s2(r2), fori =1,..., Na,

)

where N, is the number of points in the coarse mesh. The fully discrete coarse-mesh equations
for s are

Zk ri st P = (PPw)(r), fori=1,..., Na,
which one can solve Wlth GMRES, for example. Since
Kas = KaP?s,
one can recovef at the fine mesh points with the Nysin'interpolation

s(r) =w(r) + (KAPAS)(T).
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Algorithm 3 Nested Richardson Iteration for— Ku = f
nestrichardson(u, K, A, l;4z)

[+ 0;0 < A
Solveu® — K u® = f to high accuracy.
while [ < [,,,, do
§ /2,1« 1+1
Interpolatel/ to 2; to obtainUy.
w <— f — (I— K(;)ug
S < ([ — KA)_IU).
u’ < ud — s
end while

The nested iteration form of this algorithm is
We apply this algorithm to the OZ equations by using it to solve the equation for the Newton
step
(M'(U) = K'(U))s = F'(U)s = =F(U)

rewritten as
(2.9) I-MU)'K'(U)s=MU)'FU)s=-MU)FU).

We implement the multilevel solver as an approximate inverseforrather than one for
I — M'-'K'. We define the fine-to-coarse intergrid transfér = J~ and the coarse-to-fine
transfer/4 as piecewise linear interpolation. Given a current itefgtec X, and coarse mesh
solutionU#, we obtain

It == RIP)M(IRUS)™
(2.10)
+IAFAUA) T ML U IR M (IAUS) !
To take an approximate Newton step
Uy =U.— JN' F5(U.)

on X;, we apply the approximate inverse £3(U.). This requires only coarse mesh solves and
multiplications byM'~". The latter is trivial, sincé/’ is a2 x 2 matrix-value function of-.
In fact, if we set

(2.11) N(h,c)(r) = exp(=pLu(r) + h(r) — c(r)),
then for each € [0, L],

, OM, /ol OM,/dc 1 -1
(2.12) MU) = < OMo/0h OM,/dc ) - < N-1 -N > '

Therefore the discrete operatf is a block diagonal matrix with x 2 blocks.

For A sufficiently small, a single nonlinear iteration will suffice for eachnd one can refine
the mesh after each Newton iteration [13].

The multilevel algorithm is
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Algorithm 4 Nested Multilevel Algorithm
nestgeneriqU, F, A, linaz)
0,0 A UL U
SolveF;(U#) = 0 to high accuracy
with U$ as the initial iterate.
while [ < [,,,, do
§0d/2;1l—=1+1
US + I3U%.
U« U — JJNF5(U))
end while

The cost of the computation differs from that of the nested Newton-GMRES algorithm only in
that there are no fine-mesh GMRES iterations. Hence, neglecting all coarse mesh work, the bound
on the cost of a solve to truncation error is

2CtF (5lmax) .

3. Numerical Results. In this section we consider three examples and compare the perfor-
mance of the nested Newton-GMRES method with the multilevel method propo§éd in

The computations were done in MATLAB 5.3, using the Newton-GMRES code from [12] for
the nested Newton-GMRES results and the coarse mesh computations for the multilevel results.

A nested iteration, if working properly, will decrease the error at each level in a way consistent
with theory. To illustrate this, we tabulate the scalédiorm of initial nonlinear residual at each
mesh. In the language of Algorithnest generic we tabulate

Rs = || Fs(U)||, whereU? = I3,U%,

at each level. The scalétinorm of a vector inv € RV is

1w, 1/2
ol = (X)) -

Because both the discretization and the coarse-to-fine intergrid transfer are second order accurate,
one would expect these residual norms to decrease by factors of fouras'2. We also tabulate
the number of GMRES iteratiorig for each nonlinear iteration. This refers to fine-mesh iterations
(i. e.on)s) for Newton-GMRES and coarse meshe( on2,) for the multilevel method.

In each example the multilevel iteration is significantly less costly than the nested Newton-
GMRES. The multilevel iteration requires only one fine mesh function evaluation for each itera-
tion, while the Newton-GMRES requires at least 5 for the two examples.

3.1. Scalar Equations.In this section we report on computational experiments with the sim-
ple system (1.1)-(1.4). The parameters in the equation, similar to those used in [8] are

(3.1) e=.1,0=2p=.23=10, andL = 9.
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The Newton-GMRES iteration performed somewhat better with a different formulation of the
equations. We solve the equivalent system

h(r) + 1 —exp(—pu(r) + h(r) —c(r)) =0
(3.2)

c(r) +1 —exp(—Pu(r) + h(r) —c(r)) + p(ex h)(r) = 0.
So, letting/V be defined by (2.11),
MUY () = ( h(r)+1— N(h,c)(r) ) and

c(r)+1—=N(h,e)(r)
(3.3)

K(U)(r) =—<mm%m>'

Since the Fechet derivative of\/ is simply a multiplication operator, we can compute it for
eachr € [0, L], i. e.

MUYV (r) = M'(U)(r)V(r)
forall U,V € X. Here

) 1 —=N(h,c)(r)  N(h,c)(r)
M“m”:<_Nm@m 1+Mmmm>'

The reformulation has the additional advantage tleatA/’(U))(r) = 1 for all » € [0, L]. There-
fore, it is easy to analytically us®&’(U)~" in the multilevel iteration (2.10).

sl 1+ N(h,c)(r) —=N(h,c)(r)
MW)”F« N(h, ¢)(r) 1—NW@M>'

In Table 3.1 we show the results for both the Newton-GMRES and multilevel solvers.

TABLE 3.1
Iteration statistics: example 1

Newton-GMRES Multilevel

N Rs ia Rs iq

33 5.96e-01 183 5.96e-01 183
65 2.74e-01 16 2.74e-01 27
129 9.79e-02 21 6.95e-02 23
257 2.49e-02 6 1.64e-02 26
513 5.62e-03 9 3.74e-03 25
1025 1.24e-03 16 8.58e-04 24
2049 3.05e-04 17 1.98e-04 26
4097 6.62e-05 17 4.93e-05 27
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3.2. Two Integral Equations and One Constraint. In this examplep is also unknown. The
system is

h(r) =exp(—=pu(r)+ h(r) —c(r)) —1
(3.4) h(r) =c(r) + (cx (hp))(r)
o(r) = Avexp (~Bu(r) + (e )(r))

where
uM (1) = Ay cos(dr),

andu is defined by (1.5).
So, in the language ¢f1, P = 3.
As in § 3.1, we rearrange the equations and solve the system as

h(r) = exp (=Bu(r) +h(r) = c(r)) =1
(35) e(r) = exp(—fu(r) +h(r) = e(r)) = 1 = (e * (hp))(r)
p(r) = Avexp (=Bu(r) + (c+ p)(r))
Hence, forU = (h, ¢, p), andN (h, ¢) defined by (2.11)
h(r)+1— N(h,c)(r)
MU)(r)=| ) +1=N(h)(r) |,

p(r)

and
0

(c+ (ph))(r)
Arexp (=BuD(r) + (px c)(r))

Asin §3.1 M’ and M’ inverse are easy to compute.

( 1 — N(h,c)(r) N(h,c)(r)

K(U) = -

M'(U) = —N(h,c)(r) 14+ N(h,c)(r)

0 0

_ o O

which has determinaritfor all r. Hence

1+ N(h,c)(r) —N(h,e)(r) 0
M(U)™ = ( N(h,oC)(T) N(O »o)(r) (1) )

and the multiplications needed in (2.10) can be done very rapidly.
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In the computations, we use the parameters
f=10,e=.1,0 =2,A, =.1,A, = .05;d = .2, and L = 100.

This is a more difficult problem than the one§r8.1, both becausé = 100, which will require

more mesh points, and becaysis also an unknown. A coarse mesh6dfpoints was needed for
Newton-GMRES and one @)7 for the multilevel method. While these imply larger values) of

than the ones needed §r8.1, the number of unknowns is much larger. In Table 3.2 we compare
the two methods. The first three rows are the same because the multilevel method is only applied
whenN > 513.

TABLE 3.2
Iteration statistics: example 2

Newton-GMRES Multilevel

N R5 iG R5 iG

65 1.59e-01 83 1.59e-01 83
129 2.53e-01 53 2.53e-01 53
257 1.11e-01 24 1.11e-01 24
513 6.36e-02 40 6.36e-02 56
1025 2.50e-02 27 1.63e-02 55
2049 6.92e-03 10 5.61e-03 55
4097 1.70e-03 19 1.30e-03 61
8193 3.67e-04 19 3.81e-04 53
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