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1. INTRODUCTION

Let al,.;.,aN be the variate values of N items of a finite
population and let Pps+esPy be positive numbers such that
ZS=1ps =1, Consider a successive sampling scheme where items are

sampled one after the other (without replacement) in such a way that
at .each draw the brobability of drawing item s is proportional to
P if item s has not already appeared in the earlier drawals.
According to the usual terminology [viz., Hdjek (1964) and Sukhatme
and Sukhatme (1970)], we term this successive sampling with varying
probabilities (without replacement) (SSVPWR). Let A(s, n) be the
probability that item s is included in a sample of size n in this
SSVPWR and let S(n) ={s: item s esample of size n}. Then, for the
estimation of the population total T =2§=1as, the Horvitz-Thompson

estimator is

T, = 2§=1wnsas/A(s, n) = Xs(n)as/A(s, n), 1.1

where

1, items s esample of size n;
0, otherwise, for 1 <s <N.

The varying probability étructure introduces certain complications
in the study of the asymptotic distribution theory of %n' Rosén (1970,
1972) considered an alternative approach (through the coupon collector’s
problem) and provided some deeper results in this context. Consider a
sequence {Jk, k 21} of independent and identically distributed random
variables (i.i.d.r.v.), where

P{J, =s} =p, for s=1,...,N and k=1, (1.3)
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Let then
a; /AU, n), if g £{07,..,9 ;)
Yk © k (1.4)
0, otherwise, for k 21;
Ve =inf{m: number of distinct T seeardy =k}, k 21. (1.5)

Then, Rosén (1970, 1972) has shown that

~ D ¢N _ “n _
Th ——'2k=1ank _2k=1Ynk 'ann’ say, , (1.6)

where A stands for the equality of distributions and, for every
m =1, Bnm is the bonus sum at the mth stage in a coupon collector’s
problem with the set {a;s, P 1ss <N} where ak =as/A(s, n), 1 <s <N.
Thus, the asymptotic normality of (randomly stopped) bonus sums provides
the same for %n' A similar treatment holds for many other related
estimators. Recently, Sen (1969) has formulated a martingale approach
to this problem and established some invariance principles under no
extra regularity conditions.

Sub-sampling (or multi-stage sampling) is often adapted in
practice and has a great variety of applications [viz., Cochran
(1963, Ch. 10)]. Here, each of the N items of the population
(called the primary units) is composed of a number of smaller units
(sub-units) and a common practice is to select first a sample of n
primary units and then to use subsamples of sub-units in each of the
selected primary units. Suppose that the sth primary unit has Ms
sub-units with variate values bsj’ j =1""’Ms’ so that

asr=bsl +oen +bSMs, for s=1,...,N, (1.7)
For each s, we conceive of a set {psj’ 1<j SMS} of positive
M

numbers (such that zjilpsj =1) and consider a SSVPWR scheme, where

mg (out of MS) sub-units are chosen. Then, an analogous estimator
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of a is

- * :
8y =lja 1 stsJ/A*(J, m ) (1.8)

where
1, jth sub-unit esub-sample of mg from items,

w* . = (1.9)

sJ 0, otherwise, for j =1,...,MS

and A;(j, ms) is the probability that the jth sub-unit belongs to
the sub-sample of m, sub-units from items s, for 1 <j sMs and
1 <s<N. From (1.1) and (1.8), one may consider the following

estimator

A M
%n ‘_"zs(n)as/A(s: n) = zS(n){ _1 sj SJ/A*(S, m )}/A(S n)

‘25 IEJ =1°sj"ns sJ/[A(s n)A*(J’ mg)] - (1.10)

The procedure can be extended to the multi-stage case in a natural way.
The object of the present investigation is to study the
asymptotic distribution theory of estimators of T 1in successive

sub-sampling (SSS)VPWR schemes. Note that for each s, analogous

to (1.5) and (1.6), one can define a stopping number v( s) and bonus
By
sums Bg M 21, such that as =2=B; v (s), for every s(=1,...,N).
’>’m
But, the multitude of the stopping numbers” {vn, vés), s €S(n)}

s
introduces complications in a direct extension of the Rosén approach

to SSSVPWR. On the other hand, the martingale approach of Sen (1979)
can more readily be extended to subsampling schemes, and this will be
systematically explored here,

In Section 2, we start with an extended coupon collector’s
problem and present some invariance principles relating to bonus sums

and waiting times; the proofs of these theorems are considered in
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Section 3, Section 4 deals with the limit theorems for SSSVPWR. The

concluding section is devoted to some general remarks and specific

applications.

2. INVARIANCE PRINCIPLES FOR AN EXTENDED COUPON COLLECTOR’S PROBLEM
Let us consider a sequence {QN, N =1} of coupon collector’s

situations

Oy = {(ay@), py(1)) 5. .., (M), pN(N))'}, N 21, (2.1)

where the aN(s) are real numbers and the pN(s) ére positive
numbers with 2§=1pN(s) =], ¥ N21, Let us now consider a tfiangular
array {XN(s), 1 <s <N; N =21} of row-wise independent random
’varlables where XN(s) is defined on a probability space (xN(s), ANS’ HNs)’
for s =1,...,N. [Typically, XN(s) is an estimator of aN(s) with a
distribution HNs'] Then, an extended coupon collector’s situation
{Qﬁ} is defined by letting
Qﬁ ={((XN(S), ANs’ HNs)’ pN(S))', 1 <s <N}, N=z21. (2.2)

Also, let {Jnk’ k 21} be a (double) sequence of (row-wise) i.i.d.r.v.,

where
P{JNk =s} = pN(s), for 1<s<N and k 21. (2.3)
Let then
. XN(JNk), if Iy t{JNr, r <k} (2.4)
nk 0, otherwise, for k 21;
z¢ = ) y* . nx2l; Z* =Y: =0 (2.5)
Nn k=1"Nk’ ==> "NO 'NO : *

Aiso, if the XN(s) are nonnegative r.v., then Zﬁm is f in n, and,
we let

Uf(t) =min{n: Zy 2t}, t eR* =[0, ) . (2.6)
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Zy ~ is termed the bonus sum after n coupons in the situation Qﬁ

Nn
and Uﬁ(t) is the waiting time to obtain the bonus sum t,

Let us denote by

an(s) =EX (s), a(s) =EX2(s) and o =V(Xy(s)) =at(s) -{ad(s)}?,

Ns
(2
for s =1,---;N. As in Rosén (1969), we assume that
sup{ max NpN(s)} <M <o (2.
N 1<s<N
lim{ mai ()] /[ (s)] } (2.
N-+o']1<s<N aN s=1 N
ligéinf{[i -1 N(s)pN(s)}//[X 1 N(S)/N}} =M, >0. (2
Further, without any loss of generality, we may set
SN ey L '
N zs:laN(s) 1 as No»o | (2.

Then, we assume that for every ¢ >0,

lim sup{N z E{(XN(S) -aﬁ(s))zI(lxN(s) -a§(s)| >€1/ﬁ3]} =0
N
(2

Note that by (2.9), (2.11) and (2.12), for every € >0,
lim sup{NTTIN E[|X3(s) -ax(s)| 1C|X3(s) -ax(s)| >eN)]} =
s=1 N N N N
N>
(2
Further, for (2.12) or (2.13) to hold, a slightly more stringent
(but, more easily verifiable) condition is that for some § >0,

s;p{N-12§=IE|XN(s) -ag(s)]2+6} <MY <o . (2

Let us also denote by

-np,.(s)
o 1L '

s=1al?](s)[l -e 1, n =0, (2.

.7)

.10)

11)

.12)

.13)

.14)

15)
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2 _yN -npy (s) ey (s)
i —zs=la§(s)e [1-e ] -
-np,.(s)y2
N N
n[25=1a§(s)pN(s)e J , n20, (2.16)
: -np, . (s)42 '
e = zi]:loﬁs[l e N ] , 120, (2.17)
a2 = dfm . efm, n 0. (2.18)
Note that by (2.11) and (2.12),

lim sup{N'leﬁn} < », for every n. (2.19)

N-co

Also, it follows from Sen (1979) [viz., his (2.12) through (2.14)]

that if
0 <lim inf[N-ln] <lim sup{N-ln] <o | (2.20)
N-oo N-»0
then
0 <1im inf n_1d§ <lim sup n-ld§ <o, (2.21)
N-oo T oo n

Then, -we have the following

Theorem 2.1. Under (2.8), (2.9), (2.10), (2.12) and (2.20), as

N >, , (Zﬁn -¢§n)/d§n has asymptotically a standard normal distribution.

Actually, Theorem 2.1 can be extended to an invariance principle
for {Zﬁn —¢§n} as follows. For an arbitrary T (0 <T <), let
A=[0, T] and for every N, consider a sample process Wy ={WN(x), x €A}
by letting

&

N3 0
(where [s] denotes the largest integer <s), so that WN belongs

to the space D{A], endowed with the Skorokhod Jl-topology.

Theorem 2.2, Under (2.8), (2.9), (2.10) and (2.12), the finite

dimensional distributione (f.d.d.) of {WN} are all asymptoticaliy

Gaussian and {Wy} <s tight.
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Let us now consider the case of the waiting time {Uﬁ(t)} in

(2.6), Note that, by definition, for all x, t >0,

PU{(E) >x} = Plz¥y . <t} o (2.23)
and hence, Theorem 2.1 yields the asymptotic normality of the standardized
fdrm of .{Uﬁ(t)}. Similar results hold for the f.d.d.’s. Further,
Uﬁ(t) is monotone in t, and hence, the tightness part also follows
by some routine steps. Hence, in Section 3, we proceed to prove only

Theorems. 2.1 and 2.2.

3. PROOFS OF THEOREMS 2.1 AND 2.2
Before we proceed'to prove these theorems, we consider some

preliminary results which will be needed in the sequel. Let

, -np,,(s)
o =}:§___1X.N(s) {1 e N ] n=0; (3.1)
-np,. (s) -np,.(s)
ch =l Xats)e N [1 e N ]
| -np,.(s)y2
- n[2§=1XN(s)pN(s)e N ] , n=0. (3.2)

Then, we have the following

Lemma 3.1. Under the hypothesis of Theorem 2.2,
c2 /d2 + 1, in probability, as N +x (3.3)
Nn’ “Nn ? p Y, : ‘

Proof: By virtue of (2.16) (2.20), (2.21) and (3.2), it suffices to

show that
~npy (s)
2§=1(XN(S) -ag(s))pN(S)e N P, 0, as N,  (3.4)
-np,,(s) -np,,(s) :
NI O sagiee N e N | Rao, as N
2 (3.5)

We shall only prove (3.5) as the proof of (3.4) follows on parallel

lines. Let
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~npy, () [

-np,.(s)
1-e PN ]

F’Ns =N"1(X§(5) -~ag(s))e , s=1,...,N.  (3.6)

Then, by (2.7), E&, =0, 1<s<N, while, by (2.12) [or (2.13)], for

Ns
every ¢ >0,
N
ZS=IE{|5N |1C]gy |>e)}-—->0, as Noo, (3.7)
s s
and hence, _
N .
zs=15{gN I(lgy |se)}——>0, as N >, (3.8)
s s
Further, (3.7) insures that for every ¢ >0,
ZN P{|&a] > — 0 as N »w (3.9)
s=1 NS ’ )

Finally, using (2.11) (at the ultimate step), for every e >0,

1 0} - it o)

z§=1E{€§51”5Nsl SS)} SEXZ:IE{IENSII(15N5| 58)}

<
N 1N -npy (s) -np, (s)
< el qBlEyg] S2eNTT ] _jaf(s)e 1-p
< 2 NI ak(s) ~ e, (3.10)

and this can be made arbitrarily small by choosing € so. Hence, by

an appeal to the Degenerate Convergence Theorem [viz., Loéve (1963,

P

p. 317)], we conclude that ZE =+ 0 as N-»», which proves

=1ENs
(3.5). Q.E.D.
Let KN =(XN(1),..;,XN(N))' and FN be the o-field generated by

Xy

Lemma 3.2. Under the hypothesis of Theorem 2.1, the conditional
e % _aw . , . .
distribution of (ZNn ¢Nn)/an (given FN) 18 asymptotically (in

probability) normal with mean 0 and unit variance.




-10-

Proof: By (2.4), (2.5) and (3.1), given FN’ we have a coupon
collector’s situation {(XN(s), pN(s)J, 1 <s sN} and . (Zﬁﬁ '¢§n)/an
corresponds to the standardized form of the bonus sum. The martingale
approach developed in the proof of Theorem 3.1 of Sen (1979) works out
equally well (given FN) when the aN(s) are replaced by XN(s),
while Lemma 3.1 insures that n-lan is bounded away from 0 and o,
in probability. Hence, the proof follows directly along the lines of
the proof of Theorem 3.1 of Sen (1979) and therefore the details are
omitted.

By virtue of Lemma 3.1 and 3.2, we have for every real ts

E{exp(it(z§n -¢§n)/dNn|FN} = exp(- %{2) vo (1), as Noe. (3.11)

-4
Lemma 3.3. Under the hypothesis of Theovem 2.1, N 2(¢§n —¢§n) has
asymptotically a normal distribution.
Proof: By (2.15) and (3.1), we obtain that

N_%{¢§n '¢§n} =N-%2§=1{XN(S) 'aﬁ(s)]{l _e"“PN(S)] :

- s=1£§n’ Say,

(3.12)
where the gﬁs are independent rv’s with Egﬁs =0, 1 <s <N. Also,

by (2.12),

Z§=1E{£;§I(IE§SI >€)} >0, as N> (¥ €>0). (3.13)

Now, (3.13) insures that for every e >0, as N >,

2§=1p{[g§s| >e}-—a—0 and z§=lﬂ{|g§3|1(]g§s| >€)}l > q,
(3.14)

and hence,

N . . _|sN
zs=lﬁ{gNSI(|gst <e)}l =

W RGN

(3.15)

N
= Zs=1E{J£§slI(IE§SI >€)} — 0 as N-o |
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Similarly,
Z§=1[E{E§sl(|€§sl Se)}}z s2§=1[ﬁ{1g§s|1(|g§sl >€)}]2

 Deas{adfr{lenal oof ¢ [mmm ol oo} an{eid)

S [Z§=1P{I€§sl >€}JN'1e;n — 0, by (2.19) and (3.14). (3.16)

Finally, by (2.17), (2.19), (3.2) and (3.3),

[§§=1E{£;§I(IE§SI se)} - N_leﬁél-—e-o, as N »w , (3.17)

Hence, by an appeal to the Normal Convergence Theorem [viz., Loéve

(1963, p. 316)], the desired result follows. Q.E.D.

We are now in a position to prove Theorems 2.1 and 2.2. Note that

for any real t,

E{exp[itN_%{Zﬁn -¢§n}]}
= E{.;xp[itN‘%[¢§n -¢§n]IIE[Exp[itN'%{Z§n -¢§n]J|FéI} . (3.18)

Hence, Theorem 2.1 follows directly ffom (3.11), Lemma 3.3 and (3.18)

along with (2.18) and (2.19) -(2.21).
Let us proceed on to the proof of Theorem 2.2. For any m(x1)

and {n "’nmN} satisfying (2.21), given FN’ the conditional

N*°

-% :
distribution of {N *(Z 1 <j <m} can be shown to be

-¢* ),
Nan Nan
asymptotically (in probability) multinormal by using the proof of

Lemma 3.2 and the results in Section 4 of Sen (1979). Hence, to study
the convergence of f£.d.d.’s of {Wﬁ}; it remains to study the
-
asymptotic distribution of {N 2(¢Nn -¢§n ), 1<j<m}. Note that for
iN iN
any A =(A1,...,Am)(# 0), by (2.15) and (3.1),
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m . . o
Ye AN 2[¢* -4 ]
=157 gy ~ONn

(3.19)

s

=T3P : ~n..p, (s)
=N %Z§=1{XN(5) -ag(s)}{2?=lxj[1 e JINN ]J

and hence, the proof of Lemma 3.3 may be virtually repeated to
establish the asymptotic normality of the left-hand side of (3.19).
P
This yields the asymptotic multinormality of {N 2(¢§ -¢° ), 1 <j <m}
an Nan
and by a direct extension of (3.18) to the vector case, the desired
-4
multinormality of {N™*(z} -¢§n ), 1 <j<m} follows. Thus, it

jN jN ,
remains only to study the tightness of '{WN} . Towards this, we write

W (s) =N‘1/2{Z§[Nx} '¢§[Nx]} ¥ N-l/z{q’ﬁ[Nx] “q’r?I[Nx]}

=Wy () +W§(x), say, for x eA. (3.20)
Also, we define the modulus of contimuity wy(x), & >0, by
wg (X) =sup{|x(t) -x(s)|: |t -s| <8; s, t eA}. (3.21)

Then, using our Lemma 3.1 and adapting the conditional probability law,
given FN’ we obtain on proceeding as in Section 4 of Sen (1979) that
for every € >0 and n >0, there exist a § >0, a positive integer
N, and a sequence {E(N)c BN} of subsets of the sample spaces of {KN}
such that for N ZNO, '
1 ,
*
Plug(Wx) >e|F } < 5n, ¥ X By o (3.22)
1
P{Xy ¢E(N)} <30, 7(3.23)

Then, by (3.22) and (3.23), for N ZNO,

1 1 1
P{wa(WI’\}) >e} < 5N(1 -5n) + 5n<n . _ (3.24)

Thus, it remains only to show that

' )
P{wﬁch) >e} <n, VN ZNO. (3.25)
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For this, we let

~O ) . _ 40

WN(x) =N {¢N(Nx) ¢N(Nx)}’ X €A, (3.26)
where we note that (2.15) and (3.1) are properly defined for any real

n, not necessarily an integer. Then, by (3.20) and (3.26),

sup{]wﬁ(x) —Wﬁ(x)l: b eA}

1 -NxpP, (s) -[Nx]P_(s)
sup{N_2|2§=1[XN(s) -aﬁ(s)}[e N e n ] D X EA}

al . \ 1N o '[NX]PN(S)
< sup {N ?| max (1-e" VP (S} . supdN 1 X (s) -ay(s)|e
OSusl{ LLSSSN( ¢y xei Zs_ll N N |
< [MIN"%J[N'122=1|XN(5) -ag(s)l), (3.27)

as 1-¢%<0, Vo020 and by (2.8), pN(s) sN—lMl, ¥ 1 <s <N. On the

other hand, repeating the proof of Lemma 3.1, it can be shown that
-1¢N o . .
N ES=1|XN(5) -aN(s)I is Op(l) (as N -+w), so that the right-hand
=L
side of (3.27) is Op(N ‘). Hence, to prove (3.25), it suffices to

show that

(3.28)

P{w v”vg) >g} <n, V N 2N

0°

6(
W in (3.26) and the fact that

Note that by definition of WN
1-e%<q, ¥V a20, we have for every y 2X,
~o ) 2
E[Wy () -Wy(x)]
-2prN(s)[

-1¢N 2
N 2s=10Nse

. 2 2( -1.N 2
7 0% e o) PR L

-N(y-x)py (5,2
1 -e ]

A

IA

Mi(y -x)z{N-lz§=la§(s)} [by (2.7) -(2.8)]

2
-~ My -0, by (2.11). (3.29)
Therefore, (3.28) follows from (3.29) and Theorem 2.3 of Billingsley

(1968, p. 95). Hence, the proof of Theorem 2.2 is complete.
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4, LIMIT THEOREMS FOR SSSVPWR

We are primarily interested here in the limiting distributions
of -§n in (l.iO) and other related estimators. In the asymptotic
situation (where we let N ~»), we assume that n, the number of
primary units in the sample, also increases satisfying (2.10), while
m., S €S(n) may or may not be large. In this context, we may also
allow the sampling scheme for the sub-units to be rather arbitrary
an necessarily a SSVPWR), while we assume that the primary units are
sampled in accordance to a SSVPWR,

To incorporate the asymptotic situation, we introduce the
following modifications of the notations introduced in Section 1.
For every N, we denote by {(aN(l), pN(l)),...,(aN(N), pN(N))} the
scheme relating to the SSVPWR of the primary units. Similarly, we

rewrite (1.7) as

aN(s) = szl+---+szMs, s=1,...,N ' 4.1
(where the Ms may also depend on N) and in (1.1) replacing the P
by pN(s), we define AN(s, n) and SN(n) in an analogous way.
Based on the sub-sample of m sub-units from the sth primary unit,
let 5&(5) be a suitable estimator of aN(s) [not necessarily the
one in (1.8)], for s eSN(n), and consider the estimator (of
Ty = Lgag2y()

™ =ZSN(n)£N(s)/AN(s, n) . 4.2)

We intend to study the limiting behavior of Tﬁn[when N-+e and n
sétisfies (2.20)]. We let

ay(s) =EAy(s), oOpg =VGE(s)), af(s) =ad(s) +c2,  (4.3)

for s =1,...,N, and assume that (2.8) -(2.10) hold. In addition,
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as in Rosén (1972), we assume that

lim sup [—éax pN(siI// {_ in pN(sil < o, 4.4)
N->o 1<s<N l1sN

Also, for every N, we consider a nondecrea51ng function t ={tN(x):

0 <x <»} by letting

-p,,(s)t (x) :
N -x =22=1e Py N , 0<x<w, (4.5)

Let then T; =2§= ao(s) and let

2 pN(s)t (n)/[l _e_PN(S)tN(n)] N

62 =IN_ [ad(s)1% +IN 2/

-py(s)ty(n)
s=1"Ns [1 =@ ]

p(8)t (M) ()t ()2
_tN(n)lEI::la;(s)pN(s)e NN [l-e NN H (4.6)

for n =N. PFinally, we assume that for every ¢ >0

llm{ max E([aN(s) -aN(s)] I(IaN(s) -a (s)I >evN ))} =0,
1<ssN T 4T

Then, we have the following
Theorem 4.1. Under (2.8) -(2.10), (2.20), (4.4) and (4.7),
: o »
(T, -TN)/dNn 5 N(o, 1). | (4.8)

. L. -4 o
If, in addition, N “(1 .-TN)-—+ 0, then (Tﬁn -TN)/6Nn-—5+ N(o, 1) .

N

Before we proceed to prove the theorem, we note that by (4.5),

-1
oty (x) Py (8)ty (%)
ng = Xl;r:le(s)e NN 2 1, (4.9)
thN(x) N 2 -pN(S)tN(S) N -pN(s)tN(x) 3
7 = {Ls1Py(s)e Yo Py(S)e >0,

ox“-

(4.10)




-16-

for every 0 <x <o, so that for every N, tN(x) is convex in
x £[0, ®»), Also, define {ka, k 21} as in (1.5), where for the

JS, in (1.3), we replace P by pN(s), 1 <s <N. Then, if we let

-py(s)ty(n) -p(s)t,(n) -p, (s)t, . (n)\2
NN 1-e N N ]J/[Zl;l:le(s_)e N N ]-tN(n),

(4.11)

N
gNn = Xs=le

for n sN; by Theorem 4 of Rosén (1970), under the hypothesis of

Theorem 4.1 [namely (2.8), (2.20) and (4.4)],
(g =ty @)/ gy, —5 MO, 1. a2
Since, tN(n) 2n, V¥ n =21 while by (4.11), gﬁn =0(N), we obtain that
Vg ty @) P, 1, as N-+® when (2.20) holds. (4.13)

Finally, it follows from Rosén (1972) that under the hypothesis of

Theorem 4.1,

1
2

B -pN(s)tN(n)
N?| max [AN(s, n) -(1 -e )|| =0, as N->eo,  (4.14)

1<s<N

while, under (2.8), (2.20) and (4.4),

0 <1im{ min pN(s)tN(n)} < ﬁ'nT{ min pN(s)tN(n)} <o, (4.15)

1<s<N 1<s<N

so that by (4.14) and (4.15), under (2.8), (2.20) and (4.4),

lim inf{ min AN(s, n)}->0. ' (4.16)

N=»oo ‘M <s<N

Note that (4.7) and (4.16) insure that for every e >0,

- ~ o 2. g o N 2 _
“’“{l’é’iﬁNﬁ([aN(s) -a()121([3 () -a2(s) | >e VN 4 (s, m))/02s, n)}- 0.
(4.17)
With these preliminary results, let us now consider the proof of
Theorem 4.1. We now write [parallel to (2.4)], for a given n, satisfying

(2.20),

Xy(s) = XM (s) =3, (s)/8y(s, ), 1 =5 <N. (4.18)
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Then, by virtue of (4.2), Tﬁn =ZSN(n)X§n)(s) and parallel to (1.6),

we claim that

*__ (n)
TNn ZNv ’

(4.19)
where the Zéz) are defined by (2.4) -(2.5) [XN(s) being replaced
by Xén)(s), 1 <s <N] and YNn is defined as in above. Hence, to
prove (4.8), if suffices to show that

(zlg’\‘);n -9)/8y, = NO, 1) (4.20)

- At this stage, we use (4.13), (4.17) and Theorem 2.1, and conclude

that for {n*} satisfying (2.20),

@) - ohy/a) s N0, 1 (4.21)
where [by (2.15), (2.16) and (4.18),
o) = Pyt e (s)]/A (s,m),  (4.22)
[ 1&21) » zs 1{{%(5)]2 +0§s}e—n *py(s) [1 __e—n PN(S)]/AI%I(S» " | .
om0+ ) .

(4.23)
By (4.6), (4.14), (4.22) and (4.23), it follows by some standard steps

that
¢rg’t‘) my = Tyrot®, ol s 1, as Now  (4.24)
N
Hence, by (4.13), (4.21) and (4.24), to prove (4.20), it suffices to

show that for every € >0 and n >0, there exist a ¢ >0 and an

N such that

0’
| L) () @ ) ,
P max N~ - Onm | >ep<n, (4.25)
m: |m-ty (n) [<6N I Nm Nt m * Nt (n)

for every NQZNO, and this follows directly from the tightness part of

! -
Theorem 2.2. Since 6Nn =O(Né), N %(TN -Tﬁ)-e-o insures that

(T 'To)/déz)(n) —~—>0 as N-o. Hence, the proof of the theorem is
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complete.

Next, we proceed to extend Theorem 4.1 to an invariance principle
for {Tﬁn}. For an arbitrary c(0<c<1), let I, =[c, 1] and,

for every N, consider a sample process Ly ={zN(t), t eIc} by letting

CN(t) =N_%(T§[nt] -Tg), tel. (4.26)

Then, belongs to the space D[Ic] and we have the following

N
Theorem 4.2. Under the hypothesis of Theorem 4.1, Ty converges weakly
to a Gaussian function on Ic’ for every 0 <c £1.

Proof: We need to show that (i) the f.d.d.’s of {zg} are asymptotically
Gaussian and (ii) {gN} is tight. Note that parallel to (4.19), we

have

{t* , ns<N} 2 {zlflg) , n <N} 4.27)
Nn

Also, for finitely many n, say Myseesshy, b 21, satiéfying (2.20),
(4.13) holds as dqes (4.25) for n =nj, 1 <j <b. Hence, the proof of
Theorem 4.1 can be directly extended to cover this case. Therefore, the
details of (i) are.omitted. To establish the tightness, we again make

use of (4.27) and, thereby, it suffices to show that (a)

-%_ . [nc] ) . '
Nz -t is 0 (1), (4.28)
I NvN[N ] N P

and (b) that for every € >0 and n >0, there exist a 6(0 <8 <1 -¢)

and an Nb, such that

P{sup N'%lzég) -Zé%') |: e < +8 sl} > e} <n, (4.29

<E§.s
Nn Nn'!

Z|5
2|5

for every N ZNO. Now, for every c >0, [Nc] satisfies (2.20) and the
proof of (4.28) follows from the asymptotic normality in Theorem 4.1

along with the fact that by (4.6), 1im$ © , ¥V c>0. Hence, we

N[nc] <
need to verify (4.29) only.

Note that for every N, YNk is /f in k(< N), while, by (4.24),
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n
ét)(n) +0(N45 for every n satisfying (2.20). Hence, to prove

(4.29), it suffices to show that for every n: cN <n <N,

{max[lz(n) ¢£k) z(n ), (2'31/,/ﬁ} n <n' <(n +SN)AN,

[k -t )| <oN, |q -ty (@'Y | <6N] >€} <ns, (4.30)

for every N 2N0, where No and § are defined as in (4.29). For

this purpose, we consider a two-dimensional time-parameter stochastic
process gﬁ = {C§(t1’ t2): (tl, tz) 812}, by letting

[Nt ] [Nt ]

2
-9 ] (t,, t,)e I, (4.31)
Nty (INE,1) ™ Oty (INe, 1) 1° 27 % ¢

-
Cﬁ(t t ) N |2

Note that the tightness of ,gﬁ would insure (4.30), and hence, we
complete the proof of the theorem by establishing the tightness of

Cﬁ' By letting n =[Nt1], m =[Nti], k =tN([Nt2]) and q =tN([Nté]),

where t. >t! and t, >t!

1Y , >ty (so that n2m and k 2q), we obtain that

B (It], t3], [y, t,1)= g(ty, t,) ~Th(t,, t4) - Th(t], t)) +Th(t), t))

_wulm o m) () . (m) m) (@  (m)  (m
=N {[ZNk 'ZNq ~ Nk +ZNq] [¢ q’Nq "Nk q’Nq]}’ “4.32)

where the Zéz) are defined by (2.4) -(2.5) [and (4.18) modifying the
XN(s)]. Note that for n 2m, k 2q,

;@ _,m) ,(m) o (m
[NK “Zyg Tk +ZqJ

k vy _y(m)
= 1 _q+1[ -3 ] (4.33)

where

(n) ,
L) _ CRTO RS J S U Iy51)

NJ (4.34)

0, otherwise.

A similar equation holds for the ¢(n). As such, using (4.18), (4.33)

and (4.34), we obtain by some standard steps that
2 [ ' * 2 3
EBN([t > 31, [ty tzl) < M*[(n -m)(k -q)°/N"], (4.35)

where M* is a finite, positive quantity. Thus, if we let
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t) -t} =t, -t} =6 >0, the right-hand side of (4.35) is 0(8) [as by
(4.9) -(4.10), (k -q)/N =O(t2 -tl)] and the tightness of gﬁ follows
by an appeal tq Theorem 3 of Bickel and Wichura (1971) after noting
that the Lebesgue measure [A(BN)] of the block BN is 62, 1)
that &° =[A(BN)]3'é . Q.E.D.
5. SOME CONCLUDING REMARKS

In the developments in Section 4, we have treated the estimators
Eﬁ(s) in a rather arbitrary manner. In particular, if these are
unbiased estimators (of the aN(s)), as is usually the case, then
in (4.3), a;(s) =aN(s), so that T§ =Ty Moreover, we have not
imposed any restriction on the sub-sample sizes {ms}, apart from the
uniform integrability condition in (4.7). If these m are all large,

then the Oﬁs will be small, so that the secohd term on the right-hand

side of (4.6) can be neglected. In this limiting case, the variance

2
Nn

primary units, where one observes the aN(s). Thus, if n, the number

) in (4.6) corresponds to the variance in the usual SSVPWR of the

of primary units in a SSVPWR is large and if the m, are also so, then
sub-sampling does not lead to any asymptotic increase in the relative
variance of the estimators (%Nn and Tﬁn), though in practical problems,
Tﬁ is more adaptable, because it does not presuppose the knowledge

of the values of {aN(s)}.

Theorem 4.1 provides a theoretical justification of the asymptotic
normalify of Tﬁn’ which has been occasionally used in sample survey
theory without any proper justification. Theorem 4.2 can be used to
e#tend this asymptotic normality when the sample size (n) is itself a
random variable. Further, it may also be used to repeated significance

testing for Ty ©T in some sequential inference procedures for the same.

~
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