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Abstract

A refine degenerated sell element with asumed transverse shear and membrane strains is adopted. This
element not only overcome the shear and membrane locking problems but does not contain the spurious zero
energy modes. In the updated Lagrangian transient dynamic formulations, the geometrically, materially
nonlinear effectand large strain are considered. The nodal coordinates and the thickness of elements are
updated after each time step.

some numerical examples for elastic and elasto-plastic dynamic analysis have been given to illustrate
the good numerical results.

1. Introduction

The original degenerated shell element performs reasonably well for moderately thick shell situations.
However, for thin shell when full integration is used to evaluate the stiffness matrix, oversitiff solutions are
often produced due to shear and membrane locking. Attempts have been made to correct this behaviour by
use of reduced or selective interation techniques [ 17]. Such schemes are not always successful in overcoming
locking behaviour and the resulting solutions may still be overstiff for problems with highly constrained
boundaries, especially when coarse meshes are used. Furthermore, for problems with lightly constrained
boundaries, spurious zero energy modes may form.

Recently, the degenerated shell element has been developed [2] by using

(1) Enhanced interpolation of the transverse shear strains in the natural coordinate system.

(2) Enhaneed interpolation of the membrane strains in the local Cartesion coordinate system.

The main advantages of the new degenerated shell element are that is does not lock and have any
spurious zero energy modes and gives generally very good behaviour,

In our work, for the new degenerated shell element, the updated lagrangian formulations are deduced
and the geometrically, materially nonlinear effect and large strain are considered. Some numerical
examples for transient dynamic analysis of shells are excuted and a good results have been shown.

2. New Degenerated Shell Element Formulation

Now a brief review of the new degenerated element is given.
2.1 Degenerated Shell Element

Two main assumptions are used in the degeneration process from solid three dimensional element to
shell element. They are

(1) “Normals’ to the middle surface before deformation remain straight after deformation.

(2) The normal stress component is constrained to zero in the constitutive equations.

Five degrees of freedom are specified at each nodal point, corresponding to its three displacements and
the two rotations of the 'normal' at the node. The definition permits transverse shear deformation to be
taken in to account.

A quadratic degenerated 9-node shell element is shown in Fig. 1. The coordinates of a point within the
element may be expressed as

E] ~ Z:N E} o+ Zl)zwm;/z E;J e}



286

Where n is the number of nodes per element; Ny, = N, (&,7) (% = 1,+* ,z) are the element shape functions
corresponding to the surface {=constant; &, is the shell thickness at node k. The vector {,is constructed from
the nodal coordinates of the top and bottom surface at node k.

The element displacement field can be expressed as
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2.2 Elimination of Shear Locking
For shells, the transverse shell strain y, and y,, express in the natural coordinate system (£,7,¢) tend

towards zero for thin shells. To avoid shear locking in the new 9-node degenerated shell element, Huang
and Hinton [ 3] replaced the shear strains by substituting shear strain of the form

~
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Egg = by + b6 + by + byl + bsn? + bs§ﬂ2 } (3)
Vi = ¢1 + €26 + e + eidn + csf? - oy
The substitute strain field are chosen as
3 2
Y= >, > Li{OHYE )
i=1 j=1 4

3 2
Y= >, > H(OL ()
i=1 j=1
where ’
H\(Z) = Z(Z/b + 1)/2b, Hy,(Z) = 1 — (2/b)*, Hy(Z) = Z(Z/b — 1)/2b
L(2) = (1 + 2/a)/2, Lo(Z) = (1 — 2/a)/2 o
where a= 3712, b=1 and the locations of i and j are shown in Fig. 2. Thus yg and y, have the form
suggested by (3). The six unknown parameters for yy are the values p%(: = 1 ~ 3,j = 1 ~ 2) at the two

Gauss point locations (£ =+ &) on the three lines g = b,7 = 0and 9 =— b. Thus i.; is linear in £ and
quadratic in 9 . Similarly, the six unknown parameters defining ,; are the values y,/i (s = 1 ~ 3,j = 1 ~
2) on the two Gauss point locations (7 = -+ ¢) on the three lines £ = b , £ = Oand £ =— b. Thus "}-),g is

linear in # and quadratic in &.
2.3 Enhanced Interpolation of The Membrane Strains

In shells, the stiffness associated with the membrane strain energy, though important, especially when
the shell thickness becomes very small, should not dominate the total stiffness, The membrane strains can
only be separated from the bending strains in the local Cartesion coordinate system. Therefore it is expected
that the use of an enhanced interpolation of the membrane strains in the local Cartesion coordinate system
can help to eliminate Locking behaviour.

Using analogous method, it is deduced that the values of the membrane strain at lines =+ a and &
=+ g (where ¢ = 37V2 ) give the best representation of the membrane strain field in each element.

Therefore, in the orthogonal curvilinear coordinate system, the enhanced interpolation for e,..,and —e{®,is

2
the same as that for y,. and the enhanced interpolation for e,_,, and %e,,,_,.,(“ is the same as that for y,. , but

they are expressed in different coordinate systems[2].

3. Updated Lagrangian Formulation (U. L.)

In the U. L. formulation, all current static and kinematic variable are referred to the current
configuration for each load or time increment step. In the new 9-node degenerated element, the shear and
membrane strains have to be interpolated of each iteration and it appears that to use of U. L. formulation is
more precise and efficient.

3.1 Equation of Motion[ 4]
The incremental form of the principle of virtual work based on the U. L. formulation can be written

as
t t
le S0 fdv + le T0efd =14 Q — le 70 dv (5)

where ,8;; is second incremental piola-Kirchhoff stresses refered to the configuration at time ¢; 'r; is Cauchy
stresses at time {; *+4Q is external incremental virtual work at the current load increment. The incremental
Green strain is defined as

& =85 oy
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where ¢g;; and a;; are the linear and quadratic part of ;.
An approximate equation of motion can be obtained by linearization
t t
J“V Diueade;fdv + J"v Ty0mfdy =14 Q — J,V Tii0esfdv (6)
3.2 Constitutive Relations

For considering the large displacement and rotation and large strain, for path-dependent material,
following constitutive relations should be used

‘725' = Di"juekt, P
where o7 are Jaumann stress rate, they are functions only of the deformations of the material and are not
affected by rigid body motions. This objective stress rate tensor is defined as

ofy =" Ty —' Ty — ' Ty’ (3
where *8;; are incremental spin tensor

1
Yy = ‘z"(zuk,L ) uL.k)

The constitutive tensor D;;’ is same as the tensor in the small deformation conditions. with eq. (8), it
forllows that
Diju = Dy —t vudy —* 7300 +* 750, 9
In eq. (9), the last term represent the effect of elastic volume increment. in general, the elastic strains are
far small than the plastic strains, so the last term in eq. (9) may be negligible and it will cause the
symmetrization of tensor D .
For isotropic hardening materials, the tensor DL, can be expressed as

\

D = ot — D 10
where
Dot = 2G(0mbu + T—5—0rbu)
1—2v
t,.rml l,.rul . 5
(for loading plastically)
'y, — {4
Dt {61/9) (02/G) (3G + B (for loading elastically and unloading)

in which ‘z.,’ are deviatoric components of Cauchy stresses and F? is strain-hardening modulers obtained
from a true stress-logarithmic strain diagram of the uniaxial material response.
3.3 Finite Element Equations

For the new degenerated shell element, from egs. (6), the governing finite element equations can be
written as

(K +iKw)dd =4 R —{F an
where

K, = J"v {BY,DiB;dv—Linear strain incremental stiffness matrix
Kyr = J"V {BL B /dv—Initial stress stiffness matrix

F = J’ Blt*dv—Vectors of nodal point forces equivalent to the element stresses at time t
(4

in which ,D is constitutive matrix; 'z and *7 are the matrix and vect of Cauchy stresses.

In the egs. (11), the shear and membrane strains should be interpolated from the values at certain
sampling points in different coordinate systems. in general, for shell structures, the large strain is cause by
large membrane strain and for this reason the nonlinear term in the shear train can be neglected in the initial
stress stiffness matrix.

For dynamic analysis, using implicit time integration, the governing equations may be written as

M4+ (Kp 4+ Ky )dd =4 R —{F (12)
where M is structurl mass matrix.

To solve egs. (12), Newmark’s scheme has been adopted.

3.4 Thickness Correction

For a large strain elasto-plastic analysis of shell structures, not only the nodal point coordinates but the
thickness of elements should be updated affer each loading or time step.

Let kg and &, are the thickness of a Gauss integration point in the mid-surface of element before and
after Loading or time step respectively. The strain increment Jd¢’ along the thickness of element at the
integration point can be evaluated by

d¢ = > (dew) (13)
=1
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where m is the number of integration points along the thickness, 4¢ = 4 4 A¢ and w; are weighting
factors.

On the basis of the plastic incompressibility condition, the thickness at the integration point, ; , can be
updated by

hy = k(1 — 4¢' ) (14)

after each loading or time step.

At last, the thickness of integration points are extrapolated to get the value of nodal thickness via the
shape function.

4. Numerical Examples

Some examples are now shown to illustrate the accuracy of the present formulation.
4.1 Simply Supported Plate

A simple supported square plate with side length L=254mm, thickness h=12. 7mm and the material
density p=2. 825X 107°N + S?/mm*is subjected to a suddenly applied uniformly distributed load of 2.
11MPa. A isotropic material properties is considered :

E = 70370MPa, v=10.3

In the calculations, 70 time steps and total time 1. 56ms are adopted. Due to symmetry, a quadrant of
the plate is discretised 4 X 4 meshes. The central deflection time history for perfect plastic plate with three
different yield stresses as well as elastic plate are shown in Fig. 3. As was expected the elastic numerical
solution coincide well with the theoretic results and the elasto-plastic solution go up faster with the decrease
of yield streses.

The state of yielding for the outer layer of plate and o = 210 MPa at t=1. Oms is shown in Fig. 4.
4. 2 Shallow Thin Spherical Cap

A clamped shallow thin spherical cap is subjected to a distributed step pressure of 4. 22MPa. The radius
of curvature of the shell R=576. 58mm, thickness t=10. 41mm and half angle a=26. 67°. The material
is assumed to obey the Von Mises yeild condition with linear isotropic hardening and p=2. 672X 10—°N
s?/mm?*, E=73888MPa, v=0. 3, hardening parameter H' =1478MPa.

100 time steps and time increment At==1X 10~?ms are used. The results for elastic and elasto-plastic
dynamic analysis are given in Fig. 5. As shown, for this problem the effect of large strain is appeared.
4.3 Deep Thin Spherical Cap

A clamped deep thin spherical cap with a central angle a=120°, radius R=508mm and thickness t==
7. 62mm is subjected to a suddenly applied pressure load of 4. 22MPa. The material is isotropic: p=7. 8 X
107°N « s?2/mm*,E=2. 1 X 10°MPa,v=0. 3,H’ =2100MPa. In a quadrant of the shell, 12 elements are
used.

The results for elastic and elasto-plastic dynamic analysis are shown in Fig. 6. In the calculation, 100
time step and At=1< 10~?ms are adopted.

5. Conclusions

A program for large strain elasto-plastic transient dynamic analysis of shell structures has
been developed. For a large strain problem, a more precise results can be obtained with the
program. The new degenerated element is capable of analyzing the shock absorber that can
absorb the shock energy in form of large plastic strain to lessen the dynamic looding on the
vessel.
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Fig. 1 Quadratic degenerated shell element

Fig. 2 Interpolation points(i,j)
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