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Abstract

One concern in the early stages of study planning and design is the minimﬁm sample
size needed to provide statistically credible results. This minimum sample size is usually
determined via the use of simple formulas, or equivalently, from tables. However, the more
popular formulas involve large-sample approximations and hence may be too conservative.
This article provides empirical evidence indicating that this conservatism is drastic for certain
sample size formulas based on confidence interval width. Common sample size formulas that
consider statistical power are also discussed; these are shown to perform quite well, even for

small sample size situations.



1. INTRODUCTION

For a variety of experimental and observational studies, it is of interest to estimate the
mean pu of a random sample from a N(y, o?) populatioﬁ. In this situation, one may wish to
specify the maximum 100(1—a)% confidence interval wicith so that u is estimated to within a
tolerance of & units. The minimum sample size nm needed to achieve this precision is
frequgntly recommended (e.g., see Armitage 1971, p. 185; Koopmans 1987, p. 239; Ott 1977,

p. 240) to be the smallest positive integer satisfying the inequality
-1/2 2
o(nm) Ly < 6 or nm > [(0/6) Zl-a/2] ’ (1)

where pr(Z > Z,., ;) = a/2 when Z ~ N(0, 1).

Alternatively, suppose it is of interest to conduct a one-tailed size o test of Hy: u=p,
versus H;: pu>p, for a random sample selected from a N(u, 02) population. A popular
inequality (Ott 1977, p. 241; Rosner 1986, p. 209) used to calculate the minimum sample size

nm necessary to achieve a power of at least (1—3) when p=p, (>p,) is
nm 2 [(Z.a + Zx-p)/glza (2)

where 8 = (p; — po)/o.

More generally, consider taking random samples of the same size from N(p,, aé) and
N(p,, 0%) populations to make inferences about (p;—po)- Then, the inequality analogous to

(1) is (Armitage 1971, p. 185; Ott 1977, p. 241)

(202/11"»)1/2 Zyaya £ 6,
or

nm > 2 [(a/6) Zl-a/2]2 . (3)



Similarly, the two-population . analoguer.of expression (2) for testing Hq: py=po versus
Hy: py>pg is (e.g., see Fleiss ,\1986,{3‘?.’“5;‘,K}gi}n};\a}lmy,‘ Kupper, and Muller 1987, p. 31; Meinert

1986, p. 84; Pocock 1983, p. 128)

T nm 2 2[(Zga F Zip) /) (4)

During the planning phases of various types of research studies, expressions (1)-(4) are
used by both statisticians and non-statisticians to provide guidelines for the numbers of
experimental units to be sampled. For example, consider a randomized clinical trial designed
to measure the efficacy of a new antihypertensive drug. Formulas (3) and (4), and analogous
ones for proportions, are often used to help decide on the number of subjects to be allocated to
the treatment and control groups (Freiman, Chalmers, Smith, and Kuebler 1978; McHugh and

Le 1984).

Most users of expressions (1)-(4) proba.bly appreciate that these inequalities involve
large-sample approximations. Thus, thelr use in small sample situations may lead to an

underestimation of the sample sizes required to achieve specified inference-making goals. To
Lo wtw polrnditoelh o e
our knowledge, no published literature seems to address the magnitude or the potential

seriousness of this conservatism. The purposé §f this paper is to quantify this sample size
underestimation phenomem);;i‘,'fé.gg to’ éggl:&}?ﬁﬁf”n{éﬁ'ca]ly whether it should be a cause for
concern. It is shown that iﬁEAii‘alii‘:ieg V(éf%’fhd’(@fé%nﬁ amazingly well even for very small
sample sizes, while inequdliii%s‘l;('i)qgﬁd‘ ?3) %’é{i&\;‘réﬁsg’b&rly in all instances that their future
use should be strongly dlscouraged ﬁxfensxons o dther situations will also be discussed

e el [N D . .
BRI AN HAE R SRS 1 145 IO o
oo ERRE Y XY ¥

briefly.
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2. ONE-SAMPLE METHODOLOGY:

Let Y;, Yo, Y, be a random ‘Sample:)o'}ti"s’;‘ize'n from'a N(;i,‘&2) population, and let

n n
=013y, end 8?=@-11) (Y, - V)
i=1 i=1

For a one-tailed size o t-test of Ho: p = po versus H;: f‘;t > ﬁ'o, the power to reject H, in favor

Y i
{ S/qﬁo > tn-l,l-cu / B = P> }’

where t,_; 1., is the 100(1—~a)-th percentile of the central t,_, distribution; equivalently, we

of H; when pp = p,; >0 is

have

) N SR R0
{Tn-l(‘ro) > tn—l 1-a / B = F1>I‘o } (5)
Cise-lbsie al segy tfsrdr Lo et

aGgE 20 7ia ot beslpper aanie sig e
where T!_,(y18) has a non- central t distribution w1th (n-1) degrees of freedom and
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noncentrality parameter {nf = 4— (pl po)/a
a1,
Los huoeecuny adl guarts

For specified values of ¢ and 4, ,-6Xpression (5) can be used (e 9., see Guenther 1973) to
find the minimum sample size n*mpg%ded{'}q ;achieve a. power of -at least (1-p). It is
interesting to note that the actual P‘E_’,Y‘il;gagt,ﬁ-?:iff‘il ‘)Nlth 1_;1__1e( s:afxqg\le,!sjze nm computed using (2)
is generally quite close in value to the desired. po wer (1 ﬂ) A notlceable power loss (5% or
more) only occurs for small values of nm (roughly, values less than 20). As expected, such a

loss increases with decreasing a. A general rule is to increase any sample size nm obtained via

inequality (2) by two or three to achieve approximately the desired power (1—3).
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In contrast to inequality (2), the use of expression (1) always leads to a serious
underestimation of the required-sample size. This surprising conservatism can be illustrated by
appealing to an overlooked, but nevertheless important, result due to Guenther (1965). Under

the same assumptions‘which led to (5); the appropriate confidence interval for p is
? + tn-l,l-a/é S/ﬁ'

Following Guenther, we define nk to be the smallest sample size such that

pr{S(ni"n)'I/2 t <é } > (1 =7 (6)
nm-1,1-a/2

In contrast to expression (1), expression (6) accounts for the stochastic nature of the random

variable S2 via the tolerance probability (1—7). Expression (6) is easily shown to be

equivalent to the probability statement

pr{ (n;_l')rvgz/;z- ’_{nfn nfq_%l)’ 8216 F %
’ P 1,apm-1,1-a

from which it follows that n}, is the sma‘.l.lgsgipositive integer satisfying the inequality
A SO NI LIS S AL -

P o g

* ok 2 2
nm (nm = 1) 2 (/9) X prn—1,1-7 Fl,n:n—l,l—a.
R et 'Y“’V
Since (¢/6)2=nm/x}.4 from (1), the expression relating nm and nh is

—

S AR - l

* * 2
- >
nm (am=1)/nm 2 X 1=y 1,nm-l,1-a

.;\lr._,

2 7
Ix] o (7)
vomobaot fo eaemnn (Tenin

Appendix A provides the corresponding values of n¥, which satisfy inequality (7) for

various combinations of values for a, (1—v), and nm. The entries in Appendix A clearly




illustrate the inappropriateness of inequality (1) for sample size determination in this context.
As an example, if n,, =40 based on the use:of (1), the exact.sample size ny needed to insure
reasonably precise [say, (1—7) = 0.90] ¢stimation -of u:with- a 95%. confidence interval (a =
0.05) is n}=>53. It is quite disturbing that the actual tolerance probability (1—7’) based on
using a sample size of 40 is only 0.42, which is less }than_r half of the desired value! Such large
discrepancies should convince users that theif nn values so determined from the popular

.

formula (1) should be corrected via Appendix A.

3. TWO-SAMPLE METHODOLOGY
For the two-sample situation, expressions analogous to (5) and (7) can be similarly
developed. Fori = 0 and 1, let Yil’ Yi2""’ Yin constitute a random sample of size n from
N(pi, 0?); define

n n
Y. = n'lzlyij, sf = -(n;—1);_;1_§:;l(x;j.}_3‘(ir‘)3x~:.;.;n\q"s§,=(sg + S3)/2.
i= o =

For a one-tailed size a test of Hy: py =;:1;, vef‘éuslf{q If1>l‘65 the power to reject Hy in favor of

H, when (p;—p,) has a specified positive value o6 is
~1 { i - 4 . N
: R R R A
i -0

Pr{ T;(n-l)[(“ﬂ)l/zg] > ty(n-1)1-a / (Bi—po) = 06 >0 }’ (8)

iyl d
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where i
T, o[(0/2)28] = (F,-To)/5p2/0)/*
2(n-1) (n/2) =(Y;— o)/ p( /n)
R . !_r»:‘{ e ?“\‘;\:--»' s

has a non-central t-distribution with 2(n—1) degrees of freedom and noncentrality parameter

(n/2)1/20. ' T S L R AP,



A comparison between nm values based on (4) and corresponding n, values based on

(8) shows that the degree of agreement here is at lea.st as good as that seen in the one-sample
Dowmy T Ta9Udy A :

case. Moreover, exact equallty often holds for sample sizes as little as 10. The excellence of
. T : pf

the approximation (4) in the sma.ll-sa.mple SItua.tlon has also been noticed by Fleiss (1986, p.

[ T T s

369).

I
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Under the stated assumptions, the appropriate 100(1—a)% confidence interval for

(B1—ho) is
-— — 1/2
(Y1—=Y0) % tya1),1-as2 Sp (2/m) /

and hence the two-sample analogue of (6) is

pr{ sp(2/nm>1’2 <8 } > (1= 7

2(nfn-1),1-a/2

SRRV X o8 04 N
Using arguments identical to those lea.dmg to (7), we find the inequality relating nh in the

Y DYoL Ty

above expression to nm in expressxon (3) to be
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2
2 nm (n'"—l)/,n"' "‘ 2( m=1),1-7 Fx,z(n:n—l),1-a/xl,1—a' )
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The body of Appendnx B contalns ny values ca.lculated via inequality (9) for specified
Ptag @t Gl TELES D ons
combinations of values for a, (1 7), a.nd N} the entrles clearly document the inappropri-
AR S BT NE SR § H qoy. oy, 7
ateness of inequality (3) for sample size determination in this situation. We strongly
SIERTE N 2oTAMILIES 900 "”“1‘ R
recommend that users of expression (3) take note of its extreme conservatism, and that they

B el eiroY i elgaiss boaes i
use Appendix B to correct any sample size estimates ba.sed on the use of inequality (3).
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4. DISCUSSION:® >~

As stated earlier, the specific goe.l of this “[;ai}er%\’lv;,\s'.toud‘e‘terrﬁine situations, if any,

L J‘f"

where the popular sample size formula.s (1) (4) could be mlsleadmg We have found that

oo

inequalities (2) and (4), which are typlce,lly used to calcu]ate the smallest sample size needed
to achieve a specified minimum power, were quite reliable in all instances considered. In
contrast, expressions (1) and (3), which are cdmmonly émployed to estimate the minimum
sample size required to obtain a 100(1—a)% confidence interval with a specified maximum

width, were seen to be uniformly inappropriate.

The fact that inequalities (1) and (3) perform so poorly is disturbing, especially since
the use of such confidence interval-based sample size estimation formulas for the design of both

randomized clinical trials and observational epidemiologic studies is becoming quite common.

IR

The reason for the increased popularity of formulas like these, relative to ones like (2) and (4),

is that the goal of such research efforts is more often to estxmate as accurately as possible the
St e VL 0F wainesi seodt el be

magnitude of the effect of interest, rather than to decrde whether or not a finding is
et or [l cofeusicrs o

statistically significant (see Rothman 1986). Our results further suggest that the use of

popular sample size formulas for estlmatmg other para.meters (e g 3 dlfferences in proportions,

o SRR

odds ratios, etc.) to within specxﬁed tolerances ma.y also be provxdmg sample size estimates

which are much too low.
aoomendn e Lnovpie won C opihiods

When using confidence interval-based sample 51ze estlmatlon formulas for study design,

T N U S LS A LR —.& L 'I'f

what steps can be taken to correct for their anticipated conservatxsm" Appendices A and B
sivcitn ek ayry Al T Ge o

can, of course, be used to adJust sample size estimates obtained via 1nequallt1es (1) and (3).
LS T IR T3 ﬂi;u_’!\rﬂqqr‘_:.~

For well-known confidence interval-based sample size formula.s where the parameter of interest
Hee LG BSIBITY dET 9Nk SGEB
is a proportion 7 or a difference in proportions (1r1—7ro), we recommend that, when

economically feasible, researchers use that mazimum sample size computed assuming that the

population proportions are equal to 1/2. Not only will this simple approach avoid the type of
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conservatism considered in this p’aberf'it will also help to provide additional subjects so that

subsequent more complicated data analyses may have reasonably good statistical properties.

This is an important con?idérﬂii)"if"s‘i“ﬁéé“ﬁ"s’"éf's of basic éampie size estimation fofmula.s like (1)-
(4), and analogous ones involving proportions, often seem to ignore the fact that the sample
sizes so computed are appropriate only for vi;ry!simple statistical analyses. It is invariably the
case that much more cc;rhplicated statistical methods (e.g., regression procedures) are
employed at the data analysis stage; and, the sample sizes required to insure that such
multivariable procedures have adequate precision and/or power will generally be considerably

larger than those based on formulas like (1)-(4).

Based on the discussion above, we wish to stress to users of standard sample size
estimation formulas that, for all of the reasons cited above, the sample sizes so obtained will
generally be inadequate for the desired analysis goals. Even so, researchers will continue to
employ formulas like (1)-(4) because of;j;heir simplicity and popularity. We hope that this

paper will help to make tfilem aware of ‘i.s"ﬁpme of the profbflems associated with the use of these
v [
formulas.
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APPENDIX A. One-sample tolerance probability comparisons between nj and np; (1—7)is
the tolerance probability using njn, and, (1—7') is the tolerance probability

using Nm. S0 LB s

(1—7)=0.70 (1-7)=0.80 (1—7)=0.90 = (1—-7)=0.95 (1—v)=0.99

nm (1—%) N nm N D nm
5 0.33 8 9 11 12 13
10 0.39 14 15 17 19 21
15 0.41 20 21 23 25 28
20 0.42 25 27 29 32 35
25 0.43 30 33 35 38 42
30 0.44 36 38 41 44 49
35 0.44 41 44 47 50 55
40 0.45 46 49 53 56 61
45 0.45 52 55 ., 58 62 68
50 0.45 57 60 64 67 74
55 0.45 62 65 . .. ., 70 . ,.. . 713 80
60 0.46 67 71 7% 19 86
65 0.46 73 O DAL § H PR - o 92
70 0.46 78 81 86 90 98
75 0.46 83 87 92 96 104
80 0.46 88 92 97 102 110
85 0.46 93 97 103 107 116
90 0.46 99 103 108 113 122
95 0.46 104 108 114 119 127

100 0.47 109 113 119 124 133




APPENDIX A: (continued)

a=4.
(1-7)=0.70  (1=7)=0.80- '~ (1=7)=090 (1-7)=0.95 (1—v)=0.99

nm (1—%") n, ny, oA Din nm nm

5 026 9 10 © 1n - 12 14
10 034 15 16 18 19 22
15  0.37 20 22 24 26 29
20 0.39 26 27 30 32 36
25  0.40 31 33 36 38 43
30 041 36 39 42 44 49
35 042 42 44 48 50 55
40  0.42 47 50 53 56 62
45  0.43 52 55 59 62 68
50  0.43 57 60 65 68 74
55  0.43 63 66 70 74 80
60  0.44 68 71 76 80 86
65  0.44 73 77 81 85 92
70 0.44 78 82 87 91 98
75  0.44 84 87 92 97 104
80  0.44 89 93 98 102 110
85  0.45 94 98 103 108 116
90  0.45 99 103 109 114 122
95  0.45 104 109 - 114 119 128

100 0.45 110 114 -5 120 . 125 134




APPENDIX A: (continued)

: a=£0.01
(1-9)=0.70 (1—7)=0.80- (1=-7)=090. .(1—7)=0.95 (1—7)=0.99

nm (1—-7") nh nho L N . Dm nh

5  0.13 10 11 12 13 . 15
10 0.23 16 17 - 19 = 20 23
15 0.27 21 23 25 27 30
20 ¢ 0.30 27 29 - 31 33 37
25 0.32 32 34 37 39 44
30 0.34 38 40 43 46 50
35 0.35 43 45 49 52 57
40 0.36 48 51 55 58 63
45 0.37 53 56 60 63 69
50 0.38 59 62 66 69 75
55 0.38 64 67 72 75 82
60 0.39 69 73 77 81 88
65 0.39 74 78 83 87 94
70 0.39 80 83 88 92 100
75 0.40 85 89 94 98 106
80 0.40 90 94 99 - 104 112
85 0.40 95 99 105 . 109 117
90 0.41 101 105 110 115 123
95 0.41 106 110 116 120 129

3

100 0.41 111 115 - 121 r 126 135




APPENDIX B. Two-sample tolerance probability comparisons between n7, and nm; (1—7) is
the tolerance probability using ny,, and (1—4%') is the tolerance probability
using nm. 8
EALONLRE -~ [l
(1—7)=0.70 (1—7)=0.80 (1—7)=0.90 (1—y)=0.95 (1—7)=0.99
nm (1-%") Nm n;mo Nm Nom ny
5 0.38 7 8 9 10 11
10 0.42 13 14 15 16 18
15 0.44 18 19 21 22 25
20 0.45 23 25 27 28 31
25 0.45 29 30 32 34 37
30 0.46 34 36 38 40 43
35 0.46 39 41 44 46 49
40 0.46 44 46 49 51 55
45 0.46 50 52 55 57 61
50 0.47 55 57 60 62 67
55 0.47 60 62 65 68 73
60 0.47 65 68 71 74 78
65 0.47 70 73 76 79 84
70 0.47 75 78 .. 82 85 90
75 0.47 81 83 . 87 90 96
80 0.47 86 .8 92 95 101
85  0.47 91 94 T8 101 107
90 0.48 96 99 103 106 112
95 0.48 101 104 108 112 118
100 0.48 106 109 114 117 124




APPENDIX B: (continued) BRI

a=\y.

(1—%)=0.70 (1—v)=0.80.""" (I=7)=0.90- 11 =~)=0.95 (1-+)=0.99
nm (1—%") Ny m Nm Nm nm
5 0.33 8 8 T 9 10 11
10 0.38 13 14 0 15 16 18
15 0.41 18 20 ) 23 25
20 0.42 24 25 - 27 .28 31
25 0.43 29 31 33 34 37
30 0.44 34 36 38 40 44
35 0.44 39 41 44 46 50
40 0.44 45 47 49 51 55
45 0.45 50 52 55 57 61
50 0.45 55 57 60 63 67
55 0.45 60 63 66 68 73
60 0.45 65 68 71 74 79
65 0.46 71 73 77 79 84
70 0.46 76 78 82 85 90
75 0.46 81 84 87 90 96
80 0.46 86 89 93 96 101
85 0.46 91 94 98 101 107
90 0.46 96 99 103 . 107 113
95 0.46 101 104 109 112 118

117 124

~n

100 0.46 107 110 ., 114
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APPENDIX B: (continued)

s

a=0.
(1—=7)=0.70" " (I'~7)=0:80" : (1—)=0.90 (1-7)=0.95 (1—7)=0.99

nm  (1-%") nj S Damlden s o, WBme ' N ny,

5 0.21 8 - 9. R £ ¥ 11 12
10 0.30 14 15 16 17 19
15 0.34 19 - 200 % 2 22 23 25
20 0.36 24 26 28 29 32
25 0.37 30 31 S 33 35 38
30 0.38 35 37 39 41 44
35 0.39 40 42 44 46 50
40 0.40 45 47 50 52 56
45 0.41 51 53 55 58 62
50 0.41 56 58 61 63 68
55 0.42 61 63 66 69 74
60 0.42 66 68 72 74 79
65 0.42 71 74 7 80 85
70 0.42 76 79 83 85 91
75 0.43 82 84 88 91 96
80 0.43 87 89 93 96 102
85 0.43 92 95 99 102 108
90 0.43 97 100 104 107 113
95 0.44 102 w1087 o - e 1109 113 119
100 0.44 107 110 115 118 125
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